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Abstract

We consider a Bayesian nonparametric approach to a family of linear inverse problems in a separable
Hilbert space setting with Gaussian noise. We assume Gaussian priors, which are conjugate to the model,
and present a method of identifying the posterior using its precision operator. Working with the unbounded
precision operator enables us to use partial differential equations (PDE) methodology to obtain rates of con-
traction of the posterior distribution to a Dirac measure centered on the true solution. Our methods assume
arelatively weak relation between the prior covariance, noise covariance and forward operator, allowing for
a wide range of applications.
© 2013 Elsevier B.V. All rights reserved.
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1. Introduction

The solution of inverse problems provides a rich source of applications of the Bayesian non-
parametric methodology. It encompasses a broad range of applications from partial differential
equations (PDEs) [3], where there is a well-developed theory of classical, non-statistical, regu-
larization [8]. On the other hand, the area of nonparametric Bayesian statistical estimation and in
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particular the problem of posterior consistency has attracted a lot of interest in recent years; see
for instance [10,24,23,27,26,11,7]. Despite this, the formulation of many of these PDE inverse
problems using the Bayesian approach is in its infancy [25]. Furthermore, the development of
a theory of Bayesian posterior consistency, analogous to the theory for classical regularization,
is under-developed with the primary contribution being the recent paper [16]. This recent pa-
per provides a roadmap for what is to be expected regarding Bayesian posterior consistency, but
is limited in terms of applicability by the assumption of simultaneous diagonalizability of the
three linear operators required to define Bayesian inversion. Our aim in this paper is to make a
significant step in the theory of Bayesian posterior consistency for linear inverse problems by de-
veloping a methodology which sidesteps the need for simultaneous diagonalizability. The central
idea underlying the analysis is to work with precision operators rather than covariance operators,
and thereby to enable use of powerful tools from PDE theory to facilitate the analysis.

Let X be a separable Hilbert space, with norm || - || and inner product (-, -), and let A: D(.A)
C X — X be a known self-adjoint and positive-definite linear operator with bounded inverse.
We consider the inverse problem to find u from y, where y is a noisy observation of A~ !u. We
assume the model,

-1 1
y=A u—l—ﬁé, (1.1)
where \/%75 is an additive noise. We will be particularly interested in the small noise limit where
n — oo.

A popular method in the deterministic approach to inverse problems is the generalized
Tikhonov—Phillips regularization method in which u is approximated by the minimizer of a reg-
ularized least squares functional: define the Tikhonov—Phillips functional

2 2

) (1.2)

1

1 _1 " _1
Jo(u) = 3 ‘Cl 2y—AT | + 3 Cou

where C;: X — X, i =0, 1, are bounded, possibly compact, self-adjoint positive-definite linear
operators. The parameter X is called the regularization parameter, and in the classical non-
probabilistic approach the general practice is to choose it as an appropriate function of the noise
size n~ 2, which shrinks to zero as n — oo, in order to recover the unknown parameter u [8].

In this paper we adopt a Bayesian approach for the solution of problem (1.1), which will be
linked to the minimization of Jy via the posterior mean. We assume that the prior distribution is
Gaussian, u ~ g = N (0, 7:200), where T > 0 and Cy is a self-adjoint, positive-definite, trace
class, linear operator on X. We also assume that the noise is Gaussian, & ~ N(0, C1), where C;
is a self-adjoint positive-definite, bounded, but not necessarily trace class, linear operator; this
allows us to include the case of white observational noise. We assume that the, generally un-
bounded, operators C,’ Vand C N ! have been maximally extended to self-adjoint positive-definite
operators on appropriate domains. The unknown parameter and the noise are considered to be
independent, thus the conditional distribution of the observation given the unknown parameter u

(termed the likelihood) is also Gaussian with distribution y|u ~ A (A_lu, %C1> .

Define A = — and let
nt

2
+

_1 1|2
C 2y —Aw Co 2u (1.3)

J(w) =nly(u) = g‘ )
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In finite dimensions the probability density of the posterior distribution, that is, the distribution
of the unknown given the observation, with respect to the Lebesgue measure is proportional to
exp (—J(u)). This suggests that, in the infinite-dimensional setting, the posterior is Gaussian
wY = N(m, C), where we can identify the posterior covariance and mean by the equations

1
- —1p—1 g— -1
¢l =nA"lc A ‘+?co (1.4)
and
lc—1 =A"l¢t! 1.5
LCm= LY, (1.5)

obtained by completing the square. We present a method of justifying these expressions in Sec-
tion 5. We define

1
B.=-cl=A"'c;A™ +ac;! (1.6)
n
and observe that the dependence of 3, on n and t is only through A. Since

Bim = A~'cr 'y, (1.7)

the posterior mean also depends only on A: m = m;. This is not the case for the posterior co-
variance C, since it depends on n and t separately: C = Cy ,. In the following, we suppress the
dependence of the posterior covariance on A and n and we denote it by C.

Observe that the posterior mean is the minimizer of the functional J, hence also of Jy, that is,
the posterior mean is the Tikhonov—Phillips regularized approximate solution of problem (1.1),
for the functional Jy with A = #

In [20,18], formulas for the posterior covariance and mean are identified in the infinite-
dimensional setting, which avoid using any of the inverses of the prior, posterior or noise
covariance operators. They obtain

C=1%C)—2CoA A ICoA  + a0 T AT g (1.8)
and
m = CoA~ (AT 1CoA™ +2C) 7y, (1.9)

which are consistent with formulas (1.4) and (1.7) for the finite-dimensional case. In [20] this is
done only for C; of trace class while in [18] the case of white observational noise was included.
We will work in an infinite-dimensional setting where the formulas (1.4), (1.7) for the posterior
covariance and mean can be justified. Working with the unbounded operator 5, opens the
possibility of using tools of analysis, and also numerical analysis, familiar from the theory of
partial differential equations.

In our analysis we always assume that C(; Uis regularizing, that is, we assume that Ca I dom-
inates 3, in the sense that it induces stronger norms than .A_lcl_lA_l. This is a reasonable
assumption since otherwise we would have B; =~ A*]CI_ YA~ (here ~ is used loosely to in-
dicate two operators which induce equivalent norms; we will make this notion precise in due
course). This would imply that the posterior mean is m >~ Ay, meaning that we attempt to invert
the data by applying the, generally discontinuous, operator A [8, Proposition 2.7].
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We study the consistency of the posterior ' in the frequentist setting. To this end, we consider
datay = y7L which is a realization of

t_ a1t L N
y=A"u +ﬁé, & ~N(,Cy), (1.10)

where u! is a fixed element of X ; that is, we consider observations which are perturbations of
the image of a fixed true solution ut by an additive noise &, scaled by \/Lﬁ Since the posterior

depends through its mean on the data and also through its covariance operator on the scaling
of the noise and the prior, this choice of data model gives as posterior distribution the Gaussian

measure M{Tn =N (m:{, C), where C is given by (1.4) and
Biml = A7'c; 'yt (1.11)

We study the behavior of the posterior /Li ,, as the noise disappears (n — 00). Our aim is to

show that it contracts to a Dirac measure centered on the fixed true solution u. In particular, we
aim to determine &, such that

;
Eyf,ui’n {u N —ut

‘ > M,,e,,} 50, VM, — oo, (1.12)

where the expectation is with respect to the random variable yJr distributed according to the data
likelihood A/ (A_luT, %C1>.

As in the deterministic theory of inverse problems, in order to get convergence in the small
noise limit, we let the regularization disappear in a carefully chosen way, that is, we will choose
A = A(n) such that A — 0 as n — oo. The assumption that C;’ ! dominates B;, shows that
B, is a singularly perturbed unbounded (usually differential) operator, with an inverse which
blows-up in the limit A — 0. This together with Eq. (1.7), opens up the possibility of using the
analysis of such singular limits to study posterior contraction: on the one hand, as A — 0, B;l
becomes unbounded; on the other hand, as n — oo, we have more accurate data, suggesting that
for the appropriate choice of . = A(n) we can get m}t ~ uf. In particular, we will choose 7 as
a function of the scaling of the noise, T = t(n), under the restriction that the induced choice
of A = A(n) = m, is such that A — 0 as n — oo. The last choice will be made in a way
which optimizes the rate of posterior contraction &,, defined in (1.12). In general there are three
possible asymptotic behaviors of the scaling of the prior 72 as n — 00, [26,16]:

(i) T> — o0; we increase the prior spread, if we know that draws from the prior are more
regular than uT;
(ii) 72 fixed; draws from the prior have the same regularity as ut;
(iii) 7> — 0 at a rate slower than %; we shrink the prior spread, when we know that draws from

the prior are less regular than ul.

The problem of posterior contraction in this context is also investigated in [16,9]. In [16],
sharp convergence rates are obtained in the case where Co,C; and A~! are simultaneously
diagonalizable, with eigenvalues decaying algebraically, and in particular C; = I, that is, the
data are polluted by white noise. In this paper we relax the assumptions on the relations between
the operators Cg, C; and A~!, by assuming that appropriate powers of them induce comparable
norms (see Section 3). In [9], the non-diagonal case is also examined; the three operators involved
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are related through domain inclusion assumptions. The assumptions made in [9] can be quite
restrictive in practice; our assumptions include settings not covered in [9], and in particular the
case of white observational noise.

1.1. Outline of the rest of the paper

In the following section we present our main results which concern the identification of the
posterior (Theorem 2.1) and the posterior contraction (Theorems 2.2 and 2.3). In Section 3 we
present our assumptions and their implications. The proofs of the main results are built in a series
of intermediate results contained in Sections 4-7. In Section 4, we reformulate Eq. (1.7) as a weak
equation in an infinite-dimensional space. In Section 5, we present a new method of identifying
the posterior distribution: we first characterize it through its Radon—Nikodym derivative with
respect to the prior (Theorem 5.1) and then justify the formulas (1.4), (1.7) for the posterior
covariance and mean (proof of Theorem 2.1). In Section 6, we present operator norm bounds
for B;l in terms of the singular parameter A, which are the key to the posterior contraction
results contained in Section 7 and their corollaries in Section 2 (Theorems 7.1, 7.2, 2.2 and 2.3).
In Section 8, we present some nontrivial examples satisfying our assumptions and provide the
corresponding rates of convergence. In Section 9, we compare our results to known minimax rates
of convergence in the case where Co, C; and A~! are all diagonalizable in the same eigenbasis
and have eigenvalues that decay algebraically. Finally, Section 10 is a short conclusion.

