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Abstract

We describe various approaches to Coleff—Herrera products of residue currents RJ (of Cauchy—
Fantappie-Leray type) associated to holomorphic mappings f;. More precisely, we study to which extent
(exterior) products of natural regularizations of the individual currents R/ yield regularizations of the cor-
responding Coleff-Herrera products. Our results hold globally on an arbitrary pure-dimensional complex
space.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction

Let f be a holomorphic function defined on the unit ball B C C". If f is a monomial it is
elementary to show, e.g., by integrations by parts or by a Taylor expansion, that the principal
value current ¢ +— lim€_>0fmz>€ o/f, o € Dy,(B), exists and defines a (0, 0)-current 1/f that

we also denote by U/ . From Hironaka’s theorem it then follows that such limits exist for general
f and also that B may be replaced by a complex space [20]. The d-image, R/ := d(1/f), is
the residue current of f and by Stokes’ theorem it is given by ¢ + lim._,¢ fl Flr=e o/f, p €
Dn.n—1(B). It has the useful property that its annihilator ideal is equal to the principal ideal (f)
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and, moreover, it gives a factorization of Lelong’s integration current; 27i[ f = 0] = d(1/f) A
df.

There are (at least) two natural ways of regularizing U/ and R/. If A € C and Re i > 0,
then A — [¢|f |**/f is holomorphic for any test form ¢. It is well known (cf., Lemma 6) that
the current-valued map A > | f|**/f =: U/** has a meromorphic extension to C with poles
contained in the set of negative rational numbers and that the value at A = 0 is U/ . It follows
that A > 9| f|**/f =: R/** is meromorphic in C, analytic in a half-space containing the origin,
and that the value at the origin is R/. The technique of using analytic continuation in residue
current theory has its roots in the work of Atiyah [8], and Bernstein and Gel’fand [14]. In the
context of residue currents it has been developed by several authors, e.g., Barlet and Maire [9],
Yger [33], Berenstein, Gay and Yger [11], Passare and Tsikh [26], and recently by the second
author in [30]. The second regularization method, inspired by Passare [24], is more explicit and
concrete; U/ and R/ are obtained as weak limits of explicit smooth forms. Let x be a smooth
regularization of the characteristic function 11 o) and let Ul .= x(|f1?/e)/f and RT€ :=
dx (| f1?/€)/f. Then (see, e.g., [24]) U/ =1lim,_, o+ US€ and R =1lim._, o+ R/€ in the sense
of currents. Notice that the original definition mentioned above corresponds to ¥ = 1[1,o0)-

If f is a tuple of functions or a section of a vector bundle there are natural analogues of
the currents 1/f and 3(1/f) introduced in [28] and [1]. The construction of these more general
currents, still denoted U/ and R/, is based on Bochner—Martinelli and Cauchy—Fantappié—Leray
type formulas; see Section 2 for details. In this paper we consider products of regularized currents
of this kind and we investigate their limit behavior. It turns out that both the A-approach and the
e-approach yield the same current as the classical Coleff-Herrera approach.

Let Z be a reduced complex space of pure dimension n, let Eq, ..., E, be hermitian holo-
morphic vector bundles over Z, and let f; be a holomorphic section of E;“ Then U/i =: U/

and R’/ =: R/ become currents with values in A E jiifrank E; =1 then U _/ is the principal
value current associated with the meromorphic section 1/f; of E; and R/ = 9U/. In complete
analogy with the regularization methods discussed above we have

U/ =U*|, _ = lim U/ and R/=RM| _ = lim R/,

A=0"" e—01 e—0t

see Section 2. We define products of the R/ (for simplicity we restrict attention to such products
in this section) recursively as follows: Having defined R¥"! A --- A R it turns out (see [7] or
Section 2) that

A REA AR A AR!

has an analytic continuation to a neighborhood of A = 0 and we define RX A --- A R! as the value
at A = 0. From the proof of Proposition 5.4 in [6] it follows that one can compute the product in
the following way: If a; > --- > a, > 0 are integers then

RPA--- AR =RPH" Ao p R 2=0"
That is, the recursive definition can be replaced by the evaluation of a one-variable analytic
(current-valued) function at the origin; we just have to make sure that A?! tends to zero much
faster than 1?2 and so on.
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We now consider the smooth form R”-€» A --- A R1€1 and limits of it of the following kind:
Definition 1. Let  be a function defined on (0, c0)”. We let

lim (€1, ..., €p)
€K Kep—0

denote the limit (if it exists and is well defined) of ¢+ along any path § — €(§) towards the origin
such that for all £ € N and j =2,..., p there are positive constants C, such that €; 1(5) <

Cije ef (8). Here, we extend the domain of definition of ¢ to points (0, ..., 0, €11, ..., €p), Wwhere
€m+l,.-.,€p >0, by defining
2(0,...,0,€ep11,...,€6p) = lim ... lim D (eq, ..., €n, €nt1s-..,€p),

€n—0 e1—0

if the limits exist.

Recall that (1, ..., €p) tends to zero along an admissible paths in the sense of Coleff and
Herrera [17], if it tends to zero along a path inside (0, 00)” such that €;_ /ef —Oforall £ eN
and j =2,..., p. The limits in Definition 1 are (slightly) more general since, e.g., €] is allowed
to attain the value O before the other €; go to zero. In particular, it thus includes the iterated limit
letting €; — O one at a time. The following theorem is a special case of Theorem 11 below. The
proof shares many similarities with the proof of [24, Proposition 1] (even though the statements
differ). However, in our case, extra technical difficulties arise since the bundles E; may have
non-trivial metrics.

