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ABSTRACT. An atomic Hardy space H!(y) associated to the Gauss measure
7 in R™ has been introduced by the first two authors. We first prove that it
is equivalent to use (1,7)- or (1,00)-atoms to define this H'(y). Forn =1, a
maximal function characterization of H! () is found. In arbitrary dimension,
we give a description of the nonnegative functions in H'(v) and use it to prove
that LP(vy) C H(y) for 1 < p < co.

1. INTRODUCTION

Denote by v the Gauss measure on R"”, i.e., the probability measure with density
Yo(x) = /2 e~1ol” with respect to the Lebesgue measure A\. Harmonic analysis
on the measured metric space (R™,d,~), where d denotes the Euclidean distance
on R", has been the object of many investigations. In particular, efforts have
been made to study operators related to the Ornstein—Uhlenbeck semigroup, with
emphasis on maximal operators [33], 16l 27, 3] 21} 22], Riesz transforms [29] [14]
28, 32], 30, 17, 135 [8, @, 10, BT 35, [7, 24] and functional calculus [111, 12 18] [25].

In [24] the first two authors defined an atomic Hardy-type space H!'(y) and
a space BMO(7) of functions of bounded mean oscillation, associated to vy. We
briefly recall their definitions. A closed Euclidean ball B is called admissible at
scale s > 0 if

rp < s min(1,1/[cpl);
here and in the sequel g and cp denote the radius and the centre of B, respectively.
We denote by B the family of all balls admissible at scale s. For the sake of brevity,
we shall refer to balls in B; simply as admissible balls. Further, B will be called
mazimal admissible if rg = min(1,1/ |cg|).

Now let r € (1,00]. A Gaussian (1,r)-atom is either the constant function 1 or
a function a in L"(y) supported in an admissible ball B and such that

(1.1) /“ dy=0 and  |al, <y(B)"7Y

here and in the whole paper, |||, denotes the norm in L"(vy). In the latter case, we
say that the atom a is associated to the ball B. The space H" () is then the vector
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space of all functions f in L!(v) that admit a decomposition of the form > ;) ags
where the a; are Gaussian (1, r)-atoms and the sequence of complex numbers {A;}
is summable. The norm of f in H>"(y) is defined as the infimum of > |Ajl over
all representations of f as above.

In [24] the spaces H'" (v) were defined and proved to coincide for all 1 < r < oo,
with equivalent norms. In Section Pl we complement this by proving that they
coincide also with the space H>*°(«y). Once this is established, we shall denote
the space by H'(v) and use the H*°() norm. Further, we shall frequently write
atom for the (1, 0o)-atom.

The space BMO(y) consists of all functions f in L!(vy) such that

1
sup ——— — dvy < oo,
Bes, V(B) /B I = fel dy

where fp denotes the mean value of f on B, taken with respect to the Gauss
measure. The norm of a function in BMO(%) is

1
= + sup —— — d~.
lasoe = 171+ sup —== [ 1£ = fol ay

If, in the definitions of H!(y) and BMO(7), we replace the family B; of admis-
sible balls at scale 1 by B for any fixed s > 0, we obtain the same spaces with
equivalent norms; see [24]. We remark that a similar H! — BMO theory for more
general measured metric spaces has been developed by A. Carbonaro and the first
two authors in [T, 2, [3]. See also the papers [19, 20] of L. Liu and D. Yang for
related results.

The main motivation for introducing these two spaces was to provide endpoint
estimates for singular integrals associated to the Ornstein-Uhlenbeck operator £ =
—(1/2)A +z -V, a natural self-adjoint Laplacian on L?(y). Indeed, in [24] the first
two authors proved that the imaginary powers of £ are bounded from H'(y) to
L'() and from L>(v) to BMO(v) and that Riesz transforms of the form V£~ el
and of any order are bounded from L*(v) to BMO(7). In a recent paper [26], the
authors proved that boundedness from H!(7y) to L'(y) and from L>°(y) to BMO(~)
holds for any first-order Riesz transform in dimension one, but not always in higher
dimensions.

