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Abstract

The focus of this thesis is on channel estimation in wireless communication
systems that employ multiple antennas.

The thesis is divided into two parts, whereof the first part addresses the
problem of parameter estimation of distributed sources. Due to, e.g., lo-
cal scattering around the transmitter, the source (as seen from the receiver)
appears spatially distributed. A characterization of the spatial channel, in
particular mean direction of arrival and spatial spread, is of interest for opti-
mization and performance prediction of future communication systems. Non-
parametric beamforming-based estimators are derived and analyzed for the
localization of distributed sources, and it is found that they provide good
estimation performance. Parametric generalized beamformers are also pre-
sented and analyzed. It is found that they also yield competitive performance
compared to existing algorithms.

The second part of the thesis deals with Multiple-Input Multiple-Output
(MIMO) and Single-Input Single-Output (SISO) channel estimation. A sim-
ple and straightforward way of estimating the unknown channel is to transmit
known training/pilot sequences. In the recent past, a number of publications
have suggested Superimposed Pilots (SIP) for channel estimation in commu-
nication systems. However, the performance gain achieved by SIP compared
to conventional (time-multiplexed) training is still questionable. To evalu-
ate the performance of the various training-based schemes, a lower bound
on the mutual information of a general training-based scheme applied to
block-wise fading MIMO and SISO channels is derived and maximized. It is
found that in certain scenarios it is beneficial to also transmit data during the
training mode (i.e., use SIP). The main conclusion though, is that the general
SIP-scheme quite often reduces to the conventional time-multiplexed scheme,
and, hence, renders the same performance. The theory is also extended to
the case when detected data symbols are used as additional training sym-
bols, which significantly improves the channel estimation performance. An
improved channel estimate leads to an improvement in the effective Signal-
to-Noise Ratio (SNR), and, thus, a higher coding rate may successfully be
applied. The extended scheme shows a performance close to the fundamental
capacity of the noncoherent MIMO channel.

Keywords: Wireless communications, distributed sources, generalized beam-
forming, MIMO, channel estimation, training, capacity, performance bounds.
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Notation

In the thesis, matrices and vectors are set in boldface, with upper-case letters
used for matrices and lower-case letters for vectors. If nothing else is explicitly
stated, the meaning of the following symbols are

AT Transpose operator.

A∗ Complex conjugate.

AH Hermitian transpose, i.e., complex conjugate trans-
pose.

A1/2 Hermitian (i.e., (A1/2)H = A1/2) square-root factor,
i.e., A = A1/2A1/2.

Tr {A} Trace operator.

|A| or det(A) Matrix determinant.

vec (A) The column vector that is obtained by stacking the
columns of A.

[A]ij or aij The (i, j)th element of the matrix A.

‖A‖F The Frobenius matrix norm, defined as
‖A‖2

F = Tr
{
AAH

}
.

‖a‖ The Euclidean norm, defined as ‖a‖ =
√

aHa.

|x| The absolute value of the (complex) scalar x, defined
as |x| =

√
x∗x.

j The imaginary unit; j2 = −1.

A ⊗ B The Kronecker product. For an N ×M matrix A and
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a K×L matrix B it is defined as the NK×ML matrix

A ⊗ B ,




a11B · · · a1MB
...

. . .
...

aN1B · · · aNMB




A > B The matrix A − B is positive definite. Furthermore,
A ≥ B means that A − B is positive semidefinite.

diag (a1, . . . , aK) The K×K diagonal matrix with diagonal elements a1

through aK .

Im The m×m identity matrix. Frequently, the subscript
m is omitted when there is no risk of confusion.

0m×n The m×n all zero matrix. Sometimes, a ‘0’ (or ‘0’) is
written when there is no risk for confusion.

ei All zero vector except for a one in the ith position. The
length of the vector is given by the context.

θ̂ An estimate of the parameter θ.

E[·] The expectation of a random variable.

ETr {A} The expectation of the trace of a random matrix A.

mse(θ̂) The mean square error of an estimate.

var(θ̂) The variance of an estimate.

Re{·} The real part of a complex quantity.

Im{·} The imaginary part of a complex quantity.

I(X; Y ) The mutual information between the two random vari-
ables X and Y .

h(X) The differential entropy (self-information) of the con-
tinuous random variable X.

Xn = Op(an) The elements of the random matrix Xn is at most of
order in probability an, i.e., for every ǫ > 0 there ex-
ists a positive real number Mǫ such that P (|xij,n| ≥
Mǫan) ≤ ǫ for all n.
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C
m×n The set of all complex-valued m × n matrices.

x ∼ N (µ,C) The random vector x is distributed as a normal ran-
dom vector with mean µ and covariance matrix C.

x ∼ CN (µ,C) The random vector x is distributed as a complex nor-
mal random vector with mean µ and covariance matrix
C.

x ∼ AsN (µ,C) The random vector x is asymptotically distributed as
a normal random vector with mean µ and covariance
matrix C.

{Xi} are i.i.d. The sequence of random variables {Xi} are indepen-
dent and identically distributed.

δ(t) Dirac’s generalized delta function;∫ ∞

−∞
δ(t − t0)f(t) dt = f(t0).

δts The Kronecker delta; δts =

{
1 t = s
0 t 6= s

arg min
x

f(x) The minimizing argument of the function f(x).

arg max
x

f(x) The maximizing argument of the function f(x).

log2(x) The base-2 logarithm of x.

s.t. Is read subject to.

w.r.t. Is read with respect to.

iff Is read if and only if.
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Chapter 1
General Introduction

This thesis1 addresses the field of signal processing for wireless communi-
cations and contains contributions to the topic of channel estimation in

wireless communication systems that employ multiple antennas.

1.1 Wireless Communications

From the 1990’s up until today, there has been a tremendous growth in the
application of wireless communications. In this day and age, a mobile phone
is more or less a standard accessory for most people in the developed coun-
tries, and Wireless Local Area Networks (WLAN) are becoming more and
more popular also for home users. We also see that the so-called electronic
calendars come with built in WLAN and Bluetooth2 for connectivity. To
attract consumers and finance the growth of wireless communications, new
mobile services are developed. That is, the more users we have, together with
the use of resource demanding services such as streaming music, video, etc.,
the loads on our communication systems become larger and larger. Modern
systems need to provide fast communication to many users simultaneously,
which is to say the least a challenging task. This motivates the development
of new techniques for more efficient use of the available frequency spectrum.
Spectrum is a scarce resource, therefore it needs to be utilized in an efficient
way. One way of increasing the performance of wireless communication sys-
tems, without consuming more frequency spectrum, is to equip them with

1The work in this thesis has been supported in part by the Personal Computing and
Communication Program (PCC/PCC++), and in part by the Swedish Research Council
(VR). PCC/PCC++ is funded by the Swedish Foundation for Strategic Research.

2Bluetooth is a low cost short-range wireless technique for connecting mobile devices.



2 General Introduction

multiple antennas. As of late, these so-called antenna arrays (also called
smart antennas) have attracted a lot of attention in the communication re-
search community and are expected to have a commercial breakthrough.
As well as exploiting the time and frequency domains, antenna arrays also
enable exploitation of the spatial domain. The use of multiple antennas en-
ables; e.g., interference cancellation, directional transmission and reception,
increased range, spatial multiplexing, and diversity of the wireless channel
in order to increase the performance. These are all desirable properties in
the mobile up- and down-links, WLANs, high-rate point-to-point communi-
cations, etc. For a good introduction to the application of antenna arrays,
the interested reader is referred to, e.g., [God97a,God97b,PP97].

1.2 The Communication System Model

The primary purpose of a digital communication system is the transmission
of information that is generated by a source and is to be received by one or
multiple destinations. Figure 1.1 is adopted from [Gal68] and it illustrates
the functional diagram of a digital communication system.

Source Encoder Modulator

Channel

DemodulatorDecoderSink

Figure 1.1: Basic block diagram of a digital communication system.

The output from the source might be either a digital or analog signal.
Examples of digital signals include; sequences of data, and characters, etc.,
and examples of analog signals include; speech, audio, and video, etc. In
general, the source output is a sequence of binary digits, and ideally it is
represented by as few binary digits as possible. The process of efficiently
converting the source into a stream of binary digits is called source encoding.
Source coding is a research topic in itself, and since we do not deal with
source coding in this thesis, the source encoder is assumed to be included
in the source block. The output from the source encoder is called the bi-
nary information sequence, and it is passed to the channel encoder, which
in essence introduces redundancy to protect the data from errors introduced
by the channel. Channel coding is also in itself a whole research area, and
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it is beyond the scope of this thesis. The modulator is the interface to the
continuous time channel, and it transforms the encoded binary information
sequence into continuous time waveforms. When we look at the discrete time
representation of the communication channel, we assume that the modulator
and its reverse operator, the demodulator, are included in the channel model.
The channel is the physical medium that is used to transmit the signal from
the transmitter to the receiver, and in wireless transmission the channel is
typically the atmosphere. Other physical media include; wire lines, optical
fiber, etc. The channel corrupts the transmitted signal in a random fashion,
and it represents the hard reality that we have to adapt to when designing
our communication systems. Typically, we can only describe the random
mechanisms behind the channel and we use random models to represent it
mathematically. The channel models used in this thesis are presented in the
actual chapters where they appear. The primary task in this thesis is to
estimate parameters that are used in the mathematical models of the chan-
nel. Once we have methods (algorithms) for finding the model parameters,
they can be used to better understand the physical channel when study-
ing measurement data from, e.g, channel measurement campaigns and/or to
simplify the decoding process of the corrupted information sequence that was
communicated over the imperfect channel. In general, the decoding process
is complicated, but if the decoder has channel knowledge it can be greatly
simplified. In the end, it is the sink that is the destination of the transmit-
ted information sequence, and here it represents both the destination as well
as any possible source decoder. Ideally, it is desired that the received and
decoded information sequence contains no errors, but in practice we usually
have to accept a certain amount of errors.

1.3 Channel Estimation

Sometimes estimation theory is used as a synonym to statistical signal pro-
cessing, since signal processing is all about extracting useful information from
signals, which can be done by, e.g., applying the very general concepts from
estimation theory. An estimator can be seen as the mapping from N data
samples to an estimate, i.e.,

θ̂N = f(x), (1.1)

where θ̂N denotes the parameter estimate, f(·) the estimator, and x =
[x(1), . . . , x(N)]T is the measurement vector from the time series x(t) gener-
ated by the modeled process. The subscript N is included to denote that we
usually only have access to a finite number of N data samples, i.e., x(t) is
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measured for t = 1, . . . , N . Given a set of N data samples, the objective is,
thus, to find an estimate of the unknown parameter θ. The parameter θ can
either be modeled as an unknown deterministic parameter or as a realization
of a stochastic (random) variable. In fact, the first part of this thesis deals
with estimation of deterministic parameters, while the second part deals with
estimation of stochastic parameters. The subject of estimation theory is vast,
and a good introduction to statistical estimation theory can be found in, e.g.,
[Kay93].

Channel estimation is a classical problem in communications and the area
is, therefore, well covered in the literature, see, e.g., [TSD04] and the exten-
sive reference list therein. Basically, it is desired that the receiver equalizes
the effect of the unknown channel. One straightforward way of doing that is
first to estimate the unknown channel. Once the channel is known, its effect
of introducing errors to the transmitted information can be removed to some
extent.

When different estimators are evaluated qualitatively, one usually talks
about some figure-of-merit. That is, a figure-of-merit is defined and the per-
formances of the estimators are evaluated with respect to the chosen figure-
of-merit. In general, it is desired that the estimated parameter θ̂N , in some
predefined sense, is close to the true parameter θ. For example in the case
of a deterministic parameter, a figure-of-merit that is also intuitively appeal-
ing, is the Mean Square Error (MSE). We will, therefore, focus some of the
discussion on the MSE. The best estimator, out of a collection of estimators,
is the one that yields the lowest MSE, where the MSE is defined as

mse
(
θ̂N

)
, E

[(
θ̂N − θ

)2
]

, (1.2)

and where E[·] denotes statistical expectation. The MSE measures the mean
of the squared deviation of the estimate from the true value. Given an
estimator, the MSE is a natural criterion to assess the estimation perfor-
mance. However, if we are not given an estimator, but instead want to find
the optimal estimator by employing the MSE criterion, the criterion will
unfortunately lead to unrealizable estimators, since, in general, the optimal
estimator depends on the unknown parameter. For example, the estimator
which yields the minimum (zero) MSE is given by the clairvoyant estimator
θ̂N = θ. There exist less extreme examples of unrealizable estimator, and this
can be seen by recognizing that the MSE is composed of two terms [Kay93]

mse
(
θ̂N

)
= b2 (θ) + var

(
θ̂N

)
, (1.3)

where b(θ) is the bias (yet to be defined), and var(θ̂N) denotes the variance.
Hence, the MSE is composed of errors due to the bias and the variance of



1.3 Channel Estimation 5

the estimator, where the bias depends on the unknown parameter θ. One
way of trying to find other estimators is to, for example, introduce additional
constraints such as forcing them to be unbiased, i.e., let b(θ) = 0. Within
the class of unbiased estimators, the one with the lowest variance (implying
highest figure-of-merit) is sought. Unfortunately, the variance of the estima-
tor also typically depends on the parameter θ, and the minimum variance
unbiased estimator does neither exist in general. This can be illustrated by
an example where we have two different estimators, and the first estima-
tor might have lower variance for parameter values θ ≤ θ1, and the second
estimator might have lower variance for θ > θ1. Hence, there is no global
minimum variance unbiased estimator and even further constraints need to
be imposed for such cases. For example, forcing the estimator to be linear
in the data typically leads to easily implementable, although suboptimal,
estimators.

There exist some other concepts that are used in the thesis, and they
include; bias, efficiency, and consistency. An estimator is said to be unbiased
iff it does on-the-average produces the true parameter value, i.e., E[θ̂N ] = θ,
otherwise it is said to be biased. Often we can only hope that the estimator
is asymptotically unbiased. That is, the estimator is unbiased as the number
of data samples goes to infinity, i.e., limN→∞ E[θ̂N ] = θ. An estimator is said
to be efficient if the variance of the estimates coincides with the Cramér-
Rao Lower Bound (CRLB), which is a lower bound on the variance achieved
by any unbiased estimator. Also here, we most often have to settle with
estimators that are only asymptotically efficient, or sometimes not even that.
Finally, we have consistency, and an estimator is said to be weakly consistent
if the probability of the event that the estimation error θ̂N − θ is larger than
an arbitrarily small number ǫ, goes to zero as the number of data samples
tends to infinity. If the event that the estimate tends to the true value has
probability one as N → ∞, the estimator is said to be strongly consistent. We
have to talk about statistical expectations and probabilities, since in general,
the data measurement are considered to be random, which also makes the
estimates random. The estimator is often also called an algorithm or method
whose primary task is to produce random estimates, given random data
samples. Thus, when empirically evaluating, e.g., the MSE performance of
an estimator, K sets of N data samples are used to create a sequence of
K estimates θ̂N,1, . . . , θ̂N,K . The parameter estimates can then be used to
estimate the MSE as

m̂se
(
θ̂N

)
,

1

K

K∑

i=1

(
θ̂N,i − θ

)2

, (1.4)
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where m̂se(θ̂N) is called the empirical MSE. To avoid having to rely on em-
pirical results obtained from long simulation runs, i.e., for every parameter
setting having to compute (1.4) for large K, we sometimes in this thesis
perform a so-called statistical performance analysis. That is, we analytically
calculate the asymptotic (as N → ∞) distribution of the estimation error
θ̂N − θ. The results from such a performance analysis can be used to quickly
assess the performance of estimators for different parameter settings.

The performance evaluation w.r.t. the MSE (as described above) applies
to estimation of deterministic parameters. In the case of estimating realiza-
tions of random variables that are assigned a prior knowledge in the form
of a Probability Density Function (PDF), the data is described by the joint
PDF

p(x, θ) = p(x|θ)p(θ), (1.5)

where p(θ) is the prior PDF. The optimal Bayesian estimator is the one that
minimizes the Bayesian MSE (the integrated risk)

Bmse
(
θ̂N

)
, E

[(
θ̂N − θ

)2
]

=

∫ (
θ̂N − θ

)2

p(x, θ)dx dθ, (1.6)

where the expectation is w.r.t the joint PDF p(x, θ), since θ is regarded
random. The Bayesian MSE is, because of this, fundamentally different to
the MSE in the classical (deterministic) case, and, typically, the optimal
Bayesian estimator is uniquely defined given a prior PDF. The estimator
that minimizes the Bayesian MSE is called the Minimum Mean Square Error
(MMSE) estimator, and it is given by the mean of the posterior PDF p(θ|x)
(the conditional mean)

θ̂MMSE = E[θ|x] =

∫
θp(θ|x)dθ, (1.7)

where the posterior PDF is given by Baye’s rule

p(θ|x) =
p(x|θ)p(θ)∫
p(x|θ)p(θ)dθ

. (1.8)

The MMSE estimator is often difficult to find in closed-form, and may be
too computationally intensive to implement in practice, since, for multiple
parameters, it involves multidimensional integration. A practical estimator
that is easily found in closed-form given the the appropriate moments, is
the Linear Minimum Mean Square (LMMSE) estimator. Unless the MMSE
estimator happens to be linear, the LMMSE estimator is suboptimal, and
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it is given by the linear estimator that yields the lowest Bayesian MSE. In
fact, in the second part of the thesis we incorporate the LMMSE estimator
to estimate the realizations of a random channel. As previously stated, the
interested reader is referred to, e.g., [Kay93] for more information on the
interesting topics of signal processing and estimation theory.

In the parts of the thesis where classical parameter estimation is ad-
dressed, the estimation performance is evaluated w.r.t. the MSE or the Root
Mean Square Error (RMSE), which is defined as the square root of the MSE.
However in other parts, the performance is evaluated w.r.t. the capacity of
a training-based communication system. The information theoretic termi-
nology, such as capacity and its related terms, is described in Chapter 6.
The same chapter also describes what a training-based system is, and how it
works. In a training-based communication system, the capacity is a highly
relevant figure-of-merit since it tells how the available time and power should
be distributed over the training and information data, respectively, in order
to maximize the reliable communication rate. Minimizing the MSE alone in
such a system, would give the very unsatisfactory solution of spending all
the available time and power on transmission of known training sequences,
i.e., yielding zero throughput (meaning no transmission of information).

1.4 Motivation and Aim of the Thesis

The use of antenna arrays in communication systems shows a promising in-
crease in the system performance. However, there are many things to improve
in order to fully exploit the potential in using antenna arrays. In general, a
great performance limiting factor of any system is how well the mathematical
models describe the physical reality. Particularly in a communication system,
we have to accurately model the channel to enable efficient communication
over the channel. However, one should also keep in mind that the physical
reality is rarely simple enough to be precisely described by mathematically
tractable models. This implies that there is a trade-off between, on the one
hand, realistic models, and, on the other hand, tractable models. Thus we
need to, e.g., learn more about the nature of the communication channel,
and how radio waves propagate in different environments to be able to find
tractable models that at the same time are somewhat realistic.

A mathematical model is typically parameterized in a set of known and
unknown parameters, where the unknown parameters are typically sought for.
A channel model parameter can, for example, be the direction or angle from
where a certain mobile user’s signal is arriving to the base station. Knowledge
of this direction enables the base station to focus its transmit energy towards
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this direction and, hence, create less interference to surrounding mobile users
[ZO95].

Very promising theoretical results on the performance of Multiple-Input
Multiple-Output (MIMO) communication systems have been reported in the
literature, e.g., [Fos96,FG98,Tel99]. Measurements have also indicated high
performance gains in using MIMO systems [Gan02]. Most of the theoretical
work and measurements are based on something called the channel capacity,
where it is assumed that the channel is known to the receiver. One simple
and straightforward way of gaining knowledge of the channel is to use pi-
lot training [Pro01], and various training-schemes for doing so have been
proposed in the literature. This motivates the investigation of how these
different schemes effect the channel capacity, and to find the (in some sense)
optimal training scheme.

The work covered in this thesis is split into two self-contained parts,
namely:

Part I: Beamforming-Based Channel Parameter Estimation The aim of
this part is to derive and evaluate new beamforming-based estimators for
channel parameter estimation. Both nonparametric and parametric esti-
mators are derived, evaluated, and analyzed for localization of distributed
sources.

Part II: Training-Aided Channel Parameter Estimation This part of the
thesis deals with performance evaluation of various proposed training-based
schemes for MIMO and SISO channel estimation. The aim is to find out how
much gain there is in using so-called superimposed pilots in favor of con-
ventional time-multiplexed pilots. The work presented in this part is based
on research done in close cooperation with Patrik Bohlin at S2, Chalmers
University of Technology.

1.5 Outline and Contributions

The thesis consists of two self-contained parts and the main contributions
are chapter-wise summarized in the following outline.

Chapter 1 General introduction
The present and introductory chapter of the thesis.
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Part I: Beamforming-Based Channel Parameter Estimation

Chapter 2 Introduction
This is the first chapter in Part I which contains the background to the
problem of localization of distributed sources. It also introduces the basic
concepts of array signal processing and describes the models that are used
in the following chapters.

Chapter 3 Nonparametric Estimation: Beamforming
This chapter contains the derivation of a nonparametric scheme for local-
ization of distributed sources. Numerical examples that compare the perfor-
mance of the derived estimators to that of some more complex high-resolution
methods are provided. The chapter is concluded by applying the estimators
to indoor MIMO channel measurement data, followed by a statistical perfor-
mance analysis. The material comprised in this chapter has previously been
published in the conference papers [Col02b,Col02a,Col03,CV03].

Chapter 4 Parametric Estimation: Generalized Beamforming
In this chapter, the nonparametric point source-based Conventional Beam-
former (CBF) is generalized to localization of multiple Incoherently Dis-
tributed (ID) and Coherently Distributed (CD) sources that appear in sensor
array processing. The generalized CBF is a parametric method that uses the
principal eigenvector of the parameterized signal covariance matrix as its
weight vector, which is also a matched filter. The desired parameter esti-
mates are taken as the peaks of the generalized 2-D beamforming spectrum.
Furthermore, we compare the performance of the generalized CBF numeri-
cally to that of the generalized Capon beamformer. Here, the Capon beam-
former is also applied to CD sources, and has previously been proposed for ID
sources in [HSG04]. Finally, an asymptotic statistical performance analysis
of the generalized beamformers is provided and numerically verified. The
material presented in this chapter compromises mostly unpublished work.
Some material has been submitted as a conference paper in [CV06].

Chapter 5 Conclusions
This is the concluding chapter of Part I and it contains a discussion on the
obtained results and suggestions for future work.
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Part II: Training-Aided Channel Parameter Estimation

Chapter 6 Introduction
Chapter 6 is the introductory chapter and it describes the background to
the work presented in the second part of the thesis. Further, it gives a brief
introduction to information theory concepts that are used in the subsequent
chapters.

Chapter 7 Performance of Training-Aided MIMO Systems
In this chapter, we compare the performance of two different training-based
schemes for MIMO channel estimation. The compared schemes are the con-
ventional time-multiplexed pilot scheme and the superimposed pilot scheme.
Their performance is evaluated by deriving, optimizing, and comparing a
lower bound on their respective capacity. The material in this chapter has
been previously published in the conference papers [CB03,BC04b], and has
been submitted as a journal article in [CB05a].

Chapter 8 Performance of Decision-Directed MIMO Systems
The work presented in this chapter is an extension to the training schemes
of the previous chapter, which allows channel re-estimation when additional
information in the form of detected symbols is made available. Detected data
symbols are used as additional training symbols, which significantly improves
the channel estimate. An improved channel estimate leads to an improvement
in the receiver SNR, and, thus, a higher coding rate may successfully be
applied. The material in this chapter has been published in the conference
paper [BC04a], and has been submitted as a journal article in [CB05b].

Chapter 9 Performance of Training-Aided SISO Systems
In this chapter, we apply the same problem formulation as in the previous
two chapters to a frequency-selective block-wise fading Single-Input Single-
Output (SISO) channel. The work presented in this chapter has previously
been published in the conference paper [CB04].

Chapter 10 Conclusions
The concluding chapter of Part II of the thesis contains a discussion on the
obtained results and suggestions for future research.

1.5.1 List of Publications

Parts of the material that is covered in the first part of the thesis has been
published or is under review in the following conference papers:
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• M. (Tapio) Coldrey. “Direction and Spread Estimation of Spatially
Distributed Signals via The Power Azimuth Spectrum”. In Proc. IEEE
ICASSP 02, volume 3, pages 3005–3008, Orlando, FL, May 2002.

• M. (Tapio) Coldrey. “Beamforming-based Estimators for Spatially
Distributed Signals”. In Proc. PCC Workshop & Radiovetenskap och
Kommunikation, RVK’02, pages 319–323, Stockholm, Sweden, June
2002.

• M. (Tapio) Coldrey. “On the use of beamforming for estimation of
spatially distributed signals”. In Proc. IEEE ICASSP 03, volume 5,
pages 369–372, Hong Kong, China, April 2003.

• M. (Tapio) Coldrey and M. Viberg. “Analysis of Spectral-based Local-
ization of Spatially Distributed Sources”. In Proc. SYSID 2003, 13th
IFAC Symposium on System Identification, Rotterdam, Netherlands,
August 2003.

• M. (Tapio) Coldrey and M. Viberg. “Generalization and Analysis of
the Conventional Beamformer for Localization of Spatially Distributed
Sources”. In review for the 14th European Signal Processing Confer-
ence, EUSIPCO 2006, Florence, Italy, September 2006.

The second part of the thesis has been published or is under review in
the following papers:

• M. (Tapio) Coldrey and P. Bohlin. “Performance Evaluation of MIMO
Wireless Communication Systems Employing Pilot Training for Chan-
nel Estimation”. In Proc. PCC Workshop & Ericsson/TeliaSonera
Research Days 2003, pages 33–37, Stockholm, Sweden, November 2003.

• P. Bohlin and M. (Tapio) Coldrey. “Performance Evaluation of MIMO
Communication Systems based on Superimposed Pilots”. In Proc.
IEEE ICASSP 04, volume 4, Montreal, Canada, May 2004.

• P. Bohlin and M. (Tapio) Coldrey. “Optimized Data Aided Training in
MIMO Systems”. In Proc. IEEE VTC 2004 Spring, volume 2, pages
679–683, Milan, Italy, May 2004.

• M. (Tapio) Coldrey and P. Bohlin. “A Capacity Comparison between
Time-Multiplexed and Superimposed Pilots”. In Proc. 38th Asilomar
Conference on Signals, Systems and Computers, volume 1, pages 1049–
1053, Monterey, USA, November 2004.
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• M. (Tapio) Coldrey and P. Bohlin. “Training-Based MIMO Sys-
tems: Part I–Performance Comparison”. Submitted for review to IEEE
Trans. on Signal Processing. Also available as technical report no.
R032/2005 at http://www.chalmers.se/s2, November 2005.

• M. (Tapio) Coldrey and P. Bohlin. “Training-Based MIMO Systems:
Part II–Improvements using a Variable Coding Rate Scheme”. Submit-
ted for review to IEEE Trans. on Signal Processing. Also available as
technical report no. R033/2005 at http://www.chalmers.se/s2, Novem-
ber 2005.



Part I

Beamforming-Based Channel

Parameter Estimation





Chapter 2
Introduction

This chapter gives a introduction to the problem addressed in the first
part of the thesis, a short motivation and outline, and introduces the

models that are used.

2.1 Background and Overview

In short, direction finding or Direction-Of-Arrival (DOA) estimation is the
problem of estimating the azimuth angle from which a propagating wavefront
is impinging upon an array of sensors. One can also think of a 3-D setting,
and estimating both the azimuth and elevation angles, although it is beyond
the scope of this thesis. The sensor array enables the collection of spatio-
temporal (both space and time) samples, which are processed to give the
desired estimates. Good introductory articles on array signal processing and
DOA estimation can be found in, e.g., [VB88,KV96].

Spatially distributed sources appear in many applications, e.g., sonar,
radar, seismology, and wireless communications, to only mention a few.
Many classical DOA estimation methods are based on a simple point source
model. For example, in indoor radio communications the point source as-
sumption is violated due to multiple reflections of the transmitted signal, and
a distributed source model would instead be a better approximation [TF93].
Another example is fast fading in mobile communications, where the elevated
base station antenna, due to local scattering (reflections) around the mobile,
experiences the received signal as distributed in space rather than a point
source [Zet97,PMF00]. Depending on the physical media causing the reflec-
tions, the signals arriving from different directions exhibit various degrees
of correlation, ranging from totally uncorrelated to fully correlated. If the
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signals from different directions are uncorrelated, it is called a Incoherently
Distributed (ID) signal (or source), and if the signals are fully correlated, it
is said to be a Coherently Distributed (CD) source. Of course, these are the
two extreme cases, and one can think of a mix between the two, which leads
to Partially Coherently Distributed (PCD) sources. A presentation of the
distributed models is provided in this chapter, and the interested reader can
also be referred to, e.g., [VCK95, RGM00] for a discussion on the different
source models and their validity.

If the signal arrives uncorrelated (as in the ID case) from multiple direc-
tions, the signal covariance matrix is not rank-one, which in turn leads to
that point source-based algorithms deteriorate in performance [Jän92,AO98].
This has resulted in numerous publications of new algorithms that can han-
dle full-rank models, see, e.g., [VCK95,TO96,MSW96,RGM00,BS00,BO00,
BO01,SVB01,HSG04,SVG04] and references therein. In [VCK95] a general-
ization of the popular MUSIC algorithm [Sch79] was presented, and in [TO96]
a Maximum Likelihood (ML) estimator was proposed to estimate the pa-
rameters of distributed sources. In [MSW96] another generalization of the
MUSIC algorithm was presented, and in [RGM00] an ML estimator was
developed for a partially coherently distributed source model. In order to
reduce the numerical complexity, a decoupled estimator that requires two
successive 1-D searches was presented in [BS00], and in [BO00] a standard
point source-based algorithm such as, e.g., root-MUSIC [Bar83] was used to
fit a rank-two model to a distributed source. A generalization of the idea of
weighted subspace fitting to full-rank models was presented in [BO01], and
in [SVB01] the ESPRIT algorithm [RK89] was used to estimate a distributed
source. Finally, in [HSG04] a generalization of the popular Capon’s beam-
former [Cap69] to ID sources was introduced, and in [SVG04], a covariance
fitting approach was used to find the moments of the source’s spatial power
density function. While the ID source yields a full-rank covariance matrix,
the signal covariance matrix of a CD source is rank one, which means that
most standard point source algorithms can be extended to localization of CD
sources by simply generating a new array manifold (to be defined) for CD
sources. For example, a MUSIC-based algorithm is presented in [VCK95], the
algorithm in [SVB01] also works for CD sources, and the ML estimator for
CD sources is studied in [RGM00]. This is by no means a full overview of all
the existing algorithms, but it represents some of the most cited algorithms
in the literature of today.

What commonly characterizes parametric estimators is that they require
knowledge of the shape of the angular distribution of the source and assume
narrow angular spreads. Many of them require solving a multi-dimensional
optimization problem, implying high computational loads. In this thesis, we
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start by investigating the possibility of using classical low-complexity beam-
forming techniques for localization and spread estimation of an ID source.
Due to unknown scattering, the signal from a mobile user arrives from several
different directions and we know little or nothing about the angular distribu-
tion of the arriving signal. It would therefore be attractive to have a robust
and simple beamformer, which can give the desired estimates (nominal DOA
and spread) without making any assumptions on the shape of the angular
distribution. As such, the beamformer is considered to be nonparametric.
The beamformer would, therefore, be well suited, for example, for charac-
terizing the communication channel’s spatio-temporal behavior. Since the
power radiated from a distributed source and received by an array contains
information about the angular distribution, the conceptual idea is, thus, to
compute the received power as a function of angle by digitally steering and
scanning the source with a narrow beam. The parameters of interest, namely
nominal angle and spread, are then estimated from the attained power dis-
tribution. The idea is very simple in its nature, and has been previously
suggested in [Lee73] to estimate the distribution of wave arrival of a mobile
signal. In [Lee73], an antenna array was pointed at a fixed angle, and then
the received power was computed over a test run, followed by mechanically
rotating the antenna to the next angle, and computing the power over a new
test run, and so on. The effect of noise was never considered in [Lee73].
Here we compute the covariance matrix from a single batch of snapshots,
and apply digital beamforming techniques to compute the power spectrum.

The desired parameters are extracted from the first and second mo-
ments of the computed spectrum attained by, e.g., CBF or Capon’s beam-
former. The method is, therefore, related to spectral moments estimation,
e.g., [MB99,Da00], and has been used in [Mon00,MB04] to observe extended
targets in radar applications.

We continue with applying the suggested beamforming-based estimators
to indoor Multiple-Input Multiple-Output (MIMO) measurement data. Fi-
nally, a statistical performance analysis is presented together with numerical
examples to validate the theoretical results.

The attention is then turned to generalized beamforming techniques, and
we derive and analyze some parametric beamforming techniques that are
based on generalizations of the classical beamformers to also handle multiple
distributed sources. The generalized beamformers can be applied both to
ID and CD sources. As opposed to nonparametric techniques, a parametric
technique makes use of model-based information in the form of knowing the
covariance structure of the data. The parametric approach, thus, exploits
that it has full knowledge of the shape of the spatial power distribution func-
tion (yet to be defined). Generalized beamformers are attractive in that
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they do not only yield parameter estimates with competitive performance,
but also function as spatial filters. For example, the generalized conventional
beamformer is also a matched filter in the sense that it maximizes the output
Signal-to-Noise Ratio (SNR).

2.2 Data Modeling

This section describes the data models and the terminology used in the first
part of the thesis. We present the point source model and the distributed
source models. These models frequently appear in array signal processing
for, e.g., wireless communications.

2.2.1 Point Source Model and Definitions

The conventional data model assumes that the signal impinging upon an
array of sensors to be narrow-band and emitted from a point source in the
far-field region1. In Figure 2.1, the far-field Electro-Magnetic (EM) wave is
incident at an DOA angle θ upon a Uniform Linear Array (ULA) consisting
of K identical antenna elements. The EM field induces K voltages {xi(t), i =
1, . . . , K}, which are simultaneously measured at a time instant t and col-
lected as spatial samples into a vector (snapshot) x(t) = [x1(t), . . . , xK(t)]T .

x1 x2 xK

θ

d

Figure 2.1: Point source signal incident upon an antenna array from
the direction θ.

Using a complex signal representation, the modulated signal impinging

1The wavefront is considered to be planar at a distance greater than 2D2/λ (where
λ is the wavelength and D > λ is the largest dimension of the antenna) away from the
transmitting antenna. This region is called the far-field (Fraunhofer) region.
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upon the array is modeled as

s̄(t) = u(t)ej(ωct+ψ(t)) , (2.1)

where u(t) and ψ(t) are the modulated signal’s amplitude and phase, respec-
tively, and ωc the carrier frequency. In general, the modulated signal s̄(t)
occupies a narrow bandwidth B, compared to the carrier frequency ωc, i.e.,
B ≪ ωc. However, in array processing the signal is assumed to be narrow-
band when the signal amplitude u(t) and phase ψ(t) vary slowly relative to
the propagation time τi across the array, i.e., |τi| ≪ 1/B,∀i = 1, . . . , K, and,
therefore,

u(t − τi) ≈ u(t) (2.2)

ψ(t − τi) ≈ ψ(t) , (2.3)

where τi is the time it takes for the wave to propagate from the phase reference
point, i.e., the origin (usually the first element), to the ith element. This is
the first part of what in array signal processing is called the narrow-band
assumption, and implies that the signal only undergoes phase-shifts when
propagating across the array, i.e.,

s̄(t − τi) = u(t − τi)e
j(ωc(t−τi)+ψ(t−τi))

≈ e−jωcτiu(t)ej(ωct+ψ(t))

= e−jωcτi s̄(t) . (2.4)

Let hi(t) denote the impulse response of the ith sensor, which is assumed
to be linear. Using the above narrow-band assumption, the modulated output
signal of the ith element is, in the absence of noise, given by

x̄i(t) = hi(t) ∗ s̄(t − τi) ≈ hi(t) ∗ e−jωcτi s̄(t) , (2.5)

where ∗ denotes convolution. The Fourier-transform Hi(ω) of hi(t) is as-
sumed to be constant over the signal bandwidth B. This is the second and
last part of the narrow-band assumption in array signal processing. Under
these assumptions we can write the ith element’s output signal as

x̄i(t) = Hi(ωc)e
−jωcτi s̄(t) , (2.6)

where approximation has been omitted in favor of equality.
The propagation time τi is a function of the DOA parameter θ, i.e., τi =

τi(θ). For a ULA the time delay of the signal at the ith element is

τi(θ) =
(i − 1)d sin θ

c
, (2.7)
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where d is the element spacing, and c the wave propagation speed. If we
also assume that the identical array elements are isotropic and that their
frequency responses are identically equal to unity, the ith output can be
written as

x̄i(t) = e−j(i−1)kd sin θs̄(t) , (2.8)

where k = 2π/λ (λ is the wavelength) denotes the circular wave number 2. We
reserve the term standard ULA for a ULA with isotropic, identical, and unit
frequency response elements with an element separation of half-a-wavelength.
The separation d = λ/2 is the maximum allowable separation to avoid steer-
ing vector ambiguities, and it is the spatial equivalent to the Nyquist sampling
rate of continuous time signals.

