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Introduction 

Suppose that the machine designer has to control the dynamic 
properties of th e seemingly simple construction in fig. 1, in which all 
geometrical d ata, weights, and motor properties are known. 

The shaft will run at the speed n0 (r.p.m.) at which the load torque 
is Jf0 (Nm). The bearing A is a single row deep groove ball bearing 
and the bearing B a cylindrical roller bearing. 

The designer may check the construction in the following way: 

1. At a certain motor speed n = nc the shaft will pr obably have a 
rough motion. This speed is called the ordinary critical speed. The 
shaft whirls around the bearings as a skipping-rope with the angular 
velocity N = Nc = nc. The shaft deflection and the corresponding-
shaft stresses at this speed and in its vicinity ought to be determined. 

The reports [I] and [IV] give methods for predicting the ordinary 
critical speed. 

2. Knowing the ordinary critical speed nc he knows if the rotor 
will work at a sub-critical or post-critical speed. Suppose that the 
shaft has to run at a post-critical speed n0. Then it must be controlled 
if the moto r is capable of bringing t he shaft through its critical speed. 

Hereby report [III] is useful. 

3. At the steady state the motor has to supply the rotor with the 
tcrque M0. But besides this torque the motor can give torque-tones ' 
such as Mls sin qsa>0t and M2s cos qscv0t, where 

MLS, M2S = Amplitudes of t he "torque-tone" of orde r s 

qs = Constant depending on the motor type 

t = Time (sec.) 

oj, = - n0 = Angular velocity of th e shaft 
TT 
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Flexible 
coupling 

Disc 

> 
Outer tor que 

B 

Fig. 1 

These "torque-tones" force the shaft to whirl with 

n 1 
K = — = 

N 1 

With these K-values the shaft has critical whirl speeds Ncsl and iVcs2 

rcapeutiveiy. ' is 

Hence, it must be controlled if n0 is such a "secondary" critical 
speed with a great "torque-tone-amplitude". Such an amplitude can 
give rise to large shaft deflections and stresses. The influence of such 
disturbing "torque-tones" is studied in [II]. 

4. Suppose that n0 is not a secondary critical speed. In spite of th is 
the shaft can be unable to work satisfactory. In a system as in fig. 1 
two kinds of d amping can be separated. The construction consiste of 
both rotating and fixed elastic sections. The friction between the 
stationary and the rotating parts is called external friction and 
the friction within the rotating parts internal friction. It can be 
shown [5, 21] that the hysteresis effect of the shaft material has the 
same action as internal friction. In this dissertation both kinds of 
damping are approximated to be viscous. The damping coefficients 
can be looked upon as "equivalent" coefficients [4], The external 
damping always limits the shaft deflection or the deflection of the 
centre of gravity. On the contrary the internal damping under certain 
conditions can increase these deflections. 

Thus, it may happen that the speed n0 is in a region where the 
motion of the disc is unstable. Such cases are treated in [II] and [III]. 

and they occur at the motor speeds ni 
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The example shows the main problems concerning the control of 
the dynamic properties of a rotor. 

Of course, it has not been possible to point out all phenomena 
treated in the reports [I], [II], [III], and [IV], Therefore, some special 
matters from the contents of th ese reports are given a more exhaus­
tive account. 

Determination of the Flexural Critical Speeds 
of a Rotor 

In the introduction a special bearing arrangement was supposed 
and it was mentioned that the ordinary critical speed could be cal­
culated with the aid of [I]. Also other bearing arrangements are 
considered there and a survey is given in tab. 2. It is shown that the 
critical whirling speeds of s uch shafts can be written 

N, 
30 1 FA 

A** ML3 
( i  = 1, 2, 3, 

Here 

(r.p.m. 

N 
E = Modulus of elasticity in tension and compression , 

IÏ1 
I = Moment of in ertia of the cross section of th e shaft (m4) 
M = Mass of the disc (kg) 
L = Length of the shaft (m) 

The value A** is obtained from 
m  1 

a  ** 
M A4 

where m is the mass of th e shaft (kg) and À is solved from the equations 

A { X ) + @ * X 3 B { X )  m 
= A 

C(A) + ©*A3D(A) 

0* 
r n L 2  

4 * - T  
The functions -4(A), B ( X ) ,  C ( A), and D ( A) can be found in tab. 2 for some 
kinds of supports. Concerning further notations reference is made to [I]. 
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Case 1 

A«- 0,333333 

0 ,6 0 ,8 1p 1 ,25 

Fig. 3 (Part I: p. 118) 

5 10 

In [I] diagrams are drawn with 
A*> m 

Ar 
as a function of for differ­

ent values of the "gyroscopic'' parameter 0*. The "non-dimensional 
critical speed" A0 is obtained by neglecting the mass of the shaft and 
the gyroscopic effect (elementary value). For ©*>0 only the first 
critical speed is considered but for ©* <0 the first two critical speeds 
are accounted for. The diagrams can be used for any kind of whirl. 
An example of s uch a diagram is given in fig. 3. The curves are valid 
for the clamped-free rotor shown in the vignette of the figure. 

In 1961 Wojnowski and Faucette [23] presented the solution of Case 
2 in tab. 2. In their diagrams the gyroscopic effect was not considered. 
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The use of the diagrams in [I] is extended by the proposal of an 
approximate formula for calculating the lowest critical speed for a 
shaft with several discs. Because of the influence from Dunkerley's 
well-known formula it is called the "New Dunkerley Formula". 

In one case, viz. for the hinged-hinged shaft with symmetrically 
mounted discs, the simultaneous action of the mass of the shaft and 
the gyroscopic effects from two thin discs is considered. Diagrams 
for rapid calculations in this case can be found in [IV]. 

In "Tables for Calculating Critical Speeds" [8] the numerical results 
which are the underlying stuff for the diagrams are collected. 

By neglecting the influence of the shaft mass the equation for 
determining the critical speeds for an arbitrary whirl of a rotor with 
an arbitrary number of discs is derived in [I], Both lateral flexibility 
of the bearings and the gyroscopic actions from the discs are con­
sidered. 

In practice it can be difficult to estimate the kind of support in 
an accurate way. Hence, a bearing has both lateral and angular 
stiffness. These matters are to some extent investigated by theory 
and experiments in [IV]. 

The Importance of t he Flexural Critical Speeds 

It is shown in [II] that an unbalanced rotor must be supplied 
with a certain input torque to be able to whirl with a certain i^-value. 
The shaft deflection is limited by the "torque-tone" amplitude. But a 
jîerfectly balanced rotor without any friction has the possibility to 
whirl with an arbitrary il-value with an arbitrary deflection of the 
shaft at zero input torque. This is shown in [IV]. It is also derived 
that an increase of the shaft deflection demands an outer force. If 
such a force is applied the change in kinetic energy is equal to the 
change in potential energy. 

Tests were carried out for studying the whirling [II] and the test 
apparatus is principally sketched in fig. 4. 

With capacitive pick-ups mounted in two perpendicular directions 
the motion of the disc centre could be seen on an oscilloscope screen. 
At some critical states the traces of the disc centre are drawn in 
fig. 5 and a visible comparison between theory and tests can be done. 
The figures are taken from [II] in which also other "whirl curves" 
are presented. 
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Motor 

Couplinq 
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Bearing 

Disc 

Fig. 4 (Part II: p. 62) 

For the ordinary critical speed ( K  = 1) two cases must be separa­
ted. The input torque for maintaining the whirl of an unbalanced 
rotor at a non-critical state is zero. Only at the critical state an input 
torque is required. Then the demand for torque increases with time 
and so does the shaft deflection. The result can be interpreted 
as follows. Because the motor has a limited capacity of supplying 
torque it can maintain the whirl only when the torque needed can be 
supplied. In other cases the whirl must change. 

If, on the other hand, a rotor with external damping is considered, 
a certain constant torque must maintain the whirl. This torque is 
different at different speeds and is proportional to the shaft deflection. 

It must be emphasized that it is not dangerous to run a rotor at its 
critical speeds if t he shaft stress is lower than the yield point stress. 
This statement is settled for dispersing the mysticism around the 
conception "critical speeds". It is evident that there are cases at 
which these speeds hardly ought to be named critical. 
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K=—1 ; p=1 

Fig. 5 (Part II: p. 68) 
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On Passing the Flexural Critical Speed 

When starting or stopping a rotor it must pass an infinite number 
of critical speeds corresponding to a series of A'-values. As has been 
mentioned only a limited number occur at uniform motor speeds. 
The behaviour of a rotor when it is accelerated or decelerated through 
secondary critical states and the ordinary critical speed is investigated 
theoretically by assuming u n i f o r m acceleration or deceleration or 
a linearly varying deceleration. As could be expected no pecula-
rities could be seen at the secondary critical states. 

B 
Fig. 6 

Test have been carried out for verifying the theories. In some tests 
the relative positions of the points B, S, and G were photographed 
by a "slow motion camera" when the rotor passed its ordinary critical 
speed [III]. 

Fig. 6 is o btained by cutting the disc in fig. 1 by a plane through 
the disc. 

The notations are: 

B = Centre line between the bearings 
S = Centre of the shaft 
Q = Centre of grav ity of th e disc 

e — Eccentricity 
r = Shaft deflection 
cp = "Whirl" angle 
ip = "Motor" angle 
0 — ip—(p 
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11 12 13 

Sub-critical constant speed (0 = 0°) (11 — 14). 

21 22 23 

\ \ 

25 26 ' 27 

•itical speeds just above the critical speed ( 6 x 9 0 ° )  (21 

31 32 33 

Post-critical constant speed (0=180°) (31 — 34). 

Fig. 7 (Part III: p. 49) 



A hinged-hinged-free ro tor was filmed during acceleration through 
its ordinary critical state. The shaft was accelerated from 900 r.p.m. 
The critical speed was 1158 r.p.m. Three characteristic pieces from 
this film are shown in fig. 7. The "hair-cross" is the point B and the 
broken line indicates the direction of the line SG. 

This test and others are accounted for in [III]. There diagrams are 
also collected showing the shaft deflection during different acceler­
ations (decelerations), start speeds, and external damping coefficients. 

In [III] also the action of a deflection limiter is investigated. Here­
by the remarkable result was obtained that the most important 
property of the deflection limiter was that of producing tangential 
forces on the shaft. A deflection limiter without friction will act as 
an amplifier for the shaft deflection. 
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1. Introduction 

To many engineers the conception "critical speed" of a shaft has 
a deterrent effect. It often depends upon the fact that in most cases 
these speeds cause much trouble and the determination of them is 
tedious and cumbersome. 

The common procedure is to calculate the lowest critical speed 
with some approximate method, for example that of Dunkerley, 
which is explained at the end of the book. 

However, most of these methods cannot be used when higher 
critical speeds are wanted. In these cases this book is intended to be 
a help for the designer. All waste of time on derivations is avoided. 
The equations giving the critical speeds are shown in their final form 
for most of the cases occurring in practice. 

The literature on the subject does not develop the theory for 
flexible bearings. Here is shown that this flexibility of the supports 
hardly renders any difficulties of the calculation. 

Many times it is possible to neglect the gyroscopic effects of the 
flywheels. On the other hand it must be involved in an accurate 
computation. The equations for the critical speeds in these cases are 
also given. 

Further it is shown how the simultaneous influence of the inertia 
of t he flywheel and the mass of t he shaft affect the critical speeds of 
a shaft with one flywheel. Diagrams simplify the calculations in this 
case. 

In this book an improved Dunkerley approximation is suggested 
with the aid of which these diagrams are of value even when the 
shaft is equipped with several discs. 

In the book only thin discs are considered. The theory is also valid 
in a special case for a thick disc, viz. when the mounting zone is 
small. 



2. Notation 

A Arbitrary constant 
B Arbitrary constant. Centre of bearing 
C Arbitrary constant. Non-dimensional spring 

constant 
D Arbitrary constant 
E Modulus of elasticity in tension and compression 
F Force 
G Centre of gravity 
1 Moment of i nertia of a cross section [L4] 
I p  Polar moment of ine rtia of a disc [M L 2 ]  
I e  Equatorial moment of in ertia of a disc [ML 2 ]  
L  Length of a shaft 
M Mass. Bending moment 
M I 0 i  Reference mass 
My Bending moment due to the gyroscopic effect 
0 Origin 
P Point 
Q Point on a shaft 
R Radius of a disc 
S  Centre of a shaft 

c Spring constant 
e Excentricity 

CO 
/ — ~ Ratio 

1 Number of ord er 
k Constant or radius of inertia 
1 Distance 
n Number of th e discs. R.p.m. 
r Radius 
s Number of or der 
t Time 
v Angle 
x Coordinate 
y Deflection 
2 Coordinate 
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0 Angle 

2 yip 
O* = —— Non-dimensional moment of inertia 

mL-

0M = • A Non-dimensional constant 
c 

/ref£?2 
Or = —— • A Non-dimensional constant 

L2c 
kEI 

A — —— Non-dimensional "critical speed ' 
ref w 

fi Angular velocity of the whirl 

ix Influence number concerning displacements 
ß Influence number concerning rotations 

1 co 1 
7  =  T \ n  

Constant 

ô Displacement 
s Number 
C Non-dimensional influence number concerning 

rotations. Coordinate axis 
ri Non-dimensional displacement 
x Non-dimensional constant 

/ ml?Q- \ 
Non-dimensional constant I 2 4 = —^—) 

(m or ft = — 

2 yl I /4 \ 
v — - Non-dimensional moment of i nertia! or v — 1 

31L- \ 9D J 
£ Non-dimensional influence number concerning dis­

placements. Coordinate axis 
q Constant 
cp = xxl Argument 
x p  —  ( 1 — A r g u m e n t  
co Angular velocity of the rotation of the shaft 

Indices: 

crit With reference to the critical condition 
F With reference to a force 
M With reference to a moment. (In the connection with 

0 M refer to a mass and with I to a moment of inertia) 
stat With reference to a static load 



3. The Meaning of Critical Speeds 

Before studying the nature of critical speeds the conception influence 
number is introduced. Consider the beam in fig. 9.1. It is loaded by 
a unit force at the point Qx. The deflection under the force is noted 
by ocn and the deflection in another point Q2 is noted by a2X. The 
first index indicates the position of th e deflection and the second one 
the position of t he unit force. 

Now place this force in the point Q2 according to fig. 9.2. The deflec­
tion under the unit force is now <x22 an d the one in the point Q1 i s a12. 

Maxwell has shown (see for instance [3]), that a12 — <x2x inde pendent 
of t he way of s upporting the beam. Observe that this connection only 
concerns elastic deflections in the beam. 

If, on the other hand, the beam is loaded by two unit forces as in 
fig. 9.3, and the deflection y3 in the point Q3 i s wanted, the method of 
superposition is used. The forces Q x and Q2 give in Q3 the deflections 
<%31 a nd a32 respectively. Thus we get 

y 3 = ̂ 31 H-*^32 

Now the forces in the points Qx and Q2 are changed from unity to 
Fx and F2, the deflection in Q3 will b e 

Hz — k 1^31 ^ 2<*32 

The deflection txs in a point Qs of a bar loaded by n forces Fx, F2, 
F3 . . . . Fn is analogously 

V s = 2<xs2Jr^3cxs3~^' • ' • ~f~ FnOCgn 

or shorter 
n 

ys = £ Fi0csi 8.1 
i—l 

Turning over to a special example consider the shaft in fig. 10.1. 
The flywheels are thin and their points of gravity are in one plane. 
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Fig. 9.1 

The influence of the inertia forces from the shaft and the gyroscopic 
effect of the shaft and the flywheels are neglected. 

The masses, their locations and the distances between the centres of 
gravity and the central line of the bearings are shown in the same figure. 

When the shaft stands still the resulting torque about the central 
line of t he bearing is 

I e  e \ I eMg • — —Mg • 2 e-j-eMg • — I sinv 

which is identically equal to zero. The plane containing the gravity 
points makes the angle v with the vertical plane as fig. 10.2 shows. 
The shaft is said to be statically balanced. 
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A 

£  M  

Fig. 10.1 

e M  
X 

y 

^ f3=F., 

i  

f 

i  i 

© 
i  

///// 

* © 
y  i  

© Å 
r 

Fig. 10.3 

If the shaft is given the angular velocity Ü it will be affected by 
the forces F1} F2, and F3 according fig. 10.3, where, if the shaft is rigid, 

F1  = F3  = eM • — • Q* = MeQ2  

e 

F2  = M • 2eO2  = 2MeQ2  

It is assumed that the gravity forces are small in comparison with 
F l t  F2 ,  and F3 .  
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Fig. 11.1 

The equations of equilibrium gives 

— {A+B) = F !—F 2 - j~ F3  = MEQ2-2MEQ2+MEQ2  = 0 

L IL L\ IL L 

T ~ ~6J ~ F* ' \  T ~~6 

where A and B are reaction forces in the bearings. 

-(A-B)— = FX = 0 

Thus we get A = B = 0. 
The shaft is said to be dynamically balanced. However, if the 

flexibility of the shaft is taken into account other conditions are 
valid. 

If the deflections of the shaft at the flywheels in this case are Y1, Y2, 
and Y3 respectively, the eq. 8.1, gives with the aid of f ig. 11.1, 

where 

VX — F-^TXII -F- F 2TX12-\-F3OC13   

VI = F F 2&22~I~ F3OC23 

y3 = FitX^iF2(*32~\~ F3(X33 

Q2 

11.2 

F i = EM YX 

M (y2+2e).Q2 

ZM \Y3— ß2 

11.3 

Continuing with the influence numbers we have to calculate the 
deflections <XN, < X12, O C13, an d a22 in the figs. 12.1 and 12.2. 

By symmetry we get <%12 = CK32, and from the reciprocal theorem 
of Maxwell we g et OC12  = <X2 1, c c13  = OC31, and A23  = OC32. 
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Fig. 12.1 

Fig. 12.2 

From a handbook is obtained 

Substituting 

(X 

0Cl2 ^91 — ^39 — l21 

a 

25 L3  

11 =: 3888" '  EI 

39 U 

3888 '  EI 

17 L3  

31 = 3888 ' #7 

81 Z3 

Äoo —• 
3888 EI 

A == 388 8 
EI 

M LH)2 

in the eqs. 11.2 and 11.3 we get 

(25 e~A)y1  + 39y2+17ey3= -36e 

39£2/i+(81—^l)2/2-f-39£2/3 = —84e 

17£2/i+392/2+(25e—A)y3 = — 36e 

12.3 
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This gives, using CRAMER'S rule, 

{A —Se) (vl + 10) 
Vi = V3= 36e 

(A-Se) (A-Å,) (A-A,) 

(4 —8e) \A — 

y2 = 84e • 

60 \ 13.1 

(A-Se) (A-A,) (A-A3) 

where A1 and A3 satisfy 

A2—(42£ + 81)yL + 360e = 0 13.2 

The deflections y1} y2, and y3 are infinite when 

A — Ax and A = A3 

The value A2 = Se is of special interest. Substituting in eq. 12.3 
we obtain 

17£2/i+39?/2+ 17ey3 = —36e | 

39e?/1-}-(81 — 8e)y2-i~30ey3 = — 84e J 
and 

36e+45 
2/1+2/3 = — • e 

c(17e+18) 

V 2 = 
17e+18 

13.3 

The deflections yx a nd y3 m ay have any values and must not be 
equal as eq. 13.1 indicates. The only condition concerns their sum 
which must have a constant value. The positions of the discs 1 and 
3 are indifferent. 

One usually says that a shaft with n masses has n critical speeds. 
(As will be pointed out later, this is a truth with modifications). In 
this special case the critical speeds are determined by 

A — A1} A = A3, and A — Se 

However, they are essentially different. The first two give infinite 
deflections but the third gives an indifferent equilibrium position of 
the flywheels. 
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M 

Fig. 14.1 

If the eccentricities are equal to zero (e — 0) the deflections become 
indifferent, when A = A1} A — A3, and A — 8e. Thus the critical 
speeds imply indifferent positions of t he flywheels. 

A limiting case is obtained by putting e->0. Thus we have from eq. 
13.2, that 

^3 = 0 I 

A = 81 ) 

and 

A2 = lim 8e = 0 
£-^0 

e 
A = 0 gives, with the aid of e q. 13.1, y1 = y3 = — and y2 — —2e, 

which means that the points of g ravity are on the central line of t he 
bearings at infinitely high speed. This is independent of t he value of e . 

A1 = 81 corresponds to the arrangement shown in fig. 14.1. 

However, A2 = 0 gives according to eq. 13.3 

Vi + y* = 

î ! = i e  

This theoretical limit discussion, however, is not brought further. 
The case of fig. 14.1 is basic standard and has only one critical speed 
corresponding to Ax = 81. 



Fig. 15.1 

For every flywheel in fig. 10.1 there are three points of importance, 
viz. 

B — the centre of the bearings 

S = the centre of t he shaft 

G = the centre of g ravity 

The position of these points for the mass on the middle of the 
shaft is shown in fig. 15.1 in a cross section A— A (see fig. 10.1). 

SG i s always equal to 2e, but y2 and the relative position of the 
three points will shift depending on the actual value of A. With the 
aid of t he eqs. 13.1 these conditions can be studied. The result is seen 
in fig. 16.1, where the "semi-inverse" diagram method [5] is used. 
In this case e = 1, and Ax = 120, A2 — 8, A3 — 3. 

The three points BSG are shown at v — 0° and their relative posi­
tions below and above the first critical speed are drawn in the same 
diagram. The deflections yx a nd y3 a re always equal except at A = 8, 

81 
where 2/i + 2/3 = — e. They are easily understood by keeping in 

OO 

mind that 

B is on the curve 

S is on the yl-axis 

The distance between S and G is a constant. 

It is remarkable that the gravity centre G2 below the first critical 
speed is further away from the centre B2 than S2 does, whereas, for 
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+ 1 

A,= 3 A 2  = 

2 ~~ 

CD 

Vl -,  ̂=  — and — Notat ion :  

Fig. 16.1 

speeds just above the first critical speed, S 2  lies further outside. 
Analogous things happen to the other flywheels. 

If e = 0 the fig. 16.1 is not valid. In this case we have the well-
known result that the three discs a re in indifferent positions at the 
critical speeds and that certain constant ratios exist between the 
deflections of th e discs. Analogously to fig. 16.1 in this case we obtain 
fig. 17.1. 

At A = 120, y1 : y2 : y9 = 1 : 2 : 1 

4 = 8, 2/1:2/3= — !> 2/2 = 0  

A = 3, y1 : y2 : y3 = 1 : ( — 1) : 1 
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y1  

+ oo 

+1 

A 
0 A3=3 

OO II <
f 

10 A,=120 OO 

-1 

- OO 

Fig. 17.1 

It will be observed that the curves in fig. 17.1 consists of the yl-axis 
and three vertical lines. 

In this introducing chapter the example has shown the nature of 
critical speeds. The mass of the shaft and the gyroscopic effects have 
been neglected. 

Infinite deflections were obtained at special "critical" speeds. In 
practice these infinite deflections, of course, do not occur and further­
more the basic equations are only valid for small deflections. 

In spite of this the development in a simple way shows the different 
tendencies of critical speeds. Thus we can conclude, that a shaft with 
flywheels being in both static and dynamic balance, or, which is a 
theoretical case, having no unbalances at all, always has critical 
speeds. 
2 



4. Influence Functions 

In the preceding chapter the influence numbers were introduced, 
and in the exemple the actual numbers needed were taken from a 
handbook. Because of the fact that this procedure is the most time-
consuming procedure when calculating the critical speeds according 
to this method a quick way is worked out. 

Limiting ourselves to the cases when the shaft is supported by two 
rigid bearings and all discs are situated between them, the following 
three cases have to be studied: 

Fig. 18.1 

Fig. 18.2 

Fig. 18.3 
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x,L 1 

L 

Fig. 19.1 

Fig. 18.1 shows two bearings which do not give any bending 
moments to the shaft. The left hand bearing in fig. 18.2 causes a bend­
ing moment, but the right hand bearing does not. In fig. 18.3 both 
bearings give rise to bending moments. These cases are the only ones 
that can occur and they are studied in the following where they will 
be denoted as arrangements with "hinged-hinged" ends, "clamped-
hinged" ends, and "clamped-clamped" ends respectively. 

Beginning with the case in fig. 18.1 we consider the shaft loaded 
by a unit force according to fig. 19.1. 

The deflection y x  is wanted. For the forces and bending moment in 
fig. 19.2, we find that 

A  =  x 2   

B  =  1 —  x 2  J  

M x  =  A x x L —  [ 1  { x x - \ -  x  2 —  1  )  L  

Xx > l - X 2  

1 

Å i  

A B 

x,L 

Fig. 19.2 
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Fig. 20.1 

Fig. 20.2 

Furthermore we have 

-EI  
d2yi 

d(x xLy 

and using the boundary conditions 

= M „ 

we get 

»i = 0 yx = 0 

» i = l  V i  =  0  

1 
2/i(»i, »2) = »i»2(l— A—XD 

L 3 

17 
20.3 

In this formula ^<(1—a;2) always. Observe that fig. 19.2 does not 
satisfy this condition. 

According to Chapter 3 we have y1 — <x12. If we let x1 be equal to 
(1—»2) the influence number <%22 is o btained. The function y1{x1, x2) is 
called the influence function for the shaft supported as in fig. 18.1. 

It will be observed that the limit x1<(l—x 2 )  does not affect the 
usefulness of eq. 20.3. If the deflection in point 2 caused by a unit 
force in point 1 is wanted (the relative positions are shown in fig. 
20.1), instead of this we calculate the deflection in point 1 caused by 
a unit force in point 2. These two deflections are equal according to 
MAXWELL and the last case is covered by formula 20.3. 

Instead of the notation y-^Xy,  x 2 )  in the following we use oc^.  The 
indices denote the points studied. See fig. 20.2. 
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Analogous calculations can be made for the cases shown in the figs. 
18.2 and 18.3. The results are given below. 

It is important to observe that x2  in the unsymmetrical case (see 
fig. 18.2) must be measured from that bearing giving rise to a bending 
moment. In the symmetrical cases, xx and x2 may be shifted without 
changing the value of 

Summary: 

— X o ( 1 - X J* *^2 

Qi Qi 
m 

_J 
Cv

J X
 

J \ 

_J 
Cv

J X
 ^ x i L  

CCii — OC-/« — Yxxx\ Ty (3-af) (l—a?») — 

Qi 

7M 
< 

W, 

X-,1. x2L 

(XOL) (xnL) 

1 L3 

v-ij = aji = — (X1X2Y [3(l-Xl-X2) +2X1X2\ • — -
6 EI 

Fig. 21.1 

The treatment above dealt with a shaft supported in both its ends. 
The cantilever shaft with discs is discussed in Chapter 7 in connection 
with gyroscopic effects on the critical speeds. The shaft supported by 
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Fig. 22.1 

three bearings is an important case. The treatment here premises the 
bearings not causing any bending moments. 

Consider the shaft in fig. 22.1. It is loaded at Q1 by a unit force. 
The deflections in the points Q2 and Q3 are wanted. The case represents 
a statically undetermined system. These deflections are easily deter­
mined with the aid of t he equation of t he deflection curve. The final 
result can be written 

1 L3  

«21 = y {^•-X1)x2[{l-xl)-(l—x1)2-y2x 1x1  (1+Zj) (I—*!)] • - j j j j-

1 I? 
«31 = — «iH1—'af) (xix2)2 '  -gf  

Li L2 
where x1 = —j— and x2 = —y- . The other symbols are shown in fig. 

Lj Lt 
22.1. Observe that the expression for a21 only holds for x2<x x .  When 
£2>£i the reciprocal theorem of Max well is used. If a33 is desired the 
first  formula can be used if  we put xx  = x2  = x3  and change kx  to x2 .  

The treatment is limited to the most usual cases occuring in practice. 
Further only shafts with the same diameter along all their length are 
treated. However, the procedure for shafts with variable diameters is 
described in the next chapter. 

Further, in Chapter 14, the influence numbers for a shaft supported 
by one, two or three rigid bearings are collected. This survey gives also 
the influence numbers needed for a calculation involving the gyro­
scopic effect (See Chapter 7) and all thinkable cases for a shaft supp­
orted by two rigid bearings are treated. 



5. Critical Speeds of a Shaft Supported by Rigid 
Bearings 

In this chapter a shaft with n discs is considered, see fig. 23.2. The 
shaft may have a variable diameter and the bearings may be hinged 
or clamped. The mass of t he shaft is equal to zero and the gyroscopic 
effects are neglected. 

The masses of the discs are Mx, M2, Mz,. . . Ms . . . Mn respectively. 
The deflection at the mass no. s is denoted ys and it is caused by the 
forces MxyxQ2, M2y2Q2, Mzy3Q2, . . . MsysQ2... and MnynQ2. Thus we get 

ys = M1y1Q2ocsl+M2y2Q2ois2+ . . . +MsysQ2ass+ . . . +MnynQ2(xm 

or shorter 
n 

ys = Z MiyiQ2(xH 23.1 
i=1 

If we introduce a reference mass, Mieî, and non-dimensional masses 
fxi (i = 1, 2, 3 . . . n) according to 

Mx M2 Mn 

Fig. 23.2 
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where M i e f  may be of a ny kind, as a suggestion 

M i e f  = • • • - \~Mn = 2 M i  

i= 1 

or 

^ref = ̂  

where is chosen in a suitable way. 

Now it is possible to write eq. 23.1 as 

n 

V s 2 veîVi^ ^si 
i=l 

or 
n 

V s = ̂ refß2 2 ̂ y^si 24.1 
i=1 

It is always possible to write the influence number <xH as 

_ i f L  R 
as i~ k ' EI 

where & is a constant, for example the least common denominator to 
all the influence numbers. Thus eq. 24.1 becomes 

L3 n 

Vs = -Mref^2  ' .f 24"2  

Now another quantity is introduced, namely the non-dimensional 
"critical speed" A, where 

kEI 

Ä =  Mn lL*Q* 

Thus eq. 24.2 will be 

n 
Ay s  2 Miy^si $ i ?  2 ,  3  . . .  ti 

»=1 
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These equations can be written 

0*1 £ll—yl)2/l + ,«2£l22/2+/'3fl32/3+ • • • ~t~ Mn^lnVn = 0 

21 ?/l+(/M2^22 ^-)2/2~t~/'3S 23^3~f" • • • ~\~ InVn ~ 0 

1^31 Vx~\~f^2^32V2~\~ (/^3^33 lin^3nVn — 0 [ 

/ ^ l £ f ^ 2 ^ n 2 y 2 ~ \ ~  f  l 3 ^ n 3 y 3 ~ { ~  •  •  •  ~ f ~  ( f ^ n ^ n n  A - ) y n  0 

The condition for this homogenous system not having only a trivial 
solution is 

11 A /-l2^l2 f-l3%13 f^n^ln 

fh£ 21 V'2%22 -A M3*5 23 f-ln$2n 

^1^31 M 2^32 f-^3^33 A f-ln^3n 

f*l£r, [A 2&r< Ms^r Un £ nn y'̂  

25.1 

The eq. 25.1 is of order n in A and the critical angular velocities are 

Q: = 
kEI 

-^ref LPAi 
(rad/s) i — 1, 2, 3 ... n 

These critical angular velocities are exactly the same as those of 
transverse vibrations. It depends on the fact that the inertia moments 
of th e discs are neglected. See further about this matter in Chapter 8. 

It may be pointed out that the forces on the shaft are caused by 
the rotation of the discs around the centreline of the bearings and 
not by the rotation of the discs around the centreline of the shaft. 
The common case is, however, that the frequencies of these two 
rotations are equal. In these cases the critical speeds are 

30 
n- — 

kEI 

M^L'A, 
(r.p.m.) i = 1, 2, 3 ... n 25.2 

But other rotational circumstances are observed. See fo r instance 
[3] and [9]. These cases are considered in Chapter 7. 

The theory developed above is illustrated by some numerical 
examples. 
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Fig. 26.1 

Example 1. Calculate the critical speed for the arrangement in fig. 
26.1 if th e influence of th e mass of the shaft and the gyroscopic effects 
are neglected. 

If M ICÎ  — M is //j = 1 and eq. 25.1 gives 

Mi^ii—A = 0 

or 

From fig. 21.1 we get 

1 L3  1 1 L3  

«ii = y *i( 1 —®i) [1 —a?— (1 -*i)2] ~ej = Y'X^ 1 ~Xl^ = T ~M 

Choosing £n = — (a^)2 and k = 1 eq. 25.2 gives 
O 

30 
'"crit 

3EI 

ML3(x1X2) 
(r.p.m.) 26.2 

Analogous formulas may be derived in the other cases of shaft 
support. 
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EI=const. 

Fig. 27.1 

Example 2. Three equal masses are symmetrically placed on a shaft 
as in fig. 27.1. Determine the critical speeds if the weight of t he shaft 
and the gyroscopic effects are neglected. 

From fig. 21.1 we get for this way of s upporting 

1 _ L3 

and thus 

«# = y aWä(l— %î—a|) • -ß j 

1 1 3 
«33 - «HK - 4 ; z2 - 4 j - 6 • 4 • 4 • 16 16 ix 

£3 1 9 L3 

x Hi = T ' T2 8 1ËY 

I 1 1 \ 1 11 L3 

«12 = «23 = «32 = «21 1^1 = ^ 5 * ^2 = "2" I = fi} 

I 1 1\ 1 7 L3 

«13 = «31 ̂ 1 = "J ; 2̂ = -JJ = Y ' 128 ' liï 

( 1 1 \ 1 16 L3 

«22 U = Y ; *2 = y I = y • -128 • -^7 
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EI-const. 

Fig. 28.1 

If we choose k — 6 • 128 the numerator in the is We get 
from eq. 25.1, if M iei = M, that 

9—A 11 7 

11 16—A 11 

7 11 9-A 

or 

A3—34y12+78Y1 — 28 = 0 

The roots are Ax = 16+11 j/2, A2 — 2, A3 = 16 — 11) 2 and the 
critical speeds are obtained from eq. 25.2. 

Example 3. Three equal masses are placed on a shaft according to 
fig. 28.1. Determine the critical speeds if th e weight of t he shaft and 
the gyroscopic effects are neglected. 

For this hinged-clamped bearing arrangement we get from fig. 21.1 

_ 2 
g Y (3—^) ( l — x 2 ) — x  

u 

hi 

Observe that xx is m easured from the bearing on the left hand side. 
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Thus 

1 / 5 \2 ll [1 1/ 
«11 = 

= ~6~ W' 6 U 6 \ 
3-

36 K ]  

L3 

~EÎ 

2 375 

12 • 2162 

L3 

~E7 

Ot in Ota 
1 / M I  1  1  f 1  1  1  ( -  1 1 1  1  1  1  *  

• 6 V  2 J [2 2 ' i 36 J ' 36 J  EI 

2 781 

12 • 2162  

1 
OClQ Otoi — 

L3 

' IT 

i \2 

6 \ 6 
i [ i  
6 L 2 

523 

12 • 2162  

1 / 1 \2 

L3 

EI 

Otnn —-
6 \ 2 

Oto o 

i r i . i .  
2 L 2 2 

i v i r i  
6 /  2  L  2  

1 161 

12 • 2162 

1 / 1 \2 

L3  

^7 

Ä33 6 \ 6 [ 

5 107 1 
1 — -

r ' T '  36 ~~ "36" EI ~ 

a ± 1  L3 5 103 L3 

4T 4 J  ' 1 ÏÏ = 12 • 2162 ' ~EÏ 

5 11 n  L3 

: 6 4 4 J  ~ÉI = 

83 25 " 
i . ü .  

575 L3 

36 36 EI 12 • 2162 EI 

If we choose K — 12 • 2162 and M X E L  

2 375—A 2 781 523 
2 781 5 103—A 1 161 

523 1 161 575—A 

M eq. 25.1 gives 

= 0 

or 

A3— 8 053A2+7 064 064A — 1 301 889 024 = 0 

This equation has the roots 

A1 = 7 081, A2 = 713, and A3 258 

The critical speeds are obtained from eq. 25.2. 
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M 2 = £ 0 0  k g  

M-, = 20 

E I  = c o n s t .  

\ 

0 kg 

y///. 

iL K JL 

L = =  8 0 0  m m  

Fig. 30.1 

Example 4. A weightless shaft with two discs is supported according 
to fig. 30.1. Determine the critical speeds if t he gyroscopic effects are 
neglected. The shaft is made of steel and has a diameter 0 70 mm. 

From fig. 21.1 we get for this case of s upporting 

1 U 
Xii = Y {x1x2nS(l-x l-x2) + 2x1x2] • — 

and thus 

192 L3 

6 • 24 • 162 ' EI 

96 1? 

6 • 24 • 162 ' In 

81 L3 

6 • 24 • 162 '  El 
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If we put Mxei = M1 — 200 kg and k = 6 • 24 • 162 eq. 25.1 gives 

0 
192—A 2 • 96 

9 6  2  •  S I — A  

or 

with the roots 

with 

A2 — 354/1+12 672 = 0 

A1  =  3 1 3 , 5 9  a n d  A 2  =  4 0 , 4 1  

E = 20,6 • 1010 
N 

m-

I  

L  

nd4 

^64 

0,8 m 

71 

64 
7O4 • 10~12 m4 

eq. 25.2 gives 

n ;  =  

30 

tz 

9 018 

"W 

'6 • 24 • 162 • 20, 6  • 1010 • TI • 704 • 10~12 

64 • 200 • 0,83 • Ai 

By inserting the different A{ we finally get 

nx = 510 r.p.m. 
n2 = 1 420 r.p.m. 

Example 5. Determine the critical speeds for a shaft with two masses 
and supported by three bearings according to fig. 32.1. The gyroscopic 
effects may be neglected. The shaft is made of steel and has a diameter 
of 12 mm. In order to take the mass of the shaft into some considera-

17 
tion —— of the masses of the two sections of the shaft is added to 

35 
the masses of the discs. See about this assumption in Chapter 9. 

The mass of t he shaft is 0,62 kg and thus, if Miei = M1} 

fh = 1 

9, 3 7  
„ = — — 1, 7 2 

5,44 , 
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5 ,3  kg 

9,2 kg 

1575 mm 

© © 

192,5 mm 

1-1—315,0 m m L2 —385,o mm 

Fig. 32.1 

Further we have according to page 22 

315 

Xo = 

700 

385 

700 

= 0,45 

= 0,55 

and 

OC i  o • — 

1 / i  M  
6  \  ,  2 )  

1  /  i  
x 7  (1+̂  

i  i  i  

Y  '  2  '  2  

H- t -H) 
1 — 0,4 53  

1 \2 

2 

U 

EI 

1 

1 \2 1 
- — • 0,4 5 X 

1,36118 L3 

6 •  1 6 0  EI 

L3  

0,68913 L3  

6-160 ' ËÏ 

H-tI-H-H'-TH — — • 0,55 x 
£ 

2,29805 L3  

6 •  1 6 0  EI 
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Choosing k = 6 • 160 the eq. 25.1 gives 

I 1, 3 6 1 1 8 —  A 1,72 • 0 , 6 8 9 1 3 3  

0 , 6 8 9 1 3 3  1 , 7 2  •  2 , 2 9 8 0 5 — A  

with the roots A1  = 4, 2 4  and A2  = 1 , 0 8 .  With 

= 0 

E = 20, 6  • 1010 
N 
m-

eq. 25.2 gives 

I = 
ndx 

64 64 

L — 0, i m 

• 124 • 10-12 m4 

71; — 
30 

n 

and finally 

'6 • 160 • 20,6 • 1010 • 7z • 124 • 10-12 3 137 

5, 4 4  • 64 • 0, 7 3  •  A i 

nx  = 1 524 r.p.m. 

n2 — 3 022 r.p.m. 

Ui 

Example 6. A weightless shaft with three discs is supported in three 
bearings according to fig. 34.1. The shaft is made of ste el and has the 
diameter 0 50 mm. Calculate the critical speeds if the gyroscopic 
effect is neglected. 

We choose M i e î  = 100 kg and thus = 1 (i = 1, 2, 3). In this case 
the following influence functions (page 22) are used 

i  r  i  i  v  
«H = «21 (*i = s2) = -^iU-^I)2 2-y *1 (i+^i)2 *1 

I  r  1  ,1 u  
«21 = (1 ^l) X2 I (1 X2 ) *^l)2 (1 X%) J X\ J/J J 

I I  L * 
«31 = ~^T ' ^l)"(l ^3) (*l*2)2^y" 

3 
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© © 
100 kg 100 kg 

400 mm U00 mm 

1200 mm 

100 kg 

300 mm 

600 mm 

Fig. 34.1 

Thus 

11 ~ 6 3 ) \ 3 

1 216 U 

1 200 

1 800 

6 • 2432 EI 

(Xio 

1 \2 

1 + ^  
1 200 \3 L3  

1  800  /  EI 

1 — 
2 \2 1 1 200 

3 I 2 1 800 

1 200 \3 L3 872 

X 

LA 

1 800 j  EI  6 • 2432 EI 

1 / 2 \2/i 2 \2 T , 1 1 200 

~ 6 \ 3 /  \ 1 _  ~ 3 /  I  "  ^  1  8 0 0  

O \ 2 

1 + 
1 200 \3 L3 

1 800 / EI 

928 L3 

6 • 2432 EI 

1 1 1 1 /  I  
"»= ~6~ ' ¥ ' F ' ¥11 9! 

1— -
1 200 600 \2 U 

1 800 '  1  800 /  '  EI 

162 V 

6 • 2432 EI 



1 
1 200 

1 800 

600 \2 

1 800 / 

202,5 

6 • 243 2 

Z3 

m 

222,1172 

6 • 243 2 

U 

El 

]f we take k = 6 • 243 2 • 10 3 we have 

£u = 1,2160 £ia = 0,8720 I13 = 0,1620 
£ai = 0,8720 | 22 = 0,9 2 8 0 |23 = 0,2025 

I31 = 0,1620 |32 = 0,2 0 2 5 £33 = 0,2221 

By insertion in eq. 25.1 we get 

1,2160—A 0,8720 0,1620 

0,8720 0,9280 — A 0,2025 
0,1620 0,2025 0,222 1 —A 

or 

The roots are 

A3— 2,3661yl2 + 0,7770yl — 0,0648 = 0 

A1 = 1,9925 

A2 = 0,2348 
A3 = 0,1388 

Then the critical speeds are calculated from eq. 25.2 

30 

U 

El 

600 y 

1~8ÖÖ / 

n: = 
'6 • 2432 • 10"3 • 20 ,6 • 1010 • TI • 504 • 10 

64 • 1 00 • 1 ,83 • A, 

- 1 2  

and 

nx = 1 326 r.p.m. 
n2 = 3 864 r.p.m. 
n3 = 5 025 r.p.m. 
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The deflection curves in these three cases can be estimated if the 
ratios yl : y2: y3 are known. 

From the mathematical theory of d eterminants it is known that 

yx • V 2 : Va 0,9280—yl 0,2025 ! ; — | 0,8720 0,2025 

0,2025 0,2221—yl 0,1620 0,2221—yl 

: 0,8720 

0 , 1 6 2 0  

0,9280 —yl 

0,2025 

With the aid of t his expression the following is obtained 

^ = 1,9925 y2  = 0,8552^ y3  = — 0,1893^ 

yl2 — 0, 2348 y2 = —0,8815^ ^,= —1,2912^ 

A 3  = 0,1388 y2  = — 1, 611 32/i y 3= 1,9717 y x  

and the deflection curves can be sketched as shown in figs 36.1 
(the deflections are enormously exaggerated). 



6. Critical Speeds of a Shaft Supported by Bearings of 
Lateral Flexibility 

In Chapter 5 the shafts carrying the flywheels were supported by 
rigid bearings. In practice, however, such bearings hardly exist. In 
most cases they are subjected to elastic deformations. Unfortunately 
the spring constants occurring are difficult to determine. Moreover 
the spring constants may be different in different directions. 

The usual bearing arrangements (bail-bearings) have the greatest 
stiffness in the vertical direction and the smallest in the horizontal 
direction and these conditions are assumed to be valid in the following 
treatment. 

Consider the shaft in fig. 39.1. The bearings are supported in springs 
with the vertical spring constants being cx and c2. 

If we assume that the gyroscopic effect may be neglected the 
rotational motion can be split up into two oscillations, one in the 
vertical direction and another in the horizontal one. 

Here we study the vertical motion. The left and the right hand 
springs are depressed y* and (y0-\-y*) respectively. In the point Q;  

the force is applied. The deflection in Qs is wanted. 
With notations according to fig. 39.1 the total deflection in the 

point Qi can be written 

(Utot)i — 2/i+^2/o+2/o 38.1 

where ^ is the elastic deflection of the shaft and (^/0+2/* ) caused 
by the springs. 