The definition of the space H'(v) closely resembles the atomic definition of the
classical Hardy space H*(\) on R™ endowed with the Lebesgue measure A, but there
are two basic differences. First, the measured metric space (R™,d,~) is nondou-
bling. Further, except for the constant atom, a Gaussian atom must have “small
support”, i.e., support contained in an admissible ball. Despite these differences,
H'(v) shares many of the properties of H*()). In particular, the topological dual
of H!(7) is isomorphic to BMO(7), an inequality of John-Nirenberg type holds for
functions in BMO(v) and the spaces LP(7) are intermediate spaces between H! ()
and BMO(~) for the real and the complex interpolation methods.

It is well known that the classical Hardy space H'()\) can be defined in at
least three different ways: the atomic definition, the mazimal definition and the
definition based on Riesz transforms [6l [34].

As shown in [26], in higher dimensions the first-order Ornstein-Uhlenbeck Riesz
transforms 9;£~'/2 are unbounded from H'(y) to L'(v); here 9; = 0/0z;. Thus
H'(v) does not coincide with the space of all functions in L!(v) such that 9;£~/2 f
€ LY(y)forj=1,...,n.
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This paper arose from the desire to find a maximal characterization of the space
H'(7). We recall that the classical space H!()\) can be characterized as the space
of all functions f in L'(\) whose grand mazimal function

(1.2) Mf(x) = sup{|¢¢ * f(z)] : ¢ € D, t > 0}
is also in L*(X). Here ® = {¢ € C}(B(0,1)) : |[D*¢| < 1for |a| = 0,1} and ¢;(z) =
t " p(x/t).

To characterize H'(v), we introduce the local grand mazimal function defined

on L%OC(R”, v) by

Mioef(z) =sup {|¢s * f(2)]: ¢ € D, 0 <t < min(1,1/|z|)}.

In Section [B] we shall prove that, in arbitrary dimensions, f € H!(y) implies
Mioef € L'(7y). Moreover, in dimension one, H'(vy) can be characterized as the
space of all functions f in L!(vy) satisfying Myocf € L'() and the following addi-

tional global condition:
/ fd”y’—k}/ fdfyD dA(z) < oo.

o0
ay  mn=[ e
0
This is Theorem B3] below.

Roughly speaking, if we interpret a function f as a density of electrical charge on
the real line, this global condition says that the positive and negative charges nearly
balance out, so that the net charges inside the intervals (—oo, —z) and (z, 00) decay
sufficiently fast as x approaches +oo. The condition is violated when the distance
between the positive and the negative charges increases too much or the charges
do not decay sufficiently fast at infinity. For instance, let (a,)° and (a,)$° be
increasing sequences in (2, 00) such that

an +2/a, <a, and a, +2/a, < api1 < 2ay,

for all n. Then set

oo
X(an,anJrl/an) X(a;l,a;ﬂrl/a;)
1.4 ~S e, _
- f=2c (e - )

for some ¢, > 0. One easily verifies that M. f € L'(7) if and only if 3 ¢, < oo.
But the global condition E(f) < oo is equivalent to > ¢pan(al, — an) < 0o, which
is here a stronger condition.

We have not been able to find a similar characterization of H'(v) in higher
dimensions. However, in Section @ we prove in all dimensions that if My..f € L'(y)
and the function f satisfies the stronger global condition

Eo(f) = / 12 [7(2)] dy(z) < oo,

then f € H'(). Observe that for n = 1 and f > 0, Fubini’s theorem implies that
the conditions E(f) < oo and F(f) < oo are equivalent. In arbitrary dimensions,
E(f) can be used to characterize the nonnegative functions in H'(v); see The-
orem 21 This also leads to a simple proof of the inclusions LP(y) C H'(y) and
BMO(y) C LP () for 1 < p < cc.