Theorem 2. In the sense of currents we have

RPA-..AR'= lim  RP? A... ARV,
€K Kep—0

To connect with the classical Coleff-Herrera approach, assume temporarily that rank £; =1,
Jj=1,...,p,sothat R/ =9d(1/f;). Then Theorem 2 says that for any test form ¢ of bidegree
(n,n—p)

-1 -1 dxer dxe!
0— A ANd—.@p = im Ao A
fr fi €l<<'“<<€p—>OZ fr f

NQ,

where x< = x(|f; 1% /e 7). We will refer to the integral on the right-hand side as the residue
integral and denote it by I? (¢€). If the x-functions tend to 11 o) (for a fixed generic € € (0, co0)”)

then I? (e) tends to Coleff—Herrera’s original residue integral
19(e) = / 0/ (fie+ fp), (1)
T (e)

where T (¢) = ﬂf {If; I2=¢ j} is oriented as the distinguished boundary of the corresponding
polyhedron. In [17] Coleff and Herrera prove that the limit of / ;f(e) along an admissible path



R. Larkéing, H. Samuelsson Kalm / Journal of Functional Analysis 264 (2013) 118—138 121

exists and defines a current, the nowadays called Coleff~Herrera product. We show (see The-
orem 11) that the Coleff-Herrera product equals the product (1/ ) AN d(1/f1); this is
folklore but to our knowledge not completely proved before (except in the case of complete
intersection when it follows from [24] and [23] together with [30]).

A result much in the same spirit was proven by Passare in [23], where he relates the original
Coleff-Herrera product to residue currents defined by A-regularizations. Passare considers the
regularization

ofpl™ AP

fp fl )»:0’

i.e., instead of letting the A; go to zero successively, all the A; are equal to a single A that tends
to 0. In that case, Passare proves that this current coincides with an average of limits along
parabolic paths of the residue integral, as considered in [24], irrespectively of whether f defines
a complete intersection or not.

The product RK A --- A R! does in general not have any natural commutation properties. For
instance, 9(1/(zw)) A 3(1/z) =0 while 3(1/z) A 3(1/(zw)) = d(1/z%) A 3(1/w), where the
last product simply is the tensor product. However, if the f; define a complete intersection, i.e.,
codim{f; =---= f, =0} = Zj rank E;, then it is known (see, e.g., [3]) that the product is
commutative; the case when all the E; have rank 1 is proved in [17].

2

Remark 3. Recall that the currents R/ take values in A\ E j- The sum of the degree of R/in \ E I
and its form-degree is even. Therefore the product is naturally commutative. If the E; are trivial
line bundles that we do not make any distinction between, then the product is anti-commutative;
this is the classical Coleff—Herrera setting.

Theorem 4. Assume that the f; define a complete intersection. Then for every test form ¢

(k],...,kp)H/Rp’)"P/\~-~/\Rl’)"' A
V4

has an analytic continuation to a neighborhood of the origin in CP.
This result is a special case of our Theorem 14, which generalizes [30, Theorem 1]. The case
when p =2 and rank £; = 1 was proved by Berenstein—Yger (see, e.g., [10]). The following

result is a special case of Theorem 13, which generalizes [16, Theorem 1].

Theorem 5. Assume that the f; define a complete intersection. Then for every test form ¢
(€1,....€p) > fR”'GP A ARV A
z

is Holder continuous on [0, 00)?.

For this result it is crucial that the y-functions used to regularize the RJ are smooth. In fact,
Passare and Tsikh [27], found a quite simple tuple (fi, f>) defining a complete intersection
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in C? and a test form ¢ such that the classical Coleff—-Herrera residue integral 1 ((p 1. fz)(e) is
discontinuous at € = 0. Soon after Bjork found generic families of such examples, see, e.g., [15].

Let us give some background and motivation for the kind of products considered here. Prod-
ucts of Cauchy—Fantappie—Leray type currents were first studied by Wulcan [32]. Wulcan defines
the product as the value at A = 0 of the analytic continuation of A — RP* A ... A R!"* In the
non-complete intersection case Wulcan’s product is different from our; in the case that all E;
have rank 1, RP* A --- A R“l 2=0 coincides with Passare’s product, (2). Passare—Wulcan prod-
ucts satisfy several natural computation rules and are quite useful but it has turned out that the
recursive definition discussed above often is more natural. In particular, the Stiickrad—Vogel inter-
section algorithm in non-proper intersection theory is conveniently expressed using recursively
defined products, see [6].

In the complete intersection case there is no ambiguity, the Coleff—Herrera product is com-
mutative and if f = (f1,..., fp) then R/ equals /\j 2_3(1/fj), see [28] and [1]. This indicates
that the Coleff—Herrera product is the “correct” current to associated to a complete intersection.
The Coleff—Herrera product is the minimal current extension of Grothendieck’s cohomological
residue (see, e.g., [25] for definitions) in the sense that it annihilated by anti-holomorphic func-
tions vanishing on its support. Moreover, if f defines a complete intersection then the annihilator
ideal of R/ equals the ideal generated by f, see [25] and [18]. This property is very useful and
lies behind many applications, e.g., explicit division-interpolation formulas and Briancon—Skoda
type results [2,10], explicit versions of the fundamental principle [13], the d-equation on complex
spaces [4,5,19], and explicit Green currents in arithmetic intersection theory [12].

In Section 2, we give the necessary background and the general formulations of our results.
Section 3 contains the proof of Theorems 2 and 11. The proof of Theorems 4, 5, 13 and 14 is
the content of Section 4; the crucial part is Lemma 19 which enables us to effectively use the
assumption about complete intersection.

2. Formulation of the general results

Let Z be a reduced complex space of pure dimension n. We say that ¢ is a smooth (p, g)-form
on Z if ¢ is smooth on Z,,, and in a neighborhood of any p € Z, there is a smooth (p, g)-form
¢ in an ambient complex manifold such that the pull-back of ¢ to Z, coincides with ¢|z,,
close to p. The (p, q)-test forms on Z, &, ,(Z), are defined as the smooth compactly supported
(p, g)-forms (with a suitable topology) and the space of (p, g)-currents on Z, ‘@1,7, ¢(2), is the

dual of Z,_p.n—q(Z). More concretely, if i : Z — 2 C CV is an embedding and u is a (p, q)-
current on Z then i, is an (N —n + p, N — n 4 g)-current in §2 that vanishes on test forms &
such that i*¢ = 0 on Z,.,. Conversely, such a current in £2 defines a current on Z. See, e.g., [22]
for a more thorough discussion.