The force in Q t  is thus 

Fi = M^y^Q* 

where Q is the angular velocity of the whirling motion of the shaft. 
If we consider ordinary critical speeds this velocity is equal to that 
of t he rotation of t he discs. 
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i v 

I 
39.1 

Thus we get for the "elastic" deflection in Qs 

As in the previous chapter we can put 

lcEI 

k ' EI ' Mi /'^¥ref and A LsMn2 

In that way eq. 39.2 becomes 
n 

Ay s si(y tot)i 

But the equilibrium of t he shaft must be fulfilled. T hus 
n 

c2(^/0"I-2/*)^ ilfpef^2 ^ ̂k(ytot)~ ̂  

-c^L+M^Q* I ̂ (1/^(1—1^ = 0 
i = l  

Addition gives 

y0 = MieiQ2 z MvtoOi — l—f ? My t 

39.2 

39.3 

39.4 

39.5 
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With the aid of e q. 38.1 we can write eq. 39.3 as 

n 

-''l[(?/tot)s IsVo Vo ] tot)i 
t=l 

or 

^[(ytot)s-(2/o+2/o)+(1-^)^o] = ^ M«i(ytot)i 401 

i=l 

The first of th e eqs. 39.4 gives 

M Ic iQ2 c n 

2/0+2/0- • — • z M(ytot)t 40-2 
c2 i—i 

If we insert the values of y 0 and (î /0+2/o ) according to the eqs. 39.5 
and 40.2 respectively in the eq. 40.1 we get by introducing 

1 1 1 

C Ci c2 

c c 
c > = r ;  c « = T  

°1 l2 

0 M 
AMTOiQ2 k EI 

c U 

40.3 

that 

^(2/t0t)»+^i(1 ^2) ~ f-tJiiî/tot)* l.)Cx ^ fU(l/tot)i' 

^ ^ ® 1, 2, 3 ... 71 
i=l 

We have obtained n equations. Only non-dimensional quantities are 
involved. The unknown variables are (y to t) l t  {y tot)2 (y to t)n- The 
condition for these equations not having only a trivial solution gives 
the eq. 41.1. 
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Fig. 42.1 

From this equation the yl-values are obtained. Then the critical 
speeds are 

For rigid bearings cx  — c2 = oo. Thus c — oo, but the values of Cx 

and C2 are finite. For example we can make cx = c2-^oo. Because of 
1 1 1 2  2  1  

-— = — + — = — = — we get C-, — C „ = . Further 0M — 0, 
c cx c2 cy c2 ° 2 

and all terms containing 0M vanish. The equation 41.1 in this case is 
identically equal to eq. 25.1. 

The choice of the way to calculate the influence numbers depends 
on the form of t he shaft. 

If the shaft has but one diameter the influence functions in fig. 
21.1 may be used. In other cases graphic methods are advantageous. 

It will be observed that the deflection line for a case where the 
bearings give bending moments will essentially be as in fig. 42.1. 

If the spring constants for the bearings are the same in all directions 
the number of critical speeds is the same as the number of the discs 
according to the elementary theory. If the spring constants are diffe­
rent in different directions this statement is not correct. The bearing 
and its neighbourhood are replaced by an infinite number of springs 
as in fig. 43.1. 

These springs have spring constants (per length unit) according to 

42.2 

c(9 =  ci + ( c2~~ci) sin $ at 0 

Cß = c1—(c2—-c1) sin 0 at 
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foundation 

Shaft 

Fig. 43.1 

where 

is the spring constant at the angle 0 
\ 

c x  is the spring constant at the angles 0 — 0 and n 
3TT 

c2 is the spring constant at the angles 0 = — and —— 
Zi  £  

The spring constant function is shown in fig. 44.1. In most machine 
constructions there is a symmetry concerning the spring constants 
similar to that one above. Now the shaft is given a displacement <5 
in the 0 direction shown in figs. 43.1 and 44.1. The problem is to find 
the direction of the resultant force F. This force may have the com­
ponents Fx and Fy. Thus we get from the equilibrium equations: 

dF x  = (Cß+yÖyrdcp)  •  cos {0+y) ) ^ ̂  

dFy = {Cft^àyrdy) • sin (0 + ç>) J 

It is readily shown that ày  = b cos cp  if 
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Fig. 44.1 

Integration of t he eq. 43.2 gives 

F 
cos cp cos (0-\-cp) d(p-\-

F 

rôc 

r /c, \ i 
+ J — 11 sin (0+<p) I COS (p COS (0-\-cp) drp 

cos 99 sin (0-\-(p) dcp-\-

2 n - 8  T  

+ / J 
n-e L 

— sin (0+95)1 cos cp sin (0J
rcp)dcp 

and from these eqs we get after some calculations 

F 

rôc 

F 

7 = f3l+4(ï-1)]oosô 

k=b+ Kt-1)]™* 
44.2 
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Construct the ratio 

F _ V 

Y •*- T 

8 c* \ 
71 + 

3 k - 1 )  

4 I C2 \ 
71 + 

T —  - 1  71 + 
T \ c i  /  

tg 0 

This expression shows that the resultant force F  = ]I F ^ + F y  does 
not have the same direction as the displacement ô except in two 

71 
cases, viz. (9 = 0 and 0 = — . 

su 

Thus the rotation of the shaft with discs ought to be split up into 
those directions which have the least and the greatest spring constants. 
In the case above the maximum and the minimum spring stiffnesses are 

cmm = r j^ci+ y (c2—Ci)j 

Li+ y (C2-Ci)j cmax = r\nc1-\- — (c2—Cj 

45.2 
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M-, =110 kg M2 = U0 kg 

4> 60 mm 
/ 
/ 

y///. z 
c2=i0^ 

520 mm 

910 mm 

1300 mm 

Fig. 46.1 

Instead of the spring system in fig. 43.1 we can use the analogous 
and much simpler one in fig. 45.1. 

Giving the shaft the displacement ô in the (9-direction we get 

By insertion of c min and cmax according to eqs. 45.2 we see that the 
eqs 46.2 are exactly the same as the eqs 44.2. 

However, the relative positions of t he main directions of the spring 
constants may vary in the different supporting bearings. Here we 
limit ourselves to those bearings in which these directions coincide. 
The usual arrangements are in this way. 

The theory is in the following illustrated by numerical examples. 

Example 7. Calculate the critical speeds for an arrangement according 
to fig. 46.1. The discs are thin and the influence of the mass of the 
shaft and the gyroscopic effect may be neglected. The left hand side 
bearing is rigid and the right hand side bearing has the same spring 

'max"?/ 

and finally 

'min 

max1 
46.2 
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constant in all directions, namely c2 = 40 kp/mm. The diameter of 
the shaft is 60 mm and E — 21 000 kp/mm2. 

14 
If we choose MIci = Ml so is ^1=1 and /*2 = —- . Further 

k = 0,4, Z2 = 0,7. 

For the influence numbers we have 

1 
Xij = -Q x A — (3— a?) {\—x2)—x{ I • 

Thus 

1 
-0,4* • 0,6 [0,5 (1-0,4) (3-0,62)-0,62] • ~ 

1 
«12 = ~7T 0 ,42 • 0, 3  [0, 5  (1-0, 4 )  (3-0, 6 2)-0, 3 2 ]  

1 
a 2 2  = — 0, 7 2  • 0, 3  [0, 5  (1—0, 7)  (3 —0, 3 2 )  —0, 3 2 ]  

L3 

Hi 

L3 0 , 0 4 1 4 7 2  L3 

EI 6  EI 

L3 0 , 0 3 7 5 8 4  E3 

6  ËJ 

L3 0 , 0 5 0 9 3 6  L3 

EI 6 EI 

Taking k = 600 we get 

I n  = 4, 1 4 7 2 ;  i12 = 3, 7 5 8 4 ;  |22 = 5 , 0  9  3  6 ;  

1 1 1 
cx — oo and — = — + — gives c = c2, C\ = 0, C2 — I 

C Cj c2 

Using the MKSA-system 

7 r ir 600-21 000 • 9, 8 0 6 6 5  • 106 • 604 • 10 12 

lcEI ' 64 Qm = = 
M cU 40 • 9, 8 0 6 6 5  • 103 

0M = 91, 0  

The eq. 41.1 gives 

14 
— A+l • 91, 0 [0, 4  — 0,6 • 0, 4 ]  + 4,1 4 7 2  — {91, 0 [0, 7  —0,6 • 0, 7 ] - f  3, 7  5 8 4 }  

91, 0 [0, 4  —0,3 • 0,4 ]  —[— 3, 75 8 4  
14 

— A+ — {91,0[0,7 — 0,3 • 0, 7]-j-5,0936} 
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or 

The roots are 

A2 — 81, 9 5^1 + 94, 9 0 7 6  =  0  

A1 = 80,80 

A2 = 1,18 

From eqs 40.3 and 41.1 we get 

30 JcEI 1 30 1 /kEI 
n, = 

71 \ MTe(L3 yAi n \ cL3 Mie{ y Ai 

30 

71 

&mC 1 

^ref 

and in this special case 

30 
n: = 

'91, 0  • 40 • 9 , 8 0 6 6 5  • 103 1 

~tÏÔ p; 

or 

nt = 610 r.p.m. J 

n2 = 5 000 r.p.m. J 

If both of the bearings are rigid we get 0At — 0 and from eq. 47.1 

— y l  +  4 , 1 4 7 2  

3 , 7 5 8 4  

14 
•  3 . 7  5  8 4  

11 

14 
-A+ —  •  5 , 0 9 3 6  

with the roots Al = 9,714 and A2 — 0,917 corresponding to % = 
- : 1 750 r.p.m. and n2 = 5 700 r.p.m. 

Thus the flexibility at the bearing lowers the first critical speed 
from 1 750 r.p.m. to 610 r.p.m. and the second one from 5 700 r.p.m. 
to 5 000 r.p.m. 
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If the left bearing in fig. 46.1 also has the spring constant cx = 40 
kp/mm we get the following. 

C± C2 
c —  -  —  —  = 2 0  k p / m m  

Zi —• 

0M = 2 • 91,0 = 182 

By inserting in eq. 41.1 we get 

— yl+182[0, 4  • 0,5 -0,6(0,4-0,5) ]  + 4,1472  1, 273{182[0, 7  • 0, 5-0, 6(0, 7 -0,5)]+3, 7584}  

182[0 , 4  •  0 , 5-0,3(0,4-0,  5) ]  + 3, 7584  — A + 1 , 27  3{ l82[0,  7  •  0 ,5-0,3(0,  7  — 0,5) ]  + 5,0936}  

or 

A2— 223, 4203^1 + 5529, 52  =  0  

The roots are 

Ax = 195, 08  I  

A2  = 28 ,34  J  

and these values correspond to the critical speeds 

nx — 390 r.p.m. | 

n2 = 1 025 r.p.m. j 

Thus the critical speeds are further lowered. These results are in 
line with the general theory saying that the greater the deflections 
the lower the critical speeds. 

Example 8. Calculate the critical speeds for the arrangement in fig. 
50.1. The disc is thin and the influence of t he mass of t he shaft and 
the gyroscopic effect may be neglected. The shaft is equipped with 
springs at the ends according to the fig. The spring constants are 
c2hor = 20 kp/mm and c2vert — 40 kp/mm. The diameter of the shaft 
is 60 mm och E = 21 000 kp/mm2. 
4  
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Flexib le bear ing 

60 mm 

Rigid bearing 

^2 hor 20m m  

r ? uorl ^ m m 

250mm 750 mm 

Fig. 50.1 

For the influence number we get 

1 L* 
otij = -j {x&zY • ^J (See page 215) 

3 1 3 TJ 
and here is = XX = — and L2 — X2 = — giving OCN — • 

Further we choose MJEL = M = 100 kg. Thus //x = JU = 1. 
For the "vertical motion" we have 

1 1 1 
cvert _ oo + 40 

^vort ^ vprt 
Thus cvert = 40 and Clvert = - = 0, C2vert = = 1. 

^lvert ^ivert 

For the "horisontal motion" we have 

1 1 1 

Chor 00 C2hor 

Thus chor = 20 and Olhor = = 0, C2H0I = = 1. 
°lhor °2hor 

Further choose K = 256. Thus (0M)vert = 42,67 and (@M)IIOI = 85,33. 
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The eq. 41.1 gives 

and 

- ^ v e r t  +  4 2 > 6 7  

Amtt = 32,33 

1-1-11-0 
4 4 \ 4 

h o r  i  — '  I  4  

yl „or = 02,67 

1 - 3  =  0  

1 - 3  =  0  

The corresponding critical speeds are wvert = 687 r.p.m. and 

nh0T — 494 r.p.m. 

Without springs we get ^4vert — ^hor = 3 and n — % 256 r.p.m. 



7. The Gyroscopic Effect 

In the calculations of the previous chapters no account has been 
taken to those moments which occur due to the gyroscopic effect. 
This is done in this chapter. 

Consider the disc in fig. 52.1. The deflection line is magnified for 
clearness. The arrangement is studied at a critical speed. The whirl 
around the axis AA' has the angular velocity Q. Now at first suppose 
that the motor gives to the shaft the same angular velocity. The 
cross-section BB' in fig. 53.1 shows that a point P on the shaft always 
will b e outwards. This case is the only one of all possible rotational 
cases without fatigue. 

Thus the shaft rotates around Ou with the angular velocity Q. 
If the motor delivers an angular velocity of c o = D-\-a>' on the 

same time as the whirl occurs with velocity Q instead of fig. 53.1 we 
get fig. 53.2. 

The task is to determine in which way the disc will act on the 
shaft apart from the centrifugal force. Consider the shaft in fig. 53.3. 
The disc is assumed to be in a steady whirling motion while the motor 
runs and it moves around a point on the centreline. The coordinate 
system £, rj, £ rotates with the disc and the eccentricity of the disc 
is e. The gravity point of the disc is on a line parallel to the £-axis. 

B 

A A' 

Fig. 52.1 



Ol 0-| 

Qt 

LU11 

Qt 

Fig.  53.2 

Qt 

Fig.  53.1 

By projection 

to* — Q sin oc cos co't 

My = —O sin <x sin co't 

CO* = Q cos (x-\-w — CD" 

The circumstances for the motions give 

to - Q-\-co' 

Gravity 
point 

u/t  

Fig.  53.3 
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and thus 

oj" = co—Q (1—cos a) 

From mechanics the moments (with usual notations) are 

M Ç = ZJç Ujj(X)r-\-U KOy 

My = jjy — Uç°)ç + UçOJr 

Mr — Ür U^CO,j+ UyÙJç 

and 

Further 

Uç — IçOJç —DfyOJy— DççOJç 

U f j  "  D ç r ) w ç  

Ur — I HO* — DçrOJç— DTjrtOrj  

h = Ie+Ma2 

ITj = Ie + M(a2-\-e2) 

Ir = Ip+Me2 

= 0 

Dpr — Mea 
S. 

IL, = 0 

54.1 

54.2 

Insertion of t he actual values in eqs 54.1 and 54.2 gives 

Mc — —Q sin oc sin co't [Içcô '-\-(Ip—Iç)co") -f Mea Q2 sin2 a sin 2co't 

My = — Q sin oc cos oj't {Içoj'-\- (Ip—Ic)oj"} -Me2û(co'-\-co") sin <x cos w't-\-

! Q2 \ 1 
-\-Mea I —— sin2 oc —co"21 + — MeaQ2 sin2 a cos 2co't 

Mr — —Meü2 sina \ a cos a sin oj't-\- —- e sin oc sin 2co't 

By projection 

and further 

M», — M: cos co't —My sin oj't |  

MTj, — M* sin co't-{-31 y cos co't J 

! 54. 

M t0r = Mr COS OC + Mt, sill OC 
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In the special case e = 0 

Jf t, = 0 

M r ,  — —Q sin (x  ( I p (o"—I e O cos (a  sin a)D 2 (a  cos a) 

-^motor 0 

The last term in Mmeans the moment of the ' centrifugal force''. 
The moment at the disc, Mg, must be reduced by this amount. Thus 

by putting sin oc — tg <x an d cos <% = 1 because <x is a small angle we 

get 

ft) ! 
—- \ 
Q 

M g  =  \ I p  —  — I e \  y '  

1 
For a thin disc Ie = — Ip and consequently 

f c o 1 I 
M, = -i,û" jo" - yj y 

CO 
With forward whirl ~(~ — 1 and 

(0  
With reverse whirl — = —1 and 

55.1 

Observe that the calculated moments are those acting from outside 
on the disc. Consequently the disc acts on the shaft with moments 
of the same value but with opposite signs. In that way it is easily 
seen tha t  M t / f  t r ies  to  br ing the  shaf t  back to  the  center l ine  but  M l j r  

has the opposite action. 
co 

Generally the ratio — = f is not specified to ^1. It has been seen 

during tests [3] that under certain circumstances / may have the 
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Mi 
I  

P1 

M -
P2 

Fig. 56.1 

1 1 
values + — and -f- — and theoretically speaking there is no obstacle 

to / taking any value. But the most common case is / = -j-1 and the 
practical importance of other possibilities is probably not great. 
However, at the end of this chapter different critical speeds of a 
certain arrangement are discussed. 

First we consider the shaft with two thin flywheels in fig. 56.1. 
The flywheels are perfectly balanced and have the polar inertias 

Ipl and Ip2. The inclinations of the shaft at the flywheels are cp1 an d 
cp2 at a certain speed. 

Then the shaft is affected by forces and moments as in fig. 56.2. 
Further we assume that the whirling motion of the shaft around 

1 
the line between the two bearings has the angular velocity Q —. 

Fig. 56.2 
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If the rotation around the shaft has the same velocity we get 

Fi = MxyxQ'L  

F 2 = M2y2Q2 

Mtl = ~ IplQ\t I 57.1 

Mg2 — Ip2 2̂(P2 

Introduce the following notations: 

txFij = the displacement at a point on the shaft caused by a unit 
force at a point Qj. 

ocMij = the displacement at a point on the shaft caused by a unit 
moment at a point Qj. 

ßFij — the angle at a point on the shaft caused by a unit force at 
a point Qj. 

ßMij — the angle at a point Q{ on the shaft caused by a unit moment 
in a point Qj. 

The points Q,- a nd Qj are arbitrarily choosen. We get 

= 0<FnF1Jr(XFl2F 2 + + Vi 

y2 = OCF2iFl-}-(XF22F2-\-^M21'^gl~\~<XM22^!/2 

<Pl — ßFllF 1 + #F12^2 + Älfll Mgl-\-ßMl2Mg2 

<p2 — ß F2\F ß F2Ï.F 2-\- ß M2\M (Ji~\- ß M2V.M ö2 

The eqs 57.1 and 57.2 give 

^ p2 J F±-\-ocf12F2-\-aM11Mgl-{-OCm12Mg2 

57.2 

^21^1 + ̂^2— p2j F2Jr<XM21 Mgl-\-/XM22^[g2 = 0 

AF11-^1 + AF12-^2 + |^M11~ J Q2 J ̂1+^12-^(72 ~ 0 

ßF2lF lJrßF22^ 2 + ßirf21^ffl + [ßM22~~ j p2 ^ ̂  g2 — 0 
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These equations have not only a trivial solution if 

1 
&PH -yj- f )2 ^FXI *muL (Xy 1 2L 

1 
&F21 &F22 Q2 0iM2X^-/ CiM22^J 

ßpXlL ß Fl 2 ̂  ( ß M XX J Q2 J I jl /'J/12^2 

9 

ßp2\L ßF 2?J-J  ßv 21 ( ß M 22 J ( y i)L-

58.1 

The two last rows and columns are multiplied by the length of t he 
shaft L in order to bring the same dimension to all the influence 
numbers. 

kEI 
Every term in the equation above is then multiplied by —, 

where k is an arbitrary constant giving simple numbers in the deter­
minant. Further introduce 

kEI 1 
Ä = ~£p ' 58-2 

as in Chapter 5. Thus, as an example, 

/  1 \  kEI kEI kEI 1 
01 Fix t i t  na rs ra ' ̂ Fix MXQ* j I? I? t xv  L3  MXQ2  

kEI iF n  L3  kEI 1 M r e î  

I? k EI U MVJP Mx  

where 

fu—^X 1 

kEI 
£i'll = ^FXX 

and 

i  f i x  —  < X f x x  '  jji (Compare the notation in Chapter 5) 

Mx  
fx = 

^ref 

In a similar way we may proceed with other terms. 
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For example we get 

2 \ kEI 
ßi\IU~ j Q2j L2 ' — Cmii — Ävi 

where 

and 

• .i/ii — Pmii 
kEI 

L 

pi 
2JfrefL2 

We finally get 

^3/12 j ^Fll ^ F12 &M11 

i r t /i i t 
S F 21 Si'22 2 SM 21 22 

-1 
SFll 

C F 21 

± F  1 2  

CF22 

C Mil ^'l C a/12 

4. M 21 Cm 22 ^r2 1 

where 

I Fii ^ Fij 
kEI 

L3 

kEI 
£Mij ' &Mij ' jji 

s Fij ß 

£Mij — PMij ' 

kEI 
Fij • jj 

kEI 

L 

= 0 59.1 

59.2 

and due to Maxwell's theorem and the definitions of the influence 

numbers 

ÊF12 ~ %F21 %M21 = ^ jP'12 

£mh = —Cfll £iV/22 = C F22 

£>/12 = —^21 CMI2 — C M 21 

Thus the determinant is symmetrical with respect to one of its 
diagonals after multiplying the two lowest rows with — 1. 
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The generalization of eq. 59.1 for n  discs is evident. 

( & F 1 1  ) $ F 1 2  •  •  '  ^ F l n  11 *=3/12 • • • £ M m  

£  F  2 1  ( £ f  22 A f X  2 ) . . . £  F  2 n  SJV/ 21 ^ M 2 2 -  • • 2» 

£  F  n 2  •  •  •  ( £ F n n  )  s  A /  »  1  ^  M  n . 2"  •  •  £ M n n  

^ F l 2  •  •  •  C  F i n  ( ^ M l l  — A v x  *) C m  12 • • • CA/In 

^  1 2 2  •  •  •  C  F  2 n  21 (^ Af 22 ^''2 ) £a/2» 

^ F n 2  •  •  •  C f m i  C m t i I  ( * M n 2  •  •  •  ( C y i n n  )  

If we denote the angular velocity of the whirling ß, and that of 
the shaft about its centreline co, we now have treated the case £? = o>. 

In general the moments in fig. 56.2 may be written 

Mgi = { I p l w — I e l Ü )  ü  sin c p 1  )  

M v 2  =  { I p 2 o j — I e 2 t i )  &  s i n  c p2  j  

where Ie denotes the lateral inertias of the discs. Thus we get 

CO 

_ ( I r i < o - I , i Q ) Q  * • *  " a  ~ l a  ( m  _ I e i \  I p i  

, L *  - \ û  I p i I  '  M t e t L *  •  •  •  6 0 ' 2  

CO 
If = 1 (forward whirl or ordinary critical speed), and the disc 

1 
is thin, viz. Iei == — Ipi, we get 

/f" 60.3 
2 M „ , L *  

If —— — — 1 (reverse whirl) we get for the same disc 
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50 

250 

L = 10 0 0 

Length unit:  mm 

Fig.  61.1 

However, the eq. 60.1 is va lid in all cases which may occur if v ( is 
defined as in eq. 60.2. Observe that the influence numbers must suit 
the kind of bearings used. 

Further we see fro m eq. 60.2 that n discs give an equation in A 
of order 2 n. Biezeno-Grammel [2] have shown that the equation 

O) to 
has n real roots if — — 1 and 2 n real roots if — = — 1. 

In the following the use of eq. 60.1 is illustrated by some numerical 
examples. From these the general conclusion can be made that in 
bearing arrangements or shafts giving large inclinations to the discs 
the gyroscopic effect has an obvious influence. In other bearing 
arrangements its action is smaller. 

Example 9. Calculate the critical speeds for the arrangement in fig. 
(O 

61.1. The ratio — is th ought to be able to vary between the limits 

co and —oo. T he mass of the shaft may be neglected. The shaft 
and the disc are made of steel. 
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x n L  

x3L 

Fig. 62.1 

For an arrangement with '"hinged-hinged" ends we have 

1 o L2 

&Fij n ^2(! ^2) ' zp 

ßpij 
docij 

d(x lL) 6 

In this case x2 = (1— x^. This gives 

1 L3 

^Vii «-> (•^1*^2) 

EI 

• x2(l — 3x^—x%) 
L2 

EI 

ß 

EI 

IJ 
Fii - x^ixz-xj • — 

However, the influence numbers <xMij an d ßMij still remain to be 
determined. Consider the beam in fig. 62.1. A unit bending moment 
is applied to the beam in Qt. We seek the deflection and the inclina­
tion in this point. 

The equation for the elastic deflection line is 

-EI 
d2y 

d(xsL)2 
f /y ryt \0 ^3 \«^3 ^1/ 

The boundary conditions are 
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After some simple calculations we get 

1 L2  

«AI i i  =  y  {-*3+ 3 (*3-* l )2  —Z 3 [3(1—*i)2 - l ] } -^ j  

1 o L 

ß M  v )  —  { — 3 x 3 + 6 ( X 3 — —  3 ( 1 —  a ^ ) 2 }  •  

and if x 3  = x1  these equations are reduced to 

'  EI  

1 . L" 
<XMi i  =  "ö -  ( - '^ i  3^^- j -Xj )  

Pmu -  -  \4~X1+ 3 ] f i }  

In the actual case x l  = — gives 

1 / 1  3  y  V  3  £ 3  

= T \T ' T/ ' 1?7 = ~256~ ' EI 

1 1 3 / 3  1  \  L 2  1  L 2  

/ W  =  y  T  '  T ^ T  ~ T  ) ' W  =  l û ' l ï ï  

1  1  I i i 2  IL2  

01M ii — — o r ' 3 " iß ~1~ 3| 64 16 1 4 I EI 32 EI 

1 1 \  L 
ß M11 — — I 1ß — A + 16 4 ' 3 / EI 48 EI 

Choosing k = 768 we get from eq. 59.2 

=  7 6 8  '  ̂  = 9  

f™ = 768 • ~ = 24 

ftfll = -24 

£im= -768- — = -112 

By definition, if Jfref — ilf, 

to 1 
L p l \ Q  2  



64 

or 

i'i = 
1 MR2  /  « 

Y ' 2 - M L 2  '  r 7 )  

R \21 co \  I  (  co } 

2L) \ 2  Ï 7 _ 7  T ë \ 2  ~Q~1 }  

where R is the radius of t he disc. By insertion in eq. 60.1 we get 

9-A 24 

16 A 

24 — 112 — 
CO 

2 — —1 
Ü 

= 0 

and from here we can solve 

co A2-16/1 + 27 

Û = — 14^1 + 54 

This second degree curve is a hyperbola and in fig. 65.1 the ratio 
co 

— is drawn as a function of A . 

I  co \  

The usual critical speed I — = + ll corresponds to the point Px 

in fig. 65.1. In this point A = (l+ "^28)^6,2915. For the reverse 
co 

whirl — = — 1 we get Ax  = 3 and A2  = 27. Observe that even 

co 1 

special forward precessions, viz. such in the range 0< —- < — , give 

two critical speeds. In the figure the points P2 
and P3 correspond to 

co 1 

the two critical speeds at — . 
LJ 4 

The point P5 is of special interest. In this point co = 0 and A5 = 

= (8-j-]/'37) «14,08. If, as often happens in practice, the usual critical 
speed is determined with the aid of a vibration exciter a frequency 
corresponding to yl5-value is obtained. It is seen in the figure that the 
right value is A = 6,2915. The error in this case is 33 % (Q5 — 0,6 7 
Qx). Further, another frequency may be obtained, namely that 

corresponding to the point P4 [A = (8 — |/37) ~ 1,92j. See more about 
these matters in Chapter 10. 
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If the gyroscopic effect is neg lected we ge t ^1 = 9. This value can 
co 1 

be obtained in fig. 65.1 for — = — giving v1 = 0. See point P0. h J Zt 
Thus one could say that A = 9 corresponds to the critical speed 

co 1 
for a point mass (Ip = 0) or to the special rotational mode — = — 

1 e£ A 
for a thin disc. It may be pointed out that A = 9 is always obtained 

co 
for a point mass independent of th e value of the ratio — . The motion 

of a point mass can be thought of as the result of two lateral oscilla­
it 

tions with the same frequency and amplitude with phase angle — 
Li 

5 
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rad and with their directions perpendicular to each other. For a disc, 
however, only the whirl can be described in that way. To this whirl 
then the shaft rotation must be added in order to describe the motion 
completely. 

Denoting the critical speed corresponding to A = 9 by n0 we get 

y 28—1 
= = 1. 4 3 0 5  

Thus 

nQ 
= 0, 8 3 6  

CO 
The simple calculation gives an error of 16%. If —=-)-oo one 

6 co 
gets from the fig. 65.1 A = 3 — while — = — oo gives two values 

6 
of A , namely A = 3 — and A = oo. The last one corresponds to Q = 0 

and is trivial. Thus we conclude that if the angular velocity of the 
shaft is infinite there is only one critical whirl, viz. the one correspond-

6 
ing to yl = 3 —. 

The weight of th e disc is 

M = — • 1, 02 . 0)05 . 7 850 kg = 308 kg 

N 
With E = 20,6 • 1010 —- is 

nr 

768EI 1 768 • 20, 6  • 1010 • n • 504 • 10 

ML3 Ai  64 • 308 • I , ( f i  •  A i  

and 

3791 
n; — —F=r_ 

Ui  

With easily understood notations we get 

n0 = 1 264 r.p.m. = 2 738 r.p.m. n6 = 2 189 r.p.m. 

nx — I 512 r.p.m. nh— 1 010 r.p.m. n1 = 730 r.p.m. 
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In order to get a rough conception of the mode of the deflection 
curves we use the equations 

M„, 
(9—A) Fx — 24 0 

Vi 

<Pi 

Fx 

MQ* 

M »i 
1 
— I ,D2 
2 P1 

Forward whirl 
Û 

1  A = 6, 2 9 1 5 ;  i f  F1>0, Mgl>0  

Reverse whirl I — = — 11 A = '21 if F x >0, Mgl<0 

-4 = 3; if F-L >0, Mgl >0 

Now we are able to sketch the different deflection curves: 

n1 - 1512 r p m  

;n0= 126A) 

fig —2189 rpm 

(n6 = 1fu8 n-j) 

n7- 730 r p m  

(n7= 0/83 
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Example 10. Two discs are arranged according to fig. 69.1. Calculate 
the critical speed at forward and reverse whirl. The mass of the 
shaft may be neglected. (Compare with Example 9 in this chapter.) 

According to the previous example we get 

L3 9 L3 

^Fll — 22 — 
256 EI 3 • 256 EI 

1 
ßpil = Af22 = °^M\1 = H"~aAf22 

7 L 112 

L2 24 L2 

— ß Mil — —ß M 22  — 48 EI 

1 1 
&F12 — &F 21 — 6 

-î-.i. 
1 

aiWl2 — aAf21 ßJFl 

16 

" ß F 21 — 

1 L2 

32 EI 

9 

24 L2  

768 ' IßT 

1 
ßM12 == ~cT i ^ 16 +6 ' O +1 

6 

80 

768^ 

32 EI 3 •256 EI 

: L 

; ' ~m 

l \ L3 -a
 w 

16 / 768 EI 

1 1 3 1 \ L2 

~6 ' T I1 16 16 / EI " 

27 ) L 5 Z 

16 J In = 00
 1 

L 

EI 

Choose k = 768 ; M ie i  = M1 

Thus /u1= 1 ; ju2 = 2. From the previous example we get 

= 
1 1 

and consequently v2 = ~ • 
16 

By insertion in eq. 60.1 we obtain 

9—A 7 —24 
1 

7 9-

24 24 

— 24 —24 

A 24 

112—16 A 

80 

24 

24 

80 

112 — 8 A 

68.1 
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100 

250 250 

1000 

o 
o 
CD 

B-

O 
O 
O 
-e-

Length unit : mm 
Fig.  69.1 

The development of this determinant gives 

A4—6 A3— 13 l^l2-f- 48^1 -J- 768 0 

With the aid of Cartesii theorem about the signs we may see that 
this equation has two or none positive roots. (The theorem states 
that the number of positive roots of an algebraic equation is equal 
to the number of sign changes in the equation or this number reduced 
by two [8].) 

Approximative values are obtained if the gyroscopic effect is 
neglected. Thus from eq. 68.1 

9—A 

9 - - A  
= 0 

and from here A x  = 24 ,3  74 and A2  = 2,626.  Then calculation with 
Horner's scheme is advantageous. The result becomes 

A1  = 14 ,535 yl3<0 

A2  = 2,522 A4<0 
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Only positive values of A are valid. The negative ones give imaginary 
critical speeds. From the previous example we can write 

3 791 
n, = 

Tin = 

] 14, 5 3 ;  

3 791 

]/ 2, 5 2 2  

— 994 r.p.m. 

= 2 387 r.p.m. 

Without taking any notice of the gyroscopic effect we had got 

3 791 

I/ 24, 3 7 4  

3 791 

y 2, 6 2 6  

= 768 r.p.m. 

= 2 339 r.p.m. 

The error in the first critical speed is 23 per cent and in the second 
one 2 per cent. Both of the m are too low. 

At reverse whirl we i nstead of eq. 68.1 get 

9—A  

7 

24 

9 - - A  

24 

— 24 

— 24 

— 24 24 

16 
1 1 2 —  —A  

80 

24 

24 

80 

1 1 2 - j A  

or 

yl4-90A3+l 225yl2—5 328,1 + 6 912 = 0 

This equation has the following roots 

A x  —  7 4 , 5 0  A 2  =  8 , 5 4 9  A 3  —  4 , 5  8  2  A 4  =  2 , 3 6 8 5  

corresponding to the four critical speeds 

nx — 439 r.p.m. n2 = 1 297 r.p.m. n3 = 1 771 r.p.m. n4 = 2 463 r.p.m. 
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00 
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M 2 = £ 0 0  k g  

£00 

00 
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0 

-e-

Length unit: mm 

Fig. 71.1 

Example 11. Two steel discs are put up on a cantilever steel shaft 
according to fig. 71.1. Calculate the critical speeds during forward 
and reverse whirl. The mass of the shaft may be neglected. 

First we calculate the influence numbers from the case in fig. 72.1. 
For the left part of the shaft we have 

d2y2 

The boundary conditions are: x2 = x1 y2 = 0 y'2 — 0. 

Integration and use of t hese conditions give 

1 
ocyij = y%(xj, x2) — g (x<2 3^x2-j- 2x^) 

1 9 L2 

ßvij = y'2(X l> *2) = Y (X1~X2) • ^7 

L3  

~ËÎ 
71.2 



Fig. 72.1 

For the right part of the shaft we get 

1 X3 

*Fij  = yAx 1, X3)  = y2(x l t  0)  + (x3L)ßF i j  = — (̂2^+3^3) 
EI 

x2  L2  

ßF i j  = y'2  {x1 }  °) = • — 

72.2 

The influence number for a unit bending moment is also needed. 
For the left part in fig. 73.1 we get 

EI 
d2yz 

d(x2L) 

The boundary conditions are x2 = xx ; y2 — 0 ; y'2 = 0. After some 
simple calculations we get 

1 L2  

<*Mij = 2/2 ("^1J ^2) = (*^1 X2)2 '  j^jr 

L 
ßMij = ~{Xx~X2)  • - j j j  

For the right part of th e shaft we have 

1 Z2 

*Mii = — Y ' + • 

72.3 

EI 

Mij — —X 1  '  EI 

72.4 
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y///. 
?777, 

V J 

X2L x3l_ 

*1 L 

L 

Fig. 73.1 

Applying the formulas 71.2, 72.2, 72.3, and 72.4 to the case in 
question we get 

1 
&Fll — 2 • -

1 

27 

L3 

In 

2 

162 

L3 

77 

&F 22 

L3 

~EI 

54 

162 

L3 

In 

u 

«Ä. = 2̂1 = ~2 + 2/ EI 

aMll — 

3 • 27 

L3 

El 162 

L3 

~eI 

&M12 — 

21 — 

01M 22 

1 i L2 9 I? 

T ' 9 "^7 162 ' 77 

i 
L 

2 y Z2 1 x2 9 L2 

T I1" " 3 /  *  In = "Ts" In = 162 In 

i i / 4\ L2 45 X2 

T ' 3 ( T ) '  #7 = 162 ' "77 

i L2 81 L
2 

T ' EI 162 ' In 

ßldii — 3 

L 

L 

In 

54 

162 

M 22 

162 

162 

L 

In 

L 

Un 

'M 12 — 
= - I I-

2 

7 I El 

L 

In 

54 

162 

L 

In 
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A 

Choosing A: = 162 and MTe{ = M2 for forward whirl we g et 

162 EI 
M0L3fJ2 

MXR\ 1 
Vl - 2 • 2MrciL2 - ~8 ' U/ 

M2R\ 1 IB* 
''2~ 2 • 2 MiefL* - 4 U/ 

Pi = 0, 5  

=  1  

The eq. 60.1 now gives 

2 — 2 A 8 —9 —9 

8 54—A —45 —81 

+ 9 +45 — 54 —23A —54 

0,5  9 2  1  

8 = 23,0 

0 , 8 4 2  1  

4 5, 6  7  

+ 9 + 81 54 

= 0 

This equation can be written 

,14 —24, 0 8 /L3 —379, 7 5 y l 2  

with the roots 

A1 = 35,00 I 

Ar 

162 — 5 , 6  7 /1 

7 4 /1 + 44, 7 2  =  0  

^3<0) 

vl 4 <0 J L2 _ 0, 2 4 4  I  

So the two critical speeds are 

nx = 940 r.p.m. | 

n2 = 11 300 r.p.m. j 

Without the gyroscopic effect we get from eq. 74.1 

2 — 2 A S 
8 54—yl 

= 0 

and 

74.1 

A1 — 54, 6 0  ) nr - 760 r.p.m. ) 
> giving > A2 = 0, 4 0 3  J n2 = 8 760 r.p.m. J  

The first value is 19 per cent and the second one 22, 5  per cent too 
low. 
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For reverse whirl we ge t from eq. 60.1 (the coefficients for A in 
the lower part of the principal diagonal in eq. 74.1 are divided by 
— 3 as seen from the formulas 60.3 and 60.4) 

2 — 2/1 8 9 

8 54—A 45 

9 45 54 

9 

81 

23 
A 54 

81 54 
5 , 6 7  

162-  A 

This equation has the roots 

= 131, 5 7  A 2 =  14, 9 4  A, = 1,06 A  4 
== 0,19 

with the corresponding four critical speeds 

n1 = 393 r.p.m. n2 = 1 165 r.p.m. n3 = 4 240 r.p.m. n4 = 10 300 r.p.m. 



8. Critical Speeds of a Shaft Supported by Bearings of 
Lateral Flexibility Considering the Gyroscopic Effect 

We have already studied both the influence of fl exible bearings and 
the gyroscopic effect on critical speeds but not when they act simul­
taneously. In this chapter, however, such a treatment is carried out. 

Consider the arrangement in fig. 77.1. The two bearings have the 
radial spring constants cx and c2 respectively. The discs are thin. It is 
assumed that the shaft is perfectly balanced. In that way there are 
no deflections save at some special speeds, the critical ones. 

The deflection y s  and the inclination cp s  in a point Q s  on the shaft 
can be written 

V s ^  -Fi&Fsi~\~ Mgi&Msi 
1 i=l 

n n 

<Ps— 2  Fiß F si  +  2  M g ißM s i  

i=1 i=l 

76.1 

where F {  = M^y^Q 2  and M g  Ipi&2(<ptot)i for forward whirl. Q1 g "* 

The notations are the same as in Chapter 7. Further we have from 
fig. 77.1 

(^tot)s = 2/o+^2/o + 2/s 

Vo 76.2 
(<P tot / 9>S + 

L 

The angle cp s  is measured from the centre line of the bearings. In 
fig. 78.1 the different angles are shown separately. 

Further the equilibrium gives 

n n 1 

2  M i{y i o i ) iQ 2 {  1 1 { )L Z — I p i& 2{(ptot) i  =  0 
i=l i=l  z  

76.3 
n n  1 

^  i ( y t o t ) Z  I p D 2 ( q ) t o t ) i  =  0  
i=l i=1 z  



Now introduce M. t  — jUiMIei  and — Ipi = % 7re{, where M iei  and 7ref Z J 

may be choosen arbitrarily. Thus, if y — rjL, the eqs 76.3 become 

/ refß2 * 
cl^0 = ̂ "ref^2 % (Vtot)i+ r» ^ ftfatot)« 

i=l i=l 

I ,Q2 n 1 rer^ 
^2(Vo~\~Vo) -^ref^ ^ 7~2 ^ Ti^SPtoÙi 

i=1 ^ i= 1 

and 

Vo = 

Jfrc{ß2 « 
^i) (^/tot)i I 

^rcf^2 W 

i=l i i=i 
- yt(ytot)< 

Jfref^2 n 'ref^ 

Mref^2 W ^ref1^2 

t=l 
r2„ ^ 7i(<?9tot)i 

°1 i=l 

ref I 
^ ro ^ ^(^tot)» 
i=l °2 i=l 

77.2 
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Now we have from Chapter 6 that 

1 1 1 

C Ci c2 

c c 
Cx =•—•; Ca­

using these notations and 

Jfrefß2 

0M = —?— • A 

/ref^2 

L2C 

lcEI 

Of = • ,i 

a = 

we can write the eqs 77.2 as 

n n 

Arft = ^ ïi) (^tot)i+Ci^ ftfatot)» 
1 = 1 1=1 

n n n 

Mo = 0M I MihiVtoùî CxOM Z Mi(Vtot)i—®i 2 yAy 

. . . 78.2 

to t / i  
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Writing the eqs 76.2 in a non-dimensional form we get 

fotot)« = VÏ+hyo+Vs 

f s (ftot )s ^lo 

or 

Vs = (vtotïs-vt-tsilo) 

(IPs ('Ptot)« Vo J 

With the aid of eq . 78.2 we may write 

^1 s ^(^tot)s ^i) (^/tot)i C^0j^ yii'pioOi 

-ls0M^'f iih(Vtot)i~\~C1l s0MZ^ i(ri to t) i-\-ls0IZy i((p tot)i 

or 

•^-Vs A(r] to t)s+ (Cj K)^MMJ'iiVtot)i ( ^ " ^s)^ M ^iiV tot)i 

— (Ci—ls)Oi2yi{(p to i)i  

The eqs 76.1 can be written 

^js -^ref^" M i(*l tot) i^ F si ^Yii^tot)i^Msi 

(Ts = M l efQ2LZ![Ji(r]tot)ißFsi~\~lTei^2^Yi( (Ptot)ißMsi 

By introducing 

tt-Fsi £F si 

^M si £M si 

ßFsi £ Fsi 

f^Msi = £M si 

u 

kEI 

L2  

kEI 

L2  

kEI 

L 

kEI 

and v 
ref 

79.1 

79.2 

M i e îL-

we get 

A?js = ZMVtMFsi+vZyMMMsi ) 

Ms = ̂ MVtot)i^Fsi + Vŷi(cPtot)i^Msi I 
79.3 
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By insertion of the eq. 79.2 and the last of t he eqs 79.1 we o btain 

^(Vtot)s + {@1 ls)0M^^li(Vtot)i ( ^ tot) i 
(^1 Is)®!*-1 YiiVto^i ^FsiiVtot)i ^^7Msii^Ptot)ï ® 

^ f^i(V tot) i^> F si 7 iity tot) M si -^•(Ç'tot)« ^ M -1 Mi^ i(^i tot)i~^~ 
JrC10MZ/.ii{rjtQt)i-\-6iZyi((ptot)i 

or 

-^(^tot)«+(^l ^s)®M ^ f^i^iiV tot) i ^s)^l^M ^ f ^i(Vtot)i i i 
^ FsÅVtot)i (^1 QOi — yi(lPtot)i ^ ^ 7i^ Msii^Ptot)i ^ i ii 

@1Q M ^ Mi(*]tot)i ®M f^JiiVtoOi *•* / ^'i^ F si(V tot) i~^~tot) s i ii 
®I y^SPtoÔi ^ ^ yi^> Msii^Ptot)i ^ i i 

In order to get non-trivial solutions the following eq. must be valid 

A-\-An A12 . . . Aln Bn B12 . . . B\n 

A 21 A~\~ ̂ 22 • • • ^2n -®21 B22 • • • B2)1 

•A-nl -^W2 A-\- Ann Bnl tc
 

S to 

T> nn 
Cu c l t  ...c ln -A-\-Dn D12 . . • A. 

c21 C22 • • • C2n D2\ -A-\-D22 • • • A» 

Cni Q n2 • • • @nn ^«1 ^«2 • • • A-\-Dnn 

80.1 

where 

•A-si f(i®MU^2 (1 L) {Ii Cl)]+ViÜFsi 
B si y i® 1 ^ s) ~f~ vy%^Msi gQ ty 
C s i  —  — —  h ) ~ \ ~ ^ F s i  
D*i —  ~yi^iJrvy^>Msi 

From eq. 80.1 we can solve A and then the eq. 58.2 gives the critical 
speeds. The theory is illustrated by an example. 
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A 

50 

8 
o 4> 50 

100 

250 

1000 

Fig. 81.1 

250 

Length uni t: m m 

Example 12. The shaft in Chapter 7, Example 10, is equipped with two 
equal "radial" springs at the bearings as in fig. 81.1. The spring 
constant is 100 kp/mm. 