We end the introduction with some technical observations and notation. In the
following we use repeatedly the fact that on admissible balls at a fixed scale s,
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the Gauss and the Lebesgue measures are equivalent; i.e., there exists a positive
constant C(s) such that for every measurable subset E of B € B,
(1.5) C(s)""(E) < v0(ce)ME) < C(s)y(E).
In particular this implies that the Gauss measure is doubling on balls in By, with a
constant that depends on s (see [24, Prop. 2.1]). Further, it is straightforward to
see that if B’ C B are two balls and B € B,, then B’ is also in B;.

Given a ball B in R™ and a positive number p, we shall denote by pB the ball
with the same centre and with radius prp.

In the following C' denotes a positive constant whose value may change from
occurrence to occurrence and which depends only on the dimension n, except when
otherwise explicitly stated.

2. COINCIDENCE OF H1%°(y) AND H1" ()

First we need a lemma which will play a role also in the maximal characterization.
It deals with the classical Hardy space H'()\) with respect to the Lebesgue measure
and the associated standard (1, co)-atoms, called Lebesgue atoms below.

Lemma 2.1. If g € H'()\) and the support of g is contained in a ball B, then g
has an atomic decomposition g = Y, Apax, where the aj, are Lebesgue (1, 00)-atoms
assoctated to balls contained in 2B and

(2.1) > Il < Cllglla -
k

The lemma can be proved by applying [23, Theor. 4.13] to the space of homo-
geneous type B, endowed with Euclidean distance and Lebesgue measure. Some
related results can be found in [4] and [5].

Theorem 2.2. For every r in (1,00), the spaces H " () and H*(v) coincide,
with equivalent norms.

Proof. In this proof, the constants C' may depend on 7 and n. Since any Gaussian
(1,00)-atom is also a Gaussian (1,r)-atom, H'*°(v) is a subspace of H'"(v) and
| fllzrryy < IIfllm1.00(y). Conversely, suppose that a is a Gaussian (1,7)-atom
associated to the ball B € By. Then the function ayy is a multiple of a Lebesgue
(1,7)-atom. Indeed, [ayodA = [ady = 0 and, by the equivalence of the Gauss
and Lebesgue measures on admissible balls,

lavollrrny < CA(B)Y" L

Hence, a7y is in H*()\) with norm at most C. By Lemma[.1] it has a decomposition
avo =Y Xy,
J

where each «; is a Lebesgue (1, 00)-atom associated to a ball B; contained in 2B.

Moreover
Yo Ivl<c,

J
and each B; is admissible at scale 2. Define a; = a; 7, '. Then [a;dy = 0, and
by the equivalence of the Gauss and Lebesgue measures on B5j,

lajllee < Cv(B;)~
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Thus the a; are multiples of Gaussian (1,00)-atoms. Since a = >, Aja;, we con-
clude that a € HY*°(v) and

(2.2) lallzrey < CY N < C. 0
J

3. THE CHARACTERIZATION OF H'(y) IN R

In this section, we shall prove that f € H'(vy) implies M, f € L*(v) and that,
in dimension one, functions in H'(v) can be characterized by the two conditions
Mioef € LY () and E(f) < co. We start with a simple but useful lemma dealing
with the support of the local grand maximal function.

Lemma 3.1. If f € L'(v) is supported in the admissible ball B, then supp Miocf
is contained in the ball B' = B(cp, R), where R = 4min(1,1/|cg]).

Proof. Let © € supp Mio.f. We write p = |z| and ¢ = |cp|, so that B C
B(cp, min(1,1/c)). The balls B and B(x, min(1,1/p)) must intersect, and so

(3.1) |z — ep| < min(1,1/¢) + min(1,1/p).
To prove the lemma, it is enough to show that
(3.2) min(1,1/p) < 3min(1,1/¢),

since it then follows that € B'. Now ¢ — p < |z — ¢p|, so that [B.I) implies
c¢—min(1,1/¢) < p+min(1,1/p).
Considering the cases ¢ < 1 and ¢ > 1, we conclude from this that
(3.3) max(1,¢) — min(1,1/c) < max(1, p) + min(1,1/p).
The function ¢ +— t~1 —¢, ¢ > 0, and its inverse are clearly decreasing. Considering
the values of this function at ¢ = min(1,1/¢) and min(1,1/p)/3, we see that (3.2)
is equivalent to
1
max(1,¢) —min(1,1/c¢) < 3max(1, p) — 3 min(1,1/p).
Because of (33]), this inequality follows if
1
max(1, p) + min(1,1/p) < 3max(1,p) — 3 min(1,1/p)

or equivalently % min(1,1/p) < 2max(1, p), which is trivially true. We have proved
B2) and the lemma. O

