























the M-PSK circle. In order to evaluate the BEP of an M-PSK system, we must specify the
particular bit-to-symbol mapping used, since the choice of mapping will affect the BEP. A
commonly encountered way of mapping bits to symbols is by means of the binary reflected
Gray code (BRGC), which is discussed, e.g., in [1]. In [1, eq. (7)] a closed-form expression for
the ADS of the BRGC is given for all integers &,
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where |z| was defined in Section 4 (ties are resolved arbitrarily).
By combining (23) with (16) we obtain
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By symmetry, P(M — k) = P(k) and d(M — k) = d(k), and we may rewrite (24) as
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since d(M/2) = 2 for all M (for the BRGC). This equation, together with (20)—(22) and the
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definitions (14), (9), (17), and (18), provides a closed-form expression for the exact BEP of
coherent M-PSK over flat Rayleigh fading channels.

6 Comments and Conclusions

In Figure 4, the exact bit error probability of an M-PSK system communicating over a Rayleigh
fading channel as dictated by (25) is plotted for M = 4,8,16,32, and 64. An approach com-
. monly encountered in the literature when evaluating the BEP of coherent M-PSK systems, see
e.g., [3, sec. IV], is to use the Hamming weights of the binary labels assigned to the symbols,
rather than the ADS. As was shown in [1], this method only generates approximate results.
However, for the Gaussian case, the difference is very small and almost not noticeable. In
Figure 5, the ratio between the BEP evaluated using the Hamming weights, wy(k), and the
BEP evaluated using the ADS, d(k), is shown for the Gaussian channel and the flat Rayleigh

fading channel. We note that the approximation of using wg(k) instead of d(k) is still ac-

curate, although much less accurate than for the AWGN channel. However, since there is a
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Figure 5: The graph indicates the ratio Py(wgy)/Py(d) for M = 16, where Py(wg) is (16)
evaluated using the Hamming weights of the BRGC labels in place of the ADS, and Py(d}) is
(25). The upper curve gives the ratio for the Gaussian channel and the lower curve is for a flat
Rayleigh fading channel.

closed-form expression available for the ADS, there is little motivation for the approximation
of using wy (k). From Figure 5 we also observe that the difference between the approximation
and the exact BEP for the fading channel is noticeable over the whole range of practical values
of Ey/Ny, which is not the case for the AWGN channel.

An expression similar to (20)—(22) is presented in [2, eq. (8.117)], which is derived from the
indefinite form of the integral in (11), for which a closed-form solution can be found in [10,
eq. 2.562(1)]. However, when using this integral in its definite form (11), care must be taken
when the integration limits enclose one or more of the discontinuity points of the tangent
function (i.e., odd multiples of 7/2), so that the resulting solution is not discontinuous at these
points. In particular, this is not the case for the form given in [2, eq. (8.117)], and hence it does
not give the correct values of P(k) for k =0,1,...,M/4—1 and k = 3M/4,...,M — 1. This
fact, together with the previously unavailable closed form (23), has until now made it difficult

to compute the exact BEP of coherent M-PSK.
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