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Abstract Consider the utilization of a Lagrangian dual method which is convergent
for consistent convex optimization problems. When it is used to solve an infeasible
optimization problem, its inconsistency will then manifest itself through the diver-
gence of the sequence of dual iterates. Will then the sequence of primal subproblem
solutions still yield relevant information regarding the primal program? We answer
this question in the affirmative for a convex program and an associated subgradient
algorithm for its Lagrange dual. We show that the primal—dual pair of programs cor-
responding to an associated homogeneous dual function is in turn associated with a
saddle-point problem, in which—in the inconsistent case—the primal part amounts
to finding a solution in the primal space such that the Euclidean norm of the infeasi-
bility in the relaxed constraints is minimized; the dual part amounts to identifying a
feasible steepest ascent direction for the Lagrangian dual function. We present con-
vergence results for a conditional e-subgradient optimization algorithm applied to the
Lagrangian dual problem, and the construction of an ergodic sequence of primal sub-
problem solutions; this composite algorithm yields convergence of the primal—dual
sequence to the set of saddle-points of the associated homogeneous Lagrangian func-
tion; for linear programs, convergence to the subset in which the primal objective is
at minimum is also achieved.
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1 Introduction and motivation

Lagrangian relaxation—together with a search in the Lagrangian dual space of
multipliers—has a long history as a popular means to attack complex mathemati-
cal optimization problems. Lagrangian relaxation is especially popular in cases when
an inherent problem structure is present, such that a suitable relaxation is much easier
to solve than the original problem, and where the result from optimizing the multipli-
ers is acceptable even if the final primal solution is only near-feasible; examples are
found, among others, among economics and logistics applications where the relaxed
constraints are associated with capacity or budget constraints. Lagrangian relaxation
is also frequently applied in combinatorial optimization, as a starting phase or as a
heuristic. In the history of mathematical optimization, several classical works are built
on the use of Lagrangian relaxation; see, e.g., the work by Held and Karp [15,16] on
the traveling salesperson problem. For text book coverage and tutorials on Lagrangian
relaxation, see, e.g., [2,3,28,32] and [10,11,13,29], respectively.

The convergence theory of Lagrangian relaxation is quite well developed for the
cases in which the original, primal, problem has an optimal solution, or at least
exhibits feasible solutions, even in cases when strong duality fails to hold. For the
case when strong duality holds, several techniques have been developed in order to
“translate” a dual optimal solution to a primal optimal one; this translation is sup-
ported by a consistent primal—dual system of equations and inequalities, sometimes
referred to as characterizations of “saddle-point optimality” (cf. [28, Sect. 1.3.3] and [2,
Thm. 6.2.5]).

In linear programming, decomposition—coordination techniques, like Dantzig—
Wolfe decomposition and its dual equivalent Benders decomposition, ensure the
convergence to a primal—dual optimal solution. In convex programming, ascent meth-
ods for the Lagrange dual, such as (proximal) bundle methods, can be equipped with
the construction of an additional, convergent sequence of primal points which are
provided by the optimality certificate of the ascent direction-finding quadratic sub-
problems (e.g., [19,20,33]). When utilizing classical subgradient methods from the
“Russian school” (e.g., [9,35,36,40])—in which one subgradient, calculated at the
current dual iterate, is utilized as a search direction and combined with a pre-defined
step length rule—a convergent sequence of primal vectors can also be constructed as
a convex combination of primal subproblem solutions (see, e.g., [40, pp. 116—118]
and [39] for linear programs, and [1,14,25-27] for general convex programs). In the
case where strong duality does not hold, the “translation” from an optimal Lagrangian
dual solution to a primal optimal solution is much more involved, since the primal and
dual optimal solutions may then violate both Lagrangian optimality and any comple-
mentarity conditions (cf. [22]).

What is hitherto an unsufficiently explored question is to what the sequence
of above-mentioned simple convex combinations of primal subproblem solutions
converges—if at all—when the original primal problem is inconsistent, in which case
the Slater constraint qualification (CQ) assumed in [25] cannot hold. The purpose of
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this article is to investigate this issue for convex programming; for the special case of
linear programming quite strong results are obtained.

