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DIACOPTICS AND CODIACOPTICS

Two dual mixed methods for analysing elastic structures

by

Nils-Erik Wiberg

Synopsis

Two direct methods for analysing elastic structures are
presented. The methods are called diacoptics and codia-
coptics and they are each other's duals. The prescribed
load may consist of external forces, temperature changes
and misfits. Forces and deformations are used simul-
taneously as unknowns in the fundamental equations. The
well-known pure deformation and force methods are special
cases of the mixed methods diacoptics and codiacoptics,
respectively. The number of unknowns in the fundamental
equations of a mixed method may be reduced under the
number required in each of the pure methods. The solution
of the fundamental equations is left factorized which offers
computational advantages and facilitates modifications of
the solution required by modifications of the given structure,

Goteborg 1967



PREFACE

The aim of the investigation reported here is to give methods for
analyzing elastic structures in which the fundamental equations are
established with a more expedient choice of unknowns than in the pure
force and deformation methods. The aim also is to obtain a solution
in factorized form which is easy to modify when the structure is modi-
fied and which is suited to programming for a digital computer.

My investigation into the subject started in connection with my
"examination work' in 1964, Many of the ideas underlying the present
paper have their origin in my study of the solution of corresponding
problems in electrical engineering. The American engineer Gabriel
Kron is the most important contributor in this field.

The research was carried out during 1964 to 1967 at the Department
of Structural Mechanics at Chalmers University of Technology in
Gothenburg. I have been Assistant to the Head of the Department,
Professor Sven Olof Asplund, Tekn, D., and I am most grateful to
him for his support.

I wish to express my deep gratitude to Laborator Alf Samuelsson,
Tekn. D., for introducing me into Kron's work and for his stimulating
interest and proposed improvements. I also want to thank Universitets-
lektor Bengt A. Akesson, Tekn. D., for reading the final manuscript,
and Miss Lisbeth Renhult and Miss Lisbeth Trygg for the typing.

Gothenburg, June 1967
Nils-Erik Wiberg
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INTRODUCTION

The presented solution methods for linearly elastic structures

Two direct methods, diacoptics and its dual codiacoptics, for analyzing
linearly elastic structures are presented. They are direct in the meaning
that the solution is not given by some iterative procedure. The methods
mentioned are mixed in the meaning that the used variables are of two
kinds, forces and displacements. The methods contain the well-known
force and displacement methods as special cases. The information
from the structural network is believed to be taken care of in a better
way than in the pure force- and displacement methods, because the num-
ber of variables used in the fundamental equations may be reduced and
the inverse be left factorized, which gives possibilities for modifications
in the solution. The methods are particularly well suited for calculation
of large structures which are an assembly of identical structural parts,
substructures, because the calculation of the substructures can be made
once for all. These part solutions can then be used for all combinations
of the substructures. Therefore the methods are well adapted for the
calculation of structures built up from prefabricated elements which
usually occur in few types.

Development in structural analysis

Increased size and complexity of elastic structures and requirements as
to more precise design and performance have caused a demand for more
rigorous methods of analysis. Analysis is made more mechanical so
that the engineer can concentrate on the design. Recently, the digital
computer has become an indispensable tool of the structural engineer
and it has entirely altered the approach to structural analysis. Further-
more, many recent developments are derived from pertinent domains
in mathematics.

Solution methods in structural analysis

The fundamental problem in the analysis of elastic structures is the
determination of the distribution of internal forces and external dis-
placements under prescribed loads and constraints. For certain types
of structures this problem can be solved by a direct solution of the system
of differential equations with boundary conditions describing the elastic
behaviour of the structure under prescribed load. In other cases numerical
methods, for example difference calculus, must be used. It can be used
either for only the solution of the differential equations, or for only the
boundary conditions, or for both of them.

In the method which will be reported here, the structure is idealized
into an assembly of discrete structural elements for which the differen-
tial equation has been solved, by an exact or approximate method. This
solution gives the connection between forces and deformations at the
boundaries of the elements. The complete solution is then obtained by
combining these individual forces and deformations at the element bounda-
ries in a manner which satisfies the force equilibrium and displacement



compatibility at the boundaries of these elements. The problem is then
transferred to a problem of algebra. In this paper the behaviour of the
structural element will not be treated but only the interconnection of the
elements.

The force and displacement methods

Methods based on discrete element idealization have been used exten-
sively in the recent years for the analysis of structures. Such methods
may be classified broadly into two groups: Displacement methods
(stiffness methods) in which geometrically compatible states in indivi-
dual elements are combined to give equilibrium, and force methods (flexi-
bility methods) in which equilibrium states in individual elements are
combined to give geometrical compatibility. The optimal choice of
method of analysis depends mainly on the type of the considered structure.

Recently, many authors, Samuelsson [1], Fenves and Branin [2]
and Spillers [3], have studied the structural network problem and have
given network formulations of the force and displacement methods.

The structural network and the equations derived from it

The physical problem is described by a fundamental equation system.
By variable transformations the fundamental equation system can be
transformed to an equation system which may contain fewer variables,
and which may be easier to solve. Such a suitable variable transfor-
mation is often very difficult to find. It is much easier to study the
physical problem itself to find the most suitable fundamental equations.

"~ The pure displacemernt or force method will not always give the
simplest solution. The information of the structural network can often
be utilized in a better way, in the meaning that the number of variables
can be reduced, by mixing the force and displacement variables.

The American electrical engineer G. Kron says: "Give me not only
the equations, but the model itself, from which the equations have been
derived and I can solve the problem more satisfactorily'. This means
that the equations do not fully represent the model from which they have
been derived. The model contains more information than the equations.

The idea of tearing and interconnecting by G. Kron

G. Kron has introduced a very useful method for solving large physical
problems which he calls diacoptics. Most of his work is based on the
idea of ''tearing and interconnecting''. This consists in removing 'tearing
branches" (members) from the structure in such a manner that the original
structure is broken up in a set of independent wellbehaved substructures.
They should be wellbehaved in the meaning that they should be grounded
so that their stiffness matrices become nonsingular. The substructures
contain all the joints (nodes) of the original structure. First the sub-
structures are calculated separately by the displacement method and then
they are interconnected by use of the tearing branches to a so called inter-
section network by the force method and then the grounds must be released.
The number of variables is here increased compared with the usual dis-




placement method by the number of the force variables in the intersection
network and the variables of the temporary grounds, but other computa-
tional advantages are gained, see Kron [4], [5], [61, [7], Roth [8],
[9], as seen in a later chapter. Kron himself has published solutions
to electrical networks but also to a couple of structural problems in the
way mentioned above.

The same method for calculating elastic structures has been used by
Spillers [3], Fenves [10] and Kjellberg-Wiberg [11].

The diacoptical and codiacoptical methods

The number of variables is increased when Kron's method, diacoptics,
is used in the original manner. An improvement of the method which may
result in a decrease of the number of variables is possible, see papers
on electrical networks by Weinzweig [12], Amari [13].

This improvement is here adapted to elastic structures and gives the
solution in a mixed form by using both force and displacement variables
which can be chosen quite freely. By special choices the number of
variables may be reduced below the number used in displacement and
force methods. In Kron's original method the substructures are solved
with displacement variables, and they are interconnected by beams by use
of force variables. In the improvement of the method, the substructures
can be interconnected by an arbitrary structure. By use of self-
equilibrating forces for nongrounded Substructures, an improvement
is gained compared with Kron's use of temporary grounds, which must
be released, in order to get the real force distribution. There is also
a dual method, codiacoptics, in which the substructures are solved by
force variables and the intersection network is solved by displacement
variables. The usual force and displacement methods are two special
cases of diacoptics and its dual codiacoptics. A mixed method in struc-
tural analysis has earlier been presented by Asplund [14].

Here the exposition is restricted to frames, but by a simple genera-
lization the methods can be used for structures composed of more
general members as plate and shell members.



TOPOLOGICAL MODEL OF THE FRAME STRUCTURE

Graphs, branches, nodes, loops

A topological graph or short graph X, Fig. 1, see Lefschetz [15],
is a geometrical representation of a finite set {x} of elements x0 or xp
and of oriented elements x1 or X1, with a one-one correspondence to
an oriented open line element., The numbers 0 and 1 denote the dimen-
sion. The dimension of x is denoted dimx or by an index as xP, p =0, 1.
Between elements of different dimensions an incidence number is defined.
The incidence number of x} and x? is denoted by [x}:xV] or Eij.

The 0-dimensional elenlents %0, x( are called I nodes and %he 1-dimen-
sional elements x1, x1 are called branches.

node xo, Xy

oriented branch x1, x4
loop ml

Fig. 1. Graph X

The orientation of the branches is given by defining the first and
second ends of the branch and is -visualized by an arrow, see Fig. 2.
The choice of orientation is trivial.

- +

Fig. 2. Oriented branch

A branch xl is said to be positively incident to a node x? if it begins

there, and negatively incident if it ends there, see Fig. 2. The incident
number gets the respective values

(1) [x}l :x?] =Ejj=1, -1lor0

In the examination of the graph oriented closed branch successions
of nodes and branches called loops, denoted by ml play an important
role. The orientation of a loop'is defined by a cyclic order of the nodes.
The orientation of a loop can also be chosen arbitrarily and is shown
by a curved arrow.



Incidence matrices

The incidence relation for the graph given by the incidence numbers
(1) can be represented by a matrix E which contains elements

(2) Eij =+1, -1, or 0

when branch x? is positive, negative or not incident to the node x?.
The incidence relation between a loop and its branches can be given

by an incidence matrix Z with elements

(3) Zyj = +1, -1, or 0

when the branch x% is positively, negatively or not included in the loop
mj. For the graph, Fig. 1, the following incidence matrices are
defined

node branch branch loop
1 2 3 4 5 m; m
(4) E= Al-1 1 , 4= 111
B -1 1 -1 2|1
C 1 1 311 -1
D| 1 -1 -1 4 -1
5 -1

Open and closed subgraphs

Hitherto the graph has been studied as a whole, but now parts of it
will be examined.

Define as an gpen graph, see Fig. 3, any subgraph U of X such that
if any element x? € U and Ejj % 0 it implies that le € U or short

(5) U = {x] e X} U{leeXlEij:LO}

%0
1

Fig. 3. Open graph

I%efine as a closed graph, see Fig. 4, any subgraph V of X such that
if Xy € V and Eij ¥ 0 it implies that xy e V or short

(6) V={leeX}U{x?eXl Eij $ 0)
XO X;l' Xp

i iy i

2
"~

Fig. 4. Closed graph



Stars, closures, boundaries

There are three important sets associated with any element x¢ X.

) The star of x? = Stx? = xg u{le | Eijj +0)
(8) The closure of x]1 = Clxj1= le U{X?I Eij 10}
(9) The boundary of x! = Bxl = c1x! - x}

] ] ] J
The notion star, closure and boundary can be generalized as follows.

Let Y = {x0} be any subset of nodes of X, then the star of Y, written StY,
is the union of the stars of all elements xo, see Fig. 5. Thus '
(10) st {x0} = {stx0}

In a similar way, see Fig. 6,
(11) c1{xl} = {c1x]}

The boundary of an open subgraph Y is

(12) BY=ClY-Y

Fig. 5. St{x0} = {stx0}

/o N A

Fig. 6. Cl{xl} = {C1x!}
A subgraph Y of X is said to be open whenever
(13) Sty =Y
and closed whenever
(14) ClY=Y

If one of the graphs Y and the complement of Y in X denoted X - Y is
an open subgraph, the other is a closed subgraph.

10



DEFORMATIONS AND FORCES

Chains and cochains

The graph X is made use of in the following investigation of the frame
structure. Forces and deformations are associated to the graph, see
Samuelsson [1] and [16].

The load on a member xj € X is defined as a vector Nj of a vector space
V6 over the field R of real numbers, because any load can be obtained by
a linear combination of three independent forces and three independent
moments. (In special cases, a vector space of lower dimension than 6
will suffice.) As member loads we choose the forces and moments at
the positive end of the oriented member, see Fig. 2. The state of internal
forces can be represented by help of functions ¢ called chains:

(15) cl:{xl} = v6
which are defined as

(16) el =xIN
where x1 is a row matrix of the basis elements x-1 for the branches and
‘N is a column matrix of the a1 "associated" menber loads Nj. The
functions cl are now considered as vectors of a vector space C of dimen-
sion 6 @1. Such a vector space is called a chain group.

In the same way the deformation of a member x1 € X can be represented
by functions ci called cochains. The member deformation is uniquely
obtained by a linear combination of 6 independent deformation components:

17y e1:{xy} > Vb
which are defined as
(18) ¢l =xin

where X1 is a row matrix of the basis elements x1j for the branches and
n is a column matrix of the @] member deformations nj.

The cochains ¢1 considered as vectors form a vector space C of dimen-
sion 6 a1 called a cochain group.

The load and deformations at one node 9, Xpj€e X, can be obtained by
linearly independent components Pj and pjﬁnd are represented by chains
and cochains

(19) c0:{x0} —» v6
(20)  cg:{xg} -> VB
which are defined by
(21) c0=x0p

11



where x0 is a row matrix of basis elements x? and P is a column matrix
of the a( "associated" node loads Pj, and

(22) cQ = XQPp

where x0 is a row matrix of the basis elements X0j and p is a column
matrix of the @ associated node deformations pj.

The chains cY, ¢cg considered as vectors form chain groups c0, cp
of dimension 6 @g, where ag is the number of nodes in X.

Chain-boundaries and 1-cycles

The boundary of a closed branch le, see Fig. 7, is defined by

2
1_.0_.0_.0 O, _ Om. _ 0.

Fig. 7. The boundary of le

Now the chain-boundary or merely the boundary of a 1-chain, see (16),
by use of (23) is defined as a 0-chain

(24) acl = axIN = xOEN
A chain ¢l which satisfies
(25) scl =0
is said to be a 1-cycle on X or short a cycle and is denoted by hl,

Continuity conditions for forces

All combinations of vectors of Cl, c9 and C1, Cgp are not physically
realizable but only those which satisiy defined continuity conditions,
see Samuelsson [1].

The relation between the chains in Cl and CO, is formulated by a
linear transformation

12



26) a:cl-» 0

called the boundary operator, which is defined in (24) as

(27) 9cl =x0EN =x0p = 0

We observe that the member forces Nj must be written relative the same
coordinate system with a common origin.
It follows from (27) that

(28) EN=P

Of all elements of CV only those are of interest which satisfy 6 in-
dependent conditions of statical compatibility for the structure as a whole.
These elements constitute a subspace B0, Any element of BO, called
structure load, can be prescribed if the structure is stable. For a stable
structure holds

(29) Imd = BO
(30) dim B0 = 6 - 6 = 6(ag-1)

A get ¢l of inner forces is an element of Kerd = Hl, with dimH! = [TAR
if 8 c1‘ = 0. These elements, called cycle forces are denoted hl. The
o1 member loads Ny in a frame with zero structure load can be expressed
as a linear combination of p independent loads Rj. The basis of the p
cycles can be chosen such that it can be split into sets of oriented loops ml.
Thus we write an element hle H as

(31) h! = mIr
where
(32) ml=xly
is a basis row matrix of the p cycles, and R is a 6 p~column matrix of
the Rj cycle loads.
In a formalistic way we write the projection
(33) j:Hl > !
where j is defined as an inclusion transformation. Thus
(3¢)  cl=jul = jmlR) = x1ZR = xlny,

1. ajnl = axlzR = x0EZR

(35) 0=08¢
It follows from (34) that

(36)  ZR =Ny

13



For the dimensions hold
(37) dim €1 = dim BO + dim H!
(38) dimHl = p =61 - 6(ag-1) = 6(a1-ag+1)

Continuity conditions for deformations

In order to study the kinematical configuration, the dual operator to 9,
the coboundary operator § is defined by regarding the cochains as linear
functionals of the chains. See Samuelsson [16], Halmos [17], Ghenzi [18].