The entire paper rests on a rich set of connections between the theory of stochastic processes
and various aspects of the theory of linear partial differential equations. In particular, since the
Green’s function of the precision operator of a Gaussian measure corresponds to its covariance
function, our formulation and analysis of the inverse problem via precision operators is very
natural. Furthermore, estimates on the inverse of singular limits of these precisions, which have
direct implications for localization of the Green’s functions, play a key role in the analysis of
posterior consistency.

2. Main results

In this section we present our main results. We postpone the rigorous presentation of our
assumptions to the next section and the proofs and technical lemmas are presented together with
intermediate results of independent interest in Sections 4—7. Recall that we assume a Gaussian
prior g = N(0, 72Cp) and a Gaussian noise distribution N'(0, Cy). Our first assumption
concerns the decay of the eigenvalues of the prior covariance operator and enables us to quantify
the regularity of draws from the prior. This is encoded in the parameter so € [0, 1); smaller s
implies more regular draws from the prior. We also assume that C; =~ Cg and A7! ~ Cg, for
some B, ¢ > 0, where ~~ is used in the manner outlined in Section 1, and defined in detail in
Section 3. Finally, we assume that the problem is sufficiently ill-posed with respect to the prior.
This is quantified by the parameter A := 2¢ — 8 + 1 which we assume to be larger than 2s; for
a fixed prior, the larger A is, the more ill-posed the problem.

2.1. Posterior identification
Our first main theorem identifies the posterior measure as Gaussian and justifies formulas

(1.4) and (1.7). This reformulation of the posterior in terms of the precision operator is key to our
method of analysis of posterior consistency and opens the route to using methods from the study
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of partial differential equations (PDEs). These methods will also be useful for the development
of numerical methods for the inverse problem.

Theorem 2.1. Under the Assumptions 3.1, the posterior measure w>(du) is Gaussian u> =
N(m, C), where C is given by (1.4) and m is a weak solution of (1.7). 0O

2.2. Posterior contraction

We now present our results concerning frequentist posterior consistency of the Bayesian

solution to the inverse problem. We assume to have data yT = yJr (n) asin (1.10), and examine the

1l .. . .
behavior of the posterior ,uiﬂ =N (mi, C), where mI is given by (1.11), as the noise disappears

(n — 00). The first convergence result concerns the convergence of the posterior mean ml to the
true solution «' in a range of weighted norms || - ||, induced by powers of the prior covariance
operator Co. The spaces (X", || - ||;,) are rigorously defined in the following section. The second
result provides rates of posterior contraction of the posterior measure to a Dirac centered on the
true solution as described in (1.12). In both results, we assume a priori known regularity of the
true solution ut € X7 and give the convergence rates as functions of y.

Theorem 2.2. Assume u' € X7, where y > landletn = (1—0)(8—2£)+06, where 6 € [0, 1].
Under the Assumptions 3.1, we have the following optimized rates of convergence, where ¢ > 0
is arbitrarily small:

_ y—1+sg+e
@) ify e 1, A+ 1], fort = t(n) = n *AFr-THote
Pt 2 _ A4y—1-0A
EY Hmk _ut ‘ < en” AFyTHte .
"
_ A+tsogte
i) ify > A+ 1, fort = 1(n) = n 2@4+s0+o
2 _-nA
EyT Hmi _ MTH < cn 24wt
"
_ so+e
(iii) if y =1land 0 € [0, 1) for t = t(n) =n 2@+0to
2 _a-04
' Hml _MT‘ < cn” Ao
"

If y =1 and 6 = 1 then the method does not give convergence. [

Theorem 2.3. Assume u’ € XV, wherey > 1. Under the Assumptions 3.1, we have the following
optimized rates for the convergence in (1.12), where ¢ > 0 is arbitrarily small:
y—l+sg+e

() if y €1, A+ 1] fort = t(n) = n XBFThoio

. A4y-l
n 2&tr-T+sote) - otherwise;

- Y
{l’l 2(A+y—T+sp+e) , lf :3 — 2{ < 0
En =

__Atspte
() if y > A+ 1fort =1t(n) =n C4+50+9

A+1
[n‘m ifB—2=<0
&n = O

__ A
n 2A+sote otherwise.
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Fig. 1. Exponents of rates of contraction plotted against the regularity of the true solution, y. The solid line represents
the sharp convergence rates obtained in the diagonal case in [16], while the dotted line the rates predicted by our method,
which applies to the more general non-diagonal case.

To summarize, provided the problem is sufficiently ill-posed and the true solution ul is suffi-
ciently regular we get the convergence in (1.12) for

_ yA(A+])
gn=n 2(A+y A(A+TD)—1+sp+e) .

Our rates of convergence agree, up to € > 0 arbitrarily small, with the sharp convergence rates
obtained in the diagonal case in [16] across a wide range of regularity assumptions on the true
solution (Fig. 1); yet, our rates cover a much more applicable range of non-simultaneously di-
agonalizable problems. (The reason for the appearance of ¢ is that in the assumed non-diagonal
setting we can only use information about the regularity of the noise as expressed in terms of the
spaces X” (cf. Lemma 3.5), rather than the explicit representation of the noise.)

The rates we obtain are not as strong as in the simultaneously diagonalizable case when the
true solution is too regular; in particular our rates saturate earlier as a function of increasing
regularity, and we require a certain degree of regularity of the true solution in order to secure
convergence. It is not known if our results can be improved but it would be interesting to try.
Both of the two discrepancies are attributed to the fact that our method relies on interpolating

between rates in a strong and a weak norm of the error e = mi — uT; on the one hand the rate

of the error in the weak norm saturates earlier, and on the other hand the error in the strong norm
requires additional regularity in order to converge (cf. Section 9).

3. The setting
In this section we present the setting in which we formulate our results. First, we define the

spaces in which we work, in particular, we define the Hilbert scale induced by the prior covari-
ance operator Cg. Then we define the probability measures relevant to our analysis. Furthermore,
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we state our main assumptions, which concern the decay of the eigenvalues of Cy and the con-
nections between the operators Cp, C; and A1 and present regularity results for draws from
the prior, g, and the noise distribution, A/ (0, C1). Finally we briefly overview the way in which
the Hilbert scale defined in terms of the prior covariance operator Cp, which is natural for our
analysis, links to scales of spaces defined independently of any prior model.

We start by defining the Hilbert scale which we will use in our analysis. Recall that X
is an infinite-dimensional separable Hilbert space and Cp: X — & is a self-adjoint, positive-
definite, trace class, linear operator. Since Cyp: X — X is injective and self-adjoint we have that
X = R(Cy) ® R(Co)t = R(Cp). This means that Co 1:R(Co) — X is a densely defined,
unbounded, symmetric, positive-definite, linear operator in X. Hence it can be extended to a
self-adjoint operator with domain D(C, h = fuex:Cy wewx }; this is the Friedrichs

extension [17]. Thus, we can define the Hilbert scale (X);cr, with X’ := ﬂ”'”' [8], where

NI~

_L _L
u,Cozv> and  lull; = ||Cy *u| .

M = (DCyh. mm:@
=0

The bounded linear operator C;: X — X is assumed to be self-adjoint, positive-definite (but
not necessarily trace class); thus C;” I R(C;) — X can be extended in the same way to a self-

adjoint operator with domain D(C,” l) ={ueX: Cl_lu € X'}. Finally, recall that we assume
that A: D(A) — X is a self-adjoint and positive-definite, linear operator with bounded inverse,
AL x - X

We assume that we have a probability space ({2, F, P). The expected value is denoted by E
and & ~ u means that the law of the random variable & is the measure L.

Let po := N(0, 72Cp) and Py := N(0, %Cl) be the prior and noise distributions respectively.
Furthermore, let v(du, dy) denote the measure constructed by taking # and y|u as independent

Gaussian random variables A/ (0, tZCo) and N/ (A’] u, %C 1) respectively:
v(du, dy) = P(dy|lu)pno(du),

where P := N/ (A’l u, }lCl>. We denote by vo(du, dy) the measure constructed by taking « and

y as independent Gaussian random variables N\ (0, t2Cp) and NV (0, %C 1) respectively:
vo(du, dy) = Po(dy) ® po(du).

Let {A2, ®x )=, be orthonormal eigenpairs of Cp in X'. Thus, {A¢}72 | are the singular values
and {¢}72; an orthonormal eigenbasis. Since Cp is trace class we have that Z,fil A% < 00. In
fact we require a slightly stronger assumption see Assumption 3.1(1) below.

3.1. Assumptions

We are now ready to present our assumptions. The first assumption enables us to quantify
the regularity of draws from the prior whereas the rest of the assumptions regard interrelations
between the three operators Cy, C; and AL these assumptions reflect the idea that

clzc(f and Aflzcg,

for some > 0, £ > 0, where ~ is used in the same manner as in Section 1. This is made precise
by the inequalities presented in the following assumption, where the notation a < b means that
there exist constants ¢, ¢/ > 0 such that ca < b < c'a.
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Assumption 3.1. Suppose there exist so € [0,1), 8 > 0, £ > 0 and constants ¢; > 0,i = 1,
..., 4 such that

1. C(S) is trace class for all s > s0;
2. A > 2sg, where A :=2¢ — B+ 1;

_1 —B
3. |C, Ay < ‘CO Zul, Yu e XP2¢,
_o 1 B-r,
4. Cy*Clul < c1 |Cy? ||, Yue XP7P, ¥p e [[B —s0— 11. B — s50);
s 1 s=8
5.1CC u| <2 ||Cy” uf, Yu € XB=S, Vs € (so, 11;
_s 1 2t—p—s
6. |ICy °C, A || < ez Cy > u|,Vue X528 s e (sp, 1];
n N
7. |c2ATier | < ca €27 U vu e X272 vy e (g — 20,11,

Notice that, by Assumption 3.1(2) we have 2¢ — 8 > —1 which, in combination with As-
sumption 3.1(3), implies that

_1 1 _1 _1 1 _1
<c1 2A N, C, 2A1u>+A<CO 2u,C, 2u> < C<C0 2u,C, 2u>, Vu e X',

capturing the idea that the regularization through Cy is indeed a regularization. In fact the as-
sumption A > 2sq connects the ill-posedness of the problem to the regularity of the prior. We
exhibit this connection in the following example:

Example 3.2. Assume A, C; and Cp are simultaneously diagonalizable, with eigenvalues having

algebraic decay k2 k=2 and k2@, respectively, for t,r > 0 and ¢ > % so that Cy is trace

class. Then Assumptions (1), (3)—(7) are trivially satisfied with £ = é B = é and sg = % The
Assumption (2) A > 2sg is then equivalent to « > 1+ r — 2¢. That is, for a certain degree of ill-
posedness (encoded in the difference 2t — ) we have a minimum requirement on the regularity
of the prior (encoded in «). Put differently, for a certain prior, we require a minimum degree of

ill-posedness.