2 Preliminaries and main result

Consider the problem to

minimize  f(X), (2.1a)

subjectto g;i(x) <0, ie€Z, (2.1b)

x e X, (2.1¢)

where the set X C R” is nonempty, convex and compact, Z = {1, ..., m}, and the

functions f : R" — Rand g; : R" — R, i € Z, are convex and, thus, continuous;
these properties are assumed to hold throughout the article. The notation g(x) is in the
sequel used for the vector [g; (X)];c7. Moreover, whenever f and g;, i € Z, are affine
functions, and X is polyhedral, we denote the program (2.1) as a linear program. The
corresponding Lagrange function Ly : R" x R™ — R with respect to the relaxation
of the constraints (2.1b) is defined by L7 (x, u) 1= f(x) + uTg(x), x,u) € R" x R™,
The Lagrangian dual objective function 07 : R™ +— R is the concave function defined
by

Or(u) := mi}r(l Lrx,u), ueR". (2.2)
Xe

With no further assumptions on the properties of the program (2.1), the minimization
problem defined in (2.2) can be solved in finite time only to e-optimality ([2, Ch. 7]).
For any approximation error ¢ > 0, an e-optimal solution, x% (u), to the minimization
problem in (2.2) atu € R™ is denoted an e-optimal Lagrangian subproblem solution,
and fulfils the inclusion

x‘}(u) € X;(u) = {x eX } fx)+ulgx) < 07 (u) —i—s}. (2.3)

The Lagrange dual to the program (2.1) with respect to the relaxation of the constraints
(2.1b) is the convex program to find

supremum 6 ¢ (u). 2.4)

m
ueRY

2.1 Primal and dual convergence in the case of consistency

We first recall some convergence results for dual subgradient methods for the case
when the feasible set of the program (2.1) is nonempty, while assuming a constraint
qualification (e.g., Slater CQ, which for the problem (2.1) is stated as { x € X | g(x) <
0"} # 0; see [25]). Denote the optimal objective value of the program (2.1) by
9}’? > —00, and its solution set by
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60 M. Onnheim et al.

X} = {xeXx ’g(x) < 0", f(x) <6% }. (2.5)

By the continuity of f and g;, i € Z, and the compactness of X, we have, according
to [37, Thm. 30.4(g)], that the primal optimal objective value equals the value obtained
when solving the Lagrangian dual program, i.e., that

9;5 = sup Or(u). (2.6)

ueR’
We denote the solution set to the Lagrange dual as
Fi={ueR]|6r@ =67} 2.7)

the nonemptiness of which can be assured by presuming, e.g., Slater CQ or that the
program (2.1) is linearly constrained ([2, Sect. 5]).

Withrespecttoaconvexset U C R andan e > 0, the conditional e-subdifferential
([2, Thms. 3.2.5 and 6.3.7], [26, Sect. 2], [8,23]) of the concave function 6y atu € U
is given by

aWorw ={y eR"|0;W) <0y +y " (v—uw) +e, veU}. (2.8)

This definition implies the inclusions 85’” Or(w) C 83 Or(w) C Bgl,] O¢(u) forallu e U
and 0 < ¢ < ¢’ < oo. Further, from (2.2), (2.3), and (2.8), follow the inclusion

g(x’ () € 3 O;(m). ueR", &>0. (2.9)
The normal cone of a convex set U € R™ atu € U is defined by
Ny :={neR"|p"(v-u) <0, veU}. (2.10)

This definition implies the equivalences Ngn(u) = {17 e R™ | nu = O} for all
ueR” and 3V60,(w) = 35" 04(u) — Ny(u) for allu € U and & > 0. Hence, the

inclusion g(x“} (m)) —n € 8‘]} *o (u) holds whenever n < 0™, nTu =0,u> 07" and
e > 0. ‘

We consider solving the Lagrangian dual program (2.6) by the conditional e-
subgradient optimization algorithm! ([26, Sect. 2.1]). It starts at some initial vector
u’ e R’ and computes iterates u’ according to

1 . 1

u' = o[ gxf @) — 7', uthi=[u't2 I, t=01,..., @11
where [-]4+ denotes the Euclidean projection onto the nonnegative orthant, the
sequence {5’} obeys the inclusion 3’ € N]M (u’) for all ¢, and @; > 0 is the step

! The conditional subgradient algorithm was analyzed in [23]; its special case defined by the projection of
the subgradient step direction onto the tangent cone of the feasible set yields a bounded sequence {3’} in
(2.11).
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length chosen and ¢; > 0 denotes the approximation error at iteration . To simplify
the presentation, the cumulative step lengths A, are defined by

t—1
A, ::Zas, t=1,2,....
s=0

For any closed and convex set S € R’ and any point x € R”, where r > 1, the
convex Euclidean distance function dist : R” + R and the Euclidean projection
mapping proj : R” — S are defined as

dist(x; S) := migl {lly —x||} and proj(x; S) := argmin {|ly — x|}, (2.12)
ye

yes
respectively, where || - || denotes the Euclidean norm. For a sequence {x'} C R" and
a vector y € R”, the notation X’ — y means that the sequence {x’ } converges to the
point y.