(39) §:Cgo > Cq

0

For arbitrary values of cle clandec ¢ CO the scalar product

(40)  [ecg, 8cl]=[o¢cq, cl]

is defined, see Halmos [17].

The value of (40) is a scalar and corresponds physically to virtual work.
Thus (40) is the conceptual counterpart to the generalized work equation
of Maxwell-Mohr, see Asplund [14].

The elements of Cg are linearly dependent because of the rigid motion,
composed of 6 linearly independent displacements of the frame which do
not cause any deformation of the members. This corresponds to the Kernel
of 6 denoted Ker 6 with dim (Ker §) = 6.

We now define a quotient space

(41) Bg = Co/Ker b
(42)  with dim Bg = 6(ag- 1)

The elements bg in Bg are called structure deformations.

Chains hi of member deformations which differ by chains of member
deformations kinematically compatible with chains of joint displacement
are considered as vectors, called cycle deformations denoted by r, ina
quotient space

(43) Hi =C1/Im?d
(44) dimHj = 6(a¢1-ag+1)
The continuity condition for deformation is now written
(45) j*:C1 > Hy
The operator j* is the dual operator to j because
(46)  [i*e1, hl] = [e1+6cg, h1] = [eq, h!] + [oc, BT = [eg, BT +

+ [co, 8h1] = [e1, h1] + [cg, 01 = [e1, h1] + 0 = [cy, jhl]

14



The formula (46) is the conceptual formulation of the generalized
work equation of Maxwell-Mohr for an auxiliary structure loaded with
"gap loads'' here called cycle loads.

If h1 = 0 then
(47)  0=hy =j*cy = j*8bg
We now have the following sequences:

(48) gl & ¢l & g0
dim 6(a@y -a@g+1) 6a1 6(ag-1)
1%
(49) H 4 ¢y < B

It follows from (35) and (47) that for operators 9, j and its duals 6, j*
hold

(50) 9j=0
(51) *6=0
The sequences (50) and (51) are said to be exact.

If we choose dual basis for corresponding spaces the dual transfor-
mations are represented by transposed matrices, see Halmos [17].



DISSECTION OF A GRAPH

Subgraphs X(0) and X(1) of a graph X, Dissection (X(0), X(1))
Let X(1) be a closed subgraph of X, then according to (11)

(52)  CIX(1) = X(1)

The other part of X called X(0) is an open subgraph, the complement
of X(1) in X, which is written

(53) X(0) = X - X(1)

We observe that
(54) X(0)U X(1) =X
(55) X(0)n X(1)y=0

We also observe that
(56) St X(0) = X(0)
The pair (X(0), X(1)) is called a dissection of the graph X, see Lefschetz
[lslgliysically the dissection of the graph X, see Fig. 8 where the dissec-
tion is visualized by a marked line, means that if X(1) contains a branch
(loop) it also contains the nodes (branches) incident to it, because X(1) is

closed. If X(0) contains a node it also contains all the branches incident
to it because X(0) is open. Compare Figs. 5 and 6.

Fig. 8. Part of a dissected graph

Dissection of a chain

The dissection of the graph induces a dissection of an arbitrary chain
d in chain group D, which can be C1, C1 or B9, Bgon X. The dissection
of a chain is made by the projection and the injection operations.

The projection 7(i) of D(X) into D(X(i)) or short

(57)  7(i):D ~> D(i); i=0, 1

is defined by regarding the X(i) part of the chain d in D as a chain d(i) in
D(i), see Fig. 9. We write shortly

16



(58)  w(i)d = d(i)

d (i) =m(i) a(i)
i) .
P . - Y
(O

Fig. 9. Projection 7(i)
We observe that
(59) d = d(0) ® d(1)
We can write

(60)  d=yY= d(0) = y(0), y(1). "¥(0),
(1), X(1),

y=x1, X1, xoorxo; Y=N,n Porp

where [y(0), y(1)] is a partitioned row matrix of element basis (the
elements in {y} ¢ X are called an element basis) and [Y(0)*, Y(1)*]* is
the partitioned column matrix with "associated" matrix representatives.

In the analysis of the dissected structure mixed vectors are needed
and are defined as

(81)  [e1(0)] = [x1(0), x1(1)] [n(0)]

elq)) IN(1);
and
(62) [cl(oﬂ = [x1(0), x4(1)] [™(0)
Leq(1)] in(1)

The injection o(i) of D(X(i)) into D(X) or short
(63) o(i):D(i) = D; i=0, 1

is defined by regarding a chain on X(i) as a chain on X itself, see Fig. 10,
and we write shortly

(64) o(i)d(i)=d; i=0,1
We write by use of matrix formulation the injection operator

(65) o = [0(0), o(1)]

17



odi)=d  d(i)
|

Fig. 10. Injection o(i)

and the projection operator

(66) T = ?;TT(O)
(1)

|
i
{
i
-

It is easily seen that
(67)  om =[0(0), o(1)] [7(0) = o(0)7(0)+ o(1)m(1) =1
i
Lm(1).
where I is the identity operator.

Properties of the groups on X(0) and X(1)

Now the groups on X(i) have to be compared with those on X itself.
By use of the identity operator (67) we can write the boundary of a
1-chain on X

(68) scl=0a(1 cl) = somel = 8 [0(0), o(1)] {n‘(O)—; cl
(1))

Since X(1) is closed a boundary of a 1-chain on X(1)
(69) so(l)m(1) el = ac(1) cl(1)

has no part on X(0).

It follows that a cycle on X(1) is also a cycle on X.

Since X(0) is the open complement of a closed subgraph X(1) in X, the
boundary of a chain on X(0)

(70) 30(0)m(0) c1 = 50(0) c1(0)

when regarded as a chain on X may lie partly on X(1).

Definition: A relative 1-cycle on X modulo X(1) is a 1-chain ¢l on
X(0) the boundary of which (a 0-chain) is on X(1).

We now also define cycle spaces for the dissection:

H1 is the space of all the cycles and relative cycles h1(0) on X(0)
and
Hl(l) is the space of all cycles h1(1) on X(1) so that

(71) gl = 5l0) @ #l(1)

18



The cycles on X and X(1) are sometimes called absolute cycles.
In Fig. 11 cycles and relative cycles in a dissected graph are shown.

cycles on X(1)

hi‘(o hi(O) and h?(o) are relative cycles on X(0)
(0)
X(0): 3 h%(O) is a cycle on X(0)

Fig. 11. Cycles on X(1) and cycles and relative cycles on X(0)

Dissection of the boundary operator

We need boundary operators for the dissected parts. Four such
operators, two pure and two mixed, can be formally obtained with the
aid of matrix algebra.

From (27) and by use of (68) we obtain

(72) b0 = ael = a[o(0), o(1)] [H(O)]cl
(1)

This equation is now operated on by the projection operator (66) from
the left which gives

(73) b0 = 7b0 = ﬁr(O):! b0 = [bO(O):l =macl =malel =maogmel =
m(1) b0(1)

=Mﬂﬂm»mnﬁﬂd=rwmmmeWrmq

(1) (1) m(1)80(0) m(1)ao(1)] Le(1)
= [8(0) a(01)} [01(0)] =gcl
2 (10) 8 (1) ] Lel(1)

where new boundary operators are defined as

(74) m(i)oo(k) = Joa(i) wheni=Kk i, k=0, 1
9(ik) wheni#k

Since X(1) is closed the boundary, 80(1) cl(1) has no part on X(0). Thus
(15)  7(0)a0(1) = 8(01) = 0

19



The subgraph X(0) is open which implies that the boundary ac(O)cl(O)
has a part on X(1). Thus

(76) 7(1)80(0) = 8(10) 0
The dissected boundary operator can be written

(77) 8 =130 = {8(0) 0|
la(10) (1))

The operator 5(10) transforms c1(0) into bo(l), which means that it yields
the X(1) part of the boundary 50(0) of ¢1(0) on X. Physically this means that
8(10) represents the connection relation of the boundary operator between
X(1) and X(0). The dissection of 8 is shown in the diagram of Fig. 12,

clq) n(1)oo(1) = 8(1)  bO(1)
o n(0p0(0) = 0(10) 7|
el > 10
a(0) A Y?T(O)
)  m(0)50(0) = 5(0)  bO(0)

Fig. 12, Diagram representation of the dissection of 8

The dissected boundary operator 8 is represented by the incidence
matrix E, see (2), which is partitioned according to

(718) b0 =x0p = [x0(0), x0(1)] [p(oq = acl = axIN = x0EN =
P(1)

= [x0(0), x0(1)1E [N(O)} = [x0(0), x0(1)] [E(m 0 1[1«(0)]
N(1) E(10) E(I)J N(1)
The partitioning of the matrix E should be compared with the definitions

of the open and closed graphs, see formulas (5) and (6). From (78) we
find

(79) [pm)} = [E(O) 0 ] [N(of
P(1) E(10) E(l)} N(I)J

The dissected boundary operator 8 for the dissected structure in Fig. 13
is represented by the matrix
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1 2 3 4 5 6
(80) E=B[1 -1 | = [E(O) o]
(o} N S S E(10) E(1)
Af-1 S
D 101 1

which is a topological matrix with coefficients 1, -1, 0, see (2).

B 1 \‘A 5 v
o
2 G
‘3 j
C
X 2 xQ)

Fig. 13. Example of a dissected structure

In the same way as above the coboundary operator 6 is dissected and
new coboundary operators 6(0), 6(1) and 6(01), 6(10) are defined.

(81) 6=m60= [n(oija[om), o(1)] = [5(0) 5(01)] = {5(0) 5(01)]
(1) 5(10)  5(1) 0 8(1)

The dissected coboundary operator is shown in the diagram of Fig. 14.

cit) _ 8(1) =w(1)6o(1)  Do(1)

7(1) /}0(1)
7(0) (01) = ﬂ(O)ﬁo(l}*“(o)

cq(0)  8(0) =w(0)80(0)  bg(0)
Fig. 14. Diagram representation of the dissection of 6

Digsection of cycles

For cycles hl on X we define projection and injection operations.
The projection

(82) (1) : H! - HI(1)
transforms cycles on X in the X(1) part to cycles on X(1) and

(83) 7(0) : H! —5 H1(0)
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transforms cycles on X in the X(0) part to cycles or relative cycles on X(0).
The injection

(84) o(1) : H1(1) ~> H1
is obtained by regarding the cycles on X(1) as cycles on X itself and
(85)  o(0) : H(0) —> H1

is obtained by regarding cycles and relative cycles on X(0) as cycles on X
itself,

Dissection of the inclusion operator j

The continuity condition (34) for the member forces when the joint
loads are equal to zero, is

(86) jhl = ¢l

We use matrix algebra to dissect j into four parts, two pure and two
mixed ones.

(87) rjhl=qel= [cl(O)] =7mjIlhl =7jornl = [w(m} ila(0), o(1)] [11(0)] hl =
cl(1) m(1) m(1)

= [7(0)jo(0) w(O)jo(n} {hlw)} = [J'(O) j(on} [hlm)J
7(1)jo(0)  7w(1)jo(1)] Lnl@)) Loy i) J i)

Since X(1) is closed a cycle jo(1)h1(1) on X(1) is a cycle on X and thus it
has no part on X(0), which gives

(88) 7(0)jo(1)h1(1) = 0 or w(0)jo(1) =j(01) =0

A cycle on X which partly lies on X(0) is a relative cycle and contains
1-chains both on X(0) and X(1). Thus

(89)  w(1)jo(0)h1(0) + 0 and 7(1)jo(0) = j(10) £ 0

The operator j(10) takes the X(1) part of a cycle, which is a relative cycle
on X(0), on X, see Fig. 15,

}
n
i
i $(10)h1(0)
]
]

X(0) X(1)

Fig. 15. The operator j{10)
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Now the dissected operator j is written

(90) j= E(O) 0 J
(10)  §(1)

The operator j is shown in dissected form in the diagram of Fig. 16.

By W =r@)jo) clq)

1)jo(0) = j(10
o(1) + " )J.U( ) %w(l)
hl = cl
7 +/ y m(0)

hi(0)  3(0) = 7(0)jo@)  cl(0)

Fig., 16. Diagram representation of the operator j

The matrix representation of the dissected operator j is defined by
the matrix Z in partitioned form in

(1) el= { cl(oﬂ = [x}(0), x1(1)] [N(O)‘} = jhl = jmlz

Ll N(1)
= x1zr= [x}(0), x1(1)][Zz(0) © HR(O)]
{z(m) Z(1)| {R(1)

We obtain form (91)

(92) {N(O)_' = [Z(O) 0 M'R(O)—j
IN(1), [Z(10) 2Z(1)] | R(1)

For the dissected structure in Fig. 13 the operator j is represented
by the partitioned matrix

(93) z=[z(0) o]=1” 1]
7(10) zZ(1)] 2| 1

' 311 . __

4217771

5 b1

61 b -1




Exact sequence 8j = 0 in dissected form

The exact sequence 3j = 0 is now dissected in a formal way by use of
matrix algebra.

(94) 0 = 8j

[3(0) 0 [j(0) 0$=[ 3(0) j(0) 0 1=
0

5(10) (1) [j(10) (1)  La(10)i(0)+ 8(1)j(10) 8(1)i(L).
=[0 0}
0 0

This implies that

(98)  2(0)j(0)=0
(96)  a(D)i(1)=0
(97)  2(10)§(0) + 8(1)j(10) = 0

In X(0) a relative cycle is a chain on X(0) the boundary 8(10)j(0) of
which lies on X(1). Compare Fig. 17.

hi(1) 10
nl(0)
30)

Fig. 17. Diagram representation of the exact sequence 8j = 0.
Operators for the relative cycle with heavy lines.