We refer the reader to Section 8 for nontrivial examples satisfying Assumptions 3.1.

In the following, we exploit the regularity properties of a white noise to determine the regu-
larity of draws from the prior and the noise distributions using Assumption 3.1(1). We consider
a white noise to be a draw from A (0, ), that is a random variable ¢ ~ A (0, I). Even though
the identity operator is not trace class in A, it is trace class in a bigger space X ~°, where s > 0
is sufficiently large.

Lemma 3.3. Under the Assumption 3.1(1) we have:

s 2
(i) Let ¢ be a white noise. Then E HCOZ ¢ H < oo forall s > 5.

(ii) Let u ~ po. Then u € X'™* po-a.s. for every s > so.

s s 2
Proof. (i) We have that C;¢ ~ N(0,Cp), thus E HC&;H < oo is equivalent to Cj being of
trace class. By the Assumption 3.1(1) it suffices to have s > sy.
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2
=E

s—1

s—1 s 1
¢, CiCy ?u

using part (i) we get the result. [J

2
(ii)) We have E , where ¢ is a white noise, therefore

2 s
- ol

Remark 3.4. Note that as sy changes, both the Hilbert scale and the decay of the coefficients of
a draw from puo change. The norms || - ||; are deﬁned through powers of the eigenvalues Az. If

so > 0, then Cp has eigenvalues that decay like k *0 , thus an element u € X' has coefficients

(u, ¢y), that decay faster than k . %5 . As sq gets closer to zero, the space X' for fixed t > 0,
corresponds to a faster decay rate of the coefficients. At the same time, by the last lemma, draws
from o = N (0, Cp) belong to X 1= forall s > s. Consequently, as sg gets smaller, not only do
draws from s belong to X'~* for smaller s, but also the spaces X'~ for fixed s reflect faster
decay rates of the coefficients. The case sop = O corresponds to Cp having eigenvalues that decay
faster than any negative power of k. A draw from (¢ in that case has coefficients that decay faster
than any negative power of k.

In the next lemma, we use the interrelations between the operators Co, C1, A~! to obtain
additional regularity properties of draws from the prior, and also determine the regularity of
draws from the noise distribution and the joint distribution of the unknown and the data.

Lemma 3.5. Under the Assumptions 3.1 we have:
() u e X0HP=2t+e o as. forall 0 < & < (A —2s0) A (1 — s0);

_1
() A lu e D(C, %) mo-a.s.;
(iii) & € X? Po-a.s. forall p < B — so;
@iv) y € XPv-a.s. forall p < B — so.

Proof. (i) We can choose an ¢ as in the statement by the Assumption 3.1(2). By Lemma 3.3(ii),
it suffices to show that so+B8—20+¢ < 1—s¢. Indeed, so+B—2L+¢& = so+1—A+e < 1—s0.

(ii) Under Assumption 3.1(3) it suffices to show that u € X#~2¢. Indeed, by Lemma 3.3(ii),
we need to show that 8 — 2¢ < 1 — sg, which is true since so € [0, 1) and we assume
A > 250 > sg, thus 20 — B+ 1 > sp.

_1
(iii) It suffices to show it for any p € [[B —s¢o — 1], B — so). Noting that ¢ = C, £ is a white
noise, using Assumption 3.1(4), we have by Lemma 3.3(i)
2 2
<cE < 00,

B—p

_p 11 B—pr
COZCIZCI ZS COZ é-

El€|2 =E’

since § — p > sg.

(iv) By (ii) we have that A~ u is po-a.s. in the Cameron—Martin space of the Gaussian measures
P and Py, thus the measures [P and Py are pg-a.s. equivalent [6, Theorem 2.8] and (iii) gives
the result. [

3.2. Guidelines for applying the theory

The theory is naturally developed in the scale of Hilbert spaces defined via the prior. However
application of the theory may be more natural in a different functional setting. We explain how
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the two may be connected. Let {{x}xen be an orthonormal basis of the separable Hilbert space
X . We define the spaces X', t € R as follows: for t > 0 we set

o0
X' = {u eX: Zkzt (u, 1/fk)2 < oo}
k=1

and the spaces X/, ¢ > 0 are defined by duality, X~/ := (X")*.

For example, if we restrict ourselves to functions on a periodic domain D = [0, L% and
assume that {y }xen is the Fourier basis of X = L%(D), then the spaces X' can be identified
with the Sobolev spaces of periodic functions H’, by rescaling: H' = X [22, Proposition 5.39].

In the case so > 0, as explained in Remark 3.4 we have algebraic decay of the eigenvalues of

_1
Cp and in particular k,% decay like k *o. If Cy is diagonalizable in the basis {{;}renN, that is, if

o = Y, k € N, then it is straightforward to identify the spaces X’ with the spaces X ﬁ The
advantage of this identification is that the spaces X' do not depend on the prior so one can use
them as a fixed reference point for expressing regularity, for example of the true solution.

In our subsequent analysis, we will require that the true solution lives in the Cameron—Martin
space of the prior X', which in different choices of the prior (different so) is a different space.
Furthermore, we will assume that the true solution lives in X” for some y > 1 and provide the

convergence rate depending on the parameters y, so, 8, £. The identification XV = X % and
the intuitive relation between the spaces X' and the Sobolev spaces, enable us to understand the
meaning of the assumptions on the true solution.

We can now formulate the following guidelines for applying the theory presented in the
present paper: we work in a separable Hilbert space X with an orthonormal basis {{}xen and
we have some prior knowledge about the true solution u' which can be expressed in terms of the
spaces X'. The noise is assumed to be Gaussian N (0, Cy), and the forward operator is known;
that is, C; and A~! are known. We choose the prior A/ (0, Cp), that is, we choose the covariance
operator Cy, and we can determine the value of sq. If the operator Cp is chosen to be diagonal
in the basis {{x}ren then we can find the regularity of the true solution in terms of the spaces
X', that is, the value of y such that ul e x ¥ and check that y > 1 which is necessary for our
theory to work. We then find the values of 8 and ¢ and calculate the value of A appearing in
Assumption 3.1, checking that our choice of the prior is such that A > 2s3. We now have all the
necessary information required for applying the Theorems 2.2 and 2.3 presented in Section 2 to
get the rate of convergence.

Remark 3.6. Observe that in the above mentioned example of periodic functions, we have the

identification X! = H %, thus since so < 1 we have that the assumption ut e x! implies that
ut e H' fort > %. By the Sobolev embedding theorem [22, Theorem 5.31], this implies that
the true solution is always assumed to be continuous. However, this is not a disadvantage of our
method, since in many cases a Gaussian measure which charges L2(D) with probability one, can

be shown to also charge the space of continuous functions with probability one [25, Lemma 6.25].
4. Properties of the posterior mean and covariance

We now make sense of the Eq. (1.7) weakly in the space X!, under the assumptions presented
in the previous section. To do so, we define the operator B; from (1.6) in X' and examine its
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properties. In Section 5 we demonstrate that (1.4) and (1.7) do indeed correspond to the posterior
covariance and mean.
Consider the equation

Baw =r, “4.1)
where
B, =A"'et AT vy

Define the bilinear form B: X! x X! — R,

1

1 1
“u, C, 2v>, Yu,ve X'

_1 _1
B(u,v) == <cl 2A M, C, ZA_IU>+)»<CO

Definition 4.1. Let € X~!. An element w € X! is called a weak solution of (4.1), if

B(w,v) ={(r,v), Vve X

Proposition 4.2. Under the Assumptions 3.1(2) and (3), for any r € X\, there exists a unique
weak solution w € X! of (4.1).

Proof. We use the Lax—Milgram theorem in the Hilbert space X!, since r € X! = (X1)*.

(i) B: X! x X! = R s coercive:
2 2

> Alull},  Vue X'

_1 _1
B(u,u) = ‘Cl A Co tu

42,

(i) B: X' x X! — R is continuous: indeed by the Cauchy-Schwarz inequality and the
Assumptions 3.1(2) and (3),

1

-3
Cy’u

1

_1 _1 _1
|B(u, v)| c 2 A7y (& ANy Cy v

IA

+3]

A

1
< cllullg—ae lvllp—a¢ + Alulli Ivlly < lully vl Yu,ve X', O

Remark 4.3. The Lax—Milgram theorem defines a bounded operator S : X~! — X!, such that
B(Sr,v) = (r,v) for all v € X!, which has a bounded inverse S~! : X' — X! such that
B(w,v) = (S~'w, v) forall v € X'. Henceforward, we identify B, = S~! and B! =S. Fur-
thermore, note that in Proposition 4.2, Lemma 4.4 below, and the three propositions in Section 6,
we only require A > 0 and not the stronger assumption A > 2so. However, in all our other
results we actually need A > 2s.

Lemma 4.4. Suppose the Assumptions 3.1(2) and (3) hold. Then the operator S™' = By, :
X' — X~ Visidentical to the operator .A_lcl_lA_l + )»Co_l X 5 X1 where A_lcl_lA_l
is defined weakly in XP~2¢.