The demodulated signal is acquired by simply removing the complex car-
rier, ejωct, as s(t) = u(t)ejψ(t), and is referred to as the baseband signal.
Hence, we can express the ith baseband output as

xi(t) = e−j(i−1)kd sin θs(t) , ai(θ)s(t) , (2.9)

and by using vector notation we acquire the whole baseband array output
(snapshot) as

x(t) = [x1(t), . . . , xK(t)]T

= [a1(θ), . . . , aK(θ)]T s(t)

= a(θ)s(t) , (2.10)

where a(θ) is the complex length-K steering vector or array response vector.
The set of steering vectors over some parameter space Θ of interest, e.g.,
Θ = (−π/2, π/2), is called the array manifold, and is denoted by

A = {a(θ) | θ ∈ Θ} . (2.11)

Assuming that we have L narrowband signals arriving from directions
{θ1, . . . , θL}, we simply use superposition to get the received signal

x(t) =
L∑

ℓ=1

a(θℓ)sℓ(t) , (2.12)

which in matrix form becomes

x(t) = [a(θ1), . . . , a(θL)]




s1(t)
...

sL(t)


 = A(θ)s(t) , (2.13)

2The circular wave number is commonly used in wave propagation theory.
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where θ = [θ1, . . . , θL]T is the L × 1 DOA parameter vector, and A(θ) is
referred to as the K × L steering matrix.

Because of the effects of modeling errors, random noise, etc., the model
can not explain the observed data perfectly. These effects are simply ac-
counted for by including an additive random noise term in the model

x(t) = A(θ)s(t) + n(t) . (2.14)

Throughout the thesis, the noise is commonly modeled as a zero-mean com-
plex circularly symmetric and spatio-temporally white Gaussian process,

E [n(t)] = 0 , E
[
n(t)nH(s)

]
= σ2

nIδts , E
[
n(t)nT (s)

]
= 0 ∀ t, s , (2.15)

where σ2
n is the variance of the noise.

Using the above definitions, the covariance matrix of the output signal
vector can be written as

Rx = E
[
x(t)xH(t)

]

= E
[(

A(θ)s(t) + n(t)
)(

A(θ)s(t) + n(t)
)H

]

= A(θ)PAH(θ) + σ2
nI , (2.16)

where the matrix P = E
[
s(t)sH(t)

]
for random signals, and P = s(t)sH(t)

for deterministic signals.

2.2.2 Distributed Source Models

In many environments for modern radio communications, the transmitted
signal is often obstructed by buildings, vehicles, trees, etc., and/or reflected
by rough surfaces. Hence, the absence of a single Line-Of-Sight (LOS) ray
will violate the classical point source assumption. The receiver is likely to ex-
perience a spatially dispersed signal consisting of several arriving rays spread
around some nominal direction (or nominal angle). In general, the perfor-
mance of any system depends on how well the mathematical model describes
the physical reality, and in the case of a mobile system the distributed source
model narrows the gap between the model and reality. Typically, the statis-
tics of a distributed source are parameterized by the nominal direction and
spread of the source, and the two parameters compose a compact statistical
representation of the slow variations of a distributed source. The aim here
is to estimate these two slowly varying channel statistics rather than the ac-
tual channel realization (full channel estimation is addressed in the second
part of the thesis). The two parameters can, e.g., be used for channel char-
acterization and “off-line” performance evaluation. For example, in [ZO95],
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knowledge of the nominal direction and spread parameters are used to design
and evaluate a transmit beamforming scheme at the base station of a mobile
cellular network. In [JF04], the effect of angular spreading on the detection
performance of distributed sources is investigated.

Figure 2.2 displays a source with a spatial extension around a nominal
DOA. One way to model distributed signals is to model them as if they
were emitted from a cluster of closely spaced point sources with random
complex gains, e.g., [Zet97,Ben99,God02]. The time delay differences within
each cluster of point sources is small relative to the inverse source signal
bandwidth, i.e., every individual point source will, due to the complex gain,
introduce a attenuation and phase-shift of the transmitted source signal. For
an overview of spatial channel models, the interested reader is referred to,
e.g., [Ert98].

Incoherently Distributed Sources

If we have a tight cluster consisting of L point sources with complex gains,
and sum over all the contributing sources, the array output for a single
distributed signal becomes

x(t) =
L∑

ℓ=1

γℓ(t)a(θℓ(t))s(t) + n(t) , (2.17)

where γℓ(t) is the random complex gain of the ℓth point source, θℓ(t) is the
corresponding DOA, and s(t) is the transmitted narrow-band and Constant-
Modulus (CM) source signal (CM is required for stationarity). The individual
time delays of each path are approximated by a random phase shift, which
without loss of generality, are included in the complex path gains γℓ(t).

Since the point sources are distributed around the nominal DOA θ0, the
ℓth DOA can be modeled as θ0 + θ̃ℓ(t), where θ̃ℓ(t) is a zero-mean random
angular deviation from the nominal DOA and with Probability Density Func-
tion (PDF) p(θ̃; σθ). The PDF is parameterized by a spread (or standard
deviation) parameter σθ. The array output is then written as

x(t) =
L∑

ℓ=1

γℓ(t)a(θ0 + θ̃ℓ(t))s(t) + n(t)

= h(t; η0)s(t) + n(t) , (2.18)

where η0 = [θ0, σθ]
T is the unknown parameter vector, and h(t; η0) is the

random channel vector. As in, e.g., [TO96, Ben99], it is assumed that the
scattering environment changes rapidly compared to the mean DOA and
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{θ0, σθ}

Figure 2.2: Multipath propagation leads to a signal with a spatial dis-
tribution. The distribution is commonly described by its
nominal direction and spread {θ0, σθ}.

spread parameters as well as to the sampling time. Thus, the random com-
plex gains γℓ(t) are assumed to be temporally white from snapshot to snap-
shot. For an Incoherently Distributed (ID) source, they are also assumed to
be uncorrelated from ray to ray, zero mean, and circularly symmetric, i.e.,

E [γℓ(t)] = 0 , E [γℓ(t)γk(t)] = 0 ,

E [γℓ(t)γℓ(s)] = 0 , E [γℓ(t)γ
∗
k(s)] =

1

L
σ2

γδℓkδts ∀ ℓ, k, t, s . (2.19)

By assuming large L and using a central limit theorem type of argument,
h(t; η0) is approximately a zero-mean complex Gaussian vector, which makes
the model (2.18) a generalization of the scalar frequency-flat Rayleigh fading
multipath channel, e.g., [Pro01], to the vector case. Hence, if the transmitted
signal is modeled as deterministic, and since the noise is zero-mean and
complex Gaussian, the received signal vector x(t) will also be zero-mean and
complex Gaussian.

Alternatively, if we assume a continuum of scatterers within a cluster, the
output signal can be modeled as [VCK95]

x(t) =

∫

θ̃∈Θ

γ(θ̃, t)a(θ0 + θ̃)dθ̃ s(t) + n(t)

= h(t; η0)s(t) + n(t) , (2.20)

where Θ denotes the angular support of the distributed source. The spatio-
temporal complex gain γ(θ̃, t) is described by a temporal stochastic process
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which is assumed to have a continuous spatial distribution with spatial co-
variance kernel E

[
γ(θ̃, t)γ∗(θ̃′, t)

]
= σ2

γp(θ̃; σθ)δ(θ̃−θ̃′), where δ(·) is the Dirac

delta function. In this context, p(θ̃; σθ) is often referred to as being the Spa-
tial Power Density Function (SPDF) of the distributed source. For large L
and tight clusters, there is little difference between the discrete (2.18) and
continuous (2.20) models. They both model what is called an ID source,
i.e., uncorrelated signals arrive from distinct directions. The relevance of the
ID source model has been both theoretically and experimentally justified for
wireless communications with elevated base stations in, e.g., [Zet97,PMF00].
In the measurement campaign conducted in [PMF00], spreads in the order
of 10◦ and more were reported.

Under the previous assumptions, the covariance matrix of the received
signal is given by

Rx(η0) = E
[
x(t)xH(t)

]

= |s(t)|2σ2
γ

∫

θ̃∈Θ

p(θ̃; σθ)a(θ0 + θ̃)aH(θ0 + θ̃)dθ̃ + σ2
nI

= σ2
sRh(η0) + σ2

nI , (2.21)

where σ2
s = σ2

γ|s(t)|2 is the source signal power including the path gain factor,
and Rh(η0) is the covariance matrix (excluding the path gain since it is
included in σ2

s) of the zero-mean complex Gaussian channel vectors.
By introducing the following change of variables

ω = kd sin θ (2.22)

σω = kdσθ cos θ , (2.23)

where ω denotes the spatial frequency or electric angle and σω denotes the
corresponding standard deviation, an approximate closed-form expression
for the integral in (2.21) has been derived for uniform and Gaussian angular
distributions in, e.g., [ZO95,MSW96,TO96,Ben99]. For a K-sensor standard
ULA and a small angular spread, the covariance matrix can be rewritten as

Rh(ψ) = D(ω)B(σω)DH(ω) , (2.24)

where ψ = [ω, σω]T is the transformed parameter vector, and D(ω) only
involves the nominal spatial frequency of the source such that

D(ω) = diag
(
1, e−jω, . . . , e−j(K−1)ω

)
, (2.25)

and B(σω) depends on the shape of the angular distribution. In general,
B(σω) is a full-rank matrix. If the random angular deviation is uniform over
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[−δω, δω], then

[B(σω)]ij =
sin((i − j)δω)

(i − j)δω

, δω =
√

3σω (2.26)

or if the deviation is Gaussian with zero mean and standard deviation σω

[B(σω)]ij = e−((i−j)σω)2/2 . (2.27)

It should be noted that these expressions for the covariance matrix are ap-
proximations that have been derived for PDFs that are symmetric in ω, which
does not necessarily imply symmetry in θ. Therefore, they are valid for small
angular deviations θ̃, thus, we can write

kd sin(θ0 + θ̃) = kd
(
sin θ0 cos θ̃ + sin θ̃ cos θ0

)

≈ kd
(
sin θ0 + θ̃ cos θ0

)

, ω0 + ω̃.

Hence, a spread in physical angle σθ corresponds approximately to a spread
in electric angle given by σω = kdσθ cos θ0. Thanks to the convenient decom-
position in (2.24) and their closed-form expressions, they become very useful
when analyzing the algorithms described in the thesis.

We can easily extend the model to handle multiple, say q, diffuse sig-
nals with nominal DOAs θ0 = [θ1, . . . , θq]

T and corresponding spreads σθ =
[σθ1 , . . . , σθq ]

T , by summing over the q distributed signals

x(t) =

q∑

k=1

h(t; θk, σθk
)sk(t) + n(t) = H(t; θ0,σθ)s(t) + n(t) , (2.28)

where the channel matrix is H(t; θ0,σθ) =
[
h(t; θ1, σθ1), . . . ,h(t; θq, σθq)

]
,

and the signal vector is s(t) = [s1(t), . . . , sq(t)]
T . Finally, if we assume un-

correlated signals, the array output covariance matrix is given by

Rx(θ0,σθ) =

q∑

k=1

σ2
sk

Rh(θk, σθk
) + σ2

nI , (2.29)

where σ2
sk

and Rh(θk, σθk
) are the signal power and the channel covariance

matrix of the kth diffuse source, respectively.
The parametrization of Rh(η) becomes important when we have multi-

ple and closely spaced distributed sources. Parametric methods that exploit
the model can resolve closely spaced sources. By using a nonparametric
method, which does not exploit the model, it still is possible to resolve mul-
tiple distributed sources, but it requires the sources to be well separated, and,
thereby, to have non-overlapping spectra. Figure 2.3 shows two Gaussian-like
distributed sources that have overlapping spectra.
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θ1 θ2

σ1

σ2

Figure 2.3: Two Gaussian-like distributed sources with overlapping
spectra and parameter vectors [θ1, σ1]

T resp. [θ2, σ2]
T .

Cramér-Rao Lower Bound for ID Sources

Given the approximate closed-form expression for the covariance matrix
Rx(φ), the Cramér-Rao Lower Bound (CRLB) is computed for the inco-
herent source model. The CRLB serves as a lower bound on the estimation
performance of any unbiased estimator. Assuming some regularity condi-
tions (see, e.g., [Kay93]), the CRLB for the extended parameter vector
φ = [θ, σθ, σ

2
s , σ

2
n]T is given by [Kay93]

E
[
(φ̂ − φ)(φ̂ − φ)T

]
≥ J−1(φ), (2.30)

where J(φ) is the 4×4 Fisher Information Matrix (FIM), and A ≥ B means
that A − B is positive semidefinite. The FIM is defined by

[J(φ)]ij = −E

[
∂2 ln p(XN ; φ)

∂φi∂φj

]
, i, j = 1, . . . , 4 (2.31)

where p(XN ; φ) is the multivariate Gaussian PDF of the K ×N data matrix
XN = [x(1), . . . ,x(N)], where x(t) is given by (2.20). Since the snapshots
are zero-mean, circularly symmetric, i.i.d., and complex Gaussian vectors,
the FIM is, thus, given by [Kay93]

[J(φ)]ij = NTr

{
R−1

x

∂Rx

∂φi

R−1
x

∂Rx

∂φj

}
, (2.32)
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where

∂Rx

∂φ1

=
∂Rx

∂θ
= σ2

s

∂Rh

∂θ
(2.33)

∂Rx

∂φ2

=
∂Rx

∂σθ

= σ2
s

∂Rh

∂σθ

(2.34)

∂Rx

∂φ3

=
∂Rx

∂σ2
s

= Rh (2.35)

∂Rx

∂φ4

=
∂Rx

∂σ2
n

= IK . (2.36)

The derivatives (2.33) and (2.34) can be found in, e.g., [TO96,Ben99]. In
most of the figures in the thesis, we plot the square-root of the CRLB, since
in most performance evaluations the Root-Mean Square Error (RMSE) is
used.

Coherently Distributed Sources

In contrast to the ID source we have the CD source, where signals arriving
from distinct directions are fully correlated. That is, the received signal con-
sists of signal components from different angles that are delayed and scaled
replicas of the same signal. The CD source model is valid, for example, when
a narrowband signal is reflected by an object, and the signal components
that are reflected from different parts of the object differ by a determinis-
tic phase component. This in turn depends on the reflection coefficients of
the reflecting media, incident angles, difference in propagation time, and the
frequency of the plane wave [VCK95]. In this thesis we consider both the
case of incoherently distributed sources, which lead to a high-rank signal con-
tribution, and coherently distributed sources, which yield a rank-one signal
contribution. The case of a mix between these two models is left as a topic
for future research.

The received signal emitted from a CD source can be written as

x(t) = γ(t)b(η0)s(t) + n(t), (2.37)

where γ(t) is a random process that represents the temporal behavior of the
CD source, b(η) is the generalized array response vector, s(t) the transmit-
ted CM signal, and n(t) the random noise process. The generalized array
response vector is given by

b(η0) =

∫

θ∈Θ

g(θ; η0)a(θ)dθ, (2.38)
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where g(θ; η) denotes the deterministic spatial density function of the CD
source with support set Θ. The generalized steering vector in (2.38) is, thus,
the integral of the conventional steering vector weighted by the deterministic
angular density function. The integral in (2.38) is in Appendix 4.B evaluated
for Gaussian and uniform density functions g(ω; ψ0), ψ0 = [ω0, σω]T , that are
symmetric in electric angle ω, and for the Gaussian density function we have

[b(ψ0)]k = exp(−(kσω)2/2)[a(ω0)]k, k = 0, . . . , K − 1. (2.39)

Similarly, a density function that is uniform over |ω − ω0| < δω, yields

[b(ψ0)]k =
sin(kδω)

kδω

[a(ω0)]k, δω =
√

3σω, k = 0, . . . , K − 1. (2.40)

It is further assumed that γ(t) is an i.i.d., circularly symmetric, complex
normal process, which makes the received snapshot sequence realizations
of an i.i.d., circularly symmetric, complex normal vector process. Thus,
x(t) ∼ CN (0, σ2

sbbH +σ2
nI) and i.i.d., where we have included σ2

γ = E[|γ(t)|2]
in the power of the deterministic CM signal s(t), i.e., σ2

s = σ2
γ|s(t)|2. One

can also let the signal s(t) be random by letting it absorb the temporal
process γ(t). Anyway, it yields the same snapshot process, and it is simply
a matter of definition in doing so. The extension to multiple CD sources is
straightforward once they are assumed to be uncorrelated.

Cramér-Rao Lower Bound for CD Sources

The CRLB for a coherently distributed source has been calculated in [GM98],
and is given by

E
[
(η̂ − η)(η̂ − η)T

]
≥ 1 + βρ

2Nβρ2

[
Re

{
BH

ηP⊥
bBη

}]−1

, (2.41)

where η = [θ, σθ]
T , and

P⊥
b = IK − bbH

β
, β = bHb, ρ =

σ2
s

σ2
n

, Bη =

[
∂b

∂θ
,

∂b

∂σθ

]
. (2.42)

2.3 Beamforming

A digital beamformer can be seen as a spatial filter that can enhance a signal
coming from a certain direction (the signal of interest) while, for example,
attenuating noise and interfering signals. The desired application of the
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beamformer yields different design criteria, and a more detailed treatment of
the various beamformers and their respective design criteria can be found in
[VB88].

In order to attenuate certain spatial directions in favor of others, a linear
combination of the array outputs is formed

y(t) =
K∑

i=1

w∗
i xi(t) = wHx(t) , (2.43)

where y(t) is the output of the spatial filter (beamformer), and w the weight
vector. Two popular ways of choosing the weight vector is the conventional
beamforming approach and Capon’s beamformer.

Conventional Beamformer

Given the output signal y(t), the expected beamformer output power is given
by

P (w) = E[|y(t)|2] = wHE[x(t)xH(t)]w = wHRxw , (2.44)

where Rx is the data covariance matrix.

The Conventional Beamformer (CBF) (or Bartlett beamformer) attempts
to maximize the expected output power, which in white noise is equivalent of
maximizing the expected output SNR. Therefore, it is sometimes also called
the maximum SNR beamformer. Suppose there is only one point source
signal present, i.e.,

x(t) = a(θ)s(t) + n(t) , (2.45)

then, the problem is formulated as

max
w

E
[
wHx(t)xH(t)w

]
s.t. ‖w‖ = 1 ⇐⇒

max
w

{
E

[
|s(t)|2

] ∣∣wHa(θ)
∣∣2 + σ2

n

}
s.t. ‖w‖ = 1. (2.46)

The maximum obviously is found when w is chosen parallel to a(θ), i.e.,

wCBF =
a(θ)

‖a(θ)‖ . (2.47)

Intuitively, this weight vector can be seen as if it equalizes the delays expe-
rienced by the signals on the different sensors to maximally combine their
respective contribution to the beamformer output, i.e., it is a matched filter.
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By inserting the obtained weighting vector into (2.44), the conventional
beamforming spectrum is obtained as

PCBF(θ) =
aH(θ)Rxa(θ)

‖a(θ)‖2
, (2.48)

which is the criterion function in (2.44). In the case of a ULA, the conven-
tional beamforming spectrum is the spatial equivalent to the nonparametric
Fourier-based periodogram which can be used for estimating the spectrum
of a time series [Hay96]. It also inherits the limited resolution of the peri-
odogram, which means that the resolution can not be better than the array
beamwidth, no matter how many snapshots are collected or high the SNR is.

The DOA estimate is identified from the largest peak of the 1-D beam-
forming spectrum (2.48), and the DOAs of multiple, say q, point sources
are identified from the q largest peaks of the beamforming spectrum. Un-
der the assumption of a single point source and a Gaussian data model, the
DOA estimate attained by the conventional beamformer coincides with the
Maximum Likelihood (ML) estimate [KV96].

The standard beamwidth (also called Rayleigh beamwidth) for a ULA is
ωB = 2π/K rad. in electric angle, which approximately implies for a standard
ULA, θB = 360◦/(πK) in physical angle. This means that point sources
that are less than θB degrees apart will not be resolved by the conventional
beamformer.

In practice, the data covariance matrix is replaced by the sample covari-
ance matrix R̂x, which is defined as

R̂x =
1

N

N∑

t=1

x(t)xH(t) , (2.49)

where N is the number of snapshots. The sample covariance matrix is a con-
sistent estimate of the covariance matrix Rx under fairly general conditions
[WF91].

Capon’s Beamformer

While the conventional beamformer attempts to maximize the output power
in a certain direction, Capon’s or the Minimum Variance Distortionless Re-
sponse (MVDR) beamformer [Cap69,Lac71] attempts to minimize the out-
put power in every other direction, while keeping a fixed gain in the “looking”
direction. In short, it works like a narrow spatial bandpass filter. The prob-
lem is formulated as follows

min
w

wHRxw s.t. wHa(θ) = 1 , (2.50)
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and with the following change of variables

w̃ = R1/2
x w , ã(θ) = R−1/2

x a(θ) ,

and by using the fact that R
1/2
x is the Hermitian square root, the problem

becomes
min
w̃

w̃Hw̃ s.t. w̃H ã(θ) = 1, (2.51)

where w̃Hw̃ = ‖w̃‖2. The solution is now the least-norm vector w̃ which
satisfies the inner-product w̃H ã(θ) = 1, i.e., w̃ is parallel to ã(θ), and to be
more exact w̃ = ã(θ)/ ‖ã(θ)‖2. Finally back-substituting gives us

wCap =
R−1

x a(θ)

aH(θ)R−1
x a(θ)

, (2.52)

which results in the following spectrum for Capon’s beamformer

PCap(θ) =
1

aH(θ)R−1
x a(θ)

(2.53)

Compared to the conventional beamformer, Capon’s beamformer has the
advantage that it reduces the spectral interference from other closely spaced
sources by placing “spatial nulls” in the directions of these “interfering”
sources. Capon’s beamformer is therefore suited for scenarios with closely
spaced point sources where it can more successfully resolve the sources.
Capon’s beamformer is also called an adaptive beamformer since its weight
vector depends on the data, while the conventional beamformer is data in-
dependent. In practice, since Capon’s beamformer uses the inverse of the
sample covariance matrix, it requires that the number of snapshots is much
larger than the number of sensors, i.e., N ≫ K.

Modified Capon’s Spectrum

Pisarenko introduced in [Pis72] extensions to Capon’s beamformer that are
based on non-linear functions of the covariance matrix. In Pisarenko’s ex-
tended version of Capon’s method, the DOA estimates are taken from the
modified spectrum

PmCap(θ) =
1

[
aH(θ)R−m

x a(θ)
]1/m

, (2.54)

where m ≥ 1 (the special case m = 1 renders Capon’s method). By taking
the mth root of the spectrum its unit is still power. It is shown in [VB96]
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that Pisarenko’s modification gives higher resolution compared to the original
Capon’s method, and if the background noise is spatially white, it tends to
the Multiple Signal Classification (MUSIC) algorithm [Sch79] as m → ∞.

If we eigen-decompose the covariance matrix into

Rx =
K∑

i=1

λieie
H
i = EΛEH ,

then, the inverse raised to the power of m can be written as

R−m
x =

K∑

i=1

λ−m
i eie

H
i = EΛ−mEH .

We can now see that Pisarenko’s method, using the inverse of the eigenval-
ues raised to the power of m, performs a weighting of the eigenvectors. This
way, the contribution to the inverse spectrum made by the eigenvectors that
correspond to small eigenvalues (typically noise or weak signal vectors) is
enhanced, and the contribution by the eigenvectors corresponding to large
eigenvalues (typically strong signal vectors) is suppressed, i.e., the main con-
tribution comes from the noise eigenvectors. With this observation in mind,
we see how Pisarenko’s modified spectrum presented in 1972 is similar to a
weighted version of the original MUSIC spectrum presented by Schmidt in
1979 [Sch79]. The difference is that all eigenvectors are used instead of, as
in MUSIC, only the noise eigenvectors.



Chapter 3
Nonparametric Estimation:

Beamforming

This chapter introduces low-complexity spectral-based estimators for non-
parametric estimation of a Incoherently Distributed (ID) source. The es-

timates are simply acquired from the moments of the beamforming spectrum
which serves as an estimate of true power spectrum. The performance is eval-
uated by numerical examples and the estimators are also applied to indoor
measurement data. Finally a statistical performance analysis is conducted
and verified numerically. The material comprised in this chapter has previ-
ously been published in the conference papers [Col02b,Col02a,Col03,CV03].

3.1 Spectral-Based ID Source Parameter Esti-

mation

The DOA of a single deterministic point source is usually identified from the
peak of the beamforming spectrum

θ̂ = arg max
θ

P̂ (θ) , (3.1)

where P̂ (θ) denotes the estimated spectrum, from the sample covariance
matrix. The performance of CBF for distributed sources was analyzed in
[RGM98], where the nominal DOA estimate was taken from (3.1). In general,
the performance of the peak-finding algorithm is poor for ID sources, and it
is found in the simulations (Section 3.3.1) that the Center of Mass (CoM) of
the estimated spectrum is a better estimate of the nominal angle of a single
ID source. Next, we will derive a spectral-based algorithm for ID source
parameter estimation.
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When deriving our spectral-based estimates we use the assumption of
orthogonal steering vectors. It is shown in Appendix 3.A that the steering
vectors of a ULA that correspond to distinct directions are orthogonal as
K → ∞, i.e.,

lim
K→∞

1

K
aH(θ)a(η) =

{
1 , θ = η
0 , θ 6= η.

(3.2)

Hence, for large K we have 1
K
AH(θ)A(θ) ≈ IL, where A(θ) denotes the

K × L steering matrix of the vector θ = [θ1, . . . , θL]T . Note that letting
the numbers of sensors tend to infinity has impact on the validity of the
model, since the narrowband assumption does not hold for infinitely large
arrays, and the array gain would be infinite. The assumption of orthogonal
steering vectors is a mathematical result which is purely used to simplify
the derivations. For example in the simulations section, we use K-values
ranging from four to twenty, which clearly does not satisfy the orthogonality
property.

The discrete version of the channel covariance matrix in (2.21) can be
written as

Rh =
L∑

ℓ=1

p(θℓ; θ0, σθ)a(θℓ)a
H(θℓ) = A(θ)P(θ)AH(θ) , (3.3)

where P(θ) denotes a diagonal matrix with the power mass entries [P(θ)]ℓℓ =
p(θℓ; θ0, σθ). Since it is only non-zero values of p(θℓ; θ0, σθ) that contribute to
the channel covariance matrix, we assume p(θℓ; θ0, σθ) > 0 to make P(θ) full
rank. Note that in this context, θℓ is equal to the nominal DOA θ0 plus the
previously introduced random deviation θ̃ℓ of ray ℓ.

To find the inverse of the covariance matrix, we use the matrix inversion
lemma, which is stated as [HJ85]

Lemma 1 (matrix inversion lemma) If A is (n × n), B is (n × m), C
is (m × m), and D is (m × n). Then, if all the involved inverses exist, the
following equality holds

(A + BCD)−1 = A−1 − A−1B(DA−1B + C−1)−1DA−1. (3.4)

Proof: The details of the proof are omitted, although it follows by attaining
the identity matrix when multiplying the matrix (A + BCD) with its inverse
given by the right-handside of (3.4). 2

For notational simplicity, we will use the following short-hand notation:
aℓ = a(θℓ), pℓ = p(θℓ; θ0, σθ), A = A(θ), and P = P(θ), where the vector
θ = [θ1, . . . , θL]T .
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Using the assumption of orthogonal steering vectors (i.e., AHA = KIL)
together with the matrix inversion lemma, the inverse covariance matrix
becomes

R−1
x = (σ2

sRh + σ2
nI)

−1 = (σ2
sAPAH + σ2

nI)
−1

= σ−2
n I − σ−4

n σ2
sA(P−1 + σ−2

n σ2
sKI)−1AH

= σ−2
n I − σ−4

n σ2
sA diag

(
p1

1 + σ−2
n σ2

sKp1

, . . . ,
pL

1 + σ−2
n σ2

sKpL

)
AH

= σ−2
n I + σ2

sAP̌AH , (3.5)

where P and P̌ are diagonal matrices with entries [P]ℓℓ = pℓ 6= 0 and [P̌]ℓℓ =
− pℓ

σ4
n+σ2

nσ2
sKpℓ

, respectively.

Since the steering vectors are assumed to be orthogonal, we have aH
ℓ A =

KeT
ℓ and AHaℓ = Keℓ, where eℓ is the (K × 1) all zero vector except for a

one in the ℓth position. Inserting the true covariance matrix into the formula
for the CBF spectrum (2.48), we obtain the following relationship

PCBF(θℓ) =
aH

ℓ Rxaℓ

‖aℓ‖2
=

aH
ℓ [σ2

sAPAH + σ2
nI]aℓ

K

=
σ2

sa
H
ℓ APAHaℓ + σ2

nK

K

=
σ2

sK
2eT

ℓ Peℓ + σ2
nK

K
= σ2

sKpℓ + σ2
n, θℓ ∈ Θ, (3.6)

where Θ = {θ1, . . . , θL}, and if θℓ /∈ Θ then PCBF(θℓ) = σ2
n.

Finally, we insert the inverse covariance matrix (3.5) into Capon’s spec-
trum (2.53) to obtain the following relationship

PCap(θℓ) =
1

aH
ℓ R−1

x aℓ

=
1

aH
ℓ [σ2

sAP̌AH + σ−2
n I]aℓ

=
1

σ2
sK

2eT
ℓ P̌eℓ + σ−2

n K

=
1

−σ2
sK

2 pℓ

σ4
n+σ2

nσ2
sKpℓ

+ σ−2
n K

= σ2
spℓ +

σ2
n

K
, θℓ ∈ Θ. (3.7)

Also here, if θℓ /∈ Θ then PCap(θℓ) = σ2
n

K
.

To summarize, (3.6) and (3.7) describe relationships between the spec-
trum and the underlying Spatial Power Density Function (SPDF) of the ID
source. These relationships are the main findings and lead to the spectral-
based estimates of the nominal DOA and spread parameters. The relation-
ship is summarized in the following equation

P (θℓ) = βp(θℓ; θ0, σθ) + ε , β ≥ 0, ε ≥ 0 (3.8)
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where β = σ2
sK, ε = σ2

n for the CBF spectrum, and β = σ2
s , ε = σ2

n

K
for

Capon’s spectrum. Equation (3.8) shows that the spectrum has, approxi-
mately, an affine relation to the underlying SPDF. In the noise-free case, the
relation is linear.

Now, to find our parameters {θ0, σθ} we have to decide the support Θ of
the underlying SPDF. Although the underlying SPDF does not necessarily
have a finite support (e.g., Gaussian PDF), we have to restrict the support
to be finite. For example, the support of a Gaussian PDF with mean θ0

and standard deviation σθ can with negligible error be restricted to [θ0 −
3σθ, θ0 + 3σθ] ⊂ (−90◦, 90◦). The obvious problem that arises here is how to
choose the support. One criterion for choosing it is to find the region where
the signal part of the spectrum is distinct from the noise power level. For
a single ID source, for example, taking the median value of the spectrum
or performing some averaging in the tails of the spectrum may give a good
enough estimate of the noise level. Since it is reasonable to assume that the
noise power is independent of the transmitted signal, another simple solution
is, thus, to compute the received power while the transmitter is shut down.

When we have decided the support Θ, the unknown scaling factor β is
easily found. We simply subtract the minimum value of P (θ) on Θ, which
corresponds to ε, from P (θ). Then we use the fact that p(θℓ; θ0, σθ) is a PDF
(or rather a probability mass function) and should therefore sum to unity,
i.e., β can be found as β =

∑
θℓ∈Θ Po(θℓ), where Po(θ) = P (θ) − minθ∈ΘP (θ)

and is non-negative, and θℓ is a fine grid of DOA values in Θ.
Putting it all together and using the definitions of expected value and

standard deviation, the nominal DOA actually becomes the Center of Mass
(CoM) of Po(θ) on Θ

θ0 =

∑
θℓ∈Θ θℓPo(θℓ)∑
θℓ∈Θ Po(θℓ)

(3.9)

and the spatial spread parameter (standard deviation) is given by

σθ =

(∑
θℓ∈Θ(θℓ − θ0)

2Po(θℓ)∑
θℓ∈Θ Po(θℓ)

)1/2

(3.10)

As mentioned earlier, when L → ∞, the distributed source can be de-
scribed by a continuous SPDF. Consequently, if we compute the spectrum
densely enough, the SPDF can be acquired from the spectrum. It should also
be mentioned that there is no requirement for the SPDF to be symmetric
around its mean value.

Finally, since the true covariance matrix Rx is unknown, we have to use
the sample covariance matrix which is defined as R̂x = 1

N

∑N
t=1 x(t)xH(t) to
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estimate the spectrum. It is well known that R̂x converges (with probability
one) to Rx as N → ∞ [WF91]. Hence, the estimated spectrum is a consistent
estimate of the true spectrum, and our estimate of p(θ; θ0, σθ) becomes con-
sistent, thus leading to consistent estimates of the nominal DOA and spread
parameters. Note that we have used the assumption of orthogonal steering
vectors and finite support. If the number of sensors is too small and/or the
underlying SPDF is heavy-tailed, the estimate of σθ will deteriorate. The ac-
curacy depends on the beamwidth, and a narrow beamwidth yields a higher
accuracy. The estimate of θ0 (being the CoM) is less sensitive to the number
of sensors and the restriction to a finite support. The statistical properties
of the estimates are, in more detail, analyzed in Section 3.4.

The proposed algorithm is summarized below

1. Form R̂x = 1
N

∑N
t=1 x(t)xH(t)

2. Compute the spectrum P̂ (θ) either using (2.48) or (2.53),
and choose the support Θ

3. Form P̂o(θ) = P̂ (θ) − minθ∈ΘP̂ (θ)

4. θ̂0 =
∑

θℓ∈Θ θℓP̂o(θℓ)
∑

θℓ∈Θ P̂o(θℓ)

5. σ̂θ =

(∑
θℓ∈Θ(θℓ−θ̂0)2P̂o(θℓ)

∑
θℓ∈Θ P̂o(θℓ)

)1/2

Figure 3.1 illustrates Po(θ)/β for the CBF and Capon spectra when the
theoretical angular distribution is Gaussian. Also included are Non-Linear
Least Squares (NLLS) curve fits of βp(θ; θ0, σθ) + ε (where p(θ; θ0, σθ) is the
Gaussian PDF N (θ0, σ

2
θ)) to the spectrum. The NLLS problem is optimized

over all four parameters, but since it is linear in β and ε it can be separated
and therefore a two-dimensional search is needed to find θ0 and σθ. Both
spectral-based PDF estimates Po(θ)/β show good fit to the underlying Gaus-
sian PDF and motivate the relationship given by (3.8). Note that the NLLS
fits are slightly worse than their corresponding PDF estimates. The support
for the CBF and Capon estimates is restricted to Θ = [θ0 − 3σθ, θ0 + 3σθ],
which causes a better fit than their corresponding NLLS fits.
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Figure 3.1: Estimated PDFs. Gaussian ID source, θ0 = 0◦, σθ = 5◦,
18 sensors, theoretical covariance matrix with σ2
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dB.

3.2 High-Resolution Methods

In this section we briefly describe three high-resolution subspace-based DOA
estimation methods. Two of these are specially designed for ID sources and
are included in the numerical examples for comparison.

Many point source DOA estimation techniques rely on an eigendecomposition
of the Hermitian covariance matrix Rx in (2.16), i.e.,

Rx = APAH + σ2
nI

=
K∑

i=1

λieie
H
i

= EsΛsE
H
s + σ2

nEnE
H
n , (3.11)

where Es = [e1, . . . , eL] contains the normalized signal eigenvectors, En =
[eL+1, . . . , eK ] the normalized noise eigenvectors, and Λs = diag (λ1, . . . , λL)
the signal eigenvalues. All eigenvalues are ordered as λ1 ≥ . . . ≥ λL >
λL+1 = . . . = λK = σ2

n > 0. It is also assumed that L < K, where L
is the number of point sources and K the number of array elements, and
that A = A(θ) and P = E[s(t)sH(t)] are full-rank matrices. Since Rx is
Hermitian, all eigenvalues are real and their corresponding eigenvectors are
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orthogonal (provided that the eigenvalues are distinct). Observe that any
vector orthogonal to A is an eigenvector of Rx with eigenvalue σ2

n, and that
there are K − L such linearly independent vectors.