We now want to verify the formulas (95), (96) and (97) for the dissected

structure in Fig, 13.
According to (80) and (93) we obtain by use of matrix representation

E = [E(0) 0 l=[1 -1 ;
E(10) E(1) | ____ Y SN R
-1 -1 1
i 1,1 1
z=[z(0) 0]:'1; ]
Z(10) Z(1) 1,
1
-1 1
vl
| -1
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We get

E(0)Z(0) = [1 _i _1] [ﬂ = [g} E(1)Z(1)= [—i 1 J [ﬂ = [g}
E(10) 2(0) + E(1)Z(10) = [-1 1] [q + “ 1 1] [-1] = [ﬂ + [ﬂ = [g]
1

A relative cycle is a chain on X(0) the boundary of which, a 0-chain,
lies on X(1). By use of (77) and (90) we find

(98) c0(1) = 5(10) ¢1(0) = 8(10)j(0)h1(0)
The operators 8(10) and j(0) are found in & and j but the product 5(10) j(0)

can be established at once by help of a so called equivalent structure of X(0),
see Fig. 18, which only describes the connection relation to X(1).

equivalent structure of X(0)

Fig. 18. Equivalent structure

Thus we find by help of the equivalent structure in Fig. 18

my
E(10) Z(0) = g [-ﬂ

The operator j(10) takes thé X(1) part of a cycle, which is a relative
cycle on X(0), on X.
The boundary

(99)  <0(1) = (1) j(10)n1(0)

is the boundary of the X(1) part of a cycle, which is a relative cycle on
X(0), on X. The operator 8(1)j(10) can be established at once, see Fig. 19.
Thus

my

E(1)Z(10) = g [-ﬂ
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mi

Fig. 19, The operator j(10) takes the
X(1) part of a cycle on X

Dissection of the exact sequence j*6 = 0

In a similar way as for 3j = 0 the exact sequence j*& = 0 is formally
dissected

(100) 0=j*6=rj*l100=nj*ondo= [j*(O) 8(0) j*(0) 6(01)+j*(01)6(1)] =

0 j*(1)8(1)
= [0 0}
0 0

This means that

(101)  §*(0)5(0) = 0

(102)  jx1)8(1)=0

(103)  j*(0)6(01) + j*(01)8(1) =0

In Fig. 20 the exact sequence j*6 = 0 is given in diagram form.

hy (1) ) el 8(1)

P -t - bO(l)
F01) 6(01)
- S bp(0
h10 PO a® o0 o

Fig. 20. Diagram representation of the exact sequence j*6 = 0
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THE ELASTICITY CONDITIONS. HOOKE'S LAW

The elasticity condition in mixed form

The elasticity condition for a structure gives the connection between
all its member forces and member deformations. It is described by
functions called the member flexibility isomorfism

(104) f:cl > ¢y
or the member stiffness isomorfism
(105) F:Cy-» cl

The flexibility isomorfism is represented by the member flexibility
matrix £ according to

(106) xyn=fxIN=xlfN

where x1, x! are row matrices of element basis and n, N are corre lgonding
column matrices with associated matrix representatwes and f = [f 1Y isa
matrix with member flexibility matrices f; along the diagonal, From (106)
we obtain

(107) n=1fN

We state that the matrices fj should be positive definite matrices which implies
the member stiffness matrices

(108)  Fj=1ij 1

We may split the vectors nj and Nj into nj = [n(O) n(1)¥1* and Nj =
= [Nj(0)*, Nj(1)*]*. We may regard] the member deforma%mns nj (0) and
member forces Nj (1) as a mixed vector [n(0)f, Nj {1)1* and member forces
N(O) and member deformations n(1); as another mlxed vector [N(0)¥, n(1)¥
éan then write the elasticity condition for the member in the mug forzln

(108) [n(O)j = F(O)j j ] [N(O)j]

Ny Ley  Fsl Iy
It is mixed in the meaning that it contains both flexibility and stiffness
coefficients. Compare Fig. 21,

0) m] = [£(0); o |[M
y x! b 1)],] N} [B,’ F(1); H
% T t

s - . -—-PN L
t
N , where [M] = [N(0)
) Ju [ [ ’]

1
::1 n( )]

-l

Fig. 21. Beam with mixed variables
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For a dissected structure (X(0), X(1)) We regard a deformation vector
c1(0) on X(0) together with a force vector ¢ 1(1) on X(1) as a mixed vector,
see (61), represented by a column matrix[n(0)*, N(1)*}*. The set of
associated forces c¢1(0) and deformations c1(1) regarded as a mixed vector
is represented by a column matrix [N(0)*, n(1)*]*. We define column
matrices n(0) = [n(O) 1, N(0) = [N(O) 1, n(1) = [n(l) ] and N(1) = [N(l) 1.

The elasticity condltlon for the d1$sected structure can now be ertten

o

(110) fl‘n(O)Tz—f“f(O) a gN(O)
IN(1)! LB F(1) n(1).

where
£(0) = [£(0) 1P, F(1) = [F(1);1P, @ = [0;1° and 8= [§;1°

D denotes diagonal

We now define for the dissected structure a mixed isomorfism (£, F)
represented by

(111) (£, F) = £(0) ozi
L8 FQ).

We observe that @ = 8 = 0 means that the variables in a branch x! either
are merely forces N(0); or merely deformations n(1);.
In Fig. 22 the mixed isomorfism (f, F) is shown in a diagram.

cl(0) 8 cl(a)
£(0) F(1)
¢1(0) o e1(1)

Fig. 22. Diagram representation of the mixed isomorfism (f, F)

Here we restrict our exposition ot the special case when (f, F) is a
linear function. A sufficient condition for this is that the member mate-
rial obeys Hooke's law and that a first order theory member analysis is
undertaken, see Akesson [19]. It is possible to extend the treatment to
the case when (f, F) is given as a differential operator. Our frame prob-
lem is then translated into an initial value problem. To get a solution to
this problem an initial value is needed and the solution can then be obtained
by some suitable method of numerical integration, for example by the
Runge-Kutta integration scheme, see Richard and Goldberg [20], [21].
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Transformation of a pure isomorfism into 2 mixed one

The isomorfisms f or F given for the whole structure can easily be trans-
formed to a mixed isomorfism (f, F) consistent with a chosen dissection
(X(0), X(1)), We find by formal expansion of
(112) cl=Feq
(113)  7mel= [7(0)]cl = [cl(())] = TFcy =7 FIcy = TFoncy =
Lm(1)] cl(1)

= [m(0)] F[0(0), cr(l)][n(O)J cq = [W(O) Fo(0) w(0) Fo(l)]
(1) (1) 7(1) Fo(0) m(1) Fo(1)

[7(0) F(Ol)] [CI(O)]
[ F(10) F(1) | Leq(1)

In (113) new member stiffness matrices are defined according to the
dissection (X(0), X(1)):

el
cy(1)

i

(114) 7@)Fo(i)={F@l) ifi=k i, k=0, 1
| F(ik) ififk

Partiversion of (113) yields

(115) [ c1<0)] = [ F(0)-1 -F(0)~1F(01) J [c1(0)]
cl(1) -F(10)F(0)"1  F(1)-F(10)F(0)-1F(01 Lcl(n |
In the same way a pure flexibility isomorfism can be transformed into
a mixed one.
If @ = 8 = 0 the transformation (115) is simple because F(01) = F(10) = 0.
The inversion of F(0) is only an inversion of block matrices:

F(0)"1 = (F(@);1°) ! = (F(0);11P = [1(0);1P
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THE SOLUTION CF THE FRAME PROBLEM IN DISSECTED FORM

The partitioned system of equations

The continuity condition for the force distribution can be written
(116) cl= cé +jhl
where
(117)  c} =510
is a particular solution of the inhomogeneous continuity equation
(118)  acl =10

The continuity equation (118) is dissected and we get by use of (90) and
the notion (58)

(119) wel= ’w(m] cl = “w(O)cg' + [N(O)]jhl = [61(0)} = [cl(O)p] +
7(1) m()ed]  Lm(1) cl(n)] Lel(np

+ [i(® o7 [ak0)]
i(10) (1)) i)

The continuity condition for the deformation configuration can be written

(120) cy1=cyp+Obg

where

(121)  egp= (%) 1ny

is a particular solution of the inhomogeneous continuity equation
(122)  j*c1=h1

The cohtinuity equation(120) is dissected and by use of the notion (58)
we obtain

(123) 7mey = "n(oﬂ cy = [W(O)clp“ + {W(O)] Sbq = Fcl(O)] = [ cl(oﬂ +
[ m(1 m(1)etpl  Lw(1) c1(1) c1(1)

+ [6(0) 5(01)} [bo(())—
|0 5(1) J Lbo(1)]

In addition to the continuity conditions we have the elasticity conditions
given by the mixed isomorfism (f, F) in (111).
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(124)  [cq(0)] = [fm) o[ cl(oj
Al L r) Leg)

Insertion of (119) and (123) into (124) gives

(125) [cl(O)p + [a(o 01)} [1(0) ] L rh1(0)] -
cl(1) 0 [bo1) o) ! [nt)

= [f(O) a} [(:1(0)p + [j(O)] hi0) + [ 0 Tog(l)
g F) \leymp) Lo Lo,
or

(126) [f(O) a] 5(0) o] [ hl(O)j’ - [5(0) 5(01)] [bo(oﬁ -
B FMJLo s(1) Lbou) 0 0 ] lop1
-[ 0 0] [hl(o} Fcl(oJ £(0) a'J Fcl(())ﬂ
jao) il Inin)  Lelap! Lo rl Ley)
We multiply the equation (126) with [j*(O) 0 | from the left:
0 (1))

(127) [j*m)f(on(m j*(O)aé(i)}{h%m]—[j*(ma(m j*(O)c(on} [bo(oﬂ-
5(1)Bi(0)  a(1)F()8(1)] Lbo(1) 0 0 bo(1)

-[ 0 0 } [hl(O)] = [j*(O) o:! 7/—c1(0)p] -
2(13(10) a0 [t Lo sl (Lel(y
-[50)  « j!
L6 F()

By use of (96), (97) and (101) we get the fundamental equation system
of the dissected elastic structure

(128) [ i*(0) £(0) j(0) ~j*(0) 6(01)+j*(0>a6(1)] [ h1<0)}
5(10) j(0) +8(1) 8 3(0) 8(1) F(1) 6(1) bo(1)

[cl(ﬂ)ﬂ\
c1(1) //’

= ”h1(0,1)';
LoO(l,O)i

i

where

(129) [hl(o,l)‘" = [i%(0) o}frc1<0)g-[f<o> @ 7 [el(o)
bO(l,O)J Lo s \Lcl(npl B F(M Lc1(1)j

31



The fundamental equations are built up in such a way that we can
prescribe structure loads b0 and cycle deformations hy, which implies
particular solutions ¢l and C1p according (117) and (121). These par-
ticular solutions enteip the right hand side of the fundamental equations
(128). The term hy(0,1), in (128), is an equivalent cycle deformation
on X(0). It depends on cycle deformations on X(0) and influence from
cycle deformations and structure loads on X(1). The term b0(1,0) is an
equivalent structure load on X(1).It depends on structure loads on X(1)
and influence from structure loads and cycle deformations on X(0).

From the fundamental equation system (128) we can solve cycle loads
h1(0) and structure deformations bg(1) in two special ways. In the dia-
coptical procedure cycle forces h1(0) are first solved and in the co-
diacoptical procedure structure deformations bg(1) are first solved.

The dissection of the particular solutions

The particular solution of 8cl = b0, see (118), which may be written
cé = 3~1b0 where 8-1 is determined from the condition

(130) s5-l=1
is now dissected, see (77).

(131)  acl= {a(O) 0 HCI(O)} = {bO(O)} = b0
5(10) a(1)] Lel(1) bO(1)

From the first and second rows in (131) we obtain
(132)  cl(0), = 2(0)"11%0)
where 5(0)~1 is determined from
(125)  8(0)a(0)"1=1
and _
(134)  a(1)cl(1)y = -a(10)c1(0), + bO(1)

By studying the prescribed vector (129) we observe that the term
a(l)cl(lép is directly used. Thus a particular solution 1 for forces is
only needed in the X(0) part of the structure. This particular solution
cl(O)p2 must be chosen so that the structure X(1) is in equilibrium, see
Fig. 23, or the forces (134) on X(1) must be selfequilibrating, if the
structure X(1) has no ground. Between these selfequilibrating forces
there exists a condition of statical compatibility.

By using these selfequilibrating forces a great advantage is gained
relative to earlier work by Kron [6], [7], because in Kron's papers
the structure parts corresponding to X(1) had to be grounded, and then
the temporary grounds had to be released which resulted in extra
variables and computational work. -
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bO(O) -9(10) kC]-(O)p

/

X(0) / X(1)

Fig. 23. Part of dissected structure
X where X(1) is ungrounded

The particular solution of j*c{ = h1, see (122) which may be written
Clp = (j*)"lhl where (j*)-1 is determined from

(135)  p*)l=

is now dissected:

(136)  j*cl= F*(t)) j*(on} [Cl(o)} = I'hl(c»J =hy
0 3+ Jlea@] Lny)

The first and second rows in (136) give

(137)  ex(1), = i*(1)"1hy(1)

where j*(1)~1 is determined from

(138)  j*(W)j*(1)-1=1

and

(139)  §*(0) c1(0)p = -3*(01) c1(1)p + h1(0)

By studying the prescribed vector (129) we observe that a particular
solution c1y of deformations is needed only in the X(1) part of the structure.
This particular solution ¢1(1)y, must be chosen so that these deformations
are compatible with those of X(0) which is described by equation (139).

Now a couple of examples on the determination of particular solutions
will be given,

Example 1. The structure in Fig. 24a is acted on by structure load
only on the part X(1) of the dissected structure, Fig. 24b,

The particular solution N(0)p is determined by (132) and (134) which
are here written by matrix representation

E(0) N(0)p = P(0) = 0

E(1)N(1)p = -E(10) N(0)p + P(1)
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X(0)

G H
{
D F D
E 1 -
A C A
2
B

Fig. 24a. Loaded structure Fig. 24b. Dissection of the structure

By studying Fig. 24b we can array the incidence matrices

1 2 3 4 5 6 1 2 3 4 5 6
E(0) = A[-1 1 , E(10) = D[1
B 1 -1 ; E 1
C -1 F 1
' G
H
If N(O)p = [N1p N2p N3p Nap Nsp Ngp ] * we find that N(O)p=[0 0 N3p 0 0 O]*
satisfies the equation E%O)N(%)p = 0. It must also make the forces
E(1)N(1)p =-E(10)N(0)p+P(1)= [ 110 ]+ |pPpl = Pp
0 PG PG
i JLo0d |PH Py

selfequilibrating or Pp + Pg - N3y + Py + Pg + Py = 0, because the struc-
ture X(1) is non-grounded. This gives the value of Ngp. Thus N(O)p is a
particular solution for forces in X(0).

The loaded structure in Fig. 24a is now dissected so that X(1) is grounded
according Fig. 25,

X(1)
G 13 H
AN
LU ey 10 -
D X - 7. F
1 AY E / 8
A \ // C
N3 P
2 N\ V4 5
N R B
4

X(0)

Fig. 25. Dissection of structure in Fig. 24a
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We obtain the same incidence matrices E(0) and E(10) as above,

In this case when X(1) is grounded the forces E(l)N(l)p = -E(lO)N(O)p +
+ P(1) are selfequilibrating. A particular solution is for example N(O)p 0,
which means that a particular solution in X(0) need not be determined.

Example 2. The structure in Fig. 26a has a prescribed cycle defor-
mation h1(0) in the X(0) part of the dissected structure in Fig. 26b

\

4 <! L)
h1(0) ol NG (@
G AN

X0 [/  X(1)

Fig. 26a. Loaded structure Fig. 26b, Dissected structure

The particular solution according (137) and (139) written with matrix
representation is

Z(1y*n(l)y =x(1) = 0
Z(0)*n(0)p = -Z(10)* n(1), + r(0)

The structure in Fig. 26b has the following incidence matrices
4 5 6 7 8 4 561738

Z(1)* = 1{1 -1 ]; Z(01)* = h[-1 1;
] -1 1 1

The particular solution n(l)p = [n4p, n5p, N7p 8p } * having the
simplest form is n(1)p = 0, ‘which 1mphes that Z(OSJ *n(0)p = h1(0)

Another particular solution is for example n(1)y = [n4y 0 ngy 0 0]*.
If we choose to have no member deformation in X(0), n(0)p = ?hen we
obtain n4p = ~h1(0).

Another particular solution is for example n(1)p = [np4 -np4 0 -npd 0]*,
which cause disturbances in both the cycles I and II, Wh1ch is often not
desirable because the particular solution ought to be as simple as possible.