Let x be a complex coordinate on C. Recall that the principal value current 1/x™ can be
computed as the value at A = 0 of the analytic continuation of |x|**/x™; the residue current
d(1/x™) then is the value at A = 0 of d|x|**/x™. Since one can take tensor products of one-
variable currents it follows that

1 1 D (x)
T = Tl /\ A /\ Tp /\ m (3)
1 Xp X1 Xn
is a well-defined current in C"; here oy, ..., «, are positive integers, ap41,...,®, are non-

negative integers, and ¢ is a smooth compactly supported form. Such a current T is called an
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elementary pseudomeromorphic current. Following [7] we say that a current © on Z is pseu-
domeromorphic, u € PM(Z), if w locally is a finite sum of push-forwards 7, --- 7/t under
maps

m 7.[2 7.[l
xmIio . I xln, gz,

where each 7/ is either a modification or an open inclusion and 7 is an elementary pseudomero-
morphic current on X" . It follows that the class of pseudomeromorphic currents is closed under
d and multiplication with smooth forms, and that the push-forward of a pseudomeromorphic
current by a modification is pseudomeromorphic.

Lemma 6. Let f be a holomorphic function, and let T € PM(Z). If f is a holomorphic func-
tion such that {f =0} ={f =0} and v is a smooth non-zero function, then (|fv|2*/f)T and
@] fv|**/f) AT have current-valued analytic continuations to » = 0 and the values at » = 0
are pseudomeromorphic and independent of the choices of f and v. Moreover, if x = 1(1,00), OF
a smooth approximation thereof, then

AT, “)

where x€ = x (| fv[?/e).

Proof. The first part is essentially Proposition 2.1 in [7], except that there, Z is a complex man-
ifold, f = f and v = 1. However, with suitable resolutions of singularities, the proof in [7] goes
through in the same way in our situation, as long as we observe that in C

|xa’v|ZA 1 q |xa/v|2)L_ 1
an

x%  xP xo xP

have analytic continuations to A = 0, and the values at A = 0 are 1/x**# and 0 respectively,
independently of o’ and v, as long as &’ > 0 and v 0 (and similarly with 3|x® v|?*/x%).

By Leibniz rule, it is enough to consider the first equality in (4), since if we have proved the
first equality, then

5 € B € €
lim 2% AT:IimB(X—T>—X—8T
e—0 e—0 f f
CUFn2h Fo2h 51 Fol2h
=<8<|fv| T)_lfvl 8T> _ dlfvl ATl
f f A=0 S A=0

To prove the first equality in (4), we observe first that in the same way as in the first part, we can
assume that f = x”u and f = x?ii, where u and i are non-zero holomorphic functions. Since T
is a sum of push-forwards of elementary currents, we can assume that T is of the form (3). Note
that if suppy N supp B # @, then (| fv|**/f)T =0 for Re A > 0 and (x (| fv|*/€)/f)T =0 for
€ >0, since suppT < {x; =0, i € supp B}. Thus, we can assume that suppy Nsupp S = . By
a smooth (but non-holomorphic) change of variables, as in Section 3 (Egs. (13)), we can assume
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that |iiv|? = 1. Thus, since (Jx7 |2 /x?)(1/x%), (x (|x7 |*/€)/x?)(1/x*) depend on variables dis-
joint from the ones that /\ B0 a(l /)cl?3 ") depends on, it is enough to prove that

lx? 2 1 - x (X7 P/e) 1
— =lim ——
XY x%|,—g €0 X7 x%

)

which is Lemma 2 in [16]. O

Let Ey, ..., E; be holomorphic hermitian vector bundles over Z, let f; be a holomorphic
section of E;* Jj=1,...,q, and let 5; be the section of E; with pointwise minimal norm such

that f; -s; = | f;]°. Outside { f; = 0}, define

Sj A (ésj')k_l

| fi1%*

J
u; =

Itis easily seen thatif f; = f JQ 1, where f ]Q is a holomorphic function and f ]’ is a non-vanishing

section, then u,{ = (l/fjo)k(u/)i, where (u/)i is smooth across { f; = 0}. We let

o0
Ul =" 1Fi1Pu] o 5)

k=1

where fj is any holomorphic section of E;‘ such that { fj =0} = {f; = 0}. The existence of
the analytic continuation is a local statement, so we can assume that f; = > f ,-’ke;‘. & where

e? « 1s a local holomorphic frame for E;* After principalization we can assume that the ideal

(firs .-, fik;) is generated by, e.g., fj 0. By the representation u,ﬁ = (l/fj,o)k(u/)',{, the exis-
tence of the analytic continuation of U/ in (5) then follows from Lemma 6. Let U ,g denote the
term of U/ that takes values in /\k Ej; U,f is thus a (0, k — 1)-current with values in /\k E;.
Let §; denote interior multiplication with f; and put Vy; =385, — 95 it is not hard to verify that
Vs, U =1 outside f; = 0. We define the Cauchy-Fantappie-Leray type residue current, R/, of
fj by R/ =1—VyU’. One readily checks that

oo
RI'=R{+> R
k=1

72 s on S A @5
=(1-1fjl )’)\:o+§ :a|fj| A 712 ’
=1 j =0

(6)

where, as above, f] is a holomorphic section such that { fj =0}={f; =0}

Remark 7. Notice that if £; has rank 1, then U; simply equals 1/f; and RI=1-— ij(l/fj) =
L= fi-(A/fp)+o/fj)=00/f)).
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We now define a non-commutative calculus for the currents U, ,é and Ré recursively as follows.