MUSIC

The Multiple Signal Classification (MUSIC) method [Sch79] utilizes the ob-
servation that a vector which is orthogonal to the steering matrix or signal
subspace belongs to the noise subspace. Eigen-decompositioning the sam-
ple covariance matrix in (2.49) into signal and noise subspace generates an
estimate of the noise subspace Ên. Assuming one point source with corre-
sponding steering vector a(θ), and using this orthogonality observation gives
ÊH

n a(θ) ≈ 0. The problem of finding the true steering vectors with corre-
sponding DOAs is usually formulated as finding the L largest peaks in the
MUSIC pseudo-spectrum

PMU(θ) =
1

aH(θ)ÊnÊH
n a(θ)

, (3.12)

which is simply the inverse of the squared norm ‖ÊH
n a(θ)‖2.

Since the MUSIC criterion is based on a point source assumption, it
will show great deterioration in performance since the noise-free covariance
matrix of a ID source is full-rank (the rank is equal to the number of sensors)
[AO99]. That is, MUSIC will not be able to make the usual eigen-decomp-
osition into true signal and noise subspace.

DISPARE

The Dispersed Signal Parametric Estimation (DISPARE) method presented
in [MSW96] is especially developed for ID sources. Since the covariance ma-
trix for a ID source is full-rank, it can not be separated into a true signal and
noise subspace. It is noticed that the signal energy is mainly concentrated
within the first few eigenvalues, see Tables 3.1 and 3.2. Therefore, the di-
mensionality of the signal subspace is approximated by a number, D, that is
smaller than the number of sensors, but usually larger than the number of
signals.

From the sample covariance matrix, a pseudo-noise subspace is identified,
and by exploiting the orthogonality between the pseudo-signal subspace due
to the kth distributed source and the estimated pseudo-noise subspace, the
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σθ 3◦ 5◦ 7◦

λ1 7.00 5.72 4.54
λ2 9.79 × 10−1 2.10 2.85
λ3 2.43 × 10−2 1.76 × 10−1 5.80 × 10−1

λ4 2.03 × 10−4 4.37 × 10−3 3.25 × 10−2

λ5 8.02 × 10−7 4.88 × 10−5 7.40 × 10−4

λ6 1.63 × 10−9 2.77 × 10−7 8.38 × 10−6

λ7 1.63 × 10−12 7.80 × 10−10 4.67 × 10−8

λ8 5.22 × 10−16 8.58 × 10−13 1.02 × 10−10

Table 3.1: Eigenvalues of the true and noise-free covariance matrix of a
uniform ID source for different spreads and an eight-element
std. ULA.

σθ 3◦ 5◦ 7◦

λ1 7.05 5.95 4.98
λ2 8.98 × 10−1 1.75 2.25
λ3 5.00 × 10−2 2.69 × 10−1 6.31 × 10−1

λ4 1.64 × 10−3 2.52 × 10−2 1.16 × 10−1

λ5 3.47 × 10−5 1.55 × 10−3 1.46 × 10−2

λ6 4.79 × 10−7 6.30 × 10−5 1.25 × 10−3

λ7 3.96 × 10−9 1.56 × 10−6 6.74 × 10−5

λ8 1.52 × 10−11 1.81 × 10−8 1.76 × 10−6

Table 3.2: Eigenvalues of the true and noise-free covariance matrix of
a Gaussian ID source for different spreads and an eight-
element std. ULA.
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following DISPARE criterion is formulated

{θ̂k, σ̂θk
} = arg min

θk,σθk

∥∥∥ÊH
pnRh(θk, σθk

)
∥∥∥

2

F

= arg min
θk,σθk

Tr
{
ÊH

pnR
2
h(θk, σθk

)Êpn

}
, (3.13)

where Êpn denotes the estimated pseudo-noise subspace, and Rh(θk, σθk
) is

the theoretical covariance matrix due to the kth ID source (whose rank is ap-
proximately equal to the rank of the corresponding pseudo-signal subspace).
By performing a two-dimensional search, the estimates of the nominal DOAs
and spread parameters of multiple ID sources are found by locating the q
minima of (3.13). Figure 3.2 illustrates an example of the inverse of the
DISPARE criterion function.
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Figure 3.2: Inverse of the DISPARE criterion function. Gaussian ID
source, θ0 = 0◦, σθ = 3◦, eight sensors, D = 2, true
covariance matrix and no noise. Estimated values: θ̂0 =
0.00◦, σ̂θ = 2.94◦.

A very similar algorithm is the Distributed Signal Parameter Estimator
(DSPE) algorithm presented in [VCK95].
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WPSF

While DISPARE and DSPE fail to give consistent estimates, a class of
Weighted Subspace Fitting (WSF) algorithms for consistent estimation has
been generalized to handle full-rank data models by approximating the di-
mensionality of the signal subspace as in DISPARE. The generalized algo-
rithms are called Weighted Pseudo-Subspace Fitting (WPSF) and are pre-
sented in more detail in [BO01]. Here we describe one version which, ac-
cording to some weighted norm ‖ · ‖W, attempts to make the parameterized
pseudo-noise subspace as orthogonal as possible to the estimated pseudo-
signal subspace, thus

{θ̂0, σ̂θ} = arg min
θ0,σθ

∥∥∥EH
pn(θ0, σθ)Êps

∥∥∥
W

, (3.14)

where Epn and Êps denotes the theoretical pseudo-noise subspace and esti-
mated pseudo-signal subspace respectively. Using this norm, and a consistent
estimate of the optimal weighting matrix Ŵ, gives the following formulation
of the WPSF criterion [BO01]

{θ̂0, σ̂θ} = arg min
θ0,σθ

∥∥∥Λ̂
−1/2

pn

(
Λ̂pnE

H
pnÊps − EH

pnÊpsΛ̂ps

)
Λ̂

−1/2

ps

∥∥∥
2

F

= arg min
θ0,σθ

Tr
(
ÊpsΛ̂

−1

ps ÊH
psEpnΛ̂pnE

H
pn

+ ÊpsΛ̂psÊ
H
psEpnΛ̂

−1

pn EH
pn

− 2ÊpsÊ
H
psEpnE

H
pn

)
,

(3.15)

where Λ̂pn and Λ̂ps are the diagonal eigenvalue matrices for the estimated
pseudo-noise and pseudo-signal subspaces respectively. Figure 3.3 illustrates
an example of the inverse of the WPSF criterion function.

Due to its high computational complexity, WPSF is not a very practical
algorithm, but it serves as a bound on how well any low-rank approximation-
based algorithm can perform. Therefore, it is included for reference in the
numerical examples.

3.3 Data Examples

To illustrate the performance of the beamforming-based techniques, the esti-
mators are, in this section, applied to synthetic data. Finally, the estimators
also are applied to measurement data from an indoor channel.
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Figure 3.3: Inverse of the WPSF criterion function. Gaussian ID source,
θ0 = 0◦, σθ = 3◦, eight sensors, D = 2, true covariance
matrix and no noise. Estimated values: θ̂0 = 0.00◦, σ̂θ =
3.00◦.

3.3.1 Synthetic Data Examples

Here we evaluate the spectral-based estimators’ performance when applied
to a single Gaussian ID source (θ0 = 0◦, σθ = 5◦) versus the more complex
subspace-based DISPARE [MSW96] and WPSF [Ben99, BO01] algorithms.
The Cramér-Rao Lower Bound (CRLB) (which is based on the continuous
model in (2.20) and is found in, e.g., [TO96, Ben99]) and NLLS curve fits
based on the Capon spectrum are also included in the figures for reference.
Unless otherwise stated, an eight-element standard ULA is used. The re-
ceived signal is generated from the discrete model in (2.18), with L = 100
random DOAs and complex Gaussian gains γℓ(t), and with a new indepen-
dent realization for each snapshot. The source signal is an equiprobable
BPSK sequence, and the sample covariance matrix is computed over 100
independent channel realizations (snapshots). The DISPARE and WPSF es-
timates are acquired by letting the dimension, D, (design parameter) of the
pseudo-signal subspace be such that it contains at least 95% of the signal en-
ergy. To locate the solutions, a two-dimensional search, initialized at the true
parameter values, is used. We also let DISPARE and WPSF use the correct
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assumption that the deviation is Gaussian distributed. Again, the support of
the Capon and CBF estimates is restricted to Θ = [θ0 − 3σθ, θ0 + 3σθ]. Since
the estimate of θ0 is taken as the CoM of the spectrum, it is not that sensitive
to the choice of Θ. Clearly the spread estimate becomes more sensitive to
the width of the interval Θ. The beamforming spectrum is computed with a
resolution of 0.1◦.

Figures 3.4 and 3.5 show the Root Mean Square Error (RMSE) of the
estimated parameters θ̂0 and σ̂θ versus SNR, respectively. Figures 3.6 and
3.7 show the RMSE of the estimated DOA and spread versus true spread σθ

for 10 dB SNR. Finally, Figures 3.8 and 3.9 show the RMSE of estimated
DOA and spread versus number of sensors for 10 dB SNR. The RMSE is
computed over 1000 independent trials for each parameter.

We see that it is better to choose the CoM instead of the peak when esti-
mating the nominal DOA. Capon’s spectrum shows very good performance
when estimating both the nominal DOA and spread, while CBF suffers from
resolution problems for small angular spreads. It is worth noting that the
RMSE of the spread estimate is below the CRLB for low SNRs (15 dB and
less). This is possible because information about the restricted support Θ
is incorporated into the estimators but is not captured by the CRLB, which
typically shows at low SNR. The CRLB is only valid for unbiased estimators,
and the spread estimate is biased via the choice of support (and the array
beamwidth).

For increasing spread, DISPARE shows deterioration which is probably
caused by a bad choice of pseudo-signal subspace dimension, while WPSF and
beamforming are less sensitive to an increasing spread. Also note that the
resolution problem of the CBF is overcome for an increasing angular spread.
For the same reason as briefly discussed above, the RMSE of Capon’s spread
estimates are again below the CRLB (SNR is 10 dB).

Finally, as one might expect, when taking the CoM, the performance in-
creases as the number of sensors increases. This is not the case when we take
the peak value. Note that the CBF spread estimates become significantly
better for increasing number of sensors, which is due to higher resolution
capability. The RMSE of Capon’s spread estimates are again below CRLB
for small numbers of sensors and low SNR (10 dB).

3.3.2 Measurement Data Example

Indoor Multiple-Input Multiple-Output (MIMO) channel measurements have
been conducted and reported in [SW02]. Figure 3.10 shows the conventional
beamforming spectrum evaluated for three different receiver (RX) positions.
These spectra have been acquired using circular antenna arrays, each with
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Figure 3.4: RMSE of θ̂0 for different SNRs. Gaussian ID source, θ0 =
0◦, σθ = 5◦, eight sensors, 100 scatterers.
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Figure 3.5: RMSE of σ̂θ for different SNRs. Gaussian ID source, θ0 =
0◦, σθ = 5◦, eight sensors, 100 scatterers.

ten half-wavelength separated monopoles. The transmitter (TX) is focussing
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Figure 3.6: RMSE of θ̂0 for different spreads σθ. Gaussian ID source,
θ0 = 0◦, eight sensors, 100 scatterers, 10 dB SNR.
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Figure 3.7: RMSE of σ̂θ for different spreads σθ. Gaussian ID source,
θ0 = 0◦, eight sensors, 100 scatterers, 10 dB SNR.
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Figure 3.8: RMSE of θ̂0 for different numbers of sensors K. Gaussian
ID source, θ0 = 0◦, σθ = 5◦, 100 scatterers, 10 dB SNR.
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Figure 3.9: RMSE of σ̂θ for different numbers of sensors K. Gaussian
ID source, θ0 = 0◦, σθ = 5◦, 100 scatterers, 10 dB SNR.
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its energy in an angular band in the horizontal corridor. First we identify the
distributed sources and then we choose their corresponding supports in an
ad-hoc manual fashion. The results acquired from applying our estimators
to the three spectra are summarized in Table 3.3, where the DOA is mea-
sured counter-clockwise relative the left-right horizontal axis. For detailed
information on the measurement setup and channel estimation procedure,
we refer the reader to [SW02].

Figure 3.10: Conventional beamforming spectra acquired from a circu-
lar array in three different receiver positions.

Of course, when using real data there are no true values available. How-
ever, the obtained values agree reasonably well with the appearance of the
“local power maxima” that are visible in the spectra. It is also clear that the
local spatial distributions are not Gaussian.

3.4 Statistical Performance Analysis of the Non-

parametric Estimation Scheme

In this section we derive closed-form analytical expressions for the MSE per-
formances of the spectral-based estimators that were derived earlier in this
chapter. Numerical examples are used to validate the theoretical results.
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RX position θ̂0 σ̂θ

1 80.3◦ 14.2◦

1 265.1◦ 25.0◦

2 1.3◦ 8.9◦

2 178.3◦ 7.1◦

3 49.5◦ 7.4◦

3 129.0◦ 14.6◦

3 203.5◦ 6.6◦

3 275.9◦ 6.1◦

3 333.8◦ 7.6◦

Table 3.3: Estimated nominal DOAs and angular spreads from the con-
ventional beamforming spectra in Figure 3.10.

The MSE performances of the estimators are analytically calculated and
approximated by using the first terms of a geometric series expansion and
known expectations of complex Wishart forms [TC94]. All results are ap-
proximations, and are only valid for large numbers of snapshots, i.e., we
assume that N ≫ 1 and for the Capon beamformer we also assume that
N ≫ K, where K is the number of sensors. Further, it is assumed that the
noise variance σ2

n is known. That is, the parameter ε is known and is given
by

ε =

{
σ2

n , CBF Spectrum
σ2

n

K
, Capon Spectrum.

(3.16)

We recall that the nominal DOA estimate is given by

θ̂0 =

∑
θℓ∈Θ θℓP̂o(θℓ)∑
θℓ∈Θ P̂o(θℓ)

, (3.17)

and that the squared spatial spread parameter is given by

σ̂2
θ =

∑
θℓ∈Θ(θℓ − θ̂0)

2P̂o(θℓ)∑
θℓ∈Θ P̂o(θℓ)

, (3.18)

where P̂o(θ) = P̂ (θ)−ε. Finally, P̂ (θ) is the estimated spectrum and is given
by

P̂ (θ) =

{
aH(θ)R̂xa(θ)

K
, CBF Spectrum

1

aH(θ)R̂−1
x a(θ)

, Capon Spectrum.
(3.19)
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We model the transmitted signal s(t) in (2.18) and (2.20) as deterministic
and unknown. Hence, in the presence of many independently fading signal
rays (large L), the received signal vectors {x(t)}N

t=1 are i.i.d., and according
to the central limit theorem, the signal vectors are approximately x(t) ∼
CN (0,Rx), where Rx is given by (2.21). It is well known that the sample
covariance matrix R̂x = 1

N

∑N
t=1 x(t)xH(t) is a consistent estimate of the true

covariance matrix Rx = E[x(t)xH(t)], i.e., R̂x converges (with probability
one) to Rx as N → ∞ [WF91]. The convergence rate is proportional to
1/
√

N , and we may write R̂x = Rx + R̃, where R̃ = Op(1/
√

N) is the zero-
mean perturbation matrix. Further, the inverse of the sample covariance
matrix will also contain a perturbation error, and the inverse can be written
as

R̂−1
x = (Rx + R̃)−1 =

(
Rx(I + R−1

x R̃)
)−1

=
∞∑

i=0

(−R−1
x R̃)iR−1

x = R−1
x −R−1

x R̃R−1
x + · · ·︸ ︷︷ ︸

,R̃′

, (3.20)

where R̃′ = Op(1/
√

N). Since the vectors {x(t)}N
t=1 are i.i.d. and have a

zero-mean complex normal distribution, the sample covariance matrix and its
inverse is said to have a complex Wishart distribution and a inverse complex
Wishart distribution [TC94], respectively. Known expectations of complex
Wishart forms become very useful when deriving the statistical properties of
our estimates.

3.4.1 MSE of θ̂0

In this section we find analytical closed-form expressions for the MSE perfor-
mance of the nominal DOA estimates based on the CBF and Capon’s spectra.
In the derivations it is assumed that given the true covariance matrix, the es-
timators will render the true value of the nominal DOA. The assumption that
θ̂0 is unbiased is supported by the good agreement between the theoretical
and simulated results that are shown in the numerical examples.
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Conventional Beamforming

Using (3.17) and (3.19), the nominal DOA estimate using CBF may be writ-
ten as

θ̂0 =

∑
ℓ θℓ[a

H
ℓ (Rx + R̃)aℓ − Kε]∑

ℓ[a
H
ℓ R̂xaℓ − Kε]

=

∑
ℓ θℓ[a

H
ℓ Rxaℓ − Kε]∑

ℓ[a
H
ℓ R̂xaℓ − Kε]

+

∑
ℓ θℓa

H
ℓ R̃aℓ∑

ℓ[a
H
ℓ R̂xaℓ − Kε]

(3.21)

where aℓ = a(θℓ) and the summations are over {ℓ : θℓ ∈ Θ}. The first term
in (3.21) can be re-written and expanded in a geometric series according to

∑
ℓ θℓ[a

H
ℓ Rxaℓ − Kε]∑

ℓ[a
H
ℓ (Rx + R̃)aℓ − Kε]

=

∑
ℓ θℓ[a

H
ℓ Rxaℓ − Kε]∑

ℓ[a
H
ℓ Rxaℓ − Kε]︸ ︷︷ ︸

=θ0

1

1 +
∑

ℓ aH
ℓ R̃aℓ∑

ℓ[a
H
ℓ Rxaℓ−Kε]

= θ0

(
1 −

∑
ℓ a

H
ℓ R̃aℓ∑

ℓ[a
H
ℓ Rxaℓ − Kε]

+ Op(1/N)

)
, (3.22)

where we in the second equality, since the true covariance matrix is used,
have replaced the nominal DOA estimate with its true value. In a similar
way, the second term becomes

∑
ℓ θℓa

H
ℓ R̃aℓ∑

ℓ[a
H
ℓ (Rx + R̃)aℓ − Kε]

=

∑
ℓ θℓa

H
ℓ R̃aℓ∑

ℓ[a
H
ℓ Rxaℓ − Kε]

1

1 +
∑

ℓ aH
ℓ R̃aℓ∑

ℓ[a
H
ℓ Rxaℓ−Kε]

=

∑
ℓ θℓa

H
ℓ R̃aℓ∑

ℓ[a
H
ℓ Rxaℓ − Kε]

(
1 + Op(1/

√
N)

)

=

∑
ℓ θℓa

H
ℓ R̃aℓ∑

ℓ[a
H
ℓ Rxaℓ − Kε]

+ Op(1/N). (3.23)

Adding (3.22) and (3.23), yields

θ̂0 = θ0 +

∑
ℓ(θℓ − θ0)a

H
ℓ R̃aℓ∑

ℓ[a
H
ℓ Rxaℓ − Kε]

+ Op(1/N). (3.24)
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Now, the MSE of θ̂0 is approximated by

mse
(
θ̂0

)
= E[(θ̂0 − θ0)

2] ≈ E




(∑
ℓ(θℓ − θ0)a

H
ℓ R̃aℓ∑

ℓ[a
H
ℓ Rxaℓ − Kε]

)2



=

∑
k

∑
ℓ(θk − θ0)(θℓ − θ0)a

H
k E[R̃aka

H
ℓ R̃]aℓ

(
∑

ℓ[a
H
ℓ Rxaℓ − Kε])

2 , (3.25)

where we have omitted all terms of higher order than Op(1/N). Since R̃ =

R̂x − Rx, where R̂x has a complex Wishart distribution, and E[R̂x] = Rx,
we may write

E[R̃aka
H
ℓ R̃] = E[(R̂x − Rx)aka

H
ℓ (R̂x − Rx)]

= E[R̂xaka
H
ℓ R̂x] − Rxaka

H
ℓ Rx. (3.26)

The first term in (3.26) is the expected value of a function of a matrix R̂x

that has a complex Wishart distribution, and the expected value is given
by [TC94]

E[R̂xaka
H
ℓ R̂x] = Rxaka

H
ℓ Rx +

1

N
Tr{aka

H
ℓ Rx}︸ ︷︷ ︸

=aH
ℓ Rxak

Rx. (3.27)

Hence, (3.26) evaluates to

E[R̃aka
H
ℓ R̃] =

1

N
aH

ℓ RxakRx. (3.28)

Finally, inserting (3.28) into (3.25) renders the MSE of θ̂0 for the CBF
spectrum

mse
(
θ̂0

)
≈

∑
k,ℓ(θk − θ0)(θℓ − θ0)|aH

k Rxaℓ|2
N [

∑
k(a

H
k Rxak − Kε)]2

(3.29)

where the summation is over {k, ℓ : θk, θℓ ∈ Θ}.

Capon’s Beamforming

By using R̂−1
x = R−1

x + R̃′, where R̃′ = Op(1/
√

N) is the zero-mean (for
N ≫ K) perturbation matrix given by (3.20), Capon’s spectrum can be
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re-written as

P̂ (θℓ) =
1

aH
ℓ R̂−1

x aℓ

=
1

aH
ℓ (R−1

x + R̃′)aℓ

=
1

aH
ℓ R−1

x aℓ

1

1 +
aH

ℓ R̃′aℓ

aH
ℓ R−1

x aℓ

=
1

aH
ℓ R−1

x aℓ

∞∑

i=0

(
− aH

ℓ R̃′aℓ

aH
ℓ R−1

x aℓ

)i

=
1

aH
ℓ R−1

x aℓ︸ ︷︷ ︸
=P (θℓ)

− aH
ℓ R̃′aℓ

(aH
ℓ R−1

x aℓ)2
+ Op(1/N)

︸ ︷︷ ︸
,P̃ (θℓ)

= P (θℓ) + P̃ (θℓ), (3.30)

where aℓ = a(θℓ).
Inserting (3.30) into (3.17), the nominal DOA estimate using Capon’s

spectrum is given by

θ̂0 =

∑
ℓ θℓ

[
Po(θℓ) + P̃ (θℓ)

]

∑
ℓ P̂o(θℓ)

=

∑
ℓ θℓPo(θℓ)∑
ℓ P̂o(θℓ)

+

∑
ℓ θℓP̃ (θℓ)∑
ℓ P̂o(θℓ)

(3.31)

where the summations are over {ℓ : θℓ ∈ Θ}.
The first term in (3.31) can also be re-written and expanded in a geometric

series according to∑
ℓ θℓPo(θℓ)∑

ℓ[Po(θℓ) + P̃ (θℓ)]
=

∑
ℓ θℓPo(θℓ)∑
ℓ Po(θℓ)︸ ︷︷ ︸
=θ0

1

1 +
∑

ℓ P̃ (θℓ)∑
ℓ Po(θℓ)

= θ0

(
1 −

∑
ℓ P̃ (θℓ)∑
ℓ Po(θℓ)

+ Op(1/N)

)
, (3.32)

where we in the second equality, since the true covariance matrix is used,
have replaced the DOA estimate with its true value. In a similar fashion, the
second term becomes∑

ℓ θℓP̃ (θℓ)∑
ℓ[Po(θℓ) + P̃ (θℓ)]

=

∑
ℓ θℓP̃ (θℓ)∑
ℓ Po(θℓ)

1

1 +
∑

ℓ P̃ (θℓ)∑
ℓ Po(θℓ)

=

∑
ℓ θℓP̃ (θℓ)∑
ℓ Po(θℓ)

(
1 + Op(1/

√
N)

)

=

∑
ℓ θℓP̃ (θℓ)∑
ℓ Po(θℓ)

+ Op(1/N). (3.33)
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Adding (3.32) and (3.33), yields

θ̂0 = θ0 +

∑
ℓ(θℓ − θ0)P̃ (θℓ)∑

ℓ Po(θℓ)
+ Op(1/N), (3.34)

and the MSE of θ̂0 is now approximated by

mse
(
θ̂0

)
= E[(θ̂0 − θ0)

2] ≈ E




(∑
ℓ(θℓ − θ0)P̃ (θℓ)∑

ℓ Po(θℓ)

)2



=

∑
k

∑
ℓ(θk − θ0)(θℓ − θ0)E[P̃ (θk)P̃ (θℓ)]

(
∑

ℓ Po(θℓ))
2

=

∑
k

∑
ℓ(θk − θ0)(θℓ − θ0)ā

H
k E[R̃′ākā

H
ℓ R̃′]āℓ

(
∑

ℓ Po(θℓ))
2 , (3.35)

where āℓ , aℓ/(a
H
ℓ R−1

x aℓ), and we have omitted terms of higher order than
Op(1/N).

Since R̃′ = R̂−1
x − R−1

x and E[R̂−1
x ] = R−1

x (valid for N ≫ K), we may
write

E[R̃′ākā
H
ℓ R̃′] = E[(R̂−1

x − R−1
x )ākā

H
ℓ (R̂−1

x − R−1
x )]

= E[R̂−1
x ākā

H
ℓ R̂−1

x ] − R−1
x ākā

H
ℓ R−1

x . (3.36)

For N ≫ K, the first term in (3.36) has the expected value [TC94]

E[R̂−1
x ākā

H
ℓ R̂−1

x ] = R−1
x ākā

H
ℓ R−1

x +
1

N
Tr{ākā

H
ℓ R−1

x }︸ ︷︷ ︸
=āH

ℓ R−1
x āk

R−1
x . (3.37)

Hence, (3.36) evaluates to

E[R̃′ākā
H
ℓ R̃′] =

1

N
āH

ℓ R−1
x ākR

−1
x . (3.38)

Finally, inserting (3.38) into (3.35) renders the MSE of θ̂0 for Capon’s
spectrum

mse
(
θ̂0

)
≈

∑
k,ℓ(θk − θ0)(θℓ − θ0)|āH

k R−1
x āℓ|2

N [
∑

k((a
H
k R−1

x ak)−1 − ε)]2
(3.39)

where the summation is over {k, ℓ : θk, θℓ ∈ Θ}.
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3.4.2 MSE of σ̂2
θ

To make the derivations tractable, the true nominal DOA value is used in-
stead of its estimate in the calculations of the squared angular spread MSE.
The good agreement between the analytical and simulated results, which is
later shown in the numerical examples, indicate that this simplification has
little effect on the MSE. That is, we replace θ̂0 in (3.18) with the true value
θ0. This way, the derivations almost become identical to the ones made for
the nominal DOA MSE. The only difference is that the spread estimate is
biased due to the choice of support and the spectral leakage introduced by
the limited number of antennas. Even if the true covariance matrix is used,
the estimator (3.18) will not render the true squared spread. Hence, we can
not simply replace the estimators value with the true value, as was done
for the nominal DOA in (3.22) and (3.32) for CBF and Capon’s spectra,
respectively.

Conventional Beamforming

Let σ̄2
θ denote the squared value given by (3.18) when using the true covari-

ance matrix and by replacing θ̂0 with the true value θ0. Since the derivations
of the squared spread MSE almost become identical to the ones presented in
Section 3.4.1, they are omitted here. The only difference between the esti-
mators is that the numerator in (3.17) contains the parameter θℓ, whilst, the
numerator in (3.18) contains the expression (θℓ − θ0)

2.
The details were carried out in Section 3.4.1 and, thus, the expression for

the MSE of the squared angular spread follows directly as

mse(σ̂2
θ) ≈ (σ̄2

θ − σ2
θ)

2

+

∑
k,ℓ[(θk − θ0)

2 − σ̄2
θ ][(θℓ − θ0)

2 − σ̄2
θ ]|aH

k Rxaℓ|2
N [

∑
k(a

H
k Rxak − Kε)]2

(3.40)

Capon’s Beamforming

The MSE of σ̂2
θ using Capon’s spectrum is given by

mse(σ̂2
θ) ≈ (σ̄2

θ − σ2
θ)

2

+

∑
k,ℓ[(θk − θ0)

2 − σ̄2
θ ][(θℓ − θ0)

2 − σ̄2
θ ]|āH

k R−1
x āℓ|2

N [
∑

k((a
H
k R−1

x ak)−1 − ε)]2
(3.41)

The first term in each of the expressions (3.40) and (3.41) corresponds to
the asymptotic squared bias (i.e., σ̄2

θ ≈ E{σ̂2
θ}), whereas the second term cor-

responds to the variance of the squared angular spread estimate. Moreover,
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the squared asymptotic biases in (3.40) and (3.41) are acquired by evaluating
the squared difference between (3.18) using the true covariance matrix, and
the true angular spread value. The bias is very sensitive to the choice of sup-
port – a too small support typically leads to under-estimating the spread and
a too large support leads to over-estimating the spread. With knowledge of
the true support together with antenna beamwidth (resolution), the support
can be chosen in such a way that the bias almost vanishes.

3.5 Validation with Synthetic Data

To evaluate the analytical expressions, a number of numerical examples are
studied. In all the simulations, a ULA consisting of twenty elements with
half-wavelength separation is used to compute the beamforming spectrum.
The angular distribution is Gaussian with a nominal DOA of θ0 = 0◦ and an
angular spread of σθ = 5◦. The noise-corrupted sample covariance matrices
are generated as complex Wishart matrices. The SNR is 10 dB and the
estimates are found by averaging over 5000 independent runs. To choose the
support, a constant c times the median value of the spectrum is used (denote
the resulting product as α). The signal part of the spectrum which is above
this value α is used to define the support. The constant c is adjusted so that
the support “on average” becomes Θ = [θ0 − 3σθ, θ0 + 3σθ].

Figure 3.11 shows the theoretical and simulated MSE for the nominal
DOA estimate versus different numbers of snapshots. The simulated values
show good fit to the theoretical curves and are close to the Cramér-Rao Lower
Bound (CRLB).

The bias of the squared spread estimate is large compared to its variance.
Therefore, since it will dominate the MSE, the variance is plotted separately.
Figure 3.12 shows the simulated and theoretical variances of the squared
spread. Finally, the squared difference between the asymptotic expected
value, σ̄2

θ , and the simulated mean value, m̄(σ̂2
θ), of the squared angular

spread (not the squared bias) is shown in Figure 3.13. In this numerical
example, the theoretical bias is |σ̄2

θ −σ2
θ | = 1.12◦ for the CBF-based estimate

and |σ̄2
θ − σ2

θ | = 0.87◦ for the Capon-based estimate. The true value is
σ2

θ = 25◦. As seen in Figure 3.13, the simulated mean of the CBF-based
estimate of the squared angular spread converges faster to its asymptotical
expected value than does the simulated mean of the Capon-based estimate.
Possible reasons for this might be that the covariance matrix is ill-conditioned
and/or that the Capon spectrum has sharp peaks.

All simulated results show a good match to their analytical counterparts.
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Figure 3.11: MSE of θ̂0 for different numbers of snapshots N . Gaussian
ID source, θ0 = 0◦, σθ = 5◦, twenty sensors, 10 dB SNR.
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Figure 3.12: Variance of σ̂2
θ for different numbers of snapshots N .

Gaussian ID source, θ0 = 0◦, σθ = 5◦, twenty sensors,
10 dB SNR.
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Figure 3.13: Squared difference between the theoretical asymptotic ex-
pected value, σ̄2

θ , and the simulated mean value, m̄(σ̂2
θ),

of the squared spread estimate vs. snapshots N . Gaussian
ID source, θ0 = 0◦, σθ = 5◦, twenty sensors, 10 dB SNR.

3.A Orthogonal Steering Vectors

In the derivations of Section 3.1, we say that the steering vectors of a ULA
that correspond to distinct DOAs are orthogonal as the numbers of sensors
tend to infinity. The result is formulated in the following lemma.

Lemma 2 Let a(ω) = [1 e−jω · · · e−j(K−1)ω]T be a vector where ω ∈ R,
K ∈ N and j2 = −1. Then, the following result holds

lim
K→∞

1

K
aH(ω1)a(ω2) =

{
1, ω1 = ω2

0, ω1 6= ω2
(3.A.1)

Proof: Let ∆ = ω1 − ω2. For any ∆ 6= 2πm (where m is an integer), the
magnitude of the inner-product is bounded as

|aH(ω1)a(ω2)| =

∣∣∣∣∣
K−1∑

k=0

ej∆k

∣∣∣∣∣ =

∣∣∣∣
1 − ej∆K

1 − ej∆

∣∣∣∣ <
1

|sin(∆/2)| = M∆ < ∞.

(3.A.2)
Further, if ∆ = 2πm, the inner-product becomes aH(ω1)a(ω2) = K. Hence,
the proof follows as K → ∞. 2



Chapter 4
Parametric Estimation:

Generalized Beamforming

In this chapter, we generalize the nonparametric point source-based Con-
ventional Beamformer (CBF) to localization of multiple Incoherently Dis-

tributed (ID) and Coherently Distributed (CD) sources that appear in sen-
sor array processing. The generalized CBF is a parametric method that
uses the principal eigenvector of the parameterized signal covariance matrix
as its weight vector, which is also a matched filter. The desired parameter
estimates are identified from the peaks of the generalized 2-D beamform-
ing spectrum. Furthermore, we compare the performance of the generalized
CBF numerically to the generalized Capon beamformer. The Capon beam-
former is applied here to CD sources and has previously been proposed for ID
sources in [HSG04]. Finally, an asymptotic statistical performance analysis
of the generalized beamformers is provided and numerically verified. The
material presented in this chapter is mostly composed of unpublished work.
Some material has been submitted as a conference paper in [CV06].

4.1 Preliminaries

The generalized beamforming methods studied in this chapter can be used
for localization of both coherently distributed and incoherently distributed
sources. Therefore, we will study their performances for both of these cases.

In the ID case, signals arriving from distinct directions are assumed to
be uncorrelated, and the collected snapshot sequence {x(t)}N

t=1 is modeled as
an i.i.d. sequence with x(t) ∼ CN (0,Rx(ηi)), where Rx(ηi) = σ2

sRh(ηi) +
σ2

nIK is the spatial covariance matrix with the parameterized channel vector
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covariance matrix Rh(ηi) given by (2.21). The ID source represents a highly
random scattering environment where the channel vectors are uncorrelated
from snapshot to snapshot. Since the received signal is uncorrelated for
distinct angles, it yields a high-rank signal contribution to the data covariance
matrix.

In contrast to the ID source we have the CD source, where signals ar-
riving from distinct directions are fully correlated. That is, the received
signal consists of signal components from different angles that are delayed
and scaled replicas of the same signal. The snapshot sequence {x(t)}N

t=1 is
modeled as an i.i.d. sequence with x(t) ∼ CN (0,Rx(ηi)), where Rx(ηi) =
σ2

sb(ηi)b
H(ηi) + σ2

nIK is the spatial covariance matrix with the generalized
steering vector b(ηi) given by

b(ηi) =

∫

θ∈Θ

g(θ; ηi)a(θ) dθ. (4.1)

The coherent source represents a deterministic scattering scenario where the
generalized steering vector b(ηi) remains fixed over the whole observation
period, while the received signal is uncorrelated from snapshot to snapshot.
The CD source gives a rank-one signal contribution to the data covariance
matrix.

Throughout this chapter, the density function of a source is assumed
to have a known shape and it is parameterized in the unknown parameter
vector ηi = [θi, σi]

T . In the case of multiple sources, the shape is the same
for the different sources, but the sources have different parameter values. See
Figure 2.3 for an example with two Gaussian-like distributed sources. We also
include the channel gain σγi

in the source power, i.e., σ2
si

, σ2
γi
|si(t)|2, where

si(t) is considered being a deterministic Constant Modulus (CM) signal.

4.2 Generalized Conventional Beamforming

Here, we reformulate the conventional beamforming problem by taking into
account that the signal has a spatial distribution. Hence, we turn the
point source based and nonparametric CBF into a parametric beamforming
method, which enables us to find all our parameter estimates. The deriva-
tion is done with respect to ID sources, but the extension to CD sources is
straightforward.

Given the beamformer output signal y(t) = wHx(t), the expected beam-
former output power is given by

P (w) = E[|y(t)|2] = wHRxw = σ2
sw

HRhw + σ2
nw

Hw, (4.2)
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and it is maximized w.r.t. w s.t. wHw = 1. The maximizing weight vec-
tor wopt is then given by the principal eigenvector of the, generally full-rank,
channel vector covariance matrix Rh = E[hhH ], [SM97]. The principal eigen-
vector is defined as the unit norm eigenvector corresponding to the largest
eigenvalue λmax of Rh. The resulting beamformer is also optimal in the sense
that it maximizes the output SNR, i.e., it is a matched filter.

Remark: In the case of spatially colored noise with known covariance
matrix Rn, the maximum SNR beamformer is the principal eigenvector to
the generalized eigenproblem Rhw = βRnw. This is readily verified since
given that β = wHRhw

wHRnw
is the expected output SNR, we have for the optimal

weight vector

∇w∗β =
Rhw(wHRnw) − (wHRhw)Rnw

(wHRnw)2
=

Rhw − βRnw

wHRnw
= 0,

where ∇w∗ denotes the vectorized differentiation (nabla) operator w.r.t. the
weight vector complex conjugate. The output SNR is, thus, maximized by
the generalized principal eigenvector.