The following proposition specializes [26, Thm. 8] to the setting at hand.

Proposition 2.1 (Convergence to a dual optimal point) Let the method (2.11) be
applied to the program (2.6), the sequence {3’} be bounded, and the sequences of
step lengths, { o; }, and approximation errors, { € }, fulfil the conditions

o >0, t=0,1,...; af—>0 and A; —> 00 as t — o0; (2.13a)
o
Zaf < o0; (2.13b)
s=0
o0
e >0, t=0,1,...; ¢ —>0 as t —> o0; Zases<oo. (2.13¢)
s=0

IfUs #9, thenu’ — u® ¢ Us.

Proof Assume that U ]’E # (). Then the primal problem (2.1) attains an optimal solution

and the Lagrange function defined by L7 (x,u) := f(x) + u’g(x) has a saddle-point
over the set X x R’ ([2, Thm. 6.2.5]); the result then follows from [26, Thm. 8]. O

At each iteration of the method (2.11) an ¢,-optimal Lagrangian subproblem solu-
tion x;’ (u’) is computed; an ergodic (that is, averaged) sequence {i’f } is then defined
by '

3 1 t—1
X :=A—t2a5x?(u3), t=1,2,.... (2.14)
s=0

The following result is a special case of that in [26, Thm. 19].
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Proposition 2.2 (Convergence to the primal optimal set) Let the method (2.11), (2.13)
be applied to the program (2.6), the sequence { §' } be bounded, and the sequence { i’f }
be defined by (2.14). IfU; # ), then it holds that '

dist(itf; X}) =0 as t— oo.

Proof As in the proof of Proposition 2.1, the condition U;? # () ensures the existence
of a saddle-point of £ s. The compactness assumptions (on the dual solution set U?)
in [26, Thm. 20] is here replaced by the conditions (2.13b)—(2.13c), under which the
dual sequence {u’ } is bounded (see, e.g., the proof of [26, Thm. 8]), i.e., forall t > 0,
lu’|| < M holds, where M > |u*|| for all u* € U %. By restricting the dual space to
RY N {u]lul]l < M}, the result in [26, Thm. 19] apphes O

Proposition 2.2 states that whenever the dual solution set U}‘ is nonempty, the

sequence {itf } of primal iterates defined in (2.14) will converge towards the primal
optimal set X% *., provided that the sequence { «; } of step lengths and the sequence { ¢; }
are chosen such that the assumptions (2.13) are fulfilled. For convergence results when
more general constructions of the ergodic sequence (2.14) are employed, see [14].

2.2 Outline and main result

Section 2.1 considers the consistent case of the program (2.1) and presents convergence
results for the primal and dual sequences ({ i‘f }and {u’ }, respectively) obtained when
the method (2.11) is applied to its Lagrange dual. In the remainder of the article we
will analyze the properties of these two sequences when the primal problem (2.1) is
inconsistent,i.e., when {x € X | g(x) < 0™} = @, in which case the Slater CQ cannot
be assumed.

The remainder of the article is structured as follows. In Sect. 3 we show that, during
the course of the iterative scheme (2.11) for solving the program (2.4), the sequence
{u’} of dual iterates diverges when employing step lengths () and approximation
errors (¢;) fulfilling (2.13). As the sequence diverges, i.e., as ||u’|| — oo, the term
f(x) of the Lagrange function L y(x, u’) loses signiﬁcance in the definition (2.3) of
the e;-optimal subproblem solution, x ’(u’ ) e X9 F; (u”). In Sect. 4 we characterize
the homogeneous dual function, which 1 1s the Lagrangian dual function obtained when
f = 0. We show that there is a primal—dual problem associated with the homogeneous
dual in which the primal part amounts to finding the set X of points in X with
minimum infeasibility with respect to the relaxed constraints, i.e.,

X§ = argmin { ” [g(x)]JrH ] ) (2.15)

xeX

In Sect. 5 we show that a sequence of scaled dual iterates will in fact converge to
the optimal set of the homogeneous dual problem.

