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Abstract

The main motivation for this thesis is to study real Monge-Ampére
equations. These are fully nonlinear differential equations that arise in
differential geometry. They lie at the heart of optimal transport and, as
such, are related to probability theory, statistics, geometrical inequalities,
fluid dynamics and diffusion equations. In this thesis we setup and study a
thermodynamic formalism for a certain type of Monge-Ampere equations
on real tori. We define a family of permanental point processes and
show that their asymptotic behavior (when the number of particles tends
infinity) is governed by Monge-Ampere equations.
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Introduction

We will start this introduction with an example from the Feynman
Lectures on Physics [3]. The example treats a mono-atomic gas. A mono-
atomic gas is a gas where each particle consists of a single atom. Some
examples of gases that are mono-atomic at room temperature are helium,
neon, argon, krypton, xenon and radon. Now, two quantities that are
easy to measure in a gas are its volume, V', and its pressure, P. Imagine
we have a box containing a mono-atomic gas. Now, by moving one of the
walls of the box we may alter the volume of the box without letting any
gas in to or out of the box. We would expect a decrease in pressure if we
enlarge the box and we would expect a rise in pressure if we make the
box smaller. By making experiments it is possible to verify the following
law:

PV =C (0.1)

where C is a constant.

On the other hand, we also know that a gas consists of a large number
of small particles. Moreover, these particles are assumed to, to a large
extent, satisfy Newtons laws of motion. From this point of view, the
pressure the gas exerts on the walls of the box is caused by the numerous
collisions between the particles and the walls. Moreover, the assumption
that the gas is mono-atomic means that there is no motion inside the
particles, in other words all the kinetic energy of the system is tied up in
motion of the particles themselves.

This means we have one large scale perspective, given by , and
one small scale perspective, given by the particle model above. How can
we unify these two perspectives? Feynman proceeds to explain how to do
this. He uses probabilistic arguments to derive from the assumptions
in the small scale description. He starts by noting that the number of
collisions per second involving a certain wall should be proportional to the
density of particles and the average velocity in the direction normal to the
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INTRODUCTION

wall. Moreover, the impact on the wall in each collision is proportional
to the the velocity and the mass of the particle. If v2 denotes the average
squared velocity of the particles in the direction normal to the wall, m
denotes the total mass of the particles in the box and P denotes the
pressure the gas exerts on the wall, he arrives at

2

mu
P = V”,
or equivalently
PV = muv?2.

Moreover, let v? denote the average squared velocity of the particles and
v2, UZ and v? denote the average squared velocity in the directions of an
orthonormal basis. Then we have

v? :vfc—kv;—kvf.

and, by symmetry,

This means

[\

muv

PV =

and if we let U = mv?/2 be the kinetic energy of the system then
3
= —PV.
v 2

As the work done when moving the wall is given by PdV and this should
be transformed into kinetic energy we get

3
—PdV =dU = 5(
Rearranging the terms in this differential equation gives
_sav ap
3V P’

PdV + VdP).

0

Integrating we get
5
c= glogV—i—logP
for some constant ¢. This implies equation (0.1)) and we can conclude
that it is a consequence of the particle model.

Now, this thesis is not about mono-atomic gases. However, similarly
as the example above, this thesis connects a small scale description of
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INTRODUCTION

something with a large scale description of the same thing. The system
we are studying is given by a space X and a type of particles on X. The
small scale description of the system is given by a rule for how the particles
on X move and interact. The rule is probabilistic in the sense that given
a certain number of particles on X, the rule tells us the probability that
we will find them in a certain configuration. Mathematically, this is
specified by a sequence of probability measures {,u(N )}, each defined on
the configuration space X%, where N denotes the number of particles.
These measures will be symmetric, in other words, they are invariant
under permutations of the coordinates on X . This reflects the fact that
the particles are identical.

The large scale description of the system is given by a certain dif-
ferential equation. The solution to this differential equation defines a
probability measure p,. In its simplest form, the main result of the thesis
says that if we sample the position of a large number of particles on X
and restrict our attention to the first particle, then the result is very close
to sampling a point according to u.. However, the full result is stronger
than that. In general, there will be interaction between the particles. In
other words, the probability of finding one particle in a certain position
depend on the position of the other N — 1 particles. The result says that
if we sample a large number of particles on X and restrict our attention
to the first d particles, where d is a number that is much smaller than
the number of particles, then the result will be close to sampling d points
independently and according to fi.

The differential equation that provides the large scale description of
our system is a so called real Monge-Ampére equation. It is a fully non-
linear partial differential equation of second order. The particular class
of Monge-Ampere equations we are studying are interesting for their con-
nections to complex geometry.

In the following two sections we will state this result in a more precise
way. Then, in Section [3| we will explain a very important tool used in
the proof, namely so called large deviation principles. In Section 4| we
will give some background to real Monge-Ampere equations. In Section
we will explain what the variational approach to differential equations
is and how it ties in with the large deviation principles. In Section [6] we
will explain a tool used to prove large deviation principles. In Section
[7 we will explain some of the background for the small scale description



A More Precise Description of the Setting

we are using. It is closely related to certain point processes in complex
geometry modeled on so called Fekete points (see Section [7.1)).

1. A More Precise Description of the Setting

As mentioned above the setting we are in is given by a space X. This

will be the real n-dimensional torus

X =R"/7".
Let C'(X) be the space of continuous, real valued functions on X, M(X)
be the space of finite signed measures on X and M;j(X) be the space of
probability measures on X. When working with X we will always use the
standard coordinates inherited from R™.

Given a twice differentiable function ¢ on X we can form its Hessian
matrix (¢;;) where the second derivatives are taken with respect to the
standard coordinates on X. This will allow us to define the Monge-
Ampere operator. The original Monge-Ampere operator, which is defined
for convex functions on R", is given by the determinant of the Hessian
of a function. Now, since X is compact we get, since a convex function
can not have a maximum in the interior of its domain, that all convex
functions on X are constant. It is thus necessary to relax the assumption
of convexity. The domain of the Monge-Ampere operator on X is the
space of so called pseudo convexr functions, satisfying

(¢ij +di5) >0
where §;; is the Kronecker delta. If we let dx be the standard volume
form on X then the Monge-Ampére operator is defined as
MA(¢) = det(d)z-j + 6lj)d:v

The differential equation that constitutes the large scale description of
our system is, given a background measure g and a constant S € R, the
following Monge-Amere equation

MA(¢) = e?®dpuq. (1.1)

It turns out that for certain data pg and g, this equation admits a unique
solution ¢,. In those cases we define the measure u, to be the Monge-
Ampere measure of ¢,, in other words

M = MA(d’*)
This measure is the subject of the main theorem of the thesis. For large
N we expect the particles to distribute according to .
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We will now define the small scale description of our system. It is
given by a sequence of so called Permanental Point Processes. Origi-
nally, these were introduced to model many particle systems of bosons
in quantum mechanics. We will not go into this here. For now we will
only present the special instance of permanental point processes we will
use in this thesis. In the last chapter of this introduction we will explain
how they relate to Fekete Points and certain point processes in complex
geometry.

For each positive integer k, +Z"/Z" defines a set of N = k™ points in

X. Let S®) be the set of functions
1
SN = (M) p e ZZ" T}

where

L= 3 e
meZ"+p

Enumerating the points in %Z” JZ"™ we get for each k a matrix valued
function on XV

(1,...,zNn) = (Up,(x5)) -

The permanent of a matrix (a;;) is given by the expression
perm(a;;) = Z H Qio(j)
o 1

where the sum is taken over all permutations, o, of N elements. This
gives us, for each k, a symmetric function on X

(x1,...,zN) — perm (¥, (x;)) .

Now, introducing a background measure py of mass one and a con-
stant € R (which in a thermodynamic interpretation is the inverse
temperature of the system) we get a sequence of symmetric probability
measures on X% defined as

u™) = perm (U, ()" dug™ / Z.

where Zy is a constant making sure () is a probability measure. These

probability measures define the point processes that constitute the small
scale description of our system. If the number of particles on X is IV,
then the probability of finding these particles in a certain configuration
is determined by p®).



Main Result

2. Main Result

The main result of the thesis is a statement about what happens as the
number of particles becomes very large. Since each probability measure,
M(N ), is defined on a separate space, it is not immediately clear how to
speak about the limit of u(N) as N — oo. One way to deal with this is
to consider the mariginals of u¥). Let d be a positive integer. The d’th
marginal of uV) is a probability measure on X%. It is denoted (,u(N ))d
and is defined by

(u)al ) = W (A x XV

for any measurable A C X% The point is that (u™); € M;(X?) for
every N. Hence, given d there is a natural question to ask, namely

e Does (M) — p®4?
The convergence here is in terms of the weak™ topology on M;(X). If
it holds then sampling a large number of particles and restricting our
attention to the first d particles is close to sampling d points independently
and according to fi.

The main result of the thesis states that, under certain conditions on
to and 3, the answer to the this question is yes for any d. However, the
theorem is not stated in this way. An alternative way to deal with the
problem that x") are defined on different spaces is to map the spaces
XY into M(X). We think of an element z = (z1,...,zy) in XV as
representing the position of N particles. Since we don’t care about the
order of the particles we might just as well represent them by the measure

1 N
M) (z) = ~ > 6a,

We get a map 6(N) . XN M(X). Each probability measure )
defines a random variable (™ on XV and we can think of §(V)(z(V))
as a random measure on X. This is in fact the usual way to represent a
point process. It is called the empirical measure. The law of §(V) (z(V))
is given by the push-forward measure

Since 'y € Mj(M(X)) for all N, we can ask the question if T’y
converges to something as N — oco. The main theorem is formulated in
terms of a convergence of this type.

6



Main Result

THEOREM 2.1 (Main Theorem). Let g € My (X) be absolutely con-
tinuous and have smooth, strictly positive density with respect to dx. Let
I'N) be defined as above and let 8 € R. Assume also that (1.1) admits a
unique solution, ¢.. Then
N
= 4, (2.1)

in the weak™ topology of Mi(M(X)), where p, = MA(ps).

r

The following basic proposition connects this with .
PROPOSITION 2.2 (See Proposition 2.2 in [23]).
I'n — 0u, (2:2)
in the weak* topology of My(M(X)) if and only if
(u)a — p? (2.3)
for all d € N.

We will not prove this in full here but we will provide an argument
for one of the implications.

PRrROOF OF (2.2) = (12.3). Assume (2.2 holds. We wish to prove that

(un)a — p?

in the weak* topology on M;(X), in other words that for all continuous
functions, g, on X¢ we have

/Xd gd(uzv)d—>/Xd gdp$. (2.4)

Now, for a continuous function ¢ on X%, consider the continuous function
on M;(X) given by

gd,u®d.
d

= Ag(p) —/

X
On the one hand, by (2.2]) we have

[ A > Ay = [ gau (2.5)
M1 (X) XN

7
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On the other hand, since T’ = (§(™)), juy,

1
Ay(w)dD(p) = Ay~ S 6,.)d
Jop iy A0 = [ Ay S

= /XN (/}(Ngd(]i,zéxi)m) dpn

1
B /Njwzg(wf(l)’"wxl(d))dﬂN (2.6)
X Iel

where I is the set of functions I : {1,...,d} — {1,..., N}. Let I; be the
set of injective I € . Then, by the symmetry of un

/9($1(1)a---,$1(d))dﬂN=/ g(x1,...,xq)dun
XN XN

for any I € I5. As there are N!/(N — d)! elements in [; we get that
2.6 V! d
= /XN mg(ﬂfla-u7$d) KN

1
+ /XNNd Z 911y, > Tr(a)) AN
Iel\ly

Since N!/(N —d)! — 1 as N — oo we get that the first term of this
converges to

/ g(xl,---,xd)duzv—/ gd(pn)a-
XN Xd
Since

/ 9(Tr1), -+ Tr(a))dpn < supg
XN xd

for any I € I and the number of elements in I\ I is N4 — N!/(N — d)!
we may bound the second term by

N¢ — N!/(N —d)!
su
Nd oY

which vanishes as N — co. This means ([2.4) holds. O
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3. Large Deviation Principles

To prove Theorem we prove a so called large deviation princi-
ple. Essentially, a large deviation principle for a sequence of of probabil-
ity measures consists of bounds on how fast the probability of ”unlikely
events”, or events that deviates a lot from what is expected, tends to
zero. These bounds are encoded in a rate and a rate function. The rate
is a sequence of real numbers that tend to co and the rate function is
a non-negative real valued function on the sample space. A good but
somewhat imprecise way of thinking of a large deviation principle is that,
for large N, the probability measures behave roughly as the densities

Ty ~ eerG

where ry is the rate and G is the rate function. This captures the im-
portant fact that I'y is, for large N, concentrated around the minimizers
of G.

The precise definition is as follows:

DEFINITION 3.1. Let x be a topological space, {T'n} a sequence of
probability measures on x, G a lower semi continuous function on x and
TN a sequence of numbers such that ry — co. Then {T'n} satisfies a large
deviation principle with rate function G and rate ry if, for all measurable
E Cx,

1 1
—inf G <liminf —log 'y (E) < limsup — logI'y(F) < —inf G (3.1)
Ee° N—oo TN N—soco TN E

where E° and E are the interior and the closure of E.
Note that putting F = x in (3.1)) gives
—infG <0< —inf@G
X X

hence infy, G = 0. Assume G admits a unique minimizer, p,. In other
words, fi, is the unique point where G = 0. Then an "unlikely event” is
a subset E of y such that u, ¢ E. By the lower semi-continuity of G we
get infz G > 0. A large deviation principle then provides a bound on the
probability of the event E in the sense that for any 0 < inf4 G we get

1
N
or equivalently
Iy (E) < e™9,

9
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for large enough N.
We will now give an example of a large deviation principle.

ExXAMPLE 1. Let {z;}°, be a sequence of independent, normally
distributed random variables with mean 0 and variance 1. Then the
average of the first N variables

is a normally distributed random variable with mean 0 and variance
1/\/N If we let 'y € M;(R) denote the law of 2y, we have

I'y = e~ N2y
Then {I'y} satisfy a large deviation principle with rate 7y = N and rate
function G(z) = 22 /2.