We can now formulate the algorithm as finding the largest peak of the
generalized 2-D power spectrum f(η,Rx)

η̂ = arg max
η

f(η,Rx), η = [θ, σθ]
T (4.3)

where f(η,Rx) , wHRxw. Here, Rx contains the true parameters η0,
and w = w(η) is the principal eigenvector of the matrix Rh(η) which is
parameterized in the unknown parameters η. Since λmin ≤ xHRhx ≤ λmax

[SM97], for any unit norm vector x ∈ C
K×1, the maximum value of f(η,Rx)

equals σ2
sλmax + σ2

n, and is attained by the principal eigenvector x = w. In
general λmax is unique, and the maximum is readily attained by η̂ = η0

when the true covariance matrix is used in (4.3), which makes the estimator
consistent in the sense given below.

In practice we do not have access to the true covariance matrix Rx, so we
resort to replacing it by the sample covariance matrix, which is a sufficient
statistic under the Gaussian data model [Kay93], and is defined as

R̂x =
1

N

N∑

t=1

x(t)xH(t). (4.4)

It is easily verified that the criterion function f(η, R̂x) converges uniformly
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(with increasing numbers of snapshots) to its limit function f(η,Rx), since

sup
η

∣∣∣f(η, R̂x) − f(η,Rx)
∣∣∣ = sup

η

∣∣∣wH(R̂x − Rx)w
∣∣∣

≤
∥∥∥R̂x − Rx

∥∥∥ → 0, w.p.1 as N → ∞.

Hence, the maximum of f(η, R̂x) tends to that of f(η,Rx), and algorithm
yields consistent estimates.

As in the point source case, we can identify q distributed sources from
the q largest peaks of the generalized 2-D spectrum. In the case of multiple
sources, i.e., q > 1, the estimates will be asymptotically biased due to spectral
leakage from closely spaced sources.

We note that in the coherently distributed source case, the channel vector
covariance matrix is given by Rh(η) = b(η)bH(η), which has the principal
normalized eigenvector w(η) = b(η)/‖b(η)‖. Thus, for a CD source, the
generalized spectrum is given by

f(η,Rx) =
bH(η)Rxb(η)

bH(η)b(η)
, (4.5)

and the q largest peaks of (4.5) correspond to the parameters of q CD sources.
The same consistency arguments that we used above for ID sources also
extends to CD sources. It is found in the numerical examples in Section
4.5, that the G-CBF estimates for a single CD source coincide with the
corresponding Maximum-Likelihood (ML) estimates. Finally, since a point
source is a special case of a coherently distributed source with the channel
vector a(θ) = limσθ→0 b(η), the generalized 2-D spectrum for CD sources
will for point sources degenerate to the conventional 1-D spectrum given by
(2.48).

4.3 Generalized Capon’s Beamforming

A generalization of Capon’s beamformer [Cap69] to incoherently distributed
sources was introduced in [HSG04]. The algorithm is called Generalized
Capon (G-Capon) and the weight vector is derived from the following con-
strained optimization problem

min
w

wHRxw s.t. wHRh(η)w = 1. (4.6)

The resulting spatial filter will, thus, minimize the power from interfering
sources while keeping a distortionless response to a source with the parame-
terized covariance matrix Rh(η). If the parameterized covariance matrix is
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the covariance matrix of a distributed source, the algorithm can be used to
estimate the parameter vector η.

The solution to (4.6) is given by solving the generalized eigenvalue prob-
lem

Rxw = λRh(η)w, (4.7)

and the optimal weight vector is given by the eigenvector that corresponds
to the smallest generalized eigenvalue of the matrix pencil {Rx,Rh(η)},
[HSG04]. It is easily verified that all the eigenvalues are real and non-
negative.

The generalized Capon’s 2-D pseudo spectrum is then defined as the
beamformer’s output power when the beamformer is directed to a distributed
source with parameter vector η. The algorithm for estimating η can then be
formulated as finding the largest peak of the generalized Capon spectrum,
i.e.,

η̂ = arg max
η

f(η,Rx), (4.8)

where f(η,Rx) is given by

f(η,Rx) = λmin{Rx,Rh(η)} = λmin{R−1
h (η)Rx}, (4.9)

and λmin{Rx,Rh(η)} denotes the minimum generalized eigenvalue of the
matrix pencil {Rx,Rh(η)} or, equivalently, the minimum eigenvalue of the
matrix R−1

h (η)Rx. As in the point source case, if there are q distributed
sources present they can be identified as the q largest peaks of the generalized
Capon spectrum.

As it was pointed out in [HSG04], for the point source case, the general-
ized Capon spectrum for ID sources degenerates to the conventional Capon
spectrum given by (2.53). Even though it was never discussed in [HSG04],
one can also formulate the generalized Capon beamformer for coherently dis-
tributed sources. The generalized Capon pseudo spectrum for CD sources is
then given by

f(η,Rx) =
1

bH(η)R−1
x b(η)

, (4.10)

and the q largest peaks of (4.10) corresponds to the parameters of q CD
sources. Here, it is clearly seen that if limσθ→0 b(η) = a(θ), the Capon’s 2-D
spectrum for CD sources will for point sources degenerate to the conventional
1-D Capon spectrum given by (2.53).



64 Parametric Estimation: Generalized Beamforming

The normalized generalized spectra for the generalized CBF (G-CBF) and
the generalized Capon’s beamformer (G-Capon) are shown in Figure 4.1 for
one and two equi-powered Gaussian ID sources with parameters η0 = [0◦, 3◦]
and η1 = [30◦, 3◦], respectively. A 20-element standard ULA, and the true
noise-free covariance matrix are used to compute the respective spectrum.
We note that the G-CBF spectrum suffer from the same resolution problem
as for 1-D DOA estimation of closely-spaced point sources. We also see that
the resolution of G-CBF in the spread direction is poor, and there are no
distinct peaks in that direction (there is a slight curvature). The G-Capon
spectrum shows much better resolution in both dimensions.

The same parameter setting is also applied to CD sources, and the nor-
malized spectra are shown in Figure 4.2. The G-CBF spectrum shows well-
defined peaks at the corresponding true parameter values, and so does the
G-Capon spectrum. The generalized beamformers manage well to capture
the transmitted power of the rank-one CD sources.

Figure 4.1: Normalized generalized beamforming spectra for one resp.
two Gaussian ID sources. The noise-free true covariance
matrix is used together with a std. K = 20 ULA.
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Figure 4.2: Normalized generalized beamforming spectra for one resp.
two Gaussian CD sources. The noise-free true covariance
matrix is used together with a std. K = 20 ULA.

4.4 Numerical Examples for ID Sources

In this section we study ID sources and compare the numerical performance
of the generalized conventional beamformer (G-CBF) to that of the gener-
alized Capon (G-Capon) beamformer. In [HSG04], the generalized Capon
method was found to outperform the well known DISPARE [MSW96] and
root-MUSIC-based [BO00] algorithms when locating two ID sources. The
Cramér-Rao Lower Bound (CRLB) is also included in the figures.

All estimates are averaged over 2000 independent runs, and the noise is
spatio-temporally white with a circular symmetric complex Gaussian distri-
bution, and the SNR is defined as σ2

s/σ
2
n.

Example 4.1: In the first example we locate a single Gaussian ID source
with parameter values θ0 = 0◦ and σθ = 3◦ impinging on a standard ULA
with K = 10 sensors. The sample covariance matrix is estimated using
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N = 500 snapshots. To reconnect the nonparametric methods in the previous
chapter, in this example we have included the Capon-based angle and spread
estimates. Also included for reference are the DISPARE [MSW96] and WPSF
[BO01] estimates. In this scenario, G-CBF shows better performance than
G-Capon.

Figure 4.3 displays the RMSE of the parameter estimates versus SNR.
We observe that the RMSE of the nominal angle estimates attained by the
G-CBF is insensitive to the SNR, which is an observation that is consistent
with point source estimation using the data-independent CBF. For low SNR
values, the spread estimate of G-CBF improves with increased SNR. For high
SNR values, all estimates appear to have a remaining bias (the algorithms are
only consistent as N → ∞). The G-Capon spread estimate shows a perfor-
mance loss for increased SNR, which is likely due to a ill-conditioned sample
covariance matrix. The nonparametric Capon-based method performs the
best, and the DISPARE and WPSF angle estimates are better than the
angle estimated attained by the generalized beamformers, although, the gen-
eralized beamformers perform better than DISPARE when estimating the
spread.

Figure 4.4 shows the RMSE versus number of sensors. Even though
the results are disappointing, it is still interesting to see that the RMSE
of the G-CBF spread estimate deteriorates as the number of sensors grows
large. There appears to be an optimal choice (around K = 10 sensors)
w.r.t. the number of sensors. We will return to this observation in Section
4.6. The number of sensors has little effect on the G-CBF nominal angle
RMSE, and it is only slightly better than the RMSE of the conventional peak-
finding algorithm [RGM98], which is included in this figure. There will always
be little difference in the nominal angle estimates between the conventional
beamformer and its generalized version when the the distributed source can
be “seen” as a point source by the array. This is the case when the array
beamwidth is large (few sensors) compared to the spread parameter. Hence,
it is the relation between the array resolution and the spread parameter that
controls how well a distributed source is described by a point source. In this
example, the estimates based on G-Capon improves with increasing number
of sensors, since we have also increased the number of snapshots according
to N = 20K. The SNR in this example was 20 dB.

Example 4.2: The second example involves locating two Gaussian ID sources;
one with parameter values θ0 = 0◦, σθ0 = 3◦ and a second with values θ1 that
are varied from 10◦ to 40◦, σθ1 = 2◦. A standard ULA with K = 20 sensors is
used and the SNR is 20 dB per source. We see from Figure 4.5 that G-CBF
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Figure 4.3: RMSE of θ̂0 (top) and σ̂θ (bottom) for different SNRs.
Gaussian ID source with θ0 = 0◦, σθ = 3◦, K = 10, and
N = 500.

captures the nominal angles quite well, while it suffers from spectral leakage
when it comes to estimating the spreads of two closely spaced sources.
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Figure 4.4: RMSE of θ̂0 and σ̂θ versus number of sensors. The figure
also includes the angle estimate based on the conventional
beamformer [RGM98]. Gaussian ID source with θ0 = 0◦,
σθ = 3◦, N = 20K, and SNR = 20 dB.

4.5 Numerical Examples for CD Sources

In this section we study CD sources and compare the numerical performance
of the generalized conventional beamformer (G-CBF) to that of the gener-
alized Capon (G-Capon) beamformer. The analytical error curves that are
given for CD sources in Theorems 2 and 4, and the Cramér-Rao Lower Bound
(CRLB) are also included in the figures.

All estimates are averaged over 2000 independent runs, and the noise
is spatio-temporally white with a circular symmetric complex Gaussian dis-
tribution. The estimates are given in electric angle and spread, which are
defined in (2.22) and (2.23), respectively.

Example 4.3: In this example we locate a single Gaussian CD source with
parameters η0 = [2◦, 3◦]T . A 10-element standard ULA is used and the SNR
is 10 dB. Figure 4.6 shows the RMSE performance for the nominal angle
estimate versus snapshots, and Figure 4.7 shows the standard deviation of
the corresponding spread estimates. The standard deviation of the spread
estimates are plotted since the RMSE of G-Capon is dominated by a small
bias, which is asymptotically given by ∆σω = 0.0043 rad. (corresponds to
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Figure 4.5: Average RMSE of {θ̂0, θ̂1} and {σ̂θ0 , σ̂θ1} versus source sep-
aration. Two Gaussian ID sources with {θ0 = 0◦, σθ0 =
3◦}, {θ1 = 10◦ . . . 40◦, σθ1 = 2◦}, K = 20, SNR = 20 dB
per source, and N = 500.

2.6% of the true value). We see that the G-CBF angle and spread estimates
are asymptotically efficient since they both reach the CRLB. In fact, one
might think that, under the Gaussian data model assumption, the G-CBF
estimates for a single CD source coincide with the Maximum Likelihood (ML)
estimates, which is the case when locating a single point source [KV96]. We
will return to this discussion in Example 4.4, where we have also simulated
the ML performance.

Figures 4.8 and 4.9 show the estimation performance versus SNR. The
parameter setting is the same as above, but with varying SNR and the num-
ber of snapshots fixed to N = 500. Both estimates attained by G-CBF are
efficient, and the asymptotic bias of G-Capon is varying with the SNR and
can be found in Figure 4.19.

In all figures, the theoretical asymptotic RMSE curves for G-CBF coincide
with their respective CRLB curve, and the empirical estimation performance
show good agreement with their analytical counterparts.

Example 4.4: Here we apply the same setting as in Example 4.3, but look
more closely at the small sample size and low SNR regions. Thus, we study
the region where the G-CBF RMSE converges to the CRLB, and include
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Figure 4.6: RMSE of ω̂0 versus snapshots. Gaussian CD source with
ω0 = 0.1096 rad., σω = 0.1644 rad., K = 10, SNR = 10
dB. The analytic G-CBF curve coincides with the CRLB
curve.

the RMSE performance of the ML estimator to see if it coincides with the
performance of G-CBF. Under the Gaussian data model, the concentrated
form of the ML estimator is given by minimizing the negative log-likelihood
function [Kay93]

φ̂0 = arg min
φ

{
log |Rx(φ)| + Tr

{
R−1

x (φ)R̂x

}}
,

Rx(φ) = ρb(φ)bH(φ) + IK , φ = [ω, σω, ρ]T , ρ = σ2
s/σ

2
n. (4.11)

The G-Capon estimator is not included here, since it does not perform well
for small sample sizes and/or low SNR. The estimators use the same realiza-
tion of the sample covariance matrix, which is changed independently from
run to run. Figures 4.10 and 4.11 show the RMSE performance versus snap-
shots respective SNR. We see that the performance of the G-CBF estimates
coincide with the corresponding performance of ML. We have in numerical
examples, although not included here, seen that the G-CBF and ML estima-
tor produces identical estimates. This is interesting since the ML estimator
requires a 3-D search over the two parameters of interest plus the SNR ρ,
while the G-CBF only requires a 2-D search to find the two parameters. In
both figures, the analytic G-CBF RMSE curves coincide with their respective
CRLB curve. Hence, they both are asymptotically efficient.
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Figure 4.7: Standard deviation of σ̂ω versus snapshots. Gaussian CD
source with ω0 = 0.1096 rad., σω = 0.1644 rad., K = 10,
SNR = 10 dB. The analytic G-CBF curve coincides with
the CRLB curve.
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Figure 4.8: RMSE of ω̂0 versus SNR. Gaussian CD source with ω0 =
0.1096 rad., σω = 0.1644 rad., K = 10, N = 500. The
analytic G-CBF curve coincides with the CRLB curve.
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Figure 4.9: Standard deviation of σ̂ω versus SNR. Gaussian CD source
with ω0 = 0.1096 rad., σω = 0.1644 rad., K = 10, N =
500. The analytic G-CBF curve coincides with the CRLB
curve.

Example 4.5: This example displays the limited resolution of the G-CBF
compared to G-Capon when they are used to locate two Gaussian CD sources.
We see in Figure 4.12 how G-CBF suffers from its poor resolution, while G-
Capon manage well to separate the two sources. The parameter setting is
given in the figure text.

4.6 Statistical Performance Analysis of General-

ized Conventional Beamforming

Here we provide a statistical performance analysis of the G-CBF algorithm.
The analysis yields theoretical results that can be used to quickly assess
the performance for different parameter settings instead of having to rely
on empirical results attained from long simulation runs. To simplify the
statistical analysis we apply a change of variables and use the concept of
spatial frequency and corresponding spread, which are defined in (2.22) and
(2.23), respectively. Thus, our transformed parameter vector is ψ = [ω, σω]T .
The asymptotic error distribution is derived by using the standard Taylor
expansion method described in, e.g., [Lju87]. The results are formulated as
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Figure 4.10: RMSE of ω̂0 and σ̂ω versus snapshots. Gaussian CD source
with ω0 = 0.1096 rad., σω = 0.1644 rad., K = 10,
SNR = 10 dB. The analytic curves coincide with their
respective CRLB curve.

two theorems; one for localization of ID sources, and one for CD sources.

4.6.1 G-CBF for Localization of ID Sources

Theorem 1 (asymptotic error distribution for g-cbf applied to
id sources) Assume x(t) ∼ N (0,Rx(ψ0)) is temporally white and Rx(ψ0)
has simple eigenvalues. Then, the asymptotic distribution of the parameters
obtained by inserting the sample covariance matrix into the G-CBF algorithm
(4.3) for incoherently distributed sources is given by

√
N

(
ψ̂ − ψ0

)
∼ AsN

(
0,Rψ̃

)
, (4.12)
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Figure 4.11: RMSE of ω̂0 and σ̂ω versus snapshots SNR. Gaussian CD
source with ω0 = 0.1096 rad., σω = 0.1644 rad., K =
10, N = 50. The analytic curves coincide with their
respective CRLB curve.

where

Rψ̃ = H−1ΦH−1, (4.13)

[Φ]ij = 2Re
{(

wH
1 Rx

∂w1

∂ψj

)(
wH

1 Rx
∂w1

∂ψi

)

+
(
wH

1 Rxw1

)(∂wH
1

∂ψj

Rx
∂w1

∂ψi

)}
, (4.14)

[H]ij = 2Re
{
wH

1 Rx
∂2w1

∂ψiψj

+
∂wH

1

∂ψi

Rx
∂w1

∂ψj

}
. (4.15)

The eigenvector derivatives are given in Appendix 4.A.
Proof: See Appendix 4.A. 2

We do not provide analytic expressions in physical parameters, since the
derived expressions depend on the eigenvalues and eigenvectors which, in
general, are not available in closed-form. The eigenvalues and eigenvectors
are attained from a numerical algorithm such as, e.g., the “svd” routine in
MATLABr. Furthermore, the asymptotic result in the above theorem has
been derived for the case of a single distributed source, and with the correct



4.6 Statistical Performance Analysis of Generalized Conventional Beamforming 75

10 15 20 25 30 35 40
10

−4

10
−3

10
−2

10
−1

10
0

Source separation [degrees]

A
ve

ra
ge

 R
M

S
E

 [e
le

ct
ric

 a
ng

le
 in

 r
ad

ia
ns

]

G−CBF angle
G−Capon angle
G−CBF spread
G−Capon spread

Figure 4.12: Average RMSE of {ω̂0, ω̂1} and {σ̂ω0 , σ̂ω1} versus source
separation in degrees. Two Gaussian CD sources with
{θ0 = 0◦, σθ0 = 3◦}, {θ1 = 10◦ . . . 40◦, σθ1 = 2◦}, K =
20, SNR = 20 dB per source, and N = 500.

model assumption. The theorem is easily extended to the case of multiple dis-
tributed sources, and to take modeling errors, such as making an erroneous
assumption on the true angular distribution, into account. This is easily
seen, since the case of multiple sources only enter the true covariance matrix
Rx(ψ0), and the derived asymptotic distribution is a function of this covari-
ance matrix. The case of a model mismatch in the angular distribution is
handled by choosing the appropriate B(σω) matrix. In the mentioned exten-
sions, there will, although, be a asymptotic bias present, and the equations
in the theorem should be evaluated at the point ψ∗ 6= ψ0, given by

ψ∗ = arg max
ψ

wH
1 (ψ)Rx(ψ0)w1(ψ),

where Rx(ψ0) is the true covariance matrix, w1(ψ) is the principal eigen-
vector of the model covariance matrix Rh(ψ), and ψ∗ − ψ0 represents the
asymptotic bias term. Finally, the asymptotic results were derived with the
assumption of distinct eigenvalues. Therefore, as the eigenvalues become
very close, e.g., when the numbers of antennas grow very large, there will be
a discrepancy between the analytic and simulated results.
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4.6.2 G-CBF for Localization of CD Sources

Theorem 2 (asymptotic error distribution for g-cbf applied to
cd sources) Assume x(t) ∼ N (0,Rx(ψ0)) is temporally white, and Rx(ψ0) =
σ2

sb(ψ0)b
H(ψ0)+σ2

nIK. Then, the asymptotic distribution of the parameters
obtained by inserting the sample covariance matrix into the G-CBF algorithm
for coherent sources (4.5) is given by

√
N

(
ψ̂ − ψ0

)
∼ AsN

(
0,Rψ̃

)
, (4.16)

where

Rψ̃ = H−1ΦH−1, (4.17)

[Φ]ij = 2Re
{(

wHRx
∂w

∂ψj

)(
wHRx

∂w

∂ψi

)

+
(
wHRxw

)(∂wH

∂ψj

Rx
∂w

∂ψi

)}
, (4.18)

[H]ij = 2Re
{
wHRx

∂2w

∂ψiψj

+
∂wH

∂ψi

Rx
∂w

∂ψj

}
, (4.19)

w =
b

‖b‖ . (4.20)

The weight vector derivatives are given in Appendix 4.B.

Proof: See Appendix 4.B. 2

The asymptotic error variance is validated numerically in Section 4.5, and
all the simulated data examples show good agreement with the theoretical
results.

4.6.3 Validation with Synthetic Data for ID Sources

In this section we give a number of numerical examples, and the purpose of
these examples is to validate the theoretical expressions for the variance of
the asymptotic error distribution. In examples where the estimates are eval-
uated asymptotically in snapshots N , we plot the RMSE performance. For
small N , we choose to plot the standard deviations, since in these examples
the remaining bias dominates over the error variance. In all examples, the
estimates are averaged over 2000 independent runs, and the noise is spatio-
temporally white with a circular symmetric complex Gaussian distribution.
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Example 4.6: In this example, the source has a Gaussian distribution with
parameters ω0 = 0 rad and σω = 0.1645 rad. The array is a 10-sensor stan-
dard ULA and the SNR is 20dB. The sample covariance matrix is estimated
from 500 snapshots and the estimates are averaged over 2000 independent
runs. Figures 4.13 and 4.14 show good match between the analytical expres-
sions and the simulated RMSE. There is a remaining bias in Figure 4.14,
since the algorithm is only consistent as N → ∞.
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Figure 4.13: Simulated and analytical RMSE of ω̂0 and σ̂ω versus snap-
shots. Gaussian ID source with ω0 = 0 rad, σω = 0.1645
rad, K = 10, SNR = 20 dB.

Example 4.7: We now return to the earlier and interesting observation that
there is an optimal choice of the number of sensors that minimize the MSE
of the spread estimate. Table 4.1 contains the number of antennas that min-
imize both the analytical and simulated MSE of the spread estimate. Also
here the analytical results agree well with simulated results. The optimal
choice of number of antennas has a strong dependence on the spatial spread,
and both numerical and analytical results suggest that the optimal array
should have a Rayleigh beamwidth (BW)1 very roughly equal to the one-
sided total spatial extension of the source (in this example BWopt ≈ 4σθ).

1The Rayleigh beamwidth is defined as the angle between the main lobe peak and the
first null, i.e., BW = 2π/K rad. in electric angle.
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Figure 4.14: Simulated and analytical RMSE of ω̂0 and σ̂ω versus SNR.
Gaussian ID source with ω0 = 0 rad, σω = 0.1645 rad,
K = 10, N = 500.

There is an intuitive explanation to this, which is that the G-CBF makes the
best, in terms of maximizing the beamformer’s output SNR, rank-one ap-
proximation of the distributed source by choosing the principal eigenvector
as its optimal weight vector. As long as the Rayleigh beamwidth is roughly
equal to or larger than the source’s total spatial extension, a rank-one ap-
proximation serves as a good approximation, and an increase in the number
of antennas will only give better performance. When the number of antennas
is increased beyond this limit, the array will experience a source with a larger
spatial spread, and the rank-one approximation is no longer a good approx-
imation. This is the region where the distributed source really is starting to
be experienced as distributed by the array, and the beamformer (matched
filter) will only capture a fraction of the energy. As a consequence, there will
be a degradation in the estimation performance.

Example 4.8: In this example, the true angular distribution is uniform with
zero mean and standard deviation σω = 0.1645 rad, which correspond to a
uniform distribution over [−δω, δω], with δω = 0.2849 rad. The model makes
the erroneous assumption of a Gaussian distribution. Figure 4.15 shows good
agreement between the simulated and analytical standard deviations. There
is a asymptotic bias in this example and it is due to the model mismatch.
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σθ [deg.] 1 2 3 4 5 6 7 8 9 10

Kopt analytical 19 11 8 6 5 4 4 4 3 3
Kopt simulated 20 10 7 7 5 4 4 4 3 3

BW simulated [deg.] 6 11 16 16 23 29 29 29 38 38

Table 4.1: Analytical and simulated optimal number of antennas for
different angular spreads. BW is the Rayleigh beamwidth of
the array. Gaussian ID source with θ0 = 0◦, SNR = 20 dB,
and N = 500.

The asymptotic bias in the nominal angle estimate is negligible, but in the
spread estimate it is ∆σω = 0.02 rad. If Figure 4.13 is compared to Figure
4.15, it is found that the erroneous model assumption has little impact on
the nominal angle estimates.
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Figure 4.15: Simulated and analytical standard deviation of ω̂0 and σ̂ω

versus snapshots. Uniform ID source with ω0 = 0 rad,
σω = 0.1645 rad, K = 10, SNR = 20 dB. The model
assumes Gaussian ID source.

Example 4.9: Here, G-CBF is used to estimate a Gaussian distributed
source with parameters ω0 = 0 rad, and σω = 0.1645 rad, respectively, when
there is an interfering Gaussian source present at ω1 = 1.074 rad, which
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corresponds to θ1 = 20◦. The interfering source has the same spread as
the source of interest. The SNR is 10 dB for the source of interest and the
interfering source is 3 dB weaker. Finally, the array is a standard ULA with
ten sensors. Figure 4.16 shows after convergence good agreement between the
simulated and analytical standard deviations. The asymptotic bias, which
is due to the spectral leakage, in this example is ∆ω0 = 0.003 rad and
∆σω = 0.036 rad.
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Figure 4.16: Simulated and analytical standard deviation of ω̂0 and σ̂ω0

versus snapshots. Two Gaussian ID sources with {ω0 =
0, σω0 = 0.1645} rad, resp. {ω1 = 1.074, σω1 = 0.1645}
rad. The SNR is 10 dB resp. 7 dB per source, K = 10.

4.7 Statistical Performance Analysis of General-

ized Capon’s Beamforming

As in Section 4.6 we resort to the concept of electric angle and corresponding
spread. The results are formulated as two theorems; one for localization of
ID sources, and one for CD sources.
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4.7.1 G-Capon for Localization of ID sources

Instead of analyzing (4.8) we chose to analyze the equivalent problem

min
ψ

λmax{R−1
x Rh(ψ)}. (4.21)

Typically, the minimization of the largest eigenvalue of a matrix (or equiv-
alently maximization of the smallest eigenvalue) will lead to an optimal so-
lution where the largest and second largest eigenvalues meet (or equivalently
the smallest and second smallest). In other words, if θ̂ is given by

θ̂ = arg min
θ

λmax{A(θ)},

for some matrix A(θ) = AH(θ), θ ∈ R, which is a matrix with eigenvalues
λ1 ≥ λ2 ≥ · · · ≥ 0, the largest and second largest eigenvalues evaluated
at θ = θ̂ will be equal, i.e., λ1(θ̂) = λ2(θ̂). One can identify four cases
that can occur; (i) the eigenvalues are simple, (ii) the eigenvalues are re-
peated with distinct first derivatives, (iii) the eigenvalues are repeated with
repeated first derivatives, and (iv) the eigenvalues and their derivatives are
infinitely repeated. Figure 4.17 illustrates the four cases. The case of simple
eigenvalues (i) does not create any problems with carrying out the analysis,
since the eigenvalues with corresponding eigenvectors are uniquely differen-
tiable, while the other cases become hard problems to analyze. For example,
case (ii) leads to a criterion function that is non-differentiable in θ = θ̂, and
several orders of continuous differentiability of the asymptotic (in snapshots)
criterion function is a requirement to be able to carry out the asymptotic
analysis described in, e.g., [Lju87]. The first derivative of an eigenvalue is a
function of its corresponding eigenvector, and if the eigenvalue is repeated,
say p times, there will be a p-dimensional subspace of eigenvectors that all
correspond to this eigenvalue. The first derivative of a repeated eigenvalue
is therefore not unique. Because of this non-uniqueness, the computation of
eigenvector derivatives that correspond to repeated eigenvalues also becomes
difficult. Nonetheless, there exists algorithms for finding eigenvalue deriva-
tives of repeated eigenvalues and they rely on that the eigenvalue derivatives
of some higher order are distinct. For example, case (iii) in Figure 4.17 has
repeated first order derivatives but the second order derivatives are distinct.
The reason for this is that the corresponding eigenvectors are non-unique
only in the point θ = θ̂ where the eigenvalues are repeated, but in some
neighborhood around this point the eigenvectors are uniquely defined (up
to complex constant), since the eigenvalues are simple for θ 6= θ̂. Hence,
a continuity requirement can be applied to acquire a unique basis for the
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eigenspace that corresponds to the repeated eigenvalue, and a part of the
problem is to find this unique basis. See, e.g., [AT98] and references therein,
for numerical algorithms that can compute eigen-value/vector derivatives for
repeated eigenvalues in the one-variable case.

(i) (ii)

(iv)(iii)

λ1

λ1

λ1λ1

λ2

λ2

λ2λ2

θθ

θ θ
θ̂

θ̂

λ1 = λ2

Figure 4.17: Four cases of eigenvalues as functions of a design param-
eter θ (λ1 ≥ λ2 by definition); (i) simple eigenvalues, (ii)
repeated eigenvalues with distinct first derivatives, (iii)
repeated eigenvalues with repeated first derivatives, (iv)
infinitely repeated eigenvalues and derivatives.

Extensive numerical evaluations, in many scenarios, of the asymptotic
criterion function in (4.21) have shown that we typically have case (i) or (ii)
(extended to two dimensions). Thus it is often the case that the asymptotic
criterion function is non-differentiable in its optimum, but there also exists
scenarios where it is differentiable, i.e., the eigenvalues are distinct. With
the requirement of continuous differentiability in mind, we will restrict the
analysis to scenarios with distinct eigenvalues, i.e., the eigenvalues can be
close but not equal. This restriction leads to that the asymptotic results only
are valid for this case. The case of repeated eigenvalues is left as future work,
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since it requires the development of a new theory for asymptotic analysis of
non-differentiable limit functions, which to the author’s knowledge does not
exist today. Nonetheless, it turns out that in most cases, the eigenvalues
are repeated in the optimum, but for the case of a single source with a
model mismatch (in the form of making the wrong assumption on the angular
distribution), the eigenvalues are simple.

For low SNR, the G-Capon algorithm is always inconsistent (no matter
the eigenvalues are distinct or not) in the sense that the minimizer, denoted
by ψ∗, of the criterion function f(ψ,Rx) is not equal to the true parameter
vector, i.e., ψ∗ 6= ψ0, where

ψ∗ = arg min
ψ

f(ψ,Rx), f(ψ,Rx) = λmax{R−1
x (ψ0)Rh(ψ)} (4.22)

which implies

∇f(ψ∗,Rx) = 0. (4.23)

Figure 4.18 displays the ratio (σω∗ − σω)/σω versus SNR for a single
Gaussian ID source with the true parameters ω0 = 0 rad, σω = 0.1645 rad.
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Figure 4.18: Asymptotic bias in percent of the true value vs. SNR.
The minimizer σω∗ is attained from (4.22), where Rx =
Rh(ψ0)+σ2

nI. Gaussian ID source with ψ = [0, 0.1645]T

rad., K = 10 std. ULA.
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We will therefore consider the total error ψ̃ to be composed of two terms.
The first term is the asymptotic bias term which is given by

∆ψ = ψ∗ − ψ0, (4.24)

and the second term is the random estimation error

ψ̃∗ = ψ̂∗ − ψ∗, (4.25)

where ψ̂∗ is defined as

ψ̂∗ = arg min
ψ

f(ψ, R̂x), f(ψ, R̂x) = λmax{R̂−1
x Rh(ψ)} (4.26)

which implies that

∇f(ψ̂∗, R̂x) = 0. (4.27)

Hence, ψ̂∗ is a consistent (as N → ∞) estimate of ψ∗. The total error is
then given by

ψ̃ = ∆ψ + ψ̃∗ = ψ̂∗ − ψ0, (4.28)

The asymptotic error distribution is, thus, derived by using the standard
Taylor expansion method (see, e.g., [Lju87]) around the convergence point
ψ = ψ∗. The results are given in the following theorem.

Theorem 3 (asymptotic error distribution for g-capon applied
to id sources) Assume x(t) ∼ N (0,Rx(ψ0)) is temporally white, the crite-
rion function is continuously differentiable at the minimizing point, and that
R−1

x Rh(ψ∗) and R̂−1
x Rh(ψ∗) have simple eigenvalues. Then, the asymptotic

error of the parameters obtained by inserting the sample covariance matrix
into the G-Capon algorithm is for incoherently distributed sources given by

ψ̃ = ψ̂ − ψ0 = ∆ψ + ψ̃∗, (4.29)

where ∆ψ and ψ̃∗ are defined in (4.24) and (4.25), respectively. The random
error distribution is given by

√
N − Kψ̃∗ ∼ AsN

(
0,Rψ̃∗

)
, (4.30)

where

Rψ̃∗
= H−1ΦH−1, (4.31)

[H]ij = 2Re
{
wH

1

∂R1

∂ψi

∂w1

∂ψj

}
+ wH

1

∂2R1

∂ψi∂ψj

w1, (4.32)

R1 = R−1/2
x RhR

−1/2
x . (4.33)

The matrix Φ is, together with the matrix and eigenvector derivatives, given
in Appendix 4.C.

Proof: See Appendix 4.C. 2
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4.7.2 G-Capon for Localization of CD sources

We know from the previous section that G-Capon yields inconsistent esti-
mates when applied to ID sources. This is also the case when G-Capon is
applied to CD sources. Thus, the minimizer, denoted by ψ∗, of the criterion
function f(ψ,Rx) is not equal to the true parameter vector, i.e., ψ∗ 6= ψ0,
where

ψ∗ = arg min
ψ

f(ψ,Rx), f(ψ,Rx) =
1

b(ψ)R−1
x b(ψ)

. (4.34)

Figure 4.19 displays the ratio (σω∗ − σω)/σω for a single Gaussian CD
source with the true parameters ω0 = 0.1096 rad, σω = 0.1645 rad. The
asymptotic bias is, although, smaller than it was for the ID source in Figure
4.18.
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Figure 4.19: Asymptotic bias in percent of the true value vs. SNR.
The minimizer σω∗ is attained from (4.34), where
Rx = Rh(ψ0) + σ2

nI. Gaussian CD source with ψ =
[0.1096, 0.1645]T rad., K = 10 std. ULA.

Theorem 4 (asymptotic error distribution for g-capon applied
to cd sources) Assume x(t) ∼ N (0,Rx(ψ0)) is temporally white, and
Rx(ψ0) = σ2

sb(ψ0)b
H(ψ0)+σ2

nIK. Then, the asymptotic error of the param-
eters obtained by inserting the sample covariance matrix into the G-Capon
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algorithm is for coherently distributed sources given by

ψ̃ = ψ̂ − ψ0 = ∆ψ + ψ̃∗, (4.35)

where ∆ψ and ψ̃∗ are defined in (4.24) and (4.25), respectively. The random
error distribution is given by

√
N − Kψ̃∗ ∼ AsN

(
0,Rψ̃∗

)
, (4.36)

where

Rψ̃∗
= H−1ΦH−1, (4.37)

[Φ]ij = 2Re
{(

bHR−1
x

∂b

∂ψj

)(
bHR−1

x

∂b

∂ψi

)

+
(
bHR−1

x b
)(∂bH

∂ψj

R−1
x

∂b

∂ψi

)}
, (4.38)

[H]ij = 2Re
{
bHR−1

x

∂2b

∂ψi∂ψj

+
∂bH

∂ψi

R−1
x

∂b

∂ψj

}
. (4.39)

The vector derivatives are given in Appendix 4.D.
Proof: See Appendix 4.D. 2

The asymptotic error variance is validated numerically in Section 4.5, and
all the simulated data examples show good agreement with the theoretical
results.

4.7.3 Validation with Synthetic Data for ID Sources

In this section, all estimates are averaged over 2000 independent runs, and the
noise is spatio-temporally white with a circular symmetric complex Gaussian
distribution.