Proof. The Lax—Milgram theorem implies that B; : X! — X! is bounded. Moreover, Co b.ox!
— X 1is bounded, thus the operator K := B, —AC()_ 1. x1 5 X—1is also bounded and satisfies

_1 _1
(Ku,v) = <Cl Z.A_lu,C1 Q.A_]v>, Yu,ve X' 4.2)
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Define A~'C;' A~" weakly in X#~2¢, by the bilinear form A : X#=2¢ x X#~2¢ _ R given by
_1 _1
A(u,v) = <C1 247y, C, ZA_1U>, Yu,v e XP2,

By Assumption 3.1(3), A is coercive and continuous in X#~2¢ thus by the Lax—Milgram theo-
rem, there exists a uniquely defined, boundedly invertible, operator 7 : X*¢~# — XA=2¢ such
that A(u, v) = (T~ 'u, v)forall v € XP~2. We identify A’](ZI_I/F1 with the bounded operator
T—1:. xA=2t 5 X208 By Assumption 3.1(2) we have A > 0 hence

HA_ICI_IA_luH_I <c ”A_l(,’l_l.,él_luH%_l3 <cllullg—oe <cllully, Vue X!,

that is, A_ICflA_l : X! - X~ !is bounded. By the definition of 77! = .A_ICI_].A_l and
(4.2), this implies that K = B, —2C; ' = A~'c;7' A~ O

Proposition 4.5. Under the Assumptions 3.1(1)—(4), (7), there exists a unique weak solution,
m € X' of Eq. (1.7), v(du, dy)-almost surely.

Proof. It suffices to show that A~!C N ! y € X', v(du, dy)-almost surely. Indeed, by Lemma 3.5
(iv) we have that y € XPv(du, dy)-a.s. for all p < B — 59, thus by the Assumption 3.1(7)

1 iy
cgAT ety | <cfeg™ !

<c

| <.

since 28 — 2¢ — 1 < B — 59, which holds by the Assumption 3.1(2). O
5. Characterization of the posterior using precision operators

Suppose that in the problem (1.1) we have u ~ g = N(0,Cy) and & ~ N (0, Cy), where
u is independent of &. Then we have that yju ~ P = N (A lu, %Cl). Let u” be the posterior
measure on u|y.

In this section we prove a number of facts concerning the posterior measure Y for u|y. First,
in Theorem 5.1 we prove that this measure has density with respect to the prior measure (g,
identify this density and show that p” is Lipschitz in y, with respect to the Hellinger metric.
Continuity in y will require the introduction of the space X**t#~2¢, to which u drawn from 1
belongs almost surely. Secondly, we prove Theorem 2.1, where we show that u” is Gaussian and
identify the covariance and mean via Egs. (1.4) and (1.7). This identification will form the basis
for our analysis of posterior contraction in the following section.

Theorem 5.1. Under the Assumptions 3.1(1)—(6), the posterior measure 1 is absolutely con-
tinuous with respect to Lo and

du’ .
where
n 1 2 N
o, y) =5 o A —n<c1 byt A u> 52)




S. Agapiou et al. / Stochastic Processes and their Applications 123 (2013) 3828-3860 3841

and Z(y) € (0, 00) is the normalizing constant. Furthermore, the map y + u> is Lipschitz
continuous, with respect to the Hellinger metric: let s = so +¢€,0 < & < (A — 2s0) A (1 — s0);
then there exists ¢ = c(r) such that for all y, y' € XP~5 with ||y|lg—s. }y’”ﬂﬂ <r

dnen(?, 1) < ¢y — Vg

Consequently, the p”-expectation of any polynomially bounded function f:X*tP=2t — E,
where (E, || - ||g) is a Banach space, is locally Lipschitz continuous in y. In particular, the
posterior mean is locally Lipschitz continuous in y as a function X5 — XS+#=2¢,

The proofs of Theorems 5.1 and 2.1 are presented in the next two subsections. Each proof is
based on a series of lemmas.

5.1. Proof of Theorem 5.1

In this subsection we prove Theorem 5.1. We first prove several useful estimates regarding
& defined in (5.2), for u € X*TA=2¢ and y € XP~5, where s € (so, 1]. Observe that, under the
Assumptions 3.1(1)—(4), for s = sg + &€ where ¢ > 0 sufficiently small, the Lemma 3.5 implies
on the one hand that u € X*T~2¢)(du)-almost surely and on the other hand that y € X B—s
v(du, dy)-almost surely.

Lemma 5.2. Under the Assumptions 3.1(1), (3), (5), (6), for any s € (sg, 1], the potential ¢
given by (5.2) satisfies:
(i) for every§ > O andr > 0, there existsan M = M (8, r) € R, such that for all u € Xstp-2t
and all y € XP=S with ||yllg—s <r,

D(u,y) = M —8llull}yp o
(i) for every r > 0, there exists a K = K (r) > 0, such that for allu € X**P=2¢ and y € XP~*
with |lulls4+p—20, I1¥llg—s <1,
Pu,y) < K;
(i) for every r > 0, there exists an L = L(r) > 0, such that for all uy,us € X2t and
ry
y € XP=S with |uills+p—20, luzlls+p—2¢, 1yllg—s <1,
|1, y) — P(uz, y)| < Llluy — uzlls+p-2¢;

(iv) for every 8 > 0 and r > 0, there exists an ¢ = ¢(8,r) € R, such that for all y;, y» € XF~$
with ||y1llg—s. |y2llg—s < r and for all u € XS+P=2¢,

|G, 1) = B, y2)| < exp (Sl gz + ) 31 = y2llg—s.

Proof. (i) By first using the Cauchy—Schwarz inequality, then the Assumptions 3.1(5) and (6),
and then the Cauchy with §” inequality for ' > 0 sufficiently small, we have

n

@(u, J’) = 3

1
> c 247y

B s 1 s 1
—n<C0201 2y,¢C, *C, ZA_lu>

—n

_s 1
Co 2C A

v

= —cn||yllp—sllulls+p—2e

s 1
cierh||

cn

= 2
=4y

VI3 — cndllull}y g np = M(r.8) — 8llull?y5_p-
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(i) By the Cauchy—Schwarz inequality and the Assumptions 3.1(3), (5) and (6), we have since
s>s50>0
2
+n

1

c, 2A7

n

_s 1
5 Co Cy 2 A

D(u, y)

IA

s 1
cich]|

A

n
< e5lulfooe +enlyllp—slullsrp-oe < K@),

(iii) By first using the Assumptions 3.1(5) and (6) and the triangle inequality, and then the As-
sumption 3.1(3) and the reverse triangle inequality, we have since s > sg > 0

| P(ur, y) — P(uz, y)l

nll -1 )P s 1 s o1

=5 ’Cle Yl - c, A Yy +2<C02012y,COZC12A l(uz—u])>‘
allor P P

=3 C, A || — ‘Cl TAT ug|| |+ enllyllg=sllur — uzlls+p—2e

< cnllur — uzllp—2¢ (lu1llp—2¢ + luzll g—2¢) + cnrllur — uzlls4p—2¢
< L()lluy — uzlls+p—2e-

(iv) By first using the Cauchy—Schwarz inequality and then the Assumptions 3.1(5) and (6), we
have

s 1 _s _1
|, y1) — D, y2)| = n <cgcl 2(y1 — y2), G 2C, 2A1u>

s 1 _s 1
<n||C2C; 2 —y)| [Cy 3¢, 2 A U
< cnllyr — 2l p—sllulls+p—2¢
< exp (8 lull o +) Iyt = v2llpy - O

Corollary 5.3. Under the Assumptions 3.1(1)—(3), (5), (6)
Z(y) = f){ew(—é(u, y)uo(du) > 0,

forall y € XP=S s =504 & where0 < ¢ < (A = 2s0) A (1 — s9). In particular, if in addition
the Assumption 3.1(4) holds, then Z(y) > 0 v-almost surely.

Proof. Fix y € X~ and set r = |y|| p—s- Gaussian measures on separable Hilbert spaces
are full [6, Proposition 1.25], hence since by Lemma 3.5(i) pLo(X”ﬂ’%) = 1, we have that
1o (Bys+p—2¢(r)) > 0. By Lemma 5.2(ii), there exists K (r) > 0 such that

/X exp(—B(u, y)po(du) = / exp(— B, ))po(du)

Bys+p—2e(r)

> f exp(—K (M) po(du) > 0.
Bystp—2e(r)

Recalling that, under the additional Assumption 3.1(4), by Lemma 3.5(iv) we have y € Xf~Sv-
almost surely for all s > 59, completes the proof. [
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We are now ready to prove Theorem 5.1:

Proof of Theorem 5.1. Recall that vg = Po(dy) ® no(du) and v = P(dy|u)po(du). By the
1

Cameron—Martin formula [4, Corollary 2.4.3], since by Lemma 3.5(ii) we have A lu e D(Cl_ 2)
no-a.s., we get for pp-almost all u

dP _ o
E(ylu) = exp(—P(u, y)),

thus we have for po-almost all u

dv

d_(y’ Li) = exp(_ @(l/t, )’))
Vo

By [12, Lemma 5.3] and Corollary 5.3 we have the relation (5.1).

For the proof of the Lipschitz continuity of the posterior measure in y, with respect to the
Hellinger distance, we apply [25, Theorem 4.2] for ¥ = X#~ X = X**A~2¢ using Lemma 5.2
and the fact that 11o(X*#~2¢) = 1, by Lemma 3.5(). O

5.2. Proof of Theorem 2.1

We first give an overview of the proof of Theorem 2.1. Let ylu ~ P = N (A_lu, %C1>

and u ~ po. Then by Proposition 4.5, there exists a unique weak solution, m € X L of (1.7),
v(du, dy)-almost surely. That is, with v(du, dy)-probability equal to one, there exists an m =
m(y) € X! such that

B(m,v) = b’ (v), Vve X',

where the bilinear form B is defined in Section 4, and b” (v) = <A_1C1_1 y, v>. In the following
we show that u¥ = N'(m, C), where

_ IRPUNEE I
Cl'=nA 1611A1+ﬁ601.

The proof has the same structure as the proof for the identification of the posterior in [21]. We
define the Gaussian measure N (mN ,CN ), which is the independent product of a measure identi-
cal to N(m, C) in the finite-dimensional space X'V spanned by the first N eigenfunctions of C,
and a measure identical to uq in (XV)L. We next show that A'(m”™, CN) converges weakly to
the measure 1” which as a weak limit of Gaussian measures has to be Gaussian x> = N (1, C),
and we then identify 7 and C with m, C respectively.