PROOF OF THE STATEMENT IN EXAMPLE. We will only prove the up-
per bound in (3.1). Let £ C R be a Borel measurable set. Assume 9 is a
number such that § < infz2?/2 and let € > 0 be a number such that

§ < (1 —¢)infz?/2.
E

We get
FN(E):/ G_Nz2/2d£6§6_N6/ €_€N$2/2d$
E E

Hence

1 1 —eNz2/2
lim sup N log'y(E) < —0 + limsup L

dx.
N—oo N—oo N

The limit in the right hand side of this is clearly 0 and since the argument
can be repeated for any 0 < inf x2/2 we get

lim sup 1 log'y(E) < —inf2?/2. O

Nooo N E

To conclude this section and explain how Theorem [2.1] can be deduced

from a suitable Large Deviation Principle we have the following lemma.

As we explained above, a large deviation principle guaranteees that for

large N the probability measures are concentrated around the minimizers
of G. When G admits a unique minimizer we have the following

10



Monge-Ampere Equations

LEMMA 3.2 (See for example the proof of Theorem 1 in the paper).
Let x be a topological vector space and I'y be a sequence of probability
measures on X that satisfies a large deviation principle with rate ry and
rate function G. Assume G admits a unique minimizer p.. Then

FN — 5#*
in the weak* topology on Mi(x).

This means proving Theorem [2.1|comes down to proving a large devi-
ation principle with a certain rate function. We want this rate function to
admit as its unique minimizer the Monge-Ampere measure of the unique
solution to . In the next section we will give a brief background to
Monge-Ampeére equations. Then we will explain the variational approach
to Monge-Ampere equations and how this relates to a rate function with
this property.

4. Monge-Ampere Equations

Monge-Ampere equations arise in several different areas of mathemat-
ics. We will be interested in their connections to mass transport on the
one hand and their connections to complex geometry on the other. The
connection to mass transport is easiest to grasp in its original setting on
R™.  As mentioned in Section [I] the Monge-Ampere operator on R” is
defined on the space of twice differentiable convex functions. It takes the
form

f — det(fij)d:r
where (f;;) is the Hessian of f. Assume p is a measure on R™ and f
satisfies the Monge-Ampere equation

det(fij) = p
The gradient of f, Vf, defines a map from R" to R". As det(f;;) is the
Jacobian determinant of this map we get the following change of variables

formula
/ hdp = / hdet(fi;)dx = / hoV fdx
Vf(R™) VfR™) n

for any continuous function, h, on R".

This property is generally referred to as a push forward property. We
say that the measure dx is the push forward of p under the map V f and
we write

(Vf)p = dz.

11
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In fact, solutions to Monge-Ampere equations define maps that are op-
timal with respect to a certain optimization problem over all maps T :
R™ — R" that satisfies T\t = dz. For more on this we refer the reader to
Chapter 2 in the paper where we give an introduction to optimal trans-
port.

4.1. The Complex Monge-Ampere operator. Before explaining
the complex Monge-Ampere operator we will make an observation about
the Monge-Ampere operator in X. Let ¢ be a twice differentiable function
on X such that the matrix (¢;; + d;;) is strictly positive definite. Then
the tensor

(¢ij + dij)dz; @ dj
defines a Riemannian metric on X. The volume form associated to this
metric is given by

det(gbij + 5ij)dl‘1 A...Ndxy,

in other words, it is closely related to the Monge-Ampeére measure of ¢.
There is a similar correspondence in complex geometry. There, given a
certain type of reference object, ¢g, (a positive metric on a line bundle)
a Kahler metric on a complex manifold is represented by a real valued
function, f. The complex Monge-Ampere measure of f is given by the

volume form associated to the metric. In coordinates (z1, ..., 2zy,) this is
MAS (f) = det 0°f ) dzi AdzZ AL AN dzy A dE
e f)=de 9205, +wij | dza ANdz AN dzg A dZ,

where ( 8;?5%) is the complex Hessian of f and (w;;) is the matrix repre-

senting the curvature tensor of the reference object ¢p.

Representing a metric as a function in this manner has proven ex-
ceptionally useful in complex geometry. It allows certain properties of
the metric to be stated in terms of the function. Among other things, it
transforms the equations defining so called Kdhler-Einstein metrics from
a tensor equation into a scalar equation involving the complex Monge-
Ampere operator.

The connection to the real Monge-Ampere operator is manifested
when the complex manifold is a certain type of fibration over a real man-
ifold. For example, if we let Y = C"/(Z™ + iZ™) we get a fibration over
X with projection map 7 : Y — X given by

zZ—T

12



The Variational Approach to Differential Equations

where z = x + iy. Here we may choose ¢q so that w;; = d;;. If ¢ is a real
valued function C" such that ¢(z) = ¢(x + iy) is independent of y, then,
abusing notation slightly we may think of ¢ as a function on X and the
following push forward formula holds

MA(¢) = m. MAg, (¢)-

In other words, the real Monge-Ampére measure arises as the push for-
ward of the complex Monge-Ampeére measure on a certain ”larger” (twice
the dimension) complex manifold.

5. The Variational Approach to Differential Equations

It is quite common that differential equations in mathematics and
physics have an alternative formulation in terms of a minimization prob-
lem. The variational approach to a differential equation is to study it
in terms of this minimization problem. For example, if x : [0,1] — R3
describes the trajectory of a single particle in a force field with poten-
tial V', then, given boundary conditions z(0) = z¢ and #(0) = v, z is
determined by Newton’s laws of motion

i=-VV(z).

On the other hand, x is also determined by the fact that it minimizes the
action

o,
S(z) = /H D V(at)ar

over all possible trajectories x : [0,1] — R? satisfying x(0) = 29 and
1‘(0) = 1.

Another example, which is closer to our setting, is that solutions to
the homogeneous Laplace equation

Ap=0
in a domain 2 C R™ with boundary conditions
o=

on 6f2 arise as minimizers of the Dirichlet Enerqgy

1
B(®) = 5 | IVolPda.

To prove these things it is useful to introduce a way of differentiating
the functionals above.

13



The Variational Approach to Differential Equations

DEFINITION 5.1. Let V' be a topological vector space, V* its topological
dual and (-,-) the pairing of V and V*. A function F' : V — R is said
to be Gateauz differentiable at a point ¢ € V if there exist gy € V* such
that for every v € V

0
gF(gb +tv) = (v, pg) -

If that is the case then we say that 4 is the Gateauz derivative of F' at
¢ and we write

dF|y = pg-

Now, if a function is Gateaux differentiable in its domain then its
Gateaux derivative vanishes at interior extremal points. The key point in
proving the two statements above is to verify that, on suitable domains
for S and FE

dS|, =& —VV(x)

and
dE‘d, = —A¢d$
In the variational approach to (|L.1]) it is convenient to first normalize
the equation. Instead of studying ([1.1) we study
Bo
ePPdx
MA(¢) = ——. 5.1
@)= [ o (5.1)

Questions of existence and uniqueness of solutions to can be trans-
lated into corresponding questions about (5.1). For example, if ¢ is a
solution to then ¢ also a solution to. This follows from the
striking fact that the left hand side of will, for any ¢, be a prob-
ability measure. Conversely, if ¢ is a solution to then ¢ + C for a
suitable constant C' will be a solution to (L.1)). The functional on C(X)
that provide a variational approach to a sum of two terms, each
corresponding to one of the two sides of . The first term, correspond-
ing to the left hand side in , is given by

£(0) = /X o

where
P°(y) = sup —d(z,y)*/2 — ¢()
S
and d is the standard distance function on X
d(z,y)? = inf |z —y—m|%.
mezZm"

14
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Now, £ plays the same role for the Monge-Ampere operator as the Dirich-
let Energy plays for the Laplace operator. It is Gateaux Differentiable
and satisfies (in a weak sense)

d€|lg = — MA(9).

The second term, corresponding to the right hand side of (5.1) is given
by

I.(¢) = log/ edp.
X
It is Gateaux differentiable as well and satisfies

dl,le = 10g/)(e¢d,u0.

Defining
1
Fs(9) = &() + BIMO (B9)
we have that Fj is Gateaux differentiable and
eﬁ¢du0
dFsls = — MA -
5‘¢ (¢) + fX eﬁd’duo

In particular, any minimizer of F' is a weak solution to (5.1)). Hence F
provides a variational approach to ([5.1)).

5.1. Legendre Transform and Dual Variation Approach. An
important tool in this thesis is Legendre transform. As above, let V be a
topological vector space, V* the dual vector space and (-,-) the pairing.
Given a function, F', on V there is a way of associating a dual function,
F*, defined on V*. The function F* is called the Legendre Transform of
F and is defined by the following formula:

F*(y) = sup (z,y) — F(x).
eV
Now, since F™* is defined as the pointwise supremum of affine functions it
will be a convex function.

Using Legendre transform we will be able to get a dual variational
approach for , given by a function on M(X), the topological dual
of C(X). The principle that gives rise to this become rather technical
when applied to infinite dimensional, non-reflexive vector spaces so we
will present it for finite dimensional vector spaces here.

Assume that V is finite dimensional. Then it turns out that F™ is
strictly convex and differentiable if and only if F' is strictly convex and
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differentiable. Assume F' is strictly convex and differentiable. Then dF
defines an injective map from V to V*. The key property of Legendre
transform we will use here is that dF* : V* — (V*)* = V is the inverse
of this map. This is used in

LEMMA 5.2. Assume F and G are strictly convex and differentiable
functions on a finite dimensional vector space, V', then x € V' is a mini-
mizer of

x— F(x)+ G(x) (5.2)
if and only if y = dF |, is a minimizer of
y— F(y) + G (—y). (5.3)

PROOF. Since both F' and G are strictly convex and differentiable we
have that z is the unique minimizer of if and only if y = dF|, =
—dG)|,. Since the same is true for F* and G* we have that y is the unique
minimizer of if and only if dF*|, = dG*|_,. Now, if dF|, = —dG|,
then, putting y = dF|,, gives dF"*|, = v = dG*|_,, hence that y is the
unique minimizer of . Conversely, if dF); = dG*, then, if y = dF|,
we have dG*|_, = x and hence dG; = —y = —dF,. In other words z is
the unique minimizer of . O

In fact, even though the space of continuous functions on X, C(X),
does not satisfy the assumptions in Lemmal5.2} the same principle can be
used to, from the variational approach given by Fj, get a dual variational
approach defined as a functional on M(X). This is proved in Lemma 13
in the paper. The functional on M(X) is referred to as the Gibbs Free
Energy and it is the the rate function of the large deviation principle used
to prove Theorem

6. The Gartner-Ellis theorem

A useful tool when proving large deviation principles is the Gértner-
Ellis theorem. It provides a way to deduce large deviation principles for
a sequence of probability measures from the behavior of their moment
generating functions. Recall that if [' is a probability measure on a topo-
logical vector space x then the moment generating function is the function
on the topological dual x* defined by

Zr() :/e@w)p_
X
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The Gartner-Ellis Theorem is stated for exponentially tight sequences of
probability measures. A sequence,{I'y}, is exponentially tight if for each
€ € R there is a compact K. C x such that for all V

1
limsupﬁlogFN(X\KE) <e (6.1)

N—oo

We are now ready to state the Gértner-Ellis Theorem.

THEOREM 6.1 (The Gértner-Ellis Theorem. See for example Corol-
lary 4.5.27 in [13]). Let x be a locally convex topological vector space,
{T'n} an exponentially tight sequence of probability measures on x and
rn a sequence such that rny — oco. Let Zv, be the moment generating
function of 'y and assume

|
F(¢) = i - log Zry (rn¢)

exist, is finite valued, lower semi continuous and Gateaux differentiable.
Then 'y satisfies a large deviation principle with rate r and rate func-
tion given by the Legendre transform of F.

Before moving on we will give a nice application of this theorem. We
will prove the classical Sanov’s Theorem. Let pg be a probability measure
on R™ with compact support and consider the point process defined by

QN
Ko -

This describes a process where N points are chosen independently and
according to pg. When N is large we expect the empirical measure to
approximate po. This is made precise by Sanov’s theorem. It connects
this point process to the relative entropy function.

DEFINITION 6.2. Assume u, po € M(X) and, if u is absolutely con-
tinuous with respect to u, let p/po denote the density of u with respect to
uo- The relative entropy of p with respect to g is

[  plog ﬁ if 4 is a probability measure and absolutely
Ent,, (1) = continuous with respect to g
400 otherwise,

A key fact, which we will use below, is that the relative entropy func-
tion arises as the Legendre transform of the functional 1.
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THEOREM 6.3 (Sanov’s theorem, see for example 6.2.10 in [13]). Let
po € M1(X). Then the family

(1))

satisfies a large deviation principle with rate vy = N and rate function

Enty,.

PRrOOF. Let 'y = { (5(N)) . ,ugz)N}. We want to apply the the Gartner-
Ellis Theorem. Note that if F' is a function on M (X), then,

/Mm Pty = [ F(89@) du™.

Moreover,

(V6.6 @) = N [ 65 3 b= 3 bl

This means the moment generating function of I'y are

Zry(N¢) = / e<N¢’“>FN: €Z¢($i)dﬂg§N-
Ml(X) XN

- ()’

108 70, (N6) = 1(6).

Exponential tightness is a consequence of the compact support of uo and,
as mentioned in the previous section, I,,, is Gateaux differentiable. Hence
we may apply the the Gértner-Ellis Theorem. Since Ent,,, is the Legendre
transform of I, this finishes the proof. O

and

7. Probabilistic Background

7.1. Fekete Points. Consider a compact subset, K, of the complex
plane. Let zq,...,z, € K denote the positions of N electrons on the
surface represented by K. Two electrons repel each other with forces
inversely proportional to the distance between them. This means that, in
a suitable choice of units, the potential energy of the systems of electrons
is given by

— ) loglz — zl. (7.1)

1<i<j<N
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A set of points {z1,. .., zn} representing a configuration of electrons that
minimizes the potential energy is called a set of Fekete points. There
is a classical result which describes the distribution of Fekete points as
N — oo. In potential theory there is a certain measure associated to
K called the equilibrium measure of K which is defined in terms of the
Laplace operator and which we will denote by ux.

THEOREM 7.1. Let {PN)} be a sequence of finite sets such that for
each N € N, PWN) is q set of Fekete points and |P™N)| = N. Then

§(PM)Y = g
in the weak* topology on the space of measures on C.

There are at least two natural ways to formulate higher dimensional
generalization of Fekete points. One way, which is perhaps the one that
would first come to mind, is to, given a compact subset K of C", consider

sets {z1,..., 2y} that minimize the functional
R B (7.2)
1<i,j<N
where ||-|| is the standard norm on C". This would take us to linear

higher dimensional potential theory and would preserve the relation to
the Laplace operator. However, we will rewrite the expression in in
a way that allows for another, more algebraic, higher dimensional gen-
eralization. This generalization is related to optimal sampling of higher
dimensional polynomials (see [2]). It is part of pluripotential theory rather
than linear higher dimensional potential theory and related to the Monge-
Ampere operator instead of the Laplace operator.