Definition 8. If 7 is a product of some U ,i and RZ , then we define

i ~ si A (Ds;)k]
o U,f/\T:lfﬂ”‘%/\T ,
| fil A=0
J _ 72
. ROAT = (1= /iP)T ],
; - - si A (3s;)k!
o RIAT =0|fi|* AL AT|
|f]| =0

where fJ is any holomorphic section of E;‘ with { fj =0}={f; =0}.

Notice that after principalization the pull-back of u,ﬁ is semi-meromorphic; in particular U/
and R/ are pseudomeromorphic. Thus, by Lemma 6, the analytic continuations of Definition 8
exist and the values at A = 0 are pseudomeromorphic as well.

Remark 9. Under assumptions about complete intersection, these products have the suggestive
commutation properties, e.g., if codim{ f; = f; = 0} =rank E; + rank E, then R, A R} = R} A
R, REAU] =U] AR, and U} AU/} = —U] AU (see, e.g., [3]). In general, there are no
simple relations. However, products involving only U':s are always anti-commutative.

: : _(pl 14 _ qy7ptl q
Now, consider collections R = {Rkl, e Rkp} and U = {Ukpﬂ, e, qu} and put (Py,...,
P) = (R,il s R,fp, U,it}, e U,:’q). For a permutation v of {1, ..., g} we define
(UR)' = Pogy Ao AN Py (7

From (5) and (6) we get natural A-regularizations, P}‘, of P; and from Definition 8 we have

(UR)' = P‘j”("q) Ao A PVA<11)|,\1:0 -+ [5,=0, i.e., we set successively A; = 0, then A2 = 0 and so
on. The following result is proved in [6].

Theorem 10. Let ay > --- > a4 > 0 be integers and A a complex variable. Then

2% 291
A Plgy Ao AP
has a current-valued analytic continuation to a neighborhood of the half-axis [0, c0) C C and

the value at . = 0 equals (UR)".

The recursively defined product (U R)" can thus be obtained as the value at zero of a one-
variable ¢-type function. From an algebraic point of view, this is desirable since one can derive
functional equations and use Bernstein—Sato theory to study (U R)".

There are also more concrete and explicit regularizations of the currents U, ,i and R,f inspired
by [17] and [24]. Let x = 1j1,00), Or a smooth approximation thereof that is O close to 0 and
1 close to oo. It follows from [29], or after principalization from Lemma 6, that



126 R. Liirkiing, H. Samuelsson Kalm / Journal of Functional Analysis 264 (2013) 118-138

SjA (5Sj)k_1

Uj= l. ~' 2 9 8
k elfg"'X('fj' /6) |f]|2k ( )
B k—1
i - z 2 Sj/\(&Sj)
Rk —61_1>I{)1+3X(|f/| /G)Aw, k>0, (9)

and similarly for k£ = 0; as usual, { f] = 0} = {f; = 0}. Of course, the limits are in the current
sense and if x = 11,o0), then € is supposed to be a regular value for |fj|2 and 5)((|fj|2/e) is to
be interpreted as integration over the manifold | f; |> = €. We denote the regularizations given by
(8) and (9) by P;.

Theorem 11. Let R = {R,ll, e, R,fp} and U = {Ukl:::, e, qu} be collections of currents de-

fined in (5) and (6). Let v be a permutation of {1, ..., q} and let (UR)" be the product defined
in (7). Then

UR)Y= lim P A---AP,
(UR) b 0 V@ u(l)
_(pl I4 p+1 q-. " _
where, as above, (Py, ..., Py) = (R e Rk,,’ U,(H1 e qu), see Definition 1 for the mean

ing of the limit. If x = 1[1,00), we require that € — 0 along an admissible path in the sense of
Coleff-Herrera.

Thus (UR)" can be computed as the weak limit of an explicit smooth form and moreover,
Definition 8 give the Coleff—Herrera product (in case the bundles E; have rank 1).

Remark 12. It might be more natural to consider products of whole Cauchy—Fantappie—Leray
type currents, U/ and R/, as in (5) and (6), and not just products of their components U/ and R},
cf., for example [6]. However, since such a product is a sum of products of their components, it
follows readily that Theorem 11 holds also for products of whole Cauchy—Fantappie—Leray type
currents.

2.1. The complete intersection case
Assume that fi, ..., f; define a complete intersection, i.e., that codim{ f] =---= f; =0} =

rank £y + --- + rank E;. Then we know that the calculus defined in Definition 8 satisfies the
suggestive commutation properties, but we have in fact the following much stronger results.

Theorem 13. Assume that fi, ..., f; define a complete intersection on Z, let (P, ..., Py) =
(Rll, e, R,fp, Uk[:i]l e, quq ), and let P;j be an e-regularization of P; defined by (8) and (9)

with smooth x -functions. Then we have

‘/Pfl/\-~-/\Pq€q/\(p—P1/\~--/\Pq.<p <Clglem(ef +---+€),
VA

where M and w only depend on f1, ..., fy, Z, and supp ¢ while C also depends on the CM-norm
of the x -functions.
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Theorem 14. Assume that f, ..., f; define a complete intersection on Z, let (Py,..., Py) =
(R,il, ey lep, Uk’;:, ey qu ), and let P;j be the A-regularization of P; given by (5) and (6).

Then the current-valued function
A
A PIUA AP,

a priori defined for Re X ; > 0, has an analytic continuation to a neighborhood of the half-space
ﬂf {Red; >0).

Remark 15. In case the E; are trivial with trivial metrics, Theorems 13 and 14 follow quite easily
from, respectively, [16, Theorem 1] and [30, Theorem 1] by taking averages. As an illustration,
letey, ..., & be anonsense basis and let fi, ..., f be holomorphic functions. Then we can write
s=f-gandsour=(f-e) Adf &)1/ f|**. A standard computation shows that

la- f1Pa-e 0 fre
— AV =A L -
/ (@ f)la|?* W] | fI?

aeCP !

where dV is the (normalized) Fubini—Study volume form and A is holomorphic with A(0) = 1.
It follows that

k 3 21
Oleej - fl aj - K5 () 2k
- A dV(e;)=AN)"0 .
/ /1\ a7 e AV @) = AW )
Oll,...,otkE(CIPr_l

Elaborating this formula and using [30, Theorem 1] one can show Theorem 14 in the case of
trivial E; with trivial metrics. The general case can probably also be handled in a similar manner
but the computations become more involved and we prefer to give direct proofs.