Example 4.10: In this example, G-Capon is used to estimate the parame-
ters of a uniformly distributed source when the model erroneously assumes a
Gaussian distribution. The angular distribution is uniform with zero mean
and standard deviation σω = 0.1645 rad, which correspond to a uniform dis-
tribution over [−δω, δω], with δω = 0.2849 rad. The array is a standard ULA
with 10 sensors, and the SNR is 20 dB. This particular parameter setting
yields the asymptotic bias in the spread estimate ∆σω = 0.025 rad. Figure
4.20 shows after 1000 snapshots good agreement between the analytical and
simulated standard deviations.
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Figure 4.20: Simulated and analytical standard deviation of ω̂0 and σ̂ω

versus snapshots. Uniform ID source with ω0 = 0 rad,
σω = 0.1645 rad, K = 10, SNR = 20 dB. The model
assumes Gaussian ID source.

4.A Proof of Theorem 1: Asymptotic Error Dis-

tribution for G-CBF Applied to ID Sources

It is well known that the channel covariance matrix Rh(ψ) can be diagonal-
ized as [MSW96]

Rh(ψ) = D(ω)B(σω)DH(ω), (4.A.1)

where D(ω) = diag
(
1, e−jω, . . . , e−j(K−1)ω

)
and B(σω) is a K ×K Hermitian

matrix that depends only on the shape of the angular distribution p(ω; ψ0),
and is generally of full rank. Closed-form expressions these matrices have for
uniform and Gaussian shapes been derived in, e.g., [Ben99]. For a Gaussian
distribution that is symmetric around ω0, we have

[B(σω)]kℓ = e−((k−ℓ)σω)2/2, (4.A.2)

and for a source with uniform distribution over [−δω, δω], we have

[B(σω)]kℓ =
sin((k − ℓ)δω)

(k − ℓ)δω

, δω =
√

3σω. (4.A.3)



88 Parametric Estimation: Generalized Beamforming

It can be shown that Rh(ψ) and B(σω) share eigenvalues and that their
respective eigenvectors are related according to [MSW96]

wk(ψ) = D(ω)vk(σω), k = 1, . . . , K, (4.A.4)

where wk and vk denote the kth eigenvector of Rh(ψ) and B(σω), respectively.
Since the matrix B(σω) is Hermitian and positive definite, the eigenvalues
become real-valued and positive. We also assume that the eigenvalues, in the
point ψ = ψ0, are simple and sorted in a decreasing order λ1 > · · · > λK > 0,
which provides us with a unique (up to a complex scalar) set of orthogonal
eigenvectors that are sorted as column vectors into the eigenmatrix V =
[v1, . . . ,vK ].

Let f(ψ, R̂x) = wH(ψ)R̂xw(ψ) denote the criterion function using the
sample covariance matrix, and f(ψ,Rx) = wH(ψ)Rxw(ψ) its limit function
(as N → ∞). Applying a standard first order Taylor expansion (neglecting
the second and higher order terms) of the gradient ∇f(ψ̂, R̂x) around ψ = ψ0

and equating it to zero yields [Lju87]

ψ̃ , ψ̂ − ψ0 ≈ −H−1∇f(ψ0, R̂x), (4.A.5)

where H−1 , (∇2f(ψ0,Rx))
−1

is the inverse asymptotic Hessian matrix and
∇f(ψ0, R̂x) is the random gradient, both evaluated at ψ = ψ0. The point
ψ0 is the true parameter vector, and it yields ∇f(ψ0,Rx) = 0. Hence, the
covariance matrix of the asymptotic distribution of ψ̃ can be expressed as

E
[
ψ̃ψ̃

T
]
≈ H−1E

[
∇f(ψ0, R̂x)∇T f(ψ0, R̂x)

]
H−1, (4.A.6)

and it remains to find the asymptotic Hessian matrix together with the co-
variance matrix of the asymptotically Gaussian gradient vector. The gra-
dient vector is a linear combination of the sample covariance matrix, thus,
the asymptotic normality of the gradient vector follows from the asymptotic
normality of the sample covariance matrix.

Finding the Asymptotic Hessian Matrix

To calculate the symmetric matrix H, we need the second order partial
derivatives of f(ψ,Rx) w.r.t. ω and σω, which involves finding the first and
second order partial derivatives of the principal eigenvector w1(ψ), since

[H]ij =
∂2f(ψ,Rx)

∂ψi∂ψj

= 2Re

{
wH

1 Rx
∂2w1

∂ψi∂ψj

+
∂wH

1

∂ψi

Rx
∂w1

∂ψj

}
, (4.A.7)



4.A Proof of Theorem 1: Asymptotic Error Distribution for G-CBF Applied to ID Sources 89

where i, j = 1, 2, ψ1 = ω, and ψ2 = σω. From (4.A.4) it follows that the
partial derivatives of w1 simply can be expressed in the derivatives of D(ω)
and v1(σω), according to

∂w1(ψ)

∂ω
=

∂D(ω)

∂ω
v1(σω) (4.A.8)

∂w1(ψ)

∂σω

= D(ω)
∂v1(σω)

∂σω

(4.A.9)

∂2w1(ψ)

∂ω2
=

∂2D(ω)

∂ω2
v1(σω) (4.A.10)

∂2w1(ψ)

∂σ2
ω

= D(ω)
∂2v1(σω)

∂σ2
ω

(4.A.11)

∂2w1(ψ)

∂ω∂σω

=
∂D(ω)

∂ω

∂v1(σω)

∂σω

, (4.A.12)

where

∂D(ω)

∂ω
= diag

(
0,−je−jω, . . . ,−j(K − 1)e−j(K−1)ω

)
(4.A.13)

∂2D(ω)

∂ω2
= diag

(
0,−e−jω, . . . ,−(K − 1)2e−j(K−1)ω

)
. (4.A.14)

It remains to find the first and second order derivatives of the eigenvector
v1(σω), which has similarities to perturbation analysis of eigenvectors. The
method we use is, thus, inspired by the first order eigenvector perturbation
analysis described in [FW98], and is modified to suit our purpose.

Equipped with the previous assumption of simple eigenvalues, the eigen-
vectors form a unique orthonormal basis of the whole space C

K . Therefore,
we can express the first derivative of the kth eigenvector as a linear combi-
nation of all the eigenvectors

∂vk(σω)

∂σω

=
K∑

ℓ=1

αℓ(σω)vℓ(σω). (4.A.15)

The eigenvector derivative is then found by differentiating the eigen-equation

B(σω)vk(σω) = λk(σω)vk(σω)

w.r.t. σω, which after some re-arranging results in

(B − λkI)
∂vk

∂σω

= − ∂B

∂σω

vk +
∂λk

∂σω

vk. (4.A.16)
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Since the matrix B−λkI has rank K−1, we can not simply solve for ∂vk/∂σω

by using matrix inversion. Instead we note that

(B − λkI) = VkΛkV
H
k =

K∑

ℓ=1
ℓ6=k

(λℓ − λk)vℓv
H
ℓ , (4.A.17)

where

Vk = [v1, . . . ,vk−1,vk+1, . . . ,vK ] (4.A.18)

Λk = diag (λ1 − λk, . . . , λk−1 − λk, λk+1 − λk, . . . , λK − λk) . (4.A.19)

By multiplying (4.A.16) by VkΛ
−1
k VH

k from the left we arrive at

VkV
H
k

∂vk

∂σω

= −VkΛ
−1
k VH

k

∂B

∂σω

vk +
∂λk

∂σω

VkΛ
−1
k VH

k vk︸ ︷︷ ︸
=0

= pk, (4.A.20)

where pk is the projection of ∂vk/∂σω into the column space of Vk, and
the derivative of B(σω) is readily found from differentiating the applicable
matrix (4.A.2) or (4.A.3). We can, therefore, write

∂vk(σω)

∂σω

= pk(σω) + αk(σω)vk(σω). (4.A.21)

The weight αk represents the component of each eigenvector derivative along
the eigenvector itself, and it can be chosen by introducing some additional
normalization. The eigenvectors have unit norm, therefore, by differentiating
the inner product vH

k vk = 1, it is readily found (see below) that Re{αk} = 0,
k = 1, . . . , K. The imaginary part can be found by introducing an additional
constraint, such as, e.g., the one that MATLABr uses in its “svd” (singular
value decomposition) routine where it forces all singular vectors (which can
be used in lieu of eigenvectors of positive definite Hermitian matrices) to
have a real-valued first element. Instead, to use a less pragmatic approach,
we use the fact that a normalized complex-valued eigenvector multiplied by
a arbitrary complex phase rotation ejφ, φ ∈ R, also is an eigenvector that
corresponds to the same eigenvalue. Thus without any loss of generality,
we can always choose a new phase rotated orthonormal basis of eigenvectors
whose derivative of each eigenvector has no component along the eigenvector
itself, i.e., αk = 0, k = 1, . . . , K. This approach is valid as long as the
eigenvectors, as here, are functions of one variable, and we show the existence
of such a phase rotated basis next.
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It is readily verified that if vk(σω), σω ∈ R, is a complex-valued eigen-
vector with corresponding eigenvalue λk(σω), then the vector ejφk(σω)vk(σω)
is also an eigenvector that corresponds to the same eigenvalue λk(σω). We
want to find a phase rotation ejφk(σω) such that

∂

∂σω

(
ejφk(σω)vk(σω)

)
⊥ ejφk(σω)vk(σω).

Since the eigenvectors uniquely span the whole space C
K , we can assume that

the eigenvector derivative is given by (4.A.15). To find the phase rotation,
we form the following inner product and equate it to zero

(
ejφkvk

)H ∂

∂σω

(
ejφkvk

)
= e−jφkvH

k

(
j
∂φk

∂σω

ejφkvk + ejφk
∂vk

∂σω

)

= j
∂φk

∂σω

vH
k vk︸ ︷︷ ︸
=1

+vH
k

∂vk

∂σω︸ ︷︷ ︸
=αk

= 0, (4.A.22)

where αk is imaginary, since differentiating the inner product vH
k vk = 1 yields

∂vH
k

∂σω

vk + vH
k

∂vk

∂σω

= 2Re

{
vH

k

∂vk

∂σω

}
= 2Re {αk} = 0. (4.A.23)

The solution to (4.A.22) is then given by

φk(σω) = −
∫

Im{αk(σω)} dσω,

and we can conclude that there is no loss in generality by setting the deriva-
tive of a complex-valued normalized eigenvector to be orthogonal to the eigen-
vector itself. This can be done since we can always choose to work with the
eigenvectors that yield αk = 0, and we now know how to find them. In the
case of real-valued eigenvectors, equation (4.A.23) alone yields the orthogo-
nality property.

Once the first derivatives {v′
k(σω)}K

k=1 are found, it is straightforward to
find the second derivative of the principal eigenvector v′′

1(σω) by setting α1

to zero and differentiating p1 in (4.A.20) w.r.t. σω

∂2v1(σω)

∂σ2
ω

=
∂p1(σω)

∂σω

= −∂V1

∂σω

Λ−1
1 VH

1

∂B

∂σω

v1 − V1
∂Λ−1

1

∂σω

VH
1

∂B

∂σω

v1

− V1Λ
−1
1

∂VH
1

∂σω

∂B

∂σω

v1 − V1Λ
−1
1 VH

1

∂2B

∂σ2
ω

v1

− V1Λ
−1
1 VH

1

∂B

∂σω

∂v1

∂σω

, (4.A.24)
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where the elements of the derivative of the inverted eigenvalue matrix are
given by

[
∂Λ−1

1

∂σω

]

kk

=
1

(λk − λ1)2

(
∂λ1

∂σω

− ∂λk

∂σω

)
. (4.A.25)

The eigenvalue derivatives are easily attained by multiplying (4.A.16) from
the left by vH

k , and after re-arranging it yields

∂λk(σω)

∂σω

= vH
k

∂B

∂σω

vk. (4.A.26)

Thus, we have all we need to evaluate the elements of the asymptotic Hessian
matrix (4.A.7).

Finding the Gradient Covariance Matrix

Since the sample covariance matrix is asymptotically Gaussian distributed,
the random gradient also becomes asymptotically Gaussian. The covariance
matrix of the random gradient vector in (4.A.6) is found by differentiating
f(ψ, R̂x) w.r.t. ω and σω in the same fashion as described above. Once the
gradient vector is found, a first order perturbation of the gradient vector is
performed. By removing terms that are zero and omitting second and higher
order terms, the (i, j)th entry of the gradient covariance matrix becomes

[Φ]ij , E
[
∇f(ψ0, R̂x)∇T f(ψ0, R̂x)

]
ij

= 2E

[
Re

{
wH

1 R̃x
∂w1

∂ψi

wH
1 R̃x

∂w1

∂ψj

+ wH
1 R̃x

∂w1

∂ψi

∂wH
1

∂ψj

R̃xw1

}]
, (4.A.27)

where R̃x is the zero mean perturbation matrix, i.e., R̃x = R̂x − Rx, and is
of order in probability 1/

√
N .

Since NR̂x ∼ CWK(Rx, N), where CWK(Rx, N) denotes a complex cen-
tral Wishart distribution with N degrees of freedom, we can invoke known
expectations of complex Wishart forms. From, e.g., [TC94] we have

E
[
yH

1 R̃xy2y
H
3 R̃xy4

]
=

1

N

(
yH

1 Rxy4

) (
yH

3 Rxy2

)
,

where the yi’s are deterministic vectors. This will yield a closed-form ex-
pression for the covariance of the asymptotic distribution, and it is given
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by

[Φ]ij =
2

N
Re

{(
wH

1 Rx
∂w1

∂ψj

)(
wH

1 Rx
∂w1

∂ψi

)

+
(
wH

1 Rxw1

) (
∂wH

1

∂ψj

Rx
∂w1

∂ψi

)}
, (4.A.28)

where the weight vector derivatives are respectively given by (4.A.8), and by
inserting (4.A.21) with αk = 0 into (4.A.9), this concludes the proof. 2

4.B Proof of Theorem 2: Asymptotic Error Dis-

tribution for G-CBF Applied to CD Sources

That the G-CBF algorithm for CD sources provides consistent estimates is
readily verified by using the same arguments that were used for showing the
consistency of G-CBF for ID sources.

Direct application of the Taylor expansion method in, e.g., [Lju87] yields
the asymptotic error covariance matrix. Therefore, we only calculate the
asymptotic Hessian matrix and the covariance matrix of the random gradient.

Finding the Asymptotic Hessian Matrix

Let ψ = [ω, σω]T . The first partial derivatives of the criterion function

f(ψ,Rx) =
wH(ψ)Rxw(ψ)

wH(ψ)w(ψ)
, w(ψ) =

b(ψ)

‖b(ψ)‖

are given by

∂f(ψ,Rx)

∂ψi

= 2Re

{
wHRx

∂w

∂ψi

}
. (4.B.1)

The (i, j)th element of the asymptotic Hessian matrix H is given by

[H]ij =
∂2f(ψ0,Rx)

∂ψi∂ψj

= 2Re

{
wHRx

∂2w

∂ψi∂ψj

+
∂wH

∂ψi

Rx
∂w

∂ψj

}
, (4.B.2)

where

∂w

∂ψi

=

∂b
∂ψi

‖b‖ − b
∂‖b‖
∂ψi

‖b‖2
, (4.B.3)
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and

∂2w

∂ψi∂ψj

=

( (
∂2b

∂ψi∂ψj

‖b‖ +
∂b

∂ψi

∂‖b‖
∂ψj

− ∂b

∂ψj

∂‖b‖
∂ψi

− b
∂2‖b‖
∂ψi∂ψj

)
‖b‖2

−
(

∂b

∂ψi

‖b‖ − b
∂‖b‖
∂ψi

)
∂‖b‖2

∂ψj

)/
‖b‖4. (4.B.4)

The partial derivative of ‖b‖2 is given by

∂‖b‖2

∂ψi

=
∂

∂ψi

(bHb) = 2Re

{
bH ∂b

∂ψi

}
,

and the partial derivative of ‖b‖ is, thus, given by

∂‖b‖
∂ψi

=
∂

∂ψi

(bHb)1/2 =
1

‖b‖Re

{
bH ∂b

∂ψi

}
.

Finally, the second order partial derivative of ‖b‖ becomes

∂2‖b‖
∂ψi∂ψj

=
∂

∂ψj

(
1

‖b‖Re

{
bH ∂b

∂ψi

})
=

(
Re

{
∂bH

∂ψj

∂b

∂ψi

+ bH ∂2b

∂ψi∂ψj

}
‖b‖

− Re

{
bH ∂b

∂ψi

}
∂‖b‖
∂ψj

)/
‖b‖2. (4.B.5)

The derivatives we derived for the weight vector correspond to a general
steering vector b(ψ). The expressions can be simplified if we assume that
b(ψ) is the generalized steering vector of a ULA, and the angular density
function g(ω; ψ) is, e.g., Gaussian or uniform. The generalized steering vector
is, thus, given by

b(ψ) =

∫

ω∈Ω

g(ω; ψ)a(ω)dω. (4.B.6)

Now, if g(ω; ψ) is a Gaussian density function that is symmetric around ω0,
and has a small standard deviation σω, we can calculate the elements of b(ψ)
by solving the following integral

[b(ψ)]k =
1√

2πσ2
ω

∫ ∞

−∞

exp(−(ω − ω0)
2/(2σ2

w)) exp(−jkω)dω

=
1√

2πσ2
ω

∫ ∞

−∞

exp(−ω2/(2σ2
ω)) exp(−jk(ω + ω0))dω

=
exp(−jkω0)√

2πσ2
ω

∫ ∞

−∞

exp(−ω2/(2σ2
ω)) exp(−jkω)dω

= exp(−(kσω)2/2) exp(−jkω0)

= exp(−(kσω)2/2)[a(ω0)]k, k = 0, . . . , K − 1. (4.B.7)
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Similarly, a density function that is uniform over |ω − ω0| < δω, yields

[b(ψ)]k =
1

2δω

∫ ω0+δω

ω0−δω

[a(ω)]dω =
exp(−jkω0)

2δω

∫ δω

−δω

exp(−jkω)dω

= sinc(kδω/π)[a(ω0)]k, k = 0, . . . , K − 1. (4.B.8)

Thus, the norm ‖b(ψ)‖ becomes independent of ω, which implies that any
order partial derivative of ‖b(ψ)‖ w.r.t. ψ1 = ω is zero. The partial deriva-
tives of the vector b(ψ) are easily obtained from, e.g., (4.B.7) or (4.B.8).

Finding the Gradient Covariance Matrix

The elements of the random gradient are found by inserting the sample covari-
ance matrix into (4.B.1), and the gradient covariance matrix is then found by
recognizing the covariance matrix as the expected value of a complex Wishart
form [TC94]. Hence, we get

[Φ]ij , E
[
∇f(ψ0, R̂x)∇T f(ψ0, R̂x)

]
ij

=
2

N
Re

{(
wHRx

∂w

∂ψj

) (
wHRx

∂w

∂ψi

)
+

(
wHRxw

) (
∂wH

∂ψj

Rx
∂w

∂ψi

)}
,

(4.B.9)

where the weight vector derivatives are given by (4.B.3). 2

4.C Proof of Theorem 3: Asymptotic Error Dis-

tribution for G-Capon Applied to ID Sources

We let f(ψ, R̂x) = λmax{R̂−1
x Rh(ψ)} denote the criterion function when

the sample covariance matrix is used, and f(ψ,Rx) = λmax{R−1
x Rh(ψ)} be

its limit function as the numbers of snapshots tend to infinity. The con-
vergence is uniform and w.p.1. as long as the largest eigenvalue is a con-
tinuous function of the matrix elements. To ensure that both the criterion
function and its limit function are continuously differentiable at their re-
spective minimizing points, and to provide a unique eigenvector basis, we
assume that the first two eigenvalues of the matrix R̂−1

x Rh(ψ), at the min-
imizing point ψ = ψ̂∗, are distinct, i.e., λ1(ψ̂∗, R̂x) > λ2(ψ̂∗, R̂x). This
ensures differentiability of the random criterion function. Similarly, we as-
sume that all the eigenvalues of the matrices R̂−1

x Rh(ψ) and R−1
x Rh(ψ),

at the minimizing point ψ = ψ∗, are distinct and sorted in a decreas-
ing fashion, i.e., λ1(ψ∗, R̂x) > λ2(ψ∗, R̂x) > · · · > λK(ψ∗, R̂x) > 0, and



96 Parametric Estimation: Generalized Beamforming

λ1(ψ∗,Rx) > λ2(ψ∗,Rx) > · · · > λK(ψ∗,Rx) > 0, respectively. This ensures
both differentiability and unique eigenvector bases. For notational simplic-
ity, we will often write the eigenvalue’s (eigenvector’s) dependence on Rx and
R̂x as λk (wk), respective λ̂k (ŵk). Their dependence on the variable ψ is
implicitly assumed, but not always explicitly written out.

The asymptotic error distribution is derived in the same way as was done
for the generalized conventional beamformer. Thus, the asymptotic error is
given by [Lju87]

ψ̃∗ = ψ̂∗ − ψ∗ ≈ −H−1∇f(ψ∗, R̂x), (4.C.1)

where H−1 , (∇2f(ψ∗,Rx))
−1

is the inverse asymptotic Hessian matrix and
∇f(ψ∗, R̂x) is the random gradient, both evaluated at ψ = ψ∗. Hence, the
covariance matrix of the asymptotic distribution of ψ̃∗ can be expressed as

E
[
ψ̃∗ψ̃

T

∗

]
≈ H−1E

[
∇f(ψ∗, R̂x)∇T f(ψ∗, R̂x)

]
H−1. (4.C.2)

Since the following relation between the eigenvalues holds [Lüt96]

λ{R−1
x Rh} = λ{R1(ψ)} = λ{R2(ψ)},

where R1(ψ) , R
−1/2
x RhR

−1/2
x , and R2(ψ) , R

1/2
h R−1

x R
1/2
h (all matrix

square roots are Hermitian square roots), we can and will interchange be-
tween between the last two forms when we calculate the asymptotic Hessian
matrix and the random gradient vector, respectively. The eigenvalues of
the last two equalities are eigenvalues of Hermitian matrices and, therefore,
correspond to orthogonal eigenvectors.

Finding the Asymptotic Hessian Matrix

When we calculate the asymptotic Hessian matrix, we use the criterion func-
tion f(ψ,Rx) = λ1{R1(ψ)} (read λ1 = λmax). The first order partial deriva-
tive of the largest eigenvalue λ1(ψ) of the matrix R1(ψ) with the correspond-
ing eigenvector w1(ψ) is given by

∂λ1(ψ)

∂ψi

= wH
1 (ψ)

∂R1(ψ)

∂ψi

w1(ψ), (4.C.3)

and the second order partial derivative is given by

∂2λ1(ψ)

∂ψi∂ψj

=
∂wH

1

ψj

∂R1

∂ψi

w1 + wH
1

∂2R1

∂ψi∂ψj

w1 + wH
1

∂R1

∂ψi

∂w1

ψj

, (4.C.4)
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where

∂R1(ψ)

∂ψi

= R−1/2
x

∂Rh(ψ)

∂ψi

R−1/2
x (4.C.5)

∂2R1(ψ)

∂ψi∂ψj

= R−1/2
x

∂2Rh(ψ)

∂ψi∂ψj

R−1/2
x , (4.C.6)

and where the derivatives of Rh(ψ) are readily found by differentiating the
diagonalized matrix (4.A.1) for the applicable angular shape. The eigenvector
derivatives are found by differentiating the eigen-equation R1(ψ)w1(ψ) =
λ1w1(ψ) w.r.t. ψi, which after some re-arranging results in

(R1 − λ1I)
∂w1

∂ψi

= −∂R1

∂ψi

w1 +
∂λ1

∂ψi

w1. (4.C.7)

Since the matrix R1 − λ1I has rank K − 1, we can not simply solve for
∂w1/∂ψi by using matrix inversion. Instead we use that

(R1 − λ1I) = W1Λ1W
H
1 =

K∑

k=2

(λk − λ1)wkw
H
k , (4.C.8)

where W1 = [w2, . . . ,wK ] and Λ1 = diag (λ2 − λ1, . . . , λK − λ1). By multi-
plying (4.C.7) by W1Λ

−1
1 WH

1 from the left we arrive at

W1W
H
1

∂w1

∂ψi

= −W1Λ
−1
1 WH

1

∂R1

∂ψi

w1 +
∂λ1

∂ψi

W1Λ
−1
1 WH

1 w1︸ ︷︷ ︸
=0

(4.C.9)

= pi, (4.C.10)

where pi is the projection of ∂w1/∂ψi into the column space of W1. Since
the eigenvectors span the whole space C

K , we have for both derivatives

∂w1

∂ψi

= pi + αiw1, i = 1, 2. (4.C.11)

In Appendix 4.A, we chose the eigenvectors such that α = 0, but since
there are now two partial derivatives, we do not have enough degrees of
freedom to simply set both constants αi, i = 1, 2, to zero. To determine
the constants, we instead take a different approach and differentiate the
normalization constraint

wH
1 w1 = 1,

w.r.t. ψ1 and ψ2, which yields

2Re
{
wH

1
∂w1

∂ψi

}
= Re{αi} = 0 ⇔ αi = −α∗

i . (4.C.12)
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The same normalization as the “svd” routine in MATLABr is applied. That
is, we force all singular vectors (which can be used in lieu of eigenvectors
of positive definite Hermitian matrices) to have a real-valued (one can also
impose the additional constraint of being non-negative to remove the sign
ambiguity) first element, i.e., Im {wk(1)} = 0 ⇔ w(1) = w∗

1(1). The eigen-
vector derivatives will, therefore, also have real-valued first elements, i.e.,
Im {∂w1(1)/∂ψi} = 0 ⇔ ∂w1(1)/∂ψi = ∂w∗

1(1)/∂ψi. Written out, this
yields

∂w1(1)

∂ψi

− ∂w∗
1(1)

∂ψi

= pi(1) + αiw1(1) − (pi(1) + αiw1(1))∗

= pi(1) − p∗
i (1) + 2αiw1(1)

= 0. (4.C.13)

The component of ∂w1/∂ψi along w1 is, thus, given by

αi =
p∗

i (1) − pi(1)

2w1(1)
= −j

Im{pi(1)}
w1(1)

, i = 1, 2, (4.C.14)

which together with (4.C.5), (4.C.6), and (4.C.11) inserted into (4.C.4) gives
the elements of the asymptotic Hessian matrix. The asymptotic Hessian is
to be evaluated at the point ψ = ψ∗, where ψ∗ is given by (4.22).

Finding the Gradient Covariance Matrix

When we calculate the random gradient, we use the criterion function given
by f(ψ, R̂x) = λ1{R̂2(ψ)} where R̂2(ψ) , R

1/2
h (ψ)R̂−1

x R
1/2
h (ψ), which en-

ables the usage of known results for expected values of forms of inverted
complex Wishart matrices [TC94].

As previously stated, the derivative of the largest eigenvalue is given by

∂λ̂1(ψ)

∂ψi

= ŵH
1 (ψ)

∂R̂2(ψ)

∂ψi

ŵ1(ψ), (4.C.15)

where ŵ1(ψ) denotes the eigenvector that corresponds to the estimated eigen-
value λ̂1(ψ) = λ1{R̂2(ψ)}, and the matrix derivative is given by

∂R̂2(ψ)

∂ψi

= 2Re

{
R

1/2
h R̂−1

x

∂R
1/2
h

∂ψi

}
. (4.C.16)

The derivative of R
1/2
h (ψ) w.r.t. ψ1 = ω is easily found since

R
1/2
h (ψ) = D(ω)B1/2(σω)DH(ω),
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where B1/2(σω) is a Hermitian square root, which yields

∂R
1/2
h (ψ)

∂ω
= 2Re

{
∂D(ω)

∂ω
B1/2(σω)DH(ω)

}
, (4.C.17)

where ∂D(ω)
∂ω

is given by (4.A.13). The derivative of R
1/2
h (ψ) w.r.t. ψ2 = σω

is found as

∂R
1/2
h (ψ)

∂σω

= D(ω)
∂B1/2(σω)

∂σω

DH(ω), (4.C.18)

where ∂B1/2(σω)/∂σω is attained by performing the following differentiation

∂B(σω)

∂σω

=
∂

∂σω

(
B1/2B1/2

)
=

∂B1/2

∂σω

B1/2 + B1/2 ∂B1/2

∂σω

, (4.C.19)

and by applying the following identity, X (m × n),Y (n × p), [Lüt96]

vec(XY) = (Ip ⊗ X) vec(Y) = (YT ⊗ Im) vec(X).

Thus, we have

vec

(
∂B(σω)

∂σω

)
=

[((
B1/2

)T ⊗ IK

)
+

(
IK ⊗ B1/2

)]
vec

(
∂B1/2

∂σω

)
,

(4.C.20)

and ∂B1/2(σω)/∂σω is finally given by

∂B1/2(σω)

∂σω

= unvecK

([((
B1/2

)T ⊗ IK

)
+

(
IK ⊗ B1/2

)]−1

vec

(
∂B

∂σω

))
,

(4.C.21)

where X = unvecK(x) is the reverse vectorization operator, which takes the
first set of K elements of x as the first column vector into X, and the second
set of K elements as the second column vector, and so on. The derivative
of B(σω) is easily found from differentiating the applicable matrix (4.A.2) or
(4.A.3).

Next, we study the perturbed eigenproblem. The perturbation analysis
follows the ideas presented in [FW98]. If R̂−1

x is perturbed we have

R̂2ŵ1 = λ̂1ŵ1 (4.C.22)

(R2 + R̃2)(w1 + w̃1) = (λ1 + λ̃1)(w1 + w̃1), (4.C.23)
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where R̃2 = R
1/2
h R̃−1

x R
1/2
h , R̃−1

x = R̂−1
x − R−1

x is the perturbation of the
inverse sample covariance matrix, w̃1 = ŵ1−w1 is the eigenvector perturba-
tion, and λ̃1 = λ̂1 −λ1 is the eigenvalue perturbation. In general, algorithms
that compute eigenvectors (e.g., MATLAB’s “eig” and “svd” routines), re-
turn eigenvectors that are normalized to unit norm. We will, therefore, as-
sume that ‖w1‖ = ‖ŵ1‖ = 1, which means that the perturbation w̃1 moves
w1 from one point on the shell of a K-dimensional sphere of radius one to
another point ŵ1 on the shell. Using the following first order approximation

ŵH
1 ŵ1 = (w1 + w̃1)

H (w1 + w̃1) ∼= wH
1 w1 + w̃H

1 w1 + wH
1 w̃1, (4.C.24)

together with the normalization, leads to the approximate result

w̃H
1 w1 + wH

1 w̃1 = 2Re{wH
1 w̃1} ∼= 0. (4.C.25)

By only keeping the first order terms of (4.C.23), we have

(R2 − λ1I)w̃1 = −R̃2w1 + λ̃1w1, (4.C.26)

where we have recognized the fact that R2w1 = λ1w1. We again note that
the matrix R2 − λ1I has rank K − 1. Therefore we can use exactly the same
calculations as was done in (4.C.8) and (4.C.9) to find the projection of the
eigenvector derivative. Thus, we can define the projection of w̃1 into the
column space of W1 = [w2, . . . ,wK ] as

W1W
H
1 w̃1 = −W1Λ

−1
1 WH

1 R̃2w1 = q1, (4.C.27)

where Λ1 = diag (λ2 − λ1, . . . , λK − λ1). Finally, since the eigenvectors span
the whole space, the eigenvector perturbation can be written as

w̃1 = q1 + βw1. (4.C.28)

By inserting (4.C.28) into (4.C.25), we find that

Re{wH
1 w̃1} = Re{β} = 0. (4.C.29)

Here we can choose to apply the additional MATLABr “svd” constraint to
find β or we can select the eigenvectors such that β = 0, since there exists
a phase rotation of the perturbed eigenvector ŵ1,new = ejφŵ1 such that the
perturbation w̃1,new = ejφŵ1 − w1 becomes orthogonal to w1. The phase
rotation is found by performing the following inner product and equating it
to zero

w̃H
1,neww1 =

(
ejφŵ1 − w1

)H
w1 = e−jφŵH

1 w1 − 1 (4.C.30)

= 0, (4.C.31)



4.C Proof of Theorem 3: Asymptotic Error Distribution for G-Capon Applied to ID Sources 101

and from (4.C.29), we already have that the real part of (4.C.30) is zero.
Hence, the solution is given by the rotation that makes the imaginary part
of (4.C.30) equal to zero, i.e.,

Im{w̃H
1,neww1} = Im{e−jφŵH

1 w1} = 0,

which yields the solution

ejφ =
ŵH

1 w1

|ŵH
1 w1|

,

where the denominator ensures unit modulus. Finally, since normalized
eigenvectors are invariant to phase rotations, it means that to a first order
approximation, we have w̃1

∼= q1, where q1 is given by (4.C.27).
The two entries of the perturbed gradient vector ∇f(ψ, R̂x) are given by

∂λ̂1(ψ)

∂ψi

= (w1 + w̃1)
H

(
∂R

1/2
h

∂ψi

(R−1
x + R̃−1

x )R
1/2
h

+ R
1/2
h (R−1

x + R̃−1
x )

∂R
1/2
h

∂ψi

)
(w1 + w̃1), i = 1, 2, (4.C.32)

where w̃1 = ŵ1 −w1 is the eigenvector perturbation, and R̃−1
x = R̂−1

x −R−1
x

is the perturbation of the inverse sample covariance matrix. The inverse
sample covariance matrix is defined as

R̂−1
x =

(
1

N

N∑

t=1

x(t)xH(t)

)−1

. (4.C.33)

Also here we make a first order approximation of the perturbed gradient
vector. This, leads to

∂λ̂1(ψ)

∂ψi

∼= 2Re

{
wH

1

∂R
1/2
h

∂ψi

R−1
x R

1/2
h w1

}

+ 2Re

{
wH

1

(
∂R

1/2
h

∂ψi

R−1
x R

1/2
h + R

1/2
h R−1

x

∂R
1/2
h

∂ψi

)
w̃1

}

+ 2Re

{
wH

1

∂R
1/2
h

∂ψi

R̃−1
x R

1/2
h w1

}
, i = 1, 2, (4.C.34)

where the first term corresponds to ∇f(ψ,Rx) and equals to zero when
evaluated at ψ = ψ∗. The result in (4.C.34) is then used to calculate the
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(i, j)th entry of the gradient covariance matrix, which is given by

[Φ]ij , E
[
∇f(ψ∗, R̂x)∇T f(ψ∗, R̂x)

]
ij

= E

[
∂λ̂1(ψ∗)

∂ψi

∂λ̂1(ψ∗)

∂ψj

]
. (4.C.35)

At first glance, it seems rather tedious to calculate the expected value in
(4.C.35), but after omitting first order terms that are equal to zero, and all
of the second and higher order terms, we are left with the following terms

[Φ]ij = E

[
∂λ̂1(ψ∗)

∂ψi

∂λ̂1(ψ∗)

∂ψj

]
∼= E

[
2Re

{
wH

1 Aiw̃1w
H
1 Ajw̃1

}

+2Re
{
wH

1 Aiw̃1w
H
1 Ãjw1

}
+ 2Re

{
wH

1 Aiw̃1w̃
H
1 Ajw1

}

+2Re
{
wH

1 Ãiw1w
H
1 Ajw̃1

}
+ wH

1 Ãiw1w
H
1 Ãjw1

]
, i, j = 1, 2,

(4.C.36)

where Ai and Ãi are defined as

Ai =
∂R

1/2
h
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x R

1/2
h + R

1/2
h R−1

x
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1/2
h
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1/2
h
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}
(4.C.37)

Ãi =
∂R

1/2
h

∂ψi

R̃−1
x R

1/2
h + R

1/2
h R̃−1

x

∂R
1/2
h

∂ψi

= 2Re

{
R

1/2
h R̃−1

x

∂R
1/2
h

∂ψi

}
(4.C.38)

and w̃1 is given by q1 in (4.C.27).
We can now invoke known expectations of forms of inverted complex

Wishart matrices. From [TC94] we have

E
[
yH

1 R̃−1
x y2y

H
3 R̃−1

x y4

]
=

1

N − K

(
yH

1 R−1
x y4

) (
yH

3 R−1
x y2

)
,

where the yi’s are deterministic vectors. The gradient covariance matrix is,
therefore, found by inserting (4.C.27), (4.C.37), and (4.C.38) into (4.C.36),
followed by applying the above expectation. Finally, the asymptotic error
covariance matrix is, hence, given by (4.C.2). 2

4.D Proof of Theorem 4: Asymptotic Error Dis-

tribution for G-Capon Applied to CD Sources

Direct application of the Taylor expansion method in, e.g., [Lju87] yields the
asymptotic error covariance matrix. Thus, we only calculate the asymptotic
Hessian matrix and the covariance matrix of the random gradient.
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Finding the Asymptotic Hessian Matrix

Let ψ = [ω, σω]T . The first partial derivatives of the criterion function (we
study the equivalent problem of minimizing the Capon pseudo spectrum for
CD sources)

f(ψ,Rx) = bH(ψ)R−1
x b(ψ)

are given by

∂f(ψ,Rx)

∂ψi

= 2Re

{
bHR−1

x

∂b

∂ψi

}
. (4.D.1)

The (i, j)th element of the asymptotic Hessian matrix H is given by

[H]ij =
∂2f(ψ∗,Rx)

∂ψi∂ψj

= 2Re

{
bHR−1

x

∂2b

∂ψi∂ψj

+
∂bH

∂ψi

R−1
x

∂b

∂ψj

}
, (4.D.2)

where the derivatives of b(ψ) for a ULA and Gaussian or uniform density
functions, are easily obtained by differentiating (4.B.7) or (4.B.8), respec-
tively.