The diacoptical solution

The fundamental equation system (128) of the dissected structure is
solved in partitioned form. We first solve for cycle forces h1(0):

(140)  bo(1) = F(1,1)-1{-(a(10) j(0) + 8(1)8 i(0))h1(0) + bO(1, 0)]
(141)  n1(0) = £(0,0,0)"1hy(1, 0)
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where

(142)  £(0,0,0) = (j*(0) 6(01) - j*(0) & 8(1)) F(1, 1)~1(8(10)§(0)+ 8(1) 8 §(1)) +£(0, 0)
(143)  F(1,1) = a(1) F(1) 8(1)

(144)  £(0,0) = j*(0)£(0)j(0)

(145)  hy(0,1,0) = hy(0,1) + (j*(0) 8(01) - j(0) @ (1)) F(1, 1)~1b0(1, 0)

If X is dissected in such a way that X(1) contains a number of disjoint
parts X(1)i the matrix representing 5(1) F(1) (1) will consist of block matrices
along the diagonal. If any disjoint part X(1)i has no ground, the loads on
the part are chosen selfequilibrating according to (134). In every such non-
grounded part one point is chosen as reference point to which we refer the
structure deformations. By deleting the corresponding rows and columns
in F(1,1), we make F(1, 1) invertable.

Note that if X = X(1) the diacoptical method will be the same as the
well-known displacement method. If X(0) contains only "interconnecting
branches" the diacoptical method will be the same as Kron's method, used
in the original manner.

The solution can be described by space diagrams, see Fig. 27, intro-
duced by Roth [8] and developed for structures by for example Samuelsson
[1], [16] and Akesson [22]. Compare Figs. 17, 20 and 22.

iy a() p0(1), b9(1,0)

/ B 8(10)///1
hl(0) pd i(©) <o) — / A FALD)

J
f A F(1) I F(1,1)71
£(0,0) ¥
(1) s(1
£(0, 0, 0) yd e = o
f(0,0,0)“li - s
YA
h4(0, 1), h1(0) - c1(0) i

Fig. 27. Diagram representation of diacoptical solution

The codiacoptical solution

The partitioned system of equations (128) is solved in partitioned form
and is first solved for structure deformations b0(1):

(146)  h1(0) = £(0, 0)~1[(j*(0) 6(01) - j*(0) @¢6(1))bO(1) + hy(0,1)]
(147) o) = F(1,1,1)"1b0(1,0,1)
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where
(148)  F(1,1,1) = ((10)3j(0) + a(1)B j(0)) £(0, 0)~1(j*(0) 8(01) - j*(0) @6(1)) + F(1,1)
(149)  b9(1,0,1) = b0(1,0) - (5(10);(0) + 8(1)B3(0))£(0, 0)~ L n4(0, 1)

and F(1,1), £(0,0) are according (143), (144),

If X(0) is dissected into a number of disjoint parts the matrix representing
j*(0) £(0) j(0) will consist of block matrices along the diagonal. Observe that
if X = X(0) the codiacoptical procedure is the well-known force method.

The codiacoptical solution is described in the diagram of Fig. 28.

1 1 b0(1), b9(1, 0)
S elqy) a&) ( (

L 8 / 3(10)

» F(1,1,1)"}
hl(0) ( Q. /
T
{

¢1(0) FFQ) F(1,1,1)

-1
£(0, 0) e,

£(0) c4(1) 6(1)

- T
#(0,0) | / cu/ﬁ(Ol)/ bo(1)
hy(0, 1), h1(1)l/ () / /

c1(0)
Fig. 28, Diagram representation of codiacoptical solution

The vectors h1(0,1) and b9(1, 0) with diagram

From (129) we obtain the prescribed equivalent cycle deformation
h1(0, 1), and the equivalent structure load b0(1, 0)

(150)  h1(0, 1) = j*(0)c1(0)p - j*(0)£(0) c1(0)p - §*(0) @ c1(1)y

(151)  bO(1,0) =8 (1) cl(1)y - 3(1)B(O) - B F(1)ey(1)y

in which cyp and ¢} are obtained from (130) to (139). The vectors hy(0,1)
and b0(1, 0) are represented in the diagram in Figs. 29 and 30.

Calculation of member forces and member deformations

When the unknown cycle forces hl(0) and structure deformations bp(1)
have been calculated by either the diacoptical or codiacoptical method, we
know the behaviour of the whole structure.

By use of formulas (119) and (123) the member forces c¢1(0) and member
deformations c¢1(1) can be calculated:

(152) [01(0):} = [e(0)p + j(O)hl(O)J
cy(1) c1(1)p + 6(1)bp(1)

37



/ cl(o)p 2,(0)

n) @ ¥ ey,

(}4 _/
7*(01 a
h1(0,1), hy(0) ) / /

i*(0)  c1(0)p

Fig. 29. Diagram representation of the equivalent cycle deformation h1(0,1)

clyp 8@ 01, bY%1,0)

Y T
/ L. S

Cl(o)p
W F(1)
h1(1) J'*:g) c1(1)p

/ /
L~ /

h1(0) 7%(0) c1(0)

Fig. 30, Diagram representation of the equivalent structure load b0(1, 0)

The member deformations c¢1(0) and member forces cl(1) can be calculated
by (124) as

(153) [01(0)_] = [1(0) o !"ci(O)}
Jdyl Ls ray ley)

Calculation of structure deformations

When the member deformations have been obtained by (152) and (153),
the structure deformations bg can be determined by use of (123) or

(154) l'c1(0)-c1(0)ﬂ = [@(0) 6(01)} [bo(o)_l
Le1(®) - e10) 0 5w | Lbon
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We observe that if the structure deformations are required the whole
particular solution C1p must be determined. For solving the member
forces, only c1(1)p is needed. Thus we find from (139) that

(185)  c1(0)p = i*(0)~1 (-j*(01) c1(1)p + h1(0))
where j*(0)-1 is determined by
(166)  i*(0)j*(0)-1=1

We shall study two special cases. In the first case the structure X(1) is
grounded and in the second case not grounded.
If X(1) is grounded, see Fig. 31, the structure deformations in X(1) are

(157) bg(1) according to (138) or (145)
By part solution of (154) we find the structure deformations
(158)  bo(0) = 5(0)~1[c1(0) - c1(0)p - 5(01) bo(1)]

We observe that 6(0) and 2(0) are dual operators so 6(0)~1 and 5(0)-1
are dual operators. The operator 5(0)~1 has been determined already in
(133) in order to get a particular solution of forces.

X(0)

x [
/
/

/L__J

\

Fig. 31. Structure with part X(1) grounded

In the second case the part X(1) is not grounded but X(0) is, see Fig. 32.
This implies that the structure deformations bg(1) calculated by (138) or
(145) are structure deformations, relative to a chosen point in X(1).

\ X(1)

X(0) \\

N it

/
/

Fig. 32, Structure with part X(0) grounded
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In the equation (154) bo(1) is split into two parts bo(1)q and bg(1).
The structure deformations bo(l)Q are the real structure deformations of
point Q. This point can then be chosen as reference point for the structure
deformations in X(1). This implies that 6(01) and 6(1) are dissected into
two parts according to

(159) [q(o)-cump} = [a(tn 5(01)q a<01>} [bo(0) |
| e1(1) - c1(L)p) 0 8(l)g 8(1) bO(l)QJ
bo(1)

The structure deformations bg(0) for the grounded structure X(0) are
determined by (159). They are uniquely determined by member deforma-
tions in X(0), which means that the term 86(0)~16(01)bg(1) in (158) is zero

(160)  b0o(0) = 6(0)~1[c1(0) - c1(0)p]

Now let bg(1) in (159) be the real structure deformations in X(1) and
denote it by bg(1)r. From the second row in (139) it is found that

(161)  bo(l)r = 3(1)"1(c1(1) - c1(1)p) - 5(1) 1 6(1)gbo(l)Q
where c‘i(l)"1 is determined from
(162)  &(1)6(1)-1=1

We observe that in (161) 8(1)~1c1(1) = bg(1) are the relative structure
deformations referred to point Q found in the diacoptical or codiacoptical
solution, Thus it is not necessary to resolve the whole deformation picture.
The first row in (159) gives the value of bg(1); at the boundaries of X(0).
The equation (161) contains as many equations to solve bg(1l)g as there are
connection points between X(0) and X(1). The term -6(1)~16(1)gbg(l)q in
(161) is the rigid motion of part X(1) to fit to the boundaries of %(O).

If X(0) or X(1) consists of disjoint parts and some of them are grounded,
and some of them are not, then the calculation of structure deformations
can be made by use of a combination of the two cases developed above.
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ACTIONS ON THE STRUCTURE

The solution of the differential equation describing the load deformation
relation in a member

The main problem in the structural analysis is to find member forces
and structure deformations when external forces, temperature changes
and misfits are prescribed. When a structure is to be analyzed, it is
divided into discrete elements, members, for which the differential
equation describing the load deformation relation is fairly easy to solve.
The solution of the differential equation can be divided into two parts.
The first part gives the connection between forces and deformations at
the boundaries which is described by flexibility and stiffness transforma-
tions, see the diacoptical and codiacoptical solutions, The second part,
a particular solution of member forces and member deformations, is
dependent on the non-boundary action on the segment.

The choice of particular solution

When a non-boundary action on a segment is prescribed the particular
solution of member forces c% and member deformations ¢1g can be chosen
in such a way that half of the number of boundary values can be chosen
arbitrarily. Then the continuity condition for forces and deformations
are not satisfied, which implies that in order to obtain continuity we must
add forces

(163) b0=-zcl

at the nodes and deformations

(164) hy = -j*cig

round each cycle. We can for example choose, compare Samuelsson [1],
the pure cases in Fig. 33a or Fig. 33b as particular solutions. Such

articular solutions for beams can be found in for example Bygg [23] or
Akesson [24].

,cl cl el
s P S s
20 N N
%llj:m vt 2 E/_ 1 Vit 2
PICIS
Fig. 33a. Particular solution Fig. 33b. Particular solution
when bg = 0. Load: when bg1 = 0; c% =0

forces P and tempe-
rature gradient Vt
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The total member forces and member deformations

The total member forces cll. and member deformations ci, are obtained
by superposition

(165) c% = cé +cl
(166) Ciy = C1g + €1

where ¢l and cq are obtained from (152) and (153).

42



MATRIX REPRESENTATION RELATIVE SUITABLE COORDINATE SYSTEMS

Matrix representation of the elasticity condition

In order to calculate the flexibility and stiffness matrices for the straight
elastic beam we choose linearly independent forces and moments at end 2 of
the oriented straight beam in Fig. 34a. The load components, collected
in a column matrix Nj, are written relative to a chosen coordinate system
(x', y', z') according to Fig. 34b. The corresponding deformations of the
member are written as a column matrix nj = py - pj. If we assume that
p1 = 0 we get the simple cantilever problem in Fig. 34b.

1 9 ’
B : ﬁ et CT2- Yﬁ *x'
+
IZ'

Fig. 34a. Oriented straight‘beam Fig. 34b. Cantilever with chosen
vector basis for N

The flexibility and stiffness matrices are defined in (107) and (108)
where

(166)  ny = £{N};

-1
i; Fi=%

The flexibility and stiffness matrices f' and F' for the cantilever in
Fig. 35 are directly cited from Samuelsson [1], pp. 66-67.

t
< ¥ <

ﬂ

Fig. 35. Straight beam

(167) f'= [oz BJ, F' = [a bJ
B* v b* ¢

where o, 8, ¥, a, b, ¢ are 3+ 3-matrices.
For a beam with constant size and form of cross-section, elementary
theory of elastic beams yields
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(168) o =diag [1/p, 4w(l+)y/2), 4(1421y/2) 1L3/12El,

y = diag [1/k, 12, 120 11./12 Ely
a = diag [ g, 1/(1+20p)w, 1/(1+2xy) 112El,/13
c=diag [ k, (1+x /2)/3(1+2xy), (1+Xxz/2)/3w(1+2Xz)] 12EIy/L
B = [o 0 0 [L2/12EIy, b = {o 0 0 ]12E1y/13
0 0 6wl 0 0 ~1/2w(1+20g)
o -6 0 | L0 1/2(1+2xry) 0 |

where L is the length of the beam, E is Young's modulus, Iy, Iz are the
moments of inertia and = Iy/Iz. Further, p = AL2/121y, and ) =

= 68; EI;/L2GA, i =y, z, express the 1nﬂuence of norma and shear defor-
mations where A is the area of the cross-section, G the modulus of elasti-
city in shear, and i a constant that depends upon the form of the cross-
section, F1na11y, K = yGIV/ZEIy where Gly is S:t Venant's torsional rigi-
dity, and v is the warping constant.

For the case of plane frames and grids the matrices f' and F' are redu-
ced, see Samuelsson [1], pp. 69-71,

The vector basis for the load deflection characteristics Ny and ng for
the member can be chosen quite arbitrarily at a point q. The connection
between two vector basis is a pure coordinate transformation, see Sa-
muelsson [1} or Fenves and Branin [2}. Physically this transformation
can be interpreted by insering a stiff beam, which transmits the forces
and deformations between the points 2 and g, see Fig. 36.

21

Fig. 36. Load deformation characteristics for the member
are given relative an arbitrary vector basis at g

The connection between the forces in the two vector basis is written
1
where Tq is a 6+ 6~-matrix

(170)  Tq=1[7 o} = KG
YY ¥

with
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(171) K=y 0}, G=[I 0
0 v Y 1.

-

-

N S

0 v
(172) v =1[ri1, %2, vi3]; [rikl =1 fork=x,y, 2

The term ¥k is the direction cosine of the i - th(i = x!, y', z') local
axis relative to the k ~ th(k = x, y, z) axis at ¢, and

173)  Y=[ 0 Y, -Yy

Yy -Yx O

where Yj are the components of the vector Y, which is the location vector
of beam end 2 in the coordinate system at q.
For the associated deformations then

(174) ng = Tan‘

where T¥ is the transposed matrix of Tq. Dual transformations are
represer%ed by transposed matrices, see Halmos [17].

By use of (166), (169) and (174) we get the flexibility matrix fy
relative the coordinate system (%, y, z) at g

(175)  ng = T§f'TqNq = fqNg
The corresponding stiffness relation is found by inversion of (175)
(176)  Ng=fglng
where we find by use of (166)
=1 _ m=Tst= ¥yl - =l ptp*y-1 2
(177) gl =Tgle-1 (Tg)~1=TglF' (1)t =Fq .

By observing that ¥ is a unitary matrix which implies that y* = )/‘1,
and that Z is a scew-symmetric matrix, or Y* = -Y, we find that T-1
can easily be obtained from the block matrices in Tqy, see (17 0).

(178) T;il = (KGyl=g1x1= 1oyl 0=
oY 1.0 L

[ 0T o
1o ﬁ

YT L0 v (YXyR oy
For the structure part X(0) we now collect the member deformations
n; in a column matrix n' = [n;] and the member forces N} in a column

matrix N' = [N} ], see (60). Inthe same way we get ny = [ng;}, Ny = [Ngil
n'= [ 1PN, N = [Tq]DNq and ng = [Ta]Dn:_ q qifs Ng qii
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We now get
(179)  n(0) = ng = [TE]D[f‘]D[Tq]DNq = [T’&f‘Tq]DNq = [1q]P Ny =1(0) N(0)
For the structure part X(1) we get in the corresponding manner
(180)  N(1) = [TgLIP[F'ID[T) 11D ng = [T F(T-11Dng = [Fg1Png =
= F(1)n(1)
Thus we have obtained the block matrices, £(0) and F(1) in (111).

Representation of the boundary operator 8 by the matrix E

The equilibrium of a loaded joint will be studied. The member forces
N' and the associated deformations n' are given relative a local coordinate
system. The structure loads b0 are represented by a column matrix de-
noted by P = [P(0)*, P(1)*]*, according to the structural dissection, see
(78), and the corresponding structure deformations bg by a column matrix
p = [p(0)*, p(1)*]1*.

The continuity condition for forces on a part of a structure, the joints
A and D, are written in coordinate systems with origins at arbitrary points
q and s, see Fig. 37.