Given N points {z,...,zny-1} C C we may form the associated Van-
dermonde matriz

-1
1 20 Z(Z) zén )
7
(%) = :
2 (n—1)
1 zyvo1 2y -0 2y

and the associated Vandermonde determinant, given by det(zzj ). We have

LEMMA 7.2. Let zg,...,2nv_1 € C. Then
I 12—zl =Idet(z]) . (7.3)
0<i<j<N—-1
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PRrROOF. If we fix the variables zg,...,2x_2 then we may consider
the right hand side of as a polynomial in zy_1 of degree N — 1.
Moreover, it is zero whenever zy_1 — 2z; = 0 for some 0 < j < N — 2. If
we assume that z; # z; for all 4,j € {0,..., N — 2} then this implies

det(z)) =C [ (en-1—2) (7.4)

0<j<N-—2

where C' is the leading coefficient of the polynomial. By continuity ([7.4])
holds for all (not necessearliy distinct) zg,...,zy—2 € C. Further, by
expanding the determinant we get that

det(zg) = det(zg)ogid'gjvfgzﬁ:% + CN72ZN72 + ...+ co,

for some ¢y, ...,cny—2. This means C = det(zg)0§i7j§N_2. Proceeding by
induction gives the statement of the lemma. ([

This means we can think of Fekete points as maximizers of the func-
tion
{20, .., 2n_1} = | det(2])?. (7.5)

Note that {1,z,... ,zN_l} is a basis of the space of polynomials in one
variable of degree at most N — 1. Moreover, replacing this basis by an-
other basis for the same vector space only changes by a constant. In
particular this doesn’t affect its minimizers. This means Fekete points is
an invariant of finite dimensional vector spaces of functions. Now, com-
plex algebraic geometry abound with interesting finite dimensional vector
spaces of functions. Typically, they are given by the set of meromorphic
functions on a manifold that share a certain polar set. These spaces are
called the total linear systems associated to a divisor. The space of poly-
nomials in one variable of degree at most N — 1 can be identified with
a space of this type, namely the space of meromorphic functions on the
Riemann sphere C U {oo} that have a pole of order at most N — 1 at
oo. This indicates that there might be a natural generalisation of Fekete
points to this setting. The way to state this generalization is in terms of
sections of line bundles over a complex manifold Y. We have the following

DEFINITION 7.3. Let Y be a compact complex manifold, L a line bun-
dle over Y and ¢g a positive metric on L. Moreover, let k € N, K be a
closed subset of Y and {s1,...,sn} be a basis of the space of holomorphic
sections in kL. Then a set of points {z1,...,2ny} C K that mazimizes
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the quantity
Idet (si(2)) g (7.6)
over all sets of N points in K is a set of Fekete points of K.

This generalization is due to Leja on the one hand, who generalized
Fekete points to C™, and Berman, Boucksom and Witt Nystrom [2] on the
other hand, who took the step to the geometric setting. The last group
of authors presented this definition together with a description of the as-
ymptotic behavior of Fekete points in the same manner as Theorem
However, in this non-linear higher dimensional case the equilibrium mea-
sure is defined in terms of the Monge-Ampeére operator instead of the
Laplace operator.

7.2. Determinantal Point Processes in Complex Geometry.
There is no randomness involved in the definition of Fekete points. In
Theorem the sets of points, PN, are deterministically chosen. We
will now introduce some randomness into the procedure. Doing this we
will arrive at a special case of so called B-deformed determinantal point
processes. Similarly as the point processes we defined in section [I} these
will be defined in terms of symmetric probability measures on X~. They
were introduced by Berman. In [2] he established their connection to
complex Monge-Ampere equations.

As before, let Y be a compact complex manifold, L a line bundle over
Y and ¢g a positively curved metric on L. Instead of, like in the case of
Fekete points, fixing a compact set K, fix a probability measure ug on Y.
We also fix a constant 8 > 0. We define

28/k
G- Hdet(sz'(wj))Hk%od“?]v/z

where Z is a constant ensuring the total mass of the measure is one. As
above, {s1,...,sn} is a basis of the space of holomorphic sections in kL.
This means that, instead of choosing maximizers of we pick points
according to a probability measure whose density is proportional to (the
B/k’th power of) (7.6).

Now, the connection between determinantal point processes and com-
plex Monge-Ampere equations discovered by Berman can be thought of
as the complex analog of Theorem We will state it in a slightly less
general setting than it was presented by the author

THEOREM 7.4. [2] Let Y be a compact complex manifold, L a line
bundle over Y and ¢g a positively curved metric on L. Fir a constant
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B > 0 and a volume form pg. Then the laws of the associated point
processes

satisfies
I'y — 5ﬂ*

where [, = MAgo(qb*) and ¢, 1s the unique solution to the equation
MAgo(qﬁ) = .

As explained in Section the real Monge-Ampére operator arise as
the push forward of the complex Monge-Ampeére operator on a certain
complex manifold. In fact there is a similar relation between permanents
and determinants. This relation is explained in the last section of the

paper.
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ABSTRACT. Inspired by objects in complex geometry we introduce a
family of permanental point processes on real tori and show that the
empirical measures converge in law towards the real Monge-Ampere
measures of solutions to certain real Monge-Ampere equations.

1. Introduction

We introduce a thermodynamic approach for producing solutions to
certain real Monge-Ampere equations on the real torus X = R"/Z".
Motivated by the problem of singular Kéhler-Einstein metrics of (almost
everywhere) positive curvature on the Abelian variety C"/(4nZ"+iZ™) we
propose a corresponding real Monge-Ampere equation on X (see equation
(1.3)). Inspired by Berman’s construction in [I] we set up a statistic
mechanical framework that applies to a wide range of real Monge-Ampére
equations on X (see equation ) Our first result is that, as long as
admits a unique solution, the point process defined by the statistic
mechanical framework converges to a measure on X related to equation
(1.1). More precisely, and in the language of thermodynamics, under
absence of first order phase transitions the microscopic setting admits a
macroscopic limit determined by equation . The assumption of no
first order phase transition, in other words that admits a unique
solution, always holds for positive temperature. However, a reflection
of the fact that the related complex geometric problem is one of positive
curvature is that the statistical mechanic setting for is one of negative
temperature. As a second result we prove the absence of first order phase
transitions down to the critical temperature of —1.

1.1. Setup. Let dz be the standard volume measure on X induced
from R™. Let S be a real constant and pg a probability measure on
X, absolutely continuous and with smooth, strictly positive density with
respect to dz. Given the data (ug, ) we will consider the real Monge-
Ampere equation on X given by

MA(¢) = e’®dpy. (1.1)
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Here MA is the Monge-Ampere operator defined by
¢ — det(gf)ij + 61])dx (1.2)

where (¢;;) is the Hessian of ¢ with respect to the coordinates on X
induced from R™ and d;; is the Kronecker delta. As usual we demand of
a solution ¢ : X — R that it is twice differentiable and quasi-convex in
the sense that (¢;; + d;;) is a positive definite matrix.

We will pay specific attention to the case when pg is choosen as the

measure
N P 2
v = g e le=ml 2y,
mezZ"

We get the equation

MA(¢) = P%7. (1.3)
As mentioned above this equation has an interpretation in terms of com-
plex geometry. For = —1, ([1.3]) arises as the ”push forward” of a twisted
Kéhler-Einstein equation on the Abelian variety C™/47Z"™ +iZ"™. A more
detailed exposition of this relation will follow in Section [6.1

1.2. Construction of the Point Processes. The point processes
we will study arise as the so called ” 8-deformations” of certain perma-
nental point processes (see [17] for a survey). Let’s first recall the general
setup of a permanental point process with N particles. We begin by fixing
a set of N wave functions on X

N N
SN = (o™ ey,
This defines a matrix valued function on XV
(w1,...,2n) = (Pi(z))).

Recall that the permanent of a matrix A = a;; is the quantity
>_ 110
o i

where the sum is taken over all permutations of the set {1...,N}. To-
gether with the background measure g this defines a symmetric proba-
bility measure on X~

perm(W™) () du§™ /2, (1.4)

where Zy is a constant ensuring the total mass is one. This is a pure
permanental point process. We will define, for each £k € N, a set of
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N = N, wave functions and, for a given 8 € R, study the so called

B-deformations of ([1.4)

uSY) = (perm(Wi ()" dug™ 125 (1.5)

where, as above, Zg y is a constant ensuring the total mass is one. We will
now define the sets of wave functions. Note that u(ﬁN) does not depend

(N)

on the order of the element in SV, For each positive integer k, let

SN = (oM p e %Z”/Z”}

where

\III(DN)(SC): Z e He—ml*/2q,

meZ™+p

Before we move on we should make a comment on the notation. We
get N = N = k™. Throughout the text, in formulas where both N and
k occur, the relation N = k™ will always be assumed.

Finally, we will make two remarks on the definitions. In [2I] perma-
nental point processes are used to model a bosonian many particle system
in quantum mechanics. In that interpretation \IIEN) defines a 1-particle
wave function and the permanent above is the corresponding N-particle
wave function defined by \Ing), cee \I'%V). Secondly, we will explain in
Section how the wave functions arises as the "push forward” of 6-
functions on C"/(4nZ" + iZ").

1.3. Main Results. Denote the space of probability measures on X
by M1(X) and consider the map 6V : XN — M (X)

N
1
5(N)(x) = 5(N)(5U17- . ~axN) = NZ&'M
=1

Let z = (21,...,2y5) € X be the random variable with law ugN). Its

image under 6(V), (V) (), is the empirical measure. This is a random
measure with law given by the push-forward measure

(Y = (67) ufY e My(Mi (X)) (L.6)

Our results concern the weak* limit of T™") as N — co. In particular we

will show, in some cases, that the limit is a dirac measure concentrated
at a certain p, € M;(X) related to (1.1]) or (1.3]). Loosely speaking, this
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means (i, can be approximated by sampling larger and larger point sets
on X according to ,u(ﬂN)

THEOREM 1.1. Let ug € M1(X) be absolutely continuous and have
smooth, strictly positive density with respect to dz. Let TN) be defined
as above and let 5 € R. Assume also that (1.1) admits a unique solution,
¢«. Then

Y — 4, (1.7)

in the weak* topology of Mi(M1(X)), where p, = MA(¢y).

REMARK 1.2. The assumption that admits a unique solutions
is always satisfied when § > 0. This follows from standard arguments
(see Theorem [5.6). However, the case 5 < 0 is a lot more subtle. In our
second result we show that, in the special case ug = 7, the assumption
holds for certain negative values of 8 as well.

THEOREM 1.3. Assume po =y and B € [—1,0). Then equation (1.3
admits a unique solution.

Note that if 5 # 0 and p. = MA(¢«)dx where ¢, is a solution to
(1.1), then ¢, can be recovered from p, as ¢, = %logp where p is the

density of p, with respect pg. In fact we get the following corollary of
Theorem [.1]

COROLLARY 1.4. Let pg € M1(X) be absolutely continuous and have
smooth, strictly positive density with respect to dx. Let B # 0. Assume
also that admits a unique solution, ¢.. Let ¢n : X — R be the
function defined by

1 B/k
on(z1) = ﬁlog/XNl (perm(\IféﬁV)(fﬂj)) dp® N (2, ... x0)/Zs N

Then ¢n converges uniformly to ¢*.

If we put f = 0 in we get the inhomogenous Monge-Ampere
equation. Solutions then determine Optimal Transport maps on X. Now,
although Corollary doesn’t cover the case § = 0, by considering ,u(ﬁjj\\i)
for the sequence of constants 5y = 1/N we will be able to produce explicit
approximations of optimal transport maps. However, when working with
optimal transport it is natural to consider a more general setting than
the one proposed for equation . Because of this we will not state this

corollary here but postpone it to Section [6.3
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1.4. Outline.

1.4.1. Convergence in Theorem and a Large Deviation Princi-
ple. Theorem will follow from a large deviation principle for the se-
quence TY) (see Theorem . This large deviation principle provides
a quantitative description of the convergence in Theorem recording
the speed of convergence in a rate function G : M1(X) — [0,00), sat-
isfying inf G = 0 and a rate {ry} C R such that ry — oo as N — 0.
We will give a formal definition of large deviation principles in Section
Roughly speaking, a large deviation principle with rate function G and
rate ry holds if, for U C M;(X), the probability I'(U) behaves as

e TN infy G

as N — oo. This means IV, for large N, is concentrated where G is
small. In particular, if G admits a unique minimizer, u,, (where G = 0)
then it follows that I'Y) converges in the weak* topology to Optn -

1.4.2. Proof of the Large Deviation Principle. It turns out that the
rate function above is related to the Wasserstein metric of optimal trans-
port. In Section 2] we will recall some basic facts about optimal trans-
port. In particular, we explain how Kantorovich’ duality principle gives
an explicit formula for the Legendre transform of the squared Wasser-
stein distance from a fixed measure. The proof of Theorem is given
in Section [3| and it is divided into two parts of which the first part uses
this explicit formula. In the first part, given in Section [3.1] we take a se-
quence of constants Sy such that 8y — oo and study the family {Fg]\?}
In the thermodynamic interpretation this means we are studying the zero
temperature limit of the system. Using the formula given by Kantorovich
duality and the Gértner-Ellis theorem, relating the moment generating
functions of Fl(gjj\\[]) to the Legendre transform of a rate function, we prove a
large deviation principle for this family (see Theorem . In the second
part of the proof, given in Section [3.2] we show how the large deviation
principle in Theorem can be deduced from this. This second part
is originally explained in [I] and it turns out that the crucial point is
the equicontinuity and uniform boundedness of the (normalized) energy
functions

1 (V) (-
TEN log perm(W;"" (x;))-
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These properties will follow from equicontinuity properties and bounds
(N)

on the wave functions V;

Section 3.3

1.4.3. Connection to the Monge-Ampére Equation. The final ingredi-
ents in the proof of Theorem [I.T] are given in Section [4.1] and Section [£.2]
(essentially by Lemma and Theorem {4.3]). These sections connect the
large deviation principle above with the Monge-Ampére equation .
Note that, as inf G = 0, G admits a unique point where G = 0 if and
only if G admits a unique minimizer. We apply a variational approach
to . Uniqueness and existence of solutions is studied by means of a
certain energy functional on C'(X) whose stationary points corresponds
to weak solutions of . The rate function above, G, is closely related
to this energy functional. This relation encodes the fact that minimizers
of G arise as the Monge-Ampere measures of solutions to . More-
over, it follows from this relation that G admits a unique minimizer if the
energy functional does, which is true if and only if admits a unique
solution.