From Example 10 we have 

£fll = •= F 22 — 9 

%F\2 — ^F2\ — 7 

CjPll = —CF22 — -4 

CF12 = £f21 — 24 

k — 768 ; Miet — M1 ; = 1 ; /i2 = 2 

Further we get 

SA/ll  — 22 — 24 

12 — %M21 = 24 

Cmii = —Cm 22 = 112 

£AT12 = C M 21 = 80 

71 
TcEI 

°M = 

768 • 21 000 • 9,80665 • 106 •— • 504 • 10~12 

64 

100 • 9,80665 • 103 

0M = 49,4 8 Say 0M — 50 ,0 
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and 

• lék = 

1 1 iüf  (JR\2  

9 ^pi  £ 2 ^ "^ref ( 2 ) ref 

R { \* 
Choose /ref to be MT C iL2 .  In that way y {  — / i i  l -^ 

We get 

1 1 1 3  
v = I;  (9, = &M = 50,0 ; ^ = — ; y2 = — ; ^ = — ; k= ~ 

By definition 

1 1 1 

C Ci c2 

and cx — c2 gives Gx = C2 = —. 

From the eqs 80.2 

•4" =1  •8 0  [t4"(1 _  T) (T-T)] + 1  •9  = J  

— [44-('-T)(4-T)] +2" = 1  

^- = 1 • »0 [T 4  -11  -  T) (T -  T)] +1  •7  = j  

—[444-t)(T-T)]+--1  



1 11 
. 50 _ 

16 \ 2 4 + 1-—(-24)-
23 

32 

ß«=4- - 5 0  (4 -T l + 1  
1 146 

• 24 
32 

= 
1 

16 
5°|- + 1 

1 

16 

73 
•24) = - -

32 

B0 50 - -  + 1  
1 46 
— • 24 = — 

83 

368 
On = 1 ' 5 0 | T - T I + 1 . 2 4 =  —  

3 1 \ 2 336 
Ci2 = 2 • 50 |— — j  +2 24 = — 

1 1 \ 1 168 
O n  = l - Ö O ( T - y  + K - 2 4 )  3 2  

3 1 \ 736 
022 = 2-50 (—+2 (-24) = - — 

1 1 324 
A 1  =  - 1 ? - 5 ° + 1 - - ( - 1 1 2 ) = - - 3 F  

79, 
1 1 120 
— • 50+1 • —- • 80 = -
8 8 32 

1 1 60 
I>9i = — — • 50+1 • — • 80 = 

16 16 32 

D 22 — 

1 1 
— • 50+1 • — - 112) = — 

648 

32 
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By putting 32^1 = Q the eq. 80.1 gives 

-0 + 788 1 048 — 23 146 

524 —0+1 576 —73 46 

368 2 336 — q — 324 120 

— 1 168 —736 60 —g — 648 

= 0 . . . 84.1 

or 

e4-l 39203-l 018e2+82 673 644^ + 42 328 915 968 = 0 

with the roots = 1 899,5 and g2 = 217,54. The other roots are 
complex numbers. Thus A1 = 59,3 6 and A2 — 6,7 9 8. The corresponding 
critical speeds are % = 492 r.p.m. and n2 = 1 454 r.p.m. The deflection 
lines may be drawn with the aid of th e equations given in this chapter. 

If the gyroscopic effect is neglected from eq. 84.1 we get 

— g + 788 

524 

1 048 

g-j-1 576 
: 0 

with the roots g1 = 2 021 and g2 = 343 and thus Ax = 63,156 and 
A2 = 10,719 giving n01 = 477 r.p.m. and n02 — 1 158 r.p.m. 

In the same way it is possible to find the critical speeds for the 
shaft when the spring constant is varied between 0 and oo. The result 
is collected in table 84.2. 

Spring 

constant 

kp/mm 

1st critical 

speed. Gyro­

scopic effect 

considered 

r.p.m. 

1st critical 

speed. Gyro­

scopic effect 

neglected 

r.p.m. 

Increase due 

to the gyro­

scopic effect 

per cent 

2nd critical 

speed. Gyro­

scopic effect 

considered 

r.p.m. 

2nd critical 

speed. Gyro­

scopic effect 

neglected 

r.p.m. 

Increase due 

to the gyro­

scopic effect 

per cent 

0 0 0 0 0 0 0 

10 187 187 ru 0 875 416 110, 34  

40 347 344 0,87 1 244 794 56, 68  

50 380 375 1, 3 3  1 249 875 42, 74  

100 492 477 3,14 1 454 1 158 25, 56  

500 761 669 13,75 1 947 1 839 5 ,87  

1 000 850 713 19, 21  2 113 2 044 3, 38  

2 500 926 744 24,45 2 257 2 207 2 ,27  

5 000 958 756 26, 72  2 317 2 270 2, 07  

oo  994 768 29, 43  2 387 2 339 2, 05  

Table 84.2 
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Fig. 85.1 

Curve 11: 1st critical speed. Gyroscopic effect considered 

Curve 12: 2nd critical speed. Gyroscopic effect considered 

Curve 21: 1st critical speed. Gyroscopic effect neglected 

Curve 22: 2nd critical speed. Gyroscopic effect neglected 

Curve 31: 1st critical speed. Stiff bearings. Gyroscopic effect neglected 

Curve 32: 2nd critical speed. Stiff bearings. Gyroscopic effect neglected 

The values are plotted in fig. 85.1. The conclusion is that the gyro­
scopic effect is considerable at the first critical speed if stiff springs 
are used and at the second critical speed if weak springs are used. 



9. Influence of the Mass of the Shaft at Critical Speeds 

In the previous chapters the mass of the shaft in the different 
arrangements was not taken into account. In this chapter and the 
next a method is shown to do that with a shaft of c onstant diameter. 

Consider an element of a shaft of constant diameter according to 

fig. 87.1. 
The shaft whirls with angular velocity Q around the z-axis at the 

same time as the shaft rotates with angular velocity co. Then the 
equilibrium gives (the disturbance of the tangential motion is not 

considered here) 

m ma cT 
-J- • dxyQ2-\- —j— • dx cos cp-\-T-\- • dx—T = 0 

mq dx dM 
dMa-\- • dx cos o? • ——- — Tdx-\-M-\~———• dx—M = 0 

J L 2 ox 

or after neglecting small terms 

a T m mg 
—  +  T - y û ' + - T - c o S < p  =  0  

dM dMa 
rp _ L 

dx dx 

1 
From these equations, if d M g  =  (2ydIpQ2)y', where y = —- and 

86.1 

3 
y = — — at forward and reverse whirl respectively, and 

4 

M = -Ely" 

we get that 

T = -EIy"'+2yQ* - -*f • y' 
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x + dx 

T + ^J-dx 
ox 

dx-cos ip 

Fig. 87.1 

dx r2  

But dl — —j— • m • —— , where r is the radius of t he shaft. Thus 
Ju 2 

T = -EIy'"-\-2yQ2  
m 

• y 

Insertion in the first of the eqs. 86.1 gives 

m r* m mg 
Ely™ + 2 rQ*~ • — • y"+ - j-  y&+ COS 

Now introduce the non-dimensional length £ = —. If we neglect 
Ju 

the gravity force besides the other forces 

d*y ^ mr2  d2y 
EI 

d(£L) 

mr* a*y m 

* + 2 ^ 2 - i r * w + T - ^  =  0  

d4y 

d|4 

mr2_Q2L4 d2y m L4  

'7 • 2EIL3  d£2  L EI 
Q2y = 0 

mlPQ2  

EI W B  
get 

d'y I r \2 d2y 

W ~ y \  T y- dÇ2  
-/V = 0 
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Putting y = ek< ;  the solution becomes 

k, = I 
y I r \2  \2  y ( r \2  

' 1 + 4- -H p 
2 \L 2 \L 

k2  = -  I f(i)''•)'+i if" 

£g — • V W  vr-ifev, 

-4/1 "'KiW-i(i)'" 

The equation of the deflection line for a rotating shaft can now be 
written as 4 

y = Z A£e^c  

i=l 

or using cylindrical and hyperbolic functions and denoting 

= 1 kh ,  k2  = —lkh ,  k3  = &4  = —ilkc ,  

we get 

y = A sin Xkc£-\-B sinh Åk/^+D cos Ik^+E cosh lkh£ 88.1 

The coefficients kc  and kh  are "correction factors" to I  due to the 

y  I  r\ 2  

gyroscopic action. In most cases the term ^ can ^e neglected 

besides unity and we get kc  = kh  — 1. This thing happens exactly 
when Q — 2co w hich is seen from eq. 55.1. 

We now have the basic knowledge to calculate the critical speeds 
of the shaft in fig. 89.1 considering the mass of the shaft and the 
gyroscopic action of the disc. The gyroscopic action of the shaft is 
neglected but theoretically there are no obstacles to taking it into 
account. 

In fig. 89.3 the acting forces and moments are shown. Non-dimen­
sional coordinates are used in the radial direction and we need two 
different systems of coordinates. 



M 
/// y/A 

m \ 
V/ 7/, i 

XiL 

L 
Fig. 89.1 

For the two parts of the shaft, if kc = kh = 1, we get 

Di — Ax  sin sh \ 
y2 = A2 sin A£2-j-B2 s h A£2 J 

Derivation gives 
1 dy t  

— jr- = A{ cos Ui+Bi ch Ui 

1 dhj; 
— • —J = -Ai  sin Åii + B t  sh Ui [ 

1 (Pi/i 
— • = — Ai cos Ui+Bi ch Ui 

i = 1,2 

Fig. 89.3 
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Further M ;  =  —EI  
d 2 Vi  

d ( t iL ) *  

Mt = 

T:  =  

and T {  =  

EI  d 2 Vi  

'  L*  ' dg 

EI  d% 

" IF '  dg  

(i = 1, 2) 

dM {  

d( t iL )  
Thus 

The equilibrium for the disc demands (small deflection) 

T 1  +T 2 -M V o Q*  = 0 

Mx—M2—Mg = 0 

These equations can be written as 

EI  

L 3  

EI  I  d 2 y x  

dhy x  

dï l l ^ X l  L« 

EI  i  dhj  

d t  3  ,  

EI  

L
2 

d 2 y 2  

2 / C| —3^2 T&2' 

-MQ2{yx)^=Xi = 0 

dy  i  

-2^2 ' 
d i^L) ]  çi=Xl 

= 0 

90.1 

1  /  CO 

where For a thin cylindrical disc of uniform 

1 3 
thickness y  =  —- for forward whirl and = — — for reverse whirl. 

Further 

(y i )ç 1=xi (2/2)^",=^ 

dyi  \  

d£ i  

dy i  

d£  ? 2 / £2 — #2 

90.2 

With the aid of eq. 89.2 we may write the eqs. 90.1 and 90.2 if 
l x x  — cp a nd l x 2  =  xp a s 

A 1  sin (p- \ -BJ sh 99—A 2  sin xp  — B2  sh xp  = 0 

Axcos(p-\-Bxchq)-\-A2cosxpJ
rB2chxp — 0 

M 

A x coscp —B x ch.cp - { -A 2 cosxp —B 2 c \ \xp—l  •  [ A 1  sin(p+B xshcp~\ = 0 I 
m 

A x  sin c p—B x  sh cp—A 2  sin xp- \ -B 2  sh xp-

2y I p Q 2 L 

IE  I  
[A x  cos cp- \ -B x  ch<p] = 0 
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These equations have non-trivial solutions only if 

sin 99 sh 0  —sin xp —sh xp 

cos 99 ch V  cos xp ch xp 

COS ( p  —  
M 

à — sin 99 
m 

— ch 
M 

p — Å  —  
m  

sh 99 cos xp — ch xp 

sin 99 — ?,30* cos 99 — sh 0 — P0* ch 99 — sin xp sh xp 

where 

= 0, 

6>* 

<9* 

1 2 yIpQ2L EI 2yIpD2L 

~¥ EI = mL*Q2 EI 

2yiP 

mL2 

91.1 

If the radius of i nertia of the disc is k we may write 

k V M 
0* = 2y 

L m 

and (9* may be thought of a s a non-dimensional inertia. 

Eq. 91.1 can be reduced to the form 

/ 1 1 

I \cot 99-fcot xp cth 99-f-cth t/; 

T ¥ 
1  — 0 *  •  

P (tgcp-tghcp) {tgxp-tghxp) 
—J— (/ * * 

2 (tgqp-\-tgxp) (tgh 99 + tgh t/;) 

1 

2 \ tg 99+tg xp tgh 99+tgh xp 

This equation is mainly of th e form 

m ^ A-\-P0*B 

~M^1 ' 1 -A3<9*C 
91.3 

m 
with easily seen notations. It may be observed that — is independent 

of 0* if 
B = At 

C = —1 • t 
91.4 
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Fig. 92.1 

m A(\-\-tX?0*) 
In this case is ^ = X • ^ = À • A. 

Further we have B — —AC. By insertion we obtain that this 
connection between the coefficients only occurs at cp = ip, viz. when 
the disc is mounted at the middle of th e shaft. 

In this case the eq. 91.2 may be simplified to 

m 

M = ~ï\ ig~2 _tgh 7 92.2 

We also can solve 0* from 91.3 and the result for cp = ip is 

P0* =  

m m 
1 ( — - IA 

M 

M 

C PO* = 1 or 

m i m 
njT ' G-\-X • B t J — 4- IA 

1 1 

T = 

&* = 

I X X 
X3 cot — — coth — 

92.3 

The formulas 92.2 and 92.3 may also be derived by studying 
symmetrical and antisymmetrical modes of revolution for a disc at 
the middle of a shaft. 

The eq. 92.2 corresponds to symmetrical modes of rotation as in 
fig. 92.1 and the eq. 92.3 corresponds to antisymmetrical cases as 
shown in fig. 93.1. 
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Fig. 93.1 

In order to show in a simple way the influence of t he mass on the 
1 

critical speeds the case x1=— is treated specially. For the first 

critical speed eq. 92.2 is valid. We may write this eq. as 

m  I I I  i l  
— = — I tg— +^tg — I 93.2 M 4 \ 2 ° 2 ' 

From mathematics it is known that, if A0 = —, Zi 

II 2 17 62 1 382 
tg A0 = A0+ — + TT 20+ A0+ o qq* A0+ 1 K K QOK • • • 

U0|<-f-
and 

f 1 17 1 382 ~| 
tg A„+i tg ii0 = 2 |y *»+ — ?l+ i»+ . . .J 

m 
If /< = iß and l00 = Il we get 

1 17 1 382 ;2 i 
315 l°0^ 155 925 t* — o ^oo+ QIK ;ioo+ i KK QOK %o+ 933 

Form the series 

= 2 Ay 93.4 
s = 0  
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where the coefficients As are to be determined. Put this expression 
for A00 in to eq. 93.3. Thus 

17 
fl  
—  Q  {^-0~\~J^Ü l~\~A2ft lJ

rAzfiZ-\- •  •  •  • } +  g j g  {^0 + ^1," + 

-\-A2fi2-\-Azf^-\- . . . .}2-j-
1 382 

155 925 
{-A o+A^i -)- A 2/./2+ 

+A^*+ .  .  .  . } 3 +  . . . .  

The coefficients on both sides of the equal sign must be identically 
the same. This gives 

1 17 1 382 
A° '~3~ + 315 + 155 925 

= 0 

1 
A1 = 1 

1 17 
A2-\- _ A; — 0 

315 

17 

3 Â3+2 ' 315 A'A°+ 

1 382 
A3 — 0 

155 925 1 ~~ 

and from here 

51 376 
A0 = 0, A1 = 3, A2 = , A3 = 

35 539 ' 

Eq. 93.4 gives 

51 376 

J) =3f'-W'+"539 f''-

By definition 

and consequently 

Û2 = 

/4 = 
mLPQ2 MLZQ2 

EI 
= t* • 

EI 

48EI I 17 376 
1— or /* + ML3 \ 35 1 617 
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If the mass of t he shaft is neglected we get 

48 EI 
Q2 = Q:. = and 

0 ML3 

f  D \2  17 376 

q„) = • • 

or after a process similar to that above 

Q 17 4 009 
fl; = 462ÖÖ" "2" • • • = 1-0,^29^+0,08677^- . . . . 

95.1 

In many designs the value of /i is low, say /<<0,10. 
From the formula 95.1 we conclude that in these cases the first 

critical speed does not change very much with different values of 
ordinary values of ju. 

A common thumb rule in practice is to bring half the weight of th e 
shaft to the disc and it is an interesting task to compare the result 
from this assumption with eq. 95.1. 

From eq. 26.2 we immediately get 

48 EI 
Ql = 

m 

and 

SMi— 
' O 

or after a simple calculation 

Qn 
1 —0,25^+0,09375^2-

^ 0 

This formula will give a good result. It is seen from eq. 95.1 that 
17 

if of t he weight of the shaft is added to the mass of th e disc a 
do 

very accurate result is obtained. 
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m 
M i 

i /I /i I 

1 
X 

Fig. 96.1 

Now we have treated the calculation of the first critical speed with 
the aid of eq. 92.2. This equation determines all "symmetry modes" 
of the deflection curve. For every value of /i there is an infinite number 
of /l-values because of the fact that the equation involves periodic 
functions. Thus there is also an infinite number of critical speeds. 
This fact is considered in fig. 96.1 where /u is drawn as a function of X. 
In the same figure some other curves are shown for illustrating the 
degree of accuracy of usual approximations. 

Curve I: Exact curve. 
Curve II: Curve based on the assumption that half the weight of 

the shaft can be referred to the disc (coincides practically 
with the first branch of C urve I). 

Curve III: Curve based on the assumption that no part of t he mass 
of the shaft is referred to the disc. 
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0,060 • 

0,040 • 

0,020 

o 

-0,020 

-0,040 

-0,060 

-0,080 

-O.ioo 

Now we turn over to the antisymmetrical modes of the deflection curve. 
In these cases eq. 92.3 is valid. The function 0* is drawn in fig. 97.1. 

Example 13. We now calculate the ordinary critical speed for the 
arrangement in fig. 61.1 but the disc is placed on the middle of the 
shaft. For the symmetrical modes we get from the fig. 96.1 or cal­
culations (fl = 0,050, 0* = 1,25) that Als = 1,230, X2s — 2 ,5 Tl + E-y 

and for the antisymmetrical modes we get from fig. 97.1 that 
Ala = 2,57i—e2, K a — 4,5tt—e3 where (i — 1, 2, 3) denote a small 
number. The first corresponding critical speed can be calculated to 
930 r.p.m., which is 2,4% lower than the "elementary" value where 
the mass of th e shaft is not considered. The values Å — n, 2n, 3n . . . 

correspond to the critical speeds for a shaft without disc. Further, 
A = 2,57t, 4,57t . . . corresponds to the antisymmetrical critical speeds 
for a shaft with a disc of i nfinite inertia. (The same result as for a 

L 
"hinged-clamped" shaft without disc and of length —). 

Zi 

M 

'////, '///A 
777/, 7777, 

XiL 

L 
Fig. 97.2 

Ie* 

J -r-
* 

8 0 2 V r 

Fig. 97.1 
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Up to here we have treated the case in fig. 92.1 with bearings free 
from bending moments. It is evident that analogous calculations can 
be carried out for other conditions of shaft support. In this book 
another "symmetrical" bearing arrangement is treated viz. the one 
giving zero slope to the shaft. We may call it a "clamped-clamped" 
shaft. See fig. 97.2. 

The result is given without derivations. The eq. corresponding to 
eq. 91.2 is 

m A- \ -0B  

where 

and 

M C+0D 

A  =  (N 2 +KP)  (RU—ST)+(S*+RT)  (KQ-NP)  

B  =  (N 2 +KP)  (S 2 +RT)  

C  =  (N 2 +KP)  (U 2 +RT)  +  {S 2 +RT)  (Q 2 +KP)  +  

+  ( .NP-KQ)  ( .RS-TU)+(N K-PQ)  (ST-RU)-

-  (P 2 +NQ)  {R 2 +SU)-{K 2 +NQ)  (T 2 +SU)  

I )  =  (N 2 +KP)  (TU-RS)  +  (S*+RT)  (PQ-KN)  

K  = sin cp— sh cp  R  =  sin y j —sh i p  

N  = cos cp  — ch o p  S  =  cos y j  — ch ip  

P  = sin 9?+sh 99 T = sin ip  -f- sh i p  

Q = cos 99 + ch cp U = cos ip-\- ch ip 

c p  — x x l  

ip  =  (1  — 

mL 3  

/4  =  Q* 
EI  

6>* = — 
C O  L\  I  V 
Q In I mL2 

0 = /3<9* 
1 

Especially we get for 0*  — 0, cp  =  ip  = — the equation 

x 
. 1 — cos — ch — 

m l  2  2  

M 2  a  A  I I  
sin - ch — +sh — cos — 

98.1 
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giving all critical speeds at symmetrical deflection curve. Further we 
m 

have Å independent of if 

and from here 

0* = ~r. 

A C 
PO* = —- = — 

B D  

I  I  
sin — ch ~— 

I  I  
cos — sh — 

— Ja 

I  I  
cos — ch — 

— 

giving all critical speeds at antisymmetrical deflection curves. Now 
1  

the eq. 98.1 will be scrutinized narrowly. Put /„ = —. Thus 

1 

m cos A0 ch Å0 

M ~ Å° tg Ao+tgh ).0 

1 

Further by expansion in series 

tg /o+tgh Â0 = tg X 0 — i  tg i/.0 = 2 ;.0+ 

and 

62 

15 0 1 2 835 

cos / 0 ch A0 = I 1 — 

+ 

+ 

312 
S 

479 001 600 

212 Ao 
479 001 600 

1 + 

il A 
2 1 24 

;6 
/lo ;8 

+ —• 40 320 
il A 
2 1 24 720 

;8 

+ —• 40 320 

Ao ;4 
Ao J6 ;8 

2 H ~ 24 ~ r 720 + 40 320 

* ~ T  

1 

-
* ~ T  

1 

U/ 

3 628 800 

+ 
j io Ao 

3 628 800 

1 

34 650 \ 6 

4 \ 3 
0 

;4 
Ao 

Put v — and we get 

m 
2' m  = 

1 — v— ——• y24~  
70 ^ 34 650 

4 248 
1+ — v 2 l  
^ 5 ^ 315 ^ 
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If the expression within the bracket is less than unity we have, if 
m 

u =  — ,  

M 

232 \ / 69 33 661 
2a = I 1 — -—• v— v2— . . .1 I v 4- v2-\- r34-
'1 5 1 575 / \ ^ 70 1 34 650 

or if v — 2 )'0 

13 274 
" = '»+l^,'»+T925-,«+ 1001 

Now construct the series 

v0 — 2 

Putting these series into eq. 100.1 and equating the coefficients we 

get 

v 1 1 I A Y V 13 72 
r° 2 2 6 12 \ 2 I 192 r" 35 r" ' 539 

and 

ML*Q* 13 72 
= 1— T,Ö"/'2+ 

192EI 35 ' ' 539 

If the mass of the shaft is neglected we get 

192 EI 

and consequently 

Q2 = O2 
= 

0 ML3 

Q \2 13 72 

or 

- 35 "+ 539 "2+ ' ' 

Q 13 109 
= l~"TÔ/X+ 2 200 yM" + 
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13 
It is immediately seen that a good result is obtained if of t he 

mass of the shaft is added to the mass of the disc and we then 
compute according to the elementary theory. 

17 13 
The numbers and which occur at the hinged-hinged shaft 

O u à  O 

and the clamped-clamped shaft respectively may be derived with the 
Rayleigh method. Assuming a deflection line in lateral vibration 
according to 

y  = f (x )  sin Qt  

the potential energy due to bending stresses can be written 

d 2 y  
E I ^A r \  dx  

% \  dx 2 J  1 »  I  d 2 y  \ 2  

E p o t  =  /  2ËÏ  = T EI J  y d x 2 )  
dx  

The kinetic energy is the sum of the kinetic energies of the shaft 
and the disc. Thus 

M 
^kin = 

X 2 

ÏL.T+ï/(T*)(Î 

The maximum amounts of Epot and Ekin are equal. This condition 
determines Q2. Thus 

j www* 

Q 2  = r- , ~TTT —7 EI  

t)]2 + T/ m]Hx 

If f (x )  is chosen as a function proportional to the deflection function 
obtained when a single force is acting on the middle of the shaft we 
get for example with the aid of t he influence functions in Chapter 14. 

48 EI  
Q2 = — 

17 
J f + — m  
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for the hinged-hinged shaft and 

192^7 
_Q2 _ _ 

13 
M +  —  m  

for the clamped-clamped shaft. 
The coefficient before m  varies with the position of the disc. We 

may write this coefficient 
1 L 

—  /  [ f ( x ) ] 2 d x  
F ; =  0  

[ f { x  =  x X L ) ] 2  

Calculating with a function f ( x )  obta ined for a force applied at 
x = xxL the functions below were obtained. The results correspond to 
the first six shaft arrangements shown in Chapter 14. 

33 3 / :r3 \2 

Fi = Y4o~^1+^3+ j I —I (x3-2X1) [^1+^3 = 1] 

1 
F~ = 420(x1a;2)2 { 35[*i(1+^)2+4(1 + *i)2] + 15(*i+^2)-

42[^(l+x2) 4-^2(1+^1)]} [^1+^2 = 1] 

= 840(X1X2)2 (378(-ri+x2) + 3°[^i(1 + 2^i)2+a;2(1 + 

+ 2x2)2] — 210[^(l-f 2a:1)+4(1 + 2x2)]} [^1+^2= 1] 

Fi = 105(^2)2(Xl + 3)2 ((3-^)2(15a;|-35^+21^2) + 

-f-84a^a;2—14(3a^—x\) (6x2 — ôa^ + l̂Sa^ + ôOa^— 

— 66^—252^+315)} Vxi~\~x2 = 1] 

1 
F5 = 420^- {"^î+ 8̂ +231*^+140*^} [*,+ *, = 1] 

F<! = 35^(3+0;,)' {'32^+2äI^+105^+3"ü 

[a?i+ x1 = 1] 

These functions are tabulated in the tables 103.1 and 104.1. 



F,  
iCi+Xa =  1  -f

- II 

F 3  

^1+^2 =  1  

F,  
^1+^2 = =  ^ 

hp
 

II 
"

 

F« 
X i  + = 1 

0 ,00  oo oo  OO OO OO OO 

0 ,01  7  131,0991 198,2230 219,3612 100 ,4  35  4  181,1410 89 ,9688 

0 ,0  2  1  693,6926 51 ,4448 56,1558 26,4666 43 ,0506 21,2444 

0 ,03  714,4926 23,8311 25 ,5  5  05  12 ,3940 18,1842 8 ,9179 

0 ,0  4  381,1292 13 ,9381 14,7182 7 ,3427 9 ,7200 4 ,7396 

0 ,05  231,0992 9 ,2727 9 ,6478 4 ,9475 5 ,91  19 2 ,8682 

0 ,0  6  151,9024 6 ,6920 6 ,8632 3 ,6159 3 ,9027 1 ,8856 

0 ,0  7  105,5  288 5 ,1082 5 ,1660 2 ,7949 2 ,7271 1 ,3138 

0 ,0  8  76 ,3214 4 ,0625 4 ,05  29 2 ,2504 1 ,9875 0 ,9562 

0 ,09  56 ,9046 3 ,3334 3 ,2819 1 ,8694 1 ,4965 0 ,7  20  4  

0 ,10  43 .4486 2 ,8034 2 ,7249 1 ,5915 1 ,1569 0 ,5  5  85  

O.u  33 ,8110 2 ,4051 2 ,3087 1 ,3820 0 ,9143 0 ,4  4  39  

0 ,12  26 ,7216 2 ,0974 1 ,9893 1 ,2198 0 ,7364 0 ,3606 

0 ,13  21,3907 1 ,8545 1 ,7384 1 ,0915 0 ,6032 0 ,2989 

0 ,14  17 ,3076 1 ,6590 1 ,5  3  76 0 ,9881 0 ,501 6  0 ,2525 

0 ,15  14 ,1312 1 ,4991 1 ,3742 0 ,9035 0 ,4231 0 ,2171 

0 ,16  11 ,6271 1 ,3665 1 ,2395 0 ,8334 0 ,3616 0 ,1899 

0 ,17  9 ,6303 1 ,2553 1 ,1269 0 ,7746 0 ,3130 0 ,1688 

0 ,18  8 ,0222 1 ,1610 1 ,0320 0 ,7249 0 ,2743 0 ,1524 

0 ,1  9  6 ,7161 1 ,0803 0 ,9511 0 ,6824 0 ,2432 0 ,1396 

0 ,20  5 ,6471 1 ,010 7  0 ,8817 0 ,6459 0 ,2182 0 ,1296 

0 ,21  4 ,7667 0 ,9503 0 ,8216 0 ,6144 0 ,1979 0 ,121 9  

0 ,22  4 ,0373 0 ,8974 0 ,7693 0 ,5870 0 ,1815 0 ,1160 

0 ,23  3 ,4301 0 ,8510 0 ,7235 0 ,5631 0 ,1682 0 ,1114 

0 ,24  2 ,9224 0 ,8100 0 ,6833 0 ,5422 0 ,1574 0 ,1081 

0 ,25  2 ,4964 0 ,7  7  35  0 ,6476 0 ,5  239 0 ,1487 0 ,1056 

0 ,26  2 ,13  79 0 ,741 1  0 ,6160 0 ,5  0  78  0 ,1416 0 ,1040 

0 ,2  7  1 ,8353 0 ,7122 0 ,5878 0 ,4936 0 ,1360 0 ,1030 

0 ,28  1 ,5795 0 ,6862 0 ,5627 0 ,4812 0 ,1316 0 ,1025 

0 ,29  1 ,3  628 0 ,6629 0 ,5401 0 ,4703 0 ,1282 0 ,1024 

0 ,3  0  1 ,1791 0 ,6419 0 ,5199 0 ,4607 0 ,1256 0 ,1027 

0 ,31  1 ,0232 0 ,6230 0 ,5  017 0 ,4  5  24  0 ,1237 0 ,10  34 

0 ,32  0 ,8909 0 ,6059 0 ,4854 0 ,4452 0 ,1224 0 ,1042 

0 ,33  0 ,7787 0 ,5905 0 ,4707 0 ,4  3  90  0 ,1216 0 ,1053 

0 ,34  0 ,6836 0 ,5  766 0 ,4  5  74  0 ,4337 0 ,1212 0 ,1066 

0 ,35  0 ,6  0  32  0 ,5641 0 ,4454 0 ,4294 0 ,1212 0 ,1080 

0 ,36  0 ,535 2  0 ,5  5  27  0 ,4347 0 ,4258 0 ,1216 0 ,1096 

0 ,37  0 ,4780 0 ,5  4  26  0 ,4250 0 ,4230 0 .1221 0 ,111 2  

0 ,38  0 ,4301 0 ,5334 0 ,4164 0 ,4209 0 ,1230 0 ,1130 

0 ,39  0 ,3900 0 ,5253 0 ,4087 0 ,4195 0 ,1240 0 ,1148 

0 ,40  0 ,35  68 0 ,5180 0 ,4018 0 ,4187 0 ,1251 0 ,1167 

0 ,41  0 ,3294 0 ,5116 0 ,395 7  0 ,4186 0 ,1265 0 ,1186 

0 ,42  0 ,3071 0 ,5059 0 ,3904 0 ,  4191 0 ,1279 0 ,1206 

0 ,43  0 ,2892 0 ,5011 0 ,3858 0 ,4203 0 ,1295 0 ,1226 

0 ,4  4  0 ,2750 0 ,4969 0 ,3819 0 ,4220 0 ,1311 0 ,1247 

0 ,45  0 ,2639 0 ,4934 0 ,3787 0 ,4244 0 ,1328 0 ,1267 

0 ,46  0 ,2557 0 ,4906 0 ,3760 0 ,4273 0 .1346 0 ,1288 

0 ,47  0 ,24  98 0 ,4885 0 ,3  7  40  0 ,4309 0 ,1365 0 ,1309 

0 ,4  8  0 ,2459 0 ,4869 0 ,3726 0 ,4351 0 ,1384 0 ,1331 

0 ,49  0 ,2436 0 ,4860 0 ,3717 0 ,4400 0 ,1403 0 ,13  52 

Table 103.1 



F, ^2  ^3  ^4  ^5  F r  6  
*1  * I+*3  =  1  x t +x 2  = 1  » l  +  ®2 =  1  ^1  +  ^2  =  1  xiJ r ^i = 1  Xj  - f -  X i  — 1  

0 ,50  0 ,2  4  29  0 ,4857  0 ,3714  0 ,4  4  55  0 ,1423  0 ,1  373  

0 ,51  0 ,2433  0 ,4860  0 ,371  7  0 ,451  7  0 ,1  443  0 ,13  95  

0 ,5  2  0 ,2447  0 ,4869  0 ,3  726  0 ,4586  0 ,1463  0 ,1  416  

0 ,5  3  0 ,2470  0 ,4  8  85  0 ,3740  0 ,4  663  0 ,1483  0 ,1437  

0 ,5  4  0 ,2  4  99  0 ,4906  0 ,3760  0 ,4747  0 ,1503  0 ,1459  

0 ,5  5  0 ,2533  0 ,4934  0 ,3787  0 ,4840  0 ,15  24  0 ,1480  

0 ,56  0 ,25  72  0 ,4969  0 ,3819  0 ,4942  0 ,1544  0 ,1501  

0 ,5  7  0 ,2613  0 ,5011  0 ,3858  0 ,5054  0 ,1565  0 ,15  23  

0 ,5  8  0 ,2657  0 ,5059  0 ,3904  0 ,51  75  0 ,1585  0 ,1543  

0 ,5  9  0 ,2702  0 ,5  1  16  0 ,3957  0 ,5308  0 ,1606  0 ,15  65  

0 ,60  0 ,2748  0 ,5180  0 ,4018  0 ,5  4  53  0 ,1627  0 ,1586  

0 ,61  0 ,2793  0 ,5253  0 ,4087  0 ,5610  0 ,1647  0 ,160  7  

0 ,62  0 ,2839  0 ,53 34  0 ,4164  0 ,5782  0 ,1668  0 ,1628  

0 ,63  0 ,2882  0 ,5426  0 ,4250  0 ,5969  0 ,1  688  0 ,16  49  

0, 6  4  0, 2925  0 ,5527  0 ,4  3  47  0 ,6174  0 ,1708  0 ,1670  

0 ,65  0 ,2966  0, 5641  0 ,4454  0 ,6397  0 ,1728  0 ,1  690  

0 ,66  0 ,3005  0 ,57 66  0 ,45  74  0 ,6641  0, 17  49  0 ,1711  

0 ,67  0 ,3042  0, 5905  0 ,4707  0 ,6908  0 ,17  69  0 ,17  31  

0 ,68  0 ,3076  0 ,6059  0 ,4854  0 ,7201  0 ,1789  0 ,1752  

0, 69  0 ,3107  0 ,62 30  0 ,501  7  0 ,7524  0 ,1808  0 ,17  72  

0 ,70  0 ,3135  0 ,6419  0 ,5199  0 ,78  79  0 ,1828  0 ,1792  

0 ,71  0, 3160  0 ,6  629  0 ,5  401  0 ,8271  0, 1848  0 ,1812  

0, 72  0, 3181  0 ,6862  0, 5627  0 ,8705  0 ,1867  0 ,1832  

0 ,73  0, 3200  0, 7122  0, 5878  0, 9188  0 ,1  886  0 ,1852  

0 ,7  4  0 ,3215  0, 7411  0 ,6160  0, 9  7  26  0 ,1905  0 ,18  72  

0, 7  5  0, 3226  0 ,7735  0 ,6476  1, 0328  0 ,1924  0 ,1892  

0 ,7  6  0 ,3234  0 ,810 0  0 ,6833  1, 1005  0 ,1943  0 ,1911  

0 ,7  7  0 ,3238  0 ,851 0  0 ,7235  1, 1769  0 ,1962  0 ,1931  

0 ,78  0 ,3239  0 ,89 74  0 ,7693  1, 2637  0 ,1981  0 ,1950  

0 ,79  0 ,3236  0 ,9  503  0 ,8216  1 ,3627  0 ,1999  0 ,19 70  

0, 80  0 ,3  230  1 ,0107  0 ,881  7  1 ,4764  0 ,20 18  0 ,1989  

0 ,81  0 ,3219  1 ,0803  0 ,951  1  1 ,6079  0 ,20 36  0 ,2008  

0 ,82  0 ,3205  1, 1610  1, 0320  1, 7612  0, 20 54  0 ,20  27  

0, 83  0, 3188  1, 2  o  o  3  1, 1269  1, 9 413  0, 2072  0 ,2046  

0, 8  4  0, 3166  1, 3665  1, 2395  2 ,1550  0, 2090  0 ,2065  

0 ,85  0, 3142  1, 4991  1, 3742  2 ,41  14  0,210  7  0 ,20  84  

0 ,86  0, 3113  1, 6590  1, 5376  2 ,7228  0 ,2125  0 ,2103  

0, 87  0, 3081  1, 85  45  1, 7384  3, 1065  0 ,2142  0 ,2121  

0 ,88  0, 3046  2 ,0974  1, 9893  3, 5870  0 ,2160  0 ,2140  

0 ,89  0 ,3007  2 ,4051  2 ,3087  4 ,2005  0 ,2177  0 ,2158  

0 ,90  0 ,2964  2 ,8034  2 ,72  49  5 ,0018  0 ,2194  0 ,21  77  

0 ,91  0 ,2918  3, 3334  3, 2819  6 ,0776  0 ,221  1 0 ,2195  

0 ,92  0 ,28  89  4 ,0  6  25  4 ,0529  7 ,5  715  0 ,22 28  0 ,2214  

0 ,93  0 ,2816  0 ,108  2  5 ,1660  9 ,7353  0 ,22 44  0 ,2232  

0 ,94  0 ,2760  6 ,6920  6 ,8632  13 ,0460  0 ,2261  0 ,2250  

0 ,95  0 ,2701  9 ,2727  9 ,6478  18 ,4976  0 ,2277  0 ,2268  

0 ,96  0 ,2638  13 ,9381  14, 7182  28 ,4611  0 ,2293  0 ,2286  

0 ,97  0 ,2573  23 ,8311  25 ,5505  49 ,8  293  0 ,2310  0, 2304  

0 ,98  0 ,25  04  51 ,5548  56 ,14  48  110 ,4241  0 ,2326  0 ,23  22  

0 ,99  0 ,2432  198 ,2230  219 ,3612  435 ,0734  0 ,2341  0 ,2339  

1 ,00  0 ,2357  oo  OO oo  0 ,2357  0 ,2357  

Table 104.1 
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Fig. 105.1 

In fig. 105.1 the "correction" functions Fi(i = 1, 2, 3, ... . 6) are 
drawn against x^x^). It is evident that the importance of the mass 
of the shaft grows rapidly if t he disc is mounted near a bearing. 

Now turn over to the "clamped-free" case shown in fig. 106.1. 

The equation for the deflection line is 

y  —  A  sin X Ç + B  sh /£+C cos l£-\ -D ch /£ 



106 

22^ 
777A 

M.Ip 

x 

Fig. 106.1 

The boundary conditions are 

1 = 0 y = 0 y' = 0 

i = 1 -Ely" = 2v/p£?y 

-Ely'" = M y Q2 

These give with the previous notations 

ra 

if 
= / 

sin / ch /—cos / sh /+(9*A3 (1—cos / ch /) 

1 -f-cos A ch A+(9*A3 (sin / ch A+cos / sh A) 
106.2 

In [4] the formula 106.2 is tabulated. 
In the same manner the remaining cases of supporting a shaft 

with one mass by means of one or two rigid bearings are treated. 
All c ases are collected in table 107.1. 

The new notations are 

K0 = sin (p 

N0 = sh (p 

P0 = cos 99 

Qo = ch cp 

and we may write 

R0 — sin xp 

S o = cos xp 

T0 = sh xp 

U0 — ch xp 

m 

M 

= tg cp 

Ni = tgh cp 

(p --- xxL or cp = xxL 

xp ----- x2L or xp = x2L 

A + OB 

C+OD 



o 

s-

¥ 

8-
J=. 
bC 

sh 
-C 
se +3 
I 
a-
S>C 

&• 
4= 
M 

s-
xi 
c 
+ 
S-

-C 

II" §>Mt— 

o-

 ̂ C 
x S 

< Ce 

!b &s  ̂
B; ca i 

« X  ̂ I 
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By definition 
EI 

Q2 = mil ' /4 

or 

/4 El 
n* = 

m ML3 

If 
m 

It may be observed that the ratio A** = : /4 corresponds to 

the value A used in the elementary theory neglecting the mass of 
the shaft. With the electronic computer Alwac III E in Gothenburg 
A** w as calculated in the cases shown in table 107.1. The numerical 
result is found in [4] and diagrams in Chapter 11 in this treatise. As 
will be seen in next chapter Y1** is of great use even when calculating 
the first critical speed for a shaft with several discs. 

In order to show the applicability of the tables [4] an example is 
of value. 

Example 14. Calculate the first critical speed for the shaft in Example 9 
considering the mass of th e shaft and the gyroscopic action of the disc. 

We have m = 15, 4  kg 
M = 308 kg 

1 / 500 \2 308 
O* =  — L  • r -— =  1,25  

4 \ 1  000 / 15 ,4  

m 
—- = 0, 050  
M 

X l  = 0,25  

From the tables is obtained 

m m 
0* = 1 ,20  X = 1,50  — - =  0 , 044733  —— :  Â 4  =  0, 008836  

M ' M 

m m 
Â =  1 ,60  -— = 0, 055333  : /4 = 0, 008443  

M M 

m m 
0* == 130  A  = 1,50  - — - =  0 , 044004  —— :  2 4  =  0 , 008692  

M M 

m m 
l  =  1,60  -— = 0, 054380  —— :  x 4  = 0, 008298  

M M 
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Linear interpolation gives 

m 1 
: ;« = —- (0. 4 9 6 8 8 7  • 0, 0 0 8 4 4 3  + 0,5 0 3 1  1 3  • 0, 0 0 8 8 3 6  +  

]\l 2 

+  0 , 5 7 7 8 7 2  •  0 , 0 0 8 2 9 8  +  0 , 4 2 2 1 2 8  •  0 , 0 0 86 9 2 )  =  0 , 0 0 8 5 5 3  

m 
The right value is : Â 4  =  0 , 0 0 8 5 4 0 .  The interpolated value has 

an error of only 1, 5  °/00. The critical speed is n — 1 462 r.p.m. Compare 
the result n — 1 512 r.p.m. obtained in Example 9 when no account 
was taken of  the  m ass of  the  shaf t .  The error  in  that  case is  3 , 4  % .  



10. The Improved "Dunkerley" Formula 

In the next chapter diagrams for calculating critical speeds are 
given for a single d isc on a shaft. The use of these diagrams can be 
very much extended which will no w be explained. 

M^Ipi 

Fig. 110.1 

From eq. 60.1 we get for the arrangement in fig. 110.1 with usual 
notations (see Chapter 7) 

£fii 

Cfii 

t ± M11 
= 0 

or 

-A2-\rA([l1£Fll-\-V1L,Mll) /'i '̂i(•= JFusMil Cfh^mii) — 0 . . . 110.2 

We now have taken the gyroscopic effect into account. Neglecting 
it we get 

—A2-\-Afixt;Fll = 0 

and besides A = 0 

A — Mii Fii 



I l l  

Now denote Au — /jl^fxx and — v^mxx- Eq. 110.2 becomes with 
the aid of Ma xwell's theorem 

1 U-.V-, 
~ 1+ (^11 + ^12)— ^2 ^Mll) = 0 

If 

^2 i ^ F X X ^ M X X  111.1 

we get A — A1 where 

Ax — An-\-A12 

The condition 111.1 means that the gyroscopic effect is small. 
Now put another disc on the shaft. For this case eq. 59.1 is valid. 

From here 

yt^i^'n + J'is^11 + ^2̂^22+1'2(-.T/22} + 2̂{- • •}+ • • • = 0 

Denoting 

^1 ~ ylll~l_y^12 = t-lX £ FXX~\~ VX^ Mil 

•A2 = -1-21-]-y^22 = fl2^F22~\~ V2^M22 

we get 

1— ^ (yl1+^2)+ ^2 (• • )+ .... — 0 

If the sum of the last three terms is much less than unity we get 

A = Ax-\-A2 

The generalization is evident. If the shaft is equipped with s discs 
the first critical speed approximately is 

A — A1-\-A2-\- • • -+AS 111.2 
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Because of th e fact that A is inversely proportional to n2 we instead 
of th is may write 

n' 

1 1 1 

n? ni ' ' -_r nt 
112.1 

Neglecting the gyroscopic effect we get 

A — yin+^2i+  112.2 

The differential equation for the transversal oscillations of the 
shaft is 

Vi — [ I 

= [ M\Vi\ Csfii 

Putting 

Ji] [.ii • kEj j + [ 2 <?ij [ I 
Lr 

kEI 

L 
Mn ' "km 

112.3 

Vi = Vio sin Ot 

fi — <Pio si° 

we obtain after some manipulations 

{A (Lq>10) — o I 

—^FuVio'i' C^-b^iCjfii) (J^io) = 0 j 

and from here 

^2_t~-^-(/Ml^i'll rlCiMll)~f"/'lrl(sJFiiC,Wii CVll^Afll) — 0 

This equation is identical with eq. 110.2 if we change v x  t o —Vj_ .  
Very often the critical frequency is determined practically from a test 
where a vibration exciter is used. However, the frequency determined 
in this way differs from the frequency of the critical speed due to 
different actions of t he moments of ine rtia in the two cases. The test 
will always give two low values independent of bearing arrangements. 
See also Example 9. 
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Neglecting the influence of moments of inertia the first of th e eqs. 
112.3 may be written 

?/io = MlVl^xxx 

and 

1 
)2 
11 

-^lall — U 1 1 

The static deflection under the load 3I1 in fig. 110.1 is 

(^l)stat = ̂ i^u 

or from above 

<7 
stat q2 

and eq. 112.2 can be written 

1 (^l)stat (^stat 
O * -  g  " f  g  +  •  •  •  •  

or 

fl.= 
g 

^(^i)stat 

Dunkerley's formula is usually presented in this form. Observe that 
it is equivalent to eq. 112.2. It may be emphasized that the formula 
is approximate even if the gyroscopic effect and the mass of the 
shaft may be neglected except for a shaft with one mass. 