Section 6.1 presents the corresponding primal convergence results, i.e., that the
sequence of primal iterates {itf } converges to the set X{. To simplify notation we
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redefine the primal optimal set X 3"0 (defined in 2.5) as the optimal set for the so—called
selection problem, i.e.,

in :=argmin { f(x)}. (2.16)

*
xeXj

Note that, when {x € X | g(x) < 0" } # 0, the equivalence X = {x € X |g(x) <
(e } holds, then implying that X 7 equals the optimal set for the program (2.1). Here
lies the main point of departure when differentiating the convex program (2.1) from its
linear programming special case (i.e., when f and g;, i € Z, are affine functions and
X is a polyhedral set), in which the selection problem (2.16) is a linear program (pos-
sessing Lagrange multipliers). For general convex programming, however, this may
not be the case. The stronger convergence results achieved for the linear programming
case are presented in Sect. 6.2.

Our analysis leads to the main contribution of this article, which is then formulated
as the following generalization of Proposition 2.2 to hold also for inconsistent convex
programs.

Theorem 2.3 (Main result) Apply the method (2.11), (2.13a), (2.13b) to the pro-
gram (2.4), let the sequence {3} be bounded, and let the sequence {itf } be defined
by (2.14).

(a) Let X(’)k be defined by (2.15). If (2.13c¢) holds, then
dist(X’f; X5 =0 as 1 — oo.
(b) Let X;i be defined by (2.16) and { ¢; } = {0}. If the program (2.1) is linear, then
dist(i}; X7) =0 as t— co.
O

Within the context of mathematical optimization, studies of characterizations of
inconsistent systems are of course as old as the history of theorems of the alternative
and the associated theory of optimality in linear and nonlinear optimization.

An inconsistent system of linear inequalities is studied in [7], which establishes a
primal-dual theory on a strictly convex quadratic least—correction problem in which
the left-hand sides of the linear inequalities possess negative slacks, the sum of squares
of which is minimized. The article [6] is related to ours, in that it studies the behaviour
of an augmented Lagrangian algorithm applied to a convex quadratic optimization
problem with an inconsistent system of linear inequalities. The algorithm converges—
with a linear speed—to a primal vector that minimizes the original objective function
over a set defined by minimally shifted constraints through negative slacks.

For optimization problems involving (twice) differentiable, possibly nonconvex
functions the methods in [5,31] are able to detect infeasibility and find solutions
in which the norm of the infeasibility is at minimum. Filter methods (see [12] and
references therein, and—for the nondifferentiable case—[18,34]) employ feasibility
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restoration steps to reduce the value of a constraint violation function. In [4] dynamical
steering of exact penalty methods toward feasibility and optimality is reviewed and
analysed. While these references consider infeasibility within traditional nonlinear
programming (inspired) algorithms, our work is devoted to the study of corresponding
issues within subgradient based methods applied to Lagrange duals.

As stated in Theorem 2.3(a), for the general convex case we can only establish
convergence to the set of minimum infeasibility points, while for the case of linear
programs we also show—in Theorem 2.3(b)—that all primal limit points minimize
the objective over the set of minimum infeasiblity points.

Then, in Sect. 7 we make some further remarks and present an illustrative example.
Finally, in Sect. 8, we draw conclusions and suggest further research.

3 Dual divergence in the case of inconsistency

Consider the inconsistent program (2.1) and its Lagrangian dual function 6 defined
in (2.2). We begin by establishing that the emptiness of the set {x € X ‘ gx) < 0"}
implies the existence of a nonempty cone C C R"?, such that the value of the function
0 ¢ increases in every direction v € C. Consequently, for this case the Lagrangian dual
solution set (defined in (2.7) for the consistent case) fulfils U]’t = ¢, and 9;5 =
holds.

Proposition 3.1 (A theorem of the alternative) The set {x € X | g(x) < 0" } is empty
if and only if the cone C := {w e RY ’ mingex {wig(x)} > 0} is nonempty.

Proof By convexity of X and g, the set{ (x,z) € X xR"™ | g(x) < z}is convex. Hence,
its projection defined by K :={z e R" |g(x) <z, xe X} ={g(x) + R} [x € X}
is also convex. Since g is continuous the set K is closed, and from its definition follows
that {x € X |g(x) < 0"} = @ if and only if K can be separated strictly from 0.