Fig. 37. Part of a structure

By inversion of (169) we get

(181) Ny = Tal N

By summing up all vector components N¢ to Ny after suitable geometric
transformations to the joints A and D, and noticing that the forces Ng
and Ny affect A with negative sign, we get the equilibrium equations
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(182) [PA] f'r-l T" -T&é -Tafl 0 0]-Nc

.m=1 m-1] I Nd

Pp o 0 Tstl Tee Ten) [N
Ny

N

or short
(Observe that this E represents the boundary operator 8 as the incidence
matrix E, see (78), does, but this is not the same E)
Now we can write the structure stiffness relation
(184) P = EFE*p

where E* is the transposed matrix of E.

(185) F=[F}IP; 1= cdefgh

(186) EFE* = [ oz Tl Eirg)l ~Tqt F} (T ]
i = cdef |
~Tgf F# (T f)' T TggFi(Tg)" 1 j

| k = fgh

If the coordinate systems at q and s are located at A and D, we get,
if we observe the factorization (170) of Tq,

(187) E-= [ Kl o-ml om0 0 ]
1 -1 -1J
L 0 '0 0 KDf TDg TDh

If every joint is chosen as an origin for the equilibrium equation at the
respective joint and if the member stiffness is written for every member
relative to a coordinate system at beam end 2, and if the direction of axes
are the same for the whole structure, then we obtain

o - ..1 et
(188) E= [1 I -Gyl Gqf o1 01]
00 0 -Gl -6
(189) F=[K;1F KID; i=cdefgh

If the same origin-q and the same direction of axes are chosen for the
whole structure we get
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(190) E=[I1 I-I -I O o]
0 0 0 I -1 -Ij

(191)  F=[FqilD= [T5d Fi(F&) 1IP; i = cdefgh

Comparing the result in (190) with that earlier obtained in (188) we
observe that network theory is directly applicable, by simply interpreting
the elements of the incidence matrix (2) as identity matrices of appropriate
order, The topological information, in E, is separated from metrics and
mechanical properties in F according to (191). Samuelsson [1] and
Fenves-Branin [2 ] have written the structural equations relative to such
a global coordinate system.

The choice of global basis may lead to ill-conditioning of the set of
equations because the forces, the deformations and the mixed isomor-
fism must be transformed to a common origin and their influences studied
there. This will imply that the errors are correspondingly larger for
influences from parts of the structure, which are remote from the origin.
If the structure is large, these errors will be too large for the choice of a
common origin in practical calculations. The choice (187) or (188) of
boundary operator will make the matrix EFE* better conditioned, see
Fenves-Branin [2].

We observe that we can get (188) if we modify the topological trans-
formation 8 in such a way that all positive elements in the incidence
matrix E are interpreted as identity matrices of appropriate order and
all negative elements are replaced by geometric transformations G from
positive to negative end of the members.

The dissection of the structure implies a dissection of the boundary
operator, see (77). For the corresponding matrix E the dissection implies
a partitioning of the matrix, see (79).

Representation of the operator j by the matrix Z

The equilibrium of a structure with zero joint loads will now be studied.
The member forces N' and the corresponding deformation n' are given
relative a local coordinate system. To every cycle in a chosen basis, we
associate a cycle force with at most six components. All cycle forces hl
in a structure are represented by a column matrix R = [R(0)*, R(1)*]*,
see (92), and corresponding deformations hy called cycle deformations
or gaps, are denoted by a column matrix r = [r(0)*, r(1)*]1*. The trans-
formation between cycle forces R and member forces N are represented
by a matrix Z, defined by

(192) N=ZR

For the structure part in Fig. 38 we find, if we choose a separate vector
basis for each cycle,
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(193)  [Nc] = [ Tqc 0 qu]
Nh 0 TghA

Fig. 38, Part of a structure

According to (144) we get the structure flexibility relation in matrix
form as

(194) r=Z*fZR
where
(195) £=[f}1P; i= cdefgh

— * ! - 3 1
(196)  Z*zZ = i=Ecde£Tqifi Tyi Tatfs Ty

- £ 3 1
Tstli Tgt 1 2 gop Tsk'k Tsk

We can choose one origin for each cycle and let the direction of the
axes be the same for the whole structure, Then the member flexibility
f' for every member is written relative to a coordinate system with
origin at beam end 2. We then get by use of separation (170) of T

qc qd qe af

(197) z*=[c;* -GX; -G¥. GY. O o]
0 0 0 -G§ Giy Ginl

(198)  f= [K}fjK;]P

The matrix (196) can also be written with components
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(199) z*:[x -1 -1 I 0 0]
b 3

0 0 0 -qu I I

where qu is the geometrical transformation between q and s, and

(200) = [f1]P = [T 1 Tiy1D; k=q; 1= cdef
k=s; i=gh

If the same vector base is chosen for the whole structure we get

(201) 2Z*¥=|1-I1-1 I 0 O
0 0 0 -I I I

(202) f= [Tqi]D = [Tgiifi' TqilD; 1= cdefgh

Here we get the direct counterpart to network theory by interpreting the
elements of the incidence matrix, see (3), as identity matrices.

The vector basis for the cycle forces should be chosen, so that the
matrix Z*fZ will be as well conditioned as possible. As far as the condi-
tioning of the flexibility matrix is concerned the main aim should be to
make the leading diagonal elements as large as possible in comparison
with the off-diagonal elements. Physically this corresponds to choosing
a system of cycles, a cycle basis, in which the direct flexibilities of the
cycles are large compared with the flexibilities of the members which
couple the members together. If the cycles have no member in common,
the corresponding off-diagonal elements are zero. It follows that the
cycle forces in a network should be chosen in such a way that the cycles
are as independent of each other as possible. By a suitable choice and
ordering of the cycles it is possible to get the matrix Z*{Z in a banded
form. The set of equations is then correspondingly easy to solve, see
Henderson [25].

The dissection of the structure implies a dissection of the operator j,
see (90). For the corresponding matrix Z the dissection implies a parti-
tioning of the matrix, see (92),

Elimination of constrained axes

Hitherto the formulation is based on the assumption that each member
in space transmits six independent force components. In the general case,
there exist constraints among the forces and moments which means that
one, two or three of the forces or moments (or any combination of them)
may be zero at the end of the beam in a particular direction or plane. To
take care of the constraints the solution procedure must be modified. As
a first step a special coordinate system is chosen for every constrained
beam with an orientation so assumed that one or two of the axes are directed
along the directions or planes of constraints. Constraints can also exist
among deformations.
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The stiffness formulation of elimination of constraints

The modified procedure because of the constraints implies that the

see Kron [5]. This implies that in a coordinate system with a special
direction, the load vector NC has some zero components. The relation
between the forces N' and N€ are described by a transformation matrix M

(208) N'= MNC= M[N‘i} , or NC=M-1N'

0
For the members the stiffness relation
(204) N' = F'n'

holds. By use of (203) and (204) we write the equation system in the
partitioned form

(205) NC=M-IN'=M-1F'(M-1)*nC = FN‘i} = [ S F‘{ZJ fn‘f:t
F

(] C C
0 a1 Fag|!fs

Part-inversion of (205) yields

C_(rC . wC -1pe yoC _ BCLC
(208) Ny = (Fjy - Fip(F§5)"" Fg )ny = Fyng

The continuity equation for forces P = EN can now be written in partitioned
form as

_ p. = RS C 7 NC - "mC NG - RCNC
(207) P_*'Plf_gEll ElzjiNL fEllel-ElNl
k E

Pyl IEC cC 0. Igc.
Pal LEgy Egol 0. Egy

The relation between structure deformations and loads then is

- 7C € mC*
(208) P= E1 F1 E1 P

In the case that all beams which connect at a point have the same release,
then P = [P}, P3]* = [P}, 0]*. From (207) and (208) follows that

— e C e
(209) Py =E¢ F$ES]

Assume now that there exists a constraint among the deformations.
Then in a coordinate system with a special orientation the deformation
vector p has zero components and the equation system of stiffness form
can be written in a partitioned form as

e W
(2100 Py = Ff Fiy P1,

: i C C
P2, LFgy Fop 0
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from which
is obtained.

The flexibility formulation of the elimination of constraints

system of the spécial orientation mentioned above. Thus

(212) RC= [Rﬂ = [R{]
RC 0

The relation between the cycle forces RC and the cycle forces Rq written
at point q can be written

(213) R, = MRS

q

The beam flexibilities are written at point q
and the continuity condition for the forces are

a
From (213) and (214) we find

(216) Ny = ZMRE = ZCRC
The structure flexibility equations are now written in partitioned form

- 7CkeyCRC _ cl - c c c
(217)  r = ZC*fZCR —rrl] ~iif11 flz} le}

f¢. £§ LO

C
s 91 22

from which we get

¢ _ ¢C C
(218)  r§=1¢ RS

Assume that there exists a constraint among the deformations. Then
in a special coordinate system, r has some zero components and we can
write the structure flexibility equations
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C C (]
Fu fia [R1
£ £ | IRC

¢l =
(219) ‘rq =
0. ~21 2 2

Part-inversion of (219) yields

€ _ (#C _ ¢C (£C y=1¢C c
(220)  rq = (ff; - £15 (fg9) " £51)Ry
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STABILITY CONDITIONS. DISCUSSION OF THE DIACOPTICAL AND
CODIACOPTICAL METHODS

Stability conditions

In order to get a stability condition the coefficient matrix for the
diacoptic or codiacoptic solution is studied. Assume that the dissection
of X is made in such a way that ¢ = 8 = 0.

The codiacoptic solution, compare (147)

(221)  F(1,1.1)bg(1) =b0(1,0,1)

is studied here.

To get a condition of stability the eigenvalues of the ccefficient matrix
F(1,1, 1) are studied by a method developed by Wahlstrém [26]. A neces-
sary and sufficient condition for the frame to be stable, is that the quadratic
form bo(1)* F(1,1, 1)bg(1) is positive definite, or that the matrix F(1,1,1)
of the quadratic form has only positive eigenvalues. Such an investiga-
tion consists in a study of the sign of the eigenvalues of F(1,1, 1) which is
carried out by use of congruent transformations of F(1,1, 1) to diagonal
form. The sign of the eigenvalues are invariant under such transformations.

In the part X(0) of the structure we obtain the flexibility matrix £(0) =
= [fq]D according to (179). According to (180) we obtain for the part X(1)
the stiffness matrix F(1) = [Fq1P.

We assume that all {4 and I(“]' are positive definite matrices and thus
£(0) and F(1) are positive definite.

It holds, see Zurmiihl, [27], p. 133:

If U is an n.p-matrix with the rank r and V is a symmetric
positive definite n.n-matrix, then the p-p-matrix U*VU is
positive definite with the rank r.

The coefficient matrix F(1, 1, 1) given by (148) is now studied. If we
use (97) and (103), if we represent 8(1) by a 6 21(1)- 6(ag(1) - 1)-matrix
E(1) with the rank 6(ag(1)- 1), and if we represent j(0) by a 6 @1(0)-

- 6(@1(0) - ap(0) + 1)-matrix with the rank 6(c¢1(0) - a¢g(0) + 1). Then
we obtain

(222) F(1,1,1) = E(1) Z(10) (Z(0)*£(0) Z(O))“1 Z(10)*E(1)* + E(1) F(1) E(1)*
We thus find that because F(1) and £(0) are positive definite matrices
then F(1, 1) = E(1) F(1) E(1)*, £(0, 0) = Z(0)*£(0) Z(0) and £(0, 0)-1 are
positive definite matrices., We also find that the matrix
(223)  E(1) 2(10) (Z(0)* £(0) Z(0))~1 Z(10)* E(1)* =
= (Z(10)* E(1)*)*£(0, 0)~1 Z(10)* E(1)*

is positive definite with a rank which is 6 times the number of the I:elative
cycles on X(0). The sum F(1,1,1), (222), of the two positive definite ma-
trices is positive definite.
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Thus F(1,1,1) is positive definite if £(0) and F(1) are positive definite.
The reverse statement does not hold.

Discussion

In the following the investigation is restricted to diacoptics and the case
that @ = 8 = 0, but what is here said about diacoptics can directly be used
in codiacoptics in the corresponding manner,

From (140) to (145) we obtain
(224)  p(1) = F(1,1)-1 [-E(10) Z(0)R(0) + P(1,0)]

(225)  R(0) = £(0,0,0)"1r(0, 1, 0)
where
(226) (0,0, 0) = Z(0)*E(01)* F(1, 1)~ 1 E(10) Z(0) + £(0, 0)
(227)  r(0,1,0) = v(0, 1) + Z(O)*E(01)* F(1, 1)~ 1 p(1, 0)
The equations (225) and (227) are inserted into (224) which yields
(228)  p(1) = F(1,1)"1p(1,0) -
- F(1, 1)-1E(10) 2(0) £(0, 0, 0)~1 Z(0)* E(10)* F(1, 1)~ 1 P(1, 0) -
- F(1,1)~1E(10) 2(0)£(0, 0, 0)~1 (0, 1)
The constituent elements of the solution written in the factorized form (228)

can be given in a scheme (not a matrix) of four matrices, called the facto-
rized inverse due to Kron [57].

(229) | £(0,0,0)"1 Z(0)* E(10)*
F(1,1)-1E(10)Z(0) F(1,1)-1

These four matrices take the same storage capacity as the non-factorized
inverse. The solution is for each loading case determined by vector
multiplication from the right, in (228).

It is not necessary to invert the matrix £(0, 0, 0) in order to calculate
R(0). As an alternative, R(0) can be calculated by for example Gaussian
elimination applied to

(230)  £(0,0,0)R(0) = r(0, 1, 0)

where the right hand side is a vector obtained by vector multiplication of
r(0,1,0) from the right. One solution of a system of linear equations
requires about one third as much work as the inversion of the corres-
ponding matrix of coefficients. By the Gaussian elimination procedure
the coefficient matrix £(0, 0, 0) is transformed to triangular form. By
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studying the signs of the diagonal terms a stability test is obtained as
an additional result. The elements in the diagonal of the triangular
matrix are the same as the elements obtained by congruent transforma-
tion to diagonal form by the method of Wahlstréom [26].

If by dissection X(1) consists of a number of disjoint parts X(1)j, the
matrix F(1, 1) will contain block matrices F(1, 1); along the diagonal, and
we get

(231)  F(1,1) = [F(1,1);]D
The inverse
(232) F@1,1)-1l=[F@,1);11D

will also have block matrices along the diagonal. The numerical work is
reduced to a great extent if X(1) consists of identical substructures having
identical stiffness matrices F(1, 1);.

When the solution is given in factorized form it is easy to add new
parts X(1); to the structure or change the flexibility or stiffness of its
members. The solution of the modified structure is found as the solution
of the original structure and an additional solution due to the influence of
the added parts.

From a practical viewpoint diacoptics can with special advantage be
used for solving structures, which is built from identical parts, for
instance for structures built from few different (prefabricated) sub-
structures. The elastic behaviour of the substructures can be studied
once for all by some suitable method, and then diacoptics can be used
to get a rapid solution for the connected structure.

Comparison with existing mathematical algoritms

The mentioned factorized inverse is closely related to the recursion
formula called K-partitioning, or elimination and backsubstitution, which
is frequently used in literature, see for example Kron [5], Spillers [3],
Jenkins [28], Franklin and Branin [29] and Edlund {30].