In eq. 111.2 the gyroscopic effect is conside red to the same degree. 
This equation may be called the extended Dunkerley formula and 
was proposed by Hahn [6]. 

A third possibility is to use the formula 

A* = A*-\-A*+ +A* 113.1 

where A* are the greatest roots of t he equation 110.2 and equations 
analogous to this. 

It is easily shown that ̂ <^*<^1^. Concluding, we have got three 
kinds of app roximate formulas, viz. the ordinary one (eq. 112.2), the 
extended one (eq. 111.2) and the improved one (eq. 113.1). They are 
8 
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compared in the example below. We want to compute the first critical 
speed approximately for the shaft on page 69. We get 

A — 9+18 = 27 according to the usual Dunkerley formula 

A = 9 — 7+18—14 = 6 „ „ „ extended „ „ 

A = 3 • 6, 2 915  = 18, 87 45  „ „ „ improved „ „ 

The correct value is A — 14, 535 .  It may be observed that if v { = 0 
the three formulas coincide. In spite of extraordinary circumstances 
the improved formula only gives 14 °/0 higher critical speed than the 
exact calculation. The other formulas come completely wrong. 

At last a fourth possibility is proposed. In order to take the mass 
of th e shaft into some account we have from Chapter 9 

1 EI 
02 . 

m ML3 

IfF 

and from the elementary theory (Chapter 5) 

1 EI 
Q1 = 

A0 ML3 

m 
Denoting A** — the "new Dunkerley formula" valid for s 

discs can be expressed as 
S  1 * *  

A** = 2J 114.1 
i ' _ i  - 'A  nr 

where 

M 

Mi = 

ß2 

J^ref 

h 

L 

1 EI 

A** M ieiL3 

Observe that ^ = 1 if n o part of th e shaft is a cantilever. The use 
of e q. 114.1 is illustrated by an example. 
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Example 15. Calculate the lowest critical speed for the arrangement 
in Example 11 with the aid of th e "new Dunkerley formula". Compare 
the result with those obtained by ordinary formulas. 

We have 

m 7i 
—- = — • 662 • l(r6 • 600 • 10~3 • 7 850 kg = 16,11 kg 
M 4 & ' o 

m \ 200 16,11 
== • = 0, 0 2 6 8 5  

M L 600 200 

1 / 708 \2 1 

®1  4  \  400  /  0 , 0 2 6 8 5  2 , ) ' 1 7  

m \  16,11 
——I = — = 0, 0 4 0 2 8  
M /a 400 

1 / 1 008 \2 1 
0* = — — I • = 4, 3 7 9  

2 4 \ 1 200 J 0 , 0 4 0 2 8  

and from here, with the aid of an electronic computer, if Jfref = M2 = 
= 400 kg, 

11 1 1 
A** = ~2 ' ~2Ï ' °'3503 * "3 +1 " 1 ' °'6778 ' ~3 

Instead of calculating the A**-values they may be read from the 
diagram on page 118. 

n** = 19, 9 9  

Formula 113.1 gives 

EI 
= 915 r.p.m. 

MxciL* 

1 \ 1 
A* = ( 0 , 3 4 6 4  •  —  + 3 6 , 1 1 0  •  1  

162 

and 

EI 
n* = 20,18 J/ ———— = 924 r.p.m. 

-M TCÎ 
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The usual Dunkerley formula gives 

1 \ 1 
^ o  =  | 1  '  V  + 5 4 '  1  

162 

and 

w 0  — 16, 4 6  
EI 

— 753 r.p.m. 

The extended Dunkerley formula fails as 

1  3 - 5 4  3  •  1 6 2  
= 1 • — - ——— + 54 • 1- —^-rr- <0 

23 5 , 6 7  

The exact value (with the mass of the shaft neglected) is from 
page 74 

n — 20 , 54] /  
EI 

= 940 r.p.m. 



11. Diagrams for Calculating the First Critical Speed 

In this chapter diagrams for calculating the first critical speed for 
the bearing arrangements shown in fig. 107.1 are presented. 

For the "exact" theory we have 

1 EI  
O 2 . 

A** ML3  

m 

where ^1** = an(i f°r the elementary theory we have 

1 EI  
Q2 _ . . 

A0  ML3  

A** m 

In the diagrams the ratio ——— is drawn as a function of . 

Semi-inverse diagrams are used [7] for covering all the range of the 
variables. The value of A0 is given at the top of every diagram. 

Each diagram is valid for a certain x1 or (see fig. 107.1) and it 
i s  calculated for x1  = 0, 05 ,  0, 1 0 ,  0, 1 5  0, 9 5 .  The parameter 
0* is varied within the interval — oo<(9*< + oo. 

It may be observed that the diagrams are valid for all rotational 
circumstances because of 

co 1 \ I  
0 *  = 1  »  p  

Q 2 I mL1 

1  Tv At the ordinary critical speed 0* = — • ~^jrV 

Further it was shown in Chapter 10 that the diagrams in connection 
with the "new Dunkerley formula" (eq. 114.1) constitute a tool in 
calculating the first critical speed. 

Each diagram is equipped with a number of order indicating the 
bearing arrangement. These numbers are shown in fig. 107.1. 
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Case 2 

X = 0,05 

A0= O752083 • 10 3  



Case 2 

X, = 0, io 

Ao= 0, 270000-1 O"2  



Case 2 

X ,  = 0 , 1 5  

A 0 =  0 ,  5 4 1 8 7 5  - 10  
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C a s e  2  

X,  -  0, 2 0  

A0-  0 , 8 5 3 3 3 3  " I  0  



A* 
A, 
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Case 2 

)Z X| : 0,30 

A0= 0 1147000 10"' 

CD 

-1,01 
** 

-0,50 

0,00 

TTos 

OJO, 

2,00 
-100. 

-0,50 

m 

Ak 
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Ca se  2  

X ,  =0 ,35  

A , ,  =  0 ,172521 - lO" '  
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Case 2  

X ,  =  0,AO 

A 0 = 0,192000 10"  
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L__X|L_ 

Case 2 

X, = 0.« 

A = 0,  20418b'10 1  
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Case 2  

X, = O, 50 

A 0 = O,  208333-10 
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Case 3 

X] =0,05 

Ao=0,357240-10"" 

9 
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Case 3 

X, =0 .io 

Ao=0,243000 10 



131 

XX 

Case 3 

X 1=0,1 5 

A 0=0.690891- 1 O"3  



Case 3 

Xi =0,20 

A0= 0,136 533-10 



Case 3 

X, -0,25 

Ao
=0,219727 *10 
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XiL 

rw 

Case 3 

X, = 0,30 

A0= 0,3087 00 10 
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Case 3 

X, =0,35 

A0 —0,392485 "10 
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Case 3 

X, -0,40 

Ao-0,460800 10 
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Case 3 
Xi =0,45 

Ao^O,505364 -10 2 
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Case 3 

Xi =0,50 

A. =0.520833 10" 
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Case A 

Xï =0,05 

A0=0,544790-103 
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Case A 

X, =0,io 

A0=0; 88325-10 
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Case A 

X,=0 ,15 

Af0 ' 362719 •10" 
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Case A 

X,=0^o 

0,546133-10 2 
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Case A 
Xf 0,25 _2  

Aç 0,714111-10 

2,o 

1,25 

1.0 

0,8 

0,6 

0.4 

0,2 

0 
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Case A 
X| = 0,30 

0,848925-10 



145 

Case A 
0,35 

Af°. 939156- 10 

10 



146 

Case A 

X, =0,40 

Aq-0,979200 • 10 



Case A 

Xf 0,45 

A=0. 968615- ia 
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Case A 
XfO,50 
A0=O,911458-10 



149 

uu 

00 
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Case A 

X,=0,60 

91200-10 



Case A 
X, =0,65 

A^O^sosse-IO 
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Case A 
Xt =0,70 

A0=0/07925-10 2 



153 

Case A 
X^O/rs 

7^=0,274658 -10" 
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Case A 
X, =0,80 

Ar0' 162133- 10' 
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Case A 
X, =0,85 
A0=0,7B2332-1CT 
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Case 4 

X, =0,90 

A^O, 263250 "10 3 

4Q$f\=ft5Q. 
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Case 4 
X, = 0,95 

Af° J3713A1 • 1CT' 

0,2 0,4 0,6 0,8 5 10 œ 
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Case 5 

(Ht - 0,05 

A0= 0,300833 
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Case 5 

<& = 0.10 

y\o=0,270000 



Case 5 

àti= 0,15 

A,' 0,240833 

-1,00 

-0,50 

0,00 
0,02 
0,04 

0,06  

0.10 Lg! 
0.15 

0,20  

0 5 0 
0, 70 

2 ,00  

m 
•cl.OO -O 

0,2 0,4 0,6 0,8 1,0 1,25 2,0 5 10 OO 
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Case 5 

<#, = 0,20 

A =0,213333 

oo 

1.00 5 

- 0.50 

,0 

0,8 

0,6 

0.70 
T7Ö5" 
2.00 0,A 

0, 2  

-0 
0 2,o 5 10 oo 1 25 1,0 8 

1 1 



\ 
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Case 5 

<£=0,25 

A0= 0,187500 
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Case  5  

£=0,30 

0,163333 -f IQ 
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Case 5 

J6i~ 0,35 

_/\0= 0,140833 

y-0,50N 



Case 5 

& - 0 A 0  
A =0,120000 

oo 

-0,50 

aoo^ 

0,02 

0,06 
o^oe_ 

ojo" 

0,20 

0,30 

aZtT 

1,00 2,00 m 

-0 

0,2 0,A 0,6 0,8 1,0 1,25 2,0 5 10 OO 
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Case 5 

y\o=0,100833 



167 

Case 5 

«&= 0,50 

j\=o,833333*io-1 
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0.01 

0.015 

0.02 

0.025 

Case 5 

A* 0.55 

= 0,675000*10"' 



Case 5 

Jfr-0,60 

A0 = 0,533333-10 

0 .025  

0, 2  0,4 0, 6  0, 8  1, 0  1, 25  2, 0  5 1 0 00 



Case 5 

<ß=0,65 

A =0,408333 10 
0 

o, 00 

0.005 

0,01 

0,015 



Case 5 

fa - 0,7 0 

J[- 0,300000-10 
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Case 5 

Ä-0,75 

A<r 0,208333-10~1 



ML 

Case 5 

X1-0,80 

Ao" 0,133333-10" 

-1 ,00  

-0,50 

0,00! 

0,015 

0,02 

0,025 

0,03 

0,05 

\o io\°x08^Z 
,0,12 — 

,XO,2Q\^-
A\0,50Ngii°- V^— 

\^00\L00N 
-0 

0,2 0,4 0,6 0,8 1,0 1,25 2,0 5 10 oo 
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Case 5 

<$1 - 0,8 5 

A =0,750000-10"2 



je, L 

C a s e  5  

<£=0.90 

J[ = 0,333333*10~2 

0,005 

0,015 

0,025 

0,2 0,4 0,6 0,6 1,0 1,25 2,0 5 10 oo 
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Case 5 

$=0.95 
A0 = 0,833333 10 

0 , 2  0 , 4  0 , 6  0 , 8  1, 1 . 2 5  5 10 



Case 6 

 ̂= 0,05 

A ̂0,297073 

1 2  
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Case 6 

cH> = 0,10 

A0=OJ26325O 
00 

** 

-1,00 

-0,5< 

opo 

0.10 

0,15 

040 

0,70 

1,00 

2,00 

5,00 
10,00, 

-1,00 

-0 



3Z3 

I- dP. L 

Case 6 

dFj = 0,15 

A0= 0,231802 
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Case 6 

-0,20 

A 0=0,202667 



181 

Case 6 

df> = 0,25 

A0= 0,175781 



182 

Case 6 

dP,= 0,30 

A0= 0,151083 



183 

Case 6 

df> = 0,35 

A0= 0,128510 



184 

Case 6 

dP, = 0,40 

An= 0,108000 



Case 6 

 ̂= 0,45 

A0=0,894896-10 
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Case 6 

JP,= 0,50 

A0= 0,729167-10"' 
oo 

-co 

-IjOO 

-050 

1.25-

0.00 

0,08 

0,6- 0,15 

0,20 

050 

0, 2 -
-0.50 

m 1,00 
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Case 6 

JP, = 0 ,55 

A0= 0,582188-10-1 
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Case 6 

% = 0,60 

A= 0,453333-10" 



180 

Case 6 

«IP, = 0,65 

A0= 0,341979-10~1 

oo 
jJ.OO. 
-050 

000 

0j05 

0J5 

-0,50 
-1,00 

-0 
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Z//A  ̂

~W/, 
df, L i v. 

oo 

Case 6 

dP, = 0,70 

A0=0,2^7500-10"1 



191 

z//A 
777/, 

dP, L • 
7, 

Case 6 

df> = 0,75 

A0= 0,169271 -10"' 



192 

Case 6 

= 0,80 

A0= 0,106667 10"' 
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Case 6 

J>= 0,85 

A0= 0,590625 10" 

1 3  



194 

///A \ 
W/, i £ Jf, L £ 

Case 6 

dp = 0,90 

A0=0,258333-10"2 



195 

Case 6 

 ̂= 0,95 
A0=0,635417-10 



12. Special Diagrams for m = 0 and M = 0 

In the previous chapter diagrams were given for •— as a function 

of . However, the accuracy of the reading is not very good in 

the vicinity of the boundary of the diagrams. Therefore, special dia­
grams are drawn for these cases. 

Starting with m — 0 we may conclude that this means a shaft of 
no mass but with a certain flexural rigidity, and this condition is 
prevailing in the chapters before Chapter 9. The critical speed is 
wanted for the six cases of bearing arrangement shown in fig. 107.1 
when the polar moment of inertia of the disc grows from zero to 
infinity. The parameter 0* must not be used because it takes the 
value oo if m = 0. Instead of 0* we use v which is already defined as 

m 

v Q I 
to I. 

V 

e 

ML2 

or, if 

we have 

Compare 0* 

For a shaft with one disc the eq. 110.2 gives 
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The values of the different influence numbers depends both on the 
actual bearing arrangement and on the position of the disc on the 
shaft. They are all calculated in Chapter 14. Further A0 — |Fll and 

in general 

1 . 
"~i— = ~ZZ {sFll + ̂ A/ll=t } ( £ Fil "I- Ai il )2 Fll — £ FLLC Mil)} 
. 10 Pu 

A* I A* ÏMIICFIX X 
Specially —— = 1 for v = 0 and —— = 1— — z for v — oo. 

A0 A Q SFUQMW 

This formula was calculated by an electronic computer. The result 
is collected in six diagrams on page 198 up to and including page 203. 
The critical angular velocity Q then is obtained from 

1 EI 
02 _ 

A* ML3 

For small values of v one can use the expression 

A* 
4 .  ~  1  \ i f n /  

Compare the formula by Hahn in Chapter 10 which gives 

AN CM II 

T~ = ^0 SF11 
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V -O : dotted line 
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V ^0 : dotted line 
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///* ^2 
m Case 3 

3LT 

A 
A r  10 

5 

2,o 

1,25 

1.0 

0.8 

0.6 

0.4 

0.2 

/ ^ ̂ 0,40 

/ / 
1 / 

; /  
1 / 

1 ' 

I/ 
1/ 
i/ 

/ 

V >0 ; full line 

V ̂ 0 ; dotted line 

X,= 0,50 

0,45 

\\Xcr" °^° 
0,40 

0,35 

0 30 

iN-
0,25 

K 
0,20 

K—" " ~~ 0,20 0.15 

0,10 

0,05 

i 
1 

0 0,2 0,4 0,6 0,8 1,0 1,25 2,0 5 10 00 

IV 
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m Case A 

t  x,l  y 

Tn  

1.25// 

0 ;  1  

0,20/ /• 
/ / 

if 
I 10,60 
H 
H 

y 2:0 : full line 

V <0 •• dotted line 
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V >0 "• full line 

V^O : dotted line 
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A* 
A„ 

V ^ O  :  d o t t e d  l i n e  
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The other boundary case to be treated is M — 0. From the previous 
chapters we have 

m A + OB 

HT = A' C+OD 

The condition stated means practically that 0 = 0. Thus A — oo 

or C = 0 gives the satisfying A-values. These values can be find in 
"Tables for Calculating Critical Speeds" [4] by the present author. 
We may write the critical angular velocity as 

/ E I ~  
Q = /2 ' mi3" 

The A2-values for the first critical speed are collected in the tables 
204.1 and 204.2. 

Case 1  2 3 4 

)? j 3, 5 1 6  9, 8 7 0  !  22, 3 7 3  1 5 , 4 1 8  

Table 204.1 

x1 0,00 0,05 0,10 0,1 5  0, 2 0  0, 2 5  0, 3 0  

Case 5 

Case 6 

3, 5 1 6  

3 , 5 1  6  

3, 7 6 6  

3 , 7 9 7  

4, 0 5 0  

4,117 

4, 3 7 6  

4 , 4 8 5  

4, 7 5 3  

4 , 9 1 1  

5, 1 9 3  

5 , 4 0 8  

5,711 

5, 9 9 5  

«i 0, 3 5  0, 4 0  0, 4  5  0, 5  0  0, 5 5  0,60 0. 6  5  

Case 5 

Case 6 

6, 3 2 7  

6 , 6 9 5  

7, 0 6 8  

7 , 5 4 1  

7, 9 6 9  

8 , 5 7 9  

9, 0 7 1  

9 , 8 7 0  

10, 4 1 7  

1 1 . 4 9 7  

1 2 , 0 2 0  

1 3 , 5 6 4  

13, 7 4 6  

1 6 , 1 5 7  

0,7 0  0, 7 5  0, 8 0  0, 8 5  
! 

0, 9 0  0, 9 5  
1  

1 , 0 0  

Case 5 

Case 6 

15, 0 9 6  

1 9 , 1 2 9  

15, 3 7 1  

2 1 , 5 2 6  

14, 6 1 9  

2 1 , 9 2 7  

13, 4 1 2  

2 0 , 6  9 0  

12, 1 3 0  

1 8 , 8 9 2  

10, 9 3 0  

1 7 , 0 7 0  

9, 8 7 0  

1 5 , 4 1 8  

Table 204.2 

The result is also shown in fig. 205.1. 
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Case 6 

Case 5 
~-9,670 

(Case 2) 

3,516 

(Case 1)3 

1,0 0, 6  0.6 0 0,2 

Fig. 205.1 



13. Comparison between the "Dunkerley" Formulas in 
a Special Case 

In Chapter 10 two variants of the Dunkerley formula were proposed. 
Besides these there is another possibility to calculate the lowest 
critical speed proposed by Hahn [6], It was shown that Hahn's 
formula in some cases failed. It gave complex critical speeds at high 
values of t he inertia moments of t he discs. The examples in Chapter 
10 had a finite number of d iscs. Here is treated a case in which the 
shaft is equipped with an infinite number of disc s. The result obtained 
by the approximate formulas is compared with the first critical 
speed for a homogenous shaft. The treatment deals with a "hinged-
hinged" shaft as fig. 207.1 shows. 

For a weightless shaft with one disc of mass M1 from eq. 25.1 

Divide the shaft in fig. 207.1 into s small discs each one of mass 
m 
— , where m is the total mass of the shaft. Take away all these masses 

but one and in spite of this let the shaft retain its flexural rigidity. 
The critical speed of th is arrangement is 

A — A01 — £fii 

if th e gyroscopic effect is neglected and fx1= 1. Further 

ß2 = 
- 01 iM 01 u 

1 kEI 

m 

1 kEI 

I? 

if th e remaining disc has the number of or der i. 
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Fig. 207.1 

According to Dunkerley's formula the first non-dimensional critical 

speed for the shaft with s discs can be written 

(Mes = i 4 • A" 207'2 

i=l 6 

where 

1 JcEI 

A°i  =  a n d  =  ̂ Ä0) r e s  '  mV 

From Chapter 14 we get for a "hinged-hinged" shaft that 

1 
(£fh)î — (%1X2)2 

Choose k — 48. Thus 

(iF n)i  = 16[x(l-x)f  

where a: is a running coordinate. The first attempt is to put all the 
mass on the middle of the shaft. This gives ÇFn = 1 and from eq. 

207.2 

(-^ Ol) res ^ 

The next attempt is to divide m symmetrically into two masses 
each one placed at one third of the length of the shaft from the bearings. 

Thus 

/ 1 2 \2 64 
sVn = 16 yY ' yj = -8T 

and from eq. 207.2 

1 64 \ 64 
(^02)res 1 £ ' 81 / 2 gl ~ 0,79 
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Now divide the shaft into an infinite number of sm all discs. In this 
case eq. 207.2 gives 

(^Ooo)res = 16 J 0(1— x)fdx 
0 

and 

8 
(4)Jres = = 0,533 

and the corresponding critical speed is (^Ooo)res, where 

48 EI EI 
(-Q0 Jres = • mL3 = 90 ' 3 

Ts" 

Thus the series 207.2 converges to a limiting value. But it remains 
to scrutinize if this value is a proper value. 

For a uniform beam eq. 88.1 gives 

y = A sin k chc-\-B sh khXx-\-C cos k cXx-\-D ch khXx 

The boundary values are 

x — 0 y — o y" — o 

giving 

and 

giving 

C = D = 0 

x = 1 y = 0 y" — 0 

A sin k cX-\-B sh khl = 0 

k \2  

— A I sin k cX-\-B sh kh l = 0 

The condition for non-trivial values of A and B is 

s i n  k c l  sh  k h l  | l+  }  =  0  
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Thus k c l  =  0 + n n ,  where n  = 1, 2, 3 .... If the gyroscopic effect 
is neglected is kc — 1 and X1 = n. The first critical speed for a homo­
genous shaft is denoted by Qhom and from definition is 

and consequently 

E I  
Q2 

= -t-4 . hom 71 
mI? 

=V?? = 0,..i, 
•-^hom 

We can conclude that the limiting value of the series 207.2 is not 
exactly the right value but it is a rather good approximation. 

In a similar manner we now can compare some methods considering 

the gyroscopic effect. 
For a single mass is from eq. 110.2 

A 2 — A ( Ç F n - \ - v ( , M n ) — V { £ M I I £ F I I  SFII>A/II)  — 0 

and from page 215 is for this bearing arrangement 

£ F I I  =  [ * ^ ( 1 — X W 2  £ A / U =  x ( \ — x )  ( 1  2 x )  

£ F U  =  ( 1  2 x )  SA/II  ~ 3a?(l x )  1  

if k  = 3, and consequently, if here A  —  A * ,  

2 A *  = ö l i4—2x3+(l — 3 v ) x 2 - \ - 3 v x — v - \ -

+  ( / { | > (  1  - x ) Y - v [ l  -3 x { l - x ) ] } 2  + é v [ x ( l - x ) f  

From eq. 207.2 we can write 

s 1 
A L  =  S  —  •  A *  

If s->oo is 

and in this case 

i = 1  

^*8 = J A f d x  

0 

1  —  I 5 v  }  ,  ,  

A * s  = — — —  +  /  ^ { [ x ( \ - x ) f - v [ \ - 3 x ( \ - x ) } Y + i v [ x ( \ - x ) Y d x  
60 

1 4  
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The last integral is hyperelliptic and was solved numerically. Hahn's 
value is called (^l#)res, where 

(* )res 
1 — 15v 

30 

It consists of the first term in yl*s multiplied by two. The usual 
''Dunkerley value" is AD, where (v — 0) 

Ad  — 
1 

30 

The exact value was obtained above. We had 

k A = nrc 

k. I2 

From definition is 
2 ylp  2 y Mr2  

and 

ML2  2ML2  r  \  L Thus 

1 + x I — 

giving 

|/i + (~- ;.2j - y ;.2 = »v 

7171 

i / l-n'vn* 

If vti2> 1 there are no critical speeds. This fact is already stated by 

2 
Grammel [5]. The condition can also be written as r> -—L k 0,636.L, 

71 
CO 

if -q = +1. The thick and short shaft with r = 0,63 61, is shown in 

fig. 211.1. 
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Fig. 211.1 

The result can be summarized in the following way: 

/ co i \ 
v<0 l-^j- < — I gives an infinite number of cri tical speeds 

I I co 1\ 
00< —— I — > — 1 gives a finite number of cri tical speeds 

7Z \ £ I 

v > —- gives no critical speeds. 

The corresponding A-value for the exact treatment is 

1 — V7Z2 

and n** — 
3 Ott 

V i -V71* 

/ EI 

mL° <r p'm ) 

The first critical speeds corresponding to the theories by Dunkerley, 
Hahn and the present author are denoted be n0, nE and n*. The 

n* n0 nH 
ratios —— , ^. and . . are studied for different ^-values. See the 

'YL •t' 

result in table 212.1. 
The Hahn approximation again fails at high gyroscopic effects. 

However, it is the best one in the range 0o<-0,04. The —— -value 

always lies between the values of t he other approximations. Further 
the "improved approximation" is the best one for negative values of 
v and it is rather good for all positive v-values. Moreover it is the 
best fitting approximation for high values of v. 



v 
"o n* nH 

v 
n** n** n** 

— 0 ,20  1,6576 0 ,8882 0 ,8288 

— 0 ,15  1,5139 0 ,9022 0 ,8397 

— 0 ,10  1,3549 0 ,9191 0 ,8569 

— 0 ,05  1,1747 0 ,9402 0 ,9033 

±0,oo  0 ,9612 0 ,9612 0 ,9612 

+  0,01 0 ,9126 0 ,9  41 3  0 ,9898 

+  0,02 0 ,8611 0 ,9059 1 ,0293 

+  0,03 0 ,8065 0 ,8608 1,0874 

+  0,04 0 ,7478 0 ,8074 1 ,1824 

+  0,05 0 ,6841 0 ,7455 1,3682 

+  0,06 0 ,6138 0 ,6742 1,9411 

+  0,0666 - - oo 

Table 212.1 



14. Survey of Influence Functions 

In order to give the reader a possibility to find quickly the influence 
functions needed for calculating all critical speeds for a shaft with 
several discs even considering the gyroscopic effect, here is presented 
a survey of the most common cases. All bearing arrangements with 
one or two bearings and a special case with three bearings are treated. 

The following notations are used 

txFij = the displacement in a point Qi 011 the shaft caused by a unit 

force in a point Qj. 

otM i j  — the displacement in a point Qi caused by a unit bending 
moment in a  point  Qr  

ßF i j  = the angle in a point Q t  on the shaft caused by a unit force in 

a  point  Qj.  

ßM i j  — the angle in a point Q t  on the shaft caused by a unit moment 

in a  point  Qj.  

The signs of the different influence numbers must be interpreted 
relative a coordinate system with its origin in the left hand side 
bearing, its axis of a bscissae along the centre line of t he shaft and its 
axis of ordinates pointing downwards in the figures 011 the following 

pages. Further 

EI EI 
£ Fij  &Fij  '  

EI  EI 
£ Mij  ßMij  

The numbers (or functions) t  Fij i  £ M i j> C Fij  and C Mij  are non-dimen-
sional. 
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Clamped-free shaft 

Case 1 

Point %Fii C Fi i 

1 
1 
— • x? 
3 1 

1 

Y ' 

2 
1 
— [x\— ix\x i  + 2x\) 
6 Y K2-^) 

1 1 
3 — • x2(2x1 + 3x3) ; — • x\ 

Point fiVfù Cik/11 

1 
1 

• x* 
2 1 

— Xx 

2 
1 

- — (x1  — x2)2  #1 "h ̂ 2 

3 
1 

— — • ^1(^ 1 + 2X3) -Xi 
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Hinged-hinged shaft 

Case 2 

Point £ F i l  C F Ù  

1 
1 
— 

I 
Y • x ^ x z - x j  

2 
l 

—  •  X j X 2 ( l  - x \ - x \ )  
o 

1 
- — • ^(l-a;2-3x|) 

b 

3 — (l-arJXjfl — ( l - x j ' - x l ]  
O 

•— (1 —^x)[l — (1—a?x)2—3ar|] 

Point i j y i h  C M i l  

1 
1 

— — * ^1X2(^2—^1) 
1 

X , X o   
3 

2 
—-{3(l-x1-x2)2-(l-a;2)3-

— (1—x2)[3(1—xi)2— 1]} 

i. [6(1-^-^-3(1-^-

-3(l-«,)« + l] 

3 ^-[1-3(1-^)*-^] 
6 3 

--^[3(^+^ + 2(1-3^)] 
D 
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(D 
mi c 0 

\ 
® 

, -îik j 
J 

i **-

. "iL. _ 

r* •-

| — 

L 
M-\ 

Clamped-clamped shaft 

Case 3 

Point s Fii -•Fii 

1 
1 

— (x1x2)3  
1 

— (x^Yix^ — x^ 

2 
1 

— (^2)2[3(1— X1 — x2) + 2x1x2] 
6 

1 
- — • x\x2{ 2[l-xj(l-a;2)]-3x2} 

3 
i 

—— (1 x t)^x^ ( 3xj x3  2.2'! a-., ) 
b 

1 
^ (1 '^j)2x3(2xj x3 2^X3) 

Point sMu Civ/n 

1 

2 

I 
— (x1x2)' i(x 2  Xj) — 3^(1 — 3xja?2) 1 

2 

1 
— [(* — x i  — x î) i— (1— X\) (1—^2)2(1 — 

— xl — 2a:1x2)] 1 — »j — x2— (1— x1) (1—x2) (1 — ßx^) 

3 
1 
— (l—x l)x\(\  — Zx i  + 2x1x3) (1 — x1)x3( 1 3^j -f- 3x^x^) 
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© © 
T 

xak 1. *2L 

*ik 

Hinged-clamped shaft 

Case 4 

Point %Fii  

1 -^-•«î<3 + xjx \  
i 

—- x x x\  (x x x 2  + 3*2 — 2 ) 

2 
— [2(l-x1-x2)3-2(l-x1)!! + a;2(l-

— x1)2(2 + x1) (2—®2)] 

3 ^-CC3(1-x1)2[X«(2+X1) — 3®!] — (1 — î)2[^i — ̂ ^(^i + 2)] 
4 

Point £MÏI CMÛ 

1 
I 

• x^ixixi + zxi— 2) 
4 

— ®2[ —4 + 3®2(1+X1)2] 
4 

2 

i 
— [2(1-X1-X2)2-(1-X^) (1—X2)3 

•—(1 — Xj)  (1  — 3xj )  (1  x 2 ) \  
-i®,[3(1-«») (2-®,)-4] 
4 

3 
1 
— (1— as1)£C3[(H-£c1) (!—«?) —2(1—»i)] 
4 

-—(1—®i)[(l+®i) (1 3®g) 2(1 Xj)] 
4 
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m  ® m  f  ® A  ,© CD 

h  
. X^L / x2V "4-, 

i L x,L 

L 

Hinged-hinged-free shaft 

Case 5 

Point £FÙ b Fi l  

1 
1 
- j x l ( x i+xi)  

1 
— x 1 (2x1 - \ -3x 1 )  
b 

2 

1 
( -^i  -}-3xj(xj x%) 

6 ~(«l-®2 )2J 

1 
— |>1(3a;1+2x1)—3a:*] 

3 
1 
— [2«! x1(a;1+a;3) +«*(2«!-f 3»2)] 
6 

1 
—- • a;1(2x1-|-3a;1) 
b 

4 
1 ^^4 

-  — («i—»«)  (2x 1—x t )  
b 

— * (2«J-6x1®4 + 3xJ) 

Point ÜMii  Cmû 

1 
1 

- — • «1(2»!+3^) 
1 
~ (^l  4~ 3Xi) 

2 
1 
—- •  (x 1  x i ) [2x l - \ - i {x l  #2)]  
b 

1 
— — [>Ci + 3(x1 a:2)] 

3 — —\^l+^3) 2  + 2 '<l(X l+^3)—^X l \  
O 

1 
— y (^i+ 3 a ; i )  

4 
1 Z 4  
— (Xi—®4) (2*1—«4) 
b «j 

— (2«J-6«1x4 + 3a;®) 
O 
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CD CD 
m 

x4L 
> y X2 . x3L 

m 

<*?! L 
* - -  X l L  -

m 

L 

m 

Clamped-hinged-free shaft 

Case 6 

Point Ï F i i  CjFti 

1 
—  •  x [ (  3x1 + 4x1) 

1 
a:1(«1 + 2a:1) 

4 

2 
1 

(*1 *2)[~(*1 *2)  (^*1 "I"*2)  "I- 3^1^] — [sc1a?iH-2(ar5—as|)] 
4 2 

3 
1 

— [4a:® + earjaîa + 3 «1a:1(a:1+cc3)] 
1 

4 

4 
1 *i*4 

- — • (*i-*4)2 

4 

1 X  
— • — (*i—*4)  (*i—3*4) 
4 

Point sAfii Citfii 

1 
1 
7- * x1(x1 + 2a:1) 
4 

1 
7 (*i + 4*i) 
4 

2 
1 
— [3<l(*l"~"*2) + 2(*1 *2)2] 
4 

1 
-|>i + 4(*i —*2)] 
4 

3 
1 

Oi(*i+*3) + 4*1*3 + 2**| 
4 

1 
T (*1 + 4*1) 
4 

4 
1 x 4  

—  •  ( X l - % i ) 2  

4 Xj 

1 
—— (*i—*4) (3*4—*1) 
4 







15. Summary 

In this report methods of calculation of critical shaft speeds are 
demonstrated. Influence numbers are consequently used both when 
discussing the nature of th e phenomena and in deriving determinants 
from which the critical speeds may be computed. Different modes of 
bearing arrangements are treated, viz. rigid and flexible bearings 
where there may be either no bending moments in them or zero 
deflection angle. The formulas are carried out to the last stage and 
the user need not spend any time on derivations. This matter has 
been the aim in every chapter. 

Further the gyroscopic effect is thoroughly scrutinized and various 
rotational circumstances are discussed. All equations are valid for 
both forward precessions and reverse precessions of any kind. 

The influence of the mass of the shaft on the critical speeds is 
treated in an exact way for any position of one disc on a shaft for 
different bearing arrangements at the same time as the gyroscopic 
effect is taken into account. 

Finally two approximate formulas are proposed on the basis of 
Dunkerley's formula. With the aid of o ne of t hese formulas, diagrams 
and tables [4] the designer has got a tool for calculating the lowest 
critical speed for the most usual bearing arrangements in an accurate 
and rapid way. However, tables for other shaft and bearing arrange­
ments are still lacking. 

It must be noticed that the results are valid even for thick discs if 
they are mounted to the shaft over a small range according to fig. 222.1. 

Fig. 222.1 
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The parameters v and 0* in this case are defined as 

/ M 1 e 
and 0 *  =  ( —  —  

CO I a \ Ip / CO 1 g \ I p 

Q IJ MtJJ \Q IJ mL2 

It was to be desired that test results could be shown. Further it 
would be of great value to scrutinize different bearing arrangements 
available from the manufacturers concerning spring constants. In this 
report only lateral springs are considered and bearings giving rise to 
bending moments proportional to the deflection angles remain to be 

treated. 
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Preface 

Of the research work on elastic rotors that has been carried out by 

the Institute of Machine Elements, Chalmers University of Technology, 

Gothenburg, Sweden, a report suitable for predicting critical speeds 

has been published. 

The present report is a continuation and it deals with the problem 

of predicting possible whirlings in machinery. 

I wish to express my thanks to Professor B. Jakobsson, the Head 

of the Institute, for his interest in the subject. 

Ingemar Fernlund 
Tekn. lie. 

Research Assistant at the 

Institute of Machine Elements 
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1. Introduction 

In a previous report [5] the gyroscopic bending moments were 
derived on various conditions of whirling. The angular velocity of 

rad . _ rad 
the shaft co and the angular velocity of the whirling Q 

were assumed to have a certain ratio. Here this ratio is called K 

co n 
and K=~^ — — where n and N are the corresponding r.p.m. of 

the two rotations. 
It was pointed out that K is usually assumed to have the value 

+ 1 but that in some cases other A"-values have been observed. The 
following is quoted from ''Mechanical Vibrations" by Den Hartog [3]. 

"Now we come to a curious and still partly unexplained pheno­
menon. It was reported in the classical book on steam turbines of 
Stodola [9] that a rough critical had been observed at the critical 
speed corresponding to co— — Q. This was called a "reverse whirl ", 
or more eruditely a "retrograde precession". No explanation was 
given of where the energy comes from. . . . Whereas the forward 
whirl or ordinary critical speed can be observed on every machine, 
the reverse whirl is extremely rare. The author of this book looked 
around and asked his friends for fifteen years about it without results 
and was about ready to conclude that the reverse critical was imag­
inary, when a case actually occurred. A model was constructed 
which showed roughness at the calculated speed, and stroboscopic 
observation showed the whirl to be actually opposite in direction 
to the rotation. With this model tests were conducted determining 
the amplitude of vibration at this critical as of function of (1) un­
balance and (2) flatness of shaft, and it was conclusively established 
that neither unbalance nor shaft flatness affects the amplitude, 
which remained constant throughout. During the tests the apparatus 
was disassembled several times, and new shafts and discs were used. 
After every such reassembly the reverse whirl amplitude was different 
and often entirely absent. Also, roughnesses were observed at other 
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ratios K than — 1, in particular at K=-f-| and +No rational 
explanation for this behaviour is ava ilable, and it is suspected that 
it is det ermined by damping or internal friction". (The notations in 
this quotation are altered to coincide with those in the present report). 

In [5] it was shown that every speed co is a "critical" one (the shaft 
has an indifferent position if the unbalance is zero) if the angular 
velocity of the whirl is of a certain value. But in the present report 
experimental investigations of an unbalanced rotor show that only 
a few "c ritical" speeds occur. 

As seen there are a lot of curious things in connection with these 
"unusual" critical speeds. This report treats a number of these pheno­
mena. Only a one-disc rotor is considered. 



2. Notation 

A Arbitrary constant. Point 
B Arbitrary constant. Centre of bearing 
C Arbitrary constant. Centre of disc 
D Arbitrary constant 
_D* Non-dimensional coefficient for the damping force 
E Modulus of e lasticity in tension and compression 
G Centre of gr avity 
I Moment of ine rtia of a cross section 
I Polar moment of inertia of a disc 
Jc Equatorial moment of in ertia of a disc 
K "Whirling ratio" 
K y ,  Kz  Elastic shear forces of a shaft 
L Length of a shaft 
M Mass of a disc. Bending moment. Torque 

(Index shows the intended thing) 
N R.p.m. of t he whirling motion 
Q Arbitrary number 
R Radial position of th e centre of gra vity 
S Centre of a shaft 
Y, Z Mass forces of the disc 

a Distance 
c Spring constant 
d Diameter of a shaft 
e Eccentricity of a disc 
Jci Radius of i nertia 
1c Coefficient of d amping. Arbitrary constant 
m Mass of a shaft or an arbitrary number 
n R.p.m. of a motor shaft 

Angular velocity 
qs Constant depending on s 
r Radius. Deflection of a shaft 
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rc Crookedness of the shaft at the disc 
rc Vector for the centre of gravity of a disc 
rs — re"p Vector for the centre of the shaft 
v Angle 
w Angle 
x, y, z Coordinates 

JcEI 
A = ~M—L3Q2 Non-dimensional "critical speed" 

& Function 
Q Angular velocity 

a 

ß 

1 Ico 
y = 

8 

C 

n 
2 ylp 

V = 
ML2 

t 

r i 
p = — or 

e \ 
T = QJt 

9? 
Z = pe i<p 

y 

œ 

Angle, influence number concerning diplacements 
Influence number concerning rotations (angles) 

Constant 

Ratio or a small number in general 
Coordinate 
Coordinate 

Non-dimensional ''moment of i nertia" 

Coordinate. Non-dimensional influence number con­
cerning displacements 

Non-dimensional "deflection" of a shaft 

Non-dimensional "time" 
Angle 

Non-dimensional vector for the deflection of th e shaft 
Angle 

Angular velocity of t he shaft of a motor 

Indices: 

c With reference to the critical condition 
disc With reference to the disc 
F With reference to a force 
M With reference to a moment 
n With reference to the normal (= usual) assumption 
g With reference to a gyroscopic effect 
(p With reference to the whirl velocity (p 



3. Input Torque and Gyroscopic Moments of a Rotor 

In this chapter we discuss some methods of deriving the input 
torque and the gyroscopic moment in a rotor with one disc. 

In Chapter 7 of [5] the case in fig. 10.1 was treated. 
A rigid shaft rotates around the line AB with the constant angular 

rad . . i i v 
velocity Q on the same time as the disc rotates around the line 

rad 
A'B' with the constant angular velocity co' . 

The eqs 54.3 in [5] give the moments at the point A' 

Mç — — Q sin a sin co't + /^)co"}+|X 

X MeaQ2 sin2 a sin 2co't 

Mtl = — Q sin a cos co't {I^œ'-\-(Ip—Iç)co,,}—Me2Q(co,-\-co,,)x 

I r 
|o2 ] 1 

Xsin a cos co't-\-Mea j—-sin2 a—(a; ')2f + — Meax 
9.1 

X Q2 sin2 a cos 2a>'t 

Mç = —MeaQ2 sin a (a cos a sin œ't-\-\ • e sin a sin 2 co't) 

where 

co' = co—Q 

CD" = co— £2(1— cos a) 

Notice that the rj-, and £-axis rotates with the disc. By projection 

Mç. = Mt cos co't—Mn sin co't 

Mn, — Mç sin co't-\-Mn cos co't 
9.2 

The ç'-axis is in the plane A'B'B and the ?/'-axis is perpendicular 

to it. 



'/////////Q 

W///////^\ 

Fig. 10.1 

B 

Tlie input torque is 

Min = Jfç cos a-\-Mç sin a 

and by insertion of the expressions in the eqs 9.1 and 9.2 

Min — Mea sin a {(a»")2 — ß2 cos2 a} sin co'f-j-

-\-Me2oj Q sin2 a sin 2co't 10.2 

or 

Min = Mer {(et)")2— ß2 cos2 a} sin cu'£+Me2co'Q sin2 a sin 2a/£ 

If a = 0 and r is kept constant 

Min = Mer(co2—ß2) sin (at 10.3 

This expression is now derived in another way. Consider the point 
mass in fig. 11.1. It rotates around the point S with the angular 

• ra,d 
velocity i{/ —— while the point S rotates around the point B. Further, 

r and e a re constant distances. 

In fig. 11.2 the forces and the necessary torque are shown. 



z 

B y 

Fig. 

M 

Fig. 11.2 
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er 

?ig- 12.1 

We get for the motion of the centre of gravity 

My = Y 

Mz = Z 

Min+Yz—Zy = 0 

From geometry 

y == r cos (p-\-e cos y/ | 
z = r sin cp-\-e sin y/ j 

and these equations give after some calculations 

Min — Mer(<p2—\jj2) sin 0 

where 

0 = y/ — cp 

and the result is the same as in eq. 10.3. Observe that co't = (0—k). 
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er 

Fig. 13.1 

Now we treat the case where in fig. 11.2 r is proportional to the 
resultant of Y and Z and is directed in its direction. Further, we 
assume that the shaft is unaffected by gyroscopic moments. With 
these presumptions the figs 12.1 and 13.1 are drawn. 

From fig. 12.1 is obtained 

M =  Z e  cos i f /  —  Y e  sin y /  

and further 

7 

Z 

where c is a spring constant 

Thus 

Min — ere sin 0 13.2 

which also can be written down directly with the aid of fig. 13.1. 
If K = +1 the eqs 10.3 and 13.2 give the same torque, viz. Min = 0. 

It is shown later that r always varies if K j=- +1. 

= —er cos cp 

----- —er sin cp 
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From the eqs 9.1 and 9.2 we get for the rigid shaft 

Mn< — — Q sin a(Ipco " — IeQ cos asin a)Q2(a cos a) — 

-pfe2ß(w'+ca") sin a+Jfea {Q2 sin2 a-(to")2} cos œ't— 

— \ • Me2Q(co'-{-co") sin a cos 2co't 14.1 

Mn. is an outer moment acting at the point A\ Thus, eq. 10.2 gives 
the input torque and eq. 14.1 the bending moment perpendicular to 
r for the case in fig. 10.1. 

If e = 0 we get 

Min = 0 

— — Q sin a(/pco" — IeQ cos a)-\-M(a sin a)Q2(a cos a) 

and the bending moment at the disc is 

(Mn>)disc  = — Q sin cx(Ipw"—Ie£2 cos a) 

For small values of a we get 

(Mv.)disc  = - - yj IpQ2oc 14.2 

and the gyroscopic moment from the disc is Mg = — (M^)disc  and thus 

Mg = (K—±)Ipa2oc 14.3 

which is the usual value of th is moment. Now it must be emphasized 
that this moment is derived for a perfectly balanced disc. In practice 
we have 0 and the shaft deflection r will v ary. 