Finding the Gradient Covariance Matrix

The elements of the random gradient are found by inserting the sample covari-
ance matrix into (4.D.1), and the gradient covariance matrix is then found
by recognizing the covariance matrix as the expected value of an inverted
complex Wishart form [TC94]. Therefore, we have

[Φ]ij , E
[
∇f(ψ∗, R̂x)∇T f(ψ∗, R̂x)

]
ij

=
2

N − K
Re
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bHR−1

x

∂b

∂ψj

) (
bHR−1

x

∂b

∂ψi

)

+
(
bHR−1

x b
) (

∂bH

∂ψj

R−1
x

∂b

∂ψi

)}
, (4.D.3)

which concludes the proof. 2
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Chapter 5
Conclusions

This chapter concludes the first part of the thesis, and provides a discus-
sion of the findings and limitations, followed by suggestions for future

work.

5.1 Nonparametric Estimation: Beamforming

In Chapter 3, we investigated the use of simple beamforming-based tech-
niques to estimate the nominal Direction-Of-Arrival (DOA) and spatial spread
of a Incoherently Distributed (ID) source. A relationship between the beam-
forming spectrum and the underlying Spatial Power Density Function (SPDF)
was derived, and from that result we found our estimators. Without making
any assumption on the unknown angular distribution (implying robustness)
or numerical searches to find the optimal parameters, the estimators based
on Capon’s spectrum outperformed the two subspace-based estimators that
were used in the numerical examples. The two subspace-based estimators as-
sumed the angular distribution to be known and required a two-dimensional
search to find the optimal parameters. It was also found that it is much
better to take the spectrum’s Center of Mass (CoM) than its peak, when
estimating the nominal DOA.

Despite the spectral-based estimator’s nice performance, one open prob-
lem remains and that is how to choose the support or decide on the interval of
the signal part of the spectrum. The choice of support has a strong influence
on the spread estimate, while the nominal DOA estimate is less sensitive
to the choice of support. In the numerical examples, the support for the
Gaussian PDF was restricted to θ0 ± 3σθ which also was a reason for the
bias that was shown by the spread estimates. Further, unless the multiple
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sources are well separated, any nonparametric estimator will only work well
for a single ID source. To be able to locate sources with overlapping spectra,
a parametric approach that exploits the data covariance structure needs to
be employed.

The nonparametric approach was also used to determine nominal DOA
and spatial spread for real indoor data. Although no quantitative evaluation
is available for the real data, the obtained results agree well with a visual
inspection of the spatial spectra.

We also presented a statistical analysis of the proposed nonparametric
method, and closed-form expressions of the asymptotic Mean Square Error
(MSE) of the parameter estimates were provided. The theoretical expressions
were found to agree well with results from simulated data. Additionally the
MSE of the nominal DOA and the variance of the squared spread parameter
estimates are close to the Cramér-Rao Lower Bound (CRLB) for a Gaussian
ID source.

5.1.1 Future Work

A less ad-hoc way of choosing the support for the nonparametric beamform-
ing scheme needs to be found, and it needs to be data-dependent. One crite-
rion for choosing the support is to find the region where the signal part of the
spectrum is distinct from the noise power level. This has clear similarities
to the problem of choosing the threshold when making the partitioning into
signal and noise eigenvalues in a subspace-based algorithm for distributed
source localization, where the pseudo-subspace dimensionality is a so-called
design parameter. For a single distributed source, for example, taking the
median value of the spectrum or performing some averaging in the tails of
the spectrum may give a good enough estimate of the noise level. Since it is
reasonable to assume that the noise power is independent of the transmitted
signal, another simple solution is, thus, to compute the received power while
the transmitter is shut down.

One approach to overcome the sensitivity to the limited antenna size
which results in a not infinitely narrow beamwidth, is to use windowing in
the spectral domain, i.e., let

θ̂0 =

∑
θ θP̂o(θ)w(θ)∑
θ P̂o(θ)w(θ)

(5.1)

σ̂2
θ =

∑
θ(θ − θ̂0)

2P̂o(θ)w(θ)∑
θ P̂o(θ)w(θ)

, (5.2)
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where w(θ) is a window function. In this thesis, we simply have used the
rectangular window

w(θ) =

{
1 , θ ∈ Θ
0 , θ /∈ Θ .

(5.3)

Other choices of window functions could be considered as possible future
work, and the window should depend on the array beampattern. An inter-
esting observation related to this, is that the periodogram (equivalent to the
conventional beamforming spectrum) of a distributed source can be seen as
the convolution between the ID source’s spatial power density function p(ω)
and the power radiation pattern of the antenna array |G(ω)|2. This can be
seen by computing the periodogram as

P (ω) =
aH(ω)Rxa(ω)

K
=

σ2
sa

H(ω)Rha(ω)

K
+ σ2

n

=
σ2

s

K
aH(ω)

(∫
p(ν)a(ν)aH(ν)dν

)
a(ω) + σ2

n

=
σ2

s

K

∫
p(ν)aH(ω)a(ν)aH(ν)a(ω)dν + σ2

n (5.4)

=
σ2

s

K

∫
p(ν)|G(ω − ν)|2dν + σ2

n

=
σ2

s

K
p(ω) ∗ |G(ω)|2 + σ2

n,

where ∗ denotes convolution, and |G(ω)|2 is the power radiation pattern (also
called radiation intensity in the antenna literature [Bal97]) of the standard
uniform linear antenna array with steering vector

a(ω) = [1, ejω, . . . , ej(K−1)ω]T ,

and is given by

|G(ω − ν)|2 = aH(ω)a(ν)aH(ν)a(ω)

=
K−1∑

k=0

e−jk(ω−ν)

K−1∑

k=0

ejk(ω−ν) (5.5)

= G∗(ω − ν)G(ω − ν)

where G(ω) is the so-called array factor [Bal97]. The array factor can be
re-written as

G(ω) =
K−1∑

k=0

ejkω =
1 − ejKω

1 − ejω
= ej(K−1)ω/2 e−jKω/2 − ejKω/2

e−jω/2 − ejω/2

= ej(K−1)ω/2 sin(Kω/2)

sin(ω/2)
≈ ej(K−1)ω/2K

sin(Kω/2)

Kω/2
, (5.6)
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where the approximation is valid for small ω. The amplitude radiation pat-
tern (or beampattern) |G(ω)| is, thus, nothing else but K times the well
known sinc-function, which appears when applying a spatial rectangular win-
dow in the form of an finite-length array to “truncate” an electromagnetic
wave. This is the spatial equivalent to the periodogram of a windowed contin-
uous time signal. As the array grows larger, the radiation pattern approaches
the Dirac delta function, which inserted into (5.4) yields

P (ω) = β

∫
p(ν)δ(ω − ν)dν + ε = βp(ω) + ε, (5.7)

which indeed was the derived approximation given by (3.8). Since the spatial
power density function is smoothed by the array power radiation pattern,
the approximation will be poor for small arrays. The approximation is valid
as long as the beamwidth of the radiation pattern is at least a few times
smaller than the total spatial extension of the source. Figure 5.1 shows the
convolution between a normalized bell-shaped spatial power spectrum and
the power radiation pattern of a 20 element standard ULA. We see that the
result of the convolution is equal to the conventional beamforming spectrum,
and that it overestimates the spread of the true power spectrum, which can
be compensated for by, e.g., applying a window function in the spectral
domain. Also included is the Capon beamforming spectrum, which thanks
to its higher resolution better captures the width of the true power spectrum.
Related to these observations, in the very recent publication [LLZZ06] the
power spectrum is estimated by measuring the received power with a highly
directional single antenna element. The spatial power density function is then
found by performing deconvolution of the power spectrum and the antenna
power radiation pattern.

5.2 Parametric Estimation: Generalized Beam-

forming

In Chapter 4, a generalization of the conventional point source-based beam-
forming techniques was introduced. The generalized conventional beam-
former (G-CBF) works as a matched filter, and is able to estimate the pa-
rameters of multiple ID and Coherently Distributed (CD) sources by locating
the largest peaks of the generalized 2-D spectrum. Its performance is com-
pared numerically to a generalized Capon (G-Capon) estimator (developed
for ID sources in [HSG04], and in this thesis also suggested for CD sources),
and it shows competitive performance for localization of a single ID source,



5.2 Parametric Estimation: Generalized Beamforming 109

−2 −1 0 1 2
0

0.2

0.4

0.6

0.8

1
Normalized PAS

ω [rad]
−2 −1 0 1 2
0

0.2

0.4

0.6

0.8

1

ω [rad]

Normalized power radiation pattern

−2 −1 0 1 2
0

0.2

0.4

0.6

0.8

1
Normalized convolved spectrum

ω [rad]
−2 −1 0 1 2
0

0.2

0.4

0.6

0.8

1
Normalized beamforming spectrum

ω [rad]

Figure 5.1: Convolution between the true Power Azimuth Spectrum
(PAS) (top left) and the 20 element std. ULA radiation
pattern (top right). The result from the convolution is
shown in the bottom left figure and the bottom right figure
shows the beamforming spectra attained by conventional
(solid) and Capon’s beamforming (dotted).

but suffers from its limited resolution when applied to multiple ID sources.
Under the Gaussian data model assumption, the numerical performance of
G-CBF when applied to a single CD source coincides with the numerical per-
formance of the concentrated Maximum-Likelihood (ML) estimator, which
is asymptotically efficient. It is an interesting observation since the concen-
trated ML estimator requires a 3-D search over the parameter space (the
two parameters of interest plus the SNR), while the G-CBF estimator only
requires a 2-D search. In general, the G-CBF suffers from limited resolu-
tion, and the G-Capon beamformer shows better numerical performance for
multiple ID and CD sources. It is also found that the G-Capon estimator is
asymptotically biased for both ID and CD sources.

A performance analysis for ID sources is provided and the G-CBF algo-
rithm’s interesting “feature” of having an optimal choice w.r.t. the number of
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antennas is investigated. It turns out that the optimal array that minimizes
the MSE is the one that yields a Rayleigh beamwidth approximately equal to
the total spatial extension of the source. The intuitive explanation for this, is
that the G-CBF serves as the best, in terms of maximizing the output SNR,
rank-one approximation of the source, and when the number of sensors is in-
creased until the Rayleigh beamwidth becomes less than the source’s angular
extension, the rank-one approximation becomes a poor approximation. For
large spreads, the beamformer (matched filter) will, therefore, only capture
a fraction of the total radiated energy. As a consequence, there will be a
degradation in the parameter estimation performance.

The performance of G-CBF is also analyzed for CD sources, and the
asymptotic curves coincide with the CRLB for single CD sources. Hence,
under the Gaussian data model, it is asymptotically efficient for localization
of single CD sources. This is in agreement with applying the conventional
beamformer to locate a single point source [KV96].

Finally, a performance analysis of the generalized Capon estimator in
[HSG04] is presented. The estimator is inconsistent and it also turns out
that the asymptotic criterion function most often is non-differentiable in the
optimum. Since the analysis relies on differentiability, the derived asymptotic
results are only valid for scenarios where differentiability is ensured. These
scenarios typically occur when modeling errors, in the form of wrong assump-
tion on the angular distribution, are present. The performance of G-Capon
is also analyzed for CD sources, and the algorithm is also here inconsistent,
although, there is no problem with differentiability of the G-Capon criterion
function for CD sources.

As a general comment, conducting a statistical performance analysis
yields analytical results that can be used to quickly assess the performance of
estimators for different parameter settings, instead of having to rely on em-
pirical results obtained from long simulation runs. As an added value, it also
brings deeper understanding to the underlying mechanisms of the algorithms
that are analyzed.

5.2.1 Future Work

That the performance of G-CBF for single CD sources coincides with the
performance of ML, needs to be verified analytically. Further, it should also
be verified analytically that it is asymptotically efficient. The estimators
performance could also be studied for Partially Coherently Distributed (PCD)
sources [RGM00]. One might expect that the performance for PCD sources
would lie somewhere in between that of the CD and ID source cases.

As a final remark, the analysis of the generalized beamformers is lim-
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ited to the case of distinct eigenvalues. The analysis should be made more
general so it also becomes valid for repeated eigenvalues. Once we know
that the eigenvalues are repeated, the corresponding eigenvector derivatives
can be obtained by exploiting the fact that the eigenvalues are repeated. In
order to analyze the generalized Capon algorithm with repeated and non-
differentiable eigenvalues, a new theory needs to be developed which can
handle the non-differentiable asymptotic criterion function. For example in
the area of robust estimation, the absolute error criterion function is non-
differentiable. The development of such a general theory would, therefore,
be a good contribution in itself to the research community.
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Chapter 6
Introduction

This chapter provides an introduction to the problem addressed in the sec-
ond part of the thesis, namely; performance evaluation of pilot-assisted

channel estimation schemes.

6.1 Background and Overview

While the first part of the thesis only involved estimation of two statistics of
a random channel, the second part involves estimation of the actual channel
realization. This is what usually is meant when one talks about channel
estimation in a communications context.

Channel estimation is a classical problem in communication, and the use
of pilot symbols is the most commonly employed technique today. Thus, the
area is well covered in the literature, see, e.g., [TSD04] and references therein.
The problem of channel estimation by using transmission of known pilot se-
quences has been addressed using various performance criteria. These criteria
can basically be divided into: 1) information theoretic (mutual information
and channel capacity bounds, cutoff rate, etc.) and 2) signal processing
(channel MSE, symbol MSE, BER, etc.). An excellent recent survey of this
area which contains an extensive reference list is presented in [TSD04].

Conventionally, the pilot symbols are transmitted time-multiplexed with
the data, see [HH03] for a detailed analysis of such a Multiple-Input Multiple-
Output (MIMO) system. However, other results suggest that it might be
beneficial to superimpose the pilots to the data, a technique called Super-
imposed Pilots (SIP). The idea of superimposing known sequences to data
is closely related to digital watermarking techniques [HK99], and the con-
nection between watermarking and communications with side-information
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has been made in [CMM99]. Superimposing pilots to data was already
suggested in [MF87] and has been used to solve various synchronization
issues in, e.g., [HF90] and [TFHE99]. The use of SIP for channel estima-
tion was introduced in [FB95] and has received more recent attention in,
e.g., [HT99, Maz00, ZVM03, ZFB03, TL03, OLLM04, GMAHS05]. The ad-
vantage of SIP, compared to conventional time-multiplexed training, is that
data is transmitted in all time slots. That is, no slots are purely dedicated to
known pilots, which has been argued to lead to higher spectral efficiency. The
drawback of SIP is a degradation in the quality of the channel estimate, which
is due to the presence of unknown data during channel estimation. During
detection, a poor channel estimate will render a Signal-to-Noise Ratio (SNR)
penalty which in turn leads to a lower reliable information transmission rate.

Clearly, there is a trade-off between achieving a high-quality channel es-
timate and the information throughput. On the one hand, to achieve a
high-quality channel estimate, a larger portion of the available time/power
needs to be allocated for training, which leaves little time/power for infor-
mation transmission. On the other hand, if too little time/power is spent on
training, the channel estimate will be poor, which also deteriorates the infor-
mation throughput due to a mismatched decoder [MKLS94,LN98,M0́0,LS02].
Hence, a performance measure that captures this effect is needed when com-
paring the two schemes. One such measure is the ergodic channel capacity,
which denotes the maximum information rate we can achieve with an arbi-
trarily low probability of error. For discrete time memoryless channels we
know that the capacity is given by the maximum Mutual Information (MI)
between the transmitted and received signals. Hence, in this work we will
maximize the MI of these training-based MIMO systems, since it better cap-
tures the essence of a communication system (high data rate with arbitrarily
low probability of error), which makes it a good figure-of-merit of the system
performance. When we use the word capacity, we mean the approximate
mathematical expressions for the maximum MI of the system that we are
working with, hence it should not be interpreted as Shannon’s channel ca-
pacity. In the derivations, only the first order effects are taken into account
when the data sequences are chosen, i.e., we will select the distribution of
the input symbols that maximizes the MI when the channel is assumed to
be known. Thus, we will not consider that the distribution of the data also
effects the channel estimate, and instead only take into account how the data
power influences the channel estimate.

The performance of SIP compared to conventional time-multiplexed pi-
lots for channel tracking using Kalman filters has been studied in [DTS04],
where (for both schemes) a fixed percentage of the available transmit power
was allocated for pilot and data symbols. The results showed that SIP out-



6.2 Information Theory 117

performed, in terms of channel minimum mean square error and bit error
rate, the conventional pilot for fast fading channels and/or low SNR. In or-
der to make a less ad hoc and more fair comparison between the schemes,
we first find how the available resources (time and power, see Figure 7.1)
should optimally be allocated for the transmission of pilots and data sym-
bols. For each scheme, the parameters are tuned to optimal operation, i.e.,
such that they maximize the derived expression for the capacity, and the
resulting capacities are then compared.

The work presented in Chapter 7 is based on [HH03], where a tight
lower bound on the capacity for conventional time-multiplexed training-based
MIMO systems is established. Similar lower bounds have also been used to
relate channel estimation errors to capacity to find optimal values of training
parameters for various systems in, e.g., [ATV02, SM03, MGO03, VHHK04,
OG04, MGO05]. Here we extend the models in [HH03] to also incorporate
a scheme based on a general superimposed pilot model, of which the con-
ventional pilot is a special case, and make comparisons of the performances
of the two schemes. To simplify the derivations, we introduce an abstract
projection-based problem viewpoint using vector spaces. By using projec-
tions, we find the optimal number of training symbols and that the conven-
tional pilot scheme is suboptimal w.r.t. the SIP-based scheme. In Chapter 8,
the work is extended to also allow for variable coding rates within the coher-
ence block, using symbol-by-symbol detection of the individual symbols in
the coherence block. This extension eliminates the SIP scheme’s drawback
of attaining poor channel estimates. Finally, in Chapter 9, we apply the
theories to a frequency-selective Single-Input Single-Output (SISO) channel.

Throughout this work we will refer to four different schemes, namely: Su-
perimposed Pilots (SIP), Conventional (time-multiplexed) Pilots (CP), Dec-
ision-Directed Superimposed Pilots (DD-SIP), e.g., SIP with channel re-esti-
mation, and Decision-Directed Conventional (time-multiplexed) Pilots (DD-
CP).

6.2 Information Theory

Information theory spans over many fields such as, e.g., probability theory,
statistics, physics and communication theory, only to mention a few. The
general focus of this part of the thesis is on communication theory, and
especially on deriving and optimizing a lower-bound on the so-called Mutual
Information (MI). This section gives a very short introduction to the different
concepts used in this part of the thesis.

When introducing the fundamental concepts of entropy, mutual infor-
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mation, capacity, etc., it is common to start with discrete random variables
and extend the theory to also cover continuous random variables. Since this
part of the thesis only covers the continuous case, we leave out the discrete
case. For excellent textbooks on information theory, the reader is referred
to, e.g., [Gal68,CT91].

6.2.1 Entropy

A good way of interpreting entropy is to think of it as a measure of un-
certainty, and it is related to the average amount of information needed to
describe a random variable. High entropy implies high uncertainty and vice
versa.

Definition 1 (differential entropy) The differential entropy of a con-
tinuous random variable X is defined by

h(X) = −
∫

x∈X

fX(x) log2 fX(x) dx, (6.1)

where fX(x) is the Probability Density Function (PDF), X denotes the sup-
port set {x : fX(x) > 0}, and log2(·) is the base-2 logarithm. Hence, the
entropy is measured in binary units (bits).

Unlike the entropy of discrete random variables, the differential entropy can
be negative. Given a certain variance, it is maximized over all possible dis-
tributions by the Gaussian PDF [CT91].

Definition 2 (conditional entropy) If the continuous random variable
pair (X,Y ) have a joint PDF f(x, y), then the conditional entropy h(X|Y )
is defined as

h(X|Y ) = −
∫

f(x, y) log2 f(x|y) dx dy = h(X,Y ) − h(Y ), (6.2)

where

h(X,Y ) = −
∫

f(x, y) log2 f(x, y) dx dy (6.3)

is the differential entropy of the random variable pair (X,Y ).

The conditional entropy satisfies h(X|Y ) ≤ h(X) with equality iff X and Y
are independent. That is, by observing Y , one can not increase the uncer-
tainty of X.
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6.2.2 Mutual Information

The Mutual Information (MI) between two random variables is the informa-
tion one variable contains about the other.

Definition 3 (mutual information) The mutual information I(X; Y )
between two random variables with joint density function f(x, y) is defined
as

I(X; Y ) =

∫
f(x, y) log2

f(x, y)

f(x)f(y)
dx dy = I(Y ; X). (6.4)

The mutual information can also be expressed using entropies

I(X; Y ) = h(X) − h(X|Y ), (6.5)

which leads to the interpretation that the mutual information I(X; Y ) is the
reduction in entropy (uncertainty) of X after having observed Y (or vice
versa). Clearly, if X and Y are independent, then h(X|Y ) = h(X) and
I(X; Y ) = 0. The mutual information satisfies I(X; Y ) ≥ 0 with equality
iff X and Y are independent. To put it into a communications context, one
can think of X as being the transmitted signal, and Y the received (and
observed) signal. Then, the MI between the signals X and Y represents the
information conveyed by the transmission.

Figure 6.1 is adopted from [CT91], and it displays the relationship be-
tween the different entropies and the mutual information.

6.2.3 Capacity

The channel capacity is in itself only a definition, but it becomes of funda-
mental importance since it can be proven that it serves as the maximum rate
with which we can transmit information over a channel, and at the same
time have arbitrarily small probability of error. The above is stated by the
channel coding theorem, where the theorem and its proof can be found in,
e.g., [CT91]. The channel capacity of a discrete time channel is commonly
measured in information bits per channel use. For continuous time band-
limited channels, the capacity is measured in bits/sec/Hz. In the following,
we will only consider a discrete time channel model and, consequently, the
capacity is measured in bits per channel use.

Definition 4 (channel capacity) The channel capacity C of a discrete
time memoryless channel is given by the maximum of the mutual information
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Figure 6.1: Venn diagram that displays the relationship between en-
tropy and mutual information.

between the channel input and output

C = max
fX(x)

E[X2]≤P

I(X; Y ). (6.6)

The maximization is over all possible input distributions fX(x), with the av-
erage transmit power constraint E[X2] ≤ P .

One can think of constraints other than the average transmit power, such
as the peak power constraint (or equivalently the maximum amplitude con-
straint) in [SBD95], although, it is beyond the scope of this thesis.

MIMO Channel Capacity

The use of Multiple-Input Multiple Output (MIMO) antenna systems enables
wireless communication with high data rates. Without any increase in band-
width or power consumption, pioneering work in [Fos96] and [Tel99] show
a linear (in the number of antennas) increase in capacity by using MIMO
systems over single-antenna systems for frequency-flat Rayleigh fading chan-
nels [Pro01].

Consider a discrete time single user frequency-flat fading Additive White
Gaussian Noise (AWGN) channel, [Pro01], with multiple transmit and re-
ceive antennas, such as the noise-free MIMO link depicted in Figure 6.2. The
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Figure 6.2: Multiple-Input Multiple-Output system with M transmit
and N receive antennas.

input and output relation for such a narrowband MIMO link can be modeled
as

x = sH + v, (6.7)

where x = [x1(t), . . . , xN(t)] is the received signal (row) vector at time t, H

the (M × N) channel matrix, s = [s1(t), . . . , sM(t)] the transmitted signal
(row) vector at time t, and v is the zero-mean circularly symmetric complex
Gaussian noise (row) vector with covariance matrix E[vHv] = IN . M is the
number of transmit antennas and N is the number of receive antennas. It
is further assumed that the transmitted signal vector satisfies the average
power constraint E[ssH ] = ETr{sHs} ≤ P , where ETr{·} denotes statistical
expectation of the trace of a matrix. The (i, j)th entry of the channel ma-
trix H is denoted by hij and represents the complex channel gain between
the ith transmit and jth receive antenna. We model the magnitude |hij| as
Rayleigh distributed and the phase φij = ∠hij as uniformly distributed. This
is often used to model rich scattering environments in the absence of Line-
Of-Sight (LOS). The MIMO channel matrix is written as

H =




h11 · · · h1N
...

. . .
...

hM1 · · · hMN


 , (6.8)

where

hij = αij + jβij (6.9)

=
√

α2
ij + β2

ij · ejφij (6.10)

= |hij| · ejφij , (6.11)
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and αij, βij are i.i.d. (also from entry to entry), zero-mean, variance equal
to 1/2, normal distributed random variables. Thus, the complex valued
entries {hij} have an independent, circularly symmetric, complex normal
distribution with zero mean and unit variance, i.e., hij ∼ CN (0, 1) and i.i.d.

In [Fos96, FG98, Tel99], the capacity is reported for the case when H

models the frequency-flat Rayleigh fading channel. It is assumed that the
channel realizations are perfectly known at the receiver and that the trans-
mitter has no channel state information. Further, the channel is modeled as
memoryless, i.e., a new independent channel realization H is drawn for each
use of the channel. The results from [Tel99] are summarized in the following
theorem

Theorem 5 (mimo channel capacity) Suppose H ∈ C
M×N and v ∈

C
1×N are circularly symmetric complex Gaussian with independent, zero-

mean, and unit variance entries. The mutual information between the chan-
nel input, s, and what is observed and known at the output, (x,H), is for the
model x = sH + v given by

I
(
s; (x,H)

)
= I

(
s;H

)
+ I

(
s;x|H

)

= I
(
s;x|H

)
. (6.12)

The ergodic channel capacity is given by the maximum of the mutual infor-
mation (averaged over all channel realizations), and evaluates to

C = EH

[
log2 det

(
IM +

P

M
HHH

)]
bits/channel use. (6.13)

It is attained when s is a circularly symmetric complex Gaussian vector with
zero-mean and covariance matrix E[sHs] = (P/M)IM .

Proof: The proof is found in [Tel99]. 2

Since the determinant of a square matrix can be written as the product
of its eigenvalues, the capacity given by (6.13) can be re-written as [Tel99]

C = Eλ

[
m∑

i=1

log2

(
1 +

P

M
λi

)]
, (6.14)

where m = min(M,N), and λi is the ith eigenvalue of the non-negative defi-
nite matrix

W =

{
HHH N < M
HHH N ≥ M,
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and the distribution of W is called the complex Wishart distribution [TC94].
The reparameterized capacity is, thus, given by taking the expected value
over the unordered eigenvalues

C =
m∑

i=1

Eλ

[
log2

(
1 +

P

M
λi

)]
= mEλ1

[
log2

(
1 +

P

M
λ1

)]

= m

∫ ∞

0

log2

(
1 +

P

M
λ1

)
p(λ1)dλ1, (6.15)

where the eigenvalue λ1 has a known density function p(λ1), which involves
Laguerre polynomials, and is given in [Tel99]. Hence, we can compute the
MIMO capacity by evaluating the integral in (6.15).

The ergodic capacity in (6.13), or equivalently in (6.15), is valid when
the channel is perfectly known to the receiver, and is commonly referred
to as the ergodic coherent channel capacity. Hence, to approach the Shan-
non limit, channel coding is performed over multiple transmitted blocks of
signal vectors, i.e., the code stretches over multiple independently fading
channel realizations [Tel99]. Obviously, due to the random nature of the
wireless channel, it is not realistic to have perfect channel knowledge, and
the coherent channel capacity may, therefore, only serve as a upper bound
on the achievable performance. Instead of having full knowledge of the ac-
tual realization of the random channel, it is more realistic that the receiver
only has some information about the statistical distribution of the channel.
Therefore, the non-coherent channel capacity, i.e., the capacity when the
channel is unknown to both the transmitter and the receiver, better rep-
resents the achievable performance of a MIMO system, and it is reported
in [MH99,HM00, ZT02]. For a further introduction to MIMO systems and
their performances, we refer to, e.g., [GJJV03] and [PGNB04].

In the next two chapters, we will study the MIMO capacity (or actually a
lower bound of it) for a system where the channel realization is unknown and
where the receiver gains its channel knowledge by forming a training-based
channel estimate. The channel estimate is then used as the true channel in the
decoding process. Training-based schemes are usually suboptimal compared
to schemes that do not require an explicit channel estimate. But, on the
other hand, they offer low-complexity receivers. When applicable, we will
compare our results to the non-coherent capacity bound reported in [ZT02].
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Chapter 7
Performance of Training-Aided

MIMO Systems

In this chapter, we compare the performance of two different training-based
schemes for MIMO channel estimation. The compared schemes are the con-

ventional time-multiplexed pilot scheme and the superimposed pilot scheme.
Their performance is evaluated by deriving, optimizing, and comparing a
lower bound on their respective capacity. The material in this chapter has
been previously published in the conference papers [CB03,BC04b], and has
been submitted as a journal article in [CB05a].

7.1 Training-Aided MIMO Channel Estimation

When transmitting a block of T signal vectors over a MIMO channel with M
transmit and N receive antennas, the relation between the input and output
matrices of a narrowband link can be described by the discrete time baseband
model

X =

√
σ2

M
SH + N, (7.1)

where X ∈ C
T×N is the received signal matrix, H ∈ C

M×N is the complex
channel matrix, S ∈ C

T×M is the transmitted signal matrix, N ∈ C
T×N is

the noise matrix, and σ2 denotes the average transmit power.
The channel matrix H is modeled as a stochastic matrix with indepen-

dent, circularly symmetric, CN (0, 1) entries (path gains). The channel is
constant for a discrete time interval T , after which it changes to a new in-
dependent realization. Hence, the channel is memoryless on the block level.
The time, T , over which the channel is constant is referred to as the channel
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coherence time. The validity of this model from a practical point of view can
of course be discussed but the model is commonly used in the literature, and
can be seen as a coarse discrete approximation of a time-varying flat fading
continuous channel, and is often referred to as a block-wise Rayleigh fading
channel model [BPS98]. It is reasonable for, e.g., Time-Division Multiple-
Access (TDMA), frequency-hopping, or block-interleaved systems. This type
of channel is of full-rank (w.p.1) and models rich scattering environments in
the absence of line-of-sight. Each entry in the signal matrix S may consist
of both a known and an unknown random symbol. The known symbols are
used for estimating the channel and the random symbols represent the trans-
mitted information. The entries of the signal matrix are normalized to have
unit mean-square. The additive noise matrix N is modeled as having i.i.d.
circularly symmetric complex normal distributed entries with zero mean and
unit variance, and is independent of both the data and the channel. Thus, the
average total transmit power σ2 becomes the expected SNR at each receive
antenna.

7.1.1 Superimposed Pilot

In the general SIP scheme, the transmission of a block of T symbols is divided
into two modes. The first mode is the SIP mode, in which the pilot symbols
are superimposed to low-power data symbols. The length of the SIP block is
Tt symbols. The second mode is the pure data mode, in which only a block
of Td information symbols is transmitted. Since the channel is assumed to
be constant over the coherence interval and memoryless from block to block,
there is no loss in generality by placing the SIP block at the beginning of
each block. The SIP scheme is illustrated in Figure 7.1. Note that the
time-multiplexed Conventional Pilot (CP) and the Overlay Pilot (OP), see
[JHJ+01]), schemes are special cases, i.e., the two extremes of the generalized
SIP scheme. All parameter settings are summarized in Table 7.1. This choice
of SIP setting gives a useful framework for comparing the different pilot
schemes. In this work we will only look at the optimal choice of training
length (given that we are free to adjust the power between the modes). Hence,
we will not consider schemes with constant average power such as the overlay
pilot scheme.

SIP Mode

During the SIP mode, the training symbols that are used for channel esti-
mation are transmitted in a block of length Tt symbols. The SIP part of the
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Figure 7.1: Symbol block with conventional pilot insertion, overlay
pilot, and superimposed pilot. The channel coherence
time is T = Tt + Td, and the total block energy is
(σ2

t + σ2
dt)Tt + σ2

dTd = σ2T .

Scheme Variables Constraints
SIP σ2

t , σ
2
dt, σ

2
d, Tt, Td

CP σ2
t , σ

2
d, Tt, Td σ2

dt = 0
OP σ2

t , σ
2
dt σ2

d = 0, Tt = T

Table 7.1: Parameter settings for the different training schemes.

received signal (7.1) can be written as

Xt =

(√
σ2

t

M
St +

√
σ2

dt

M
Sdt

)
H + Nt, (7.2)

where Xt ∈ C
Tt×N is the received matrix, St ∈ C

Tt×M and Sdt ∈ C
Tt×M

denote the transmitted complex-valued known pilot symbol and random data
symbol matrices, respectively. Further, Nt ∈ C

Tt×N is the noise matrix,
σ2

t and σ2
dt are the average transmit powers allocated for training and data

symbols in the SIP block, respectively.
We also define the training “covariance” matrix

RSt = SH
t St, (7.3)
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and the data covariance matrix

RSdt
= E

[
SH

dtSdt

]
, (7.4)

which are normalized to

Tr{RSt} = MTt (7.5)

Tr{RSdt
} = MTt. (7.6)

Note that St is considered deterministic and Sdt stochastic. Since we intro-
duced power constraints on the signal covariance matrices, the transmitted
power is accounted for in the parameters σ2

t and σ2
dt. The special case σ2

dt = 0
corresponds to the CP-scheme, i.e., there is no superposition of training and
data symbols.

Data Mode

After transmission of the SIP block, a data block consisting of Td = T − Tt

data symbols is transmitted. Hence, the received signal in the data mode is
given by

Xd =

√
σ2

d

M
SdH + Nd, (7.7)

where Sd ∈ C
Td×M is the random data matrix and Nd ∈ C

Td×N represents
the noise matrix.

The covariance matrix of the data is defined as

RSd
= E

[
SH

d Sd

]
, (7.8)

and is normalized to

Tr{RSd
} = MTd. (7.9)

Time and Energy Constraints

The total block length of T symbols is split into two sub-blocks; the SIP block
and the data block. The length of the SIP block is Tt, the length of the data
block is Td, and the total transmitted energy is σ2T , where σ2 is the mean
power spent on the transmitted total block. This energy is shared between
the SIP block and the data block. Thus, we have the following constraints

Tt + Td = T (7.10)

(σ2
t + σ2

dt)Tt + σ2
dTd = σ2T. (7.11)

The relation between these parameters are also depicted in Figure 7.1.
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7.1.2 Equivalent Projection-Based Model

To gain further insights into this data model, in this section we will adopt a
more abstract viewpoint, where the intuitive physical aspects such as anten-
nas and time slots are removed, and instead the signals are viewed as vectors
in a linear vector space.

Consider again the MIMO system with M transmit and N receive anten-
nas, transmitting over a frequency-flat block-fading channel where each chan-
nel coefficient is modeled as an i.i.d., circularly symmetric, complex Gaussian
variable with unit variance. Since, the coherence length, T , of the channel
determines the dimensionality of the space, we will be working in C

T .