3. Proof of Theorem 11

The structure of this proof is rather similar to the structure of the proof of Proposition 5.4
in [6].

We start by making a Hironaka resolution of singularities [21], of Z such that the pre-image
of j{ fj = 0} has normal crossings. We then make further toric resolutions (e.g., as in [28])
such that, in local charts, the pull-back of each f; is a monomial, x%, times a non-vanishing
holomorphic tuple. One checks that the pull-back of P; is of one of the following forms:

x (Ix¥ %€ /€) s

xOl

2 a2
L= (P /e) 8X(|xxl 50

where £ is smooth and positive, suppa = suppa, and ¥ is a smooth bundle valued form; by
localizing on the blow-up we may also suppose that ¢+ has as small support as we wish. If the
x -functions are smooth, the following special case of Theorem 11 now immediately follows from
Lemma 6:

(UR) = lim .- lim PN AP (10)
Eq—>

o Tvi N v()*
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For smooth x-functions we put

éxf/\./\éxexe ...XG
— p/Ap+l q
1= [ A e

where ¢’ < g, ¢ is a smooth (n,n — p)-form with support close to the origin, and X;- =

X (|x% |2 j/€;) for smooth positive &;. We note that we may replace the 9 in Z(€) by d for
bidegree reasons. In case x = 1j1,o0) We denote the corresponding integral by /(¢). We also
put ZV(eq, ..., €4) =Z(€y(1), - - - » €v(g)) and similarly for IV. In view of (10), the special case of
Theorem 11 when the x-functions are smooth will be proved if we can show that

lim IV (e) (11)
€K Keg—0

exists. The case with x = 1|1 ) Will then follow if we can show
(Slirr%)(I"(e(é‘)) —1"(€(8))) =0, (12)

where § — €(§) is any admissible path.

For notational convenience, we will consider Z" (¢) (unless otherwise stated), but our argu-
ments apply just as well to 7" (€) until we arrive at the integral (16).

Denote by A the ¢ x n-matrix with rows &;. We will first show that we can assume that A has
full rank. The idea is the same as in [17] and [24], however because of the paths along which our
limits are taken, we have to modify the argument slightly. The following lemma follows from the
proof of Lemma II1.12.1 in [31].

Lemma 16. Assume that o is a q x n-matrix with rows o; such that there exists (vy,...,v4) #0
with ) via; = 0. Let j = min{i; v; # 0}. Then there exist constants C, ¢ > 0 such that if €; <
C(ejq1-..€9), then x(|1x%1?€;/€;) =1 and dx (|x%|*€;/€;) =0 for all x € AN {|x%|> >
Ciei,i=j+1,...,q}, where A is the unit polydisc.

Assume that A does not have full rank, and let v be a column vector such that v’ A =0. Since
(€1,...,¢€q) isteplaced by (€)(1), ..., €v(g)) i~n TV (€e), we choose instead jo such th~at v(jo) < v(@)
for all i such that v; 0. If jo < p, welet Z¥(e) =0, and if jo > p + 1, we let ZV(¢€) be Z" (¢)
but with x replaced by 1. If € = €(8) is such that €,(j;) > 0, then Z"(e) is a current acting on a
test form with support on a set of the form

AN{[x%]* = Cieyy; forall i such that v(i) = v(jo)}.

In particular, if €,(j;)(8) is sufficiently small compared to (€y(jo)+1(3), ..., €4(8)), then by
Lemma 16, if jo < p, the factor 0 X;’o is identically 0, and if jo > p + 1, the factor X;U is iden-
tically 1 and thus is equal to 7v (¢) for such €. Similarly, if €,(;) = 0, we have that Z"(e) is
defined as a limit along €, ;) — 0, with €,(jj)+1, - - ., €, fixed and in the limit we get again that
for sufficiently small €,(j,), we can replace Z"(e) by Z" (¢). Thus we have
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lim Z()= lim Z'(e),
€1 <Keg—0 €K Keg—>0

and we have reduced to the case that A is a (g — 1) x n-matrix of the same rank. We continue
this procedure until A has full rank.

By re-numbering the coordinates, we may suppose that the minor A = (&;;) 1<, j<q of A is in-
vertible and we put A~! = B = (b; 7). We now use complex notation to make a non-holomorphic,
but smooth change of variables:

yi=x1E02 vy = xgEP P v = X ey Yn =
)_/1 =)€1€b1/2, ey )_1q = ingqﬂ’ }_’q—i-l = iq-&—l, ) )_7n = )_Cna (13)
bij2 _ g£bi1/2 big/2 . = _ &b b =
where £71/° =&, ---&,""". One easily checks that dy Ady =& --- &% dx Adx + O(]x]), so
(13) defines a smooth change of variables between neighborhoods of the origin. A simple linear
algebra computation then shows that |x% |2€; = |y%|2. Of course, this change of variables does

not preserve bidegrees so ¢(y) is merely a smooth compactly supported (2n — p)-form. We thus
have

Xme/\./\dXGXEJ,_I.XE
o= [ T A, (14

A

where X;- = X(|y“j|2/ev(j)) and ¢'(y) = Z\I|+|J\:2n—p Y1ydyr A dyy. By linearity we may
assume that the sum only consists of one term ¢'(y) = ¥ dyx A dyr, and by scaling, we may
assume that supp iy € A, A being the unit polydisc. By Lemma 2.4 in [17], we can write the
function ¢ as

vy = > '+ > 'y, (15)

! ’
I+7<Y % aj—1 1+7=Y" ;-1

where a < b for tuples a and b means that a@; < b; for all i. In the decomposition (15) each of
the smooth functions 7, in the first sum on the left-hand side is independent of some variable.
‘We now show that this implies that the first sum on the left-hand side of (15) does not contribute
to the integral (14). In case ¢’(y) has bidegree (n, n — p) this is a well-known fact but we must
show it for an arbitrary (2n — p)-form.