Fix y drawn from v and let PY be the orthogonal projection of X to the finite-dimensional
space span{¢1, ..., ¢n} = XN, where as in Section 3, {#x )=, is an orthonormal eigenbasis of
Coin X.Let QN =1 — PN. We define u-Y by

Ty =
duo ~~ ZN(y)

where &V (u, y) .= &(PNu, y) and

exp(— N (u, y)) (5.3)

ZV(y) = /X exp(— @V (u, y))wo(du).
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Lemma 5.4. We have uN-¥ = N'(m",C"N), where
PNCTIPNmN = nPN A7 ey,
pNeNpN _ pNepN . oNeN oV = 2oNe,oN
and PNCVN QN = oNeNpN = .
Proof. Let u € XV. Since u = PN u we have by (5.3)
du™Y (PVu) o exp (- B(PVu: y)) duo(PVw).

The right hand side is N-dimensional Gaussian with density proportional to the exponential of
the following expression

n
2

which by completing the square we can write as

2

_1 1
C, A PNy Co 2 PVu| | (5.4)

Lol ey,
—|—n<C1 v, C,PATP M>_ﬁ

_% H(éN)—%(u - nzN)H2 +e),

where CV is the covariance matrix and /7" the mean. By equating with expression (5.4), we find
that (CV)~! = PNC=1PN and (CV)~'mN = nPNA_ICI_Iy, thus on XV we have that uV¥ =
N@Y,CN). On (XN)+, the Radon-Nikodym derivative in (5.3) is equal to 1, hence uV¥ =
wo =N, 12Cy). O

Proposition 5.5. Under the Assumptions 3.1(1)—(6), forall y € XP~=5 s = 5o + &, where 0 < ¢
< (A = 250) A (1 — 50), the measures u™N+Y converge weakly in X to u>, where p° is defined
in Theorem 5.1. In particular, u™>Y converge weakly in X to 1% v-almost surely.

Proof. Fix y € X#~5. Let f : X — R be continuous and bounded. Then by (5.1), (5.3) and

Lemma 3.5(i), we have that

/X Faon ) = /X o T
and

/X faw (du) = % /X oy F 0T o).

Let u € X*+F=2¢ and set rj = max{||ulls+p—2¢ |yl g—s} to get, by Lemma 5.2(iii), that &V
(u,y) — 9(u,y), since ”PNM”H,«;,% < |lulls+g—2¢ < ri. By Lemma 5.2(i), for any § > 0,
for rp = ||yl gy, there exists M (3, r2) € R such that

2
‘f(u)e*dﬁN(u,y)‘ < flls eéllul\:ﬂg,%—M(S,rz)’ Yu e Xsﬂg,zg’

where the right hand side is po-integrable for § sufficiently small by the Fernique Theorem
[4, Theorem 2.8.5]. Hence, by the Dominated Convergence Theorem, we have that f X f@) ,uN ¥y
(du) — f x S (du), as N — oo, where we get the convergence of the constants A4
by choosing f = 1. Thus we have uV-¥ = . Recalling, that y € X#~% v-almost surely
completes the proof. [
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We are now ready to prove Theorem 2.1:

Proof of Theorem 2.1. By Proposition 5.5 we have that u¥ converge weakly in X to the mea-
sure 1”, v-almost surely. Since by Lemma 5.4, the measures V¥ are Gaussian, the limiting
measure p” is also Gaussian. To see this we argue as follows. The weak convergence of measures
implies the pointwise convergence of the Fourier transforms of the measures, thus by Levy’s
continuity theorem [14, Theorem 4.3] all the one dimensional projections of -, which are
Gaussian, converge weakly to the corresponding one dimensional projections of ©”. By the fact
that the class of Gaussian distributions in R is closed under weak convergence [14, Chapter 4,
Exercise 2], we get that all the one dimensional projections of the u” are Gaussian, thus u” is
a Gaussian measure in X, u’ = N(m, 5) for some m € X and a self-adjoint, positive semi
definite, trace class linear operator C. It suffices to show that 77 = m and C = C.

We use the standard Galerkin method to show that m" — m in X. Indeed, since by their
definition m”" solve (1.7) in the N-dimensional spaces X N for e = m — m", we have that
B(e,v) =0, Yv € XN, By the coercivity and the continuity of B (see Proposition 4.2)

lel? < cB(e,e) =cB(e,m —z) <cllell; lm —zll;, Vze&V.

Choose z = PV m to obtain
= < e = 2] .

where as N — oo the right hand side converges to zero since m € X'. On the other hand, by

[4, Example 3.8.15], we have that mY — m in X, hence we conclude that 77 = m, as required.

For the identification of the covariance operator, note that by the definition of C we have
cN = pPNepPN (1 - PY)Co(I — PY).

Recall that {qbk},fil are the eigenfunctions of Cy and fix k € N. Then, for N > k and any w € X,
we have that

(. €Y ) = tw,cou)| = |(w. PV — Deg)
< | = Dul Ica.

where the right hand side converges to zero as N — oo, since w € X. This implies that CV ¢
converges to C¢y weakly in X', as N — oo and this holds for any £ € N. On the other hand by
[4, Example 3.8.15], we have that CNqSk — Eqﬁk in X, as N — oo, for all k € N. It follows that
Cox = Coy, for every k and since {#r )32, is an orthonormal basis of X', we have that c=C. O

6. Operator norm bounds on B, 1

The following propositions contain several operator norm estimates on the inverse of 3, and
related quantities, and in particular estimates on the singular dependence of this operator as
A — 0. These are the key tools used in Section 7 to obtain posterior contraction results. In all of
them we make use of the interpolation inequality in Hilbert scales, [8, Proposition 8.19]. Recall
that we consider B; defined on X I as explained in Remark 4.3.

Proposition 6.1. Let n = (1—0)(8—2£)+6, where 6 € [0, 1]. Under the Assumption 3.1(3) the
following operator norm bounds hold: there is ¢ > 0 independent of 6 such that

6
|57 j=ot
L(X—1 X2t
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and

0+1
HB;lﬂ <™
L(X-1,x1)

In particular, if B — 2¢ < 0, interpolation of the two bounds gives
0+6
|5 ]y =
LX1.X)
where 6 = 252 € [0, 1],

Proof. Let h € X~ C X~!. Then by Proposition 4.2 for r = h, there exists a unique weak
solution of (4.1), z € XL By Definition 4.1, forv =z € X! we get

o _n
’ =<Cozh,C0 2z>.

Using the Assumption 3.1(3), and the Cauchy—Schwarz inequality, we get

2 2

1

C 2A;

1
Cy’z

41,

2 2
lzllg—2e + 2 llzll7 < ¢

Tl
CozhH lIzlly -

We interpolate the norm on z appearing on the right hand side between the norms on z appearing
on the left hand side, then use the Cauchy with ¢ inequality, and then Young’s inequality for
p= ﬁ, q = é, to get successively, for ¢ > 0 a changing constant

A

Izl g + 21207 < ¢

1 _ _0 1 0
cth Izl 272 (m ||z||1)
c 0 : ce 2(1-0) (, L 20
~(» ‘ +7(||z||ﬁ_2( (A 1l ) )

2
ol + 5 (=0 2l + 621217
2 2 “llp—2e A

By choosing ¢ > 0 small enough we get, for ¢ > 0 independent of 9, A,

Proposition 6.2. Letn = (1 — 0)(B — 20 — 5) + 0(1 — s5), where 8 € [0, 1] and s € (sp, 1],
where sy € [0, 1) as defined in Assumption 3.1(1). Under the Assumptions 3.1(2) and (3), the
following norm bounds hold: there is ¢ > 0 independent of 0 such that

IA

n
Cih

n
Cih

IA

[ n
l2llp_ge < ca 2 cin

n 6+1
Cy hH and |zlly <cA” 7

Replacing z = B;lh gives the result. [J

“3p—1p"3 <=
HCO B, "G HL‘,(Xﬂfzefs,an) = ch

and

“ip-le? <3
A P
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In particular,

20—B+s
<cA~ 4 Vs € ({8 —2£} Vv s, 1].

= )

C_%B_IC_%
”0 LU Vif5'6)

Proof. Let h € X" = XU=0OA+s—1 Then h € X5~ since A > 0, thus Co_ih e X~ . By
Proposition 4.2 for r = Co_ ih, there exists a unique weak solution of (4.1), 7/ € X ! Since for
v € X'~ we have that Cgv € X!, we conclude that for any v € X!~

s—1

_1 s _1 s s—1 _s s
<C1 2A_ICOZZ, (o 2./4_1602 v> +)»<C02 z,Cy” v> = <CO *h,Cy v>,

s
where z = C,, *

7/ € X7 Choosing v = z € X'~%, we get

2
=(h,z2).

_1 s |2 so1
C PATIClz +A‘c(,2z

By the Assumption 3.1(3) and the Cauchy—Schwarz inequality, we have

2 2
lzllg—2e—s + A llzlli—s < cllnll—y llzll; -

We interpolate the norm of z appearing on the right hand side between the norms of z appear-
ing on the left hand side, to get as in the proof of Proposition 6.1, for ¢ > 0 independent of 0, A
and s

_0 _0+1
lzllg—2e—s < cA™2 |lhll_, and lzllj_y <cA™ 2 |lAll_,.
Replacing z = C,, iB)(lCO_ 21 gives the first two rates.

For the last claim, note that we can always choose { — 2¢} V {so} < s < 1, since 59 < 1
and A > 0. Using the first two estimates, forn = (1 — 0")(8 —2¢ —s5) +0'(1 — s5) = 0, that is

0 = zeﬁﬂﬂ € [0, 1], we have that
I p-lpT3 <%
”co B0y fops vy =
and
leg 25771y <o~
0 =4 70 lpxt-sx) —

Let u € X. Then, for any ¢ > 0, we have the decomposition
o0
W=y udp =y urdp+ Y urdp = u+1u,
k=1 A<t At

where {¢k},fil are the eigenfunctions of Cy and uy := (u, ¢¢). Since 1 —s > 0and 8—2£—s < O,
we have

¢y Bicy
| H

IA

lco2B7'cy 2ul + ¢y 2B ey

Es) e
S 7] Y S 71 PROYS

IA
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_o'41 - _7 254+40—2
=2 | YRR o[ YD Al

-1 -1
)‘k <t )‘k >t

S _n g s
AT 2 7 ull 4+ e TP ).