The recursion formula is obtained from the solution of an equation sys-
tem

(233) Ax =y
in partitioned form

(234) rA11 A1fﬂ [Xﬂ = [}’1]
Aot Agol | X9 y2
(235)  x1=A7}(y1 - Agaxg)
-1, -1 -1
(236)  xp=(Agy - Ag1A11A19) ~ (V2 - Ag1Aq1Y1)
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If the matrix A is partitioned into more parts than four the K-
partitioning will be computationally more effective. In the limit when
the partitioning is made along every row and column it coincides with
the well-known Gaussian elimination, which thus is the most efficient
way of K-partitioning. The elimination gets its most effective form if
the variables are ordered in such a way that the coefficient matrix A
gets a banded form, It is a combinatorial problem to order the variables
suitably. This is shown by Spillers [31], who has studied the special
diacoptical problem X = X(1).

Henderson [25] gives methods to make the best selection of redundant
forces with respect to the conditioning of the equations of compatibility
by use of topology. He thus studies the special codiacoptical problem
X = X(0).

In such combinatorial procedures we cannot take care of the advantage
of fewer variables, identical parts and the possibility to store parts of
the solution as is done by use of diacoptics and codiacoptics.

Diacoptics and codiacoptics can on a pure computational basis be
compared with a direct method of inverting a matrix by use of successive
modifications. This method was first described by Sherman and Morrison
[32]. They showed how to get the inverse of a matrix, when in the original
matrix one element at a time is modified. Householder [33] gave this
method a more general formulation, and it can be described as follows:

If the inverse of a matrix A is known, and if a new matrix differs
from A additively, then the inverse of the new matrix can be ob-

tained as a result of a modification of the inverse A~} in the spe-
cific manner:

(237) (A - Usv¥)-1=4A-1, A-lU(S-l - vxa-1 U)"]‘V*A"l

where S must be nonsingular.

The modifications can be made for one element at a time. The method
is then called a "link at a time' (LAT) algoritm. It can with appreciation
be used for small modifications in a structure, see Spillers [3].

The modification formula (237) has a direct counterpart in the diacop-
tical solution (228), where the inverse F(1,1)-1 is modified. The first
two terms in (228) has a direct counterpart in the modification formula.
The structure part X(1) is first studied by use of its stiffness matrix
F(1,1). It is thenmodified in order to take care of the elastic conditions
in the part X(0) of the structure. The modification formula is only a
computational tool and says nothing about how to dissect and modify.

The latter information is obtained through diacoptics which thus is more
useful than (237).
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NOTES ON THE SELECTION OF AN EFFECTIVE DISSECTION

The deformation and force methods

The number of independent joint displacements, used as unknowns in
the pure deformation method of structural analysis, is not related to the
number of independent cycle forces. The number of independent.cycle
forces, used as unknowns in the pure force method, is not related to
the number of independent joint displacements. In the diacoptical and
codiacoptical methods both the number of independent cycle forces and
independent number of joint displacements and their location in the struc-
ture are essential, In diacoptics and codiacoptics we can choose our
equations in such a way that the total number of variables can be reduced
under the number used in each of the force and deformation methods.

The computational labour is not always reduced in diacoptics or co-
diacoptics in comparison with the classical methods mentioned. The
form of the graph and the manner of dissection are of importance in this
respect,

The completely connected structure

If every two joints in the structure are connected by a member, the
structure is said to be completely connected, then dissection is of no
use. The stiffness matrix will in this case be full (have no zero elements).
In a completely connected structure with @ independent joints there are
(¢+1)/2 members and a(a - 1)/2 = v] independent loops. The number of
joints is less than the number of loops

(238) agw—é-—l‘); 0sale-3)

when @ = 3,

Thus a completely connected structure should be solved by the displace-
ment method if & = 3, and by the force method if @ s 3, see Fig. 39.

In a structure with less members than the number which corresponds to
the completely connected structure, the loops are fewer than said above.
When the graph has a suitable form, the structure can with advantage be
solved by use of mixed node and loop variables.

<
—
'
| —
<
-
no
ww

Fig. 39. Some completely connected structures
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L.oop-node incidence matrix

An appropriate dissection can be found by studying the loop-node inci-
dence matrix L which describes the topological properties of the structure.
The matrix L is defined according to

(239)  Ljj= {1 if node i is contained in loop j
{ 0 if node i is not contained in loop j

The matrix L can also be obtained by use of the incidence matrices E
and Z in the following way. Delete all negative signs in E and Z which gives
the new matrices E1 and Z1. By establishing the matrix product E1Z1 and
replacing all nonzero elements in E1Z1 by the element 1, we get a matrix
(E1Z1)1. The matrix (E1Z1)1 coincides with L.

At dissection (X(0), X(1)) of the structure X, the total number @ of nodes
and m of loops are invariant, or
(240) a(0) + a(l) =«
(241) m(0) + m(1) = m

The total number of unknowns in diacoptics and codiacoptics is

(242) ¢ = m(0) + a(1)

For the dissected structure we establish the matrix Eq Z1 in partitioned
form as

(243) Eq1Z1= [E(0) 0 }I.Z(O)l 0 } =
B0 EM) 200, Z(0)1)
= [  E(0)1 Z(0)1 0 ]
| E(10) Z(0)1 + E(1)1 2(10)1 E(1)1 Z(1)4
and m(0) m(l)
(244) L=(E121)1=a(0){L(0) 0 J
a(1)[L(10) L(1)

We observe that the minimum number of unknowns is obtained when the
rows and columns of L are ordered in such a way that the sum ¢ = m(0)+ a(1)
gets its minimum value and the dissection is chosen accordingly.

A main principal of dissection

By studying the matrix L. we find that a main principal of dissection is
that X should be dissected so that X(1) contains a part of the structure
with many loops compared with the number of joints, and so that X(0) con-
tains a part of the structure with many nodes compared with the number of
loops.
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Example of a selection of an effective dissection

We want to dissect the structure in Fig. 40 in such a way that we get
as few unknowns as possible in the fundamental equations.

A 5 A

Fig. 40. Structure X, with joints 1 to 9 and
independent loops m1 to m13

In order to find the least possible number of diacoptical variables we
study the loop-node incidence matrix L according to (244). For the struc-
ture in Fig., 40 we get, after suitable rearrangements of rows and columns,

node / loop
67812345910111213 Zyy,
(245) L = [L(O) 0 | =311 2
4 1 1
L(10) 1L(1) 5 1 1
6 1. 1
(A T N R
141 111 4" Parts with high
2111 111 5? loop density.
8 11 111 5| Node variables
9 | 1 1 1 1] 4) should be used
¢ 373112111 1 21 1

\""‘Y'”“}

Parts with high node density.
Loop variables should be used

The sum Zy in (245) is the number of nodes in loop j and the sum Z
in (245) is the number of loops incident to node i. By studying these sums
we easy find the parts of the structure which have low (or high) node or
loop density.
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We observe that if X(0) contains a node it also contains all the loops
incident to it, and if X(1) contains a loop it also contains all the nodes
incident to it, see the partitioning lines in the matrix L. By studying the
matrix L we easily see how the numbers of loops and nodes vary when
the partitioning is changed.

From the matrix L we also find that the dissection AA, see Fig. 40,
is one of the (two) dissections which give the minimum number

p=a(l)+m0)=4+3="17
of unknowns in a solution by @diacoptics or codiacoptics. This number 7
should be compared with 9 which is the number of unknowns in a pure

deformation method solution, and with 13 which is the number of unknowns
in a pure force method solution.
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DESCRIPTION OF DIACOPTICS AND CODIACOPTICS BY USE OF EQUIVA-
LENT STRUCTURES

The diacoptical method. Equivalent network of node type

The same example as in the preceding chapter is studied here. In the
diacoptical method a cut is made in the structure, see Figs. 41a, b.

X(0)

X(1)9
X(1)1 X(1)2

Fig, 41a, Dissected structure X Fig. 41b. The graph X

First the stiffness matrix for each subnetwork X(1); is computed relative
to the reference point of that substructure. Each subnetwork is then re-
placed by its equivalent radial tree (radiating from the reference point),
The radial tree is called the equivalent subnetwork of node type. It has
the same number of joints, see Figs. 42a, b, as the original subnetwork.

f ]
/

/ e
% N

Fig. 42a. Subnetwork X(1)4 Fig. 42b. Equivalent subnetwork
X(1)q of node type

Connecting the equivalent subnetworks of node type to X(0), we obtain
an equivalent network of node type, see Figs. 43a, b, It has the same
number of nodes but less loops than the original network., It is therefore
convenient to use cycle forces as variables in the remaining analysis.

The codiacoptical method. Equivalent network of loop type

- In the codiacoptical method a short-circuiting is made in the structure
in the meaning that some node displacements are set to zero, see Fig. 44.
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Fig. 43a. Equivalent network of node type Fig. 43b. Equivalent graph

X(0)

Ry, Short-circuit

Fig. 44. Dissected structure. Part X(1) is short-circuited

The subnetworks X(0); (here only one) are analyzed by use of loop variab-
les. An equivalent subnetwork of loop type is obtained, see Figs. 45a, b.

Fig. 45a. Subnetwork X(0) Fig, 45b, Equivalent subnetwork
X(0) of loop type

Connecting the equivalent subnetworks of loop type to X(1), we obtain
an equivalent network of loop type, see Figs. 46a, b. It has the same
number of loops but less number of nodes than the original network. Itis

therefore convenient to use node displacements as unknowns in the remaining
solution.
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Fig. 46a. Equivalent network X solved Fig, 46b. Equivalent graph

by node variables

Choice of method

In the diacoptical method, we obeserve that X(1) consists of two disjoint
parts whose solution requires the inversion of two 2 - 2-matrices, and that
the interconnection of the two parts requires the inversion of a 3« 3~-matrix.
In the codiacoptical method, the solution of X(0) requires the inversion of
a 3. 3-matrix and the interconnection requires the inversion of a 4+ 4-matrix.
We observe that the number of variables is the same in the diacoptical and
codiacoptical methods, but that their occurrence in the steps of the solution
is different.

The analyst's choice between the methods should be guided by the required
amount of numerical work., In this example the diacoptical method is pre~
ferable, see Fig. 47.

given equivalent net- equivalent net-

Number of network work of node type work of loop type

independent nodes 9 9 4

nodes in the equivalent 22
| network X(1) )

branches 22 12 16 ;
‘ —r
‘ independent loops 13 3 13

loops in the equivalent 3

network X(0)

diacoptical variables 2:24+3=17

codiacoptical variables 4 + 3= 7

Fig. 41. Table of characteristic numbers for the structure X

The topological invariants

In the diacoptical solution the topological invariant is a set of points and
in the codiacoptics it is a set of independent loops, compare Fig, 40 with
Fig. 43a, and Fig. 40 with Fig. 46a.

64




RECAPITULATION OF FORMULAS

The main formulas of the diacoptical and codiacoptical methods are
given below with matrix representation in order to facilitate their app-
lication in the solution of practical problems., The calculations are
subdivided into eight parts which we denote by capital letters A to H.

For o = 8 = 0, the fundamental equation system of the dissected
elastic structure the solution of which is required, is

(126) [Z(O)*f(O) 7(0) -Z(O)*E(IO)*J {R(O)] = [r(o, 1)]
E(10)Z(0) E(1)F(1)E(1)*] |p(0) P(1,0)

Structure loads P = [P(0)*, P(1)*]* and cycle deformations r = [r(0)*,
r(1)*]* are considered in (126),

A. Choose a dissection that makes the total number of unknowns
(242) ¢ =m(0) + a(1)

a minimum. TUse the node-loop incidence matrix

m(0)
(244) L= (EyZy)g = [L(O) 0 ]
a() (L0 L)

B. Choose vector basis for writing the structural continuity equations.
Array the matrices

(92), (199) z(0), z(1)
(79), (187) E(0), E(1), E(10), E(10) Z(0)
(167) f', F'

(170) Tq= [ y o}
YY v

- m*
(175)  fq=Tg

(179)  £(0) = [£q]P

!
qu

(144)  £(0,0) = Z(0)*£(0) Z(0)
(1) Fq=Tg FuTyt

-1_ * ‘
(178) T p [y 0
LY*'J’* y*
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(180)  F(1) = [F41P
(143) F(1,1) =E@)FQ)E(1)*

C. The structure action consists of cycle deformations
r = [x(0)%, T(1)*]*

and structure loads
P = [P(0)*, P(1)*1*

Transformation of structure loads and cycle deformations to an arbitrary
coordinate system is made as follows:

(169)  Ng=TglN'
(174) ng= Tz‘l n'
In case of non-boundary action, loads
(163) P=-TNg
are added to the structure loads, and deformations
(164) r =-Z*ng
are added to the cycle deformations r.
D, Particular solutions for member forces are
(132)  N(0)p = E(0)"1P(0)
(134)  E(1)N(1)p = -E(10) N(0), + P(1)
where
(133) E(O)E(0)"1=1
If the structure part X(1) is not grounded, the forces E(1)N(1), are

selfequilibrating,
Particular solutions for member deformations are

(187)  n(l)p = Z()*1r(1)
(139) Z(0)* n(O)p = ~Z(10)* n(1)p + r(0)

where
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(138) zZ()*zZ(1)*-1l=1

If structure deformations according to H, see below, are required
we also calculate

(155)  n(0)y = Z(0)*~1(2(10)*n(1), + r(0))

where

(156)  Z(0)* Z(0)*~1 =1

E. Calculate the equivalent cycle deformations r(0, 1) on X(0) and the
equivalent structure loads P(1, 0) on X(1):

(150)  r(0,1) = Z(0)* n(0), - Z(0)*£(0) N(0)y

(151)  P(1,0) = E(1)N(1)p - ?E(l)F(l)n(l)p

Fa. The diacoptical solution of (126) is
(140)  p(1) = F(1,1)" 1 (-E(10) Z2(0)R(0) + P(1, 0))
(141)  R(0) = £(0,0, 0)-1 (0, 1, 0)
where
(142)  £(0,0,0) = £(0, 0) + Z(0)*E(10)* F(1, 1)-1E(10) Z(0)
(145)  r(0,1,0) = r(0,1) + Z(0O)*E(10)* F(1,1)~1 p(1, 0)
We observe that r(0, 1, 0) contains the term Z(0)* E(10)* F(1, 1)~1 which
has already been calculated in £(0, 0, 0).
A solution of (141) by use of Gaussian elimination gives a stability test.
Fb., The codiacoptical solution of (126) is
(146)  R(0) = £(0, 0)~ 1 (Z(0)*E(10)*p(1) + r(0, 1))
(147)  p(1)=F({,1,1)1p@,0,1)
where
(148) F(1,1,1) = F(1,1) + E(10) Z(0)£(0, 0)~1 Z(0)* E(10)*
(149)  P(1,0,1) = P(1, 0) - E(10) Z(0)£(0, 0)~1r(0, 1)
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G. The member forces and member deformations are
(152)  N(0) = N(0)p + Z(0)R(0)

n(1) = n(1), + E(1)*p(1)
(153)  n(0) = £(0) N(0)

N(1) = F(1)n(1)

Transformation of member forces and member deformations to local
coordinate systems is made as follows:

(169) N'=TyNg
(174) n'= (TS)' 1 Ny

The total member forces Ny and member deformations ny are
(165) Np=Ng+N

(166) Ny = Ng + N

Ha., If X(1) is grounded the structure deformations are
(158)  p(0) = E(0)*~1(n(0) - n(0)p - E(10)*p(1))

with p(1) according (140) or (147), see F above, and with E(0)*~1 = E(0)~1*
where E(0)-1 is given by (131), see D above.

Hb. If X(0) is grounded and X(1) is not, the structure deformations are
(160)  p(0) = E(0)*~1(n(0) - n(0)p)
(161)  p(1)y = E(U)*1(n(1) - n(1)p) + E()* 1E()*qp(l)g

The value of p(1)y at the boundary between X(0) and X(1) is given by
(159)  n(0) = n(0)p + E(0)*p(0) + E(10)*p(1)q + E(10)*p(1)r
where

(162) E(U*E(L)*1=1
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NUMERICAL EXAMPLES

The following simple Examples 1 and 2 will show the use of the
established formulas of diacoptics and codiacoptics. In Example 3
the minimum number of unknowns is determined.