The received discrete baseband signal X can be written as

X = StotH + N (7.12)

where Stot ∈ C
T×M denotes the matrix of complex transmitted signals, and

H ∈ C
M×N denotes the channel matrix. The spatially and temporally white

additive noise N ∈ C
T×N is assumed to be complex Gaussian distributed with

zero mean and unit variance. Now, since we are looking at a training-based
system, the transmitted signal can be decomposed into a, to the receiver,
known and unknown part. This is expressed as

Stot =

√
σ2

t

M
St +

√
σ2

d′

M
PSdata (7.13)

where

P = αPSt + (1 − α)P⊥
St

. (7.14)

Here

PSt = St

(
SH

t St

)−1
SH

t (7.15)

is the projection matrix onto the subspace occupied by the training signal,
i.e., spanned by the columns of St ∈ C

T×M (which we will call the training
subspace), and P⊥

St
is the projection matrix onto the orthogonal complement

of the column space of St, i.e., P⊥
St

= IT −PSt . This subspace will be referred
to as the data subspace. Note that we have assumed that St is of full column
rank, which is a requirement for channel identifiability. All the information
symbols are here contained in the data matrix Sdata ∈ C

T×M . In this model
the parameter α (0 ≤ α ≤ 1) adjusts how much power is allocated to data
in the training subspace versus data in the data subspace, i.e., the relation
between σ2

dt and σ2
d, and α = 0 is the special case where no data is present

in the training subspace.
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Using this model of the transmitted signal and denoting σ2
dt = α2σ2

d′ and
σ2

d = (1 − α)2σ2
d′ , (7.12) becomes

X =

√
σ2

t

M
StH +

√
σ2

dt

M
PStSdataH +

√
σ2

d

M
P⊥

St
SdataH + N. (7.16)

If we consider the singular value decomposition (SVD) of the training
signal St = UΣ̄VH , where U and V are T ×T and M ×M unitary matrices,
respectively, Σ̄ is a T × M matrix with the M non-zero singular values
σi, i = 1, . . . ,M , on its main diagonal, we can write the projection matrices
as

PSt = U

[
IM 0

0 0T−M

]
UH (7.17)

P⊥
St

= U

[
0M 0

0 IT−M

]
UH . (7.18)

The Mutual Information (MI) between the transmitted and received sig-
nal remains unchanged when we introduce the reversible coordinate change

X1 = UHX =

√
σ2

t

M
UHUΣ̄VHH +

√
σ2

dt

M
UHU

[
IM 0

0 0T−M

]
UHSdataH

+

√
σ2

d

M
UHU

[
0M 0

0 IT−M

]
UHSdataH + UHN

=

√
σ2

t

M
Σ̄H̄ +

√
σ2

dt

M

[
IM 0

0 0T−M

]
S̄dataH̄

+

√
σ2

d

M

[
0M 0

0 IT−M

]
S̄dataH̄ + N̄, (7.19)

where H̄ = VHH, S̄data = UHSdataV, and N̄ = UHN. Now, since H

is complex Gaussian distributed with i.i.d. entries, and hence rotationally
invariant, H̄ has the same distribution as H. Similarly, since it is later argued
that the data and noise are i.i.d. and complex Gaussian random matrices, we
also realize that the signal matrix S̄data and the noise matrix N̄ have the same
distributions (i.i.d. and complex Gaussian) as Sdata and N, respectively. By
using this model we see that the model discussed previously is the special case
when the timeslots are chosen as the coordinate base, but here we are not
restricted to time multiplexing of the symbols and can choose any orthogonal
scheme that we like.

Now we can switch back to our original notation, and consider Sdt ∈
C

M×M that occupies the entire training subspace, and Sd ∈ C
Td×M , where
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Td = T − M , that occupies the data subspace. Then we can write

Xt =

√
σ2

t

M
ΣH +

√
σ2

dt

M
SdtH + Nt (7.20)

Xd =

√
σ2

d

M
SdH + Nd, (7.21)

where Σ is the M × M matrix containing the non-zero rows of Σ̄, i.e., Σ̄ =[
Σ

0(T−M)×M

]
and N =

[
Nt

Nd

]
.

The signals are normalized according to

Tr
{
StS

H
t

}
= Tr

{
Σ2

}
=MTt (7.22)

ETr
{
SdtS

H
dt

}
= ETr

{
S̄dtS̄

H
dt

}
=M2 (7.23)

ETr
{
SdS

H
d

}
= ETr

{
S̄dS̄

H
d

}
=MTd (7.24)

ETr
{
NNH

}
= ETr

{
N̄N̄H

}
=NT (7.25)

σ2
t Tt + σ2

dtM + σ2
dTd =σ2T, (7.26)

where M ≤ Tt ≤ T and σ2 denotes the expected SNR at each receive antenna.
Thus, the different power levels is accounted for in the variables σ2

t , σ2
dt and

σ2
d.

The results of this section are summarized in the following theorems.

Theorem 6 Consider the data model given by (7.12) and (7.13), and let the
channel matrix H ∈ C

M×N , data matrix Sdata ∈ C
T×M , and the noise matrix

N ∈ C
T×N be composed of i.i.d. complex Gaussian random variables. Let the

deterministic training matrix, normalized according to (7.22), be given by

St =

[
S̄t

0(T−Tt)×M

]
∈ C

T×M , (7.27)

where S̄t ∈ C
Tt×M and has full column rank M . Then, in the MI sense, it

holds that for any Tt such that M ≤ Tt ≤ T there exists an equivalent data
model where the training matrix is a real-valued and diagonal M ×M matrix.

Proof: The theorem follows directly from inserting the zero-padded train-
ing matrix (7.27) into the derivations of the diagonalized model (7.20). 2

The above theorem states that there is no loss or gain in MI between the
transmitted and received signal by varying the number of training vectors Tt

given that M ≤ Tt ≤ T .
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Theorem 7 Given α = 0 and the same conditions as in Theorem 6, the
projection-based signaling scheme (7.16) will always have better performance
(meaning larger MI) than CP for M < Tt ≤ T . They have identical per-
formance for Tt = M , since the two schemes then are equivalent in the MI
sense.

Proof: Consider the zero-padded training matrix (7.27) and let α = 0 in
(7.14), i.e.,

P = P⊥
St

= IT − PSt = U

[
0M 0

0 IT−M

]
UH . (7.28)

On the other hand, the equivalent projection matrix for the CP-scheme would
be the following

PCP = U

[
0Tt 0

0 IT−Tt

]
UH , (7.29)

where M ≤ Tt ≤ T . This matrix imposes the additional constraint on the
CP-scheme that no data can be transmitted along the same dimensions (time
slots) as the training dimensions. Both systems will have the identical train-
ing data given by (7.20), rendering identical channel estimates, and the dif-
ference lies in that the projection-based system will receive the data signal

Xd =

√
σ2

d

M

[
0M 0

0 IT−M

]
SdataH + Nd, (7.30)

while the CP-based system will receive the data signal

Xd,CP =

√
σ2

d

M

[
0Tt 0

0 IT−Tt

]
SdataH + Nd. (7.31)

The proof is concluded by noticing that the CP-based system, with the same
channel and power, transmits Tt − M data symbols less than the projection-
based system, and if Tt = M the systems have identical performance. 2

Corollary 1 It is optimal for CP to choose Tt = M .
Proof: The corollary is a direct result of Theorems 6 and 7. 2

So what have we then gained by these little exercises? To answer this
question we first consider a conventional time-multiplexed pilot (CP) scheme,
such as the one analyzed in [HH03]. In such a scheme the pilot symbols are
transmitted exclusively in the time slots allocated for training. This means
that the subspace spanned by the pilot signals (which always is restricted to
have dimension M) will lie in a Tt dimensional subspace of C

T . So if Tt > M ,
we will have Tt−M dimensions that are “free”, but can not be used for data,
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since the data is constrained to be in the T − Tt dimensions that are given
by the training free time slots. Considering the projection-based approach
discussed above we see that all the free dimensions can be utilized for data
even if we want to transmit pilots in more than M time slots. On the one
hand, we can conclude that no performance is lost or gained by transmitting
Tt = M (or any other number M ≤ Tt ≤ T ) pilot symbols as long as we can
adjust the power accordingly, since additional training power is the only thing
that is gained by increasing the number of time slots allocated for additional
training symbols. On the other hand, if there are limitations on the power
allocations, such as for a system with a constant average power limitation,
it might be necessary to consider Tt > M in order to get a sufficiently good
channel estimate. These kind of systems, such as the previously mentioned
overlay pilot scheme, are not considered in this work, and from now on only
Tt = M will be considered.

7.1.3 Channel Estimation

A natural choice of channel estimator is the Minimum Mean Square Er-
ror (MMSE) estimator, since it renders the lowest channel estimation error.
This estimator also has the desired property that the estimate becomes un-
correlated with the estimation error. Unfortunately, the problem with this
estimator is that the analysis becomes too complicated for any analytical ex-
pressions for the problem at hand. Hence, we will limit ourselves to the class
of linear estimators, whereof the popular and widely used Linear Minimum
Mean Square Error (LMMSE) estimator is used to estimate the MIMO chan-
nel. It is used since the channel is considered random and, besides having
a closed-form solution, along with the MMSE estimate it also has the desir-
able property that the resulting estimate is uncorrelated with the estimation
error. The orthogonality property becomes very useful in the forthcoming
derivations of the optimal training matrix. To form the LMMSE estimator,
the data in (7.20) is treated as noise. Thus, the fact that the noise contains
a part that is colored by the channel is neglected and it makes the estimator
suboptimal.

As previously stated, the data in (7.20) is incorporated into the noise
and the resulting total noise is uncorrelated with the channel matrix. The
LMMSE estimate of the channel given by [Kay93]

Ĥ = RHXtR
−1
Xt

Xt =

√
M

σ2
t

(
M(σ2

dt + 1)

σ2
t

IM + Σ2

)−1

Σ

︸ ︷︷ ︸
,D

Xt (7.32)
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where

RHXt = E
[
HXH

t

]
= N

√
σ2

t

M
Σ (7.33)

RXt = E
[
XtX

H
t

]
=

Nσ2
t

M
Σ2 + (σ2

dt + 1)NIM (7.34)

The diagonal matrix D is introduced here for notational convenience since
this matrix will appear frequently in the forthcoming derivations, and D is
given by

D =

√
σ2

t

M
diag

(
σ1

σ2
t σ

2
1/M + σ2

dt + 1
,

σ2

σ2
t σ

2
2/M + σ2

dt + 1
, · · ·

· · · ,
σM

σ2
t σ

2
M/M + σ2

dt + 1

)
. (7.35)

To arrive at the second equality in (7.32), we have assumed that Sdt

has zero mean and is uncorrelated with H, and that E[SdtS
H
dt] = MIM . It

is later argued that choosing the data to be spatio-temporally uncorrelated
maximizes the mutual information between the transmitted and the received
signal matrices, which is also a reasonable signaling choice since the channel
is unknown in the transmitter.

After removing the known pilot symbols and using the channel estimate
as if it was the true channel, the following signal model is used in the SIP
mode

X′
t = Xt −

√
σ2

t

M
ΣĤ =

√
σ2

dt

M
SdtĤ +

√
σ2

t

M
ΣH̃ +

√
σ2

dt

M
SdtH̃ + Nt

︸ ︷︷ ︸
,N′

t

, (7.36)

where H̃ is the channel estimation error, i.e., H̃ = H− Ĥ, and is zero-mean
and uncorrelated with the LMMSE channel estimate Ĥ. The average noise
power is given by the following theorem

Theorem 8 Let n′
t be the vectorized version of the noise matrix N′

t defined
in (7.36), i.e., n′

t = vec(N′
t). Then, the elements of the noise matrix are

uncorrelated with an average noise variance σ2
N′

t
given by

σ2
N′

t
,

1

NM
E

[
n′H

t n′
t

]

=
2σ2

t σ
2
dt

M3
Tr{ΣD}2 − 1

M

√
σ2

t

M

(
1 +

(2 + M)σ2
dt

M

)
Tr{ΣD}

+ (σ2
dt + 1) +

σ2
t σ

2
dt

M2
Tr

{
Σ2D2

}
+

1

M

(
σ2

dt +
(1 + M2)σ4

dt

M2

)
Tr{D2}.

(7.37)
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Proof: See Appendix 7.A. 2

The SIP scheme ignores the fact that the total noise in (7.20), besides
data, also contains channel information, when it forms the LMMSE channel
estimate. Hence, in our case the MMSE estimate is not linear, and there-
fore the LMMSE estimate is not the MMSE estimate. Nonetheless, this is a
conscious choice of estimator made by the SIP-scheme and the data is sim-
ply incorporated in the noise term, essentially rendering a low-complexity
channel estimator at the expense of a lower SNR.

For the CP case analyzed in [HH03], the LMMSE estimator is also the
MMSE estimator which makes its effective noise (the equivalent to our N′

t)
uncorrelated with the data. This, together with a Gaussian assumption is
the worst case noise in the sense that it minimizes the capacity [HH03]. Here,
the LMMSE estimator is not the MMSE estimator and, hence, the effective
noise N′

t becomes correlated with the data. This means that if we replace
our noise matrix N′

t with another noise matrix that is uncorrelated with the
data and has the same variance, it gives only an approximate result, although,
numerical evaluations indicate that the capacity is quite insensitive to doing
so. In fact, the actual SNR in the data X′

t differs for different realizations
of the channel matrix estimate, but we approximate the capacity by instead
using the average noise power σ2

N′

t
. To allow some informality, one might even

be able to apply Jensen’s inequality [CT91] to argue that using the average
noise power will only give an even lower bound on the capacity due to the
convexity (w.r.t. the noise) of the capacity formula, [Tel99] and [HH03].
Nonetheless, we replace the noise N′

t with a Gaussian noise matrix that has
the same variance σ2

N′

t
and the property of being uncorrelated (conditioned

on Xt and Σ) with the data. This choice of noise matrix is not necessarily
the worst case noise but serves a good approximation of the actual noise.

Using the channel estimate as if it was the true channel, we have the
following signal model in the data mode

Xd =

√
σ2

d

M
SdĤ +

√
σ2

d

M
SdH̃ + Nd

︸ ︷︷ ︸
,N′

d

, (7.38)
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where the noise matrix N′
d has uncorrelated elements with average variance

σ2
N′

d
,

1

NTd

ETr
{
N′H

d N′
d

}

=
1

NTd

ETr

{(√
σ2

d

M
SdH̃ + Nd

)H (√
σ2

d

M
SdH̃ + Nd

)}

=
1

NTd

ETr
{

σ2
d

M
SdH̃H̃HSH

d + NH
d Nd

}

= σ2
dσ

2
H̃

+ 1, (7.39)

where σ2
H̃

, 1
MN

ETr{H̃H̃H} is defined as the variance of the channel estima-

tion error. Again, it is assumed that the data is white, i.e., E[SH
d Sd] = TdIM .

As for the SIP part, the noise N′
d is replaced by a Gaussian noise matrix

with the same variance σ2
N′

d
and uncorrelated (conditioned on Xt and St)

with Sd. We want to point out that there is a fundamental difference be-
tween the models given by (7.20) and (7.21), and their counterparts (7.36)
and (7.38). In (7.20) and (7.21) the channel is unknown, while in (7.36) and
(7.38) the channel is known. In the next section we will find expressions for
the capacity for the known channel case.

7.1.4 Capacity Bounds and Optimization

Mutual Information

Let Ĥ = f(Xt,St) be the channel estimate, formed by treating the data Sdt

as noise. Using the data processing inequality and the chain-rule [CT91], the
mutual information (MI) between what is known and observed in the receiver
and the unknown transmitted signals can be lower bounded and written as

Itot = I
(
(Xt,Xd,St); (Sdt,Sd)

)
(7.40)

≥ I
(
(f(Xt,St)︸ ︷︷ ︸

=Ĥ

,Xt,Xd); (Sdt,Sd)
)

(7.41)

= I
(
(Ĥ,Xt,Xd);Sdt |Sd

)
︸ ︷︷ ︸

,It

+ I
(
(Ĥ,Xt,Xd);Sd

)
︸ ︷︷ ︸

,Id

. (7.42)
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We continue with lower-bounding It by using the chain-rule and the non-
negativeness property of the MI

It = I
(
Xd;Sdt | (Sd, Ĥ,Xt)

)
︸ ︷︷ ︸

≥0

+I
(
(Ĥ,Xt);Sdt |Sd

)
(7.43)

≥ I
(
(Ĥ,Xt);Sdt |Sd

)
(7.44)

= I
(
(Ĥ,Xt);Sdt

)
(7.45)

= I
(
Xt;Sdt | Ĥ

)
+ I

(
Ĥ;Sdt

)
︸ ︷︷ ︸

≥0

(7.46)

≥ I
(
Xt;Sdt | Ĥ

)
, (7.47)

where the equality (7.45) follows from the fact that Sd is independent of Ĥ,
Xt and Sdt.

Finally, we also lower-bound Id by using the chain-rule and the data
processing inequality, as

Id = I
(
(Xt,Xd);Sd | Ĥ

)
+ I

(
Ĥ;Sd

)
︸ ︷︷ ︸

=0

(7.48)

≥ I
(
Xd;Sd | Ĥ

)
. (7.49)

The idea of using a training-based system is to use the channel estimate as
if it was the true channel (certainty equivalence principle). Hence, we use the
lower-bounds of the MI which are only conditioned on the channel estimate,
and, finally, the SIP-based system capacity is given by the maximum, with
respect to the training matrix and the distributions of Sdt and Sd, of the MI
lower bound

CSIP = max
1

T

{
I(Xt;Sdt | Ĥ) + I(Xd;Sd | Ĥ)

}
(7.50)

f(Sdt), s.t. ETr{SdtS
H
dt} = M2,

f(Sd), s.t. ETr{SdS
H
d } = MTd.

(7.51)

Bounds on the Capacity

The worst case noise and optimal signal distribution in a MI sense is stated
in the following theorem.

Theorem 9 From [HH03]. Consider the following multiple-antenna channel
with M transmit and N receive antennas

x =

√
σ2

M
sH + n (7.52)
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where x ∈ C
1×N is the received signal vector, H ∈ C

M×N is the known
channel matrix, s ∈ C

1×M is the transmitted signal vector, and n ∈ C
1×N

is the additive noise. Let the signal and noise satisfy the following power
constraints

E[ssH ] = M and E[nnH ] = N (7.53)

and be uncorrelated

E[sHn] = 0M×N . (7.54)

Further, let Rs = E[sHs] and Rn = E[nHn] denote the respective correlation
matrices. Then the worst case noise (in the sense that it minimizes the
MI between x and s) has a zero mean complex Gaussian distribution, i.e.,
n ∼ CN (0,Rn,opt), where Rn,opt is the minimizing noise covariance matrix.
When the distribution on the channel matrix is right rotationally invariant,
i.e., the PDF f(HΘ2) = f(H) for all unitary matrices Θ2, then

Rn,opt = IN . (7.55)

The MI maximizing signal is also zero-mean and complex Gaussian dis-
tributed, i.e., s ∼ CN (0,Rs,opt), where Rs,opt is the maximizing signal co-
variance matrix. When the distribution of H is left rotationally invariant,
i.e., f(Θ1H) = f(H), then

Rs,opt = IM . (7.56)

Hence, a zero-mean uncorrelated complex Gaussian signal maximizes the
lower bound (which is given by a zero-mean uncorrelated complex Gaussian
noise vector) on the MI between the input and output.

Proof: See [HH03]. 2

This signaling choice is also shown to be optimal in [Tel99]. If the distri-
bution of the channel matrix (in our case Ĥ) can be shown to be both left
and right rotationally invariant, we can apply Theorem 9.

The following theorem shows that the channel estimate Ĥ in (7.32) is
rotationally invariant.

Theorem 10 Assume that Sdt is rotationally invariant and consider the
channel estimate Ĥ given in (7.32). If the training matrix Σ is chosen as a
multiple of the identity matrix, i.e., Σ =

√
TtIM , the PDF of Ĥ is both left

and right rotationally invariant.
Proof: See Appendix 7.B. 2
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Hence, Σ and Sdt can be chosen such that Ĥ becomes rotationally invari-
ant. In other words, we choose such a signaling scheme, and in that case we
also know that it is optimal to let RSdt

and RSd
be multiples of the iden-

tity matrix. It is also later shown that this choice of training matrix also
maximizes the effective SNR in the data mode.

To summarize, we can argue that the noise, with a given power constraint,
that yields the lowest MI is uncorrelated with the transmitted signal, has a
zero-mean circularly symmetric complex Gaussian distribution, and is spatio-
temporally white. This worst case noise will, thus, render a lower-bound on
the MI. On the other hand, the distribution of the transmitted signal that
maximizes the MI in an additive Gaussian noise channel is also Gaussian
distributed with zero mean and no space or time correlation.

The lower-bound on the capacity will then be composed of two terms; one
for the SIP mode and one for the data mode. Hence, the capacity expression
for the SIP-scheme is given by

CSIP ≥ M

T
E

[
log2 det

(
IM +

ρt

M
H̄H̄H

)]

+
Td

T
E

[
log2 det

(
IM +

ρd

M
H̄H̄H

)]
bits/channel use (7.57)

where the elements of the normalized channel estimate H̄ , Ĥ
σ
Ĥ

will be

uncorrelated with zero mean and unit variance, and have a distribution that
is approximately Gaussian. The normalization constant σĤ is given by σ2

Ĥ
,

1
MN

ETr{ĤĤH} and the effective SNRs are given by

ρt =
σ2

dtσ
2
Ĥ

σ2
N′

t

(7.58)

ρd =
σ2

dσ
2
Ĥ

σ2
N′

d

=
σ2

dσ
2
Ĥ

σ2
dσ

2
H̃

+ 1
. (7.59)

To find the capacity, (7.57) has to be optimized with respect to the fol-
lowing parameters: Σ, σ2

t , σ
2
dt, σ

2
d and M .

Optimization over Σ

First, the criterion function (7.57) is to be concentrated with respect to
the training matrix, Σ. If the same Σ maximizes both ρt and ρd, that Σ

will clearly maximize the capacity. Using the orthogonality of the LMMSE
estimate, we can write σ2

Ĥ
= 1−σ2

H̃
, where σ2

H̃
is the variance of the channel

estimation error.
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To find the variance of the channel estimation error, let h = vec(H),
ĥ = vec(Ĥ), xt = vec(Xt) and nt = vec(Nt). Then, ĥ = RhxtR

−1
xt

xt is the
LMMSE estimate of h, which is only the vectorized version of (7.32)

xt = vec

(√
σ2

t

M
ΣH +

√
σ2

dt

M
SdtH + Nt

)

=

√
σ2

t

M
(IN ⊗ Σ)h +

√
σ2

dt

M
(IN ⊗ Sdt)h + nt,

where we have used that vec(ABC) = (CT ⊗ A) vec(B) [Lüt96], and

Rxt = E[xtx
H
t ] =

σ2
t

M
(IN ⊗ Σ2) + σ2

dtIN ⊗ IM + IN ⊗ IM

= IN ⊗
(

σ2
t

M
Σ2 + (σ2

dt + 1)IM

)
, (7.60)

Rhxt = E[hxH
t ] = E


h

(√
σ2

t

M
(IN ⊗ Σ)h +

√
σ2

dt

M
(IN ⊗ Sdt)h + n

)H



=

√
σ2

t

M
IN ⊗ Σ. (7.61)

Finally, the channel estimate can be identified as

ĥ = RhxtR
−1
xt

xt = (IN ⊗ D)xt. (7.62)

Since h̃ = (h − ĥ) ⊥ ĥ, the error covariance matrix is given by

Rh̃ = E[h̃h̃H ] = E[(h − ĥ)(h − ĥ)H ] = E[hhH ] − E[hĥH ]

= IN ⊗ IM − E[hxH
t ] (IN ⊗ D) = IN ⊗

(
IM −

√
σ2

t

M
ΣD

)

= IN ⊗ (σ2
dt + 1) diag

(
1

σ2
t σ

2
1/M + σ2

dt + 1
,

1

σ2
t σ

2
2/M + σ2

dt + 1
, · · ·

· · · ,
1

σ2
t σ

2
M/M + σ2

dt + 1

)

= IN ⊗
√

M

σ2
t

(σ2
dt + 1)Σ−1D. (7.63)
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Hence, σ2
H̃

is given by

σ2
H̃

,
1

MN
ETr{H̃H̃H} =

1

MN
Tr{Rh̃}

=
1

M
(σ2

dt + 1)
M∑

i=1

1

σ2
t σ

2
i /M + σ2

dt + 1
=

1

M

M∑

i=1

1

βσ2
i + 1

, (7.64)

where β =
σ2

t

M(σ2
dt+1)

.

We want to choose the training matrix such that it maximizes the effec-
tive SNRs ρt and ρd in (7.58) and (7.59). Since it is difficult to analytically
evaluate the effective SNR during the SIP mode, we will resort to only max-
imize the SNR during the data mode. Nonetheless, it seems natural that the
same choice of training matrix, which turns out to be a unitary matrix, also
should maximize the SNR during the SIP mode since the channel, data, and
noise all are white.

To show that minimizing the channel estimation error also maximizes the
effective SNR we use that σ2

Ĥ
= 1 − σ2

H̃
, and start by rewriting (7.59) as

ρd =
σ2

d(1 − σ2
H̃

)

σ2
dσ

2
H̃

+ 1
=

σ2
d + 1

σ2
dσ

2
H̃

+ 1
− 1. (7.65)

From (7.65), we conclude that the effective SNR, ρd, is maximized by mini-
mizing the variance of the channel estimation error σ2

H̃
, which is done next.

We need to choose Σ such that σ2
H̃

is minimized. The problem can be
stated as

min
Σ

Tr{Σ
2
}=MTt

σ2
H̃

⇐⇒ min
σ2
1 ,...,σ2

M∑
i σ2

i =MTt

M∑

i=1

1

1 + βσ2
i

, (7.66)

where β > 0 is a real-valued constant. This is a standard convex optimiza-
tion problem and may be solved by using, e.g., Lagrange multipliers. The
Lagrangian is given by

L(σ2
1, . . . , σ

2
M , µ) =

M∑

i=1

1

1 + βσ2
i

+ µ

(∑

i

σ2
i − MTt

)
. (7.67)

Differentiating with respect to σ2
i and setting the derivative to zero yields

∂L

∂σ2
i

=
−β

(1 + βλi)2
+ µ = 0 =⇒ µ =

β

(1 + βσ2
i )

2
. (7.68)

When solving for σ2
i , we see that all σ2

i ’s equal the same constant. Since
∂2L/∂σ2

i
2

> 0, the solution σ2
1 = · · · = σ2

M = Tt follows from the constraints,
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and yields Σ =
√

TtIM . This choice of training matrix does not only max-
imize the effective SNR, it also makes Ĥ left rotationally invariant, which
also is in agreement with the choice made in [HH03].

By inserting this training matrix into (7.64), the variance evaluates to

σ2
H̃

=
M(σ2

dt + 1)

M(σ2
dt + 1) + σ2

t Tt

. (7.69)

Hence by employing the result of Theorem 8 and Equation (7.39) together
with σ2

Ĥ
= 1 − σ2

H̃
, the effective SNRs in (7.58) and (7.59) evaluate to

ρt =
σ2

t σ
2
dtMTt(σ

2
t Tt + σ2

dtM + M)

σ4
t σ

2
dtMT 2

t + (σ2
dt + 1)3M3 + (σ2

dt + 1)σ2
t TtM2 + σ2

t σ
4
dtTt

(7.70)

ρd =
σ2

dσ
2
t Tt

(σ2
d + 1)(σ2

dt + 1)M + σ2
t Tt

(7.71)

Optimization over σ2
t , σ

2
dt, σ

2
d,M

With ρt and ρd given by (7.70) and (7.71); numerical optimization of (7.57),
subject to the time (7.10) and energy (7.11) constraints, is used to find the
optimal values of the remaining parameters.

It might seem counter-intuitive to optimize over the number of transmit
antennas, since when the channel is known, the capacity is known to be an
increasing function of the number of transmit antennas [Tel99]. The reason
why there will be an optimum is that the more transmit antennas we use,
the more time we have to spend on transmission of non-information carrying
training symbols. To build an estimate of the channel matrix, we need at
least as many training measurements as we have channel parameters (there
are MN complex elements in H). One received vector measurement yields
N complex measurements and, therefore, we need to transmit at least M
training symbols. Since we have previously shown that there is no gain in
increasing Tt beyond M (given that the training power can be adjusted ac-
cordingly), we let the number of training vectors equal the smallest possible,
i.e., Tt = M , in all of the upcoming examples.

7.2 Numerical Examples

To illustrate the theories described in this chapter, we evaluate the capacity
expression for a number of different cases. Only channels with relatively short
coherence time, T , have been studied, since the SIP scheme degenerates to
a CP scheme for large T . Unless otherwise stated, an average SNR of 10 dB
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is considered throughout the examples, i.e., σ2 = 10. This particular choice
of SNR has little effect on the results.

7.2.1 Optimization over all Parameters

In this example we optimize over all the parameters without imposing any
additional restrictions such as fixed number of transmit antennas.

Figure 7.2 shows the attained capacity versus SNR when N = 20 and
T = 10, which is a typical case when it is advantageous to use SIP. The
capacity of the SIP and CP-schemes increases logaritmically in the high-
SNR region. The slope of the curves indicates that both schemes are able to
use all the available degrees of freedom [ZT02].
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Figure 7.2: Capacity vs. SNR σ2 when N = 20, T = 10.

The capacity versus the number of transmit antennas is shown in Figure
7.3. We see that the choice of number of transmit antennas has great impact
on the capacity, since the more transmit antennas we have, the more time has
to be dedicated to transmission of training symbols. Since the CP scheme can
not transmit information symbols during training, its performance becomes
more sensitive w.r.t. the number of antennas.

It is not specifically shown here, but we have also seen in examples that
the optimal number of transmit antennas sometimes is larger for the SIP-
based system than for the CP-based one. When one additional transmit
antenna is introduced, the system needs to transmit one additional training
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Figure 7.3: Capacity vs. transmit antennas M when N = 20, T = 10,
and SNR σ2 = 20 dB.

symbol. The conventional training scheme suffers more than the SIP scheme
from this extra training symbol, since it can not transmit any data during
training. At low SNR it is optimal to use fewer transmit antennas, i.e.,
the available transmit power is distributed only over a few antennas, which
renders a higher SNR for those particular sub-channels, in accordance with
the waterfilling principle for parallel channels [CT91]. We also notice that
for high SNR, the optimal number of transmit antennas seems to equal half
the coherence time, i.e., Mopt = T/2 for high SNR, which is in agreement
with the CP-scheme analyzed in [HH03]

In order to compare the performance of the CP-based scheme to that
of SIP, the performance gain CCP/CSIP is shown in Figure 7.4. It is found
that the CP-based scheme will (almost) reach the SIP-based capacity as the
coherence time increases or the number of receive antennas decreases. This
is because the pure training interval penalty becomes smaller for the CP-
scheme as the coherence length is increased and the SNR penalty becomes
larger for the SIP scheme as the number of receive antennas is decreased.

7.2.2 Fixed Number of Antennas

In this example we study a scenario where the numbers of transmit and
receive antennas are fixed. This way, the system is forced to use all the
available transmit antennas even if it might be suboptimal in some cases.
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Figure 7.4: Capacity ratio between CP and SIP training, CCP/CSIP, vs.
channel coherence time T and number of receivers N , SNR
σ2 = 10 dB.

The case M = N = 6 is displayed in Figure 7.5. Again, the CP scheme
suffers from short coherence times, which leaves it with little time for data
transmission. This loss is eliminated for large coherence times where the
difference in performance gets small (the curves will merge for large T ).

Figure 7.6 displays the optimal power allocation for the two schemes
versus the coherence time. It is noticed that the power σ2

dt allocated for data
in the SIP block decays quite quickly to almost zero. Further, we also find
that the power σ2

t allocated for training symbols increases with the coherence
time, which states that it is better to build a good channel estimate as the
coherence time increases.

7.A Proof of Theorem 8: The Effective Noise

Covariance Matrix

In this appendix we will calculate the effective noise variance that is used in
Section 7.1.3. Hence, the aim is to calculate

Rn′

t
= E

[
n′

tn
′
t
H

]
(7.A.1)
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Figure 7.5: Capacity vs. coherence time T when M = N = 6, SNR
σ2 = 10 dB.
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Figure 7.6: Optimal power allocation vs. coherence time T when M =
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where n′
t = vec(N′

t) is defined in (7.36). By also introducing the vectorized
versions of the channel error h̃ = vec(H̃) and the background noise nt =
vec(Nt), we get
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n′
t =

√
σ2

t

M
vec(ΣH̃) +

√
σ2

d

M
vec(SdtH̃) + vec(Nt)

=

√
σ2

t

M
(IN ⊗ Σ)h̃ +

√
σ2

dt

M
(IN ⊗ Sdt)h̃ + nt (7.A.2)

The covariance matrix can therefore be decomposed as

Rn′

t
= R1 + R2 + R3 + R4 + RH

4 + R5 + RH
5 + R6 + RH

6 (7.A.3)

where

R1 = E

[
σ2

t

M
(IN ⊗ Σ)h̃h̃H(IN ⊗ ΣH)

]

R2 = E

[
σ2

dt

M
(IN ⊗ Sdt)h̃h̃H(IN ⊗ SH

dt)

]

R3 = E
[
ntn

H
t

]

R4 = E

[√
σ2

t σ
2
dt

M
(IN ⊗ Σ)h̃h̃H(IN ⊗ SH

dt)

]

R5 = E

[√
σ2

t

M
(IN ⊗ Σ)h̃nH

t

]

R6 = E

[√
σ2

dt

M
(IN ⊗ Sdt)h̃nH

t

]

The calculation of all these terms is tedious but straightforward. The
only term that does not end up as the expectation over one, two or three
Gaussian variables is R2, where the following lemma becomes useful.

Lemma 3 Let S be an M × M matrix with i.i.d. Gaussian distributed ele-
ments with zero mean and unit variance, and D be a deterministic diagonal
matrix. Then it holds that

E
[
SDSSHDSH

]
= MTr{D2}IM + D2 (7.A.4)

Proof: This is an extension to [JS88]. 2
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The different terms are now evaluated as

R1 =

√
σ2

t

M
(σ2

dt + 1)(IN ⊗ ΣD)

R2 = IN ⊗
{

σ2
dt

M

(
M − 2

√
σ2

t

M
Tr{ΣD}

+
σ2

t

M
Tr

{
Σ2D2

}
+ (1 + σ2

dt)Tr{D2}
)

IM +
σ2

dt

M
D2

}

R3 = IMN

R4 =

√
σ2

t

M

σ2
dt

M

(
IN ⊗

{√
σ2

t

M
Tr{ΣD} − M

}
ΣD

)

R5 = −
√

σ2
t

M
(IN ⊗ ΣD)

R6 = 0MN

Hence,

Rn′

t
= IN ⊗

{[
2σ2

t σ
2
dt

M2
Tr{ΣD} −

√
σ2

t

M
(σ2

dt + 1)

]
ΣD

+

[
(σ2

dt + 1) +
σ2

t σ
2
dt

M2
Tr

{
Σ2D2

}
+

(1 + σ2
dt)σ

2
dt

M
Tr{D2}

−2

√
σ2

t

M

σ2
dt

M
Tr{ΣD}

]
IM +

σ4
dt

M2
D2

}
.

(7.A.5)

The proof follows first by noticing that Rn′

t
is diagonal, and, finally, by taking

the trace-operator. 2

7.B Proof of Theorem 10: Rotational Invariance

of Ĥ

To this end, the LMMSE estimate (7.32) is given by

Ĥ =

√
M

σ2
t

(
M(σ2

dt + 1)

σ2
t

IM + Σ2

)−1

ΣXt,

where Σ is the diagonal training matrix, and X is the received data given by
(7.20)

Xt =

(√
σ2

t

M
Σ +

√
σ2

dt

M
Sdt

)
H + Nt.
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The right rotational invariance follows directly from the fact that Xt is
right rotationally invariant. That Xt is right rotationally invariant follows
easily, since both H and Nt are Gaussian distributed with i.i.d. elements, i.e.,
they are rotationally invariant. To show this, let the rotated version of Xt be

XtΘ1 =

(√
σ2

t

M
Σ +

√
σ2

dt

M
Sdt

)
HΘ1 + NtΘ1. The right rotational invariance

follows now from the fact that both H and Nt are rotationally invariant,
i.e., f(HΘ1) = f(H) and f(NtΘ1) = f(Nt). The right rotational invariance
implies that the worst case noise is spatio-temporally white noise [HH03].

Next, we prove that if the training matrix Σ is chosen as a multiple of the
identity matrix, i.e., Σ =

√
TtIM , the channel estimate will also be left rota-

tionally invariant. This result shall not come as a surprise, since by choosing
the training matrix as the identity matrix we will allocate the same amount
of power to each transmit antenna and, hence, all the channel parameters are
estimated at the same SNR. Further, by using orthogonal training sequences
we will not get any cross interferences, and since everything else is white, it
is natural that the estimate becomes invariant.

Again starting from (7.32) but now also taking the assumption on the
training matrix into account (7.32), becomes

Ĥ =

√
TtMσ2

t

M(σ2
dt + 1) + σ2

t Tt

Xt

And again we can conclude that Ĥ is rotationally invariant (this time
from the left) if Xt is left rotationally invariant. That Xt has this property
can be seen if we insert Σ =

√
TtIM into (7.20)

Xt =

(√
Ttσ2

t

M
IM +

√
σ2

dt

M
Sdt

)
H + Nt,

and look at the rotated version of Xt

Θ2Xt =

(√
Ttσ2

t

M
Θ2 +

√
σ2

dt

M
Θ2Sdt

)
H + Θ2Nt

=

(√
Ttσ2

t

M
+

√
σ2

dt

M
Θ2SdtΘ

H
2

)
Θ2H + Θ2Nt, (7.B.1)

and by realizing that Θ2SdtΘ
H
2 has the same distribution as Sdt, Θ2H has

the same as H and, finally, that Θ2Nt has the same distribution as Nt, the
proof is concluded. 2
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Chapter 8
Performance of Decision-Directed

MIMO Systems

The work presented in this chapter is an extension to the training schemes
of the previous chapter, which allows channel re-estimation when addi-

tional information in the form of detected symbols is made available. De-
tected data symbols are used as additional training symbols, which signifi-
cantly improves the channel estimate. An improved channel estimate leads
to an improvement in the receiver SNR, and, thus, a higher coding rate may
successfully be applied. The material in this chapter has been published in
the conference paper [BC04a], and has been submitted as a journal article
in [CB05b].