Lemma 3.2. If f is in H*(Y), then Mio.f € L'(7) and

[Muoefllr < Cllfll a2 ()-
Proof. We shall prove that for any Gaussian atom a,
(3.4) [Miocallr < C,

from which the lemma follows.

Since ([B4) is obvious if a is the constant function 1, we assume that a is associ-
ated to an admissible ball B. By the preceding lemma, supp M. [ is contained in
the ball denoted B’.

The integral of Mj,ca over 2B with respect to v is no larger than C, since
Mipea < Csupla] < C/v(B). To estimate Mjyca at a point z in the remaining
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set B'\ 2B, we take ¢ € ® and 0 < ¢t < min(1,1/|z|) and estimate a * ¢;(x). We
can assume that ¢ > d(z, B) so that t > |z — cp|/2, since otherwise ¢, * a(z) will
vanish. Write

(3.5)

(bt*a(x):t’”/ (¢($;y) —¢(I_CB)) a(y)dy+t’”¢($_tCB)/a(y)dy-

t
Here the first term to the right can be estimated in a standard way by

crn / ly— el a() dy < C [z — es] " 5 7o(cs) .
B

To deal with the second term, we estimate [ a(y)dy, knowing that the integral
of a against v vanishes. Thus

/a(y) dy = /a(y)wdy

Yo(cB)
The fraction appearing here is

(3.6) elnl” (e—'CBF - e"y‘2) —1—elemv)enty),

and the last exponent stays bounded for y € B. Thus the modulus of the right-hand
side of [B.6)) is at most C|cg — yl|cg +y| < Crp(1 + |cgl). Since [ |a|dy < 1, this

implies that
‘ / a(y) dy

For the last term in ([B.5]), we thus get the bound C|z —cg|™r5(1+ |ca|)vo(cr) .
Putting things together, we conclude that for z € B"\ 2B,

Mioca(z) < Cla — cp| ™" rpyo(es) ™t + Cle — ep| " ra(1 + |ea|)0(cr) ™"
An integration with respect to dv, or equivalently o dA, then leads to

in(1,1
Mloca(x) d’y(il?) <(C+ C”'B(l + |CB|) log M
B\2B re

and (B4) is proved. O

< Cre(1+ leg|)vo(er) ™t

<C,

Theorem 3.3. Let n = 1, and suppose that f is a function in L'(vy). Then f is
in H'(v) if and only if Mioof € L*(y) and E(f) < co. The norms I fll e ¢y) and
[Miocfllr(y) + E(f) are equivalent.

Proof. Suppose that f € H'(y). Then My,.f € L'(y) by Lemma To prove
the necessity of the condition E(f) < oo, it suffices to show that F(a) < C for all
Gaussian atoms a. This is obvious for the exceptional atom 1. If a is associated to
a ball B € By, it follows from the inequality

’/ ad’y‘—i— / adfy‘ < 1—pyus().

Conversely, assume that f is a function in L!(y) such that Mj,.f € L*(v) and
E(f) < oo. We shall prove that f € H!(v), by constructing a Gaussian atomic
decomposition f = 3" \;a; such that 37 |A;| < C(|IMocfll + E(f)).

Most of the following argument, up to the decomposition ([B15), works also in
the n-dimensional setting. Since we shall need it in the next section, we carry out
that part in R™.
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By subtracting a multiple of the exceptional atom 1, we may without loss of
generality assume that

(3.7) / Fdy=o0.

Let {B;} be a covering of R" by maximal admissible balls. We can choose this
covering in such way that the family {1B;} is disjoint and {4B;} has bounded
overlap [10, Lemma 2.4]. Fix a smooth nonnegative partition of unity {n;} in R”
such that suppn; C B; and n; = 1 on %Bj and verifying |Vn;| < C/rp,. Thus
f=> y fn;. We now need the following lemma.