IA

The first term on the right hand side is increasing in ¢, while the second is decreasing, so we

1
can optimize by choosing t = t(A) making the two terms equal, that is t = AZ4, to obtain the
claimed rate. [

7. Posterior contraction

In this section we employ the developments of the preceding sections to study the posterior
consistency of the Bayesian solution to the inverse problem. That is, we consider a family of
data sets yJr = yT(n) given by (1.10) and study the limiting behavior of the posterior measure

t . .
,ui’n =N (mi, C) as n — oo. Intuitively we would hope to recover a measure which concen-

trates near the true solution « in this limit. Following the approach in [16,10,27,9], we quantify
this idea as in (1.12). By the Markov inequality we have

Tyt 1 t 2
R T Py e
n-n
so that it suffices to show that
, 2t
Eﬂ/Hu—uTH W (du) < csl. 71.1)

In addition to n~!, there is a second small parameter in the problem, namely the regularization
parameter, A = #, and we will choose a relationship between n and A in order to optimize
the convergence rates ¢,. We will show that determination of optimal convergence rates follows
directly from the operator norm bounds on B;l derived in the previous section, which concern
only A dependence; relating n to A then follows as a trivial optimization. Thus, the A dependence
of the operator norm bounds in the previous section forms the heart of the posterior contraction
analysis. The relationship between A and n will induce a relationship between t and n, where
T being the scaling parameter in the prior covariance is the relevant parameter in the current
Bayesian framework.

We now present our convergence results. In Theorem 7.1 we study the convergence of the pos-
terior mean to the true solution in a range of norms, while in Theorem 7.2 we study the concen-
tration of the posterior near the true solution as described in (1.12). The proofs of Theorems 7.1
and 7.2 are provided later in the current section. The two main convergence results, Theorems 2.2
and 2.3 follow as direct corollaries of Remark 7.3 and Theorems 7.1 and 7.2 respectively.

Theorem 7.1. Letu' € X!. Under the Assumptions 3.1, we have that, for the choice Tt = t(n) =
0y—01—1

n26-%+2 and for any 0 € [0, 1]

2 0+60p—2
‘ S cn 01—6r+2 ,

joxl Hmi —ut

n
where n = (1—0)(8—2£)+6. The result holds for any 61, 6> € [0, 1], chosen so thatE(Kz) < 00,
for k& = max {”5”2/37%471 ; !u*Hz_m}’ where n; = (1 — 6;)(B —20) +6;, i = 1,2.
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0y—60,—1
Theorem 7.2. Let ut € X'. Under Assumptions 3.1, we have that, for T = t(n) = n?¢1-%2+2
the convergence in (1.12) holds with

26— 8
0p+6p—2 .
gy =n20-hn g=]"px  ¥B-26=0

0, otherwise.

The result holds for any 61, 6, € [0, 1], chosen so that IE(KZ) < oo, for k = max{ ||§||2572e,,“ ,

[ty |, where i = (1 =68 = 20) + 61, i = 1.2.

Remark 7.3. (i) To get convergence in the PDE method we need E ||uT Hi—r/z < oo for a 6,

< 1. Under the a priori information that ul e XY, weneedy >2—ny =14 (1—6,)A for
some 0, € [0, 1]. Thus the minimum requirement for convergence is y = 1 in agreement to
our assumption u' € X'. On the other hand, to obtain the optimal rate (which corresponds to
choosing 6, as small as possible) we need to choose 6, = A+A1_y Ify > 14 A then the right
hand side is negative so we have to choose 6, = 0, hence we cannot achieve the optimal rate.
We say that the method saturates at y = 1 + A which reflects the fact that the true solution
has more regularity than the method allows us to exploit to obtain faster convergence rates.
(i1) To get convergence we also need E ||& ”%/3—24—771 < oo for a #; < 1. By Lemma 3.5(iii), it

suffices to have 6; > AZO This means that we need A > sp, which holds by the Assump-
tion 3.1(2), in order to be able to choose §; < 1. On the other hand, since A > 0 and 5oy > 0,

we have that SZ" > ( thus we can always choose 01 in an optimal way, that is, we can always
so+¢€

choose 0] = where ¢ > 0 is arbitrarily small.

(iii) If we want draws from pg to be in X? then by Lemma 3.3(ii) we need 1 —s¢ > y. Since the
requirement for the method to give convergence is ¥ > 1 while 1 — 59 < 1, we can never
have draws exactly matching the regularity of the prior. On the other hand if we want an
undersmoothing prior (which according to [16] in the diagonal case gives asymptotic cover-
age equal to 1) we need 1 — sg < y, which we always have. This, as discussed in Section 1,
gives an explanation to the observation that in both of the above theorems we always have
T — O0asn — oo.

(iv) When g — 2¢ > 0, in Theorem 7.2 and in Theorem 2.3 below, we get suboptimal rates.
The reason is that our analysis to obtain the error in the X'-norm is based on interpolating
between the error in the X#~2¢-norm and the error in the X'-norm. When B —2¢ > 0, inter-
polation is not possible since the X'-norm is now weaker than the X#~2¢-norm. However, we
can at least bound the error in the X'-norm by the error in the X#~2¢-norm, thus obtaining a
suboptimal rate. Note, that the case § — 2¢ > 0 does not necessarily correspond to the well
posed case: by Lemma 3.5 we can only guarantee that a draw from the noise distribution
lives in X?, p < B — 59, while the range of A-Lis formally X 2t Hence, in order to have
a well posed problem we need 8 — so > 2¢, or equivalently A < 1 — so. This can happen
despite our assumption A > 2sy, when so < 1/3 and for appropriate choice of £ and 8. In
this case, regularization is unnecessary.

Note that, since the posterior is Gaussian, the left hand side in (7.1) is the Square Posterior
Contraction

T t + 2
SPC=FE' me —ut] @, (12)
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which is the sum of the mean integrated squared error (MISE) and the posterior spread. Let
ut e x1. By Lemma 4.4, the relationship (1.10) between u't and y1L and the Eq. (1.11) for m;[,

we obtain
1
1 =1 11 g— 1
Biml = A7lc; 'yt = A7l 14 ]uT—i-ﬁA 'c'e
and B;LuT Al At +AC()_1uT,

where the equations hold in X!, since by a similar argument to the proof of Proposition 4.5 we
T

have m;, € X ! By subtraction we get

1
B(m| —ut) = ﬁA—lc;lg —Cy ut.
Therefore
1
ml —ut =8B! (ﬁAlcl‘lg - AC()_luT> , (7.3)

as an equation in X 1 Using the fact that the noise has mean zero and the relation (1.6), Eq. (7.3)
implies that we can split the square posterior contraction into three terms
—1p—1 | 171—17121 -1
spc = B¢yl |+ B BT T, (7.4)

provided the right hand side is finite. A consequence of the proof of Theorem 2.1 is that B;l is
trace class. Note that for ¢ a white noise, we have that
2 s - —_5 s

=E(e. B ') =E(cj¢. ¢, B¢, *¢i¢)

1
u(B;) = IE’BA%

_s 1,—5 2
< |esr'ey” ,

JEeie]

L(X

5 2
which for s > 59 since by Lemma 3.3 we have that E HCOZ ¢ H < 00, provides the bound

) < |y By o (7.5)
where ¢ > 0 is independent of X. If ¢, r are chosen sufficiently large so that CO_ 8-l ulll < oo
and E HC(?A”C;]& H2 < oo then we see that

SPC 5c<,\2 ”B;1H2 +1HB;1H2 ) +1HCO’%B;100’% ) (7.6)

LX9,X) n LXT,X) R L(X)

where ¢ > 0 is independent of A and n. Thus identifying ¢, in (1.12) can be achieved simply
through properties of the inverse of B, and its parametric dependence on A.
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In the following, we are going to study convergence rates for the square posterior contraction,
(7.4), which by the previous analysis will secure that

f
EyT,uiﬂ {u: Hu — MTH > sn} — 0,

for 85 — 0 at a rate almost as fast as the square posterior contraction. This suggests that the
error is determined by the MISE and the trace of the posterior covariance, thus we optimize
our analysis with respect to these two quantities. In [16] the situation where Cy, C; and A are
diagonalizable in the same eigenbasis is studied, and it is shown that the third term in Eq. (7.4)
is bounded by the second term in terms of their parametric dependence on A. The same idea is
used in the proof of Theorem 7.2.

We now provide the proofs of Theorems 7.1 and 7.2.

Proof of Theorem 7.1. Since £ has zero mean, we have by (7.3)

2 2 2

E Hmi —ut n %IE HB;M*C;%H

=2 HB;ICO_IMT

B—2¢ p—2¢ B—2t

and
B R e R L
Using Proposition 6.1 and Assumption 3.1(7), we get
E Hmi — MTHZ—M < cE(x?) ()»292 + %k91> = cE(k?)(n272¢20274 4 p0r— 120

and

cE(k?)

A (2272004 | 01=1,261

E Hmi —ut

2
| < cE?) <A1_02 + lk_91_1> =
n

Since the common parenthesis term, consists of a decreasing and an increasing term in 7, we
optimize the rate by choosing t = t(rn) = n” such that the two terms become equal, that is,

_ 6-0,—1 .
P=30-67 ‘We obtain,

0,2

62 0y—1
< cE®Hnm7 and E Hmi —uf

2 g 2l
1 < cE(“)n0%—0%+2,

EHmI_uT ,23 2

By interpolating between the two last estimates we obtain the claimed rate. [J

Proof of Theorem 7.2. Recall Eq. (7.4)

2 1 2
spC = |y eyt +EHﬁBA1A_ICIIE‘ + (B ).