1.4.4. Theorem[1.3 Existence of weak solutions will follow from the
variational approach and compactness properties of the space of quasi
convex functions on X (see Section and regularity will follow from
results by Cafarelli explained in Lemma [5.5l These type of existence
properties for solutions to Monge-Ampere equations on affine manifolds
was studied by Caffarelli and Viaclovsky [9] on the one hand and Cheng
and Yau [10] on the other. It is interesting to note however, that while
their result would primarily apply to the case § > 0, the variational
approach which we apply gives a simple proof for existence for any 8 €
R. Uniqueness is proved in Section [5.3] Here we look at the space of
quasi-convex functions equipped with an affine structure different from
the standard one. It will then follow from the Prekopa inequality that
the energy functional associated to is strictly convex with respect
to this affine structure, hence admits no more than one minimizer. This
is an extension of an argument used in [3] to prove uniqueness of Kéahler-
Einstein metrics on toric Fano manifolds. Curiously, there doesn’t seem to
be any direct argument for this using the Prekopa theorem on Riemannian
manifolds (see [12]). Instead, we need to lift the problem to the covering
space R™ and use that  is the push forward of a measure on R™ with
strong log-concavity properties.

and we give a proof of these properties in
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1.4.5. Geometric Motivation. In Section [6] we explain the connec-
tions to the point processes on compact Kéahler manifolds introduced by
Berman in [2]. More precisely, we explain the connection with a complex
Monge-Ampere equations on C"/4wZ™ 4+ iZ™ and how the wave functions
and permanental point processes defined here are connected to theta-
functions and determinantal point processes on C"/47Z" +iZ". Finally,
in Section we show how the connection to optimal transport can be
exploited to get explicit approximations of optimal transport maps on X.

2. Preliminaries: Optimal Transport on Real Tori

In this section we will recall some basic theory of optimal transport.
The content of the chapter is well known. Early contributors to the
theory are Cordera-Erasquin [I1] who established a a theory of optimal
transport on real tori and McCann [20] who took it to the very general
setting of Riemannian manifolds. The reason for this is the close rela-
tion between optimal transport and real Monge-Ampere equations. The
most important part is Corollary There we explain how Kantorovich’
duality theorem give a variational approach to real Monge-Ampeére equa-
tions and an explicit formula for the Legendre transform of the functional
p — W?2(u,dr), where W2(-,-) is the Wasserstein metric, a distance func-
tion on M (X) defined in terms of optimal transport and which turn up
in the rate function describing the behaviour of the point process ') ag
N — oo.

2.1. Kantorovich’ Problem of Optimal Transport. We will use
Kantorovich’ formulation (as opposed to Monge’s formulation) of the op-
timal transport problem. The given data is a smooth manifold Y, a cost
function ¢:Y XY — [0,00), a source measure, p € M1(Y) and a target
measure, v € M1(Y'). Kantorovich problem of optimal transport is the
problem of minimizing the functional

C(y) = /ny c(x,y)dy(z,y)

over the set of transport plans, II(u,dzx), consisting of measures 7y €

M (Y x Y) such that the first and second marginals of v equal p and

v respectively. The optimal transport distance between g and v is the
quantity

inf  C(v). 2.1

et ) (2.1)
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In our case Y = X, v = dx and ¢ = d(-,-)?/2 where d is the distance
function on X induced from R™. In other words, if z,y € R" and « :
R™ — X is the quotient map, then

d(rx,my)?  infezn |z —y — m|?
c(rx, my) = 5 = 5

With this choice of cost function, (2.1)) is often referred to as the (squared)
Wasserstein distance, W2(u, dz), between p and dz.

2.2. The c-Transform and ¢-Convex Functions. A cost function
in optimal transport defines a c-transform, closely related to Legendre
transform on R™. Let C'(X) be the space of continuous functions on X.
For ¢ € C(X) the c-transform of ¢ is

T 2
() = sup —c(zy) — o) = sup — 22V gy (22)

z€X z€X 2

Note that if ¢ is a smooth function on X such that (¢;; + d;;) is positive
definite, then there is a natural way of associating to ¢ a convex function
on R”, namely

72
O(x) = ¢p(mx) + - (2.3)

Let C(R™) be the space of continuous functions on R™ and if & € C'(X) let
®* denote the Legendre transform of ®. The map from C(X) to C(R")
given by ¢ — @, relates c-transform on X to Legendre transform on R”
in the sense that

LEMMA 2.1. Let ¢ € C(X) and

Then
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Proor. Note that

_ 2 o 2
sup Ty = swp 2V
zcRn 2 z€[0,1]",mezn 2
D)
= sup — inf lp=y=ml® _ o(mx)
z€[0,1]™ mezn 2
d(z, my)?
= Ssup —(2) — o(x)
rzeX
= ¢(my).
This means
®*(y) = sup (z,y) — (x)
z€eR™
|z —y|? Y
= sup — —¢(mr) + —
LL’ER" 2 ( ) 2
y?
= (my) + 5
which proves the lemma. U

It follows that ¢ € C(X) satisfies (¢¢)¢ = ¢ if and only if ® is convex.
The property (¢°)¢ = ¢ is often referred to as c-convexity and we will
denote the set of functions in C'(X) that satisfy this P(X). Since ®* is
convex for any ® € C(R") we get that ¢¢ € P(X), for any ¢ € C(X).
Moreover, also from the theory of convex functions on R", we get that
the projection ¢ — (¢°)¢ of C(X) onto P(X) is monotone in the sense
that (¢°)¢(z) < ¢(z) for all x € X.

Let P(R™) be the set of convex functions on R™. It is easy to verify
that the image of P(X) in P(R™) under the map ¢ +— ® (where ® is given

by (2.3])) is given by the set
2 2
P(R") = {® € P(R"): &(z+m)— |x+2m| = d(z) — %Vm e 7Zm}
2
= {®eP[R"): ®(x+m)=dx)+ (x,m) + %Vm c 7
(2.4)

Now, let ¢ € P(X) and ® be the image of ¢ in Pzn(R"). Then ®
is differentiable at a point x € R"™ if and only if ¢ is differentiable at
mx. Since a convex function on R” is differentiable almost everywhere we
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get that any ¢ € P(X) is differentiable almost everywhere (with respect
to dx). Further, it follows from that @ is differentiable at x and
V®(z) = y if and only if ® is differentiable at = +m and V&(z +m) =
y + m. This means the map V® : R” — R", where it is defined, factors
through to a map X — X. This map is the so called c-gradient map in
optimal transport, denoted V¢¢. It satisfies the formula

Véop(rx) = nVO(x).

Further, @ is differentiable at x and ®(z) = y if and only if y is the unique
point in R” such that

() + 2% (y) = (z,y) . (2.5)

This holds if and only if
d(mz, my)?
o(mz) + ¢(ry) = -2
We conclude that ¢ is differentiable and V¢¢(mx) = 7y if and only if 7y
is the unique point in X such that (2.6) holds. In fact, this is the usual
definition of the c-gradient and one of its strengths is that it becomes
immediately apparent that if ¢ is differentiable at x and ¢° is differentiable

at y = V¢p(x), then Ve¢(y) = x.

The definition of the Monge-Ampere operator in ((1.2)) makes sense for

twice differentiable functions. We will now provide an extension of this
operator to P(X).

DEFINITION 2.2. Let ¢ € P(X). We define the Monge-Ampére mea-
sure, MA(¢), of ¢ as

(2.6)

MA(6) = (V°6).da.
Consequently, we refer to functions in P(X) satisfying
(V¢ )udz =
as weak solutions to

MA(¢) = p. (2.7)

Now, the following lemma will serve as a direct justification of Def-
inition [2.2] and we will see in Theorem [2.4] that it fits nicely into the
theory of optimal transport. Moreover, weak solutions to in terms
of Definition [2.2]is the natural analog of so called Alexandrov solutions to
Monge-Ampere equations on R™ (see Section . In fact, we will see in
Lemma that the map ¢ — ® where ® is given by gives a direct
link between these two types of solutions.

34



Preliminaries: Optimal Transport on Real Tori

LEMMA 2.3. Assume ¢ is smooth and (¢ij + 6;5) is strictly positive
definite. Then

det(gi)ij + 67,])d5[,‘ = (V). dx.

PrOOF. First of all, we claim that V¢¢¢ : X — X is one-to-one. To
see this, assume that V¢ (1) = V@ (x2) for x1,29 € X. Let &1,T9 €
R™ be lifts of x1 and x9 respectively and ®* be the image of ¢* in Pzn (R™).
We get

Vo*(z1) = VO (Z2) + m.
By we get VO* (1) = VO®*(Z2 + m). But since ¢, and hence P, is
smooth ®* must be strictly convex. This means T1 = To+m and x1 = x2,
proving the claim.

The previous claim implies, since m o V®* = V¢ o 7, that m maps
V®*([0,1)") diffeomorphically to X. Further,

1
v

and the numerator of the right hand side of (2.8]) is the Jacobian deter-
minant of the map V®* : R” — R". Let h € C'(X). Then

homw
hdet(¢;; + 6;)de = / *dx:/ homoV®*dx
/X (@15 +017) v+ (jo,1)n) det(®;;) 0,1y
= / ho V¢ ondr = / hoVepdr. (2.9)
[0,1)» X

which proves the lemma. Il

2.3. Kantorovich Duality. We now return to the problem of op-
timal transport. Although it has very satisfactory solutions providing
existence and characterization of minimizers under great generality, we
will only give part of that picture here. For us, the important feature of
the problem of optimal transport is its dual formulation. Introducing the
functional £ on C(X) defined by

£(6) = /X gda

we get a functional J on C(X)

J(6) = — /X o — £(6).
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This functional describes the dual formulation of the problem of optimal
transport in the sense that W?2(u, dx) can be recovered as the supremum
of J over C'(X). Moreover, the maximizers of J are weak solutions to a
certain Monge-Ampere equation. This is recorded in the following theo-
rem.

THEOREM 2.4 ([18],[19],[5]). Let pn € M1(X) be absolutely continuous
with respect to dx. Let ¢ = d?/2 where d is the distance function on X
induced from R™. Then

W2(p,dx) = inf I(y)= sup J(¢). (2.10)
Y€EIl(p,d) $peC(X)
and there is ¢, € P(X) such that
sup J(6) = J(). (2.11)
¢eC(X)
Moreover,
MA(6,) = b (2.12)

REMARK 2.5. Equation is called Kantorovich’ duality [I8] and
property is the Knott-Smith criterion which, in the context of
Monge’s problem of optimal transport, was discovered independently by
Knott and Smith in 1984 [19] and by Brenier in 1987 [5].

PROOF OF THEOREM [2.4l The theorem is essentially given by The-
orem 5.10 in [25]. As X is a smooth manifold that can be endowed with
a complete metric, X is indeed a Polish space. Further, d is continuous
and bounded on X. Putting 7' = u X dz gives

inf [ <I(+) < o0
e (v) <I(v)

hence the assumptions in 5.10.i, 5.10.ii and 5.10.iii in [25] holds. In par-
ticular we get that (2.10) holds and that there is an optimal transport
plan v € II(y, dz) and ¢, € P(X) such that 7 is concentrated on the set

{(z,y) € X X X2 ¢y(2) + ¢5(y) = —c(x, y)}- (2.13)

Let ¢, = ¢,. To see that (2.11) holds, note that, since the first and
second marginals of v are p and v respectively,

W2, dz) = /X er=- /X (@@ + )

= — [ outa)du~ [ siwie
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To see that (2.12)) holds note that ¢f, € P(X) is differentiable almost
everywhere with respect to dxz. Let A C X be a measurable set and
dom V¢, C X be the set where ¢, is differentiable. We have

(X x dom V°¢;,) = dz(dom Ve¢;,) = 1.
As 7y is concentrated on (2.13|) we get that v is concentrated on the set

{(z,y) : y € dom V¢, 2 = Vo, (y)}.

This means

/ dex = / d’y:/ dry
(Vegi) =1 (A) Xx(Vegp) 1 (A) Ax(Vegr)~1(A)

= / d’y—/dm
AxX A

in other words (V°¢,).dx = p, which proves (2.12)). O

2.4. The Variational Approach to Real Monge-Ampeére Equa-
tions. We will now reformulate the statement of Theorem 2.4] in terms
of the Legendre transform and Gateaux differentiability of the functional
€. Recall that if A is a functional on C'(X), then the Legendre transform
of A is a functional on the dual vector space of C'(X), the space of finite
signed measures on X, M(X). This functional is given by

B = sup [ odu-A(6)
peC(x)Jy

Recall also that if A is convex, then A is Gateaux differentiable at a point
¢ and has Gateaux differential p if p is the unique point in M (X) such
that

B(w) = | 6du— 4(0).

A priory W2(-,dx) is defined on Mj(X). However, we may extend the
definition to all of M(X) by putting W (u, dx) = +oo for any p ¢ M;(X).
We begin with the following lemma

LEMMA 2.6. The functional & is conver on C(X). Moreover, let
¢0, ¢1 € C(X) and

¢t =t + (1 —t)do.
Then, if £(¢r) is affine in t,
Ves = Veoi

37



Preliminaries: Optimal Transport on Real Tori

almost everywhere with respect to dz.
ProOOF. First of all, for any y € X, the quantity
¢i(y) = sup —c(z,y) — ¢u(x) (2.14)
zeX

is a supremum of functions that are affine in ¢, hence it is convex in t.
This implies &(¢¢) is convex in t. Now, assume &(¢;) is affine in ¢. This
implies (|2 is affine in t for almost all y. Assume y is a point such that
Veos(y), chbl/Q( y) and V¢¢(y) are defined and is affine. Let

w19 = V° ¢1/2( y). This means
(1:/2(?/) = —0(1‘1/2»3/) - ¢1/2(1‘1/2)-

By construction

Pi(y) = —c(z1/2, ) — Pu(1/2)
forany ¢ € [0,1]. As ¢f and —c(z1/2,y)—¢t(x1/2) are affine functions (in ?)
that coincide in one point in the interior of their domains, this inequality
implies that they coincide. This means V¢¢§(y) = chbl/Q( y) = VoSi(y).
As Veoi, Ve /2 and V@] are defined almost everywhere, this proves
the lemma. O

This allow us to draw the following conclusions from Theorem

COROLLARY 2.7. The functional on M(X) defined by p > W2(—pu, dz)
is the Legendre transform of £. Moreover, for any p € M1(X) there is ¢
such that

W2 (1, dz) + €(6 / b
Finally, & is Gateauz differentiable on C(X) and
dély = — MA(¢)- (2.15)

PROOF. The first statement is, as long as p € M;(X), a direct con-
sequence of (2.10)). If u ¢ M;(X) then putting ¢c = ¢ + C for some
¢ € C(X) and C € R gives (¢c)¢ = ¢° — C and

~ [ bedi—g(6c) = [ odu—(6)+ 1 - X))
D' X
Letting C' — oo if u(X) <1 and C — —oo if pu(X) > 1 gives

sup ddp — §(¢) = +o0,
#eC(X)

38



Preliminaries: Optimal Transport on Real Tori

proving the first statement. The second statement is also a direct conse-
quence of Theorem We will now prove that £ is Gateaux differentiable
and that (2.15)) holds. Let ¢ € C(X). We claim that there is p € M(X)
such that

£(0) + Wy, de) = / o, (2.16)

in other words p is a supporting hyperplane of £ at ¢. To see this, note
that since W2(—-, dx) is the Legendre transform of £ we get that W?2(-, dx)
is lower semi-continuous and

£(6) + Wy, da) / oy (2.17)

for all p € M(X). By lemmal2.6] ¢ is convex on C(X). By the involutive
property of Legendre transform

€6)= sup - /X odp — W2 (1, de).