Assume that C # @ and let w € C. The inequality w'g(x) > 0 then holds for all
x € X. Hence, for each x € X, g;(x) > 0 must hold for at least one i € Z, implying
that 0" ¢ K.

Assume then that 0" ¢ K. Then there exist a w € R” and a § € R such that
wlz > 8 > 0 =w'0" holds forall z € K. By definition of the set K, letting e; € R™
denote the ith unit vector, it follows that g(x) +e;y € K forallx € X andall y € R;..
Hence, w g(x) + w;y > O holds for all x € X and y € R,. Letting y — oo yields
that w; > O for all i € Z. Choosing y = 0 yields that mingex{w'g(x)} > 0. It
follows that w € C # @. The proposition follows. O

Proposition 3.2 (The cone of ascent directions of the dual function) If {x €
X | g(x) < 0™ } = then Oy(u+v) > 0y (u) holds for allu € R" and all v € C.

Proof The proposition follows by the definition (2.2) of the function 67, and the
relations 67 (u + v) = mingex{ f () + (u + v)Tg(x)} > mingex{f(x) +ulgx)} +
minge X{ng(x)} > 6(u), where the strict inequality follows from the definition of
C in Proposition 3.1. O

We next utilize the fact that the cone C is independent of the objective function f
to show that in the inconsistent case the sequence {u’} diverges.
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Proposition 3.3 (Divergence of the dual sequence) Let the sequence {u' } be gener-
ated by the method (2.11), (2.13a) applied to the program (2.4), the sequence { ' } be
bounded, and the sequence { ¢, } C R_. If{x € X | g(x) < 0"} = @ then ||u’| — oo.

Proof Letw € C # ) and define § := minyex{w'g(x)} > 0 and ; := w'u’ for all
t. Then

B =W (u' + o [gxf @) —7']) = wl(u + o [gx @) —7'])
> B +aw gxf (W) = By +aid,

where the first inequality holds since w € R’jﬁ, the second since #’ € R™, and the third
since ng(x) > ¢ for all x € X. From (2.13a) then follows that 8; — o0, and hence
[u’|| = oo. O

4 A homogeneous dual and an associated saddle-point problem in the
case of inconsistency

We next use the result of Proposition 3.3 to establish that for large dual variable values
the dual objective function can be closely approximated by an associated homogeneous
dual function. Associated with this homogeneous dual is a saddle-point problem,
in which the primal part amounts to finding the points in the primal space having
minimum total infeasibility in the relaxed constraints.

Consider the Lagrange function associated with the program (2.1), i.e.,

f(x) n u'g(x)

[[u]] [[u]]

Lyx,w) = |ul ( ) , (x,w) € R" x {R™\{0™}}.

As the value of ||lu|| increases, the term f(x) in the computation of the subproblem
solutionx y (u) in (2.3) loses significance. Hence, according to Proposition 3.3, for large
values of t the method (2.11), (2.13a) will tackle an approximation of the homogeneous
dual problem to maximize 6y over R}".

In what follows, unless otherwise stated, we will assume that {x € X |g(x) <
0"} = 0.

4.1 The homogeneous version of the Lagrange dual

Consider the problem to find an x € X such thatg(x) < 0™. To this feasibility problem
we associate the homogeneous Lagrangian dual problem to find

supremum 6p(u), “4.1)
ucR?

where 6 : R™ — Risdefined by (2.2), for f = 0 (i.e., 6p(u) = mingex{ uTg(x) H. A

corresponding (optimal) subproblem solution X8 (u) and the subdifferential 8(%%"1 6p(u)
are analogously defined.
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According to its definition, the function 6y is superlinear (e.g., [17, Proposi-
tion V:1.1.3]), meaning that its hypograph is a nonempty and convex cone in R”*+!, and
implying that g (du) = §6p(u) holds for all (§, u) € Ry x R™. The definition of the
directional derivative, 96 (u; d), of p atu in the direction of d (e.g., [17, Rem. I:4.1.4]),
then yields that 6,(0™; d) = 6(d) holds for all d € R™. The program (4.1) can thus
be interpreted as the search for a steepest feasible ascent direction of 6. Such a search
requires that the argument of 6y is restricted. Hence, we define

9(;/5 = I&a&;{eo(u)} = I(}leaé({eé(om; d) } where V := {u e R} | lu]| < 1}.