The idea is that the third term is always dominated by the second term. Combining Eq. (7.5) with
Proposition 6.2, we have that

1 2—B+s

%tr(B;l) SedT AL Vse (B -2V fso). 1)
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(1) Suppose B — 2¢ < 0, so that by Proposition 6.1 we have, where 6y = %—ﬂ € [0, 1], using
Assumption 3.1(7)

d

R
2

1. 2 o
—B, A Sl I PREVESD S

Jn

and

Note that 0 is chosen so that E ||§‘||2/S 20—, < OO that is, by Lemma 3.5(iii), it suffices
to have 6; > AO . Noticing that by choosing s arbitrarily close to sp, we can have uﬁfﬂ

arbitrarily close to %ﬂ, and since 6 + 6y > %ﬂ, we deduce that the third term in

Eq. (7.4) is always dominated by the second term. Combining, we have that
B (126, 1, B 0,2 2,4, 61-1_26,
(i1) Suppose B — 2¢ > 0. Using Proposition 6.1 and Assumption 3.1(7) we have

<ol

HAB o %ﬁH <c”k8 o luTH
2-m

B—2¢

IA

e

cE H—B A~

B2t

IA

c;E IE135_00—p, 277

where as before 6] > SZO The third term in Eq. (7.4) is again dominated by the second term,
since on the one hand 6; > AZO and on the other hand, since 8 — 2¢ > 0, we can always
choose {8 — 2L} v {so} < s <1 A {so+ B — 2¢} to get Zeﬂﬂﬁ < SZ" Combining the three
estimates we have that

SPC < cE(k2)(n22g2=4 4 pfi=1201,

In both cases, the common term in parentheses consists of a decreasing and an increasing term

in 7, thus we can optimize by choosing T = t(n) = nP making the two terms equal, that is,

_ _01=6+1 .
P = 25,24, —3- to get the claimed rates. [

8. Examples

We now present some nontrivial examples satisfying Assumption 3.1.

Let 2 ¢ R4, d = 1,2,3, be a bounded and open set. We define Ay := —A, where A is
the Dirichlet Laplacian which is the Friedrichs extension of the classical Laplacian defined on
Cg(ﬁ), that is, Ag is a self-adjoint operator with a domain D(A4p) dense in X = L2(2) [17).
For 82 sufficiently smooth we have D(Ag) = H?(£2) N Hy (£2). It is well known that Ay has
a compact inverse and that it possesses an eigensystem {,o,?, er}z ;» where the eigenfunctions
{ex} form a complete orthonormal basis of X" and the eigenvalues ,o,% behave asymptotically like

k7 [2].
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In Sections 8.1 and 8.2, we consider the inverse problem to find u from y, where

1
y=z+_%—a

Jn

for z solving the partial differential equation

—Az+qgz=u in {2,
z=0 onadf?2,

that is, Agz+qz = u, where ¢ is a nonnegative real function of certain regularity. We choose prior
and noise distributions with covariance operators which are not simultaneously diagonalizable
with the forward operator. Later on, in Section 8.3, we consider more complicated examples and
in particular, we consider fractional powers of the Dirichlet Laplacian in the forward operator, as
well as more general choices of prior and noise covariance operators.

Our general strategy for proving the validity of our norm equivalence assumptions is:

(1) if needed, use Proposition 8.5 below to reduce the range of spaces required to check an
assumption’s validity to a finite set of spaces;

(i1) reformulate the assumptions as statements regarding the boundedness of operators of the
form considered in Lemma 8.6 below.

The statement of Proposition 8.5, which is a well known result from interpolation theory, and the
statement and proof of Lemma 8.6 are postponed to Section 8.4.

8.1. Example 1—non-diagonal forward operator

We study the Bayesian inversion of the operator A~! := (Ao —i—/\/lq)_1 where M, L) >
L?(£2) is the multiplication operator by a nonnegative function ¢ € W ({2). We assume that
the observational noise is white, so that C; = I, and we set the prior covariance operator to be
Co= Ay~

The operator Cy is trace class. Indeed, let A,% = 0 4 be its eigenvalues. Then they behave
asymptotically like k~7 and e, Kk~ < ocoford < 4. Furthermore, we have that ) oo )Lis <

i) K < 0o, provided s > %, that is, the Assumption 3.1(1) is satisfied with

1/4, d=1,
so=11/2, d=2,
3/4, d=3.

We define the Hilbert scale induced by Cyp = Aaz, that is, (X*)seRr, for X* = /\_AMS , where

o0
M= ﬂD(A(Z)I), (u,v)s = (Afu, Ajv) and |ull; = | Aju| .
1=0
Observe, X0 = X = L2(0).

Our aim is to show that C; =~ Cg and A~ ~ Cé, where 8 = 0 and £ = %, in the sense of the
Assumptions 3.1. We have A =2¢ — 8+ 1 = 2. Since ford = 1,2,3 we have 0 < s < 1, the
Assumption 3.1(2) is satisfied. Moreover, note that since C; = I the Assumptions 3.1(4) and (5)
are trivially satisfied.

We now show that Assumptions 3.1(3), (6), (7) are also satisfied. In this example the three
assumptions have the form
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3. ||(.Ao+/\/lq)_lu|| = HA&lu , Yue XL
6. ”A%(Ao +Mq)_1MH <c3 HABfluH , Yu e X571 Vs € (5o, 11;

7. 4" Ao + M| < o | A"

, Yue X171 vpel—1,1]

Observe that Assumption (6) is implied by Assumption (7).

Proposition 8.1. The Assumptions 3.1 are satisfied in this example.

Proof. We only need to show that Assumptions (3) and (7) hold.

3. The assumption is equivalent to 7 := (Ag + ./\/lq)_le and 771 = Ay YAy + M) being
bounded in X. Since 71 = I + Ag qu which is bounded in X, we only need to show that
T is bounded. Indeed, (Ag —i—J\/lq)*] Ao=(U —l—Aal/\/lq)’l , which is bounded by Lemma 8.6
applied fort = —1,s = 1.

7. By Proposition 8.5, it suffices to show 7 € L(X)NL(X)NL(X ™). We have already shown
that 7 € L(X). For T € £(X"), note that it is equivalent to AOTAal =+ /\/lqAal)’1 €
L(X), which holds by Lemma 8.6 applied for t = s = 1. Finally, for 7 € £(X™!), note
that it is equivalent to A(;]T.Ao =+ AaquAo)’l € L(X), which holds by Lemma 8.6
applied fort = —-1,s =1. O

We can now apply Theorems 2.2 and 2.3 to get the following convergence result.

4—d—d(yA3)—e
Theorem 8.2. Let ul € XY,y > 1. Then, for t = 1(n) = n3<yﬂ3>+3y+2d+25, the convergence
in (1.12) holds with ¢, = n—¢, where

2
—y’ l:f J/ < 3
4+ d6+ 4y + 2¢

ify >3,

e =
16 +d +2¢’
for e > 0 arbitrarily small and where d = 1, 2, 3, is the dimension. Furthermore, fort € [—1, 1),

2 h
< cn™ ", where
t

for the same choice of t, we have E Hm}t —uf

4y — 4t .

— ify <3
h=l4+d+4dy+2e

12 — 4¢ Fy >3

16 +d+2¢’ vy=2

For t = 1 the above rate holds provided y > 1.
8.2. Example 2—a fully non-diagonal example

As in Section 8.1, we study the Bayesian inversion of the operator A~! = (Ay+ ./\/lq)_1 fora
nonnegative g € W2 (£2). We assume that the observational noise is Gaussian with covariance

| )
operator Cj = (A(‘)‘ + ./\/lr> , where M, : L?>(£2) — L*(£2) is the multiplication operator

by a nonnegative function r € W*>(£2). As before, we set the prior covariance operator to be
Co = Aa 2, thus the Assumption 3.1(1) is satisfied with the same sy and we work in the same
Hilbert scale (X¥)geRr.-
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We show that C; =~ Cg and A~! ~ Cg, where 8 = 4—1‘ and £ = %, in the sense of the

Assumptions 3.1(3)—(7). First note that we have A =2¢ — 4+ 1 = ZT > 2sg ford = 1,2, 3, so
that the Assumption 3.1(2) is satisfied. The rest of the assumptions have the form

3.

4.

1 _3 3
(,461 —l-./\/lr)(A()—i—./\/lq)_lu‘ = ‘.A ‘ull, Yu eX’%;
1 _1
Ag(AS—i—Mr)_lu <c Ag ‘ul, VueXp_%,V,oeU—so—%—‘,%—so);
1 1_
ASS (AR + Mou| < co |AZT]|, Yu e X375, ¥s € (so, 11;

]

1
ASAG + M) (Ao + M) u| < c3 L Vue X*7H, Vs € (s, 11;

o
Ay fu

1
2u

<c4

1
Ay (Ao + M) 7HAG + M)2u

A"

NVuex i wpel-31]

Proposition 8.3. The Assumptions 3.1 are satisfied in this example.

Proof. We have already seen that the first two assumptions are satisfied.

3.

1 3
We need to show that S := <A{)‘ + /\/lr) (.A0+Mq)_1./46‘ and S~! are bounded operators in
_1 _3 _i\!
X.Indeed, S = <I + M, A, 4) <I + Ay T MGA, 4> which is bounded by Lemma 8.6
_3 _1
applied fort = s = Jandt = },5 = 1. For S~! we have, S~! = <I + Ay T MGA, 4)

_n\ 7!
<I + M, A, 4) , which again by Lemma 8.6 is the composition of two bounded operators.

. Since 4—1‘ —s0 =0, —}1, —% for d = 1, 2, 3 respectively, it suffices to show that it holds for

1 -1
all p € [—1,0]. By Proposition 8.5 it suffices to show that S = (.A(‘)‘ + M,) .A(‘)‘ €
L(X) N L(X~Y). This is equivalent to showing that S = (I + .A(;Z./\/lr)_1 and Aal&Ao =

s -1
<I + Ay /\/er()) are bounded in X', which holds by Lemma 8.6.

1 _1
. By Proposition 8.5 it suffices to show that S := (AS + ./\/lr> Ayt e L) N Lxh.

1

Indeed, S = I + /\/l,.A(;Z € L(X). On the other hand, to show S € £(X~!) it is equivalent

3
to show that AaISAo € L(X). Indeed, .ASISA() =1+ Aalj\/lr.AS which is bounded by
Lemma 8.6.