Now the following assumptions are made for the theoretical treat­
ment in the rest of t he report: 

The gyroscopic bending moment can approximately be written as 
in eq. 14.3 if 

1) e2< ~ and ea^ 

Ar 
2) r varies according to (r0— Ar)<r<(r0+ Ar), where <| 1 

r0 

Ay 
3) (p varies according to ((p0— A(p)<(p<((p0-\- A(p), wher e < 1. 

<P o 



4. Basic Equations for the Motion 

4,1. Perfect Shaft 

Consider a circular shaft on support with an unbalanced disc driven 
by a motor according to fig. 16.1. The coupling is thought only to 
transmit a torque. 

Further assumptions: 
The mass and the gyroscpoic effect of t he shaft can be neglected 
The friction torques in the bearings can be neglected 
The internal damping is zero 
The shaft is perfectly elastic 
The shaft is vertical. 

In fig. 17.1 the cross-section A—A is shown. 

In this figure we have the following notations: 

B Bearing 
S  Centre of the shaft 
G  Centre of grav ity 
K y  Elastic force in the ^/-direction 
K z  Elastic force in the z-direction 
M x  Input torque at the disc 
Min Input torque at the motor 
e Eccentricity of th e disc 
r Deflection of t he shaft at the disc. 

Further, the deflection of the shaft r is split up into two arb itrary 
directions perpendicular to each other, r1 and r2. 

With notations from [5] we get for the deflections and the angles 

rx  — — ( Ky  cos y -\-K z  sin y)ocF
J

r2yIpQ2ocMw1  

wx  = — ( Ky cos (p + Kz  sin (p)ßF+2yIpQ2ßMw1   

r2 = —{ — Ky sin cp-\-K z  cos (p)aF + 2yIpQ2ocMw2  

w2  = —{—Ky sin cp+K z  cos (p)ßF+2yIpQ2ßMw2  
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Motor 

r 
T 
A 

Coupling 

Bearing 

Bearing 

\ / A Disc 

Fig. 16.1 

where 

7 =  

and w1 and w2 are the inclinations of t he disc towards the bearing line. 

From the eqs 15.1 is obtained 

— (Ky cos cpJ[-Kz sin (p) 

w, 

w0 — 

1 2yIpQ2ßM 

— (—Ky sin qo-{-Kz COS cp) 

1-2 yIpü*ßM 

' ßr 

ß F 
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Fig. 17.1 

and thus 

ïylp&c-MpF 

7*1 == — ( K y  cos 9o-\-K z  sin cp)  +  

r2 = —{ — K sin <p + A% cos 99) aF + 

l-2y/pß^M 

iyi P
Q 2 aMßF 

l -2yI pQ*ßM  

Now define 

2 -  .  aM^F 2 yI pQ 2ßM  (   

» =  i  +  '  l -2yI .SPßM  
1  * 
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and consequently 

1 
ri = ( Ky cos y+Kz sin cp) —ß2 

1 
r 2  =  — (  —  K y  sin cp-\-Kz cos cp) 

MQl 

18.1 

Further, we have (if k is a coefficient for viscous external damping) 

Ky = My+lcy 

K = Mz-\-kz 

and thus, from the eqs 18.1 

— MQ2
ftr1 — M( y cos cp-\-z sin cp)-\-k( y cos cp-\-z sin cp) 

— MQ"gr2 = M(—y sin cp-\-z cos cp)-\-k(—y sin <p-\-z cos cp ) 

Geometry gives 

y — r1 cos cp — r2 sin cp-\-e cos y/ 

z = r1 sin cp-\-r2 cos cp+e sin y/ 

Derivation gives by putting 

q
9 

Qa° ~~ Q 
n 

Q"'2 — Men i 

Pi 

e 

2D* 

P2 

k 

that the eqs 18.2 can be written 

~Pi&lo — Px~ Pi^—ty sin <Å2 cos 0-p2<p — 22pcp-\-

-\-2D*(p1—ij/ sin 0—p2cp) 

—P2&I0 = 2/W+/W + <Ä cos 0—\j/2 sin 0-4-p2—p2cp2-{-

-\-2D*{p1cp^ij/ cos 6>+p2) 

18.2 

18.3 

18.4 
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and in these equations and in the following 

d(p d2cp 
f = ~dw) '  v = h(üjf • e t0-

and we denote r = Qnt. 

The eqs 18.4 can also be written 

p l-\-2D* p1-sr (p2) p2
(p ^Pffl 2D*(pp2= 

— ifr sin 9-\-\j/2 cos 0-\-2D*i]/ s in 0 

p1<p+2p1(p+2D*<pp1+p2+2D*p2+p2{Q2
g0—(p*)= 

= —if cos 0-f-i/'2 sin Q—2D*\J/ cos 0 

Further, the equilibrium of torque gives 

d2y/ 

19.1 

Min = Mx+Kzys-Kyzs = Ip ^ 19.2 +Kzy-Kyz 

and from the eqs 18.1 we have 

Ky — —MQ\[rl  cos cp — r2 sin cp) 

Kz = —MQ2
g(r1 sin 9?+r2 

cos 99) 

Thus from eq. 19.2 we get 

M*in — ifr + s2(p1 sin 0—p2 cos 0) 19.3 

where 

Min = IpQ\Ml 

= k: ' Q" 

I p  = M k ? 

The critical whirl speed Qc can be determined from eq. 17.2 by 
putting Qg = Q = ßc. This can easily be proved by using the results 

of Chapter 10 of [5]. 
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S=G 

Fig. 20.1 

4,2. Curved Shaft with a Disc without Eccentricity 

In this section it is supposed that the shaft is also at rest slightly 
curved in one plane. At the disc it has a slope wc and a deflection 
rc. Further, it is assumed that the eccentricity of the disc is zero. 

The geometry in this case is shown in fig. 20.1. 
In this figure S s  is the point in which the centre of a straight shaft 

would have been at a deflection. 

By assuming small angles the eqs 15.1 are replaced by 

h = — ( Ky cos (p+Kzsmcp)oLF+2yIpQ iaMw l  '  

w x—wc  cos 0 = — ( Ky  cos fp JrK z  sin 99)ßF-\-2yIpQ'2ß 

r2  = — ( — Ky  sin y + K, cos <p)(xF+2yIpQ'2aMw2  

iv2—wc  sin 9 = —( — Ky sin cp-\-K z  cos 9o)ßF-\-2yIpQ2aMw.2  
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and from here 

— ( K y  cos <p-\-K z  sin (p)ßF  w c  cos 
w 1  —  ; — t  ̂ o n  +  

1 - 2  yIpü*ßM  1 - 2  yIpQ*ßM  

— ( — K sin <p-\-K z  cos (p)ßF  w c  sin 0 
w9  — 

1 - 2  yI p&ßM  
+ 

1 - 2  yIpSPßM  

and, further, 

r,  = 
y r  I  2ylpQ 2ccMßF  \  

K y  cos <p + Az sin cp) I aF+ l —2y/ Q2ßM  J 
•2yl pQ2aM  

wr cos 6 

2yl  Q"-xMßF  

•  l -2yIp&ßM   

, = -(-if, sin <p+K, cos V) |«r + 

2^pß2«M 

1-2 y/pö%, 
w„ sin 0 

21.1 

We may write, with notations from [5], 

VCm • yj  
•2yI pQ2ocMw c  A 0  ÇML vÇM  çM  ^ ^ 

1 — 2ylT 
pQ2ßM vÇM t M A ,;Cm 

A 

vCm £M rcL 
— . . = 0r 

A vCivf  Cm L c  

and here is also 

r C 

vCm Cm L 

A vCm CM Ij
c 

where L c  can be positive or negative. 



22 

Thus, the eqs 21.1 can be written 

r1 — 0rc cos 0 — —( Ky cos cpArKz sin cp) 

r2—&rc sin 9 = —( — Ky sin 9? + Ä'z cos cp) 

1 

MQ; 

1 

MQ; 

Compare with the eqs 18.1. The eqs 18.1 are still valid if r l  is 
changed to (r1 — <Prc cos 9) and r2 to {r2—&rc sin 9). 

Geometry gives 

y = r1 cos (p—r2 sin <p-\-rc cos y/ 

z — rx s in (p-\-r2 cos 9?+rc sin if/ 

These equations are the same as the eqs 18.3 if e i s replaced by rc. 

Now we are able to write the final differential equations at once, viz. 

Pi+2D*p1+p1(Q2
g0— (p2)—p2<p — 2p2<p—2D*(pp2?= 

—• i '(j sin 9 + (ij/2+0Q2
gn) cos 9-\-2D*\jj sin 9 

p1<P + 2p1(p+2D*(pp1+p2-\-2D*p2+p2(Q2
g0—(p2) = 

= —if cos 9-\-(ij/2-\-&Q'g0) sin 9—2D*\f/ cos 9 

.  22.1 

where 

r\ r 2 
Pi — > P 2 — 

Finally, for the input torque we have 

M* in = i'j)-\-s2(p1 sin 9—p2 cos 9) 

where 



5. Solutions of the Differential Equations 

In this chapter solutions of the differential equations 19.1 are 

obtained for the assumptions: 

\jj = \j/0 — const. 

(p = (p0 = const. 

The following cases are treated: 

CcLSE 1 K = 4~lj Pi — O) ifo/1 ^g0 *Åo ^gO 

Case 2 A special whirling with p2 = 0 

Case 3 K of a ny kind: e = 0, D* = 0, (p0 = Qg0 

Case 4 K of a ny kind: e # 0, D* = 0, <p0 # ßg0 or <p0 - Qg0 

5,1. Case 1 

In this section the ordinary whirl with K — 1 is treated by con­

sidering external damping. 
From the eqs 19.1 we get by putting p2 = 0, p1 = p, <p = y/ = tA0> 

and 0 = 0O (= const.) 

p + 2£*p + (^0-<Åo)/?= Ä cos Ö0+2D*iAoSin 0O 

2p+ 2D* p = iÅo sin 0o—2D* cos 0O 

Here we try the solution p = p0 (= const.). Thus 

(&gO-Vo)Po = ^ COS 0o+(2£*)^o + COS 0O) 

23.1 

or 

[$S+(2Z>*)2] COS 0, 
23.2 

- ~ Q %->n-t2D*r 

Further the last equation in 23.1 gives 
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G 

B 
Fig. 24.1 

and with the aid of e q. 23.2 is obtained 

2D* 
tg 0O -

Q2 
90 

•Åo &l0—\J/l—(2D*)2 24.2 

and eq. 23.2 may be written 

tAoM„2+(2D*)2] 
/>o = 

<ß»-'Ao)2+(2ß^„y2 
24.3 

At the critical state for a rotor unaffected by any gyroscopic 
moments (ij/0 = Qg0 = 1) we get 

1 
tg 0O = -

/>o 

2D5 

yi+i^p1 

2D* 

Now consider fig. 24. 1 .  

We get from above 

cos2 0O -
1 (2D*)2 

and 

l+tg2/90 1 + (2Z>*)2  

2D* 
cos = — 

} 1+ (2D*)2 



Hence p0  cos (n — 60) = +1, which means that v = —rad. inde­

pendent of the damping. 
In the tabs 26.1 and 27.1 p0 and 90 are calculated for the same 

rotor with different values of iJ/0 and D*. (The last decimal may­
be incorrect in some units). For this case we have 

Po — *Åo 

tg 60 = 

1 / 2  
It is remarkable that if i/r

0< — the shaft deflection increases with 

increasing damping. It can easily be shown with the aid of t he cosine 

theorem that 

•Äo_ 1 

and from this expression it can be concluded that the centre of grav­
ity always decreases its distance from the bearing line when the 

damping increases. 
The maximum shaft deflection is obtained when 

•Åo = i  ( 1' !  +  ̂a )  

where a = (2D*)2  for shortness and this gives 

2 l + 2a+(l+ oc) ] 1 + 2a 

= 
1 + 2a-(l-a)VT+2i 

. 

/ Äo Y = 2 

\ e / l + 2a— (1 — a)]/l + 2a 

' ^§+(2^*)2  

(1-^)2+ (2 D*M% 

2 D* I 

«Â0 i_flj_(2D*)« 

The maximum deflection of t he centre of g ravity is obtained when 

a 
r0= i - y  
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Y>o 
2D* or 

Damping force 

in G 

Damping force 

in S 
0o 

Y>o 
9D* 

Qo 0O (rad.) Qo 0O (rad.) 
D.f. 

in G (°) 
D.f. 

i n  S  ( ° )  

0 ,00000000  0, 06666667  0 ,00000000  0, 06666667  0 ,00000000  0,oo 0 ,00  

0 ,01000000  0, 06671980  0, 04264519  0, 06666647  0, 00266665  2, 44  0, 1  5  

0 ,02000000  0, 06687873  0, 08516302  0, 06666574  0, 00533325  4, 88  0, 31  

0,05000000  0, 06798089  0, 21072816  0, 06666078  0, 01333249  12, 07  0, 76  

0, 25  0 ,10000000  0, 07177668  0, 40716657  0, 06664 301  0, 02666024  23, 33  1, 53  

0,20000000  0, 08525382  0, 72802400  0, 06657208  0, 05328266  41, 71  3, 05  

0,50000000  0 ,1  4776353  1, 23 970007  0, 06608186  0, 13255131  71, 03  7,5  9  

2 ,00000000  0, 47425045  1, 93639870  0, 05882353  0, 48995716  110, 95  28 ,07  

3 ,00000000  0, 6268603 7  2 ,16239627  0, 05205792  0, 67474069  123,90  38, 66  

0 ,00000000  0, 33333333  0 ,00000000  0, 33333333  0 ,00000000  0, 00  0 ,00  

0 ,01000000  0, 33339263  0, 02666379  0, 33332596  0, 00666653  1, 53  0, 38  

0,02000000  0, 33357032  0, 05331104  0, 33330377  0, 01333249  3, 05  0, 76  

0 ,10000000  0, 33918174  0, 26396394  0, 33259505  0, 06656794  15, 12  3, 81  

0, 50  0 ,20000000  0, 35586173  0, 5130578 7  0, 33040933  0, 13255131  29 ,40  7, 59  

0,50000000  0, 44721359  1, 10 714895  0, 31 622776  0, 32175075  63,43  18, 43  

1, 00000000  0, 62017367  1, 69515109  0, 27 735010  0, 58800284  97, 13  33, 69  

2 ,00000000  0, 82462112  2, 25311265  0 ,20000000  0, 92729532  129 ,09  53,13 

3, 0000000 0  0, 90676470  2 ,51279635  0, 14907120  1, 10714895  143, 97  63, 4  3  

0 ,00000000  1, 28571428  0 ,00000000  1, 28571428  0 ,00000000  0 ,00  0, 00  

0 ,01000000  1, 28564006  0, 03047360  1, 28552580  0, 01714111  1, 75  0, 98  

0 ,02000000  1, 28541619  0, 06093243  1, 28495940  0, 03427216  3, 49  1, 96  

0,05000000  1, 28386073  0, 1520732 9  1, 28101721  0, 08550505  8 ,71  4 ,90  

0,75  
0 ,10000000  1, 27844342  0, 30233004  1, 26722878  0, 16977816  17, 32  9, 73  

0,75  
0 ,20000000  1, 25871707  0, 59089997  1, 21621641  0, 33029753  33, 86  18, 92  

0,50000000  1, 17323083  1, 296628 63  0, 97618707  0, 70862626  74, 29  40 ,60  

1, 00 000000  1, 07972362  1, 97001698  0, 64783417  1, 04272182  112, 87  59, 74  

2 ,00000000  1, 02528045  2, 49902797  0 ,36000000  1, 28700197  143 ,18  73, 74  

3, 00000000  1, 01182598  2, 70456621  0, 24540384  1, 37874833  154, 96  79, 00  

0 ,00000000  4, 26315604  0 ,00000000  4, 26315606  0 ,00000000  0, 00  0, 00  

0 ,01000000  4, 25865049  0, 05844349  4 ,25838763  0, 04733286  3, 35  2 ,71  

0 ,02000000  4, 24520687  0, 1166732 6  4, 24415909  0, 09445468  6, 68  5 ,41  

0,05000000  4, 15479379  0, 28805569  4, 14839693  0, 23255707  16, 50  13, 32  

0, 90  
0 ,10000000  3, 8764880 6  0, 55303164  3, 85277842  0, 44237398  31, 69  25 ,35  

0, 90  
0,20000000  3, 17034685  0, 9770464 4  3, 09485158  0, 75837772  55, 98  43 ,45  

0,50000000  1, 89696903  1, 67837909  1, 65824930  1, 171280 96  96,16 67,11 

1, 00 000000  1, 31 634869  2, 20072142  0, 88059085  1, 36274014  126, 09  78, 08  

2 ,00000000  1, 09052712  2, 61357255  0, 44751381  1, 46563045  149 ,75  83 ,97  

3, 00000000  1, 04 145519  2 ,77988125  0, 29925995  1, 50054199  159 ,28  85 ,97  

Tab. 26.1 
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Vo 
2D* or 

Damping force 

in G 

Damping force 

in S 
0o 

°D* 

Qo 0O (rad.) Go 0O (rad.) 
D.f. 

in G (°) 
D.f. 

i n  S  ( ° )  

0 ,00000000  3, 14159265  3, 14159265  180, 00  180, 00  0 ,00000000  2, <777777 i  3, 14159265  2 7  7 7 ( ( 7 7 7  3, 14159265  180, 00  180, 00  

0,01000000  2 ,77718122  3, 12737397  2 77709235  3, 11937417  179, 19  178, 73  

0,02000000  2 ,77539362  3, 11317618  2 77503844  3, 09717760  178,37 177, 46  

0,05000000  2 ,76299589  3, 07091434  2 76078813  3, 03093568  175,95 173, 66  

1, 25  0,10000000  2, 72029404  3, 00275390  2 71163066  2, 92292362  172, 05  167, 47  

0 ,20000000  2,57065125  2, 88202337  2 53836550  2 ,72336852  165,13 156, 04  

0 ,50000000  2, 00138073  2 ,6841180 6  1 85823537  2, 30361167  153, 79  131, 99  

1, 00000000  1, 45978667  2 ,6683914 2  1 13990188  1, 99365005  152 ,89  114, 23  

2 ,00000000  1, 15048550  2 ,80430763  0 60975610  1, 79211087  160, 67  102 , 68  

0 ,00000000  1, 80000000  3, 14159265  1 80000000  3, 14159265  180, 00  180, 00  

0 ,01000000  1, 79991041  3, 13625982  1 79987042  3, 12959328  179, 69  179, 31  

0 ,02000000  1, 79964178  3, 13092985  1 79948184  3, 11759735  179, 39  178, 63  

0,05000000  1 ,79776664  3, 11498560  1 79676871  3, 08166470  178, 48  176, 57  

1, 50  
0 ,10000000  1, 79114541  3, 08873207  1 78717830  3, 02216396  176, 97  173,16 

1, 50  0,200000 00  1, 76578682  3, 03859945  1 75029716  2, 90604752  174, 10  166, 50  

0 ,50000000  1, 62697843  2, 92292362  1 54348726  2, 60117303  167, 47  149, 04  

1, 00000000  1, 38493061  2 ,85353696  1 15233192  2, 26553445  163, 50  129 ,81  

2 ,00000000  1, 1538461  5  2 ,89288247  0 69230769  1, 96558735  165,75 112 ,62  

3, 00000000  1, 07724577  2, 94889192  0 48175895  1 ,84174341  168, 96  105,52 

0 ,00000000  1, 484848 48  3, 14159265  1 48484848  3, 141  5926 5  180, 00  180 ,00  

0 ,01000000  1, 48481928  3, 13882225  1 48479504  3, 13310805  179 ,84  179, 51  

0,02000000  1, 48473168  3, 13605268  1 48463473  3, 12462405  179,68  179 ,03  

0,030000 00  1, 48458577  3, 13328482  1 48436767  3, 11614370  179 ,52  178 ,54  

0 ,04000000  1, 48438164  3, 13051949  1 48399404  3, 10766641  179 ,37  178 ,06  

1, 7 5  0,050000 00  1, 48411945  3, 12775755  1 48351406  3, 09919399  179 ,21  177 ,57  

0 ,1  0000000  1, 48194586  3, 11402780  1 47953226  3, 05694716  178 ,42  175 ,15  

0 ,20000000  1, 47344907  3, 08728923  1 46391979  2, 97349714  176 ,89  170 ,37  

0 ,50000000  1, 42162290  3, 01866374  1 36692446  2, 74036398  172 ,96  157 ,01  

1 ,00000000  1, 304024 73  2, 95712503  1 13221053  2, 43797894  169 ,43  139 ,69  

2 ,00000000  1, 144784 93  2, 95526680  0 75384615  2, 10330050  169 ,32  120 ,51  

0 ,00000000  1, 33333333  3, 14159265  1 33333333  3, 14159265  180 ,00  180 , .00  

0 ,01000000  1, 33332037  3, 13992606  1 33330370  3, 13492612  179 ,90  179 ,62  

0,020000 00  1, 33328149  3, 13825980  1 33321483  3, 12826017  179 ,81  179 ,24  

0,050000 00  1, 333009 58  3, 1332664 9  1 33259321  3, 10827178  179 ,52  178 ,09  

2 ,00  0 ,10000000  1, 33204214  3, 12498295  1 33038021  3, 07502471  179 ,05  176 ,19  

0 ,20000000  1, 32822895  3, 10870990  1 32163720  3, 00904133  178 ,12  172 ,41  

0,50000000  1, 30384048  3, 06482100  1 26491106  2 ,81984190  175 ,60  161 ,57  

1, 00000000  1, 24034734  3, 017237 88  1 10940039  2 ,55358981  172 ,87  146 ,31  

2 ,00000000  1, 13137084  2 ,99969579  0 80000000  2 ,21429733  171 ,87  126 ,87  

Tab. 27.1 
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giving 

~ 4 a-a2 

4-a2 

max 4a— a2 

4 

Observe that if a is small 

is obtained for ipl 'max 

(v)~ is obtained for få = |l — y 

The damping force was previously assumed to be applied at the 
centre of gravity. Because this force is partly caused by air friction 
it seems reasonable to think that the force is applied at the centre 
of the disc and this point need not to be the same as the centre of 
gravity. Due to the manufacturing the centre of the disc in many 
cases coincides with the centre of the shaft. In these cases the damping 
force might be applied at the centre of the shaft. The damping 
coefficients are in these cases called D* (m indicates here: ?Aiodified). 

From the eqs 23.1 we have for a rotor unaffected by any gyro­
scopic moments 

(1 — lÂo )/>o = IÅO cos 60  

2D*Po = "Åo sin 0O 

and these equations have the solution 

V(l 

The maximum shaft deflection is obtained when 

[« = (2D*n 
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and 

(Po)max a2 

/? \2 
\ 4— a2  

4a— a2  

The maximum deflection of the centre of gravity is obtained when 

« = J y 1+2«—i 

and 

Pi = 

(]/l+2«-l 

R0 
u 

1 + a—j' 'l+2a)" + a"(| l+2a— 1 

a2  

a2-2 a-2 +2 y 1+2a 

If a is small one gets that 

I 01 
(,Po) max i» obtained for få = I 1 + — 

R 
is obtained for få — [ 1 — — 

This equals the first damping case. 

In the tabs 26.1 and 27.1 also the values of p0 and 00 for different 

values of iJ/0 a nd D* are shown for comparison. 
As a matter of fact the difference of the calculated values according 

to the two methods is very small in practical cases. 

If D * = 0 we get from the eq. 24.3 

P o = 
•Å2 

and 

tfo-n " 

? = 0 or 60 = ±7T 

29.1 



30 

MJp 

m m 

L 

Fig. 30.1 

Further, for a rotor unaffected by any gyroscopic moments 

*Åo 
p

° ~  i 30 2 

which formula is given in many reports on the subject. It is of prac­
tical interest to know the error if Qg0 in eq. 29.1 is substituted by 

Q C 
——, where Qc is the critical angular velocity. 

n 

This question is treated for a special bearing arrangement, viz. 
the clamped-free shaft in fig. 30.1. 

From definition 

Q-2  _  I ] a M ^ F  1  '  Ip ^ßM 
"" ~  "fßu  '  1 - i - i p a*ß M   

Introducing (see also [5]) 

I  6EI  
02 = 

A ML 3  

= L 7z_ 
V 2 ML 2  

we get 

1 1 1 6 EI  L  vÇ M  
y  • p Q 2 ß M  = y  I p  •  — • M L Z  •  C M  •  6 E I  = - y -
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Further, from [5] 

= 2 Cf = 3 

Cm = 3 CM = 6 

Thus 

9v 
Q2 

— 14-
"go 2A + 3v 

At the critical speed A — A c  where A c  is obtained from the solution 

of t he equation 

o 2  — ii/ 2  

"gO — ro 

Here 

Q2 1 6 EI 2 

=  =  af ß 2  =  J / a F  ' T ' MU  ̂ "A =  A~ 

Thus 

9v 
1 + 

giving 

2/L+3v A, 

A 2—2(1 — 3v)/fc—3 v = 0 31.1 

From eq. 29.1 

2A + 3v 

Po = 
A 2—2(1 — 3v)/l —3v 

31.2 

and if Qg0 is replaced by —— we get from eq. 29.1 
s in 

n ' 
P o 

A — A c  

From eq. 31.1 is also obtained 

A c(A c-2)  

V~ 3(1-2Ac) 
31.3 
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This expression is put into eq. 31.2 and we get 

P o 
1 + 

Po A c  I  A 1 

From here we get 

A \2-A r  1 — 2A, 

Po >Po 

if 

giving 

2-A r  1-2A 

,  2~A< 
A >T=2l.  

1 
> 0  

But from eq. 31.3 is obtained that 

T v ­

åtid the limits correspond to v = oo and v = 0. Thus 

2 — A r  
<0 

1 —2 A,  

This means that p0  is always greater than /?0' except when v = 0 
or v = oo. Then p0  = /?0 ' .  

This fact may be of interest if the eccentricity of a shaft is cal­
culated from 

r 

~  P 

where r is measured at a special speed and p is taken from 

ß2 

P = Po = Ql-Q2 
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The calculated eccentricity e will be too great. The correct result 
is obtained with the aid of t he expression 

Q2 

ß„-ß2 

Finally, we get from eq. 23.1 for a rotor unaffected by gyroscopic 
moments and external damping the following expressions at the 
critical state 

= cos 

2p = sm 

With the solution 

P = C+ J sin 60 

— db o 

33.1 

Here C is an arbitrary constant. Thus the shaft centre at the disc 
describes an '"Archimedes' spiral". This has also been shown by 
Föppl and Lorenz. References are given in [9]. 

5,2.  Case 2 

In this section a special whirling mode is investigated. The case has 

p% — 0; pl = p\ i fr = i/r0; < p = (p0  

<Ào # <Po, 0 = (\J/ o—Vo)t+ö0 

dy/ 
(ij/0 a nd <p0 are constants and \J/0 = —j— etc. Further, 0o is a constant). 

dz 

The first of t he eqs 19.1 gives 

p = Cle~D*x cos pz-s
rC2e~D*z sin pz-f-

+ (a2
l0-6'-<plf+(2D*6f oos + 

, . a qq o 
+ W2„-62-<py+C2D*Ôf Sm -
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where p2  = {&%—<p^— (D*)2} and the second equation gives 

_0*r Wo + 2(Z)*)2} 
/? = C3e~ 

2<po[02+(£>*)2] 
cos 0-(-

, ^o(2(Po~^o) . n  

+ 2<p0[Ö2+(D*)2] Sm 

where C s(s — 1, 2, 3) are arbitrary constants. Further, 59 >0 and p# 6. 

These solutions must be identical which demands 

W#,+ 2 (£>*)"] 

20,[£+(ß*)>] 

•  - C ' ^ n "  ' / « I  . __2Vo-lÀ„ 
^ ^ ' '2y0[Ö»+(fl*)>] 

34. 

If /)* ̂  0 and i//0 # 0 we get 

2(#0+f4-f)*-ïô (14,-^-^)^,-0(21)*)« (ß»-Ö2-^)2+(2i)*Ö)« 

<fo— 2<Pc <ty,+2(Z>*)2 •2q,„\å- + (D*f] 
34. 

From the eqs 34.1 is obtained 

<Po 
ffio+yj) 

2<Ao 

independent of the damping. Insertion into the first of the eqs 34.1 
gives the solutions 

"Åo 

•Åo 

ß »o 

2^0-(2£>*)2  

2 

2Q%~{2D*y 
Q4 

<70 

The first solution gives = +1 which is already treated, and the 
second gives complex angular velocities for real values of the damp­
ing coefficient D*. 



In the special case D* = 0 the eqs 34.1 give 

&i0-Ô2-(pl = -2<p0Ô 

and from here 

<Po = g  

or, which is the same, 

rr ^ 0 _  ,  K = 2+ —— 3o.l 
<Po 

At a critical state (p0 = ßg0 and thus K — 3. (The value K = +1 
is not considered in this section). The corresponding deflection of 
the shaft is 

9 
p — p 3 — - ^ c o s 0  ( p 3  —  const.) 35.2 

Thus, it has been shown that if external damping is present the 
rotor cannot whirl with <p = const. But if no damping occurs this is 
possible at the critical state with K = +3. 

This type of whirl was also theoretically observed by Kane [7], 
He came to the same result in another manner. He also discussed the 
stability of this whirl. 

5,3. Case 3 

In this section the perfectly balanced rotor is studied at its critical 
whirling speed. The external damping is not considered. Hence 

e = 0; D* = 0; <p0 = Qg0 

The second of the eqs 19.1 gives with r2 = 0 and rx = r 

1 d 

7 ' Tx = 0 

and thus 

r = r0 = const. 



36 

The first of the eqs 19.1 gives then 

r0 • 0 = 0 

and we may conclude that the value of r0 at the critical speed is in­
different. This conclusion is valid for all kinds of whirling. 

5,4. Case 4 

In this section an arbitrary whirl is studied. It is assumed that 
no external damping occurs. Further, 

\j/ = \j/0 = const. 

<p = (p0 = const. 

The eqs 19.1 become 

Pi+A(ßJ>— <Pl)~2pz<Po = <ÂiS cos 0 

ZPiVo+Pz+P'À&âo-fpî) = 00 sin 0 
36.1 

Elimination of p 2 gives 

plX+2(a2
g0+<P2

0)p1+(n2
g0-(Pl)2Pi = (ß90+^—^o)(^9o—^+<5bo)'Åo cos 6 36 2 

with the solution, if Q2
gQ ^ <p^, 

Pi = A sin (&go—<Po)*+Bi cos (QB0 — <Po)t:+ 

+ C1 sin (Qg0-\-<p0)x-\-D1 cos (Qg0+(p0)r+ 

ü 
ßSo-^o 

+ o2 ;2 cos <9 36.3 

and by inserting into the first of t he eqs 36.1 

P-2 = — A cos (Qg0—<p0)z+B1 sin {Qg0-(p0)r + 

+ C1 cos (ß90+<p0)r—A sin (ßtf0+<p0)r + 
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The expressions for pl and p2 are only valid if 

^gO ^o+^o Ö 

ßgO ^ "Åo 

37.1 

The arbitrary constants A1} B1, Cx, and D1 may be determined 
from the boundary conditions. 

At a critical speed (p0 — Qg0 and the eqs 36.1 become 

p1—2(p0p2 = \J/l cos e 

2M+P2 = 4*1sin e 
37.2 

and from here 

P xJr{2(p^f,p1 — (3ç»o <Åo)fe sin 0 37.3 

If, as an example, 3(p0 — ij/0 (K = 4-3) we get 

Pi = Pio+Ci sin 2W+A cos '2<Po* (Pio 

and from the first of th e eqs 37.2 

9 
P-i = Pio+Ci cos 2(p0T—D1 sin 2(p0r— — sin 0 

const.) 

{Pkio = const. 

If we choose D1 = ( — — + ) we have 

p1 — pXQ-\-C1 sin 2(p0xJ
rD1' cos 2(p0r— ~^~ cos 6 

P2 = />ao+Ci cos 2(p0^—D1
, sin 2<p0r 

Further, if C\ = — pw = 0 we get 

9 
Pi — P 

Pi = 0 

Ao— "J cos 0 

and this solution was obtained in the previous section. Hence this 
is only one of many solutions possible. But this is the only solution 
giving a perfectly constant whirl velocity. 
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If, as another example, ij/0 = — (p0 (K = — 1) we get from eq. 
37.3 that 

Pi + (2*o)2Pi = —4^ sin 2(p0r 

and find the solution 

<P0T 
Pi = AO+CI sin 2(p0zA-D1 cos 2<£0R+ —— sin 2C/>0T 

(p0T 
Pi = /^20+Ci cos 2<p0T—D1 sin 2ç)0r+ —— cos 2<p0r 

(f0r 
A whirl with /i Ä —1 can only be obtained if p10^> ——, thus 

only during a short period on ''artificial" conditions. 
For completeness it may be pointed out that the solutions 36.3 

and 36.4 are valid also for K = -f-1 a t a non-critical state if we put 
0 — 0 or 0 — n. In the case Qg0 = (p0 t he eq. 37.3 and the first of the 
eqs 37.2 give 

(Por  

Pi — Pio+Ci sin 2<p0r+ /)1 cos 2<yD0T+ ——- sin 0 

(Por 

P2 = Pto+Ci cos 2(p0T—Z>1 sin 2<p0X— —- cos 9 

and we see immediately that the ordinary whirling at its critical 
71 

speed must have 0 = —. 

Summarizing, it has been proved that at a non-critical state only 
the whirl with K = -\-1 is quite pure and at a critical state only the 
cases K =+1 and K = -\- 3 can have quite pure whirlings. (In a pure 
whirling K is absolutely constant). 

Concerning the conditions 37.1 we get for Qg0 = (p0 

do o ' 

dz^o = >Âo . 

which means K ̂ -\-3, ancj x^ ±1 respectively. The cases 
K = +1 and = +3 have already been treated and the case 
K = —1 will be specially treated later. 

Though the input torques for maintaining the whirls can be derived 
from eq. 19.3 they are thoroughly investigated in the next chapter. 



6. On the Input Torque 

It has been shown previously that at each rotational speed the 
rotor has a critical state if the proper whirl velocity occurs. But 
experience from practice shows that there are many motor speeds 
which are not critical, which means that the corresponding whirl 
speeds do not develope. A very important task is to predict which 
critical rotational modes a rotor may have. In this chapter a theory 

about this matter is put forward. 
It has been shown in Chapter 4 that the necessary torque for 

entertaining a pure whirling motion is 

If a motor at a certain speed, besides the constant torque M0, 

delivers '"torque-tones" so that 

Min = M0+ X Mis sin q s cot+ £ M2s cos qsœt 

where qs are constants belonging to the driving machine, a critical 

whirl may occur only if 

The indices cs m ean critical speed of order s and hence 

1 

The constant torque M0 takes care of the load and the term 

sustains the whirl of order s. The other "torque-tones disturb the 

"pure" motion. 

Min = ere sin Q [0 = {œ-Q)t\ 

zt qs^CS ^ CS 

Mls sin qsœt or M2s cos qscot = M2s sin I — 
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This can be shown more precisely in the following way. From eq. 
19.1 we get, if 

that 

r1 = r 

r2 = 0 

ys = r cos 

zs = r sin 

k = 0 

y+ysQ2
g = 0 

z+zsQ] = 0 

d2y 

dt2 
, z 

d2z 

dt2 

Further, the torque-equation 19.3 can be written 

M, 
dV 

dt2 

40.1 

J
rMeQg(ys sin y/—zs c os y/) 40.2 

From the eqs 40.1 and 40.2 is obtained by introducing 

the following equations 

ns +&g0 rjs = 
d2 

Cs +&g 0Cs = (sin y/) 

dx2 

d2  

dx2 

(cos y/) 

"Ä = sin i//—Cs c os y/) 

1 s = 
d2ls 

dz2 ' 6 -
<i2£ 

dx2 

By introducing 

40.3 

Z = tls+iCs 
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we get from the first and the second equations of 40.3 that 

ic+û^x = - -|r <e") 411 

Here / is a vector in origin. Its modulus is the shaft deflection 

and its argument is the "whirl-angle". 
If the "input torque" can be written 

M* = X M*s sin qsif/+Y. Mt cos (!s V 
S S 

we get 

$ = £ if* sin qsi//-\- Z cos s*11 <//—Cs 
cos V) 41.2 

S S 

If £2|/| is much less than M*s sin qsy/-\- Z M*s cos qsy/} we get 
S S 

<Ä = Z i¥* sin Z cos 
9S¥ 41 •3 

S S 

(This sum may contain one or two terms less than the sum in eq. 
41.2 as will be shown later) and after integration 

M* ^ M* 
•A = <Ao— Z cos &v+ Z~r~ sm ̂  41A 

s 'Is S Is 

The right hand side of eq. 41.1 can be written 

(iÅ2-iiÄ)e'> 

which approximately takes the form 

(\|/2
0—ii|})ell|, 

if \j/0 is much greater than the sum of all the other terms in eq. 41.4. 
The eq. 41.3 can also be written 

s S 

and the eq. 41.1 gives 

X + a%X = i I 
S 

+ {M*-iM*)e- i{~1+qs)*] 41.5 
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If i// » if/0z the particular solution which is of main interest is 

1 _ 
±2 + 2 Z r 0 ^ s ^0-(1+^)^0 

. pi(l+9*w. 

Zl-3 
ß2 —C— 1 - s ^<70 V •(-i+?»)VS 

i—i(—1+«®)^ 42.1 

Here ßg0 must be nearly constant and 

0 
( i+«,)VS 

( — l-\-qs)2il/l 

Q2 ^ 42.2 

If eq. 42.2 is not fulfilled solutions of another type occur. From 
eq. 42.1 the following conclusions can be drawn: 

1) If M*s — M*s = 0 for all s we get 

i » » 
X ~ Q2 —V ' e  

o Y o 

which means that the shaft whirls with K = +1 with the deflec-

Vo 
tion 

^2o-«Ao ' 

2) If i] f 0  is far from ± or ± ^ and all M *  =  [(if*)2-f 

+ (-M2*)2]^ are small the shaft will mainly whirl with K = -f-1 and the 
trace of S is nearly a circle. 

3) If 7lf*#0, if2*and if i^ 0 is near the value — the shaft will 
-1 ~\~Qs 

1 
whirl with cp0 = (l+ft)i/v Thus K — ———. Analogously we get 

I I S  
&go . 

if if/0 is near the value — a whirl with <p0 = (l—qs)i]/0. Thus 
^ " ft 

1 

1—ft 
K = -—— . Hence, one "torque-tone'' ilf0* can cause two kinds of whirl. 
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4) Eq. L7.2 sho ws that ßg0 is a function of K and \J/ 0 .  Thus Q g 0  = 
= Qg0(K, iJ/0). If i/>0 is changed very slowly with K x 1 (which in prac­
tice often occurs), at a certain value of iJ/0, say 

*• - l+î. +£ 

where e is a small number, we get one of the terms in the series very 
great. This means that the shaft developes a whirl velocity indi­
cated by the argument of this term. In that way K changes from 

1 . « 2 
+ 1 to K = . But this gives a new value of Qa0. But if [ß„0— 

1 +9s 
— (l+fs)«Ao] *s still small the new whirl will remain and further ad­
justment of iJ/0 may stabilize the motion. 

This thing will only happen if the corresponding "torque-tone" 
amplitude is different from zero and if the other "torque-tones do 
not destroy the whirling. This can happen if the other "torque-
tones" are much greater than the "proper" one. In such cases "ir­
regular" whirling must occur which means that <p v aries strongly 

with the time. 

5) A whirling with has in general greater difficulty to be 
developed if »j/0 is near the usual critical speed than when it is far 

from this speed. 

6) When passing a critical speed 0 may shift nearly 71 radians. 

7) One special whirl can exist within a narrow motor speed range. 
The motor speed will vary except at the critical state. However, in 
general the whirl speed and the shaft deflection vary. The exceptional 
cases are treated in Sec. 5,4.  

8) If, as an example, all "torque tones" besides M*z sin 2y/  are 
zero we get 

=  .  i*_ _L .  M*2 . i _1. e-t* 43 i 
Z 2 Qg0 (S\j/0)2 ' 2 

If ij/0-> —7^- we see that the second term dominates over the other 
3 

ones. In that case \/\ is nearly a constant and the whirling "pure". 
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M* 
But it never exceeds the value —— and thus 

M* .  ,  M* ^  
lim y « —— • e'3^ if —— — 

n e2 ' e2 ^ Q 2  — iL 2  

3 

9) If we, as an example, want to study the case \J/0 = —— we 
3 

have "resonance" for both qs = 2 and qs = 4. We get if only these 
two torques act the exact solution (which is easily shown by insertion 
into the eqs 40.3) 

%+«. = À ' "T ~ 
g 0  r o b  6  

or 

S 2 t ] s  = £2 • • cos y/+(-M£r\ -M£)  cos 3i f / - \ - (M* 2—M^) sin 3y/ | 

£2Cs = e2 • 1 • sin sin 3+ cos 3if/ J 
and thus the point S does not describe a circle. In that way the 
assumptions concerning the gyroscopic moments are only exactly 
valid if Qg0 = 1. Of course, analogously exact solutions also can be 
obtained for other critical states. It is remarkable that in spite of 
a varying input torque the angular velocity of the shaft is exactly 
constant (ifi = 0). 

Observe that the whirl has not exactly K = (any exact K-

values besides K — +1 and K — +3 do not exist at an unbalanced 

£2 

rotor). But if and the whirling will be fairly "pure". 
O 

The previous theory explains all whirlings except for the case when 
K = —1. This whirling must be treated in a special way because 
I M*2<4\J/'2 in many machines (see eq. 43.1 ). 

We have already studied the influence of the so-called external 
damping. It arises from the friction between the rotating and the 
stationary parts, which means the external medium, in most cases 
air. However, there exists another kind of damping called internal 
damping. This is due to the friction between the rotating parts of the 
rotor. The action of the different types has a considerable difference 
as among others Dimentberg [4] has shown in the case K = +1 and 
Ip — 0. Under certain conditions the internal damping can increase 
the deflection of the shaft. 



45 

In order to make full allowance for the resistance forces due to 
internal friction, a moving system of coordinates is considered with 
its origin in the point B (see fig. 11.2) with the axes rotating relative 
the stationary system with angular velocity (p. Thus, using complex 

quantities, 

Z = 

X = (Xv+iVXtpW* • 451 

X = {Xtp+ZiyXv—^XtpW" . 

By considering external friction the eq. 41.5 can be written 

X + 2D*x + Q%X = I 

Insertion of the eqs 45.1 gives if we, moreover, add the term 2Df y^e'* 
due to internal friction 

{z<p + (2^+2-Df —(p2+i2D*(p+ Xa,}ei(p = 
=  — . . .  4 5 . 2  

Further, we may write 

X<p = Xe~i(P  

X«, = (x-i<Px)e~i<P 

X<p = (z —2  i<Px — <P2x)e~' 

and by putting these expressions into the eq. 45.2 we get 

X+2(D?+D*)i+(nl,-2i<pDt)x = + 

+ i I 

Try the complementary solution / — eA\ We get 

A»+2 (D?+DZ)X+£%-2i<pD* = 0 

with the roots 

A = -(D?+D*)±]/(Dt+D*)'-&g0+2i<pDt 
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If (D* + I)*)<̂Qgo we get 

<pD* 
^ — ~ (A +A*) i 

r,(\ 

Stable solutions are obtained if 

*<( i+||) ß 9 0  

For clarity the particular solution is calculated for only one "dis­
turbing'' term, which in general can be written Qe'""1' where m = 
= {{t9

q
s
s an d Q is an arbitrary amplitude. Thus we get 

X = 
Q 

—m2\p I + Q'2g0+i 2m\Jj 0D*+i2D?(m\lt—<p) 

At a special whirling (rmj/ — (p) = 0 always and we may conclude 
that the internal damping never limits the amplitude of the deflec­
tion due to the particular solution. 

For the special case K = — 1 we can have the solution 

W KW' ^ e ̂  • e" (-ï) 
+ 2D*+iDf + 4 D*J„ 6 

or, if r s  — ex 

4 e W + 5 e " ' ^ -  —  - > + | )  e M *  - ' ( » - f  
+ 2D* + Wf + 4 D*J0 

6 46J 

where A\ B. A, and B are arbitrary constants. 

eiI/0 

2Di + 4D* WG get 

e M * \  

If A = 

r$=\B+ w*fQ;e 2 4(12 

and from this expression i t follows t hat the case K — — 1 also in 
theory may exist in spite of the fact that e^O. 

Now we are capable to follow the events when the whirling changes 
from K = -j-1 to K = — 1. Suppose that the shaft whirls with 
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K  = +1 near the speed corresponding to the critical state for K  = 
= — 1. Then we have the solution 

r s  ?  A 1  e- D'T e~ i Q " x+B 1  e" D*T eifl"T+ 

_L e,Ao i|/; 

e np 

2 ~~ + )^o 

where 

Z>1 = A*+^+it--A* 
90 

- D 2  =  D T + D Z  -  •  D f  

gO 

Then the shaft is given a disturbance (for instance from the bearings) 

such as 

b  -  ^ ^  
1 

- ^ l + n l + i - i D l x K  

During a short time the terms containing the factors e ~ ' Q g " T  and 
e-"'' are dominating and the shaft begins to whirl reversely. In that 
way the value of the function Qg0  = Qg0(K, <p) changes its value 
and Q f l 0->—\j/0.  After a while the solution 46.1 is valid and another 
disturbance brings the rotor to a whirl described by the expression 
46.2. Observe, that the limit of the shaft deflection due to the 
"torque-tone" at this critical state must be 

M  *  , / , I2 
\ r . c \  =  e  —  

In other cases the whirling cannot be maintained. It must also be 
pointed out that if M*2  = 0 |r^| = 0 if e ^ 0. If, on the other side, 
e = 0 r' s  J ca n have an arbitrary value. The shaft deflection is in­
different. If the external damping is zero, e->0 and M*2^ 0 the de­
flection of the shaft tends to infinity. But in this case the input torque 
also can settle up variations in the motor speed and hence the shaft 
deflection is also in this case indifferent. 
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The internal friction was previously assumed to be viscous. This 
is a first approximation. The results give a rough orientation of the 
influence of in ternal damping. 