HEM(X)
Let {pi} € M(X) be a sequence such that

/ bidpts — W(j15, dze) — £(6).

We may assume, since W2 (u;, dz) = oo if u; ¢ M1(X), that p; € M;(X)
for all 4. Since M;(X) is compact we may take a subsequence {y;, } con-
verging to some p € M1(X). By the lower semi-continuity of W?(-,dx)
we get

—/ o — W, dx) > 1iminf—/ botti, — W2 (i, dz) = &(¢o).
X k—o0 X

which, together with , proves the claim. We will now prove that
this implies
(VC¢©)dx = p. (2.18)

As this relation determines i we get that y must be the unique supporting
hyperplane at ¢. This implies £ is Gateaux differentiable at ¢ and d¢s =
u, proving the second statement in the corollary.

Now, to see that holds, note that implies W?2(u, dz) < oo
and hence p € M;(X). By Theorem there is a function ¢, € P(X)
such that MA(¢,) = p and

W2y, da) + E(6,) = /cbudu



A Large Deviation Principle

This means p is a supporting hyperplane of £ both at ¢ and at ¢,,. This
implies £(t¢p+ (1 —t)¢,) is affine. By Lemma Ve¢© and V¢, coincide
almost everywhere with respect to dx and hence (2.18]) holds. O

3. A Large Deviation Principle

This section is devoted to Theorem [3.2] which will be the key part in

the proof of Theorem Before we state Theorem [3.2] we will recall the
definition of the relative entropy function.

DEFINITION 3.1. Assume p, g € M(X) and, if u is absolutely con-
tinuous with respect to u, let p/uo denote the density of u with respect to
wo- The relative entropy of u with respect to g is

|  plog % if 1 is a probability measure and absolutely

Ent,, (1) = continuous with respect to pyg

400 otherwise,

We recall the basic property that Ent,,(x) > 0 with equality if and
only if pu = pp.

THEOREM 3.2. Let ug € M1(X) be absolutely continuous and have
positive density with respect to dx. Let § € R. Assume F(ﬁN) is defined as
in section[L.2 Then

{ri"}

satisfy a Large Deviation Principle with rate ry = N and rate function
G(p) = /8W2(ﬂa dz) + Enty, (1) + Cuoﬁ

where W?2(u, dz) is the squared Wasserstein 2-distance between dx and
po (defined in the previous section) and Cy g is a constant ensuring
infMl(X) G =0.

Before we move on we will recall the definition of a Large Deviation
Principle.

DEFINITION 3.3. Let x be a topological space, {I'n} a sequence of
probability measures on x, G a lower semi continuous function on x and
TN a sequence of numbers such that ry — oo. Then {I'n} satisfies a large
deviation principle with rate function G and rate ry if, for all measurable
E Cx,

1 1
—inf G <liminf —log'n(F) < limsup — logI'y(F) < —inf G
Ee° N—oo T'N N—oo TN E
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where E° and E are the interior and the closure of E.

In our case x = M1(X). As we may endow M (X) with the Wasser-
stein 1-metric, metricizing the topology of weak™ convergence on x, we
may think of M;(X) as a metric space. Further, by Prohorov’s Theo-
rem, M;(X) is compact. In this setting there is an alternative criteria
for when a large deviation principle exist.

LEMMA 3.4. Let x be a compact metric space, {I'n} a sequence of
probability measures on x, G a function on x and ry a sequence of num-
bers such that ry — co. Let By(p) denote the open ball in x with center
w and radius d. Then {T'n} satisfies a large deviation principle with rate
function G and rate rn if and only if, for all p € x

G(p) = lim limsup—i log ' v (Bs())

0—0 Nooo N

1
— lim liminf —— log T'n(B
i lim inf - log ~N(Bs(1))

PRrROOF. Let B be the basis of the topology on x given by

B={Bi(p):d>0,p€ x}.
By Theorem 4.1.11, Theorem 4.1.18 and Lemma 1.2.18 (recall that x is
compact by assumption) in [I3], {T'x} satisfies a large deviation principle
with rate function G and rate ry if and only if

. 1
G(u) = sup limsup—— logT'n(Bs(p))
BeB:ueB N—oo TN

1
= sup liminf——logT'n(Bs(u)).
BeB:pueB N—oo TN
Now, if p € B € B then By(p) C B for d small enough. This means, since
1
lim lim sup —— log 'y (Bs (1)) (3.1)

d—0 Nsoco TN
is increasing as d — 0, that
1
BI) > sup limsup—— logTw(Bs(u))- (3.2)
BeB:peB N—oo N

Since, for any d > 0, By(p) is a candidate for the supremum in the right
hand side of we get that equality must hold in . The same
argument goes through with lim sup replaced by liminf. This proves the
lemma. g
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Finally we recall the well known

THEOREM 3.5 (Sanov’s theorem, see for example 6.2.10 in [13]). Let
po € M1(X). Then the family

(157"

satisfies a large deviation principle with rate ry = N and rate function
Ent,,.

3.1. The Zero Temperature Case and the Gartner-Theorem.
Recall that N = k™. For each 8 € R we get a family of probability
measures {F(ﬂN)} keN. Theorem and Theorem are both concerned
with the behavior of these families. In this section we will consider the
family {F,(CN) teen. We will prove a large deviation principle for this family
(see Theorem which, in Section will be used to prove Theorem
0.2

THEOREM 3.6. Let ug € M1(X) be absolutely continuous and have
positive density with respect to dx. Assume F(ﬁN) is defined as in sec-
tion[.3. Then

i)
satisfies a large deviation principle with rate ry = kIN and rate function
G(n) = W?(:, dx).

Recall that if I" is a probability measure on a topological vector space
X, then the moment generating function of I' is the functional on the dual
vector space x* given by

%@:/KWMMQ

where (-,-) is the pairing of x and x*. The significance of this for our
purposes lies in the Géartner-Ellis theorem. Before we state this theorem,
recall that a sequence of (Borel) probability measures {I'y} on a space
X is exponentially tight if for each € € R there is a compact K. C x such
that for all N )
limsup —logT'n(x \ K¢) <e. (3.3)
N—oo N
In our case, when x is compact, this is automatically satisfied since choos-
ing K. = x for any € gives that the left hand side of is —oo for all
N.
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THEOREM 3.7 (The Gértner-Ellis Theorem. See for example Corol-
lary 4.5.27 in [13]). Let x be a locally convex topological vector space,
{Tn} an exponentially tight sequence of probability measures on x and
TN a sequence such that ry — oo. Let Zr, be the moment generating
function of I'y and assume

1
F(¢) = i - log Zr (rng)

exist, is finite valued, lower semi continuous and Gateauz differentiable.
Then 'y satisfies a large deviation principle with rate ry and rate func-
tion given by the Legendre transform of F'.

Theorem will follow from the Gartner-Ellis theorem and the cru-
cial point will be the following lemma.

LEMMA 3.8. Let g € M1(X) be absolutely continuous and have pos-

itive density with respect to dx. Assume F(ﬂN) 1s defined as in section .
Then

1
lim —

RN log Zrv) (kN ¢) = £(—¢).

PROOF. Note that if yy is a measure on XV and F is a function on

M1(X), then, since T™) = (6(V)), u),

Moreover,

(kN6.800@)) =N [ 95376, =k 3 ol

This means

Zyrw) (EN¢) = /

(PN P(N) / eF T 0@ g, ()
My (X)

N BN
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(N)

Using the symmetries in the explicit form of gz *~ we get
Zpo (N @) o )eko@oti) gy, SN
ran) (kN o) /X N Z H Ho
Z / H BV () RO 4 SN
XN
- N \1; k¢ i) 4, ON
/XNH g
= NI H/ ) dpg (3.4)

Introducing the notation

1
C](DN) = —%log‘lléN)

we get
Zrow (kN@) = Nt ] HFe+0) gy (3.5)
pELLM /I X
Now, we claim that
cig,N) — d(x,p)?/2 (3.6)
uniformly in p and x. To see this, note first that

d(w,p)* = inf |o—m/

and

1
cl(DN)(ac) = —Elog Z e~ Kl—ml*/2
meZ"+p

1 2 .
< —Zlog sup e FleTmE/2—inf |z —m)?/2.
k meZ™+p meZ"+p

On the other hand, by the exponential decay of e~le=ml” there is a large
constant, C, (independent of x and p) such that

2 2
Z 67k|xfm\ /2 < C'sup efk|:rfm| /2
meZ"+p
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and
1 1
) = s 3 s g€y o)
MEZ™+p meL"+p
log C . 9
= —i—mel%’ﬂ\x—m\ /2.

This proves the claim. We claim further that

o / 0 gy <5 (—9)°(p) (3.7)
X

uniformly in p. To see this, note first that (3.6 together with the fact
that the family {d(-,p)?/2: p € X} is equi-continuous implies that
{c}(,N) ckeN,pe X}

is equi-continuous. This means for any € > 0 there is d > 0 such that for
all k e Nand p,z, € X

e (@) = d(x) = (V) () — d(x.))| < € (3.8)
as long as © € By(z.). Further, as uo has full support, is absolutely
continuous and has smooth density with respect to dx there is a large
constant C' such that

Cpo(Ba(zs)) = 1 (3.9)
for all x, € X. We get trivially
k X k" aex
= sup —cz()N) (x) + ¢(x) (3.10)

For each N, let xSkN) satisfy

—eM (@) + o(2t") = sup —cM (@) + 6 (x).

reX
Using (3.8) and (3.9) gives

1log/ ek(—C§N>+¢)dluO >
X

: / ok(sup,ex —C§N)+¢—6)duo
k Bs(x

&

z log
1
= 1 d —eV) _

k Og \/;5(:1353\7)) ILLO + :22 cp (x) + (ZS(x) ‘

> = log 1/ dpo + sup —c]E,N) () + ¢(z) £3el1)
k c X reX
15
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Finally, letting £, N — oo and ¢ — 0 in (3.10) and (3.11]) proves (3.7)).
Recalling equation (|3 , we have

o108 Z (BNG) = - log N1 i / +9) dyo
pELL/Z™
logN! 1 1 k(— M)
— — 21 (=ep "+
SRS DY plog [ ag)
pEEZ"/Z"

By Sterling’s formula, log N! < Nlog N + O(log N). This means, since

N = k", that the first term in (3.12)) is bounded by (log k™) /k+O(log k™) /k"*1
which vanishes as k — co. Finally, using (3.7]) we get, since % Zpe 17n /70 op —
dzx in the weak™ topology, that the second term converges to

[orws=e(-o).
This proves the lemma. O
When proving Theorem we will also need the following lemma.
LEMMA 3.9. The functional £ is continuous on C'(X).

ProOOF. We will prove that for any ¢g, ¢1 € C(X)
sup |G — ¢7| < sup |p1 — ¢ol. (3.13)
X X

Once this is established the lemma follows from the dominated conver-
gence theorem. To see that (3.13)) holds, let y € X. By compactness and
continuity there is x, € X such that

$6(y) = sup —c(z,y) + ¢o(z) = —c(zy,y) — do(zy).

zeX
By construction

¢1(y) = sup —c(z,y) + ¢1(x) = —c(zy, y) — d1(2y).

zeX
We get
P6(y) — 01(y) < d1(zy) — do(xy) < Sup |¢1 = dol.

By interchanging the roles of ¢¢ and ¢; we get
?1(y) — 96(y) < sup|é1 — ol

and hence that (3.13)) holds. O
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PROOF OF THEOREM [3.6l We want to apply the Géartner-Ellis the-
orem. As x = M;(X) is compact, tightness of ') holds automatically.
By Lemma [3.§]

) 1
lim — log AF(N) (TN¢) = f(—d))
TN k

N—oo

Further, € is finite valued since ¢ is continuous, and hence bounded, for
any ¢ € C(X). By Lemma [3.9] ¢ is continuous. Finally, by Corollary [2.7]
¢ is Gateaux differentiable. As W?2(—-,dx) is the Legendre transform of
¢, and hence W2(-,dz) is the Legendre transform of £(—-), the theorem
follows from the Géartner-Ellis theorem. ]

3.2. A Thermodynamic Interpretation and Reduction to the
Zero Temperature Case. The proof of Theorem is based on a re-
sult on large deviation principles for Gibbs measures. Because of this
we explain in this section how {u(ﬁN)} can be seen as the Gibbs mea-
sures of certain thermodynamic systems. If we introduce the N-particle
Hamiltonian

1
H(N)(xl, Ce L TN) = % log perm(¥,, (;))

we may write uéN) on the form

uéN) _ e*,BH(N)dM%@N_
This means ,ugN) admits a thermodynamic interpretation as the Gibbs
measure, or canonical ensemble, of the system determined by the Hamil-
tonian H™) and the background measure po. In this interpretation M%N)
is the equilibrium state of the system when the temperature is assumed
fixed at Temp = 1/ and Theorem is describing the zero-temperature
limit. Theorem [3.2] will follow from Theorem [3.6] and a theorem on equi-
continuous and uniformly bounded Hamiltonians. To state that theo-
rem we need to define what it means for the family {#} to be equi-
continuous. Let d(-,-) be the distance function induced by the standard
Riemannian metric on X. This defines distance functions, d¥)(-,-), on
XN given by

1
d(N)(xvy) = d(N)('Tla < s TN YLy - 7yN) = ngfzd('xhyo‘(z)) (314)
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A Large Deviation Principle

where the infimum is taken over all permutations o of the set {1,..., N}.
We will say that the family of functions # on X is (uniformly) equi-
continuous if for every € > 0 there is d > 0 such that for all N

1 1

NH(N) (z) — NH(N) (y)| < e (3.15)

whenever dV)(z,y) < d. Before we move on to state the Theorem
we prove the following well known lemma.