The examples are given only for instructive purposes. The best
use of diacoptics and codiacoptics is in the solution of large structures
and is not demonstrated here,

Example 1. A straight beam with uniform stiffness EI, see Fig. 48,
is divided into four members and submitted to a vertical concentrated
load P at joint A. We want to calculate member forces and structure
deformations.

G B AP 4D gE

1 ' jy‘/* %

k_—L "1’“ L’y L'}( L"l
- zZ

Fig. 48," Loaded beam

The diacoptical method will be applied. The subdivision of the cal-
culations given in the preceding chapter will be followed.

A. The structural dissection (X(0), X(1)) in Fig. 49 is chosen.

— T T - ~—~
/ N
C 1 (g E é. 4 Dy 2 E
N X_
X(0)

Fig. 49. Structural dissection

In the diacoptical procedure X(1) is first solved by deformation (node)
variables. In X(1) the point A is used as reference point Q. We then
get an equivalent structure of node type, see Fig. 50, which is solved
by cycle forces.

Fig. 50. Equivalent structure of node type

We choose a global coordinate system with origin at A according to Fig. 48.
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B. We array the matrices

1 2
(92)  Z(0)* = m[I I]

3 4 1 2

(79) E(l)= A [ I 1}, E(10) = A [ } E(10)Z(0) = A [o]
B|-I B|I B| I
C I D - D|-I

Because we have no axial force in the beam we may discard the axial
force as a variable in the analysis. We thus have

I=}1 0
0 1

The load deformation characteristics given by £' and F' for the members
are given relative to the local coordinate system at beam end 2. We have

L 12EI
(167) f'= [212 -3L pod F'= [1 2L‘]
s 6 |°F! o1, 3L2]

The flexibilities of the members in X(0) relative to the globai coor-
dinate system are

(175)  £(0);4 = Ty £ Tya, i=1,2

L
£(0)1a = [ -LJf'l[l o] = [141.2 -QLJE&—
1 -L 1] L—QL 6

=T ! - 2 L
£(0)gp = [1 ZL] fo[ 1 o} = [ 14L QL] prs
1l l2n 1 9L 6

(179)  £(0) = [£(0);4 1P, i=1,2

[ B

o

The structure flexibility of X(0) is

3EI

(144)  £(0, 0) = Z(0)*£(0) Z(0) = £(0)1 4 + £(0)gp = | 1412 o} L
0 6

The stiffnesses of the members in X(1) relative to the global coordinate
system are

(177)  F(l)y = F(TIA)“ i=3,4

F(l)gp = [12 eL]
6L 4L3_)
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F(l)4p = [-1 o} Fal-1 o} [ -8L, iili
Lo 1 0 6L 4L3]

(180)  F(1) = [FjalD, i=3,4

The structure stiffness of X(1) is (A is used as reference point which implies
that the corresponding rows and columns in E(1) and E(1)* must be deleted)

(143)  F(1,1) = E(1)F(1) E(1)*= [-1 o} )’ F(1)3a ][—1 o] =
o -1)L F(1)aa]
= [F(l)3a 0 }
| 0 F(1)4a

C. The structure action in Fig. 48 gives
Ns=ng=0, r=0, P=[Py] = [Pp] =P(1), Pp = [P"
Pg 0 J 0
vPD L 0
Note that the load P is situated at the reference point Q = A,

D. Because Z(0) and P(0) do not exist the equation (132) is irrelevant.
The particular solution for X(1) is contained in

(13¢)  E(1)N(1)p = -E(10) N(0)p+P(1) = - !‘ 0 0] [N [ A] = [Pp ]
-N1 J
0 -I Lol L Ng
These forces are selfequilibrating because X(1) is not grounded, that is
Ppo~Ny+Nyg=0
We observe that this equation can be satisfied by infinitely many sets of
values of N1 and N3. We choose N1 = PA, N2 =0.
From r = 0 follows that n(0)p = n(1)p = 0 according (137) and (139).

E. The equivalent cycle deformation in X(1), that is the vector r(0, 1),
is obtained by vector multiplication from the right in (150):

(150)  r(0,1) = ~Z(0)*£(0)N(0)p = - [I I1[£(0)14, f(O)zAJDB]PA--
2
PL"
[ S

The equivalent structure loads P(1,0) in X(1) are
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(151)  P(1,0) = E(1)N(1)p = - [%] Pa

Fa. The inverse of the structure stiffness of X(1) is

F(1,1)-1 = [F(né‘g 0 ] = [212 -3L o 0 | ==

0 F(l);}& J ] 1 o o
0 o0 212 3L
. 0 0 3L 6 |

Vector multiplication from the right in (145) gives

(145)  r(0,1,0) = r(0, 1) + Z(0)* E(10y* F(1, 1)"1 P(1, 0) =

=x(0,1)+ [1 -TI1[F(1); o0 [-I]PA.-:
0 F(1);‘1},L 0

2
= (0, 1) - F(1);1 Pa = ’r SL} PL“

Further
(142)  £(0,0,0) = (0, 0) + Z(0)* E(10)* F(1,1) E(10) 2(0) = £(0, 0) +
- _ -1 -1 _
+ [1 -1] l"F(l)&}s 0 } FI] = £(0, 0) + F(1)3A + F(1)4A
and L1

o rFal
= [16L2 o} 5%}'
0 12

The unknown cycle forces and structure deformations in (126) thus are

(141)  R(0) = £(0,0,0)"11(0,1,0) = ER '{ 6L3 ;‘ ] L - .21- (—P}

0 41.2] L
and
(140)  p(1) = F(1,1)-1(-E(10)Z(0) R(0) + P(1,0)) = F(1,1)"1[-p —%—: L 139—2—
-PL 3 | 12EI
-P L
PL 3



G. The member forces are, in the global coordinate system,

(152)  N(0) = N(0)p + Z(0)R(0)= ‘:NlAj{ [1 P4 H [PL 2= :21..

Noal o -P
Lo PL
(153)  N=F(Un(l)=FOEQ)p(1)= [Fzy 0 ][I HFsi 0 }
0 Fyal -1l 0 F4‘,1,L
1 1
=[-Pl==]pP
2 -pJ ZLPL
-P P
PLJ -PL,

Transformation to local coordinates yields

(169)  N(0) = [Nlj; = [T, ToalP [NlAJ = % ] 13 ]
No Noa, -p

 -PL|

N(1) = FN3} = [Tgp TgalP [N:;A} = -;— B

PL
Ny N4a -p

| -PL]

The shear force and moment diagrams for the beam are drawn in Fig. 50',

Shear force diagram:.
ip| |
!

Moment diagram:

ipL

Fig. 50'. Section forces in beam CE
The member deformations are

153 - _ PL2
(163)  n(0) = £(0)N(0) = | 5H o

-SLJ
-3
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2
(152)  na()=EQyp)=[-1 ]p@) = [-L] 2L
| -1 3 | 12EI
-L
-3 _J
Hb. The relative structure deformations p(1) were obtained in (140), see F.
The value of the real structure deformations at the boundary between X(0)
and X(1) is given by

(159) n(0) = n(O)p + E(O)*p(O) + E(IO)apQ + E(10)*p(1)y, Q=A
n(0) = [nlz} =0+0+ {0} pQ + [I 0] I—pBrj}
ny 0 ) 0 -1 LpDr
EBr} = [nl_l = Eéﬂ ;,‘Z"I-E}_.I.
Dr 'n2-1 SLJ
The real structure deformations are

(161)  p(1), = EW* 1 (a(1)-n(l)p) - B LEL)GR(Q
p(l)y =p(1) + 0 - E()*"LE()p(l)g

ot J- [4

The equation,(161) gives

sU] L2 _ (1B, [T]pg

1.3 12E1 -3 ] 12EI ‘_IJ
[y

3 3

where

We have as many equations to solve pQ as there are boundary points
between X(0) and X(1). The two equations of the present problem have
the solution

PL3
= [1] ==
PQr [0} 3EI

which is the real structure deformation at point @ = A. By use of (161)
all other real structure deformations are found from

74



(161)  p(1)r = p(1) - EQ)*"1E1)Gpg

We observe that the term E(1)*-1 E(1)gpqQ is a rigid motion of the structure
X(1) to fit X(1) and X(0) together at the connect1on points.

Example 2. The same beam, Fig. 51, as in Example 1, see Fig, 51,
will be dissected in a different way. The same solution as in Example 1
will be here calculated by use of the codiacoptical method.

C B plA D E
{/J - \L X , ?{
1 » EI
L L YL L
e i< T < =
'/

Fig. 51, Loaded beam

A. The structural dissection (X(0), X(1)) in Fig. 52 is chosen.

/ T
7 oxa@y N
1 I 3 } 4 2
~—<r-r—-\o———-na_~4/ SIS S SIS = MY
v 7 "
X(0)

Fig. 52. Structural dissection

In the codiacoptical method X(0) is first solved by cycle forces. We
then get an equivalent structure of loop type, see Fig. 53, which is
solved by use of structure deformations.

B 3 A
X

(Y \
Fig. 53. Equivalent structure of loop type
B. We choose a global coordinate system with origin at A, see Fig. 51.

Array the matrices

12 4
(92) Z(0)* =m[I I I]
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3 124 1 2 4
(79) E(1)=A[I], E(lO):A[ -1], E(0)=D[ -I 1I]
Bl -I BlI

E(10) Z(0) = g[?] I= [(1) c1>]

The member flexibility matrices £(0)1a, £(0)2A and F(1)ga are found in
Example 1. Further we get

(175)  £(0)4a = [1 LJ fz{l o] - [sz 3L} é‘%}‘
0 1 L1 3L 6

(179)  £(0) = [£(0}a1P; i=1, 2, 4

The structure flexibility of X(0) is

(144)  £(0,0) = Z(0)*£(0) Z(0) =1(0)1 4 + £(0)g4 + £(0)4p = [10L2 L]z-g-f
| L 6

The stiffnesses of the members in X(1) relative to the global coordinate
system are

(180) F(1)= [FjalP; i=3

The point Q = B is used as reference point in X(1). The structure
stiffness of X(1) is

(143) F(1,1) = E(1)F(1)E(1)* = F(1)34A = [12 6LA} Eg
o, 412|%

C. The structure action in Fig. 51 gives

r(1)=0; P= [Pa] = [P4] =Fp(1)]; PA=[P]
l

Pp ”Oj’ 0
ppl Lo (0)]

D. The particular solution for X(1) is contained in

(134)  E(1)N(1)p=-E(10)N(0)p+ P(1) = -[o 0 ] N{] + [PAT = [Ng + Py ]
10 of|n 0 -Ny
Ny

Because X(1) is not grounded the forces (134) are selfequilibrating or
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Ng+Pp-Ny=0

A solution to this equation is for example N1 = Pao; Ny = 0.
The solution N(O)p must also satisfy

(132)  P(0)=E(O)N(0)p = [0 -1 1] [Pp] =-Np=0
Ny
| o
which gives Ng = 0, Thus

N(0),, = "PA
0

Lo

E. The equivalent cycle deformations r(0, 1) in X(0), that is obtained by
vector multiplication from the right in (150):

(150)  r(0,1) = ~ZOP£(0)N(O)p = ~[I I 1] [£(0)}1a £(0)2a £0)gp1D F]PA:
0

2
[ 14L] ..Pf‘.....
6EI

9

The equivalent structure loads P(1, 0) in X(1) are
(151)  P(1,0) = E(1)N(1)p = [1 ]PA

Fb. The inverse of the structure flexibility of X(0) is

£0,0°1 =6 -L ] 592EII_,3
| L—L 1012

Further
16EI

(148) F(1,1,1)=F(1,1) + E(lO)Z(O)f(O,‘O)"]'Z(O)* E(10)* = [45 22L] oL

92L 16L2]

L

F(1,1,1)~1= 1612 -231] =

11, L B4EI
-22L, 45

Vector multiplication from the right in (149) gives
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(149)  P(1,0,1) = P(1,0) - E(10)Z(0)£(0, 0)~1r(0,1) = [1] Ps] -
L0

2E1 2
_[-1][6 ‘L ms[-m,}?‘— =i%1""z[ 84p
.1 10029 ¢ |OEI 104PL

The unknown structure deformations and cycle forces in (126) thus are

(147)  p(1)=F(1,1,1)-1p(1,0,1) = [161.2 -22L]~——" L [ 84P ] =
104PL

J64EI 177
-22L

[

g
(146) R(0) = f(o, 0)'1(2(0)* E(10)*p(1)+ r(0,1))
2 pr2, _ 1
RO =[6 -L]25([r ][ ]-E-I'-'-+ [-1414}-—- a[p]
L-L 10L2] 5913 5 12EI o 6El PL

G. The member forces are in the global coordinate system

(152)  N(0) = N(ojp+ Z(0)R(0) = [P] + H %[ -p] = -;- P

and

0] |1 PL PL
I -P
0 PL
0 -P
0] PL
2
(153)  N(1) = F(1) E(1)*p(1) = [12 6L ]EI [1] [ :]B_Ii-. - %[PJ
oL 412" g | 12E1 P
The member forces in local coordinates are
(169) N(0) = [T;A1PN(O)s=[1 0 15.[P]=2T P]
-L 1 PL 0
1 0 -P -P
2L 1 PL -PL
10 -P -P
B L 1] | PL] . 0
N(1) = [T;2 1PN, = [1] NQ1) = -F P
2 |pL]

This is the same result as was obtained in Example 1.
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We get the member deformations

(153)  n(0) = £(0)N(0) = [14L2 -9L 1L irpT
-QL 6 GEI 2 PL
1412 9L -P
9L, 6 PL
2L2 3L -p
_ 3L 6 | PL,|
= [ 51 E.I:L%
-3 | 12EI
-5L
-3
L
3
PL2
152 n(l) = E(1)*p(1) = [-L] =
(152) (1) = E(1)*p(1) [3]1%1

Hb. The relative structure deformations p(1) were obtained in (147),
see Fb. In order to calculate the structure deformations p(0) we first
calculate

EQO* 1 =E0)-1*=[0 -1 0]
The matrix E(0)-1 satisfies
(133) EOEO1=[0 -1 1][0] =1
3
Thus we calculate the structure deformations

_ pr.2
(160)  p(0)=E(0)* 1 (n(0) - n(0)p) = E(0)*1n(0)=[0 -1 0] igL %I_;E.I. =

, P12
= | BL, | ==
RHE:
The value of the real structure deformations at the boundary between
X(0) and X(1) is given by
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(159)  n(0) = E(0)*p(0) + E(10)§p(1)q + E(10)*p(1),
[n(o)l _[sL1BES - o } MsL] L2 L [o ﬂ i_p(l)j

L3_J12EI | 0

- 12E1
JOM I H -1 of P
n(0)4 -3
L
3

. =

From the equation (159) we obtain the real structure deformations of
point B (=Q) as

r L3
(l)Q L5L} 'i-z‘ﬁ‘i:

We observe that the equation (159) gives the real structure deformations
p(1)p for joints at the boundaries between X(0) and X(1). We obtain the
real structure deformation at joint A as

pL2 pL3
1. = 1
p(1)y [51’ L] 1981 HSEI

| 3 -3 0

If we instead use the formula (161) in order to obtain the real
structure deformations at A we find

(181)  p(1)r =p(1) - E()* " E)p(l)q = p(1) - 1(-Dp(l)g = p(1) + p(1)Q

_ r..7PL2 L3 _ rpLd
p(l)y = [ 31'] 1281 ¥ [51‘] 12EI [ﬂ 3ET

Thus we obtain the same result as in Example 1.