Dimentberg [4] has carried out a close i nvestigation of the nature 
of in ternal damping. 

Maybe also the so-called "Magnus-effect" [1] is of som e significance. 
As the /rvalue at a critical state is limited the eq. 41.3 is justified. 
In the undamped case the ordinary whirl has 6 = 0 or 6 — n at 

a non-critical state. The eq. 13.2 gives Min = 0. Thus this whirl al­
ways exists in a rotor which is freely rotating in bearings without 

7t 
friction. At the critical state 0-> —when r->oo. Hence, from eq. 13.2, 

the rotor demands a steady increasing torque. 

From the eqs 33.1 we get for a point-mass rotor 

x e 
p — C+ — or r = Ce-f — coct 

w 

where C is an arbitrary constant and with eq. 13.2 

Min = ce2(C+ \coct) 

which gives 

dMin 1 
dt =YCe2Wc 

or 

dMin 1 
— = — M e2co3 

dt 2 

This equation indicates the necessary increase in torque to keep the 
rotor at the critical state and was shown by Biezeno and Grammel [2], 

If the motor in the undamped case after a while gives 

dMin 1 

~nr< Tcem< 
the rotor will t ake a speed below the critical speed and if 

dMin 1 
—7— > — ce2œc 
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Fig. 49.1 

it will pass it. See also [6]. Thus the motor must have a characteristic 
curve according to fig. 49.1 if t he rotor shall be able to stay at every 

speed with K — +1-
For the case with external damping we get from the eqs 13.2, 

24.2, and 24.3 that 

M,„ 2D*n%,i0Ùl+(2D*r] 

ce2 ~ 

and if \j/0 = (p0 — Qg0 we get 

M in ^9o 

ce2 2D* 

( M j n  
c e2 

\ ^ D * = 0  

r^D^aio 

jj 
V \ O) 

4 
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If Ip = 0 we have 

M in 2D*ij/0l\jjQ-\-(2D*)2] 

ce2 — (2X>*)2+^[1—^_(2D*)2]2 

This function is drawn in fig. 49.1 for Z>* = 0,01 and D* — 0,10. 
The motor must have the possibility to deliver a torque according 
to these curves in order to maintain its motor speed. 

Such a possibility has for instance a D.C. motor. It is also known 
that this motor produces "torques-tones" with 

qs = s (s = 1, 2, 3 . . .) 

If against qs an amplitude of Ms corresponds we must have 

where rs' is the shaft deflection due to the "torque-tone" at the 
critical speed. Often Ms is very small and this explains why the shaft 
deflections at such "unusual" critical speeds in general are small in 
comparison with the shaft deflections at K — + 1. 

An A.C. motor is able to produce sub-harmonic "torque-tones". 
Hence these tones have a lower frequency than the shaft speed. 

Often the couplings split up the torque from the motor into har­
monics. This happens for instance in Hooke's coupling (cardan-
coupling) and similar couplings if the input and output shafts are 
not exactly collinear. Especially the "torque-tone" of angular velocity 
2co has a relatively great amplitude which depends upon the amount 
of this misalignment. According to eq. 39.1 one may expect that 
such a coupling might excite the critical speeds with K = —1 and 
K = As a matter of f act just these whirlings are mentioned in 
literature. 

In order to investigate this idea practically the test apparatus 
shown in fig. 64.2 was rebuilt so that the motor drove the shaft via a 
Hooke's coupling and the shaft of t he motor could be inclined. Tests 
were carried out with the angles of misalignment 0°, 5°, 20°, and 
26° at the speeds corresponding to the critical states with K — -f \ and 
K — — 1. The result was, however, that the shaft deflections decreased 
with increasing angle. Probably this was due to the large variations 
of the speed of the shaft during every revolution of the shaft. 
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At these tests great deflection of the shaft was also observed at 
the speed corresponding to K = — f. On this occasion the angle of 
misalignment was 0° or 10°. Only tests at these angles were carried 
out. 

Finally the concept of "secondary critical speed" has to be dis­
cussed. It has been seen that a horisontal rotor often is disturbed 
at a speed equal to half the ordinary critical speed. 

rad 
If the motor is running with ij j  the gravity force at a hori-

S 

sontal rotor causes an input torque Mge cos y /  (see fig. 11.2 by assum­
ing the gravity force parallel to the z-axis). Thus, because 

Mge cos i// = Mge sin — 

we may get a whirling at K — according to eq. 39.1. In that 
case the gyroscopic effect is absent (y — 0) and Qg — Qn. Thus it 
may be suspected that the horisontal shaft should be rough at the 

speed —— . The deflection radius r' due to the gravity force conse­

quently can be obtained from the relation 

cer' = Mge 

and thus 

,  Mg  
r   

c  

The trace of the centre of t he shaft can be written (with origin in the 
"cen t re  o f  t he  bearings"  B)  

M g  1  M g  . l f  
P j =  —+  T e . e *  +  -- e r »  

Analogously the trace of the centre of gravity has the equation 

Mg 4  Mg 
r o  =  —  +  T e . e " + — ' - e ' »  

Mg 4 
In fig. 52.1 i \  and r a  are shown in the case = —e.  

C 6 
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A 

Fig. 52.1 

It may also be possible to investigate the harmonics of the torque 
from a motor by studying the critical states. In that case the coupling 
between the motor and the shaft must be rigid. Perhaps this is of 
practical interest because of the fact that it is very difficult to de­
cide the harmonics in an electrical way if the amplitudes are small. 

In a dissertation 1924 Schröder [8] also found that the critical 
speeds of the second kind (K^-[-1) occur at limited deflections of 
the shaft. He obtained this result by assuming small variations of a 
certain kind in the motor speed then and performing a limit analysis 
at the critical speed. 

His solution did not include the case K — —1 and nor did he 
discover the sjoecial properties of the case K = +3. 

In spite of this and the facts that he did not consider the gyro­
scopic effect, the effect of the damping or perform any own tests, 
his dissertation must be considered as an important work in this field. 



7. Whirl Curves 

In practice, it is rather difficult to see how a rotor whirls. If the 
deflections of a shaft in the y- and 2-directions are recorded one can 
from the chart calculate the angular velocity of t he whirl. The motor 
speed is obtained separately. But the difficulty is to see if the whirl 
is positive or negative. 

However, if the electric signals due to the movements in the y-
and z-directions of the disc centre of gravity are led to the x- and 
^/-plates res pectively of an oscilloscope one can see the path of this 

CO 

disc centre. Each ratio K — — gives a special curve and with the 

aid of this curve one can decide the value of K without knowing 
co and Q. 

As an example the path of th e disc centre if if = +1 is constructed 
in fig. 54.1. 

In the first position the bearing centre B, the "virtual" shaft 
centre S* (here is only concerned with the position of the shaft centre 
due to one "torque-tone" at resonance which means that BS* — 
r' = const.), and the centre of t he disc C are collinear and the posi­
tions are denoted S* and C0 respectively. We put S*C — e' and if 

r' 
r'>e' w e  h a v e  / ? ' = — >  1 .  I f  $ *  i s  m o v e d  t o  S*, C0 i s moved to 

Cz and the angle between S*C3 and BS* is one third of the angle 
between the lines BS* and BS*. Thus the line S3C3 is parallel to the 
line B1. The final path in this case can be seen in fig. 58.1. 

For other values of K the corresponding paths of the disc centre 
are drawn in figures on page 55 up to page 60. 

Observe that if a curve is obtained for K = Kx and p = the 
1 I 

same curve is obtained for K = and p' = —7 . 
-K-i Pi 
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Fig. 54.1 

If, during K =  — 1, the shaft deflection changes from /?'<! to 
p'> 1 the direction of the rotational speed of the point C will be 
reversed which is easily shown. 

Comparison of t he oscilloscope screen picture and the figures gives 
the K-value. 



Fig. 55.1 



Fig. 56.1 
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K =—5 ;p=1 

K=-V5;p=1 

K=-5;p>1 

K=-1/5;p<1 

Fig. 57.1 
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K=+2;p>1 

K=+1/2;pd 

K =+3;p'<1 

K=+V3;p'>1 

Fig. 58.1 
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K=+5,p'<1 

K=+'/5;p'>1 

K=+5;p'=1 

K=+V5;p=1 

Fig. 59.1 



K=+6;p'<1 

K=+'/6;p>1 

K=+6;p>1 

K=+'/6;p<1 

Fig. 60.1 



8. Tests of a Rotor with One Disc 

In order to investigate the different rotational modes in a rotor 
a test apparatus was built, the principle of which is shown in fig. 62.1. 

The shaft was vertical. Photographs of the apparatus are shown 

in the figs 64.2 and 64.3. 
The electronic equipment can be seen in the figs 64.2, 64.3, and 

64.4. The different instruments in fig. 64.4 are: 

A. Recorder (Offner). It registered motor speed, input torque, and 
deflections of t he disc in two directions perpendicular to each other. 

B. Oscilloscope (Du Mont). It was used as an amplifier for the elec­
tric signals from an electromagnetic pickup, T1 in fig. 64.2 (Philips 
PR 9262/01). T1 was mounted very near a gear wheel and in that 
usual way it served as a "tachometer ' for the steered whirling 
velocity. The whirling was put into the left shaft T2 in fig. 64.2 
by means of a whirl-exciter T3 driven by the right shaft T4 in 
the same figure. The shaft T4 was driven by an A.C. motor via 
a variator. These are not shown in the figure. T2 and T3 are also 

shown in fig. 64.3. 

C. Calibration Unit (Philips GM 5522) coupled to Tx in fig. 64.2. 

(See also under B.) 

D. Battery unit for giving one channel in the six-channel-recorder 
A a prevoltage when measuring and registering the speed of t he 
shaft T a in fig. 64.2. It enlarged the deflection on the chart for a 
given speed because a great amplification could be used. 

E. Electronic counter (Hewlett Packard). When it was coupled to 
B it gave the whirl velocity and when coupled to the frequency-
meter Tb ( Hewlett Packard), which obtained electric impulses 
from the tachometer-generator T6 (Hewlett Packard) it gave the 
speed of the shaft T2 in fig. 64.2. 

F. Dual beam oscilloscope (Tetronik) coupled to G. 
G. Power supply, reactance converter and amplifier (Disa 51C06 and 

51B02). They were used in connection with the capacitive pickups 
P1 and P2 in fig. 64.3 for measuring the deflections of the disc. 
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Motor 

Coupling. 

Bearing 

whirl exciter 

Bearing 

Coupling 

Torque meosuring device 

Coupling 

Fig. 62.1 

H. Double A.C. bridge (Vibrometer) used together with the torque-
measuring-device Tr, in fig. 64.2. 

A D.C. motor was driven from a Leonardsystem. (See fig. 72.1. 
The low frequency generator was not connected.) The arrangement 
was equipped with a whirl exciter with the aid of which the whirl 
speed could be varied continuously in the range 160 <^<1440 or 
640<JV<5760 (r.p.m.). 

The rotor had the following data: 

M — 9 ,8 7 kg 

Ip — 0,114 kgm2  

L = 735 mm 

d = 15 mm 

E = 20,3 • 1010  

m = 1,07 kg 

Newton 
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8,1. Tests of a Hinged-Hinged-Free Shaft Driven by a D.C. Motor 
Coupled to a Common Ward-Leonard System 

At first the D.C. motor was driving a hinged-hinged-free arrange­
ment. At the same time the whirl exciter gave a whirling motion to 
the disc. The arrangement was driven at special values of K for 
different values of co and Q. For each co-value the corresponding 
ß-value was set up and then the whirl exciter was disconnected. In 
that way it was found that the rotor only at special values of co 
kept the same A'-value after this uncoupling. These values of co wer e 
the "critical speeds". If the whirl exciter was disconnected and the 
motor was driven up to one of these critical co(— co c) it was seen that 
the shaft started whirling with the corresponding value of Q(— Qg). 
From the elementary theory (see [5]) one gets that every co is '"crit­
ical" if the corresponding value of Q is developed. This matter was 
also shown. But a very important thing was that the rotor by itself 
(which means without whirl exciter) only whirled with K — — 
— i, — i, — I, —i, —1, -f and and only in the neighbourhood 
of the corresponding critical values of co. This result is in a very good 
agreement with the theory in Chapter 6. 

In the tab. 64.1 the test results are collected. The theoretical 
values are calculated from eq. 110.2 in [5]. Thus, the influence of 
the mass of the shaft on the critical speeds is neglected and the 
bearings are treated as if their lateral stiffness was infinite and their 
angular stiffness zero. 

In two cases the change of 6 with n radians when passing the 
critical speed, viz. K — —1 and K — -f-£ are shown. 

The test results are (24-8) per cent greater than the calculated 
values which is a good agreement. 

The brackets around the \ N \ -values m ean that these are not meas­
ured. They are calculated from the formula 

n 
n= k  

and here n is obtained from an electronic counter and the iv-value 
f r o m  t h e  f i g s  i n  C h a p t e r  7 .  T e s t s  s h o w e d  t h a t  t h e  p o i n t s  G  a n d  C  
practically coincide. This happened because of the fact that the disc 
was turned in a lathe while it was mounted on the shaft. If the mate­
rial is homogeneous the points G and C must coincide and the eccen­
tricity must be zero (at least from the practical point of view). Thus 
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K 

Theory Test Test figure 

Ampi. K n  
r.p.m. 

\N\  
r.p.m. 

n 
r.p.m. 

\N\  
r.p.m. £?' No 

Ampi. 

X 
6 

131 
736 

783 
4417 

136 [816] < 1 66.3 A 

-6 
2393 

16702 
399 

2784 

1 
1 

155 
869 

775 
4344 

162 
877 

r 8101 
|_4385_ 

< 1 
< 1 

66.5 
67.1 

A 
A 

— 5 
2132 

14125 
426 

2825 

i 
4 

192 
1061 

768 
4245 

204 [816] < 1 67.3 A 

-4 
1846 

11537 
462 

2884 

—i 
252 

1368 
755 

4103 
258 

1405 
r 774-1 
[4215_ 

< 1 
< 1 

67.5 
68.1 

A 
A 

-3 
1522 
8924 

507 
2975 

i 
2 

365 
1939 

731 
3879 

378 [756] < 1 68.3 A 

2 1143 
6265 

572 
3133 

-1 663 

3482 

663 

3482 

664 
(712) 
(738) 

664 ~ 
(712) 
(738) 

1 
> 1 

1 

68.5 
69.3 
69.1 

B 
B 
B 

+ 1 1111 1111 1140 [1140] > 1 69.5 B 

H 142 
957 

851 
5742 

153 [918] < 1 70.1 
70.3 

A 

+ 6 13610 2268 

+i 
299 

2589 
896 

7768 
322 [966] < 1 70.4 A 

+ 3 5798 1933 

Tab. 64.1 



Fig. 64.2 



Fig. 64.3 
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the test apparatus had e = 0, but the shaft was slightly curved. In 
Sec. 4,2 also the theory for this case is outlined and it is derived 
that the "original" deflection rc appeared in the differential equa­
tions similar to an eccentricity. 

The path of the point C was photographed at a very low motor 
speed and at two different amplifications of the oscilloscope, one of 
them giving the double picture against the other. Thus the radius 
in the circle is the deflection rc on a certain scale. These low speed 
pictures are shown in fig. 66.1 (amplification A) and fig. 66.2 (ampli­
fication B). It can be seen from the tab. 64.1 which amplification 
was used in the different tests. Further, the photographs from these 
tests are shown at page 66 up to page 70 and there also the theore­
tical curves are repeated. 

Only critical speeds below the one corresponding to A' = +1 were 
sought for (except for K = —}). The tests and the theory are in 
good agreement. 



Fig. 66.5 Fig. 66.6 
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K=- 5 ;p>1 

K=-1/5;p<1 

Fig. 67.1 Fig. (»7.2 
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Kz-3;p>1 

K=—1/3;p<1 

Fig. 68.1 Fig. G8.2 

K=-2;p>1 

K=-1/2;p<1 

Fig. 68.3 Fig. 68.4 

•H m •••H 

mm »••• gjggi HRSSI mummm •B 
tat 

K=—1; p=1 

Fig. 68.5 Fig. 68.6 
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K=—1 ; p=1 

Fig. 69. 1 Fig. (i!).2 

Fig. 69.3 

K=-1;p>1 

K=-1;p<1 

Fig. 69.4 

K=+1; p<1 

K=+1; p>1 

Fig. 69.5 Fig. 69.6 



Fig. 70.1 Fig. 70.2 

Fig. 70.4 Fig. 70.5 
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8, 2 .  Tests of a Hinged-Hinged-Free Shaft Driven by a D.C. Motor 
Coupled to a Special Ward-Leonard System 

In this previous section it was shown that the D.C. motor was 
able to produce different kinds of whirling and this fact depended 
upon an "unpure" input torque. It became urgent to use an arrange­
ment in which any "torque-tone" could be produced. So the Ward-
Leonard-system was changed according to the scheme in fig. 72.1. 
By means of a signal-generator (Philips Z9.060.69) a nd its amplifier 
(Philips GM 5535) a sinusoidal voltage was delivered to the system. 
In that way it was possible to vary, within some limits, the am­
plitude and the frequency of a "torque-tone' desired. Thus the fre­
quency of the "torque-tone'' must be between 2,8 Hz and about 
5 Hz in order to get a "torque-tone" of proper amplitude. 

It became evident, with regard to this "torque-frequency", that a 
hinged-hinged-free rotor with = 0,10 and x1 = 0,90 (see p. 218 
in [5]) should be suitable. The same disc as before was used and the 
crookedness rc of th e rotor was 0,12 mm. 

The lowest critical speeds for some values of K are shown in tab. 
71.1. 

K - 1 0 + 1 + 2 + 2,5 

N r.p.m. 200 205 211 220 228 

n r.p.m. -200 0 211 440 570 

Fig. 71.1 

Hence, the gyroscopic action is small in this rotor. From eq. 39.1 
we get 

K— 1 
±?= —jr 

If K = 2 we get q — \ and the frequency of a proper torque-tone 
440 

must be ——Hz = 3,67 Hz, which is a suitable value. So this case 
2 • 6 0 

with K — -j-2 was closely investigated. 
In figures on page 73 the input torque in some tests are recorded. 

They are described in the following. 



72 

220 V 

WL.G. 

3- 50 
220V 

L.FG. 

Notation; 

ER = Reference voltage 

Ec = Controlled voltage 

F = Fine Adjustment 

M, = Motor 

E.G. = Exciter Generator 

WL.G.= Ward-Leonard Generator 

M2 = Motor 

R = Rectifier 

L.FG. = Low Frequency Generator 

(Philips Z9.06069) 

A = Amplifier 

(Philips GM5535) 

Fig. 72.1 

Test 201. The shaft ran in this test and in the following described 
tests with 440 r.p.m. The Low Frequency Generator did not supply 
any torque. It can be seen that the Ward-Leonard-system delivers 
an output "torque-tone" with the same frequency as the revolution 
of the shaft. The trace of the centre of the disc was picked up on an 
oscilloscope and it can be seen on the photos in the figs 75.1, 75.2, 
and 75.3. From the photos it is clear that the whirl was not quite 
steady. Here, and in the following, the length of a vertical side of 
a square on the screen corresponds to a deflection of 0,0 74 mm of 
the disc centre and the distance between two adjacent arcs on the 

charts corresponds to the time 0,05 sec. 

Test 202. In this test the Low Frequency Generator gave a slight 
"torque-tone" of frequency 3,67 Hz to the shaft. In fig. 73.2 can 
be seen that the period of the input torque was doubled. 

The corresponding trace of the centre of the disc is shown in the 
figs 75.4, 75.5, and 75.6. Compare the figures on page 58 with K = +2 
and p< 1 and p' = 1 respectively. 
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Test 203. In this test the amplitude of the "torque-tone" from the 
Low Frequency Generator was increased as fig. 73.3 shows. In other 
respects no changes were done. The trace of the disc centre is shown 
on the photos in the figs 76.1, 76.2, and 76.3. Compare these photos 
with the figure with K — -{-2 and />' > 1 on page 58. 

Test 204. The amplitude of the actual "torque-tone"' was further in­
creased and the Low Frequency Generator delivered its greatest 
signal. The torque is recorded in the figs 73.4 and 73.5. 

From the tests the measured quantities are collected in tab. 74.1. 

Test 

Deflection radius of t he shaft due to 

the "torque-tone" Torque (Nm) Test 

Measured on figure Size (mm) 

Torque (Nm) 

202 75.4 0 , 0 9 ±0 , 0 l  0 , 1 9 ±0 , 0 4  

203 76.1 0 , 1 9 ±0,()1 0,4 2  i  0 , 0 4  

204 76.4 0 , 3 0 ±0 , 0 1  0 , 6 1 ±0 , 0 4  

Tab. 74.1 

Theory says that a part of the shaft deflection is directly propor­
tional to the size of the input torque. For the actual deflections in 
the three tests we have the ratios 

0,09 : 0,19 : 0,30 = 1 : 2, l : 3,3 

and for the amplitudes of the "torque-tones" 

0,19 : 0,4 2 : 0,61 = 1 : 2,2 : 3,2 (mean values) 

Concerning the deflections the measured lengths are taken from 
the figs 75.4, 76.1, and 76.4. At small amplitudes of the torque tone 
the traces change in size. This coincides with the theory because the 
varying torque can cause both variations in motor speed and shaft 
deflection. The "balance" between these effects can easily be dis­
turbed if the input torque is small. Such disturbances may come 
from the bearings. 

Hence theory and tests are in good agreement. 
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Fig. 76.1 (203) Fig. 76.2 (203) 
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Test 204 will now be further investigated. Suppose that the am­
plitude of the actual "torque-tone" is known and we want to deter­
mine the shaft deflection r' due to this "torque-tone". In the un­

damped case we get from eq. 50.1 

M 0,61 
r= — = — M 

ce / TI 
2051 • 9,87 • 0.12 • 10 3 

30 

and 

r = 1 , 1 2  ( m )  

We can conclude that the external damping is of g reat importance. 

From the general expression of y on page 46 we get 

M* 0,61 
n* — 
L  "> - r' " t it \ 2  0 , 3 0  

8 • 0 1 1 4  •  r  • 205 • 8 • — 8 e ' \ 30 / 0.12 

and 

])* — 0,000 6 

The damping coefficient km can also be determined and 

km = 2D*MQn = 2 • 0,0006 • 9 ,87 • ^ • 205 

and 



9. Summary 

In this report the different whirling modes of a rotor are treated. 

If the shaft is driven by a motor with a speed of œthe shaft 
s 

rad 
can whirl with another angular velocity Q . In literature only 

a few values of K = — are mentioned. Except the usual value 

K = +1 some other values as K — —1, +•£, and are accounted 
for. By considering a rotor without eccentricity it is easily shown 
that every speed œ is a "critical" speed if the proper ß-value occurs. 
It means that the shaft deflection is indifferent. But in practice only 
a few values of K occur and it is urgent to predict these values. Here 
is shown that the harmonics of the input torque cause these "extra" 
critical speeds, and further, they can occur even for a rotor with 
eccentricity. 

Many authors derive the expression for the shaft deflection at 
K = +1 as a function of th e motor speed. So is also d one here, but 
differently, the gyroscopic effect and the external damping are taken 
into consideration. Some results at the critical speeds were remarkable. 

Thus all whirls except ordinary reverse (K = — I )  a n d  f o r w a r d  
(K = +1) whirl can occur at the critical state with a nearly constant 
deflection of the shaft at zero external damping. But the case K == -j-1 
tends to increase th e shaft deflection with time and the case K = — 1 
destroys itself. By considering slight external damping also these 
kinds of whirlings may occur with a constant or nearly constant 
deflection of the shaft at the critical state. 

The deflection of th e shaft and the position of th e centre of gra vity 
of the disc were theoretically investigated for different kinds of external 
damping. 

Some of the theoretical results are proved in a test apparatus. 
A meth od is worked out to determine the i£-value by means of an 
oscilloscope. On the screen of the oscilloscope t he trace of the disc 
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centre could be seen and photographed. With the aid of this method 
the following "critical" states were observed: 

K  =  — i ,  — i ,  —  — i ,  — j ,  —  1, +  £ ,  + t>  +1, +2> +3 

The word "critical" is startling in an unnecessary way for the 
designer of rotors. Most of these critical states are totally out of danger. 
They are caused by the harmonics of the input torque and the shaft 
deflection due to the harmonic is proportional to the amplitude of 
the harmonic. Usually these amplitudes are small and so also are the 
deflections. The main point is that a shaft deflection is unattended 
by danger as long as the stresses in the shaft do not cause any resid­
ual displacements. Hence, the stresses ought to be below the yield 
point of t he shaft material. 

The stability of the whirling was investigated both theoretically 
and practically. In this connection it ought to be said that Diment-
berg [4] has shown theoretically that the whirling with K = +1 is 
stable below a certain whirl velocity in the post-critical range (both 
external and internal damping present). Then the gyroscopic effect 
was neglected. Our tests showed, that in the sub-critical range any 
other whirl may occur if the proper input torque is delivered to the 
rotor. 

Theoretical results show that at great internal damping the shaft 
deflection is instable at a whirl just in the neighbourhood of the 
critical speed. The influence of the gyroscopic action is considered. 
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Preface 

In earlier works [6] and [7] the present author has treated the 
problems of finding the critical states of a rotor. Thus only constant 
values of t he motor speed were discussed. 

In this report the transition of a rotor through its critical speed is 
treated. Mathematically this problem is of a complicated nature. The 
digital computer Alwac III E was used and such a help was indeed 
one of the essential requirements for succeeding in getting numerical 
results of v alue for the designer. 

I wish to thank the Swedish Technical Research Council for its 
sponsorship and Professor B. Jakobsson, the Head of the Institute of 
Machine Elements at Chalmers University of Technology, Gothenburg, 
for suggestions and a great deal of valuable comments. 

Ingemar Fernlund 
Tekn. lie. 

Research Assistant at the 

Institute of Machine Elements 
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1. Introduction 

A shaft which is operating beyond the first ordinary critical speed 
on starting or stopping must pass through this critical speed. This 
gives rise to the problem of determining the stresses, essentially the 
flexural stresses, of the shaft. In many machines the speed of the 
motor is sub-critical because of the fear of designing a rotor which 
passes through the critical speed and this fear has probably grown 
from the lack of knowledge about the behaviour of the rotor when 
passing the critical speed. 

The present report gives some new results concerning the behaviour 
of a rotor with one disc when passing its critical speed, and these 
results may be of value for the designer of rotors. 

In modern machines the shaft often runs in the post-critical range, 
a so-called high-speed shaft. In design of these machines one has to 
care for the stability. 



2. Notation 

Reaction force in bearing 
Bearing line or reaction force in bearing 
Frenel's integral 
Non-dimensional damping coefficient 
Force 
Centre of gravity 
Moment of i nertia of a cross section 
Polar moment of in ertia of a disc 

Ratio 

Length 
Mass. Bending moment 
Input torque 
Normal force in a deflection limiter 
Deflection of t he centre of gravity 
Notation for shaft centre 
Frenel's integral 

Angular acceleration 
Arbitrary constant 
Arbitrary constant 
Arbitrary constant 
Diameter of shaft 
Eccentricity 
Function 
Coefficient of e xternal damping 
Radius of g yration 

Functions 

R.p.m. of a motor 
Constant 
Deflection of shaft 



dp 
u Variable or u = — 

dz 
d(p 

v  Angle or v — —-
dz 

x  Coordinate 
y Coordinate 
z Coordinate 
A Radial clearance in a deflection limiter 
9 Angle, Variable 

(rad^ 
— 

a Constant or 
Influence number concerning displacements 

ß Influence number concerning rotations 

M g en H ^ 
y Q — — Constant 

e 
e 

e = •— Constant 
k.  

C Non-dimensional deflection 
rj  Non-dimensional deflection 

Q 
Constant ov x  — non-dimensional length 

a 
X = r Non-dimensional angular acceleration 

2 Ql 
p Coefficient of f riction 
£ Variable or non-dimensional influence number concern­

ing displacements 
p Non-dimensional deflection 

a Stress 
T Non-dimensional "time" 
(p "Whirl-angle" 
y "Shaft-angle" 

/rad\ 
OJ Angular velocity of the shaft I 1 



3. Basic Equations for the Motion of a One-Disc Rotor 
during Transition Through its Critical Speed 

Consider a circular shaft in two supports A and B with an unbal­

anced disc rotating with a variable angular velocity according to 

fig. 8.1. The shaft is driven by a motor and the deflection of the 

shaft is limited by a solid ring DL (Deflection Limiter). The coupling 

C is assumed not to be able to transmit anything but a torque and 

the weight of it is negligible besides the weight of the disc. Further, 

the mass of the shaft and the gyroscopic effect are neglected. 

In fig. 8.1 the rotor is shown in a position when the three points 

B , S and G are in the same plane and from [7] it is known that B' 

is the cross point between the centreline of the bearings and a vertical 

plane perpendicular to it through the point S, S is the centre of the 

shaft at the disc, and G is the centre of gravity of the disc. 

Thus, the deflection of the shaft is r — B'S and the eccentricity of 

the disc is e = SG. It is assumed that the deflections are small. 

Part of the arrangement is shown projected at the y—z-plane in 

fig. 9.1. Observe that the shaft is bent into two directions and its 

deflections in these directions are rx and r2 respectively. 

Shaft diameter» 

Motor 

DL 

Fig. 8.1. 



Notations: 

ys The deflection of the shaft in the ^/-direction 
zs The deflection of t he shaft in the ^-direction 
y The position of th e centre of g ravity G in the ^/-direction 
z The position of th e centre of g ravity G in the z-direction 
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Fig. 10.1 

juN The coefficient of friction a t the deflection limiter DL 
d The diameter of the s haft 
A Radial clearance in the deflection limiter DL 
cp "Whirl-angle" 
y/ Angle decided by th e rotation of th e motor 
Ky Elastic force in the shaft in the ^/-direction 
Kz  Elastic force in the shaft in the z-direction 
Mx Torque in the shaft in the ^-direction 
N Normal force at the deflection limiter DL 
M in  Outer torque in the ^-direction 
M Mass of th e disc 
Ip Polar moment of inertia of t he disc 

In fig. 10.1 the forces acting on the shaft in the x—^/-plane are shown 
and the notations are 

Ay Reaction force in bearing A in the ^/-direction 
By Reaction force in bearing B in the ^/-direction 
Ny Normal force in the deflection limiter in the ^/-direction 
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The equations for the movement of the disc are 

My =  K y —Jcy  
Mz  =  K z —Jcz—Mg 1 1 1  

I p i l )  =  M x - \ -K y e  sin y /—K z e  cos i f /  

where k is a coefficient for external viscous damping. For the deflec­

tions of the shaft at the disc we have 

r x  = —(K y  cos <p+K z  sin tp )au — I u  2  

r 2  = (K y  sin <p—K z  cos (p ) a'u —N 2 a[ 2  )  

where au, a12, a^, and aj2 are influence numbers (See [6]). As a 

matter of fact an ^ and a12 ^ «12* 
Moreover, the forces and iV2 are projections of the forces N and 

juN in the directions of rx and r2 respectively. 
For the outer torque Min we get 

M t n -M x +K,z -K z y-^N(~  +  A J  ~  +  KBb )  \  = 0  1 1 3  

where ß A  and j u B  are the coefficients of f riction in the bearing A and 

B respectively. 
In this report only cases satisfying the condition a;j- = which 

means that rx = r and r2 = 0 are treated. Hence, the shaft is pre­
sumed to be rigid in a torsional point of view but it is still flexible 

in bending. 
Thus 

N,  =  N I 
A 2 = 1 

and we also get 

A cos (p  — —K y a 1 2 —N y oc 2 2  1 114 
A sin cp  = —K z(X 1 2 —N Z CC 2 2  j  

where 

N y  = N(cos  (p—n N  sin ( p)  J l L 5  

N z  = JV(sin (p - \ -  j u N  cos (p )  J 

We also have 

V s  = 

= 

K y Mi l  N y (X. 12 I 
—K Z OCII—NZ CC 1 2  J 

11.6 
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and from the eqs 11.4, 11.5, and 11.6 we get 

N 

A r— A • — 

ail a22 

a, 

Further, the eqs 11.6, 11.1 and 11.5 give 

Vs = —(My-\-ky)ocn—N(cos (p~juN sin <p)aV2 
zs = — (Mz-\-Jcz)an—iV(sin y-\-/iN cos (p)cLxl—Mgax 

and the last of the eqs 11.1, eq. 11.3, 11.5, and 11.6 give 

12.1 

12.2 

Min = IJ [y*+N(cos <p—jiN sin (p) a12] 2 — 

— [2s + ̂ (sin (p + Mn cos (p) a12] y 

MN NI ̂  + — j + (MAA HBB) — 12.3 

Geometry gives 

y = ys-\-e cos ip — r cos cp-\-e cos \p 
z = zs-\-e sin <// = r sin cp-f e sin \p 

From the eqs 12.2 is then obtained 

r — ys cos (p+zs sin (p = — alx[(My-\-lcy) cos cp+ 
-\-(Mz-\-lcz) sin (p]—Noc12—Mgan sin cp 

0 = ys sin (p—zs cos (p = — an[{My-\-ky) sin <p— 

— (Mz+kz) cos (p]+juNNoc12+Mgan cos cp 

In the previous part 

d2r 

dt2 
d2(p .. dhp 
——- » = etc. 
dt2 Y dt2 

12.4 

In the following 
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where 

ß„ 

(Observe that p and r are non-dimensional) 

=  Q J t  !  

Jlfa, 

We introduce the non-dimensional coefficient of damping 

1 I k  
D *  =  — • k o c n Q  =  — • 7777 

2 2 M Q „  

where the case D *  — 1 corresponds to the "usual critical damping. If 

s  =  

7 g  

h  

M g  au 

I p  = 

d  A  
d *  =  —  ,  A *  =  —  

e  e  

A  B  N  
j * _  B *  =  N *  =  

M e ü V  M e Q Ï  M e Q ' i  

M )  
M  

I  ß 2  
^  p  n  

we, as an example, get 

!̂ A = Mnn * A * s *  
p ^  n  

/ i A A d  ^  f l A A * d * e 2  

I p  ̂  n  

and the eqs 12.4 and 12.3 can be written, if 0 = ( ( / / — ( p ) ,  
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P — — p+p^+if1 sin 0-f-i/r2 cos 6 — 

— * N* — 2D*(p—\jj sin 0)—yG sin (p 
an 

pty — — 2p(p—if cos 9-\-\J/2 sin 6 — 

MN — N* — 2D*(p(p-\-\j/ cos 0) — yG cos (p 

\ . . 14.1 

M*n = i 'fi + e2 J p sin 9+N* — sin 0+ 
Lai 

+/*jv{ 4* + — — (/?+ cos 0) 
2 a,. + -^(MaA*+Pb

b*) j 14.2 

From the eq. 12.1 we obtain 

«n 
p • A :  

jy* __ 12 
14.3 

1 — 
tXiö 

oc H a22 

Observe that N*>0. If p< — • A *, N* = O. 
a12 

The reaction forces A* and B* can easily be obtained from the 
equilibrium equations. 



4. Running through the Critical Speed with Uniform 
Acceleration 

4,1. The Treatment of the Problem in Literature 

F. M. Lewis [10] gave in 1932 an exact solution of the problem of 
running a system having a single degree of freedom and linear damping 
through its critical speed from rest at a uniform acceleration. He 
found an expression for the envelope in which the maximum ampli­
tudes are located. The result was plotted for various rates of accelera­
tion and for various dampings. In this solution integrals of the type 

X 

feai*cos b^ cos cxÇ2dÇ (a1; b1} a nd cx a re constants) 
o 

occur. It was pointed out that this integral cannot be reduced to any 
functions which have been evaluated. He also remarked that when 
ax = 0 the integral may be reduced to Fresnel's integrals but he did 
not treat the case. Here he gives the reason. "The so-called process 
of contour integration gives a successful method of attack, and even 
in the case of zero damping furnishes a simpler solution than the one 
involving Fresnel's integrals". 

However, J. P. Ellington and H. M c Callion in 1956 [5] presented 
the solution for the acceleration from rest of an undamped linear 
mass-spring system when subjected to an exciting force with constant 
amplitude. They write: "However, this solution (Lewis' solution) is 
not easy to evaluate, the integrals involved demanding either graphical 
construction and numerical integration or summation of series. The 
purpose of the present note then is to show how a solution, in terms 
of previously known functions, may be obtained for the undamped 

vibrating system". 
These known functions were Fresnel's integrals as was already 

pointed out by Lewis. 
In our days the two methods of solutions are of the same class of 

serviceableness because of the occurrence of electronic computers. 
Dimentberg published in 1961 the solution for the system having two 

degrees of freedom [3]. (At that time most of t he calculations in this 
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report were already done at the electronic computer Alwac III E in 
Gothenburg). The solution for this is easily obtained from the solution 
of Lewi s or Ellington Mc Callion as can be seen in Sec. 4,3. Dimentberg 
has plotted the maximum amplitude in a single case. (With the nota­
tions in this report he has ^ = 0,90 and A = 0,ooi.) 

Finally, Dornig [4] has also treated the undamped case having a 
single degree of freedom and Capello in [2] hints that the solution 
can also be applied to an unbalanced disc rotating on a shaft. 

4.2. The Treatment of the Problem in this Report 

In this report two methods to solve the problem are used. The first 
method is based on the treatment in [5] and is in its principal features 
similar to Dimentberg's solution. Because of the fact that this solution 
makes it possible to reach some general conclusions concerning the 
amplitude and that Dimentberg did not mention it, a presentation 
is justified. 

However, this solution is not used for getting numerical results. 
The reason is that a lot of similar calculations of a cumbersome nature 
ought to be calculated on an electronic computer for getting a correct 
result in a rapid way. No computer with standard programmes for 
Fresnel's integrals were placed at the disposal of the institution. 
Further, it seemed to be very difficult to perform such a programme 
in a short time. Furthermore, the case of uniform acceleration is 
a special case of the general case when the acceleration is arbitrary. 
Because of th e fact that this general case was also aimed at, and that 
a solution in known functions for this case can hardly be found, no 
special programmes were needed to be done to get results for a uni­
form acceleration. 

Instead the equations of Chapter 3 were used in a step by step 
method. This method only demands programmes for the simple 

functions sinx, cosx and j'x. 
Finally, it ought to be mentioned that the influences of the gravity 

force and the gyroscopic effects are not further studied. 

4.3. Solution with Fresnel's integrals 

If no deflection limiter or damping exist the eqs 11.1 and 11.2 give 

Moiny-\-y — e cos y | 

Mocnz-{-z — e sin y/\ 
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y z  o i  
If // = —, C = — and Q„ = one gets with z = Qnt  

e e Man  

r\-(-// = cos y 

C+C = sin I// 

c^2// .. 
Observe ri = —— and C = —— 

dz2  dz2  
17.1 

The initial conditions are based upon the fact that up to the initial 
moment for the acceleration the centre of gravity of the disc per­
forms a circular movement with a constant angular velocity co0 and 
here also (p = y/ — co^t = xz. Thus, if x # 1, 

// = An  sin z-\-Bn  cos r -

£ = A2 1  sin Z -\-B2 1  COS Z-

• cos xz 
1-x2  

sin xz 
1-x2  

17.2 

The solution contains two complementary solutions. The deflection 
from these solutions is consequently assumed to be zero. Thus 

1 — *2  

1 

I — ^ 

cos xz 

sin xz 

— X 

1-x2  
sin xz 

C = 
1 -*2 

COS xz 

At xz = s • 2TI , where s is an integer, we get 

1 

1 - x2 

0 

fj = 0 

1 — x2  

and at this very moment the acceleration begins. If 

d2[f/ 

dt2  

di/ / 
— = at -f- OJ0  

dt 

at2  

y = — + co0t  

d2y/ 

dz2  
= f = 2k 

we get dy/ / o i i & —- = I// = 2AZ + 
dz 

y/ = Az* + xz 

17.3 
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where X 

Insertion into the eq. 17.1 gives 

2Q 2 ' 

= cos (Àz 2 - \ -x z )  )  

C+C =  sin  ( Az 2 - \ -xz ) f  

According to Kamke [8] the solution is 

T 

t ]  =  A 1 2  sin z+B 1 2  COS T+ j  cos (Åx 2 + xx)  sin ( z -x )dx  
o 

r 

C = A22 sin r+-ß22 cos T+ f  sin (A^2+ xx)  sin ( z -x )dx  
ô 

The boundary conditions 17.3 give 

A12 — 0 
l - x 2  

1 - x 2  
B 2 2 =  0  

and consequently 

1 J 
>7 = cos r + J  c os (Â£2+ j*#) sin ( z -x )dx  

1 x  5 

^ r C = -2sin T + J sin (Arc2+ sin ( z -x )dx  
1 « 0 

The integrals can be split up into Fresnel's integrals. If 

T 

I x  = j  cos (Åx 2 J r  xx)  sin ( z-x )dx  — 
o 

T r 

= sin T f  co s {h x 2 - \ -  xx )  cos x  dx—cos z  )  cos (Åx 2  - j -  xx )  sin xdx  
6 o 

T 

/n = j  cos (Åx 2 -J - xx)  cos x  dx  

18.1 



19 

/ 1 2  = J cos (Ax 2 - \ -xx)  sin x dx 
ô 

and 
r 

I 2  = j s in (Aa:2 + xx)  sin (r-x)dx =  
o 

T r 

— sin r J sin (Ax 2 - \ -  xx)  cos x dx— cos r j  sin (Xx 2 - \ -xx)  sina:dx 
0 0 

r 

/21 = j sin (Ax 2 -{-  xx)  cos x dx 
ô 

T 

122 =  sin (Xx 2 - \ -  xx)  sin x dx 
o 

we may write with ax = (x- \ - \ )  and a2 = (x—1) that 

T T 

2/n — j  co s (X x 2 -{-  a^dx-'r  J cos (Xx 2  <x 2x)dx 
ô o 
T T 

2/12 == J sin (Xx2 - \ -<xxx)dx— J sin ( lx2 - \ -  a 2x)dx 
o o 
T r 

2/21 = / sin (Ax2+ J sin (Xx2 - \ -  oc 2x)dx 
ô 0 
t r 

21 2 2  = — J cos (Aa:2-f- ax:r) da: -f- / cos ( X x 2 c n 2 x )  d x  
o 0 

Only two basic types of i ntegrals occur, viz. 

T 

Ij  =  f cos ( foe 24- ocx)  dx 
ô 
T 

I jj = j  sin (Xx2 J \ -  ax)  dx 

Substitute 
u  =  q  ( 0 + i )  

q  V x  
foe 

0 = — 
a 
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Then 

À or a  o c  o r  
A x 2 - r  ax  = a x 2 •  [ - a x  •  —  =  

A  o c 2  A  ö l  A  \  o c  

AaA2 a2 A x  

A  a  

r / 1 \2 11 I  u \  2  1 
ö  +  ö  -  7  = ? 2  I _J  

_\ 2/ 4 J \ g y 4 
—  q 2 ( 0 2 J r 0 )  =  q 2  I  6 /  H  1  I  =  Q z  I  I  =  u 1  —  

Further 

a a ( u  1 )  o c  a2 1 
d x  —  —  •  d O  =  —  •  d  [  >  =  —  •  d u  =  —  •  —  -  d u  

A  A  \ q  2 J A q  A  o c q  

q  ^  d u  

V* 
and consequently 

I ,  =  

i i  

1  M . ( . a )  /  q 2  .  
/ cos I u 2  \ d u  

l/A 4 \ 4 ,1 

where 

w(a) = g(- + M = —f AT 
a 2 / a 1/2 

=  — l  A  T + -

Now we may write 

2 «(a) 

L  

2 M (a) 
1  (  t  T '  V  r  I  

—j= j cos — / cos u2 d u  + sin — f sin a 2 d u  >  

V  A  [  q  2 4 g /2 J 

" Va I 

and in a similar manner 

C  ( u ( a ) )  —  C  ( y j  I  c o s  j  S  ( u ( o c ) )  —  S  (  ~  
. T  sin — 

4 

Vx\ 
S  ( u  ( a ) )  —  S  I —  

T  cos  
4 

C  ( u  ( a ) )  —  C  I -
• ( l \  

sin — 
4 
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where Fresnel's integrals are defined as 

rr 1 cos u2 1 sin u 2  

8 

and 

1 sin u2 1 cos u'2 

S ( u )  =  J  si n x 2 dx  

C ( u )  =  J  c os x 2  d x  

The series are valid for large arguments. 

These functions have been computed, see for instance [12], and the 
primary problem is solved. 