Lemma 3.4. For g in L (v) and x € R™ one has

loc
(3.8) Mioc(9n570)(z) < C yo(cn;) Miocg(®) lap;(x) V.
Proof. Since the support of 7; is contained in Bj, the support of Mioc(gn;70) is
contained in the ball 4B;, because of Lemmal[3.Il Moreover, for ¢ € ® and z € 4B;,
bt * (Wﬂo)(ﬂﬁ) = WO(CBJ) ét *g(z),

where ¢(2) = ¢(2)n;(z — t2)yo(z — tz)/v0(c,). Thus, to prove ([B.8) it suffices to
show that there exists a positive constant C' such that ¢ € C® for z € 4B; and
0 <t < min(1,1/|z|). The support of ¢ is contained in B(0,1) and

‘~ ‘ Yo(x — t2)

i< B e

because for |z| <1,
|v —tz —cp,| < |z —cB,| + [tz| < Cmin(1,1/ |cs,|).

Similarly ‘Vcﬁ(z)’ < C, because the gradients V.n;(z—tz) and V_yo(z—t2)/v0(cB,;)
give the factors ¢(1 +

CB; ’) and t|z — tz|yo(z — t2)/v0(cB,; ), respectively, both of

which are bounded. This concludes the proof of Lemma [3.41 (]
Continuing the proof of Theorem B3] we define b; € C for each j € N by
(39) | G=vmar=o
Note that since n; =1 on %Bj,
J fnj dv‘ 1 /
3.10 bi| = <C fldy.
(3.10) bl Jnjdy v(Bj) le |

We now apply Lemma B4 with ¢ = f — b; and use the subadditivity of Mg,
combined with (I0) to get

/Mloc((f —bj)n70) dA < C AB‘ Mioefv0(cp;)dA + C YY(ZLBBJJ)) /B |f] d

(3.11) <C Mioe f dy.
4B;

Lemma 3.5. The function (f —b;)n;vo is in H*(\) and

(3.12) 1CF = by)ngvolla vy < / | Mucf .
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Proof. By the maximal characterization of the classical space H()), it suffices to
show that

(3.13) J M=) ) < € | M an,
Because of (BI0]), all that needs to be verified is that

Gy [sw sw (7 =bnge) <o) dMa) £ C [ Mcpan,

¢€® ¢t>min(1,1/|z])

To prove ([BI4]), we split the integral in the left-hand side into the sum

/ ~~d)\(x)+/ < dA(2).
4B; (4Bj)e
If z € 4By, then for ¢ € ® and ¢t > min(1,1/ |z]),

e+ (7 )m%ﬂﬂﬁf”/lﬂw—%wﬂw

B;

<) [ (1wl + b)) b
<clen) [ 1wl )

J

the last inequality because of (B10). Hence

/ —-dA(z) < C 4B (1+ |ch‘)”/ |f] dvy < C/ Mo f dy.
4B; B; B;
If z € (4B,)°, we take ¢ and t as before and observe that we can assume that
t > d(z, B;), since otherwise the convolution in ([BI4) will vanish. In view of (3.0)
and ([B.I0), we then get

(60 % ((F = by)nyo) (&) |(/r@x— ~pulx —c)| 1) — byl 1;(y) dr ()

IA

Ct*”*l/B ly —c,| [f(y) = bs| dv(y)

J

< Cmr& /B. |f ()] dy(y).

J

This implies that

/ o d)\(!E) S C / |f| d’}/ S C / Mlocfdv'
(4B;)° B, B;
We have proved ([8.14) and the lemma. O

We can now finish the proof of Theorem By Lemmata and 211 each
function (f — b;)n;vo has an atomic decomposition ), Ajra;k, where the ajy are
Lebesgue atoms with supports in 2B; and

Sl [ M
k 4B,
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As we saw in the proof of Theorem 22 each aj, = yglajk is a multiple of a
Gaussian atom, with a factor which is independent of j and k. Thus

(3.15) F=Y (F=bimi+ Y bmi =YY Ngaj+ > b
J i ik i

and

S £ X [ Mt dy < C Ml
gk i 4B

To complete the proof of Theorem [3.3] we need to find an atomic decomposition of
> ; 0jnj. 1t is here that we must restrict ourselves to the one-dimensional case and
that the global condition E(f) < oo plays a role.