We change to polar coordinates:

dygx Ndyr =d(rKlei9K1) A~'oAd(rLle_i9L1) Ao

Since x; in (14) is independent of 6, it follows that we must have full degree = n in d6. The
only terms in the expansion of dyx A dyr above that will contribute to (14) are therefore of the
form

cry @Y dry A do,
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where |M| =n — p, c is a constant, and y is a multiindex with entries equal to 1, —1, or 0.
Substituting this and a term 1//11y1)7] = lp”r”‘Je’g'U_J) from (15) into (14) gives rise to an
“inner” 6-integral (by Fubini’s theorem):

S = / Y1 (r, 0) IR et g,

0€[0,2m)"

IfI1+J < Z?,Olj —1, then I—J—Z?aj +y <0and ¥y, is independent of some y; = r;je'% .
Integrating over 6; € [0, 2m) thus yields ¢;; =0if I + J < Z({ a; — 1. If instead 1 + J =

Z(f/ a; —1, then _#;,(r) is smooth on [0, c0)".
Summing up, we see that we can write (14) as

IV(e) = / d)(f/\~--AdX;X;+1~--X§/(r)dVM, (16)
re(0,1)n

where X;- = X(rzo‘f/eu(j)), J issmooth, and |[M| =n — p.

After these reductions, the integral (16) we arrive at is the same as Eq. (16) in [24], and we will
use the fact proven there, that lims_, o ZV(€(8)) exists along any admissible path €(§), and is well
defined independently of the choice of admissible path. (This is not exactly what is proven there,
but the fact that if b € QP, then limg_, ¢ €(8)? is either 0 or co independently of the admissible
path chosen is the only addition we need to make for the argument to go through in our case.)
Using this, if we let €(§) be any admissible path, we will show by induction over g that

li TV(e) = lim Z" (e(8)).
el<<~-1<r<neq—>o © 50 (@)

For ¢ = 1 this is trivially true, so we assume ¢ > 1. Let €X be any sequence satisfying the condi-
tions in Definition 1. Consider a fixed k, and let m be such that ¥ = (0, ..., 0, ean, e, 6’;) with

>0 Letll:v‘l({l,...,m})ﬂ{l,...,p}andIgzv_l({l,...,m})ﬁ{p—f-l,...,q}.We

cons1der ek elq‘ fixed in ZV(¢), and define

m+1>°""

Lier e = [N\ dxlre) [Tx0" i) S dra

0.1y iel ielh

originally defined on (0, c0)?, but extended according to Definition 1, where

Sy =x N\ dx(r/es) [T xC“/e). s o

ie(l,..pN\I ie{p+1,...q)\I»

(where the sign is chosen such that 7; (0) =Z" (€%)). Since m < g and _#; is smooth, we have
by induction that

Zx(0) = lim ... lim Ik(el, e E) = alin})Ik(e/(S)),

€n—0 €1—0
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where €’(8) is any admissible path, and the first equality follows by definition of Zy (0). We fix

an admissible path €’(8). For each k we can choose §; such that if K = (ei((Sk), ooy €0,(81)),
then limk%oo(Ik(ek/) —7;(0)) =0 and if &k = (ek/, €§1+1, A eé‘), then € forms a subsequence

of an admissible path. Since Z; (0) = Z" (¢¥), and 7y (ek/) = 7"(&X), we thus have

lim Z(e*) = lim 7" (&%) = lim 7" ((3))

k— 00 k— 00

where the second equality follows from the existence and uniqueness of ZV(e(§)) along any
admissible path. Hence we have shown that the limit in (11) exists and is well defined.
Finally, if we start from (16), as (23) in [24] shows, either

lim ZI'()=+=+ / O, ry)dry,

€1 Keg—0
rn€(0,1)" =P

or the limit is 0, depending only on «. If we consider 7" (¢) instead, we get the same limit, see
[31, pp. 79-80], and (12) follows.

4. Proof of Theorems 13 and 14

As in [30] and [16] the key-step of the proof is a Whitney type division lemma, Lemma 19
below. Recall that

— (pl p gptl q
(Proo.. Py = (Rey. .. RY UL UYL )

and that P and P;j are the e-regularizations with smooth y (given by (8), (9)) and the
A-regularizations (cf., (5), (6)) respectively of P;. We will consider the following two integrals:

I(e):/Pf] A AP A,
z

F(A):/PI*IA..-AP;M@,

Z
where ¢ is a test form on Z, supported close to a point in {f] = --- = f; = 0}, of bidegree
(n,n—ky—---—ky+q— p) with valuesin A\(Ef®---® EC’I‘). In the arguments below, we will

assume for notational convenience that f] = fj (cf., e.g., (5)); the modifications to the general
case are straightforward.

The main parts of the proofs of Theorems 13 and 14 are contained in the following proposi-
tions.

Proposition 17. Assume that f1, ..., f; define a complete intersection. For p < s < q we have

|Z(e) = Z(er,.... &-1,0,....0)| < Cllolm(ef + - +€).
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Note that L(€q, ...,€5-1,0,...,0) is well defined; it is the action OfUli ARERWA qu on a smooth
form.
Proposition 18. Assume that f1, ..., f; define a complete intersection. Then I" (1) has a mero-

morphic continuation to all of C? and its only possible poles in a neighborhood of ﬂ‘f{iﬁe Aj =
0} are along hyperplanes of the form Zle Ajaj =0, where aj € N and at least two o are

positive. In particular, for p =1, I' () is analytic in a neighborhood of ﬂ‘ll{i)“‘te Aj =0}

Using that

BIfi P Aul =3(1f51% M) — fi - (1517 ul ). (17

the proof of Theorem 14 follows from Proposition 18 in a similar way as Theorem 1 in [30]
follows from Proposition 4 in [30].