Now we turn to a special case. Assuming that the shaft is started 
from rest, we have k — 0, ax = 1, and a2 = — 1. This will g ive 

1 I 1 
"2IU = I j  (a = 1) -f- / j (a = — 1) = 7— \ C  (W j) -f - C  ( u 2 ) ]  cos —— + 

4  A  

+  [ S  M  +  8  ( u 2 ) ]  sin — 
4 A  

2/12 = I n  (a = 1 ) —I n  (a = — 1) = —— $ (w2)] cos  

7ir 

L I ,  
Kir 4 A  

1 / 0,5 \ 1 / 0,5 \ 1 
[C («J - C («,)] sm- - 2 S (cos- + 2 C(^J sin- | 

2/21 = /7/ (a = 1) + I H  (a = — 1) = —— \ [ S  K) +  S  (w2)] cos — — 
V Ä  4  A  

[ C  ( u j )  +  C  (w2)] sin — 
4 A  

-122 — 11 (a — 1 ) + 11 (<* 

+ [ 

1 

7Î 
[ —  C (wj) -f C  (u 2 )] cos 

4 1  

where u, — 

1 / 0,5 \ 1 / 0,5 \ 
S (wx) + 6' (ït2)]sin 1- 2 Ol—=1 cos 1- 2 $( —— Isin 

4 ^  \ V x j  ^  \ V x l  

1  =  7ï(" r  +  î)  

. 11 in — > 
4 A  

and Uo ------ —7= ( å t  —  -
iM 2 

When r~>oo 
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$ ( w x )  =  S ( u 2 )  —  C ( w j )  =  C ( w 2 )  =  __ and if À is a small number 
8 

Thus 

\=-]/" 
'x l 8 l/I 

'»"TT fï 

'"Frtë 

'"wfï 

1 1 
cos —- 4- sin — 

4 Å  4 À  

1 . 1 
cos 1- sin — 

4  A  4 1  

1 . 1 
cos — — sin — -

4 A  4 A  

1 1 
cos — + sin — 

4 A  4 A  

22.1  

From eq. 18.1 we have 

r\ — cos r+/u sin r—/12 cos r 

C = /21 sin t—122 cos T 

and from here, if > 1 ( i ,  j  = 1,2) 

( R  
= rf + £2 = {I2

n + I\x) sin2 r + {I\2 + i|2) cos2 r -

(/il /j2 ~t~ 1 21 122) 2 T 

22.2 

Insertion of th e eqs 22.1 gives 

£ „ n/ä 
2 1 '  1  

22.3 

The eqs 22.1, 22.2, and 22.3 say that a disc started from rest and 
accelerated with a constant, rather slow angular acceleration at 
infinitely high speed whirls with its natural frequency with a constant 
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1 
Fig. 23.1 

deflection of the centre of gravity. This does not seem to have been 
mentioned earlier. 

It can be shown that if A<0 and x>l the eq. 22.3 still holds as 

R i i 
a limiting value of —if X is changed to U . 

e 

From fig. 23.1 
Vg = n+V 

and hence 
\frG = ij/ 

Thus while G moves around B on a circle of radius Rœ with the nat­
ural angular velocity Qn the point S whirls around Gona circle of 
radius e and with the forced angular velocity at. Further 
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and thus 

[2A +  e *( - l  +  I|/i)]<*S < 2À + e2 1 îVï)] 
If the acceleration is broken at the "time" r — rs and then the 

shaft is driven so that it maintains \J/ = xs = const, in the following, 
we get 

>7 = A13 sin ^"+^13 c°s T-

C — A23 sin t JrB23 cos r-

1 — x\ 
-Z COS X S X  

1 — 
sin x „T 

The constants A13, B13, A23 and B23 may be determined from the 
boundary conditions 

r = TC ^ = fis il = f'h 

c = C c = cs 

However, the deflections due to the complementary solutions in 
practice may vanish because of external damping and then only the 
deflection due to the particular solutions remains. Thus 

e 

1 

1 — x2J 

If xs->oo, Rs->0. 
The case x = xs — 1 has the particular solutions 

rt — -sin T 
9 

cos T 

The following always apply 

r) — p cos r/? -j-cos y / 

Ç = p sin <p + sin y/ 
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Fig. 25.1 

and from here 

p  sin 6  = r j  sin y / —  C cos y j  = | - sin2 r + — cos2 T 

Further fig. 25.1 gives 

sin v  
p  sin ( n  —  o )  p  sin 9  

From eq. 25.2 we get 

and 

v — 

25.2 
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B 
Fig. 26.1 

The position of the centre of gr avity in this case is shown in fig. 26.1. 
The "torque" demanded is from eq. 14.2 

Mfn — s2p sin 0 — £2 • — 26.2 

This "torque'1 is just enough to keep the shaft moving with the 
natural angular velocity. The expression 26.2 is derived by Biezeno-
Grammel [1]. It is also indicated that if, at an increasing deflection, 

dM* £2 

—t— > -
dx 2 

the shaft leaves its critical position. The case, however, is hardly 
taken from practice. See more about this in [7] and Chapter 6 in 
this report. 



27 

In a previous example a very slow acceleration was considered. On 
the contrary an infinitely rapid acceleration started from rest gives 

the deflections 
77 —- cos t ) 

and hence 

C = 0 

= cos r 

It means that the shaft deflection varies between zero and 2e .  

4,4. Solution with a Step by Step Method 

The eqs 14.1 can be written (yG = 0) 

p  = —  p { l  —  <p2) + $sintf+t^2 cos 9— — • N* — '2D*(p — i^sin 9)  
an 

2pw \ii \b2 1 ocl2 niT. 
cos 0-( sin 9 -///v ^ — 

p p  p  P a n 

The boundary conditions are 

T = 0 p =  p 0  = 

p =  0 

2 D* 
(pep  - \ -y /  cos 9)  

P 

= 0 y/ = 
1  —  x 2 j  

(p  =  x \f /  =  x 0  =  0 

95 = 0 = 2A Ö = 2A 

The uniform acceleration means that 

i f /  = At2+ ht+^o (Vo — const.) 

Now introduce the notations 

p =  u,  cp =  v 

and the eqs 27.1 can be written 

ù =  f x (p ,  u,  9 ,  v ,  t) ) 

v  =  fi (p ,  U,  9 ,  v ,  t) ] 

27.1 

27.2 
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Further, we approximately have 

Ù  =  —  =  

A T A T 

, _ ^ h» 

A x  Ax 

At t — XQ, then u — u0, v — v0, p = p0, and 6 — 60. Thus 

^ ou = AT h (p0, u0 0 0, v0, Tq) I  

^ov At f2 (po; U0, OQ, V0, T0) j 

t = T1 = (T0+^ • A T)  

At 

then 

At 

then 

u i  — 
uoJr i  ' k ou 

Vi =V0+±-Jc0v 

1 Uq-\- U j A T 
Pi — Po H~ ~ " AT - = /?„-) —- [u0 -f- %) 

2 2 4 

<Pi 
1 

(p0-\- — ' A T •  
v0+ vx  AT 

~ — ^o+ ~ ivo + vi) 
2 4 

^lu f l iPli ^ii ^ij ^l) Ti) 

& L O  = / 2 ( /> 1 S  0 1 }  VL T  T X )  

T  = r2 = (r0+i • AT)  

U2 = uo~\~ \  ' k l u   

^2 = ̂ 0+ 1 ' ^lv 

AT 
Pi = Po~\—— (u i  + ut) 

4 

AT 
<Pz =  ̂ 0+ — K + v2) 

4 

&2u =ATF1{p2, u2, 02 ,  V2, T2) 

2u ATJ2(p2 ,  u2 ,  02 ,  v2 ,  T 2 )  
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At 
T — T3 == (TO + 

then 

w3 — W0 + ̂2u 

V3 — V0JT^2v 

Ax 
Pa = Po~\ (u2 + %) 

I 

<?>3 — <Po + ~ (V2 + V3> 

^3« = Axfi(pz, U3 ,  03 ,  V3 ,  T3) 

/̂ 3Y = Axf-ziPs, U3 ,  03 ,  v3 ,  T3) 

At 
T = r4 = (T0+^T) 

then 

w4 = w0+ 6(&o«+2&iu+2A;2u+fc3u) 

«4 = «0+^(^00+^1»+2^2» +^8») 

Pi = ,.+ £ K+3Wi+4W2+3W3+W4) 
I 

zlr 
<P4 = <Po+ ~ (v0+^1 + 4V2+3V3+V4) 

Ä 4U = AZFI(P W4) Ö4, «4, T4) 

^4tj — Axf^Pi,  ̂ 4' ^4> ^ 4J ^4) 

The values w4, «4, /?4, r/?4, kiu, and &4t) are the final values at the 
"time" R= (T0+^T). Then these values represent the values with 
indices zero for the new step where (T0+ZJT)<T<(T0+2/1T). If we 
start with r0 = 0, u0 — 0 v0 = x, p = p0, and 0 — 90 a ccording to the 
boundary conditions we can calculate all wanted quantities over a 
certain time by this step by step method which is a modified Runge 

method [9]. 
The values of p0  and 0o  for different values of x and D* can be 

found in the tabs 26.1 and 27.1 in [7]. 
About the truncation error see Sec. 4,6. 
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4, 5 .  Shaft with Damping 

For the shaft without friction and damping two solutions are pro­
posed, the exact solution and the numerical step by step solution. 
From the exact solution some general conclusions were made, namely 

— I]/71 

ß 2 \ X  

M* — 2X-\-e2p sin 0 

at infinitely high speed when the shaft is slowly accelerated from rest. 
The exact solution was not used to get other results. With the aid 

of the step by step method some cases with different values of the 
parameters X, x and D* were calculated. The figs on page 31 up to 
page 42 show p as a function of \]/. In some figures the straight line 

^oo n/rc. , 
= R /T is also marked for comparison. It is seen that this line 

e 2 \ X 

very well fit to a mean line for cases with x small enough. 
1 — yc 

The time r* at which ii/ = 1 is r * = . 
22 

Cases with a uniform deceleration are also treated. After a time 

X 
rhl. — — — , \J/ = 0 and the diagrams are finished there. 

It is remarkable that a very rapid braking hardly changes the deflec­
tion of th e shaft. 

The reader may orientate himself quickly in the diagrams by re­
membering that 

1) Each diagram has the same A-value. 
2) There are three D*-valu es which correspond to every x. 

3) Accelerations have A>0 and decelerations 2<0. In the diagrams 
the time-direction is indicated by an arrow. 

4) The /?-curve for Å = 0 is also drawn for comparison. 
In the figs. 43.1 and 44.1 the variation of (p is shown for different 

values of the damping D* at the values X — 0,ooi, x = 0,90 and 
X = —0,001, x = 1,25 respectively. They show that the whirling 
speed (p "fast ens" at the critical speed at small values of the external 
damping. 
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Fig. 34.1 
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D= Q,00i36=V75 

D*= 0,01 i 36=1,75 

cf=(XiQi3e=i,75 

Å=-0,050 

[f= 0,01 i 36=1,25 

CT= 0,10,36=1,25 

D=gooi3e=i,5o__ 

Cf= 0,10)96=1,50 

D=0,00,36=2,00-

Fig. 38.1 
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cf=0,00; 3t=1,25 

CT=0|00; «=1,50 

D=0,Q1; 3t=1,50 

2,5 2,o 1,5 1,0 0,5 0 
y 

Fig. 41.1 
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o 0.5 1,0 

Fig. 42.1 

1,5 

A =-10,ol 

CT=0,00; #=1,25 

D=0,00; 3t=1,50 

Cf=QOO, 3 1=1,75 

D=0,oo, 3t=2,oo 

2.0 * 
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4, 6 .  The Truncation Error 

By using the method outlined in Sec. 4,4 for solving the differential 
equations in 27.1 we get after each step an error due to the extrapola­
tion. It is impractical to try to correct for this error after each step 
in automatic work. However, it is a matter of fact that the error 
from this source, if uncorrected, tends to grow and accumulate as 
the solution proceeds. After considerable time the accuracy of any 
significant figure of the numerical solution might be impaired. 

Furthermore, the truncation error does not represent the only 
source of uncertainty concerning the correctness of the solution. By 
using a digital computer with a limited capacity there also occurs an 
accidental error due to the necessity of rounding-off the numbers. It 
will be pointed out that the truncation error is systematic in nature. 

These two kinds of errors co-exist and interact and they will con­
spire to affect the precision of the solution adversely. 

There exists a general method [9] which can be used for following 
the accumulation of error in numerical solutions of differential equa­
tions. This method is, however, hardly suitable for our complicated 
equations. Instead of u sing this method some simple calculations were 
made. In our cases we only wanted to investigate, as an example, the 
function p over a limited range of the running coordinate x. The 
conditions at r = 0 are known and we want to know the variation 
of p o ver the range in x. For practical purpose two decimals in p a re 
enough and by trying different values of Ax a value of Ax could be 
determined which at least gave the wanted accuracy. The value of p of 
course varied with the value of X bu t on the whole the calculations 
were carried out with Ay./ ä; 1 radian. By a calculation with 2 = 0, 
x = 0,9 0, and D* = 0,01 the value of p d ecreased from 4,244158 to 
4,244151 after 40 steps with Ax = 1. In the most cumbersome cases 

the machine had to compute 350 steps. 
It was also possible to compare with the two cases treated by 

Dimentberg [3]. In the first case he has x, = 0,90, X = 0,001, D* = 0 
and he got the maximum deflection of t he centre of g ravity G Rmax = 

33,9 e at \[/ — 1 ,09 (this is seen from a diagram). The calculations with 
the step by step method gave with Ax — 1 that Bmax = 32,88 e at 
i]/ = 1,09 6 (interpolated values). Dimentberg also gives results for 
a n o t h e r  d a m p i n g  c o e f f i c i e n t  D *  =  0 , 0 1 0 6  a n d  h e  g o t  R m a x  =  2 0 , 7  e  

at \j/ = 1,07 5 (from a diagram). The corresponding values with the 
s t e p  b y  s t e p  m e t h o d  a r e  ( A x  =  1 )  R m a x  =  2 2 , 5 8  e  a t  i f t  —  1 , 0 8 4  

(interpolated values). 
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The values from the digital computer are shown in the tabs 46.1 
and 46.2. 

/ = 0, 001  «  = 0, 90  £>*  = 0, 00  

«Â 0 (rad) 
Il 

«Â Q 0 (rad) 
e 

1, 0700  30 ,2223  2 ,25849  29, 60  

1, 0800  32 ,0597  2 ,56702  31, 22  

1, 0900  33, 1438  2 ,91278  32 ,17  

1, 1000  33, 2233  3, 30 234  32 ,23  

1, 1100  32 ,132 2  3, 74609  31, 32  

Tab. 46.1 

A= 0 ,001  % =  0, 90  D* = 0, 01  

>Â 
B 

>Â Q 0 (rad) 
e 

1, 0700  22, 7276  2, 30375  22, 07  

1, 0800  23 ,3710  2 ,58755  22, 50  

1, 0900  23 ,3090  2, 90238  22, 32  

1 ,10 00  22, 362  3, 25344  21, 35  

Tab. 46.2 

It ought to be mentioned that the calculations in the present report 
had not been carried out if a digital computer had not been at our 
disposal. For computing one step by hand about 16 hours was needed 
and the machine only needed 40 seconds for the same procedure. 

4,7. Photographic Study of the Behaviour of a Rotor During Tran­
sition of t he Critical Speed 

Several questions arise in connection with the behaviour of a rotor 
when it passes its critical speed. 

What is the phase-angle relation during the acceleration (retarda­
tion)? 

How does the damping influence this relation? 
How does the damping influence on the deflections? 
How great is the damping in a practical case? 



Fig. 47.1 
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These questions are answered to some degree by the results from 
the theoretical study in the preceding chapters. However, the theoret­
ical results are of no practical interest if the rotor in practice does 
not behave in the way predicted. In order to check the theory some 
experiments were done with the equipment and instrumentation 
shown in fig. 47.1. 

An A.C. motor (A) with a variator turned a 15 mm circular shaft 
(B). The free end of the shaft carried an unbalanced disc (D). The 
deflection of th e shaft was limited by a collar (C). 

The lower side of t he disc was painted black and the centre of t he 
shaft (S) was marked by a yellow point. The position of t he point S 
at rest was shown by two thin steel wires painted in a yellow colour 
in right angles to each other. The carrier of these wires (E) can be 
seen in fig. 47.1. From the point S a scribed line showed the angular 
position of the centre of gravity (G) of the disc. The loci of th e point S 
was observed by light reflected from the point S and the steel wires and 
then the position of t he point G could be determined with the aid of 
the scribed line and the known value of th e eccentricity e of the disc. 

In an optical way the deflection of the shaft was magnified by a 
magnifying glass (F) and after a reflection in a mirror (H) the course 
was filmed by a "slow motion camera" (K). The camera took approx. 
3000 photos per second. 

At first the camera was calibrated by running the shaft at a con­
stant speed. Then both accelerations and decelerations through the 
critical speed of t he rotor were filmed. 

With the aid of a film reading device then all wanted quantities 
during the course could be obtained. 

4,71. Acceleration 

In order to analyze the course at acceleration through the critical 
speed the shaft was driven at a uniform sub-critical speed. Then the 
camera was started and after one second the rotor was accelerated 
for four seconds by changing the position of a knob on the variator. 
During the acceleration the rotor passed its critical speed. Because 
of this manual operation the acceleration was not uniform. 

The critical speed of the rotor was 1158 r.p.m. and the tests were 
started at 800 r.p.m. and 900 r.p.m. Four films were taken. Because 
of the cumbersome evaluation of t he films only one of t hese was sub­
jected to a close examination. In this the shaft deflection r and the 
phase angle shaft 6 were determined. Three pieces of the film are 
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/ 

13 

Sub-critical constant speed (0 = 0°) (11 — 14). 

/ 

14 

\ \ \ \ 

25 26 27 28 
! 

Post-critical speeds just above the critical speed (d~ 90°) (21 — 28). 

31 32 

Post-critical constant speed (0=180°) (31 — 34). 

Fig. 49.1 

shown in fig. 49.1. The results are also shown in the figs 50.1 and 51.1. 
In these figures also theoretical results are drawn for a mean value of 

the acceleration. 
Further, calculations were carried out for different values of the 

damping factor D*. 
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X =-0.000345 

3t= 1.123 

CT=0,000; 9^=0 
0,000; 9  ̂TT 

4,72. Deceleration 

When filming the course during deceleration through the critical 
speed the motor at first turned the shaft at a uniform post-critical 
speed. The camera was started and after one second the rotor was 
manually decelerated through its critical speed. At the test described 
here the initial value of the speed of the shaft was 1300 r.p.m. From 
the film the shaft deflection and the phase angle shift 9 were deter­
mined and the results are shown in the figs 52.1 and 53.1. 

The theoretical curves with different values of the damping are 
calculated for the mean value of the dece]eration. 
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Fig. 53.1 

As as curiosity a curve with a faulty assumption concerning the 
start angle 6 is shown. At a constant post-critical speed 6 = n always 
at zero damping but in fig. 52.1 it is also calculated for the case 9 = 0. 
After some violent vibrations the shaft takes a form similar to the 
correct one. 

The test curve also shows such vibrations of small amplitude. 

4,73. Conclusions 

For practical reasons the tests could not be made with absolutely 
constant acceleration. In the acceleration tests the 2-value was con­
trolled by hand but in the deceleration tests with the aid of a n electri-
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cally controlled brake. Thus the accuracy in a comparison between 
test and theory ought to be better in the braking tests and that has 
also happened. 

In fig. 50.1 can be seen that at the start the shaft was disturbed 
by a secondary critical speed. This and the non-uniform acceleration 
cooperate to disturb this test. The results are therefore more of a 
qualitative nature. 

Concerning the jD*-value it ought to be emphasized that in the 
test apparatus both external and internal damping were present. 
Further, the disc also gave rise to gyroscopic moments. The theory 
does not consider internal damping or gyroscopic moments. 

It has been shown in [7] that the sum of the external and internal 
damping coefficients occurs in the differential equations for the motion 
of the disc. The internal damping, however, also occurs in another 
term. Because the tests show stable motion (limited deflections) at 
post-critical speeds one can, as a first approximation, neglect the 
action of this "internal-damping-term" besides the "sum-term". 

As a matter of fact it was shown in [ 7] that the "sum-term" always 
causes stable motion if the "internal-damping-term" is not present. 
On the contrary, if the amount from external damping in the "sum-
term" is zero the rotor is unstable at all post-critical whirl speeds. 
We can therefore, from the braking tests, conclude that 
(0 , 0 1 0 ^0 , 0 1 5 ) .  

The great advantage of these tests was that it was possible to 
follow visibly the change of 9 and r when the shaft passed its critical 
speed as the fig. 49.1 shows. 

4, 8 .  Experimental Investigation with the Aid of a Recorder 

The apparatus shown in fig. 64.2 of [7] was also used for studying 
the behaviour of t he rotor during transition through its critical speed. 
The electric signals from the capacitive pick-ups in fig. 64.3 of [7] 
were, after amplifying, rectified and led to a recorder. On the graph 
was written, besides the deflections of the disc in two directions 
perpendicular to each other, the speed of the motor and the torque 
delivered from the motor. The place where the torque was measured 
can be seen in the fig. 64.2 of [7]. 

Tests were carried out for both acceleration and deceleration through 
the critical speed. The shaft was turned by a D.C.motor. The speed 
of the motor was changed manually during the acceleration tests. 
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Fig. 56.1 

The aim was to get a constant acceleration. During the deceleration 
tests a brake caused a practically constant deceleration. 

Here one of t he acceleration tests and two of the deceleration tests 
are accounted for. 

A hinged-hinged-free shaft was used (See figure on page 218 of [6]) 
and Hi = 0,80. The ordinary critical speed was 1090 r.p.m. The 
eccentricity of the disc was 0,13 mm. 

4,81. Acceleration 

In one test the rotor was accelerated from 817 r.p.m. Thus 
817 

X— = 0,7 5. The graph from this test is shown in fig. 55.1. 
1090 
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From the graph in which the deflections of th e disc centre were regis­
tered in two directions perpendicular to each other the /^-values 
could be evaluated at different times and they are plotted in fig. 56.1. 
In this figure also theoretical curves for X = 0,oon are drawn for 
some values of the damping factor D*. The X-value can be obtained 
from the test in two different manners. One possibility is to use the 
expression 

a 15 1 dn 
= 2 " ~T7 58.2 

2co„ 7z dt  

dn 
and take —from the test. The other way is to use the formula 

dt J  

M i n  

TT, ^ 58.3 
Hp Mn 
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Fig. 59.1 

and take M i n  from the test. (M i n  is the torque delivered from the 
motor). The motor did not give a constant torque. Here is the mean 
torque estimated. The two methods did not give exactly the same 
value. From eq. 58.2 the A-value 0,0010 was calculated. The eq. 58.3 
gave a higher value, viz. X = 0,oon. Curves are only drawn for the 
higher value of X. 
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4,82. Deceleration 

The deceleration tests could be done more accurately than the 
acceleration tests because the brake gave a very uniform deceleration. 
Two adjustments of the brake were used. The formulas 58.2 and 58.3 
are still applicable for determining the A-value. 

In the first test the graph in fig. 57.1 was obtained and in fig. 58.1 
the p-values are plotted against the time. In the last figure also theo-
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retical curves are drawn for = A —0,00125 which is a representative 
value for this test. Calculations are carried out for some values of the 
damping factor D*. Before braking the shaft was turned at 1537 r.p.m. 

1537 
which gives x = = 1,41. 

6 1090 
The second test gave a graph shown in fig. 59.1 and the p-values 

are plotted in fig. 60.1. Theoretical curves are here drawn for X — 
—0,00645.  In this test x  — 1 ,50.  

4 ,83.  Conclus ions 

Also in the tests registered by a recorder the disturbance from 
secondary critical speeds (or speed) is obvious. Concerning the external 
and internal damping during the tests the same circumstances as 
mentioned in Sec. 4,7 3 were valid. 



5. Running through the Critical Speed with 
Varying Acceleration 

From eq. 14.2 we get (if N* = = fiB  = 0) for a rotor with one 
disc 

M* = iß -f E2p sin 6 62.1 

In our test machines |^| >0, 6 9  • 10-3, e 2  = 1CT6, and p < 5 0. Thus 
£2p<g.iß and this probably also holds for most machines in practice. 
Often the torque-speed-curve for a motor is known. As an example, 
the induction motor often has a torque-speed curve according to fig. 
63.1. 

One consequently can say that this curve also represents the varia­
tion in Å during the acceleration from the practical point of view. 
Thus the M—w-curves are by changing scales also the X—\j/-curve 
(iß — 22). In order to elucidate what happens at such a varying 
acceleration some numerical results are presented. Four cases were 
computed with the assumption that the motor had a M—w-curve as 
in fig. 63.2. 

If 0<n<wx M is constant 

ni<n<.\,25 nx  M is linearly decreasing. 

This can also be expressed as 

0 Å — A0(= const.) 

<Åi<<Å<l,25^ X = 20(5 1^—4 \J/) '  

The programme for the digital computer was written in such a way 
that it could handle varying X. M oreover, the A-value was permitted 
to vary arbitrarily. In the step by step method this is easily done. 
During each step the 2-value was constant but it varied from one 
step to another. 

The properties of the four cases treated are collected in tab. 68.1. 
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Case Â  X  I ) *  •Åi 

1 o,o i 0 ,50 0,0 1 0 ,98 

2 0,00 1 0 ,50 0,0 1 1 ,00 

0,01 0,50 0,0 1 1 ,30 (at  (Jniux) 

4 0,ooi 0,50 0,01 1,08 (at  Q m a x )  

Tab. (38.1 

Tu the first two cases values are taken from previous calculations 
in Chapter 4 up to ij/ = 0,98 and \J/ = 1,00 respectively. (In case 1 
•Ai = 1 was also wanted but initial values were available only for 
I]/ = 0,98 or \]/ = 1,02.) 

In the last two cases the acceleration decrease enters at maximum 
shaft deflection. 

The results from the calculations are shown in the figs 64.1, 65.1, 
66.1, and 67.1. 

For comparison the curves with constant X =  X 0  are also drawn. 
We see that in the cases 3 and 4 the maximum shaft deflection is 

the same as if X has had the value X0 al l the time. 
However, in the cases 1 and 2 the shaft deflection is somewhat 

higher due to the falling A-value. In case 1 the increase is 11,3 per 
cent and in case 2 the corresponding value is 2,2 per cent. It ought 
to be mentioned that in case 1 the value A0 = 0,oio means a very 
rapid acceleration. 

The conclusion is obvious. In most machines the decreasing torque 
from the motor after passing the critical speed hardly influences the 
maximum shaft deflection. 



6. The Condition of a Rotor for being Able to Pass 
trough the Critical Speed without Deforming 

The problem of fi nding a critérium when a machine will pass or not 
pass its critical speed is old. It was treated by Biezeno an d Grammel 
1939, [Ij. From their book is quoted: „Um die Maschinen über den 
gefährlichen Bereicht hinwegzubringen, muss in der Umgebung von 
mc das Antriebsmoment Min mindestens mit der Geschwindigkeit 

^ = I . e y f û V >  6 9 . 1  
dt 2 

gesteigert werden". 
The expression 69.1 was also derived in [7] with the assumption 

that the speed of the rotor was Qc and by some means the deflection 
of the shaft was limited to a finite value. Then this deflection limiter 
was vanished and in order to keep the shaft at the critical state with 
K = +1 the input torque must be as in eq. 69.1. 

Because of the fact that the condition is derived with the assump­
tion A = 0 it can only be applied to this case. From the eq. 62.1 we 
get 

{/} = 2X = Mfn—i?p sin 0 

If Mfn is small we get large deflections in the neighbourhood of the 
critical speed if the external damping is small. Consequently $ 
decreases because the shaft transforms part of the input energy to 
potential energy in bending. Thus the condition of Biezeno and Gram­
mel only holds if Mfn is of the same size as s2p. F or other cases, and 
they indeed are in overwhelming majority, that condition is mis-

dMin . , 
leading because it also states that —-— must be positive. It may well 

an 

be that < 0 and still the rotor passes its critical speed. This 
dn 

happens if (Mfn—s2p sin0)>O and the stresses of the shaft can be 
allowed. The condition for a shaft for passing its critical speed ought 
therefore be formulated: 
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A shaft can run through its critical speed without danger if the 
maximum deflection does not create plastic deformation of t he shaft. 

This general rule ought to be drawn up in more concrete terms for 
convenience in design work. Suppose that in a piece of machinery all 
geometrical data and the M—w-curve are known. At first we calculate 
the critical speed OJC. The "mean" value of X can be calculated from 
the expression 

M in 
Xm — (if f'^Pmax ^ Mfn which must be rechecked at 

21 p orc 

the end of the calculation) 

where MIllin < Min <Mmax if nc<n1 in fig. 63.1 (An analogous dis­
cussion can be made for other types of M—w-curves). 

Then the maximum shaft deflection at the disc during the accelera­
tion through the critical speed can be taken from the curves in 
Sec. 4,5. If the actual values could not be found there the following 
approximate formula can give some help: 

' \  
(Pmax) disc ^ ' ~ 

2 

This formula gives values, fair enough for practical purposes, if 
x^.1 and A <0,010. (At deceleration through the critical speed the 
A-value is practically constant and one gets 

M"r 
2 Iv col 

where Mbr is the braking torque. Then the computation is the same 
as for acceleration). When pmax has been calculated the corresponding 
maximum bending stress of the shaft can be expressed with the aid 
of the eccentricity. Thus, if the force at the disc is F, we get 

ii (Pmax) disc t = e • — 
(<*f) disc 

and the maximum bending moment can be written 

/ ,1,f \ t7< r (Pmax)disc r { M b )  m a x  = 1< L
M = e •— * LM 

\  a F )  d i s c  
where LM is a length characteristic for the kind of su pport. With the 
aid of a proper strength theory (for steel the maximum strain energy 
theory or the maximum shear theory [11]) the maximum allowable 
value of e can be determined. 

In Chapter 8 an actual case is treated. 



7. The Action of a Deflection Limiter 
It is of gr eat practical interest to know the properties of a deflection 

limiter of the type shown in fig. 8.1. At first the case with constant 
speed and A' = +1 is s tudied and then the case with acceleration. 
The presumptions for the arrangement are accounted for in Chapter 3. 

7,1. Analysis of the Steady State 

Consider the case in fig. 8.1, where the shaft whirls with an angular 
Tcicl 

velocity Q  and the shaft rotates with the same velocity ( K  =  +  1  ) .  

It is assumed that no external or internal damping exist and the 
deflection limiter cannot cause any tangential forces. 

From the eqs 14.1 and 14.3 the following is ob tained 

alla22 

The upper sign is val id when 0 = 0  and the lower one when 0  = n .  

From these equations p and N* can be solved and the result is 

0 = —p+p\l/2±\j/2 — - N* 
a, i 

P  
N* = ̂   

I — 

(k is an arbitrary constant). 



If O = 0 the eqs 71.1 are only valid if N *>0 which means 

1 . 1 
- < «Ä2 < -

1 + 
C12 ^12  

'all's 22 

and if 0 = n a corresponding condition can be determined. 

•Å2 
If N* = 0 we of course get p = j—r . Now a special case is 

L —i//2 

treated for elucidating the properties of the deflection limiter. Con­
sider the rotor in fig. 8.1, in which = 0,50, x2 — 0,10, and A* — 
3,55. For example, with the aid of the influence numbers on page 
215 in [6] we get 

0 = 0 

P = 
2 5 , 0 2 8 0 4 3  - f t / / 2   

3,08 08 9 6 — 1//2 

—  3 , 0 8 0 8 9 0 + 3 , 3 4 4 2 8  I  if/2 

Ar* = 27, 3 9 1 9 7 0  
3, 0 8 6 8 9 0  —  i ^ 2   

0 , 9 6 0 7 4 8  < ^ < 1 , 7  5 6 9 56  

and 

2 5 , 0 2 8 6 4 3  —  i ^ 2  

3 , 0 8 0 8 9 6— i ^ 2  

A7"* = 2 7 , 3 9 1 9 7 0  
3, 0 8 6 8 9 6  - f -  2, 8 2 9 5 1 1  0 2  

3 , 0 8 6 8 9 6  —  ̂ 2  

1 , 0 4 4 4 9 2 < | / / < 1 , 7 5 6 9 5 6  

The /^-curves are shown in fig. 74.1. Observe that if a curve has the 
"label" BSG it means that on the straight line BSG the centre of 
gravity G lies ou tside the shaft S and the bearing B. If the "label" 
is BGS the centre of gravity is between B and S. It can also be seen 
that if the shaft "deflection" p is greater than 12 the shaft has con­
tact with the deflection limiter. Further, if 

1 , 0  4  4  4  9  2  <  i / /  <  1 , 7 5 6 9 5 0  

the shaft has three possibilities to come into equilibrium, viz. 
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1) AT*>0; G outside B and S 

2) iV*>0; G between B and S > 73.1 

3) A7* —0; G between B and S 

It can also be concluded that the deflection limiter without friction 
needs external help to reach the lower curve 3) and in that way 
justify its name. If the rotor is not disturbed the deflection limiter 
just moves the critical speed to a higher value. 

The AT*-curves are drawn in fig. 75.1. An interesting thing is that 
opposed to the rotor without a deflection limiter in this case we get 
that the "BSG-curves" and "BGS-curves" are valid mainly over the 
same range of the speed. Another thing worth mentioning is that 
above the speed iJJ = 1,756956 the rotor cannot have contact with 

the deflection limiter. 

7,2 .  Analysis of a n Accelerated Rotor 

In Sec. 7,1 a special rotor was investigated with respect to the 
steady state. It was also obtained that the rotor within a special 
range of t he motor speed could take different positions of equilibrium. 
The case is only theoretical because the absence of friction in the 
deflection limiter. An important task is to investigate if this friction 
can force the shaft to take the lower curve 3) in 74.1 after an accelera­
tion through the critical speed. This might be the necessary disturbing 
factor mentioned in the previous section. 

Therefore, the example was further treated. The shaft was supposed 
to be accelerated with X — 0,001 from ^ = 0,90. The external damp­
ing factor D* had the value 0,01 which is a '"practical" value from 
the tests in Chapter 4. 

Three different values of the coefficient of friction were used, viz. 
pN = 0, 0,10, and 0,50. The p- and Ar*-curves are shown in the figs 
74.1 and 75.1. If pN = 0 we get pmax = 54, l and if no deflection limiter 
had been present fig. 31.1 gives pmax = 23,5. Thus the deflection 
limiter here serves as a "deflection amplifier". 

We can consequently make the statement, that the main property 
of a deflection limiter must be the capability of in troducing tangential 
forces to the whirling of the rotor. From this also follows that the 
deflection limiter must not necessarily be placed close to the disc. 
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In fig. 76.1 the velocity of t he whirling is shown. From this figure 
and fig. 74.1 it follows th at greater variations in (p give smaller p-

values which agrees with the statement above. When the shaft has 
left the deflection limiter after the acceleration through the critical 
speed it whirls roughly with the critical speed (ç>â1). After a long 
enough time (p may coincide with if/ if th e rotor is kept with a constant 
speed after the acceleration. See more about this matter on page 24. 
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8. Experimental Investigation of a Deforming Shaft 

In previous parts of the present report the condition for a rotor for 
being able to pass its critical speed and the action of a deflection 
limiter have been treated. Here some tests concerning these matters 
are accounted for. The test apparatus in the figs 64.2, 64.3 and 64.4 
in [7] was used with a vertical hinged-hinged shaft with xx = 0,20 and 
x2 = 0,16 (See Chapter 14 in [6]). Other data were: if = 9,87 kg, Ip = 
0,U4 kgm2, e = 0,13 mm, L = 729 mm, E = 20,3 • 1010 N/m2, and 

d — 15,00 mm. The shaft was driven by an A.C. motor and the de­
livered input torque can be seen in fig. 79.1. 

In the first test (Test 103) a deflection limiter was used and the 
result can be seen in fig. 79.1. After reaching a relatively high speed 
the shaft became "centred". 

In the second test (Test 104) the deflection limiter was taken away. 
Now it will be checked by the theory developed in Chapter 6 if the 
rotor will pass its critical speed or not. 

The critical speed (K = +1) can be calculated to 1260 r.p.m. The 
motor delivers ä 33 Nm up to the critical speed. Thus 

and thus rmax = 11,7 • 0,13 mm = 1,5 2 mm. For the hinged-hinged 
shaft the connection between the force F and the deflection rwax is 
(with a new m eaning of th e notation x2) 

33 
= 0,00825 

The maximum deflection of the shaft (no damping) is 

max 

3 EI 
F = 

{x1x2)2 L3 
• r, max 
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The maximum bending torque is 

3 EI 
(Mb)max * T o '  max 

xxx% L~ 

and then the maximum bending stress 

1,5 drmax 
Mmax =— y f ' E  

x1x2 L2 

In our case (ob)max = 82 . For the shear stress we get 
mm2 

33 • 103 N N 
zmax = = 50 

n • 153 mm2 mm2 

16 

The press fit between the shaft and the disc gave the pressure 
N mi 

jj x 55 . .1 hese stresses and the friction stresses on the surface of 
mm2 

the shaft cannot result into yielding because the material had its 
N 

"yield point ' at 275 . From this calculation we would expect 
mm2 

the shaft to be able to pass its critical speed without plastic deforma­
tion. But this did not happen as the figs 80.1 and 81.1 show. The 
photo in fig. 81.1 was taken after reassembly. 

The explanation may be the following. 
It was derived in [7] that a rotor subjected to both external and 

internal damping got increasing deflections at whirling speeds higher 
than a certain value. This has also been observed in experimental 
investigations in our laboratory. 

It is remarkable that the deflections of the shaft at speeds in the 
vicinity of the critical state was comparatively small. Hence, as the 
critérium stated, the shaft was able to pass the critical speed without 
any plastic deformation. However, valuable experience was reached. 
It was not sufficient to control only the possibility of the rotor to 
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pass the critical speed. The stability of th e motion at the actual post-
critical whirling speed range must also be checked. Unfortunately, 
the knowledge of the external and internal damping is still too little 
to give reliable results concerning the boundary between whirling 
speed zones with stable or instable motion. 

6 



9. Comparison between Two Kinds of External Damp­
ing for a Rotor Passing Its Critical Speed 

In a previous report [7] two kinds of external damping were treated. 
This was divided into the cases when on one hand the damping force 
was applied in the centre of gravity G (damping coefficient denoted 
D*) and on the other hand when this force was acting in the centre 
S of t he shaft (damping coefficient denoted D*). The result was that 
at small damping forces these two kinds gave practically the same 
deflection to the shaft at a constant whirling with K — + 1. 

In this section a comparison is carried out for one accelerated and 
one decelerated motion through the critical speed of the shaft. For 
the acceleration X — 0,001 and % = 0,9 0 were valid and the corre­
sponding values for the deceleration X = — 0,ooi and ^ = 1,25.The 
results are shown in fig. 83.1. The difference in respect to the shaft 
deflection could not be shown with the aid of the present scales of 
the coordinate axis. The numerical values of the deflections are also 
collected in the tabs 82.1 and 84.1. Hence, the difference between 
the two damping kinds is negligible. 

2=0,001 *^=0,90 0,01 

Q 
(Damping force 

in S) o 
(Damping force 

in G) 

0 ,95  

1,00 

1 , 05  

1,10 

1 , 15  

1,20 

1 , 25  

1 , 30  

1 , 35  

1 , 40  

5 ,976050  

11 , 723789  

20 , 064577  

22 ,368996  

9 ,128 763  

11 , 385845  

10 , 317537  

7 , 377784  

2 ,945299  

6 ,205871  

5 ,98 0778  

1 1 , 7321  15  

20 , 074509  

22 , 367781  

9 , 130 788  

11 ,3743 47  

10 , 321366  

7 , 3653 99  

2 , 964159  

6 ,217445  

Tab. 82.1 





Â=—0,001  *  =  
D* I 

1, 25  «  !> 0 ,01  
M > 

D*  I 
1, 25  «  !> 0 ,01  

M > 

•À 
(Damping force 

6  i n  S)  

(Damping force 
6  •  N \  c  i n  CT)  

1, 2 0  3, 208027  3, 268  782  
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10. Summary 

After the introductory chapters the basic equations for the motion 
of an unbalanced mass point are derived in Chapter 3. Hereby the 
influences of external damping and a deflection limiterare considered. 
In Chapter 4 these differential equations are solved for the uniformly 
accelerated motion. Two kinds of so lutions are proposed. The method 
mainly used in this work is a numerical step-by-step method similar 
to that by Runge-Kutta [9]. By using this method cases with varying 
acceleration could be treated, as shown in Chapter 5, and cases in 
which a deflection limiter is present, as shown in Chapter 7. In Chap­
ter 4 a lot of different cases of constant acceleration and constant 
deceleration are calculated and the results are presented in diagrams 
which are intended to be of value for the rotor designer. 

The rotor which is given a varying acceleration is treated in Chap­
ter 5. It is shown theoretically that when the rotor has passed its 
critical speed a decreasing input torque hardly affects the maximum 

deflection of the shaft. 
In Chapter 6 the necessary conditions for a rotor to be able to 

pass its critical speed are discussed. It is shown that the conditions 
available in literature may be totally misleading. 

Chapter 7 deals with the properties of a deflection limiter. The 
calculations led to the remarkable result that the most important 
task for such a limiter is to introduce tangential forces to the shaft 
and in that way influence in the whirling. A deflection limiter without 
friction forces acts as an "amplifier'' for the deflection of the shaft. 

Chapter 9 contains a comparison of two kinds of e xternal damping 
during acceleration or decleration through the critical speed of a rotor. 

In the Chapters 4 and 8 experimental results are presented. The 
behaviour of a rotor in passing through its critical speed was studied. 
Two methods were used. In some cases the properties of the rotor was 
studied in a photographic way by means of a "slow motion camera . 
In that way the phase angle between the "deflection line" BS and the 
"unbalance line" SG (See fig. 23.1) could be visually shown. Another 
method for studying different qualities of the rotor was to use a recorder 
which registered input torque, shaft velocity and shaft deflection. 
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Preface 

Of the research 011 elastic rotors that has been carried out at the 

Institute of Machine Elements, Chalmers University of Technology, 

Gothenburg, Sweden, three previous reports have been published, [2], 

[3], and [4]. 

The present report is a continuation, mainly of the first report, [2]. 

I wish to express my sincere thanks to the Swedish Technical 

Research Council f or their sponsorship and to Professor B. Jakobsson, 

the Head of the Institute, for valuable suggestions and helpful criti­

cism. Some of the calculations have been done on the digital computer 

Alwac 111 E in Gothenburg. 

Ingemar Fernlund 
Tekn. lie. 

Research Assistent at the Institute 

of Machine Elements 
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1. Introduction 

This report deals with some special problems concerning rotors. 
In [2] the general equation for a rotating shaft considering the mass 
and the gyroscopic effect of the shaft was derived. But in the appli­
cations the gyroscopic effect of the shaft was neglected. Here this 
effect is considered for a clamped-free shaft. 

In the summary of [2] it was pointed out that "it would be of g reat 
value to scrutinize different bearing arrangements available from the 
manufacturers concerning spring constants". In this report some 
results in this field are presented. 

In [2] a "New Dunkerley formula" was proposed for predicting 
the lowest critical speed of a rotor in a rapid way. The accuracy of 
this formula is here narrowly investigated both theoretically and 
experimentally. 

The theoretical treatment is based on the opportunity of us ing the 
exact solution for a hinged-hinged shaft with two equal and symmetri­
cally mounted discs. The gyroscopic effect of the shaft being neglected. 

In the last chapter the properties of a perfectly balanced rotor are 
investigated. Especially some energy aspects are closely considered. 



2. Notation 

A  Arbitrary constant. Force. Bearing 
B  Arbitrary constant. Force. Bearing 
C Arbitrary constant. Constant depending on the 

lateral stiffness of a bearing. Bearing 
D  Arbitrary constant 
E  Modulus of elasticity in tension and compression. 