LEMMA 3.10. Let © = (x1,...,2n) € XY and y = (y1,...,yn) €
XN. Then is the optimal transport cost with respect to the cost
function d(-,-), of transporting the measure 6N)(z) = %25% to the
measure §N) (y) = £ 374y,

PROOF. We need to prove that

(3.14) = inf d(z,y)y (3.16)
T JXxX

where the infimum is taken over all v € M;(X x X) with first and
second marginal given by 6(V)(z) and 6(V)(y) respectively. We will refer
to any v € M1 (X x X) satisfying this as a feasible transport plan. The
conditions on the marginals imply that any feasible transport plan is
supported on the intersection of the sets {z;} x X and X x {y;}, in other
words on the set {z; } x{y;}. We conclude that the set of feasible transport
plans is given by

Zaij5($i,yj) L Qgj > O,Zaij = 1/N,Zaij = 1/N 5 (317)
1,J i J

in other words a polytope in M; (X x X). It follows that the infimum in
(3.16|) is attained on one or more of the vertices of (3.17). Moreover, any
permutation, o, of N elements induce a feasible transport plan

1
Yo = N Z 5(%‘7%(@))
¥

with transport cost

1
d(z,y)Ve = — (i, Yo(i))-
| e =5 S i)
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It is easy to verify that any vertex of (3.17)) occur as 7, for some permu-
tation o. This proves the lemma. Il

Note that this lemma implies that if we equip M (X) with the Wasser-
stein 1-metric, which metricizes the weak* topology on M;(X), then the
distance function defined in ([3.14) makes the embeddings

SV XN s My (X)
isometric embeddings.

THEOREM 3.11 ([1). Assume X is a compact manifold, po € M1(X),
{%} s a uniformly bounded and equi-continuous family of functions on
XN and By is a sequence of numbers tending to infinity. Assume also

that
(609) et i

satisfies a Large Deviation Principle with rate NGy and rate function E.
Then, for any B € R,

(307), e g

satisfies a Large Deviation Principle with rate N and rate function SE +

Ent,,.

The proof is based on the following

ProprosITION 3.12 ([I5]). Assume X is a compact manifold, po €

M (X), B € R, {#} is a family of functions on XN. Assume also
that there is a functional E on M (X) satisfying

N
HY s

sup N

XN

—0 (3.18)

as N — oo. Then
_ (N)
(5(]\/))*6 BH O®N

satisfies a Large Deviation Principle with rate N and rate function SE +
Ent,,.
PROOF. Let u € M;(X) and By(p) be the ball of (Wasserstein-1)
radius d centred at p and
N _
By (1) = (09N (Ba() € XN,
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A Large Deviation Principle

Using (3.18]) we get

limn Tim inf —%(MN))*e*ﬁH(N) HEN (By())

d—0 N—300
= cﬂ% 1}\%£f_%10g /B<N>(u) e—,BHN(x)dM%aN
= él_rf(l) l}\rfn inf —% log /B((iN)(u) e_BN(EO(S(N)(-’E)“FD(l))d'LLE)@N
= BE(u)+ Clll_I}(l) 1}\rfn mf—% log /B;N)(M) dug™. (3.19)

and similarily with lim inf replaced by lim sup (here o(1) — 0 uniformly in
x as N — 00). By Sanov’s theorem (6(V)), u§N satisfies a large deviation
principle with rate N and rate function Ent,,. Hence, by Lemma
the second term in is Ent~ (). Using Lemma again, this proves
the proposition. O

It turns out that in the compact setting, under the assumptions of
uniform boundedness and equi-continuity, the assumption of convergence

in Proposition always holds for some functional U on M;(X).

LEMMA 3.13. Assume X is a compact manifold, po € M1(X) and
{H o )} is a uniformly bounded and equi-continuous family of functions

on XN. Then there is a function U on M1(X) such that, after possibly
passing to a subsequence,

HW)
sup | @) 1 6 50 (1) 5 0 (3.20)
xv N

as N — oo.

PrOOF. Using the embeddings 6(Y) : X" < M;(X) the functions
HW) define a sequence of functionals, "), defined on the subspaces
SMN)(XNY € My(X). By a standard procedure (we will explain it below)
it is possible to define an equi-continuous family of extensions, {U W )}, of
# on M1(X). By Arzela-Ascoli theorem U™), after possibly passing
to a subsequence, will converge to a functional U satisfying . We
may define the extensions U®) in the following way: Note that by as-

sumption the functions # all satisfy the same modulus of continuity,
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A Large Deviation Principle

w. We define UMN) : M{(X) = R as

(V)
UM () = inf H ()

d

where d(-, ) is the Wasserstein 1-distance on M (X). It follows from the
definition of moduli of continuity that U®) = # on M (XN, As
M (X) is compact we may take w to be sub-additive. It follows that the
function w(d(u, -)) satisfies w as modulus of continuity. This means UMN),
being a supremum of functions satisfying w, also satisfy w. In particular
the family {U™} is equi-continuous. O

We can now prove Theorem [3.11
PrROOF OF THEOREM [B.11] As above, let B((iN)(M) = (0 "(By(n)) C

XN where By(1) is the ball in M (X) centered at 1 with radius d. By the
assumed Large Deviation Principle and Lemma for any p € M;(X),

1 N
E(p) = lim lim inf ————1 TONHT SN
0 = it = L, e

On the other hand, by Lemma there is a function U on M (X)) such
that, after possibly passing to a subsequence, (3.20) holds. This means

T 1 _ (N)
E — lim1 £ 1 NBN(Uod +o(1))d ®N
0 = Dy linint - tos [, e H
1

= U lim lim inf — 1 dud™ 3.21

() + lim lim in Ny o8 /B;Nm 1o (3:21)
= Uw).

where the second term in (3.21)) is zero by Sanov’s theorem. This means

E = U and the theorem now follows from Proposition [3.12] O

3.3. Proof of Theorem To use Theorem [3.11] we need to verify
that the family {H o )} is equi-continuous. We will use the following two
lemmas

LEMMA 3.14. The functions in P(X) are Lipschitz with the Lipschitz
constant L = 1.

PROOF. As the diameter of X is 1 we get that the set
{d(y)?/2:y € X}
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is Lipschitz with the Lipschitz constant L = 1. Now, assume ¢ € P(X)
and x1,x2 € X. By definition

¢(x) = sup —d(z,y)*/2 — ¢°(y).

yeX
for all x. By compactness and continuity there is y; such that
¢(z1) = —d(z1,51)%/2 — ¢°(1)-
We have
Gx2) > —d(z2,91)%/2 = 6°(11) = ¢(x1) — (d(w2,91)*/2 — d(w1,51)*/2)
¢(x1) — d(z1, x2).

By interchanging the roles of 21 and x2 we get

(1) = d(x2) — d(21,22)

v

and hence
|p(x1) — p(x2)| < d(21,22). O
We say that a function, ®, on R™ is A-convex if & — A% is convex.

LEMMA 3.15. Assume @, is a family of functions on R™ parametrized
over some set A. Assume that for all o € A, @, is A-convex. Let o be a
probability measure on A. Then

log / e®edo(a)

18 A-convez.

PROOF. Assume first A = 0. By the convexity of ®,, in z and Holder’s
inequality we get

/eq)a(txl-‘r(l—t)zo)do_(a) < /et<I>a(ac1)+(1—t)<1>a(aso)d0(a)
A A

(/A e<1>a(m>da(a)>t (/A e%(zo)da(a)>(lt)

and hence, taking the logarithm of both sides of this inequality,
log fA e‘l’a(tw1+(1_t)””0)da(a)
< tlog [, e®@do(a) + (1 —t)log [ e*@)do(a).
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For the general case, note that

2
log/ e® @ do(a) — pRulp log/ e%(m)*)‘xzpda(a)
A 2 A

which is convex by the case considered above. O
We get
COROLLARY 3.16. The normalized energy functions
{HM/N : k e N}
is an equi-continuous family (in the sense of (3.15))).

Proor. We claim that

1
= log N etklaemml2 ¢ px) (3.22)
meZ™+p

for all p € X and k£ € N. To prove the claim it suffices to prove that
is —1-convex. This follows from Lemma as —|x — m|?/2 is
—1-convex for all m € R™. Further, fixing all but one variable we get a
function on X given by

T H(N)( ST 1y Ty Tl e ey Tp)
= log Z e c”o(z) @) H efkcg’a()ﬂ ;)
JF
By Lemma this function is in P(X). By Lemma it satisfies the
Lipschitz constant 1. This means, if x = (z1,...2x) and y = (y1,-..,YN)

are points in X7, that

]%H(N)(xl,...,m]v) — %H(N)(yl,...,yzvﬂ
%ZZ ’H(N)(xl) s Ti—1,Yiy - - yN) - H(N)(l'l, 7xi7yi+17"‘yN)|

> d@i, yi). (3.23)

As HWN) is symmetric we may reorder {z;} so that
Z d(wi, yi) = inf Z d(T4i, Yo (i)

and hence the right hand side of (3.23) equals d¥)(x,y). This implies
N) /N is equi-continuous in the sense of (3.15). O

IA A
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ProOF oF THEOREM [3.2]. By Theorem and Theorem [3.11] we
only need to verify that the family {H™)/N} is uniformly bounded and
equi-continuous. The latter was proved in Corollary To see that
{H®™) /N'} is uniformly bounded recall that in the proof of Theorem
we proved that —1 log \I//;N) () — d(z,p)/2 uniformly in x and p. Since
d(-,-) is bounded on X x X we get that there is constants ¢, C' € R such
that, for all but finitely many NV,

1
c< z log \IIISJN) () <C (3.24)
for all z,p. As the functions {% log \I/;S,N)} are bounded on X and there

is only finitely many functions for each N, we may choose ¢ and C' such
that (3.24) holds for all N. We get

HO@)/N = 15 logZHebgW_ 10gZH * = 1OgN'jLC
and

1 1
(N) log ¥y, () ke
H (m)/N—kNlog EJ “eog 2 >kNlog|'|e =c

for all N and 2 € X~. This proves the theorem. O

4. The Rate Function and its Connection to Monge Ampeére
equations

In this section we will show how the rate function, G, in Theorem [3.2]
is related to Monge-Ampere equations. More precisely, we will establish a
variational approach to equation and then show that, under a certain
condition, the minimizers of the G are the Monge-Ampére measures of
solutions to (L.1) (see Lemma [4.3)). This will allow us to finish the proof
of Theorem [L1]

4.1. The Variational Approach to Equation . In the vari-
ational approach to equation it is convenient to consider its normal-
ized version:

e’ ¢N0
Jx €7%dpo
We see that this equation is invariant under the action of R on P(X)
given by

MA(¢) = (4.1)

Cr—(p—o+0C). (4.2)
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Now, we will say that an equation admits a unique solution modulo R if,
for any two solutions ¢1,¢2 € C(X), ¢1 — ¢2 is constant. It is easy to
verify that admits a unique solution if and only if admits a
unique solution modulo R. We will consider a certain energy functional
whose stationary points correspond to weak solutions of . For given
data (po, 8) this energy functional has the form

1

F(¢) =&(9) + BI;LO (B9).

where I, is defined as

Ton(8) =1og | e

LEMMA 4.1. Let 8 # 0. The functional 1,,, is Gateaur differentiable
and

€¢M0
Jx e?duo’

Consequently, F is Gatueux differentiable and ¢ is a stationary point of

F if and only if ¢ is a weak solution (in the sense of Section to (1.1)).

PROOF. Let v € C(X). As v is bounded an application of the domi-
nated convergence theorem gives

dlﬂo|¢ =

Eli=o [ e*dpg
Jx ePdpo
[y &i—oe® ™ dpg
Jx ePdpo
[ ve®duo
proving the first two statements of the lemma. By Corollary ¢ is dif-

ferentiable and d¢|, = — MA(¢). This means F' is Gateaux differentiable
and

d
&hzol(gb"—t’l)) =

€¢M0
Jx edpo

proving the last statements of the lemma. O

dF|y = —MA(¢) +

55



The Rate Function and its Connection to Monge Ampeére equations

4.2. The Minimizers of the Gibbs Free Energy. We will use
the following well know property of the relative entropy function in the
proof of Lemma

LEMMA 4.2. Let p € My(X) and ¢ € C(X). Then

L, (¢) + Enty, (1 / odp (4.3)

with equality if and only if p = dl,|e.

PROOF. Assume first that p is absolutely continuous with respect
to po and po is absolutely continuous with respect to p. By Jensen’s
inequality

[u0(¢) = log/ d,UJ

> /cbdu /logdu
= [ ¢ Bty ()

with equality if and only if e‘z’% is constant, or, equivalently, u is propor-

tional to e®jug. As pu is a probability measure this means

6’%0
Jx e®duo

proving the lemma in this special case. If y is not absolutely continuous
with respect to po then Ent,, (1) = +oo and the equality holds trivially.
Finally, when g is absolutely continuous with respect to ug but pg is not
absolutely continuous with respect to u, then replacing pg by xuo, where
X is the characteristic function of the support of y doesn’t change the
right hand side of (4.3). Since

L, (¢) > log / e?xdpo

this reduces this case to the case when pg is absolutely continuous with
respect to p. ([

We can now prove Lemma
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LEMMA 4.3. Assume 8 # 0, F' admits a unique minimizer modulo R
and ¢, is a minimizer of F'. Then

e = MA(6) (4.4)
is the unique minimizer of the rate function
G(p) = BW?(p, dar) + Entyug (1) + Chug
defined in Theorem 3.2
REMARK 4.4. Note that ¢; —¢2 = C implies ¢f —¢5 = —C' and hence
MA(¢1) = (Vh1)dx = (VEP3)cdr = MA(¢s).

This means that, under the assumptions of Lemma L 1S uniquely
determined by (4.4).

PROOF OF THEOREM [4.3] Note that by Corollary and Lemma
we have, for all p € M;(X) and ¢ € C(X), the two inequalities

W2 ds) +€0) =~ [ odu (45)
Bty (1) + 1o(6) = [ odu (4.6)

where equality in is characterized by
dgly = —MA(¢) = —p (4.7)

and equality in (4.6) is characterized by dI|s = p. We will start with the
case > 0. Let p € M (X) and ¢, be the minimizer of F. Applying

to the pair p and ¢, and to the pair u and S¢, we get
G(p) = BW?*(u,dx) + Ent(u)
=8 [ dudn— €6 + [ Boudu—1(56.)