Example 2b. The beam in Fig. 51 with the height h and the temperature
gradient o is now submitted to a temperature gradient Vt. We want to
calculate member forces and structure deformations,

C. The temperature gradient is a non-boundary action. It implies for
the members, that we use the particular solution in Fig. 33b. We thus
obtain the member free deformations

ng = [n(0)g] = [n(0)14] = [T {LJ oLVt

2h
n(1) n(O)ZS Ij1-2
n(0)4s I
_n(1)3s_1 RS
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Transformation of the free deformations ng to the global coordinate
system at A yields

(174) [n(O)S] =ng = T;A,nis =1 -L 71 = [31,7¢ LVt
s

0 1 -2 | 2h
n(1) 1 2L |-3L
0 1 -2
1L -L

0 1
1 L
1] -2

D. In order to restate the deformation continuity conditions we add defor-
mations round the cycle which yields

(164) r=-Z*ng = [(0) = - [Z(0)* z(10)* (0) [Z(0)y* 2(10)*} ~-n(0)g
r(1 1.0 Z(l)* (1) L Z(1)y* L—n(l)

The equation (164) gives the particular solution
np = [n(O)p] = [—n(O)S
E. The equivalent structure loads P(1, 0) in X(1) are

_ . EI r qoViL _ o VtEL
(151)  P(1,0) = -E(1) F(1)n(l)p = [1][12 6L L= 0]
l6r, 4L2. -1.2]

Fb. We calculate

(149)  P(1,0,1) = P(1, 0) -E(10) Z(0)*£(0, 0,0) 1 x(0, 1) =
~QVtEI -+ 2EI r - aViL

=0 -[-11]6  -L | L =]0]
[_sz hL2 if_ I —(59L3, %h E_o_!

The unknown structure deformations and cycle forces thus are

(147)  p(1)=F(@,1,1)°1p@1,0,1)=0
(146)  R(0) = £(0, 0)~1 Z(0)* E(10)*p(1) + r(0, 1)

ST .p72EL | o OVAL _ - 5 2AVILEI _ 1,7 QVEEL
| 2h 59 - 21.3h L h
L L 2 1
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G. The member forces and member deformations are in global coor-
dinate system

(152)  N(O) = NO)p+ 2(O)R()= [1] [0] SYE
h
1) L1]
B
(152)  n(1) = n(1)y + Z(*p(1) = -n1)s + 0 = -n(1)g = -1 2LE
L2
(153)  N(1) = F()n(1) = [12 6L | { -ﬂ -E-:I-BE”-Y-E&;-(OF.ZEE.I
l6r ar2]| 2 |%°-20 |4
(153)  n(0) = £(0)N(0) = [n(0){] = [1412 -9L 1-
n(O) "gL 6
P2 1412 9L
(o)) oL 6
6L2 3L
i 3L 6 _
L (g7 @VEI _ [ o7 . GViL
6EI (1) h gL 6h
0 9L,
1 6
0 3L
»-1-_-1 - 6 -

The real member deformations ny are

(166) np=n+ng= [n(0).] = [n©)] + [n(O)S—’
n(1),, L_n(l)_J n(l)J

The equation (166) gives

~ o] CVIL - 4.1 VL a7

n(0), = | -3L + ] 3L|{—===|0

5 2h 5 2h 0

3L -3L 0

2 -2 0

L -L 0

|2 -2 | 0
n(1), = [L} 9‘-‘;}&-’1 + [ L} ayz% - [07
-2 o



Hb. The relative structure deformations p(1) = 0, see Fb, are
(140)  p(0) = 6(0)~1 (n(0) - n(0)p) = 6(0)~1 (n(0) + n(0)g) = 0
The equation (139) gives the values of p(1)r at joint A, Q = B.
(139) n(0) - n(0)y = +0(0) p(0) + 6(01)p1Q + 0(01) p(1),.

0= 0+ 06(01)gp1q + 6(01)p(1),

0] = FO I {p(l)r—f
0 0 0} p(1)
0 -1 0

from (139) thus follows that

f_ p(Ly | = f 0]
Lp(l) | LO
Example 3. A plane frame, see Fig. 54, submitted to joint loads is
divided into 6 members. Al the beams have the section DIMAX 20 with
the area A = 135,4 cm2, and moment of inertia I = 10897 cm4 and I/A =

= 8,048 - 1073 m2,
We want to calculate member forces.

10 Mpm

2

Fig. 54. Loaded plane frame

A, We choose a dissection that makes the number of unknowns ¢ =
= m(0) + (1) 2 minimum,

We array the matrices E1 and Z1 and make the matrix product

1 2 3 4 5 6 mj] mQ m3 mi mg m
E121=A[1 111 ]1 1 =A[2 2 2
B 1 1 21 1 1 Blo o0 2
C 1 1]3 1 1| cfLo o 2

4 1

5 1

6L 1
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We now obtain the node-loop incidence matrix

m mo m3

1

L=(E1Z1);=A[1 1 1
B|o o0 1
clo o 1

We change the ordering of the rows and columns in order to get an
ordering according to

m(0)
m3 my mi Epg
L=[L(O) oJ: B[1! 0o o0]1
L(10) L(1 cli; 0 o0o]1
aM{A[TT 1T 1] 3
S 3 1 1

We get a(1) + m(0) = 2.

Thus we dissect the structure according to Fig. 55. Note that in the
diacoptical or codiacoptical solution we need 23 = 6 variables, but in
the force and displacement methods we need 3-3 = 9 variables.

\ S
x0 K x0)
777’7/ Fl\)

Fig. 55. Structural dissection
B. We choose a global coordinate system with the origin at A, see Fig. 54.

We array the matrices

4 56
(92) Z(0)* =m3[I I I]

4 5 6 123

(79) E(0) = B [1 -1 ] E(1)=A[I T I]
C I -I

ms 4 56

E(10)Z(0) = A[-1 ], E(10)= A[1 0 0]

where
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The flexibilities and stiffnesses are given relative to the local coordinate
system at beam end 2

L 12EI
167 fr=061/A 0 0 ]-—=—: F'=/[A/121 0 o |=44
(167) /. 16EI’ {'/ 1 =
0 12 ~3Lt 1 2L |
l 0 -3L. 6L/ | 0 21 312]

The flexibilities of the members in X(0) relative to the global coor-
dinate system are

(179) ﬂmm=TaffﬁA i=4,5,6

where
(170)  Tia=ly 0|1 ?
10 vIly 1
\ . 1
£y = [2,276. 10-2 0 0 ‘z- T, = |1 0 0]
4 b s
f 7,542 -4,000] El 44 lo 1 éj
L 0 -4,000 2,828] [0 2,8284 1
f(0)gp = TypfyTyp = [0,0228 O 0
| 0 7,542 4,000
[ o 4,000 2,828]
£ = [0, 0424 0 0 1, Te, =T 0,7071 0,7071 G
5 5A T s
0 41,667 -12,500!EI’ | -0,7071 0,7071 0
L 0 -12,500 5,000] [-3,5350 6,3640 1
1

£(0)55 = Tsp f5Tsp = | 20,844 -45,790 -8,836] -
oA §-45i790 110,803 22,975 EI
- 8,836 22,975 5,000]

1

fg=[0,0341 0 0 ]2+, Tga=] O 1 0
0 25,455 -9,000]El | -1 0 0

L 0 -9,000 4,243] [~7,778 6,364 1

152 734 171,825 27,000

£(0)gA = ( 142,126 -152, 734 -24,005}~L
- 24,000 27,000 4,243

The structure flexibility of X(0) is

(144)  £(0,0) = 2(0)*£(0) Z(0) = Z(0)* [£(0)1a 1D Z(0) = £(0)4A + £(0)54 + £(0)6A = |

= [ 162,993 -198,524 -32,836] -
-198,524 209, 006 53,975?EI

- 32,836 53,975  12,071!

85



The stiffnesses of the members in X(1) relative to the global coordinate
system are

(177)  F(D)a = TiL Fy(Ty) L

(178)  T[i= [ o i
VY*}* v*]

F(1)1p = F{ = | 29,2872 0 0 TEI
L0 0,1571 0,3333]
0 0,3333 0,9428

|
!
b

Fo=Fy T F -1 0
3 38701 0 0f
o o 1

i’"

10,1571 0 0, 3333} EI

F(1)3A = (T55) P F3(T3,) "t = 0 29,287 0
§ b

10,3333 0 0,9428]
Fy = [41,418. 0 0 1EI Tgp = t’o 7071 -0,7071 O]
Lo 0,4444 40,6667 | 10,7071 0,7071 o
L 0 +0,6667 1,3333] }_ 0 0

“1 .tk =1 B

F(l)gp = (T5,) " Fy(T5,)"" = | 20,9308 -20,4866 0,4714]EI
24 24 |-20,4866 20,9308 0, 2714 |
L 0,4714  0,4714 1,3333]

The structure stiffness of X(1) is

(143)  F(1,1) = E() F(DE()* = E(1) [F(L),] DE()* = F(1)14 + F(1)aa + F{l)ga

F(1,1) = [ 50,3751 -20,4876 0,8047]EI
3-20 4866 50,3751 0,8047
L 0,8047 0,8047 3,2189

C. The structure action in Fig. 54 gives

r= f—r(O)jj = [o
0!

Lr(l)

P = [P(0) ={PB ; Pp=[-15v2Mp|, Pg =] -5v2Mp | =
| 1Pc i 15J2Mpz 5V2Mp |
Le@)) fPAJ 0 -10-2 - 10Mpm]

= }F 7,071 Mp } Pc = Fo"f
[

SR

7,071 Mp Lo
-30, 000 Mpm | 0]

The load P(0) is written relative to the global coordinate system at A.
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D. The particular solution for member forces are

(132)  N(0), = E(0)~1P(0) = P Ii f’PB'i [1 ] PB]
§

0 iPCM 0 ,_, 0

0 o L0 O

0

(134)  E(1)N(1), = -E(10)N(0), + P(1) = - [-I 0 0] FPB +Pp+Pg=
o

Lo

= [-28,284 Mp
| 28,284 Mp
j_-3o 000 Mpm |

-
H
i
i
3

where

(133)  E(0)E(0)"! = [1 -1 01 1} =[1 0
0 1-1Jlo 1] {0 1
0 0

The load r = 0 implies the particular solution for cycle deformations
(137) n(l)p =0
(139) Z*(O)n(O)p =0

E. The equivalent cycle deformation r(0, 1) on X(0) is obtained by vector
multiplication from the right in

r

(150)  r(0,1) = ~Z(0)*H(O)N(0), = - [1 T 1 [£(0)gp, £(0)54, 1(0)ga] P Pg] =
i
I 0
Lo]
1
= ~£(0),, Pr = | 0,300
(©4a P5 {66 692] EI
56, 556 |

The equivalent structure deformations P(1, 0) on X(1) are

(151)  P(1,0) = E(1)N(1)p = [-28, 284
- 28, 284
-30, 000
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Fa. The inverse of the structure stiffness of X(1) is

F(1,1)~1 = [ 0,02401 0,00990 -0,00848] -

{ 0,00990 0, 02401 -0, 00848 | E1
|-0,00848 -0,00848 0, 31490/

Further
(142)  £(0,0,0) = £(0, 0) + Z(0)* B(10)* F(1,1)" 1 E(10)E(0) =

- [163,017 198,514 -32, 8451 oL
198,514 299,030 53,906
-32 845 53,906 12,385]

(145) (0,1, 0) = r(0, 1) + Z(0)* E(L0)* F(1,1)-1P(1,0) = [ 0,300] = +
66, 692| EI
56. 556
+ | 0,145 ---—Fo 4571
L—oi 667] EI 66 ozsiEI
9, 447 66 003 ]

The calculation of the unknown cycle forces in (141) is made by use of
Gaussian elimination.

(141)  R(0) = £(0,0,0)"1r(0,1,0) = [-0,594 Mp |
-3, 978 Mp J
21,083 Mpm

We calculate

-0,594] + [-28,284]=
-3,978| | 28,284
| 21,083 L—so 000 |

-E(10) Z(0)R(0) + P(1,0) = - [-1] R(0) + P(1, 0)

1}

= [-28,878]
24, 306}
- 8,9117]

We obtain the structure deformations p(1) in X(1) as

(140)  p(1) = F(1, 1)-1(-E(10) Z(0) R(0) + P(1,0)) =

[" 0,02401 0,00990 -0, 008487 = [-28,284] = [-0,337 1
Lo 00990 0, 02401 -0 00848 | E 24 306 | o 373 | EI
0,00848 0, 00848 0, 31490 Sglot7]  L-2,769)
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G. The member forces are, in the global coordinate system,

(152)  N(0) = N(0), + Z(0)R(0) = FN‘HQ - 7,071} + [-0,594] = [-7,665
Ne | 7,071 -3,978 3,093

z 5Al -30, 000 21, 083 -8,917

LNGAH 0 -0,594 -0, 594

0 -3, 978 -3,978

0 21, 083 21, 083

0 -0,594 -0, 594

0 -3,978 -3,978

0 | l21,083] [21,083]

The forces N(0) are transformed to the local coordinate systems of each
beam.

(169)  N'(0) = 1N4 = [Tyy Tsp T6AJDFN4A) = [-17,665 Mp
N N 3,093 Mp
%5 54| |-0,169 Mpm
{ Ng | [Ngal |-3,237Mp
-2, 393 Mp
~-2,133 Mpm
-3,978 Mp
0,594 Mp
0,378 Mpm;

As a check of the calculation of N'(0) we study the equilibrium of beam
number 5,

10-0,169=9, 831 Mpm

;7B 5 C
\i/ : < 3,237 Mp" -

7 M10-(7,665+3,093) v2 = 2,393 Mp _, 393 f -2,133 Mpm
-(7,665- 3, 093) . v3 = 3,232 Mp

Horisontal force equilibrium gives—>: 3,232~ 3, 237 = -0, 005 -Mp

Moment equilibrium gives “D:9,831 +2,133-2,393. 5 =

= 11,964 - 11,965 = 0, 001 Mpm

Thus the equilibrium is satisfactory.
The member forces N(1) relative to the global coordinate system are

(153)  N(1) = FU)n(1) = FO EW*p(1) = FO) 1] p(1)
!l

1]
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N(1) = [N, ] = [ Fia I] p(1) = [-11, 041
Nes : Fop I - 0,923

L 2A1 | F3al | - 2,486

Nga. L1 - |-16,838

14,225

- 3,692
- 0,982
10, 924
- 2,736

Transformation to local coordinate systems yields

(169)  N'(1) = [Ny] = [Typ Toa Taal~ [Nia| =[-11,041Mp
N - | |- 0,923 Mp

2 } 2A - 2,486 Mpm

N [ Nga -21, 965 Mp

- 1,848 Mp

- 3,638 Mpm

-10, 924 Mp

- 0,982 Mp

|~ 2,699 Mpm |

We now check the equilibrium of the joint A.

Moment equilibrium gives A  : +2,486 + 3,638 + 2,699 - 8,917 = -0, 003 Mpm
Horisontal force equilibrium : 11,276 - 10,924 + 0,923 + 0,982) 0, 7071 +
+ 1,848 - (7,665 - 3,0983)0,7071 = 0,210 Mp
Vertical force equilibrium : 21,965 + (10,924 + 11,276 + 0,982 - 0,923 -
- 3,093 - 7,665)0,7071 - 30,000 = 0,103 Mp
Thus the equilibrium is quite satisfactory.
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