1 3
. By Proposition 8.5 it suffices to show that S := <A3 + /\/lr> (Ap + Mq)’lAg e L(X)N

L£(X"). Indeed, we have already shown in part (3) of the current proof that S € L£(X). To
show S € L£(X1) it is equivalent to show that AOSAal € L(X). Indeed, AOSAo_l = (1 +

_s 1 _s\ !
AoM, A, 4) <I + A M A, 4) which by Lemma 8.6 is the composition of two bounded

operators in X.
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7. By Proposition 8.5 it suffices to show that S := (A + /\/lc,)*1 <A{1)‘ + Mr>2 Aé € L(X)
N LX) N LX), We start by showing S € £(X). Indeed, we have S = (I + A(;l/\/lq)*1
<I + AoerA§> <I + ASiM,Aé), which by Lemma 8.6, is the composition of three
bounded operators. For showing S € L£(X~!) it is equivalent to show that Ay 1S4y €
L(X). Indeed, A;'SA) = (I + Aj2MgAp)~! (1 + AgzMrAg‘) <1 + A, ZM,Aé),
which by Lemma 8.6, is the composition of three bounded operators. Finally, we show that
S e L(X") or equivalently AOSAEI € L(X). Indeed we have .AOSAEI =+ /\/qulgl)*1
(I + MVA(; ‘l‘> <I + Aé ./\/lr.Aa é), which again by Lemma 8.6, is the composition of three
bounded operators. [

We can now apply Theorems 2.2 and 2.3 to get the following convergence result.

4—d—(yAll)—¢
Theorem 8.4. Let ul € XV, y > 1. Then, for t = t(n) = n®r 24612432 | the convergence

in (1.12) holds with e, = n—¢, where

2y . 11
— = ify<—
e 3+d+4y +2¢ 4
11 iy > 11
2M1+2d+2° V=g
for ¢ > 0 arbitrarily small and where d = 1,2, 3, is the dimension. Furthermore, for t €
2
[—%, 1>,f0r the same choice of t, we have E Hmi —uf ”t < cn", where
4y — 4t . 11
—’ l‘f y < —
b= 34+d+4y +2¢ 4
22 — 8¢ . 11
No . A~ . A~ lf‘ V 2 -
28 +2d + 2¢ 4

For t =1 the above rate holds provided y > 1.
8.3. Example 3—more general lower order perturbations case

The same methodology can be applied to more general examples, for instance, in the case
/37(1 72
where A = Ag"‘ + My, C = <A02 + ./\/lr> and Cy = A;“, for nonnegative functions ¢ €

W4-°(()) and r € W-2°({2), where £, B > 0 and @ > %l such that A > 259 = g. The values
of a,, a4 are chosen as sufficiently large even integers depending on the values of «, B, £. Note
that we require £, 8 > 0 for our compactness arguments to work, however, the cases 8 = 0
and/or £ = 0 also work using a slightly modified proof. The proof is omitted for brevity but the
interested reader may consult [1] for details.

8.4. Technical results from interpolation theory

Let (Y¥);er be the Hilbert scale induced by a self-adjoint positive definite linear operator
Q € L(X) (cf. Section 3). The following result holds [19, Theorems 4.36, 1.18, 1.6]:
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Proposition 8.5. For any t > 0, the couples (X, Y") and (X, Y™") are interpolation couples
and for every 6 € [0, 1] we have (X, Y")g 2 = Y% and (X, Y )9, = Y. In particular, for
anys € R if T € LX) N LY then T € LY?) forany 6 € [0, 1].

Let w € W%:°°({2) be a nonnegative function and define the multiplication operator M,,:

X — X. Note that by the Holder inequality the operator M, is bounded. The last proposition,
implies the following lemma.

Lemma 8.6. For any t € R, .Af)./\/lw.Aat is a bounded operator in X, provided a,, > 2[|t|].
Furthermore, for any s > 0 the operators K| = Af)./\/lw.Aat_s and Ko = Ato_s./\/lw.Aat are
compactin X and (I + K,-)_l, i = 1,2, are bounded in X.

Proof. We begin by showing that .Af)/\/lw.Aa "€ L(X), fort € [—1, 1]. By the last proposition

applied for Q@ = A 2 T = M,, and since M, is bounded, it suffices to show that Ay "My Ay
and AgM Ay ! are bounded in X. In fact it suffices to show that AoMy Ay ! is bounded since

H.Aa]/\/lw/lo H = H (.Aal/\/lon)* = HAonAal H . Indeed, since Ag = —A,

[ oMo 450 = |AMuAT'9] = [(Aw)A5'6 + 207w - (VA5 ) + wAA; 6

lwlwecsqe ([ 45"0] + | V45"0] +161) = clwlyascg o1

IA

For general 1 € R, let k = [|¢t[] € N, then as before it suffices to show that AfM,, A" is
bounded in X. Again, using the fact that Ap = — A, we have by the product rule for derivatives
that A M, Ay* is bounded, provided w € W2k:00 ().

The operators K; are compact in X, since they are compositions between the compact operator
Ay* and the bounded operator Aj M., A,". Positivity of the operator Ag and nonnegativity
of the operator M,, show that —1 cannot be an eigenvalue of K;, so that by the Fredholm
Alternative [13, Section 27, Theorem 7] we have that (I + K;)~!,i = 1,2, are bounded in
X. O

9. The diagonal case

In the case where Cp, C1 and A, are all diagonalizable in the same eigenbasis our assumptions
are trivially satisfied, provided A > 2s¢. In [16], sharp convergence rates are obtained for the
convergence in (1.12), in the case where the three relevant operators are simultaneously diago-
nalizable and have spectra that decay algebraically; the authors only consider the case C; = [
since in this diagonal setting the colored noise problem can be reduced to the white noise one.
The rates in [16] agree with the minimax rates provided the scaling of the prior is optimally
chosen, [5]. In Fig. 1 (cf. Section 2) we have in the dotted line the rates of convergence predicted
by Theorem 2.3 and in the solid line the sharp convergence rates from [16], plotted against the
regularity of the true solution, ut € X Y, in the case where 8 = ¢ = % and Cp has eigenvalues
that decay like k2. In this case so = % and A = %, so that A > 2sg.

As explained in Remark 7.3, the minimum regularity for our method to work is y = 1 and our
rates saturate at y = 1 4+ A, that is, in this example at y = 2.5. We note that for y € [1, 2.5] our
rates agree, up to ¢ > 0 arbitrarily small, with the sharp rates obtained in [16], for y > 2.5 our
rates are suboptimal and for y < 1 the method fails. In [16], the convergence rates are obtained
for y > 0 and the saturation point is at y = 2A, that is, in this example at y = 3. In general the
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PDE method can saturate earlier (if 2¢ — 8 > 0), at the same time (if 2¢ — 8 = 0), or later (if
2¢ — B < 0) compared to the diagonal method presented in [16]. However, the case 2 — 8 < O in
which our method saturates later, is also the case in which our rates are suboptimal, as explained
in Remark 7.3(iv).

The discrepancies can be explained by the fact that in Proposition 6.1, the choice of 8 which
determines both the minimum requirement on the regularity of u' and the saturation point, is the
same for both of the operator norm bounds. This means that on the one hand to get convergence

of the term HAB;IC(; Lt H in Eq. (7.4) in the proof of Theorem 7.2, we require conditions which

secure the convergence in the stronger X '-norm and on the other hand the saturation rate for this
term is the same as the saturation rate in the weaker X#~2¢-norm. For example, when  —2¢ = 0
the saturation rate in the PDE method is the rate of the X'-norm hence we have the same saturation
point as the rates in [16]. In particular, we have agreement of the saturation rate when 8 = € = 0,
which corresponds to the problem where we directly observe the unknown function polluted by
white noise (termed the white noise model).

10. Conclusions

We have presented a new method of identifying the posterior distribution in a conjugate
Gaussian Bayesian linear inverse problem setting (Sections 2 and 5). We used this identification
to examine the posterior consistency of the Bayesian approach in a frequentist sense (Sections 2
and 7). We provided convergence rates for the convergence of the expectation of the mean error
in a range of norms (Theorems 7.1, 2.2). We also provided convergence rates for the square
posterior contraction (Theorems 7.2, 2.3). Our methodology assumed a relation between the
prior covariance, the noise covariance and the forward operator, expressed in the form of norm
equivalence relations (Assumptions 3.1). We considered Gaussian noise which can be white. In
order for our methods to work we required a certain degree of ill-posedness compared to the
regularity of the prior (Assumption 3.1(2)) and for the convergence rates to be valid a certain
degree of regularity of the true solution. In the case where the three involved operators are all
diagonalizable in the same eigenbasis, when the problem is sufficiently ill-posed with respect
to the prior, and for a range of values of y, the parameter expressing the regularity of the true
solution, our rates agree (up to ¢ > 0 arbitrarily small) with the sharp (minimax) convergence
rates obtained in [16] (Section 9).

Our optimized rates rely on rescaling the prior depending on the size of the noise, achieved
by choosing the scaling parameter 72 in the prior covariance as an appropriate function of the

parameter n~ 2 multiplying the noise. However, the relationship between 7 and n depends on the
unknown regularity of the true solution y, which raises the question how to optimally choose ©
in practice. An attempt to address this question in a similar but more restrictive setting than ours
is taken in [9], where an empirical Bayes maximum likelihood based procedure giving a data
driven selection of t is presented. A different approach is taken in [15] in the simultaneously
diagonalizable case. As discussed in [16], for a fixed value of 7 independent of n, the rates are
optimal only if the regularity of the prior exactly matches the regularity of the truth. In [15], an
empirical Bayes maximum likelihood based procedure and a hierarchical method are presented
providing data driven choices of the regularity of the prior, which are shown to give optimal rates
up to slowly varying terms. We currently investigate hierarchical methods with conjugate priors
and hyperpriors for data driven choices of both the scaling parameter of the prior T and the noise

level n™2.
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The methodology presented in this paper is extended to drift estimation for diffusion pro-
cesses in [21]. Future research includes the extension to an abstract setting which includes both
the present paper and [21] as special cases. Other possible directions are the consideration of
nonlinear inverse problems, the use of non-Gaussian priors and/or noise and the extension of the
credibility analysis presented in [16] to a more general setting.
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