Vv

1
= 5 (g0 + 51060 ) = -7,

with equality if and only if d§|4, = —M A(¢«) = —p and p = dI|,, which,
since d¢|g, + dI|g, = 0, is true if and only if u = MA(¢,). For the case
B <0,let u e Mi(X). By Corollarywe may take ¢ to satisfy equality
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in (4.5)) and hence (4.7)). A similar application of (4.5 and (4.6 as above,
keeping in mind that we have equality in (4.5, give

G(n) = PW?(u,dx) + Ent(p)
> 3 / oy — PE(S) + / Bédu — I(89) (48)

1
=6 (€(0)+ 51(00)) = ~6F() = ~3F (6. (49)
Moreover, equality in (4.9) holds if and only if ¢ = ¢,. But that means
dl|y = —d€|g = p, hence we have equality in (4.8]) as well. This implies
G(u) > —PF(¢ps) with equality if and only if u = MA(¢). O

4.3. Proof of Theorem [1.1] and Corollary

PrROOF OF THEOREM [L.1l Let ¢, be the unique solution to . It
follows that (4.1) admits a unique solution modulo R and that ¢, is a
solution to (4.1)). Now, we will use two results from the next chapter.
Namely that any stationary point of F' is a smooth solution to (4.1]) (see
Section and that F' always admit a minimizer (see Section nder
our assumptions, this implies ' admits a unique minimizer modulo R and
that ¢, is a minimizer of F. Using Lemma [4.3] we get that G admits the
unique minimizer p, satisfying . = MA(¢y).

We want to prove that TY) — §,, in the weak* topology on M (M;(X)).
By the Portmanteau Theorem it suffices to verify that

limsup T (F) < 6, (F) (4.10)
N—o00
for all closed F' C M;(X). If p, € F then (4.10) holds trivially. Assume
px ¢ F. Recall that M;(X) is compact. This means the closed subset F’
is compact. Since G is lower semi-continuous there is ugp € F' such that
infr G = G(up). As ps ¢ F is the unique point where G = inf G = 0
we get that G(up) = infp G > 0. By the large deviation principle in
Theorem B.2]
1
lim sup — log T™)(F) < —inf G < 0.
N—oco TN F
As ry — 0o we get that lim sup log ™) (F) = —co and lim sup TV)(F) =
0. This proves the theorem. O
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PROOF OF COROLLARY [L.4l Equation (1.7) implies the first marginals

(N)
()
/)(N—l N’,B ’

Of :uﬂ ’
converges to i, in the weak™ topology of M;(X) (see Proposition 2.2 in
[23]). Now, e is the density with respect to pg of the first marginal of
N
.

We claim that the collection {¢N) : k € N} is equi-continuous and
uniformly bounded. To see this, note that by Lemma oW is —1-
convex and hence in P(X). By Lemma the functions {¢(V), k € N}

satisfy the Lipschitz constant L = 1. As

N
/eﬁmuo_/ W =1
X XN

for all IV, this means there are constants ¢, C € R, independent of NV, such
that ¢ < ¢ < C. This proves the claim. By the Arzela-Ascoli theorem
there is some function ¢, € C(X) such that

¢N—>¢oo

uniformly. As
N
XN-1

in the weak™ topology of M;(X) we get that ¢, = ¢ almost everywhere
with respect to po. As po has full support and ¢, ¢ € C(X), this means

5. Existence and Uniqueness of Solutions

In this section we will treat questions of existence and uniqueness
of solutions to for different data (ug,3). First of all we will prove
that, for any data (uo, 8 # 0), admit a weak solution. We will then
explain how to reduce the problem of regularity to the case considered in
[3], where the authors use Caffarelli’s interior regularity theory for Monge-
Ampere equations. In the last part of the section we treat uniqueness. We
first prove the claim made in Remark [[.2] namely that as long as 8 > 0
equation admits at most one solution. Finally we prove Theorem

regarding 8 € [—1,0) and pg = 7.

59



Existence and Uniqueness of Solutions

5.1. Existence of Weak Solutions. First of all, Lemma im-
plies P(X) satisfies the following (relative) compactness property:

LEMMA 5.1. Let {¢r} be a sequence of functions in P(X) such that
infx ¢, = 0 for all k, then there is ¢ € C(X) such that, after passing to
a subsequence, ¢ — ¢ uniformly.

PROOF. By lemma {¢1} are Lipschitz with a uniform Lipschitz
constant. As X has finite diameter and infx ¢ = 0 for all k this means
{1} is also uniformly bounded, hence the lemma follows from the Arzela-
Ascoli theorem. ]

LEMMA 5.2. Let ¢ € C(X) and

F(6) = £(0) + ;Lm (89).

Then
F((¢°)°) < F(9). (5.1)
Moreover, if po has full support, then equality holds in (5.1) if and only
if p € P(X).
PROOF. Recall that ¢¢ € P(X), and hence ((¢°)¢)¢ = ¢° for all ¢ €
C(X). Also, (¢°)¢ < ¢ for all ¢ € C(X). This means {(¢) = £((¢°)¢) and

Im<<¢°‘>0>=;mg /X eﬂ(d)c)cduoég,log /X g = Ly(6).  (5.2)

and hence

F((¢°)°) < F(¢). (5-3)
Assume pi0 has full support. Then, if ¢ ¢ P(X) and hence (¢°)%(x) < ¢(x)
for some = € X, then, as both (¢¢)¢ and ¢ are continuous and po has
full support, strict inequality holds in (5.2) and (5.3). This proves the

lemma. O

LEMMA 5.3. Let 5 € R\ {0}. Then F admits a minimizer. In other
words, (1.1) admits a weak solution.

PROOF. Recall that

1
—1(B¢).

5 (B¢)

By the Dominated Convergence Theorem %I (B¢) is continuous in ¢. By

Lemma ¢ is continuous. This means F is continuous. Let ¢y be
a sequence such that F(¢;) — inf F. By Lemma we may assume

F(¢) =&(9) +
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¢r € P(X) for all k. As F is invariant under the action of R given in
we may assume ¢y satisfies inf ¢, = 0 for all k. By Lemma
after possibly passing to a subsequence, ¢ — ¢ for some ¢ € C(X).
By continuity F(¢) = limg_,o F(¢r) = inf F', hence ¢ is a minimizer of
F. O

5.2. Regularity. In a numbers of papers (see [6], [7], [§]) Caffarelli
developed a regularity theory for various types of weak solutions to Monge-
Ampere equations. In particular, Caffarelli’s theory applies to so called
Alexandrov solutions. Recall that if f is a smooth function on R", then
a convex function ® on R™ is an Alexandrov solution to the equation

det(@ij) = f

if, for any borel measurable F C €2,

/fda::/ dx
E 0P (E)

where 0®(F) is the image of F under the multivalued gradient mapping,
in other words

0P(E) ={y e R" : ®(z) + ®*(y) = (z,y) for some = € E}.
We have the following lemma:

LEMMA 5.4. Assume pg is absolutely continuous with density f with
respect to dz, B € R and

MA(6) = e#pq. (5.4)
in the sense of Definition . Then ® = ¢ o + x2/2 is an Alexandrov

solution to the equation
det(®;) = P ®=7 2 fox (5.5)
on R™. Moreover, ® is proper.

PROOF. Assume E is a Borel measurable subset of R™. To prove the
first point in the lemma we need to prove

/ eﬁ(q)7x2/2)f omdx = / dx.
E 8% (E)
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Let Cp = [0,1)" C R™ and {C;} be a collection of disjoint translates of
Cy such that £ C UC;. Let E; = ENC;. We have

/ e,B(cb—x?/Q)f omdr = Z/ 66(q>_“72/2)f omdr = Z/ e’8¢fdx
and by (5.4)
P fdr = / dzx.
3 L=

c¢c
Now, we claim that 7 maps (V®*)~1(E;) bijectively onto
(Vo)™ (n(E3))
for all i. To see this note that if y € (V®*)~(E;), then
Vo on(y) =moVP*(y) € m(E;),

hence 7(y) € (V¢°)~!(m(E;)). Onthe other hand, if y € (V¢¢°) Y (n(E;)),
let & be the unique lift of V¢¢“(y) in E;. Moreover, let § be a lift of y in
R™. Since V¢¢(y) = = we have V®*(g) = & 4+ myq for some mgy € Z". We
have that

and by (2.4)

™ y) = {§+m:meZ"}

Vo* (5 4+ m)=VO*(y) +m =2+ mo+m.

We conclude that V®*(g + m) € E; if and only if m = —mg and then
V®*(j +m) = . This means 7 maps (V®*)~1(E;) bijectively onto
(Ve¢)~L(m(E;)) as claimed. We get

d:U = / da: = / dzx
Z;/( cpe)~H(m(E; Z Vo)~ (Vo)~H(E)

where the second inequahty holds since the sets (V@*)_l(Ei) are disjoint.
Now, let dom V®* be the set where V®* is defined. We have

domVO®*Nod(E) = {yeR":VP*(y) =z for some z € E}
(V)" (E).

Since Q \ dom V®* is a zero-set with respect to dz we have

/ dr = / dx
(Vor)~1(E) 09 (E)

which proves the first part of the lemma.
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To see that ® is proper, note that since ¢ is continuous it is bounded
on X. Let C =infx ¢. We get

2
q)(x):(ﬁ(rra:)—l—%ZC’—l—i—\x]. 0

LEMMA 5.5. Assume g is absolutely continuous with smooth density
with respect to dz and ¢ € P(X) satisfies (L.1)) in the sense of Definition

[2.2. Then ¢ is smooth.

PrROOF. We will not refer directly to Caffarelli’s papers. Instead we
refer to [3] (more precisely, step three in the proof of Theorem 1.1) where
the authors explain why, by Caffarelli’s regularity theory, proper Alexan-
drov solutions on R” to the equation

det(@ij) = F(‘b, CC), (56)

where F' is smooth, are smooth. Strictly speaking the authors use an
additional assumption of ”finite energy”, but the only way this is used is
to guarantee properness of ®. By Lemma ® = ¢om+a2/2 is proper
and satisfies in the Alexandrov sense. As is indeed a special
case of this proves the lemma. O

5.3. Uniqueness. We first prove the claim made in Remark

THEOREM 5.6. Let pg € M1(X) be absolutely continuous with smooth
density with respect to dx and B > 0. Then (1.1)) admits a unique solution.

Proor. By Lemma and Lemma there always exist a solution
to (1.1). To prove uniqueness it suffices to prove that the normalized
equation admits a unique solution modulo R, in other words that F'
admits a unique minimizer modulo R. Assume then ¢g and ¢ satisfies

F(60) = F(én) = inf F! (5.7)

Let ¢y = top1+ (1 —t)¢p. Applying Lemma with A = X and &, (x) =
¢z (a) gives that

Ly (¢) = log / R
X

is convex in t. Now, £(¢;) is convex in ¢ by Lemma This means
F(¢;) is convex and hence, by (5.7)), constant in ¢t. It follows that I,,(¢¢)
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is affine in ¢. However, if we let v = %gbt = ¢1 — ¢, then

d? i (fX ve¢tduo>

iy 4 —
g2 1o (P0) dt \ [y e®dug

et [yt — (g vetdng)®

(S e d:“())2
Further, if we let 14 be the probability measure

 Jxe?rduo

@:/ VY
X
then

(15.8)) :/ vzyt—f)Q:/ U2Vt—2@/ vut—i—@z:/(v—@)Qyt.
X X X X

In particular, since I,,(¢;) is affine in ¢ we get that v = 0, hence that
¢1 — ¢o is constant. This proves the theorem. O

Vi

and v be the constant

We now turn to the proof of Theorem We will use

THEOREM 5.7 (The Prekopa Inequality [4], [14],[22]). Let ¢ : [0,1] X
R™ — R be a convex function. Define

(1) = —log / —02) g,

Then, for allt € R
6(1) < to(1) + (1~ 1)6(0)

with equality if and only if there is v € R™ and C € R such that
o(t,x) = ¢(0,z — tv) + tC.

PROOF OoF THEOREM [[L3l By Lemma and Lemma there al-
ways exist a solution to (1.3). Similarily as in the proof of Theorem [5.6
to prove uniqueness it suffices to prove that F' admits a unique minimizer
modulo R. Assume ¢g and ¢ satisfies

F =F = inf F.
(¢0) (¢1) oS
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By Lemma any minimizer of F' is in P(X), hence (¢§)¢ = ¢o and
(¢5)¢ = ¢1. This means the following equation defines a curve in C(X)
connecting ¢g and ¢q:

¢ = (t(¢1)° + (1 = 1)(d0)")". (5.9)

Note that, as P(X) is convex and ¢§, ¢5 € P(X) we get t¢ + (1 —t)p§ €
P(X) and

F(¢) = /X to] + (1 — t)pgdx + élog/ PPt dry. (5.10)

X

The first term of this is affine in ¢. The second term is given by

log/ Bot Z lz—m|? /2dl‘_ ﬁlog/ 6¢t07r_x2/2dl‘. (511)

mezZ"

Let ®; = ¢; o7 + 22/2. By Lemma since ¢ is the c-transform
to + (1 —t)¢f, we have

y2

®i(z) = sup (z,y) — (] + (1 —1)g5) o 7m(y) — 5 (5.12)

yER™

2

Y
(a.9) — (465 + (1~ D)ég) o mly) ~ L
is affine in (¢, 2) we get that ( - is convex in (¢, x). It follows that, as

long as 3 € [—1,0), the exponent in (5.11),
Berom(x) —2*/2 = B(diom(x)+27/2) — (B+1)2?/2
= By(2) — (B+1)a?/2
is concave in (¢,z). We may then apply the Prekopa inequality to deduce
that (5.11) and hence F(¢;) is convex in ¢. In particular, as ¢¢ and ¢;
are minimizers of F, this means F(¢;) = F(¢g) = F(¢1) for all ¢t € [0, 1].
This imples (5.11)) is affine in . By the equality case in the Prekopa
inequality
Borom(x) —a?/2 = Bgon(z —v) - (x—v)?/2+C

for some C' € R and v € R". By noting that ¢; o7 and ¢g o w(- — v), and
hence

Bprom — B om(- —v) = (-,v) +v*/2+ C,
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should descend to a function on X (in other words, they should be invari-
ant under the action of Z™), we get that v = 0. This means ¢; = ¢g + C
which proves Theorem O

6. Geometric Motivation

The original motivation for this project comes from the paper on
statistical mechanics and birational geometry by Berman [2]. Berman in-
troduces a thermodynamic approach to produce solutions to the complex
Monge-Ampeére equation

MAc(u) = ™o (6.1)

on a compact Kéahler manifold M. The Monge-Ampere operator in
is defined as

(i00u + wo)"™ (6.2)
where n is the complex dimension of M and wy is a fixed Kéhler-form on
M representing the Chern class of a line bundle L over M. A solution,
u, should be a real valued twice differentiable function on M satisfying
i00u + wy > 0. As Berman’s thermodynamic approach to this equation
has served as an inspiration for us, we outline it here.