8.1 Introduction

In Chapter 7, it was found that Superimposed Pilots (SIP) offer promising
performance for communication over very fast fading MIMO channels and
for systems equipped with many receive antennas. In other scenarios, such
as slower fading and fewer receive antennas, the SIP scheme’s low-quality
channel estimate punished the information throughput and there was little
or no gain over a conventional time-multiplexed pilot scheme. In this chap-
ter, we extend the schemes in Chapter 7 to allow channel re-estimation when
additional information in the form of detected symbols is made available.
Detected data symbols are used as additional training symbols, which signif-
icantly improves the channel estimate. An improved channel estimate leads
to an improvement in the receiver SNR, and, thus, a higher coding rate may
successfully be applied. These variable coding rate schemes show good per-
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formance. In particular, the Decision-Directed SIP (DD-SIP) scheme shows
a performance close to the fundamental capacity of the noncoherent MIMO
channel [MH99,HM00,ZT02], thanks to the improved channel estimates. The
term decision directed is adopted here because of the similarity to decision
directed adaptive equalizer schemes, e.g., [Qur85], where detected symbols
are used in lieu of training symbols for updating the equalizer. The main
objective of this work is, thus, to investigate how much the capacity will
increase by allowing re-estimation of the channel when more information,
i.e., detected symbols, is available. Since the SIP scheme transmits interfer-
ing low-power data superimposed to the training sequence, the SIP scheme’s
channel estimate is in general poor. By re-estimating the channel using de-
tected data, the drawback of the SIP-scheme’s poor channel estimate is elim-
inated, and the interfering low-power data instead becomes useful training
power. While the SIP scheme shows a larger performance increase, the con-
ventional time-multiplexed training scheme also shows a small performance
increase by allowing channel re-estimation.

8.2 Decision-Directed MIMO Channel Modeling

and Estimation

We extend the work in Chapter 7 to allow a variable coding rate within
the coherence block and, hence, individual detection of the symbols on the
different positions in the block as illustrated in Figure 8.1.

8.2.1 Decision-Directed MIMO Model

We will employ the same channel model that is used in Chapter 7. To recap-
ture, the MIMO channel with M transmit and N receive antennas is modeled
as a frequency-flat block-wise Rayleigh fading channel, i.e., the channel ma-
trix H ∈ C

M×N contains i.i.d. CN (0, 1) entries. The realization remains
fixed for a coherence time of T symbols, after which it changes to a new
independent realization. The signaling also contains a SIP block and a data
block. The SIP mode is handled exactly in the same way as was done in
Chapter 7, regarding both the signaling and the initial channel estimation
part.

SIP mode

Assume that Tt = M superimposed training symbols are collected in the
diagonal matrix Σ, and transmitted over the channel. The received signal
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Figure 8.1: Illustration of the variable coding rate scheme. Instead of
one rate over all the time slots and blocks (top), a code
with one rate is used in the first time slot of each block, a
code with another rate in the next, and so on (bottom).

can then be written as

Xt =

√
σ2

t

M
ΣH +

√
σ2

dt

M
SdtH + Nt, (8.1)

where Xt ∈ C
M×N is the received matrix, and Sdt ∈ C

M×M denotes the trans-
mitted random data matrix. Further, Nt ∈ C

M×N is the additive Gaussian
noise matrix, whereas σ2

t and σ2
dt are the average transmit powers allocated

for training and data symbols in the SIP block.
The SIP block is used to acquire the initial LMMSE estimate of the

channel. The channel is considered random. Thus, we use the LMMSE
estimate, since it provides an estimate in closed-form that has the desired
property of being uncorrelated with the estimation error. See Section 7.1 for
a more detailed treatment of the SIP mode and initial channel estimation.

In Chapter 7, the initial, and quite poor, channel estimate acquired from
the SIP block was used for detection of all data symbols. The main contri-
bution in this chapter is a strategy for channel re-estimation using detected
symbols. As the channel estimates gradually are improved, a higher cod-
ing rate can successfully be applied. The channel re-estimation technique is
applied to the data mode and is described next.
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Data mode

During the data mode the Td ×M data matrix Sd is transmitted. Thus, the
received Td × N signal matrix becomes

Xd = ΛSdH + Nd (8.2)

Λ = diag

(√
σ2

M+1

M
, · · · ,

√
σ2

T

M

)
, (8.3)

where Λ is the diagonal matrix containing the data amplitudes, Tr{RSd
} =

ETr{SH
d Sd} = MTd, and Nd is the Td × N noise matrix with independent

CN (0, 1) entries.

Normalizations and Constraints

We normalize the transmitted signals so that we can adjust for the different
power levels in the variables σ2

t , σ2
dt and σ2

d. Thus,

Tr
{
Σ2

}
= M2 (8.4)

ETr
{
SdtS

H
dt

}
= M2 (8.5)

ETr
{
NtN

H
t

}
= NM (8.6)

ETr
{
SdS

H
d

}
= MTd (8.7)

ETr
{
NdN

H
d

}
= NTd (8.8)

(σ2
t + σ2

dt)M +
T∑

i=M+1

σ2
i = σ2T, (8.9)

where σ2 denotes the average power spent on the whole transmitted block,
and Td = T − M .

8.2.2 Decision-Directed Channel Estimation

By allowing the channel to be re-estimated after each time slot, a new es-
timate is formed by using all detected symbols as additional pilot symbols,
which improves the estimation accuracy. In this scheme the LMMSE channel
estimate can, by introducing the following notation

S =

[√
σ2

t

M
St +

√
σ2

dt

M
Sdt

ΛSd

]

X =

[
Xt

Xd

]
= SH + N, (8.10)
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after each re-estimation, be written as

Ĥi = RHX(1:i−1)R
−1
X(1:i−1)X(1 : i − 1)

= NS(1 : i − 1)HR−1
X(1:i−1)X(1 : i − 1), i = M + 1, . . . , T,(8.11)

where A(N1 : N2) means the matrix consisting of the rows N1 to N2 of
the matrix A, RHX(1:i−1) = E[HXH(1 : i − 1)], and RX(1:i−1) = E[X(1 :
i − 1)XH(1 : i − 1)]. Note that the LMMSE estimate also is the MMSE
estimate, since the data model is now a standard Bayesian linear model
[Kay93].

Again, by using the channel estimate as the true channel, we have the
following signal model for the received row vector at time i during the data-
mode

X(i) = S(i)Ĥi + S(i)H̃i + N(i)︸ ︷︷ ︸
,n′

i

, i = M + 1, . . . , T, (8.12)

where A(i) (or equivalently ai) denotes the ith row vector of the matrix A,
and the resulting noise variance becomes

σ2
n′

i
,

1

N
E

[
n′

in
′H
i

]
= σ2

i σ
2
H̃i

+ 1, i = M + 1, . . . , T. (8.13)

Here, it is worth noting that the equivalent noise level in the channel will
be different for each time instant due to the re-estimation of the channel. As
the channel estimates improve when more side-information (in the form of
detected symbols) is made available, the smaller the noise variance becomes.
Thus, higher rate codes that still have arbitrarily low probability of error can
be used. Further, the resulting noise n′

i will be uncorrelated (conditioned on
X(1 : i − 1) and S(1 : i − 1)) with the signal si for i = M + 1, . . . , T , since

E[sH
i n′

i |X(1 : i − 1),S(1 : i − 1)]

= E[sH
i (siH̃i + ni) |X(1 : i − 1),S(1 : i − 1)]

= E[sH
i siH̃i |X(1 : i − 1),S(1 : i − 1)]

+ E[sH
i ni |X(1 : i − 1),S(1 : i − 1)]︸ ︷︷ ︸

=0

= E[sH
i si |X(1 : i − 1),S(1 : i − 1)]

× E[H̃i |X(1 : i − 1),S(1 : i − 1)]

= 0M×N ,

where the channel estimate is the MMSE estimate and, thus,

E[H̃i |X(1 : i − 1),S(1 : i − 1)] = 0M×N .
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It is well known that the worst case noise is achieved by replacing n′
i by

i.i.d. zero-mean complex Gaussian noise with the same variance σ2
n′

i
[HH03].

Hence, the capacity is lower-bounded by assuming Gaussian noise.

Remark: Note that the LMMSE estimate in Chapter 7 was not the MMSE
estimate which made the resulting noise correlated with the signal. Hence,
in Chapter 7, an approximation of the bound was used, while the bound
attained here is, thanks to the channel re-estimation, no longer an approxi-
mation.

8.3 Mutual Information and Capacity Bounds

To get a more intuitive picture of the idea, one can think of each row vector
in the transmitted data matrix as a separate channel and then consider a
number of parallel such channels. If we now want to design a decision-directed
system we can use different codebooks, i.e., rates for the different channels.
For the first symbols, where the channel estimate is poor we use a lower rate
to ensure error free communication. After the first symbols are detected, we
can use the received codeword (which we know is correct according to the
channel coding theorem) as known information when estimating the channel
for the next position, and so on.

In order to put this into a more stringent mathematical framework, we
will rely on a decomposition of the MI. The following derivation is based on
the MI chain-rule [CT91], and is identical to the one presented in [MS01].
It is included here because of its importance in the derivations and for com-
pleteness.

The total MI between the transmitted signal and the received signal is
given by

I(X;S) = I
(
X;S(1),S(2 : T )

)
(8.14)

= I
(
X;S(1)

)
+ I

(
X;S(2 : T ) |S(1)

)
(8.15)

= I
(
X;S(1)

)
+ I

(
X(1),X(2 : T );S(2 : T ) |S(1)

)
(8.16)

= I
(
X;S(1)

)
+ I

(
X(1);S(2 : T ) |S(1)

)
︸ ︷︷ ︸

=0

+ I
(
X(2 : T );S(2 : T ) |X(1),S(1)

)
, (8.17)

where X and S are the output and input matrices, respectively. The total
number of symbols per block is T , and I

(
X(1);S(2 : T ) |S(1)

)
= 0 since

X(1) is independent of S(2 : T ) conditioned on S(1).
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By iterating the steps (8.14)-(8.17) for i = 2, . . . , T , we find the following
result

I(X;S) =
T∑

i=1

I
(
X;S(i) |X(1 : i − 1),S(1 : i − 1)

)
(8.18)

=
T∑

i=1

I
(
X(i);S(i) |X(1 : i − 1),S(1 : i − 1)

)

+
T−1∑

i=1

I
(
X(i + 1 : T );S(i) |X(1 : i),S(1 : i − 1)

)
, (8.19)

where (8.19) follows from applying the chain-rule to (8.18). Hence, the total
MI over the whole block is decomposed into two parts. One part which is
the MI between the input and output at a specific time instant, conditioned
on all the previously transmitted symbols, received data and pilot symbols.
The second part is the blind MI between the present input and all future
outputs conditioned on the same variables as above plus the received signal
at the specific time instant.

We are only considering systems based on channel estimates from known
symbols that use these estimates as if they were true. The second term in
(8.19) is therefore ignored, and the first term can be lower bounded by the
data processing inequality by conditioning on Ĥi = f

(
X(1 : i − 1),S(1 :

i − 1)
)
, see Chapter 7. Thus, the channel estimate based on all previous

inputs and output pairs, including the pilots, is used as the true channel.
Here, one can also notice that the MI for the data block, IDD, in the

decision-directed schemes (DD-SIP, DD-CP) can be lower bounded as

IDD =
T∑

i=M+1

I(xi; si | Ĥi) (8.20)

≥ Td I(xi; si | Ĥ0) = IT, i = M + 1, . . . , T, (8.21)

where Ĥ0 is the initial channel estimate that is based only on the pilot
symbols in the SIP block, and IT is the MI that is achieved by schemes that,
given the same power constraints, do not employ channel re-estimation, such
as the SIP and CP schemes that were described and analyzed in Chapter 7.

However in this work, we continue with the capacity lower bound for the
decision-directed schemes, which is given by the maximum of the MI bounds

CDD = max
1

T

{
I(Xt;Sdt | Ĥ0) +

T∑

i=M+1

I(xi; si | Ĥi)

}
, (8.22)
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where I(Xt;Sdt | Ĥ0) is the MI lower bound in the SIP block, and the second
term is the MI lower bound in the data block. This bound is maximized with
respect to the input signal distributions under the power constraints.

Since we only take into account how the data power influences the channel
estimate, the maximum of each term in (8.22) is achieved when the distri-
bution of the transmitted data is i.i.d. complex Gaussian. That is, both
RSdt

= E[SH
dtSdt] and RSd

= E[SH
d Sd] should be multiples of the identity

matrix. Together with the Gaussian noise assumption, these input signals
will give the following capacity lower bound

CDD ≥ M

T
E

[
log2 det

(
IM +

ρt

M
H̄0H̄

H
0

)]

+
1

T

T∑

i=M+1

E
[
log2 det

(
IM +

ρi

M
H̄iH̄

H
i

)]
bits/channel use. (8.23)

The elements of the normalized channel H̄i , Ĥi

σ
Ĥi

will be uncorrelated

with zero mean and unit variance and have a distribution that is Gaus-
sian (approximately for H̄0). The normalization constant σĤi

is given by

σ2
Ĥi

, 1
MN

ETr{ĤiĤ
H
i } where Ĥi is given by (8.11). The criterion function

(8.23) is also to be concentrated with respect to the training sequence, Σ.
As was shown in Chapter 7, the optimal training sequence is to choose Σ as
a multiple of the identity matrix, i.e., Σ =

√
MIM , since this maximizes the

effective SNR. Hence, the effective SNR, ρt, during the SIP mode evaluates
to (see Chapter 7)

ρt =
σ2

t σ
2
dtMTt(σ

2
t Tt + σ2

dtM + M)

σ4
t σ

2
dtMT 2

t + (σ2
dt + 1)3M3 + (σ2

dt + 1)σ2
t TtM2 + σ2

t σ
4
dtTt

, (8.24)

and, at each time instant i, the effective SNR ρi in the data block can be
shown to be

ρi =
σ2

i σ
2
Ĥi

σ2
n′

i

=
σ2

i σ
2
Ĥi

σ2
i σ

2
H̃i

+ 1

=
σ2

i ((σ
2
t + σ2

dt)Tt +
∑i−1

k=M+1 σ2
k)

(σ2
i + 1)M + (σ2

t + σ2
dt)Tt +

∑i−1
k=M+1 σ2

k

, i = M + 1, . . . , T. (8.25)

It is worth comparing the expression (8.25) attained for the decision-directed
scheme to its equivalent effective SNR attained for the non-decision-directed
scheme, which was given in Chapter 7 as

ρd =
σ2

dσ
2
t Tt

(σ2
d + 1)(σ2

dt + 1)M + σ2
t Tt

. (8.26)
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Their relation is evident when one interprets the power of the detected data
at time i; σ2

dt, {σ2
k}i−1

k=M+1, together with the power of the training sequence
σ2

t , as pure training power, which corresponds to σ2
t in (8.26). Also note that

σ2
dt in (8.25) is no longer interfering “noise” power, but useful training power.

To maximize the capacity, (8.23) has to be optimized with respect to
the following parameters: σ2

t , σ
2
dt, {σ2

i }T
i=M+1 and M , subject to the energy

constraint given by (8.9). As was discussed in the previous chapter, it might
seem counter-intuitive to optimize over the number of transmit antennas.
Again, however, the problem is that we need to sacrifice degrees of freedom
in the data-mode in order to estimate all the new channel parameters. Also,
for the noncoherent channel at high SNR, it is shown in [ZT02] that the
optimal number of transmit antennas is given by M = min{N, T/2}, where
N is the number of receive antennas and T is the coherence time.

The channel estimate will of course improve when more known symbols
are available, which will lead to higher effective SNR for symbols later in
the block. By interpreting the data block as Td parallel channels, each with
different effective SNR, the task is now to distribute the power in an optimal
way. Here, one can not simply rely on the classical water-filling arguments
for parallel channels, since the effective SNR will depend on how the power
is distributed. This means that there will be a tradeoff, since having much
power in the beginning of the block will lead to better channel estimates
faster. But on the other hand, we are then using more data power when
the channel quality is poor. In the other extreme, more power is allocated
to the later time slots, which then have better channels, but the channel
estimates will only improve slowly and hence more channels with lower SNR
will be present. Extensive numerical calculations of the achievable rates have
shown that when DD-SIP is used, the optimal power distribution over the
data symbols is almost constant over the whole data-block, and for DD-CP
only a little bit more power should be allocated for the first few symbols in
the data-block. Hence, it is concluded that the DD-systems are relatively
insensitive to this power distribution {σ2

i , i = M + 1, . . . , T}, which means
that there is little loss in setting σ2

i = σ2
d, ∀ i = M + 1, . . . , T . However,

what is important is how the power is distributed between σ2
t , σ2

dt, and σ2
d.

The optimization over the remaining parameters is done numerically, and is
discussed in the next section.

Using this re-estimation technique on a SIP-based system will lead to a
better performance increase than using it on a CP-system, since the data term
in the SIP-mode, that increases the noise level during the estimation phase,
can now be utilized as additional training power in the next re-estimation
of the channel. By this, the extra symbols that are transmitted during the
SIP-mode will not degrade the channel estimate during the data-mode.
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8.3.1 High SNR Approximation of the Noncoherent MIMO

Capacity

To compare the bounds calculated above to the capacity of the noncoherent
MIMO channel, we will use the following theorem.

Theorem 11 From [ZT02]. For the multiple antenna channel with M trans-
mit, N receive antennas (M > N) and coherence time T ≥ 2N , the high SNR
capacity is given by

CM,N(SNR) = CN,N(SNR) + o(1) (8.27)

where CN,N is the capacity for N receive and N transmit antennas, and is
given by

CN,N(SNR) = N

(
1 − N

T

)
log2 SNR + N

(
1 − N

T

)
log2

T

Nπe

+

(
1 − N

T

) N∑

i=1

E[log2 χ2
2i] +

1

T
log2

∏T
i=T−N+1

2πi

(i−1)!∏N
i=1

2πi

(1−i)!

, (8.28)

where χ2
2i denotes a Chi-square random variable of dimension 2i, and o(1) is

a term that goes to zero at high SNR. This capacity can be achieved by using
N transmit antennas.

Proof: See [ZT02]. 2

8.4 Numerical Examples

In this section we will, for a number of different scenarios, evaluate the ca-
pacity and find optimal values of the parameters for the systems described
above. Since it has been found that the capacity is relatively insensitive to the
power levels during the data-mode, we have kept these parameters constant,
i.e., σ2

i = σ2
d, ∀ i = M + 1, . . . , T , to decrease the number of optimization

parameters. In all scenarios, we have evaluated a system with N = 4 receive
antennas and with different numbers of transmit antennas as well as different
SNRs. The SNR is defined as the mean power over a coherence block divided
by the noise power, i.e., SNR = σ2, since the noise power is normalized to
unity. In all the plots we will compare the CP and SIP based systems, with
and without the re-estimation steps. Figure 8.2 shows the capacity bounds
versus number of transmit antennas, and it is obvious that there is an op-
timal number of transmit antennas. It is worth noting that the maximum
capacity in this scenario is achieved for M = 5 transmit antennas for the
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Figure 8.2: Capacity vs. number of transmit antennas M , T = 31,
N = 4, SNR σ2 = 15 dB.

analyzed schemes. Theorem 11 tells us that for the noncoherent channel, the
optimal number is given by N since T > 2N , which in this scenario implies
M = N = 4. In scenarios with lower SNR and/or shorter coherence length,
the optimal number will decrease and for very low SNR and/or small T , it
is optimal with a single transmit antenna.

Figure 8.3 compares the capacity lower bounds versus SNR, and we can
conclude from the figure that all the analyzed schemes exploit all the available
degrees of freedom. The latter can be thought of as the slope of the capacity
curve in the high SNR region, [ZT02]. It is also found that the DD-SIP
curve is close to the capacity of the noncoherent channel. One should keep
in mind here, that the formula for the noncoherent capacity is a high SNR
approximation. Hence, it should not be considered reliable in the low SNR
regions, which is why the analyzed suboptimal schemes are above the bound
at low SNR.

In Figure 8.4, the capacity bounds are plotted against the channel coher-
ence time. It can be seen from the figure that the capacity of the conventional
schemes do not fully reach their respective SIP-based equivalents when the
coherence time is below 30 symbols. They will of course merge and the dif-
ference should go to zero as M/T tends to zero. In this plot the optimal
number of transmit antennas is used, ranging from M = 1 for T = 1 up to
M = 5 when T = 30.

Depending on the coherence length of the channel, the optimal alloca-
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Figure 8.3: Capacity vs. SNR σ2, T = 8, and M = N = 4. The dot-
ted line represents the asymptotic (for high SNR) capacity
bound for the noncoherent channel [ZT02].
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Figure 8.4: Capacity vs. coherence time T , N = 4, SNR σ2 = 20 dB.

tion of the powers will vary. In Figure 8.5, the different power levels are
plotted against the coherence time of the channel. It is observed that the
DD-systems are relatively insensitive to the power distribution, i.e., a wide
range of parameter values satisfying the constraints give almost the same
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Figure 8.5: Optimal power allocation vs. coherence time T , M = N =
4, and SNR σ2 = 10 dB.

capacity. In fact, the major difference between the SIP and DD-SIP schemes
is that the power levels are almost constant for DD-SIP. On the contrary,
especially the pilot power increases quickly with increasing block lengths for
the SIP scheme. Also, the data power during the SIP-mode tends quickly to
zero for the SIP scheme, which means that the optimal SIP scheme quickly
degenerates to a CP scheme for increasing coherence time. This observation
was also made in the previous chapter.
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Chapter 9
Performance of Training-Aided

SISO Systems

In this chapter, we apply the same problem formulation as in the previous
two chapters to a frequency-selective block-wise fading Single-Input Single-

Output (SISO) channel. The work presented in this chapter has previously
been published in the conference paper [CB04].

9.1 Training Based FIR Models

In all the other chapters in the second part of the thesis we have only con-
sidered frequency flat channels. Although incorporating some of the fading
aspects, this model is not always applicable for some channels especially in
the case of more wideband channels. When the bandwidth of the transmit-
ted signal becomes larger than the coherence bandwidth of the channel, the
multipath propagation will lead to Inter-Symbol Interference (ISI) [Pro01].
Combating ISI is a very well studied problem in the communication litera-
ture. To determine the transmitted data at the receiver, the receiver needs
to equalize the impact of the unknown frequency-selective channel, and to do
so an estimate of the channel is often used. Discussions regarding frequency-
selective fading can be found in most textbooks, see, e.g., [Pro01], and for a
thorough review of the information theoretic aspects, see [BPS98].

In this chapter, we will see how the introduction of superimposed pilots
will effect the capacity of this type of channel. A similar analysis was done
for conventional training in [VHHK04].
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9.2 Data Modeling

Several versions of the same data models are used and their structure depends
on what we are trying to achieve (channel estimation or data detection). For
example, the channel parameters are the unknowns during channel estima-
tion, and the data symbols are the unknowns during data detection. We
start with describing the SIP model and the channel model that we employ.

9.2.1 SIP Model

A short description of the SIP-based system is that it operates in two modes
when transmitting a block consisting of T symbols. The first mode is the
training mode which is followed by the data mode. The received signal during
the training mode is

xt = Ht (σtst + σdsdt) + nt, (9.1)

where Ht ∈ C
Tt×Tt is the convolution matrix for a channel with a Finite

Impulse Response (FIR) of length L

Ht =




h1
... h1

hL
...

. . .

hL h1

. . .
...

. . .

hL · · · h1




, (9.2)

and {σ2
t , σ2

d} denote the power allocated for training and data symbols,
respectively. Observe that in this setting, we have a constant data power
over the whole block. The Tt-long normalized sequences of training and data
symbols are contained in the vectors st ∈ C

Tt×1 and sdt ∈ C
Tt×1. Finally, the

additive noise nt ∈ C
Tt×1 is modeled as complex white Gaussian noise.

The channel is modeled as a frequency-selective block-wise fading chan-
nel. Hence, the channel is fixed during the transmission of one block and
then it attains a new independent realization for the next block, and so on.
The time (block size) over which the channel is fixed is commonly referred to
as the channel coherence time. This type of channel model is a discrete ap-
proximation of a time-varying continuous channel and occurs in, e.g., TDMA
in the GSM standard or frequency-hopping systems, where the user attains
a new independent channel realization for each channel use.
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During the data mode, the received signal is

xd = σdHdsd + σtH
′
tst + σdH

′
tsdt + nd (9.3)

where σ2
d again denotes the data power of the normalized data vector sd ∈

C
Td×1, Hd ∈ C

Td+L−1×Td is the convolutional channel matrix (the receiver
collects data until the channel is “emptied”, which also provides a guard
interval between successive channel realizations)

Hd =




h1
... h1

hL
...

. . .

hL
. . .

. . . h1

. . .
...

hL




, (9.4)

H′
t ∈ C

Td+L−1×Tt represents the tail “leaking in” from the training mode
(since there is no guard interval between the training and data blocks)

H′
t =




hL hL−1 · · · h2

hL · · · h3

. . .
...

hL




, (9.5)

and nd ∈ C
Td+L−1×1 is additive complex white Gaussian noise. The trans-

mitted signal vectors are normalized such that sH
t st = Tt, E[sH

dtsdt] = Tt and
E[sH

d sd] = Td.

9.2.2 Channel Estimation

With knowledge of the transmitted pilot sequence, the receiver regards the
unknown data term σdHtsdt in (9.1) as additional noise and forms the Lin-
ear Minimum Mean Square Error (LMMSE) estimate of the channel. The
LMMSE channel estimate is given by [Kay93]

ĥ = σt

[
R−1

h + σ2
t S

H
t R−1

n′

t
St

]−1

SH
t R−1

n′

t
xt, (9.6)
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where ĥ = [ĥ1, . . . , ĥL]T ∈ C
L×1 is the vector containing the estimated

channel parameters, St ∈ C
Tt×L is the convolutional training matrix, and

n′
t = σdHtsdt + nt ∈ C

Tt×1 is the effective noise term during channel estima-
tion with covariance matrix Rn′

t
= E[n′

tn
′H
t ]. Here and in the remainder of

this chapter, it is assumed that h ∼ CN (0,Rh), where Rh = E[hhH ] = IL,
i.e., the channel taps are uncorrelated complex Gaussian random variables.

In the SIP setting, the training sequence is simply realized by an impulse
that satisfies the power constraint and is transmitted in the first time slot.
The channel response to the impulse is present at the output during the first
Tt = L (the number of channel taps) symbols. Hence, let St =

√
TtITt , where

Tt = L, which is also the smallest value of Tt to ensure identifiability. While
this choice of training sequence is the optimal choice for the conventional
scheme studied in [VHHK04], the SIP scheme studied in this chapter uses
an impulse as a predefined design choice [ZVM03]. In [ZVM03] the impulse
was inserted periodically. But from a channel estimation point of view, a
single impulse might as well be inserted in the first time slot n = 1. This
has two major advantages: (1) The interfering noise (during channel estima-
tion), which consists of unknown data symbols, is increasing with time in its
interfering noise power. Since the channel output at the first time instant,
n = 1, contains only one interfering data symbol, and at the second time
instant, n = 2, it contains two interfering data symbols, and so on. It is
easily verified that at time n = L, the output contains the maximum noise
power Lσ2

dσ
2
h + 1. (2) Inserting the pilot periodically requires the channel to

remain static over a longer period of time.

One motivation in using an impulse which also is intuitively appealing,
is that it is desired to make the training sequence as short as possible not
only to leave a lot of time for information transmission, but also since it
does not interfere too much with the data when the training sequence later
is removed for data detection. Of course, for various practical reasons it
might not always be desired to transmit an instantaneous power peak, and
even if it is suboptimal in the Mutual Information (MI) sense, other training
sequences might be preferable.

For a more detailed description, SIP or pilot embedding for Single-Input
Single-Output (SISO) FIR channel estimation has been discussed in, e.g.,
[ZVM03,FB95].
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9.2.3 Data Detection

The received signal can be treated as a single block of data. After the channel
has been estimated and the training sequence has been removed, we will have

x′ = x − σtĤst

= σdHs + σtH̃st + n

= σdĤs + σdH̃s + σtH̃st + n

= σdĤs + n′, (9.7)

where all the received data is stacked into a single vector, i.e., x = [xt; xd] ∈
C

T+L−1×1, s = [sdt; sd] ∈ C
T×1, n = [nt; nd] ∈ C

T+L−1×1, st = [
√

Tt, 0, . . . , 0]T ∈
R

T×1, and Ĥ ∈ C
T+L−1×T is the channel matrix estimate

Ĥ =




ĥ1
... ĥ1

ĥL
...

. . .

ĥL
. . .

. . . ĥ1

. . .
...

ĥL




. (9.8)

Further, H̃ = H− Ĥ denotes the channel estimation error, and n′ = σdH̃s+
σtH̃st + n denotes the effective noise. As for any training-based scheme, the
effective noise term will always depend on the data. In general for training-
based schemes, this dependence is always neglected when the channel esti-
mates are assumed to be correct.

9.3 Mutual Information

In order to compare the different schemes, we will maximize a parameterized
version of the MI of the two systems under study. Since the systems are
modeled using discrete time memoryless channels, the capacity can be found
as the maximum of the MI. The results for the conventional training-based
scheme can be found in [VHHK04].

We will bound the mutual information of the SIP-based system by assum-
ing that the channel estimate is correct, i.e, starting from (9.7) we can write
the MI as I(x′; s|Ĥ). We note that the noise n′ in (9.7) is approximately
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Gaussian and depends on the signal due to the conditioning on the channel
estimate. But to make the analysis tractable we ignore this dependence and
only take the effects of the power into account, and substitute the noise with
a Gaussian distributed noise term that is uncorrelated with the signal but
has the same covariance as n′. Under these assumptions it is well known
that the input signal that maximizes the MI is a Gaussian distributed signal,
and since the transmitter has no knowledge about the channel we will use a
white process, i.e., Rs = E[ssH ] = IT . The optimality regarding this choice
has been discussed in, e.g., [HH03]. From this, and the arguments used in
the previous chapters, the maximum of the MI can be lower-bounded as

Imax ≥ max
σ2

t ,σ2
d

E
[
log2 det

(
IT+L−1 + σ2

dR
−1
n′ ĤĤH

)]
, (9.9)

where the expectation is over the distribution of Ĥ. The MI is indirectly
parameterized by the powers σ2

t and σ2
d, over which a numerical optimization

is performed to find the maximum of the MI subject to the energy constraint
σ2

t Tt + σ2
dT = σ2T (where Tt = L). When comparing the SIP scheme to the

conventional training-based one, one should note that in the SIP scheme the
effect of the correlation between the signal and the noise is ignored. This
approximation is not necessary in the derivation of the conventional training
scheme since the LMMSE and MMSE will coincide and make the signal and
effective noise uncorrelated.

9.4 Numerical Examples

To compare the performances, the optimal values (for each scheme) of the
power parameters {σ2

t , σ
2
d} are found by using numerical optimization of the

MI (9.9) subject to σ2
t Tt+σ2

dT = σ2T (where Tt = L). The inverse covariance
matrix of the effective noise R−1

n′ is evaluated empirically1. After attaining
the optimal powers, each system is operating in an optimal way, thus allowing
a fair comparison of their performances.

In this example, the available transmit power is σ2 = 8 dB, and the
number of channel taps to be estimated is L = 4. The figures display the
capacity versus coherence time, capacity versus SNR, and the optimal power
allocation versus coherence time. The capacity bound is here defined as the
lower bound of the maximum MI (9.9) scaled by 1/(T + L − 1), the total
time (including the guard interval) it takes to transmit a single block over
the channel.

1We evaluate it empirically and do not apply an analytic bound as is done for the
conventional case in [VHHK04].
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From Figure 9.1, one can see that when a larger part of the channel co-
herence time has to be spent on training (T small), it is advantageous to
use the SIP scheme. This is due to that the SIP scheme allows for data
transmission over the whole block, while the conventional scheme has little
time left over for data transmission. We find that the conventional scheme
quickly outperforms the SIP scheme for increasing coherence times, which is
an effect of the SIP scheme’s poor channel estimate. This result differs from
the previous chapters since the SIP scheme is in this chapter not allowed to
vary the data power in the training block, so the data power is kept constant
over the whole block. This choice is made to decrease the number of param-
eters used in the numerical optimization, since the capacity lower bound is
computed empirically for each parameter combination. If the data power in
the training block would be allowed to vary, the curves would coincide as
they did in the previous chapters.

When increasing the SNR as shown in Figure 9.2, we find that the con-
ventional scheme attains a superior channel estimate, while the SIP scheme
is self-interfering due to the unknown “noisy” data.

Figure 9.3 displays the optimal power allocation, and we see that the SIP
scheme has to allocate a lot more power for training than for data. The
reason why the optimal data power is low is that it is interfering during
channel estimation, and this is why it has a lower information throughput
compared to the conventional scheme, which can allocate more power to data
without a large penalty in effective SNR.
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Figure 9.1: Capacity vs. channel coherence time T for L = 4 and σ2 = 8
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Figure 9.2: Capacity vs. SNR for L = 4 and T = 8.
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Chapter 10
Conclusions

This chapter concludes the second part of the thesis, and provides a dis-
cussion of the findings, followed by suggestions for future work.

10.1 Discussion and Conclusions

The main aim of this work was to find answers to if and when it is beneficial to
use superimposed pilots (SIP) over conventional time-multiplexed pilots. We
looked at the case when transmission of known pilot sequences was used to
estimate a frequency-flat, block-wise Rayleigh fading MIMO channel. When
using the maximum reliable information rate as a performance measure, it
was found that SIP showed promising performance for fast-fading channels
and for many receive antennas. In other cases, the SIP scheme’s low-quality
channel estimate punished the information transmission and there was little
or no gain over the conventional pilot scheme (a variable rate scheme that
eliminates the poor channel estimates was introduced in Chapter 8). By us-
ing an equivalent projection-based model, it was shown that increasing the
number of transmitted training symbols beyond the number of transmit an-
tennas in order to achieve better channel estimates could instead be achieved
by keeping the number of training symbols intact and instead increasing the
transmitted training power. The main conclusion, though, is that SIP show
little gain over conventional pilots unless the channel experiences very fast
fading. For such fast fading channels one might want to consider other non-
coherent schemes.

In Chapter 8, we extended the schemes to allow channel re-estimation
when additional information in the form of detected symbols was made avail-
able. These variable coding rate schemes showed good performance and the
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decision-directed SIP scheme showed a performance close to the fundamental
capacity of the noncoherent channel [ZT02], which was due to the elimination
of the problem of having to rely on a poor channel estimate.

Finally, we applied the analysis to a frequency-selective channel. As one
might have expected, the results showed that SIP-based systems, compared
to conventional training-based systems, gained in capacity in scenarios where
one needs to spend a lot of the available time on training and leave less
time for transmission of information. That is, SIP is only advantageous
when there are many channel parameters to estimate and little time to do
it. The perception that SIP can estimate a static frequency-selective channel
without any loss of information rate is misleading. In its present form and in
many scenarios (e.g., long channel coherence times), SIP can not estimate the
channel without a loss of information throughput, which is due to a penalty
in effective SNR. The information loss can always be compensated by an
increase in the transmit power, but given a power increase the conventional
scheme will in most scenarios outperform the SIP scheme. The performance
of the SIP scheme can also here be increased if we can mitigate the problem
of gaining a poor channel estimate and exploit the advantage that we can
transmit the pilot embedded in the data. This can be done in similar ways
as was done in Chapter 8, but it was not studied any closer.

10.2 Future Work

The ideas that are presented in the second part of the thesis are quite gen-
eral. It would, therefore, be interesting to see how the work can be extended
to other data models, such as, e.g., time varying channels and Orthogonal
Frequency Division Multiplexing (OFDM) channels. Prior to this, a more
thorough study should be carried out to investigate the quality of the ap-
proximations that were used when deriving the MI lower bounds. The ap-
proximations were used to circumvent the problem of having a noise term
that is statistically correlated with the signal, since keeping the correlation
appears to be, at the least, a formidable task. This problem was, although,
eliminated for the decision-directed SIP scheme in Chapter 8. Because in
that case, the LMMSE estimate also was the MMSE estimate, which made
the noise uncorrelated with the signal.

If it is possible, another interesting study would be to compare the results
obtained by the methods described here to the ones obtained by minimizing
the error rate of a communication system with a predefined coding scheme,
or by studying the outage capacity. Either way, it is most importance to
emphasize that when comparing different training schemes, one must to make
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sure that one compares their, in some sense, optimal performance. Otherwise,
one can get totally arbitrary results favoring either method when comparing
their suboptimal performance.
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