Energy. Bearing 
F  Constant. Force. Bearing 
F 1 ,  F 2  .  .  .  F h  Functions 
G Bearing 
H 1 , H 2 , H 3 , H i  Functions 
I  Moment of i nertia of a cross section [L 4] 
I p Polar moment of inerti a of a disc [ M L 2 ]  
Ie Equatorial moment of inerti a of a disc [ M L 2 ]  

CO 
K  =  — Ratio 

L  Length of a shaft 
M Mass of a disc. Bending moment. Torque (Index 

shows the intended thing) 
N R.p.m. of the whirling motion 

b  Bearing width 
c Lateral stiffness of a bearing 
c M  Angular stiffness of a bearing 
d Diameter of a s haft 
Ad Diametral clearance of a journal bearing 
/ >  f x  >  / 2 i  >  f e  Coefficients 
/ i > / 2 > / 3 > / 4  F u n c t i o n s  
i  Number of or der 
k c ,  kh  Functions of Å 
m  Mass of a shaft 
n  R.p.m. of a motor 



r Radius 
s Number of or der 
x Running coordinate 
x1 ,  x2 ,  x3  Non-dimensional lengths 
y Coordinate 

2 yl 
0* — — Non-dimensional moment of in ertia 

mL2  

EI Non-dimensional quantity characteristic for the 
= 

C]JA lateral stiffness of a bearing 

lcEI 
A — Non-dimensional critical speed 

M L3iJ2 

Q Angular velocity of th e whirling 

1  / c o  I  „  
y — — — j-1 Constant 

ô Deflection 
xl Non-dimensional length 

EI Non-dimensional quantity characteristic for the 
= LGm angular stiffness of a bearing 

1/4 / ml? Q-\ 
X = —— I Non-dimensional constant 

\ EI I 
jUi = MJM^f Non-dimensional weight of a disc 

2rJp 
ML2  

Non-dimensional moment of in ertia 

I Non-dimensional influence number concerning dis­
placements 

o = kcX Argument 
a = lchX Argument 
cp = xxX Argument 
cpoi Angle of be aring of or der i 
ip = x3À Argument 

(rad 

Indices: 

appr With reference to an approximate value 
cc With reference to a clamped-clamped case 
D With reference to Dunkerley's formula 
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exact With reference to an exact value 
F With reference to a force 
(j With reference to the gyroscopic effect 
hh With reference to a hinged-hinged case 
kin With reference to kinetic energy 
ose With reference to an oscillation 
pot With reference to potential energy 
ret With reference to a reference mass 
rot With reference to a rotation 

With reference to values of the critical speeds ob­
tained from an "exact" formula in which the mass 
and the gyroscopic effect of the shaft are neglected 
With reference to values of the critical speeds ob­
tained from an "exact" formula in which the gyro­
scopic effect of th e shaft is neglected 

1 With reference to a mass of or der 1 
2 With reference to a mass of or der 2 



3. Critical Speeds of a Clamped-Free Shaft Considering 
the Gyroscopic Action of the Shaft 

In Chapter 9 of [2] the equation for determining the critical speeds 
for a clamped-free shaft was derived. However, the action of the 
gyroscopic effect of the shaft was neglected. In this chapter this 
matter is considered. The dimensions of the rotor are shown in fig. 10.1. 

Notations: 

Ip Polar moment of i nertia of the disc 
L Length of the shaft 
m Mass of t he shaft 
M Mass of t he disc 
r Constant radius of the shaft 

From Chapter 9 in [2] the equation for the elastic line is 

y — A sin Åkctj-\-BshhJch{;-\- D cos Äkc£-\-F chXkh£ 

where 

and 

1 + I t' » 

A4 

1 / (O 1 

~2 \ Q ~ ~2 

mL3Q2 

~~ËT 

9.1 

Further 

o) = the angular velocity of t he shaft 
Q = the angular velocity of t he whirling motion 
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M,l 

4>2 r 
i/ 

m 

The boundary conditions are 

= 0 y = 0 

d y  

d ( Ç L )  
= 0 

Fig. 10.1 

d h j  d u  
1 = 1  E I - T ^ r + 2 y I O *  

and 
d ( Ç L y  d ( Ç L )  

d 3 y  m  d y  

~ E I  d ( £ L f  + y ü '  T  ' ' 2 1 ( J L )  

The conditions at £ = 1 can also be written 

d 2 y  d y  
+0*^4 • = 0 

d e  d Ç  

d 3 y  

d ^  
-vÅ4 

d y  M  

where 

6 * = 

d Ç  m  

2  y l p  

V y  

m L 2  

v  — y  
L  

The four boundary conditions give four equations. 
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The condition for these equations for not having only trivial solu­

tions is 

F l  = (k2
c+k2

h) sin Xkcc\iXkh— (1+fc?) cos ÀkcshXkh  

F o = {k i, — kz) sin AfccshA&j,-j-2&c(l cos A&cchAÄ^,) 

Fz  = kz
c-\-k\—(kh—kz

c) sin Xkcsh.\kh+2kc  cos Xk cchXkh -

F4 = 2kc  sin XkcshXkh—{kh—k3
c)(l— cos Xk cc\ilkh) 

F5 = (1 + ̂ c) Xkcch.?.kfj-\- {k2-\-kh) cos Àk^sh-Xk^ 

If the gyroscopic effect of the shaft is neglected we have v = 0 
and thus kc = kh =1. In this case eq. 11.1 is transformed into eq. 

106.2 in [2]. 

On the other hand if If = 0 and 0* = 0 we get 

m 
A ' F3+vk*F i+6*PF i  

F l+0*/*F2 
11.1 

M 

where 

Fs+v^Fi = 0 

This equation can also be written 

2/2+/(l—/2) sin £shcr+(l+/4) cos ^chcr = 0 11.2 

where 

Q = kcX 

a = khjI 

Further from eq. 9.1 

cr2—o2 = v(ao)2 11.3 

Because of 

the solution can be obtained from the intersection points between 

the functions 11.2 and 11.3. 
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ft 

S
N

 

8
 

• 2 / 

1 

•0.5 

.. 

TT* 

/ , 
-2 -1 O Ou 0/ V 

Fig. 12.1 

If (7-»oo we get 

cos o — 0 

1 
v = 

0 

/ 2  \ 2  12  \ 2  
and from here v = I —I . If v> 1 — 1 no solution exists. In Chapter 

13 of [2] the corresponding condition for a hinged-hinged shaft was 

I 1 V shown to be v> I —I and this condition is in general valid for a shaft 

with two bearings [6], 

With the aid of an electronic computer the eq. 11.2 was solved 
with v as a parameter. Only the first critical speed was calculated and 
the result is shown in fig. 12.1 and tab. 13.1. If v — 0 the corresponding 
A-value a nd critical speed are denoted A0 a nd n0 respectively. 

When the shaft is equipped with discs the influence of the gyro­
scopic action of the shaft must be relatively smaller. 

In this connection something must be said about the result that no 
critical speeds will occur if v exceeds a certain value. In the analysis 
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v 
1 

X njn0 

-20 ,0  0 ,5913 0 ,0994 

-10 ,0  0 ,7016 0,1400 

— 4 ,0  0 ,8763 0,2184 

-  2,0 1,0308 0,3022 

-  1,8 1,0558 0,3171 

-  1,6 1,0842 0 ,3343 

-  1,4 1,1169 0 ,3548 

— 1 ,2  1,1551 0 ,3795 

— 1 ,0  1,2009 0,4102 

-  0,8 1,2574 0 ,4497 

-  0,6 1,3303 0 ,5033 

-  0,4 1,4305 0 ,5820 

-  0,2 1,5841 0 ,7137 

± 0 1,8751 1,0000 

0 ,02  1 ,9211 1,0496 

0 ,04  1,9723 1,1064 

0 ,06  2 ,0298 1,1718 

0 ,08  2 ,0948 1,2480 

0 ,10  2 ,1685 1 ,3374 

0 ,12  2 ,2523 1 ,4428 

0 ,14  2 ,3477 1 ,5677 

0 ,16  2 ,4560 1 ,7156 

0 ,18  2 ,5783 1 ,8906 

0 ,20  2 ,7154 2 ,0971 

0 ,24  3 ,0421 2 ,6321 

0 ,26  3 ,2407 2 ,9870 

0 ,30  3 ,7644 4 ,0304 

0 ,32  4 ,1416 4 ,8786 

0 ,34  4 ,3148 5 ,2952 

Tab. 13.1 

the shear deformation in the infinitely small parts of the shaft was 
neglected. Dimentberg [1] has shown that by taking this deforma­
tion into consideration the shaft has an infinitely number of fo rward 
and reverse critical states. 



4. Influence of the Angular Stiffness of Bearings on 
Critical Speeds 

In this chapter the influence of the angular bearing stiffness is 
treated for rotors consisting of on e disc on a shaft between or outside 
two bearings. The bearings are rigid in lateral directions and the 
gyroscopic actions as well as the mass of the shaft are neglected. At 
first the rotor in fig. 15.1 is studied. 

The angular stiffnesses of the bearings are c m  and cM2. Other 
notations are evident from fig. 15.1. The equilibrium gives 

A+B = F ) 

AL  FxoL cmi9?oiH_cm299o2 = 0 j 

The equation for the elastic line gives 

-EI  
d 2 y  

d(xLy  AxL c M l cp 0 1  /  I  L{x  Xy)  

The boundary conditions are 

x  — 0  y  =  0 

x  =  1 y  — o  

From this it can be derived that 

dy  

d(xL)  =  9901 

dy  

d(xL)  

Fll r -(^2)3 + 3^1x2[^(l + 2̂ 01)-(a:1 + 2^01)] • 
0 ( 1 + 4(K, 

9^02 

3?2( 1 - fy)2) (*^2 "I- *-^02) I ^ 

L+^02)+12^01^02 EI  
14.1 
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Fig. 15.1 

Observe that the same expression is obtained if x1 and x01 are changed 
to x2 and v.02 an d vice versa. Further 

E I  
K°l = ~Lc " ^ Ml 

E I  
x°2 = ~ï7c -LjCM2 

EI 

£Fii ®fii ' jji > «oi = «02 = 00 we get : ~ , and if 

(XxX2)2 

«oi = 00 aRd «02 = 0 we get tjF11 =——— {x1x2-[-iix2) and, finally, 
1 z 

(XlX2f 
if x01 = ^02 — 0 we get £fh — ô—• These results are in accord-

O 
ance with the results in Chapter 14 of [2]. If c M 1  = c M 2  we have 
«01 — « 02 = «o an(i thus 

£fu 2(2x0+l)(l—x1x2) — l 
Ii it \ xlx2-(-3x0 • .... 15.2 

(^Fll/^0=cc (-«0+ l)(6«oH" 1) 

This function is drawn in fig. 16.1. 
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f = F̂11  

1 (^F1l)xo=x» 

0,2500 

0,2100 

0,1600 EJ. 

0,1125 

0,0900 

Fig. 16.1 
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Fig. 17.1 

rad 
Further, from [2], the critical whirling speed is Q —— where 

TI \ A ML3  

A. — £F11 

Now turn over to the case in fig. 17.1. 

From the theory of elasticity we get 

M x k x L  { M 2 —F x x L ) x x L  
( p 0 1  =  ~~  3  E I  ~  6 E Î  

M 1 x 1 L  ( M 2 — F x x L) K x L  
( p 0 2  =  ~ ~  6  E I  ~  W l   

F ( x x L y  
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09 

Q8 

0,7 

0,6 

0,3 

Q2 

o = u ;  

o; 

o 0,2 0,4 0,6 0,8 1,0 1,25 2,0 5 10 OO 

Fig. 18.1 
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Further, we have the deflection 

U 
Ô = (xniF — tjFn • ßj • F — (9?o2+^03)^1^ 

W ith j\I^ = ^MlÇ'Ol J -^2 ~ ^Af 2*^02 > &nd ^M1 = ̂ M2 8®^ 

2 4X°jZX}  
ha = jHV, ' (2)<0+Xl)(6X(,+ Kl) 

EI x\ 
where x0 = r Here is seen that (fmL =0o = — and thus 

£cm >3 

£fll ( 4*0+ 1̂ 
^ 2 "  ( £Fii)x t= 00 ~~ *i+3xi*o (2^0+^1)(6^0+X1) 

This function is drawn in fig. 18.1. 

The results obtained are used in connection with some practical 
investigations of bearings described in the next chapter. 



5. Experimental Investigation of the Angular Stiffness 
of Some Types of B earings 

In the summary of [2] it was pointed out that it would be valu­
able to determine the spring constants of different bearing arrange­
ments available from the manufacturers. Here the results from such 
a n  i n v e s t i g a t i o n  a r e  p r e s e n t e d .  T h e  t e s t  a p p a r a t u s  i s  s h o w n  i n  f i g .  2 1 . 1 .  

Notations: 

A,  B Tested bearings 

C Disc 

D Variator 

E,  F Couplings 

G "Tachometer disc" 

K Capacitive "pick up" 

N Amplifier 

O Optical "pick up" 

P Rectifier, amplifier 

R Recorder 

The shaft was driven by an A.C. motor and the speed of the shaft 
could be changed to any value between 500 r/m and 4300 r/m with the 
variator. The disc could be mounted anywhere between the bearings 
o r  ou t s ide  bea r ing  B.  

The speed of the shaft was measured by an optical pick-up and 
the deflections of the disc by a capacitive pick-up. The speed of the 
shaft and the deflection of the disc were registered on a recorder. 
From the charts also the whirling speed could be calculated. 

As has been shown in [4] that the maximum shaft deflection at 
an acceleration through the critical speed occurs at a higher speed 
than the critical. Also the whirling speed is slightly higher on that 
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Motor 

Fig. 21.1 

occasion. The best result is obtained by taking an average value of 
the whirling speed over a range just before the speed corresponding 
to the maximum shaft deflection. 

The bearings were mounted in standard bearing houses from SKF. 
Only one rough critical speed was obtained in every arrangement 
which implies that the stiffness of the bearings can be assumed to 
be the same in all directions. 

The following bearings were investigated: 

(A) Single row deep groove ball bearing 

(b) Cylindrical roller bearing 

(c) Double row angular contact ball bearing 

(d) Self-aligning ball bearing 

(e) Spherical roller bearing 

(F) Full journal bearing 

Full journal bearing 

SKF 

SKF 

SKF 

SKF 

SKF 

Ad 

6205 

NU 205 

3205 

1205 

22205 

b/d = 1; y = — = 3,54 %0 

b/d = 2; y = 
Ad 

~d 
3,8 7 o / 

(6 = width of the bearing; d — diameter of the bearing; Ad 
diametral clearance). 

At first there is discussion of the case when the disc is mounted 
between two similar bearings. From Chapter 6 in [2] it is found that 
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the non-dimensional critical speed for a rotor with one disc and with 
lateral springs at the bearings can be written 

A = ̂ 2 X2(xl Ci)]-|-£F 

If we consider a slight gyroscopic action we approximately have 
to add the term 

<. I ̂  m 
— vçF 

£ F 

(See Chapter 12 in [2]). Thus we get 

A = ÇF—ÇFv +öm [^i C2—^x2{xx—CJ] 

If the effect of an gular stiffness is also taken into account from eq. 
15.2 we get 

A = fJF—£Fv(~1-j +QM[x1Ci—x2{xx—C1)'\ 

If y.0 — oo, 0M = 0, and v — 0 we have 

A = Ahh = ÇF (Indices hh refer to Äinged-Äinged shaft). 

A ( nhh \2 

Thus, because of —— = ( 1 = / 
Ahh \ n J h 

, , I \ xxC2 x2(x1 Cj) 

/ fl—v -I— +0M . — 

x1C2—x2(x1—Cj) 

Denote fe = and we have 
Ç F 

fi = f+v\^T- ) -6 Je 22.1 

In the tests the following data were valid: 

M = 10,0 kg, Ip = 3,81 • 104 kg mm2, d = 15,0 mm, and L — 750 
mm. Thus 

1 Ip 1 381 
= 0, 0 0 3 4  

2 ML* 2 10,0 • (75,0)2 
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In tab. 23.L the ratio |£w/£f| is shown for the six basic bearing 
arrangements in Chapter 14 of [2], 

Case 1 Case 2 Case 3 Case 4 Case 5 Case C 

3 1 

1 2 .r, 

1 1 

x i  ®i | ! 2 \rx X 2 1  

i 3(®!®s—3®x + 1 ) 

(®! + 3)®!®2 

1 1 

T+"^ 

3(1+®!) 

Xj(3 + ®j) 

Tab. 23.1 

In tab. 23.2 the term (£M /£F)2 is given for the actual values x x .  

/ <  m  y 

«i I 4 r ) 
Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 

0,io 225,0 110,3 113,3 

0,20 56,25 14,06 31,64 10,76 30,25 31,64 

0,25 36,00 7,111 16,00 4,639 20,25 21,30 

0,50 9,000 0,000 0,000 0,7347 6,250 6,61 2 

0,75 4,000 7,111 16,00 20,55 3,361 3,424 

0,80 3,51 6 14,06 31,64 37,43 3,063 3,155 

0,90 

X
 

t*-Cv
f 

- - - 2,596 2,637 

Tab. 23.2 

Now turn to the lateral spring effect. From [2] we have 

E I  
0 M = _  ( i f *  =  1 )  

1 1 1 

C Cj c 2  

c  c  
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ci 1 

If cx = c2 we have c = —-, Cx = C 2  =  — F o r  a  hinged-hinged shaft 

is p = In that way we get 

fe 
3 1 — 2x^2 

2 (Xlx2)2 

9 • 
E I  

c J? 

In tab. 24.2 the actual values of je are shown. 

X i  0,20 0,25 0,50 

f d  39,59 26,5« 12,oo 

Tab. 24.2 

24.1 

If ci = 
9~ we instead get c = —V > Ci = —, C2 = 
2 1)5 3 

corresponding 

1+^2—3x^2 

3 
- with the 

fo 

24.3 
(^2)2 

E I  
L'5 '~cj/ 

In formula 22.1 / can be determined because nhh can be calculated 
and n obtained from the test. With the aid of the tab. 23.2 the term 

P \ 2 
s M \ 

can be estimated and from the eq. 24.1 or 24.3 the factor 

f d .  However, d M  cannot be calculated with any degree of accuracy. 
The spring constant cx is of a complicated nature because it is com­
posed of spring effects in the bearing itself, in the bearing house, 
and in the support of the bearing house. Thus from eq. 22.1 we want 
to calculate f1, but dM is unknown. If we carry out two tests we can 
determine 0M because of the fact that we use the same x0 in the two 
cases. We consequently have to solve a system of e quations with two 
unknowns. The solution procedure is simplified by using fig. 16.1. 

The results from the tests with the disc between the bearings are 
shown in tab. 26.1. It also contains the critical speed for a hinged-
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hinged shaft (nh h )  and for a clamped-clamped shaft (n c c ) .  With the 
aid of these values, which are boundary values for a rotor laterally 
rigidly supported, one gets a conception of the accuracj^ of these 
common methods to calculate the critical speeds. Further, we need 
nhh to get / in eq. 22.1. 

For every assembly the critical speed was experimentally deter­
mined five times. In the table only the minimum, the maximum, and 
the mean value are shown together with the standard deviation. 

If, as an example, we s tudy bearing arrangement (A) we get three 
equations (/ is calculated from the mean values of n and nhh). The 
gyroscopic term is choosen according to Case 2 in tab. 23.2. Thus 

/jfo = 0,50) = 0,620-12,00M 

fi(xl = 0,25) = 0,731 — 26,50m • 
f x (x x  = 0,20) = 0,732 — 39,6 Q m 

Combining the first and the second equations one gets x0 — 0,25, 

0M = 0,oio, and from the first and the third equation x0 — 0 ,3 5, 

dM = 0.005, and finally from the second and the third equation 
*0  = 0,90, 0M = 0,ooo. 

The same procedure was carried out for the other bearings and 
the result can be seen in tab. 25.1. 

Bearing case (A) Bearing case (B) Bearing case (D) Bearing case (E) 

*0 OM OM *0 *0 ^ M 

0,90 0,000 2,0 0,005 2,0 0,005 8,7* 0,002 
0,:I5 0,005 1,7 0,008 1,7 0,008 1,7 0,007 
0,25 0,0 1 0 1,0 0,008 0,52 0,012 0,93 0,015 

Tab. 25.1 

For bearing (Ê) the *0-value 8,7 differs very much from the others. 
If instead of the average values of n hh and n the maximum and the 
minimum values respectively are used we get X0  = 1,7 and 0M — 0,006. 
Hence x0 may vary very much for small changes of /. Further, it 
seems practically reasonable that 0M may vary slightly between the 
different types of bearing as also can be seen from the table. That is why 
the mean value DM = 0,005 is used in the following for bearing (A) and 
0M = 0,007 for the other ball and roller bearings. These values are used 
when calculating x0 in the tables. The last figure in x0 is n ot granted. 
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Bearing % i il Standard nhh CM 
arrangement z1 

mv 

"ma x 
deviation ncc *0 Nm/rad mv 

"ma x 

® 
SKF 6205 

0,50 

0,25 

883 
908 
923 

1121 
1133 
1145 

16 

8 

715± 8 
1430±15 

953 ±14 
2201 ±39 

0,36 

0,48 

1830 

1370 

( Om = 0,005) 

883 
908 
923 

1121 
1133 
1145 

0,20 
1330 
1351 
1365 

13 
1117 ±14 
2792±61 

0,3 6 1830 

0,50 
745 
751 
758 

4 
715± 8 

1430± 15 
1,61 408 

SKF NU 205 

(Öm = 0,007) 

0,25 
962 
985 

1000 
16 953± 14 

2201 ±39 
1,05 626 

1073 
1117± 14 
2792±61 

0,20 1097 
1112 

15 
1117± 14 
2792±61 

1,37 480 

© 
SKF 3205 

{QM = 0,00 7) 

0,50 
1023 
1080 
1124 

35 
715 ± 8 

1430 ±15 
0,11 5970 

0,50 
750 
757 
770 

7 715± 8 
1430± 15 

1,46 450 

® 
SKF 1205 

(0m = O,OO7) 

0,25 
991 
999 

1008 
8 

953± 14 
2201± 39 

1,05 626 

0,20 
1086 
1094 
1100 

5 
1117 ±17 
2792± 61 

1,51 435 

(v\ 

0,50 
738 
749 
777 

15 
715± 8 

1430± 15 
1,69 389 

SKF 22205 

(0M = 0,007) 

0,25 
956 
959 
960 

2 
953± 14 

2201±39 
1,77 371 

0,20 
1100 
1123 
1135 

12 1117 ±17 
2792±61 

1,14 576 

Tab. 26.1 
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If the disc is mounted outside the bearings the eq. 22.1 is still 

valid but now instead 
3 1+xf 

/ = •—— 27 1 
/e 2 ( x ^ r   

This expression is correct only if the lateral stiffness is the same 
in both of the bearings and it can be derived from formula 41.1 in 

1  x \  
[2] if lx is replaced by —. In this case = — (see Chapter 14 

in [2]). The gyroscopic term is calculated according to Case 6 in tab. 
23.2. and also here dM is estimated to be 0,005 for bearing (A) and 
0,00 7 for the other bearings if t he disc is mounted relatively far from 

the bearings. 
The results of these tests are shown in tab. 28.1. When the disc 

is mounted near one end of the shaft the forces on the bearings are 
relatively great at the critical speed. Because the SKF bearings have 
progressive spring constants (see [7]) the total spring constant will 

also increase in value. 
In the tables consequently the 0M-value is decreased by 50 % when 

xx = 0,10. Because of the fact that the results obtained in that way seem 
to coincide with the previous values this estimate seems reasonable. 

No journal bearings were used in the previous tests because of the 
difficulty in mounting them properly when they were situated far 
from each other. Instead they were tested together with a self-aligning 
ball bearing. At one end of the shaft the self-aligning ball bearing 
was mounted and at the other end the test bearing. The preceding 
tests have shown that the self-aligning bearing has a tendency to 
cause small bending moments in the shaft. Here for simplicity this 
property of this bearing is not taken into account and all angular 
stiffness is referred to the journal bearing. Further, the journal bear­
ing with bfd = 1 is estimated to have 0M = 0,007 (as the self-aligning 
ball bearing) and the journal bearing with bfd — 2 half the value. 
With these assumptions one can get a rough conception of t he journal 
bearings with respect to their property of causing bending moments 

in the shaft. 
At first interest is turned to the case when the disc is mounted be­

tween the bearings. By putting x01 = co an d x02 = x0 in eq. 14.1 we get 

t 1 Xz{x1-\-3) — 4 
/,I= 1+~ï' 1+3*„ 
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Bearing 

arrangement Xi 

n  min 
nmv 

"ma x 

Standard 

deviation 

nhhf 
ncf *0 

CAi 
Nm/rad 

® 
0,25 

795 
817 
852 

24 715± 12 
1430±28 0,7:5 900 

SKF 6205 

0,20 
897 
911 
925 

9 893±16 
1998 ±44 0,27 2430 

0,25 
703 
720 
728 

9 715 ± 12 
1430±28 0,55 1190 

® 
SKF NU 205 

0,20 
955 
968 
975 

8 893± 16 
1998 ±44 0,21 3130 

0,10 
2015 
2047 
2073 

26 1787 ±45 
5651 ±230 

0,25 
= 0,0035) 2630 

0,25 
720 
734 
742 

8 715 ± 12 
1430± 28 

0,45 1460 

© 

SKF 1205 
0,20 

833 
843 
851 

19 893± 16 
1998 ±44 0,95 692 

0, 1 0 
1930 
1994 
2014 

28 1787 ±45 
5651 ±230 M 

0,30 
= 0,0035) 2190 

0,25 
701 
705 
711 

3 715 ± 12 
1430 ±28 

0,51 1290 

© 

SKF 22205 
0,20 

976 
978 
986 

4 893 ±16 
1998 ±44 

0,1 !> 3460 

0,10 
1938 
1960 
1998 

23 1787 ±45 
5651 ±230 (Q M 

0,35 
= 0,0035) 1880 

Tab. 28.1 

and from here 

4/u x^2 3x% 
12(1—Jïï) 28'" 

Further, the eq. 22.1 is sti ll valid if / x is n ow replaced by f n .  The 
gyroscopic term is estimated as a mean value from the cases 2 and 
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4 in tab. 23.2. Thus fn  can be determined at first and then x0  is ob­

tained from eq. 28.2. 
The results from these tests are shown in tab. 29.2. Finally, tests 

were carried out for the same bearing combinations but the disc was 
mounted outside the journal bearing. From the eqs 17.2 we get with 
M1 = 0 that 

s F  _ A  / A  
hl o 3 \ " -f- 3x0 

and from here 

^i[^i (1 /21 )] 
X(\ — 

3(1-/2 
29.1 

Also in this case eq. 22.1 is valid if f l  is replaced by /21 and f e  i s 
taken from eq. 27.1. The gyroscopic term is estimated as a mean 
value from the cases 1 and 5 in tab. 23.2. At first /21 is determined 
and then x0 is calculated from eq. 29.1. The results are shown in the 
tabs 29.2 and 30.1. 

Bearing 

arrange­

ment 
Xi 

nmin 
nmv 

"max 

Standard 

deviation 

nhh 

nhc *0 

CM 
Nin / rad 

® 
and 

© 

0 ,50 

0 ,75 

0,80 

962 
974 
984 

1340 
1367 
1390 

1605 
1618 
1630 

8 

5 

9 

715± 8 
1081 ±13 

953 ±14 
1969 ±35 

1117± 17 
2562 ±51 

0 ,014 

0 ,057 

0 ,046 

47000 

11500 

14300 

© 

and 

© 

0 ,50 

0 ,75 

0,80 

1011 
1022 
1034 

1648 
1657 
1655 

2103 
2110 
2115 

8 

7 

6 

715± 8 
108l± 13 

953± 14 
1969±35 

1117 ±17 
2562 ±51 

— 0 ,004 

0,002 

— 0,001 

OO 

329000 

00 

Tab. 29.2 
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Bearing 

arrange­

ment 
xi 

nmin 

"mv 

n max 

Standard 

deviation 
nhhf 

ncf *0 

CM 
Nm/rad 

® 

and 

0,25 
1072 
1091 
1115 

14 715±12 
1430±28 

— 0,013 OQ 

® 0,20 

1242 
1280 
1334 

30 
893 ±16 

1998 ±44 
0,003 219000 

© 

and 

0,25 
1022 
1038 
1058 

14 715± 12 
1430±28 

0,027 24300 

© 0,20 
1425 
1454 
1515 

31 893 ±16 
1998±44 

— 0,016 oo 

Tab. 30.1 

5,1. Conclusions 

The results from the different tests are collected in tab. 30.2. Only 
the mean values are shown. 

cM in Nm/rad for the bearing 

© ® © ® © 0 © 

1830 408 5970 450 389 47000 OO 

1370 626 — 626 371 11500 329000 
1830 480 — 435 576 14300 oo 

900 1190 — 1460 1290 oo 24300 
2430 3130 — 692 3460 219000 oo 

- 2630 - 2190 1880 - -

Tab. 30.2 

The bearings (B), (D), and (E) se em to have a progressive "angular" 
spring stiffness. The high values were obtained when the disc was 
mounted outside the bearings and in these cases the inclination of 
the shaft at the bearing at the critical speed was also higher than in 
the cases when the disc was mounted between the bearings. This effect 
cannot be seen so clearly from the tests for bearing (A) . However, some­
what surprisingly, this bearing was stiffer than the bearings (B) , (n) . 
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and (E) w hen the disc was mounted between the bearings. The bearing 
(c) had the greatest stiffness of the SKF bearings. It is remarkable that 
the bearings (A), (B), (D), and (E) on the whole give rise to bending 
moment. This may, to some extent, depend on the gyroscopic effects 
of the balls and the rollers. 

Finally, the journal bearings seem to have a nearly infinite angular 
stiffness. It can also be seen that this property of the journal bearing 
increases in strength with increasing 6/d-value. 

In the treatment of t he test results the factor 6 M in many cases was 
estimated to 0,00 7. This value corresponds to a spring constant of 

.V 
about 335 which is very low in comparison with that of an 

mm 
SKF bearing alone [7]. The grease film between moving parts in the 
bearings is probably of great influence on the lateral spring stiffness. 



6. Influence of the Simultaneous Action of the Mass of 
the Shaft and the Gyroscopic Effect of the Discs 

in a Rotor with Two Discs 

In [2] the critical speeds for a rotor with one disc were determined 
considering the mass of the shaft and the gyroscopic action of the disc. 
In this chapter the critical speeds for a rotor with two equal discs 
are determined with the same considerations. The arrangement is 
shown in fig. 32.1. 

Notations: 

Ip Polar moment of in ertia of th e disc 
L Length of the shaft 
m Mass of the shaft 
M Mass of one disc 

The two discs are symmetrically placed on the shaft. We limit 
ourselves to symmetrical deflection modes of the shaft. 

Fig. 32.1 



3» 

Part 2 Parti 
A 

33.1 

In fig. 33.1 the forces and moments on a dise are drawn at the first 
critical speed. 

The equation for the elastic line of p art 1 is (see [2]) 

y1 = A1 sin A^+^shA^+Dj cos A^+i^chA^ 

and for part 2 

y2 = A2 sin A|2+-^2shA|2+i>2 cos A^-f-i^chA^ 

The boundary conditions are 

ii = 

£ .=  

3 

o yL  

d% 
di* 

„ dy2 

2 

dh/2 

d& 
- - 0 
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and 

fi = % 1\ + T2 = My,ß> ' 

h  =  x z =  i ~ x 1  M 1 — M 2  =  M ,  

V\ = Vi 

dy1 dy 2 

The boundary conditions give eight equations and from them the 

condition for non-trivial solutions is found to be 

m X H, + $d*PH2 

M = y H3-\-^e*À3H i  
34-1  

where 

#1 = tg 99 cot y(tg 1199+cot h^)+tg I199 c ot h^(tg 99—cot y j )  '  

#2 = (tg cp—tg hy>)(cot ^+cot hy>) 

H3 = (cot ip — tg <p) (tg lnp + cot hip) 

H4 = —tg 99+tg 1199-f cot y>+cot h^; 

and 

( p  =  X l X \ e *  =  M±. 
ip = xzX J mL2 

For a shaft without discs we have M = 0 and 0* = 0. Thus from eq. 

34.1 

#3 = 0 

giving 

cot ip = tg 99 

or 

Y  — = 9 ?  ( s  =  0 ,  1 ,  2 ,  3  .  .  . )  

and 

A = 7T+5 • 2TT (S = 0, 1, 2, 3 . . .) 
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This result coincides with that from Chapter 13 in [2]. Only the 
values for symmetrical deflections are obtained. Further we have 

from definitions that 
EI 

Q2 = A4 

or 

where 

ß2 = 

mL 3  

1 EI  

A** ML 3  

We may also write 

m 
A * *  =  -î =  

m 
— = f 2 (x l t  0*, A) 

If the mass of the shaft and the gyroscopic effect of the disc are 

neglected we may write 
1 EI  

02 _ Q* 
A 0  ML 3  

where A 0  is the elementary non-dimensional critical speed and 

A 0  = f 3 (Xj )  =  i  • 4xj )  

Thus we have 

A** (  n 0  \ 2  / i («n  0*,  X)  

AQ \  n J i )  

m 
Ö*, A) 

/4(a;1> 0*, A) 
35.1 

By supposing that and 0* are known the eqs 35.1 express the 

function 
A** I  m\  

... '("' "' v) 35'2 

in parameter form. These functions are drawn in the diagrams on 
page 36 up to and including page 42. The curves are drawn after 
values from calculations with the electronic computer Alwac I I I  E  

in Gothenburg. The calculated values can be found in [5], \ olume VIII. 



X, = 0 , 1 0  

A =0 . 4 3 3  3  3 3 - 1 0  
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X ,  = O, 15 

A0= 0.900000 -10'  
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X, = O,20 

A 0 = 0,146666-1Ô 1  
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X,  =  O , 2 5  

A 0 -  Ot  20  83  3  3  - 1Ö 1  



X, =  O ,  3 0  

A 0 =  0 ,2 7 0 0 0 0  •  1 Ö 1  



X, = O, 35 

A0= 0. 32 6 66 6 -1 ö1  





7. Theoretical Tests of the "New Dunkerley Formula" 

In Chapter 10 of [2] a "New Dunkerley formula" was proposed. It 
considers both the mass of the shaft and the gyroscopic effect from 
the discs. The eq. 114.1 in [2] gives 

^Ippr = S ^ 
AY , 
/In; °'' 

43.1 

where 

fit = 

= 

-^ref 

L, 

Then Q is calculated from 

ß2 = 
EI 

^appr M̂ Iß 

The index appr refers to approximate. This formula is checked for 
the rotor in fig. 32.1. For that case eq. 43.1 can be written 

because of 

and 

^Cr = 2 AY 

1*1 = = !» if ^ref = M 

X. = 1 (i = 1, 2) 

Further, A*Y can be found in [5], Volume II, or it can be deter­
mined from the diagrams in Chapter 11 of [2]. But in Chapter 6 of th e 
present report the exact solution is obtained and the exact non-
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dimensional critical speed is called A*e*act. Against A*a*ppr and A*e*act the 
values NappT and AT

exact correspond and they denote the critical whirl­
ing velocity of the shaft in r.p.m. Thus 

N» 
N 

A 
A 

An investigation is carried out for different values of x1 and 0*. 
The result is collected in the tables 45.1 and 45.2. Further, two 

Ar 
limiting cases are studied. First, if x1 = 0, 5 0  we have 

Second, if 0* = m = 0, the exact solution is 

^exact (Ö* = 0, m  =  0 )  —  (Zlo)exact 

where A0 can be calculated from eq. 25.1 in [2]. With 

x\ 
fn )2 

£12 = i ' xf(l — 2xf  

we get for the lowest critical speed 

(^o)exact ~6 ' ®i(3 ^'l) 

and with Dunkerley's usual formula 

(A)appr = i  • a?( I"^i)2  

Thus 

y 3 — 4x1 

AT 
= I. 

(N {  

(N 0  

0/appr 

2(1-^) 

If xx = \ we get ^A7°|dPPr = 1 and if xx — 0 we get 
o)a 

1/3 
(N0) W 

= 0,866. Observe that if xx = 0 we have both (AT
0) and 

A7o)eXact eq ual to zero but their ratio is 
y 3 

We may conclude that the error in the approximate formula is small 
if the discs are far from the bearings and if the gyroscopic action is small. 
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8. T ests of a Rotor with Two Equal and Symmetrically 
Mounted Discs 

In order to test the theoretical results in Chapter 6 the apparatus 
in fig. 64.2 of [3] was used. Two equal discs were mounted as fig. 
32.1 shows. The rotational mode of the rotor was studied on the 
screen of an oscillograph. This method is outlined in Chapter 7 of 
[3]. It may be noticed that in these tests the whirling with K = 
existed within a rather wide r ange for xx = 0,20 and xx — 0,25. The 
range decreased when xx incr eased. For comparison the critical speeds 
are calculated also with some other methods outlined previously. 
The notations are 

n** = critical speed of t he shaft calculated from eq. 35.2 

n* = critical speed of the shaft calculated from eq. 59.1 in [2]. 
("Exact" value by considering m = 0) 

nD* — critical speed of the shaft calculated from an approximate 
formula 114.1 in [2]. ("New Dunkerley formula") 

nD = critical speed of the shaft calculated from eq. 112.2 in [2]. 
("Usual" Dunkerley formula, which only can be properly used 
for K = -\-\) 

n0 = critical speed of th e shaft, if I p = 0 and m — 0. 

Test 

Xi 
CO K=  
Q 0* values 

r.p.m. 

n** 
r.p.m. 

n* 
r.p.m. 

** 
nD 

r.p.m. 

nD 
r.p.m. 

«0 

r.p.m. 

0,20 + 1 + 0,1087 988+32 965 995 864 845 911 

0,25 
+ 1 
-1 

+ 0,1087 

— 0,3261 

840+6 

705+6 

756 

654 

804 

667 

720 

621 

695 738 

+ T 0 354+10 329 336 312 _ _ 
0,30 + 1 + 0,1087 717 + 3 677 690 636 645 672 

-1 — 0,3261 657 + 3 611 620 587 - -

Tab. 46.1 
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The results are shown in tab. 46.1. Observe that in the case x1 = 0,30 
the values of n D and nQ as a matter of fact ar e whirling speeds for the 
whirling K = +£, which gives no gyroscopic ac tion for a rotor with 
thin discs. 

All t he time the values of n * best fit to the testvalues which a re 
always greater. The reason must be that in the tests the bearings had 
angular stiffnesses. These are not considered in the theory on this 
occasion. Th e shaft was supported in self-aligning ball bearings from 
SKF. 



9. Investigation of a Perfectly Balanced Rotor 

In this chapter the behaviour of a perfectly balanced rotor is treated. 
In Sec. 5,3 of [3] was shown that such a rotor whirls at its critical 
states with an indifferent position of t he disc. Consider the perfectly 
balanced rotor in fig. 49.1. The mass of the shaft is neglected. 

The equations of m otion are 

My-\-cy = 0 1 

Mz -j-cz = 0 j 

with the notations 

M Mass of the point mass 

c Spring constant of th e shaft 

and with the solutions 

y = Ax  sin ün t-\-B1  cos Qn t  |  

z — A2  sin Qn t-\-B2  cos Qn t  j 

where 

and Ax ,  Bx ,  A2 ,  and B2 are arbitrary constants. 

From here 

(Al+Bl),/+(Af+Bf)z*-2(A lA !+B IB2)i /z-(A lB2-A2B1) '  = 0 

and this equation can mean 

1) an ellips 

2) a circle 

3) a straight line 

48.2 



Fig. 49.1 

and the kind of the whirl figure is determined by the boundary con­
ditions. In case 3 we get lateral oscillations in one direction and in 
the first two cases in two directions simultaneously. Observe that 
the speed of t he motor has no influence on the behaviour of t he rotor. 

The expression 48.1 can also be written 

cr2  M(rQn)2  

where r is an arbitrary constant radial deflection of the shaft at the 
mass. On the left hand we have the expression for the potential 
energy and on the right hand the expression for the kinetic energy. 
Thus we have shown that in a perfectly balanced point-mass-rotor 
the kinetic energy Ekin is equal to the potential energy Epot. The 
total energy is (-®tot)rot where 

(tftot) r o t  — ^kin +  ̂pot = 2-^kin = 2tfpot 

However, there is another possibility to enterprete eq. 49.2. At the 
steady whirling with the constant shaft deflection r the mass is affected 
by the "centrifugal force" F = Mr Q*. 

Then look at a beam affected by the force F. The potential energy 
in the beam is 

t  Fr M{rQn)2  

-®pot 2 9 

Thus eq. 49.2 can also be looked upon as two ways to write the po­
tential energy of t he shaft. 
4 
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Fig. .">0.1 

If, instead, we turn over to case 3) in 48.2 we can interprete eq. 
49.2 in the following way. 

Suppose that the lateral oscillation has its maximum deflection 
cr2 

equal to r. Then represents the total energy (2£tot) at the maxi­

mum deflection and \ • M(rQn)2 represents the same thing at zero 
deflection. Thus 

— 2 ' (^tot)rot 

Now consider the rotor in fig. 50.1 where the point mass is replaced 
by a disc. 

rad 
The rotor is whirling with the angular velocity Q and at the 

S 

rad 
same time the motor speed is co . The shaft deflection is r and it 

s 

has already been shown in [2] that the shaft is subjected to a bending 
moment due to the gyroscopic effect. For this rotor the kinetic energy 
can be written 

-^kin = 2 

where all notations can be seen in Chapter 7 of [2]. Thus 

2Ekin = (Ie-{-Ma2)(Q sin <x cos co ,t)2-\-(Ie-\-Ma2){ — Q sin tx sin a>'f)2 + 

+ /p(£? cos oc-\-co')2 
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Fig. 51.1 

and 

Œ = OJ — Q 

and these expressions can be simplified to 

2Ekin = (Ie-\-Ma2)Q2 sin2 <%+/p[.ß(cos <x—l) + eo]2 

a2. 

If a. is a small angle we have sin oc^oc, (cos a— 1) ̂  — — and thus, by 

putting r — a sin a, 

#idn = i • W+i • M{rQY-yIpQ*o? 51.2 

K(^)] 
The shaft is subjected to the force F — MrQ2 and the gyroscopic 

moment Mg = 2ylpQ2tx which is shown in fig. 51.1. 
The elastic energy in the shaft according to fig. 51.1 can be written 

E
P ox =  2 •  Fr—\  • M g oc  

or 

Epot  = i • M(rQ)*-yIpQW 51.3 

By differentiating the eqs 51.2 and 51.3 we get 

dEkin = dEpot  = MrQdr—2yI pQ2<xdtx 

which means that the change in the kinetic energy when the rotor 
changes its position (rx, oc^) to another (r2, tx2) is equal to the change 
in the potential energy. The total energy is Etot, where 

E,„  =  E k i n +E p m  = i • Ip co*+2{i • M(rQf-yI p QV} . . . .  51 . 4  
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As has been pointed out previously the shaft may have any posi­
tion. But the eq. 51.4 shows that the total energy changes with the 
position. If the shaft shall change its position additional energy has 
to be put into the rotor. This work cannot be supplied from the 
motor, because (see [3]) 

M i n  = cer sin 0 

and for a perfectly balanced rotor e = 0. The necessary amount of 
energy therefore must be delivered by outer forces acting on the 
disc. Suppose that on the rotor in fig. 49.1 a tangential force Kv is 
applied at the point mass. From the eq. 19.1 in [3] it is clear that 

r-\-r(Ql—cp2) = 0 

K<p 

r<p + 2r(p = — 
52.1 

Now we seek such a force Kv which at (p — Qn  changes the deflec­
tion of the shaft from r = 0 to r — r1. We get from the first eq. 
in 52.1 

f = 0 

f = C\ 

r — 01^-f-C2  

52.2 

Here we have C1  = const, and due to the boundary condition C2  = 0. 
From the second eq. in 52.1 we have Kv = lQnCxM and from the 

third eq. of 52.2 r = —— cp wh ich means an Archimedes' spiral. 
(ri) 

The tangential force delivers the energy Ev  = J Kv(rQndt) = M(rjßJ2. 
o 

The total energy E t o t  can be written E t o t  = E v  = M(r^J2. 

M{rx  Qnf 
As the kinetic energy is Ek i n  = we get also in this way 

Li 

that the kinetic energy is equal to the potential energy. 

Thus it has been shown how through a constant tangential force 
K y the rotor changes its deflection from zero to an arbitrary value 
at a constant whirling velocity. 

Summarizing, we have shown the following facts for a perfectly 
balanced rotor at any critical state: 
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1) The disc may have any radial position. 

2) An outer force is needed for changing the radial position of t he 
disc. 

3) The motor cannot deliver energy to change the radial deflection. 

4) Without disturbances the shaft runs at its critical speed with 
zero deflection. In this case this speed presents no danger at all. 

5) As disturbances occur they settle the size of the shaft deflection. 

6) The change in kinetic energy is equal to the change in poten­
tial energy when the disc changes its position. 



10. Summary 

During some years research work on critical speeds has been carried 
out at the Institute of Machine Elements, Chalmers University of 
Technology, Gothenburg. Three reports are previously published, viz. 
[2], [3], and [4], The present report deals with some special questions 
and is a supplement to the previous reports. 

Chapter 3 gives the solution to the problem of calculating the 
critical speeds for a clamped-free rotor with one disc considering the 
gyroscopic effects from both the shaft and the disc and the mass of 
the shaft simultaneously. The general solution is specialized to a shaft 
without disc. 

Chapter 4 analyzes the effect of bearing angular stiffness on the 
critical speed. The results are shown in diagrams for quick computa­
tion in practical cases. 

Chapter 5 gives some experimental data on the measurements of 
critical speeds for a rotor supported by SKF bearings as well as journal 
bearings. 

Chapter 6 is concerned with the problem of determining the crit­
ical speeds for a rotor with two equal discs symmetrically mounted. 
The influence of the simultaneous action of t he mass of t he shaft and 
the gyroscopic effect of th e discs is taken into consideration. Diagrams 
over the results are drawn and they are meant as a tool for the engineer 
in practice to compute the critical speeds for this rotor in an accurate 
but still rapid way. 

Chapter 7 deals with theoretical studies of the "New Dunkerley 
Formula" presented in [2]. This approximate formula is checked in 
cases exactly computed for the rotor treated in Chapter 6. 

Chapter 8 contains results from tests with the rotor considered in 
Chapter 6. 

Chapter 9 treats the properties of a perfectly balanced rotor. Some 
remarkable results concerning the energy of the rotor are derived. 
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