We indicate one way Proposition 17 can be used to prove Theorem 13. To simplify notation
somewhat, we let R/ denote any R’ and R] denotes a smooth e-regularization of R/; U/ and
U6 are defined similarly. The uniformity in the estimate of Proposition 17 implies that we have
estimates of the form

/\Rf/\/\R//\/\U’ /\RJA/\R/A/\U’ (€0 +--+e€),  (8)

m+1 p+1 m+1 p+1

where, e.g., R™*! A ... A RP a priori is defined as a Coleff-Herrera product. We prove (a slightly
stronger result than) Theorem 13 by induction over p. Let R* denote the Coleff-Herrera prod-
uct of some R/:s with j > p and let U* and U} denote the product of some U/:s and U/ :s
respectively, also with j > p but only j:s not occurring in R*. We prove

|IREA---ARPAR*AU?—R'A---ARP AR* AU*| <€,

i.e., we prove Theorem 13 on the current R*. The induction start, p = 0, follows immediately
from (18). If we add and subtract Rel Ao+ ARF A R* AU*, the induction step follows easily
from (17) (construed in setting of e-regularizations) and estimates like (18).

Proof of Propositions 17 and 18. We may assume that ¢ has arbitrarily small support. Hence,
we may assume that Z is an analytic subset of a domain §2 C CN and that all bundles are trivial,
and thus make the identification f; = (fj1,..., fje j), where f;; are holomorphic in 2. We
choose a Hironaka resolution Z — Z such that the pulled-back ideals ( fj) are all principal, and
moreover, so that in a fixed chart with coordinates x on 7 (and after a possible re-numbering),
( fj) is generated by fjl and f] 1 =x%hj, where h; is holomorphic and non-zero. We then have

72 22 ~J i pki
\filF =1l g, =v'/ 1,
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where £ is smooth and positive and v/ is a smooth (bundle valued) form. We thus get

- ~ ; é .
an(|fj|2/e;)=>?f('ff'2/6f)< ;11 i ?)
) J

where (1) = t)(]’. (), and

alfj 2)»,_)\1 |fj 2k,< ffll—i—aé‘g/)
J

It follows that Z(¢) and I"()) are finite sums of integrals which we without loss of generality can
assume to be of the form

14 q m f 3Ej
s [Tz AL AN A/\ (19
G Lot 1 fi m
q mog 7 P e 4
o [TIA A f“A/\@A/\’f—Z.Aw 20
Cn 1 1 il m+1 §i 1 fjlj

where p is a cutoff function.

Recall that fjl = x%h; and let ;1 be the number of vectors in a maximal linearly independent
subset of {o, ..., ay}); say that o, ..., o, are linearly independent. We then can define new
holomorphic coordinates (still denoted by x) so that fjl =x%,j=1,...,u,see [24, p. 46] for
details. Then we get

/\dfjl_/\dx“f/\/\ (x% dh;j + hjdx®)

putl
= xZut19 /\ dx®i A /\ dh;, 1)
u+1
where the last equality follows because dx*!' A --- Adx%* Adx® =0, u+ 1 < j < m, since
ai, ... oy, o; are linearly dependent. From the begmmng we could also have assumed that

© = @1 A @2, where ¢ is an anti-holomorphic (n — Z'f k;j +q — p)-form and ¢; is a (bundle
valued) (n, 0)-test form on Z. We now define

Using (21) we can now write (19) and (20) as
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TT7 %5 TT5 40 x5 dxen dxon
ms = o
cr J
q, 7. 2)Ljd—a1 dx
Ay M_x /\m/\_x ADAGrp. (23)
m i =
cn J

Lemma 19. Let K = {i; x; | x*/, some p + 1 < j < gq}. For any fixed r € N, one can replace @
in (22) and (23) by

r+1 k k

k@ x

le—p — _n/lI J

=0~ (~1) Y el
JCK kl,...,ku|:0 J Xy

without affecting the integrals. Moreover, for any I C K, we have that @' A N\ ici(dX;/X;) is
C"-smooth.

We replace @ by @’ in (22) and (23) and we write d = dic + dxe, where dy differentiates
with respect to the variables x;, x; for i € K and djc differentiates with respect to the rest. Then
we can write (dX¥ /X)) A -+ A (dX% /x*) A @ as a sum of terms, which we without loss of
generality can assume to be of the form

dicex 9! dicex®  dicx®v+! dexr
IC—/\.../\ K A K A A K /\@’

x91 X% X%v+1 x%u

dicex™ dicex® _
=K Aoon K AND" Adix,

X X

where @” is C"-smooth and of bidegree (0, n — v — |K|) (possibly, @” = 0). Thus, (22) and (23)
are finite sums of integrals of the following type

[17 %5 [T X5 axe i
f 1AjLp41 Aj Aeer A

ey T NY A dER A dx, (24)
Cr j
9| £.02 gz Az
Ap-eA Mf1™ s o dx AU Adix Adx, (25)
14 ke K
= xo
cr j

where ¢ is C"-smooth and compactly supported.
We now first finish the proof of Proposition 18. First of all, it is well known that I"(A) has a
meromorphic continuation to C?. We have

dx* dx® _ dxj _
o A A o ANdx = Z C,; AdXxic.
|[I|=v
I1cKe¢
Let us assume that 7 = {1, ..., v} € K¢ and consider the contribution to (25) corresponding to

this subset. This contribution equals
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Crh X a2 L dxf O dix Ad
. — A AN AN
1A / ke xj (A, x) Xic ANdx
q 5 ..
__ Gl / A el R Y
1_[;':1(2261)L ajl) lekj"‘j
AW (A, x) Adic Adx, (26)