Choose the intervals Io = (—=1,1), I; = (vj — 1,/j + 1) for j > 1 and I; = —1I;
for j < —1. The intervals I; have essentially the same properties as the balls B;
introduced above, and we can use them instead of the B; to construct n; and b; as
before. To decompose now Y ; bjnj, we first normalise the functions 7;, letting

i = 2
T [mjdy

Then bjn; = [ fn; dvy 7, and clearly
> [ v [ fmdr ke
Jj>k

where i, () = >, nj(2). Notice that [ frudy — 0 as k — oo, in view of (37).
A summation by parts now yields

(3.16) Z/fﬂj dy 7; = Z/fﬂk dy (7, — Tk—1)-

JEZ keZ

But 7y — 77x—1 is C times a Gaussian atom if we use admissible balls at some scale
s > 1 in the definition of atoms. Thus ([BI6]) is our desired atomic decomposition
of > ; bjnj, provided we can estimate the coefficients by showing that

(3.17) >

kEZ

[ suado| < €t + B
To this end, observe that

/fm@vz/}@»[;MHMdedwm:i/%mnéwﬂwdede.

Since the support of p) is contained in I, and
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we obtain, using also the bounded overlap of the I;,

S| [ s <oX [ (rienl) | [ | aw
kEZ
<cf” fcw’ dA(y)
—C/ (1+vy) < dv’—k‘/ fd’y‘) dA(y)
~y
< C(Ilfll + EC));
here we used 7). This concludes the proof of Theorem B3] O

4. A CHARACTERIZATION OF NONNEGATIVE FUNCTIONS IN H1(y)

The dimension n is now arbitrary. The following lemma will be needed.

Lemma 4.1. Let ¢y = v(B(O, 1)) 1p(0,1)- If g € L™ is supported in a maximal
admissible ball B, then

‘g—/gdwﬁo

Proof. We shall construct atoms whose supports form a chain connecting B(0, 1)
to B. First we define a finite sequence of maximal admissible balls

By = B(0,1), By, ..., By,

C(1+|esl*)v(B)llgl Lo

H(v)

all with centres ¢ on the segment [0,cp]. The absolute values p; = [cp | shall
be increasing in j, and the boundary 8§j shall contain CB,_, forj=1,...,N —1,
which means that

1 .
(41) Pj— — = Pj-1, jzl,...,N—l,

Pj

and pg = 0, p; = 1. Finally, Jy is defined so that By_; is the first ball of the
sequence that contains c¢g, and By = B. Squaring (@.1]), we get
1
P?_P?71 =2-=2>1,
Pj
so that p?\,_l > N — 1. It follows that
(4.2) N <lep]* + 1.

Next, we denote by B;, j =1,..., N, the largest ball contained in B N f?j 1.
Notice that the three balls B; Bj 1 and Bj have comparable radii and comparable
Gaussian measures. Now deﬁne functions (;5] and g; by setting

¢j:7(Bj)71]-Bj jzla"'aNa

gj:/gde 6,-0), j=1....N,

IN+1 :g—/gdwﬁzv.
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Clearly,
N41

(4.3) g—/gdwo: > g
j=1

Each function g; is a multiple of an atom. Indeed, its integral against - vanishes.
Moreover, if 1 < j < N, the support of g; is contained in B;_; and

lgilloe < (v(Bj) ™" +9(Bj—1) ™) / lgl dy < Cy(Bj—1)~" 2(B) l|gllr=-
The support of ¢y 41 is contained in B and
lgn+1lleo < llgllos +v(B) ™! / lgl dy < Cllgllze~-
Thus
lgjllzr ) < CA(B) Mgl G =1,.... N+ 1L
Summing the coefficients in the atomic decomposition (@3], we then obtain via
&2),
o= [aarva] < cW 0Bl < OO+ len)(B) ol
H(v)

The proof of the lemma is complete. |

Theorem 4.2. Suppose that f is a function in L'(vy). If Miocf is in L(y) and
(4.4 E() = [P 17@)] dr(a) < o
then f is in H(v) and

£l z1(y) < CliMiocfllr + CEL(f).