The metric, wy determines, up to a constant, a metric on L. For each
k> 0,let N =N, = H°(M,L). By assumption on wp, L is ample and
hence Nj, — 0o as k — oco. Let s1,...sy be a basis of H*(M, L). Locally
we may identify this basis with a collection of functions fi,... fy. The
map

(x1,...,zN) > det(fi(x}))

determines a section, det(sy,...,sy), of the induced line bundle L¥Vk
over My. The metric on L induces a metric, ||-||, on this line bundle and
Idet(st, .., sn) 12 F g (6.3)

determines a symmetric measure on M?. Note that changing the basis
of H'(M, L) will give the same result up to a multiplicative constant.
As long as this measure has finite volume we may normalize it to get a
symmetric probability measure on M.

Now, Berman shows that if 5 > 0 and the singularities of uc are con-
trolled in a certain way, then the point processes defined by converge
to the Monge-Ampere measure of a solution to . However, it should
be stressed that when 5 < 0 there is no guarantee that has finite
volume and can be normalized to a probability measure. This turns out
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to be a subtle property and in one of the most famous versions of equa-
tion , when M is a Fano manifold and wg, ¢ and § are chosen so
that solutions to define Kéahler-Einstein metrics of positive curva-
ture, this reduces to a property of the manifold M which is conjectured to
be equivalent to the existence of Kahler-Einstein metrics on M (see [16]
for some progress on this). We will explain in Section how equation
can be seen as the "push forward” to a real setting of a complex
Monge-Ampére equation whose solution define Kahler-Einstein metrics of
almost everywhere positive curvature. In that sense, the present project
can be seen as an attempt to study one side of this complex geometric
problem.

6.1. Equation (1.3) as the ”Push Forward” of a Complex
Monge-Ampeére Equation. Let M = C"/(47Z™ + iZ™) and 6 be the
function on C” defined as

0(2): Z 67m2/4+izm/2'

mezLm™

This is the classical §-function and it satisfies the following transformation
properties:

O0(z+4m) = 0(z)
0(z+1i) = 6(z)e/*71/4,

In particular, the zero set of 6 defines the theta divisor, D, on M and,
using certain trivializations of the line bundle associated to D, 6 descends
to a holomorphic section of this line bundle. This means 7 = i90 log |0/
is a well-defined (1,1)-current on M and we may consider the twisted
Kaéhler-Einstein equation

Ric(w)+7=w (6.4)

on M, where Ric(w) denotes the Ricci curvature of w. The current 7 is
supported on D so away from D this equation define metrics of constant
positive Ricci curvature. Now, there is a standard procedure to rewrite
into a scalar equation of type . This process involves choosing a
reference form wy in the cohomology class of 7 and fixing a Ricci-potential
of wg, F', such that

i00F = Ric(wp) + T — wo.
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Choosing wo = Y, idz; Adz; and F = —y?/2 + log ||? gives the equation
MAc(u) = e “"¥*/2|0) 2w} (6.5)
In other words, we arrive at equation with the choices
pe = 02]e ™V 2wy

and 8 = —1. Now, let z = = 4 iy be the standard coordinates on M
induced from C". Let p: M — X be the map z — y. If ¢ is a twice dif-
ferentiable function on X such that (¢;; + d;;) is strictly positive definite,

then u(z) := ¢(y) defines a (rotationally invariant) twice differentiable
function on M satisfying i00u + wy > 0. Moreover,
p. MA (u) = MA(¢) (6.6)

where MA(u) is the complex Monge-Ampere measure on M defined in
(6.2) and MA(¢) is the real Monge-Ampere measure on X defined in
(1.2). Further, at the end of the next sextion we will prove

LEMMA 6.1.
pe (e PI0Pu) =1 (6.7)
where dy is the uniform measure on X.

Since u is rotationally invariant we get that
P (MAC(u) . e—u—yz/zw\%g) = MA($) — e%ry

and this is the relation that makes us refer to equation (|1.3)) as the ”push
forward” of equation (6.5]).

6.2. Permanental Point Processes as the Push Forward of
Determinantal Point Processes. Here we will establish a connection
between the permanental point processes defined in Section and the
determinantal point processes defined in Bermans framework. The con-
nection is a consequence of a certain formula that relates integrals of
determinants to permanents. This formula might be of independent in-
terest and is given in the following lemma.

LEMMA 6.2. Let (E,u) be a measure space. Let N € N and
{(Fjo:j=1...N,k=1...N}
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be a collection of complex valued functions on E, square integrable with
respect to u, such that, for each j

E
if k #1. Then

perm ( / Iijlzdu) — [ Jdet(Ea) P

ProOF. Now,
[ 1 det(Finla)) P
EN

= v det(Fjg(z;))det( Jk(xj))d,u@N

- /EN Z H Go(k) ( S VT Frorw (@) | dpN

o’ Vi

_ 1)o7+’ H/ ,(k (6.8)

O'O'

By the orthogonality assumption on {Fji}x, the only contribution comes
from terms where o = o’/. We get

= ZH/E | Fjo(k) |*dpe = perm </E IijI2du> . O
o

Before we examine its consequences for permanental point processes
we illustrate two other applications. The first is given by the following
formula related to Gram Determinants [Referens!):

COROLLARY 6.3. Let (E, ) be a measure space and

fl, .. ,fN S L2(,U,)
Then

det (/ £ kdﬂ> ;/ det ()2 du®. (6.9)

PRrROOF. Note that if 4 is an 1nve~rt1ble ]y X N matrix with determinant
1, then replacing {fi1,..., fu} by {f1,..., fn} where f; is defined by

(fiseos IN) = (f1, .. f)A
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doesn’t affect the formula . This means we may assume fi,..., fn
satisfy

| #du=0
E
if j # k. For each j,k € {1,..., N}, let Fj, = fi,. We get that

fr 1
det (/E fjfkdu> = IZI/E | fol2dp = Ea— </E |ij‘2du>

and, applying Lemma that

det(éfjf’“d“) B ﬁvpm%\ i du) 1 [ et (Fue) ™

= 3 L et (el @

proving the corollary. ([l

The second application of Lemmal6.2]is given by the following formula
for the permanent of a matrix of non-negative real numbers.

COROLLARY 6.4. Let (aji) be an N x N-matriz of non-negative real
numbers. Then

1
(27r /[02 ‘det <,/ e”k%)’ dri---dzy

PROOF. Let Fji =, /ajke”“. Then, for each j,

- ; 2ma; ifl =k
/ FjpFjdx = / ajkez(kfl)mdx _ Tajp 1 .
[0,27] [0,27] 0 otherwise.

Applying Lemma gives

perm(a;) =

1
. _ sy
perm(a;y,) 2m)N perm/{q27r |Fjp|2da
: 2
- W/[ogﬂ |det (Fjx(z;))|" dz1 ... don

— (2; /[027r ’det (Felk%)‘ dry---dxy

which proves the corollary. ([l
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To see how Lemma, [6.2 connects permanental point processes to de-
terminantal point processes, we will now look a bit closer on the point
processes defined by Bermans framework when applied to the complex
Monge-Ampere equation in Section First of all, wg = ), idz; A d%;
represents the curvature class of the theta divisor D on M. Elements in
H°(M, kD) may be represented by theta functions and a basis at level
k € N is given by the set

1
{0 . p e S2 T (6.10)

where

9}(7k) _ Z e—km2/4+z’zkm/2.

meZ™+p
With respect to these trivializations the norm of 9§;k) with respect to the
metric on kD with curvature form kwy may be written

165911° = |62 e

Enumeration the points in %Z” JZ™, {p1,...,pn} and using the standard

coordinates (z1,...,2y) = (z1 +iy1,..., 2N + iyn) on MY allow us to
write the determinant in (6.3 as

det <01(le)(zj)e_y12/4>

gl

Now, recall that the real Monge-Ampere measure on X may be recov-
ered as the push forward under the projection map, p : M — X, of the
complex Monge-Ampere measure on M (see equation ) Similarly,
Lemma [6.2] will allow us to explicitly calculate the push forward of the
measure

| det (05 (z))e ¥/ Py

on MY under the map p* : MYV — XN. We get the following lemma,
which is the key point of this section. It shows that the permanental
point processes defined in Section [1.2] are the natural analog of the de-
terminantal point processes defined by Bermans framework for complex
Monge-Ampére equations.

LEMMA 6.5. Let dy be the uniform measure on X. Then
g2 n
(), | det(O) (z5)e ) Pu = perm (W(gy)) dy.  (6.11)

71



Geometric Motivation

PROOF. Let y = (y1,...,yn) € XV. The point y € X* defines a real
torus, Ty, in MN
T, = (/)><N)_1 (y) = {z+iy:z € R"/4xZ")N}.

If we let dx be the measure on T, induced by (R™)", then the density at
y of the left hand side of (6.11)) with respect to dy is given by the integral

| det (05 (z;))e ¥ /4P da, (6.12)
Ty
For each j,l € {1,..., N}, let Fj; : T, — C be defined by
Fi(x) = O (v +ig)e ¥/t

— Z o km? [Ati(atiy;)km/2—y? /4

meZm+p;
_ Z efk(mfyj)2/4+ikmx/2

meZm+p;
Now, when computing the integral

| FaFds
T,

Y
— / Z e~ k(m—y;)?/4=k(m/—y;)? /4+ik(m—m")z/2 .. (6.13)
T,

Y meZ"+p
m’GZ"erl/

the only contribution comes from the terms where m —m/ = 0. If [ # 1,

then there are no such terms, in other words (6.13) = 0. If I =’ we are
left with

BT = (@)™ D7 el = (4m) Ve ().

meZ+p;

Applying Lemma [6.2] gives

E1) /T det (Fju(;))|? dr = perm ( / |Fjl|2dx) — perm (3, (3;))
Yy
proving the lemma. O

Finally, we show that Lemma [6.1]is a special case of this.
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PROOF OF LEMMA [G.1]. Note that 6 = 0(()1) and
v = Z e_|y_m}2/2dy = \I!(()l)dy.

mezn
This means ([6.7)) is the special case of (6.11]) given by N = k = 1. Hence
the lemma follows from Lemma [6.5] O

6.3. Approximations of Optimal Transport Maps. As men-
tioned in the introduction the point processes defined here can be used
to produce explicit approximations of optimal transport maps. In opti-
mal transport it is natural to consider a larger class of Monge-Ampere
operators. Let vy € M1(X) be absolutely continuous with respect to dz.
Then vy defines a Monge-Ampere operator MA,,, on P(X) as

MA,, (¢) = (V°¢°).10.

Solutions, ¢4, to the inhomogenous Monge-Ampeére equation
MA,, () = po (6.14)

determine optimal transport maps on X in the sense that T' = V¢¢, is the
optimal transport map in the sense of Brenier (see [24]) from the source
measure pg to the target measure vyp.

The fact that the point processes defined in Section [1.2] are related to
the standard MA = MA, is a consequence of the fact that

1
N E 6p — dﬂ?
pG%Z”/Z”

in the weak*-topology. Redefining S(V)
the generalisation we want: Let P(Y)
the property that |[P(")| = N and

% Z 5p—>V0.

pEP(N)

in the following way will provide
be a collection of point sets with

)

As in the original definition, associate a wave function, ‘I/,(,N , to each

point p € up®)
W= 3 e
meZL™+p;

and, for each N, enumerate the points in P(V)

PN = {pi,....pn}-
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We get

COROLLARY 6.6. Let pg,vp € M1(X) be absolutely continuous and
have smooth, strictly positive densities with respect to dxr and \ll,(fiv) be

defined as above. Then
1
ON = Nlog /XN1 perm (Wg\[)(azj)) dp®N

converges uniformly to the unique, smooth, strictly convex solution of
(6.14). Consequently, the associated gradient maps V¢on converges uni-
formly to the unique optimal transport map transporting o to vy.

PROOF OF COROLLARY [6.6l First of all, the fact that the optimal
transport map is smooth follow from Caffarelli’s regularity theory for
Monge-Ampere equations. We will not go through the argument as it
is similar as in Section [5.2] Uniqueness is a basic result from optimal
transport (see for example Theorem 2.4.7 in [24]). Now, to see that the
convergence holds, consider the functionals, {H)}, on M;(X) defined
by

1
EWMN () = N/XN HWNqu®N.

Direct calculations give that they are continuous, convex, Gateaux differ-
entiable and dEW)|,, = &™), We claim that

EM (1) — W?(u, d) (6.15)
for all p € M;(X). To see this, note that by the proof of Theorem

sup
XN

%H(N) — W2(-,dz) o 5<N>’ -0

as N — oo. We get, since {%H (M1 are uniformly bounded,

EM(u) = XNW2('ad$)05(N)d#®N+O(1)

_ / W2(,dr) (500) w®N o(1).  (6.16)
M (X) *

where o(1) — 0 as N — oo. Now, it follows from Sanov’s theorem
that (6M)),u®N — §, in the weak*-topology on M;(M;(X)). Now,
since X has finite diameter we get that the squared distance function
on X can be bounded by a a constant times the distance function. As
the Wasserstein 1-metric metricizes the weak* topology on M;(X) this
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implies that W?(-,dz) is continuous on M (X). We get that con-
verges to W2(u,dz) as N — oo.

Further, W?2(-, dz) is convex. By standard properties of convex func-
tions dE)|,, converges to a subgradient of W?2(-, dz) at uo. By standard
properties of the Legendre Transform this means

¢ = Jim ¢ (6.17)

satisfies d¢|y = M A(¢) = po. This means ¢ is smooth and V¢ defines
the optimal transport map transporting ug to v9. Now, let &5 and @
be the images in Pz»(R™) of ¢ and ¢ respectively. The convergence in
(6.17)) implies @ — P and, by standard properties of convex functions,
VW) — V®. This means V¢ — V¢ which proves the Corollary. [
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