where ¥ (A, x) = ¥ (x) ]_[? (E;j/h];j). It is well known (and not hard to prove, e.g., by inte-
grations by parts as in [1, Lemma 2.1]) that the infegral on the right-hand side of (26) has an
analytic continuation in A to a neighborhood of ﬂ(f {ReA; > 0}. (We thus choose r in Lemma 19
large enough so that we can integrate by parts.) If p = 0, then the coefficient in front of the
integral is to be interpreted as 1 and Proposition 18 follows in this case. For p > 0, we see
that the poles of (26), and consequently of I"(X), in a neighborhood of ﬂ?{%e Aj = 0} are
along hyperplanes of the form 0 = Z? Ajaji, 1 <i<v.Butif j>pandi<v,thenaj =0
since {1,...,v} S K ={i;x;1x%, Vj=p+1,...,q}. Thus, the hyperplanes are of the form
0= Zf Ajaj; and Proposition 18 is proved except for the statement that at least for two j:s, the
aj; are non-zero. However, we see from (26) that if for some i we have «j; =0 for all j but one,
then the appearing A ; in the denominator will be canceled by the numerator. Moreover, we may
assume that the constant C; = det(a;)1<;, j<v 1S non-zero which implies that we cannot have
any )»? in the denominator.

We now prove Proposition 17. Consider (24). We have that oy, .. ., o, are linearly independent
so we may assume that A = (a;;)1<;, j<v 1s invertible with inverse B = (b;;). We make the
non-holomorphic change of variables (13), where the “q” of (13) now should be understood
as v. Then we get x*/ = y%n;, where n; > 0 and smooth and 773 =1/§;, j=1,...,v. Hence,
|f, |>=y%|?, j=1,...,v. Expressed in the y-coordinates we get that A @X%T /X% A A
dxic A dx is a finite sum of terms of the form

dy*! dy*
yal VANRIEEIVAN )-]oz/ Ay]C/dy]C//Al/fl, (27)

where v’ < v, ¥ is a C"-smooth compactly supported form, and K" and K are disjoint sets such
that K’ U K” = K. In order to give a contribution to (24) we see that ¥; must contain dy. In (27)
we write d = dxc + dxc, and arguing as we did immediately after Lemma 19, (27) is a finite sum
of terms of the form

d)—)oll d)‘)(xv//

vo o,
o yoy

Ay Ady Ady,

where v’ < v and ¥, is C"-smooth and compactly supported. With abuse of notation we thus
have that (24) is a finite sum of integrals of the form
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I x§ x5 dy dy*
L7 p+l ;4> oAy AP Adyc Ady
({ vl o
l y yov
fi

YdxS 110 xS T2, x¢
=//\' j ot 2 T %) AW Adix Ady, (28)

thf kjoj

where ¥ is a C”-smooth compactly supported (n — |K| — v)-form; the equality follows since
X;- = Xj(|y“f|2/ej), j=1,...,v. Now, (28) is essentially equal to Eq. (24) of [16] and the
proof of Proposition 17 is concluded as in the proof of Proposition 8 in [16]. O

Proof of Lemma 19. The proof is similar to the proof of Lemma 9 in [16] but some modifica-
tions have to be done. First, it is easy to check by induction over |K| that @' A A ;7 (dX;/%;) is
C"-smooth for any I C KC; for |C| = 1 this is just Taylor’s formula for forms. It thus suffices to
show that

ko
dX¥ A AN — =0, VICK, k=(ki,... ki)
0xy lx;=0

To show this, fix an I C K and let L = {j; x; { x*/ Vi € I}. Say for simplicity that

L={1,...,/L’,u+1,...,m’,m+1,...,p’,p+1,...,q/},

where ' <, m’ <m, p’ < p,and q’ < q. The fact that ¢’ < g follows from the definitions of
IC,I,and L.
Consider, on the base variety Z, the smooth form

F= /\df,l /\df,l /\ (11231517 =B PP AL ul Ao

utl m+1 jeL

It has bidegree (0,n — ZjeLc kj +q —q') so F has a vanishing pull-back to ijL"{fj =0}
since this set has dimensionn — -, cej <n—3_;c;ckj +¢ —q' by our assumption about

complete intersection. Thus, F has a vanishing pull-back to {x; =0} € je el f 7 =0}. In fact,
this argument shows that

F=3%"¢) (29)

where the ¢; are smooth linearly independent forms such that each ¢; is divisible by X; or dx;

for some i € I. (It is the pull-back to {x; = 0} of the anti-holomorphic differentials of F that
vanishes.) For the rest of the proof we let ) ¢; denote such expressions and we note that they

are invariant under holomorphic differential operators. Computing F we get

p/
ﬁ:l_[|fj1|41—[|f/ /\d "‘//\d (%)) /\aéj/\vf/\gol

m+1 JjeL /1 u+l m+1 jeL
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The “coefficient” fn,+l |fj1 |4 ]_[/.GL (|fj | %Ki /fflj) does not contain any x; with i € I so we may
divide (29) by it (recall that the ¢j are linearly independent) and we obtain

»
Z‘Jj/—/\d’“/\d Xh; /\55.//\Ujm/31

n+1 m+1 JjeL
p/

[T e A A st Ao/
u+1 u+l1 m+1 JeL
—i—/\dx“f A de"‘f ATj

ptl

for some 7;. We multiply this equality with

m p
/\dh /\ og; N\ v/ [Thi [1é
m'+1 p'+1 JjeL® n+1 m+1

and get

]_[ “f/\dxo‘f/\q)+/\dx°‘f/\2dx“1/\rj > o

n+1 n+1

for some new t;. We apply the operator alkly 8x’,‘ to this equality and then we pull-back to
{x; = 0}, which makes the right-hand side Vanish; (we construe however the result in C?). Fi-
nally, taking the exterior product with /\ 141 dx%7, which will make each term in under the
summation sign on the left-hand side Vamsh we arrive at

okl
8x1

1_[ X% /\dx“’ A

1

x7=0
and we are done. O
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