If f is nonnegative, the conditions Mo f € L' (7y) and EL(f) < oo are also neces-
sary for f to be in H(v).

Proof. Let f be a function in L'(v) such that Mj,.f € L*(y) and E;(f) < oo.
Write f = ¢(f)+ fo, where ¢(f) = [ fd~. Since ¢(f) is a multiple of the exceptional
atom, it suffices to find an atomic decomposition of f;. Note that fj satisfies

Mioefo € L'(y)  and /|x|2 | fo(x)] dy(z) < oco.

Let {B;} be the covering of R" by maximal admissible balls and {n;} the corre-
sponding partition of unity introduced in the proof of Theorem B3l As there, we
choose numbers b; € C such that

/ (o—b)ndy =0 Vj.

—0o0

Then the argument leading to (BI5) shows that
fo=2_D Awag+D by,
j ok J
where the aj;, are Gaussian atoms supported in 45; and

Z IAjk] < C||[Miocfollnry)-

Jik
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It remains only to prove that Zj bjn; is in H' (). We write g; = b;n; and observe
that

(45) [ S aar=0
J
because fy and the a;; have integrals zero. Thus
gi=> (gj - /gjdwo),
J J
where ¢g is as in Lemma [l Since [BI0]) remains valid for fy, we have

1
. oo <C ——— d~.
(46) ol < € Sz Vol @2

Lemma [£] thus applies to each g;, and using also the bounded overlap of the B;
we conclude

I gl < € X +len, ) [ Anlar < [ @+?) 1l
i j i

This concludes the proof of the sufficiency and the norm estimate.
The necessity of the condition Mie.f € L'(7) was obtained in Lemma 3.2}
To prove the necessity of [@4), let 0 < f € H'(y). We first observe that the

function z — |z|* is in BMO(v). Indeed, its oscillation on any admissible ball is
bounded. Since BMO(v) is a lattice, the functions gi(z) = min {\a:|2 ,k:} are in

BMO(+y), uniformly for k£ > 1. By the monotone convergence theorem and the
duality between H'(y) and BMO(~)

[ 1af? #(a) drta) = hm/gk (@) <l
The theorem is proved. (Il

The following result is a noteworthy consequence of Theorem

Corollary 4.3. For 1 < p < oo, one has continuous inclusions LP(vy) C H'(y)
and BMO(~y) C L¥ (), where p' = p/(p — 1).

Proof. We claim that the operator M, is bounded on LP(y) for 1 < p < co. De-
ferring momentarily the proof of this claim, we complete the proof of the corollary.
Suppose that f is in LP(y). Then M, f is in L'(7y), because

HMlocle < ||Mlocpr < C”fHZD < 09,

since v(R™) = 1. Moreover, EL(f) < |||x|2||p/ I fllp < oo, by Holder’s inequality.
Thus f € H'(y) by Theorem It also follows that the inclusion LP(y) C H'(v)
is continuous, and by duality we get the continuous inclusion BMO(~y) C ) ().

It remains to prove the claim. We shall use again the covering {B;} from the
proof of Theorem B.3l First we observe that the inequality

(4.7) [Mioeglly < Cllgllp

holds when suppg C Bj;, with a constant C' independent of j. Indeed, My is
bounded on LP(X), and Miecg is supported in the ball 4B;, where the Gaussian
measure is essentially proportional to dA.
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Given a function f € LP(v), we write it as a sum f = ) f; with supp f; C B;

and with the sets {f; # 0} pairwise disjoint. We can then apply (1) to each f;
and sum. (]

(1]
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