4.2)

Defining V using the unit ball is somewhat arbitrary. Owing to the homogeneity of 6y,
the unit ball—viewed as the convex hull of the projective space—is, however, a natural
choice. As shown in Sect. 4.2, for this choice the dual mapping yields a singleton set.

4.2 An associated saddle-point problem

From the Definition (2.2) of the function 6 and the Definition (4.2) of GOVO follow
that

9(;/5 = max { min {uTg(x) } } = min { ma‘)/( {uTg(x) } } “4.3)

ueV xeX xeX

hold, since the Lagrange function, defined by Lo(x,u) = ulg(x), is convex with
respect to X, for u € R, and linear with respect to u, and since the sets X and
V C R’_ﬁ are convex and compact (see, e.g., [17, Thms. VII[:4.2.5 and VII:4.3.1]).

Definition 4.1 (The set of saddle-points of the homogeneous Lagrange function [17,
Def. VII:4.1.1]) Let the mappings Xo(-) : V = 2X and V(-) : X + 2V be defined
by

Xo(v) ;= argmin Lo(x,Vv), VveV, and V(x):=argmax Lo(X,V), XE€ X,
xeX veV

where the homogeneous Lagrange function Lo : X X V +— Risdefined as Lo(X, V) :=
vig(x). A point (X,V) € X x V is said to be a saddle-point of the function Ly on
X x V when the inclusions X € Xo(V) and v € V(X) hold. The set of saddle-points is
denoted by X5 x V. O

By the definition of the set X ? in (2.5), for the case when the program (2.1) is con-
sistent, X = {x € X |g(x) < 0™} # ) denotes its feasible set. For the inconsistent
case, whenever x € X it holds that g;(x) > O for at least one i € Z, implying that

[lgx)1+] > o.

Lemma 4.2 (A homogeneous dual mapping) Ifx € X thenthe set V (X) is a singleton,
given by V(x) = {|[g®)]+ ]~ g1+ }.

@ Springer



Ergodic, primal convergence in dual subgradient schemes. . . 67

Proof Letx € X andV = ||[g(x)]+||_1[g(x)]+. Then, for any v € V it holds that

vigx) < Vgl < IVl - g1+ Il < Ig®)l+ ] = ¥ g), 4.4)

where the first inequality holds since v > 0" and g(x) < [g(x)]+, the second follows
from the Cauchy—Schwartz inequality, and the third holds since ||v|| < 1. Sincex € X
is arbitrary and v € V, it follows that v € V(x). That the set V(x) is a singleton
follows from the fact that equality holds in each of the inequalities in (4.4) only when
both ||v|| = 1 holds and the vectors v and [g(x)]4+ are parallel, in which case v = V.
The lemma follows. m|

Since for all x € X and {V} = V(x) the equality VTg(x) = H [g(x)]+|| holds,
the right-hand side of (4.3) may be interpreted as the minimal total deviation from
feasibility in the constraints g(x) < 0" over x € X, that s,

V*
6,% = mi 0. 4.5
o’ =min{[lge0l]} > (.5)
The set Xj x V" of saddle-points of Lo on X x V is thus given by
X§ = arg min{ || [g(x)]+ || } and V' := argmax { min{ v’ g(x) } } (4.6)
xeX veV xeX

Note that this definition of X agrees with (2.5) and is valid regardless of the consis-
tency or inconsistency of the program (2.1). Since V{j is a singleton, we define the
vector v* by

(v} =V 4.7
Note the equivalence X} = {x € Xo(v*) | V(x) ={v*} }

Proposition 4.3 (Characterization of the set of saddle-points) The following hold:

(a) The primal optimal set Xj is nonempty and compact.

(b) The dual optimal set V§ =V (x*), irrespective of x* € X.
(¢) The dual optimal point fulfils v* € C.

(d) The dual optimal point fulfils |v*| = 1.

(e) If the program (2.1) is linear then X is polyhedral.

Proof The statements (a) and (e) follow by identifying X x {z* } = argmin ,)c xgm
{llzl* |g(x) <z} (2, Thm. 2.3.1]); by assumption, then {x € X |g(x) < 0"} =¢
holds, implying that z* # 0™. By Definition 4.1, V; € V(x*) holds for all x* € X,
and by Lemma 4.2, V (x) is a singleton for any x € X; hence (b) holds. The statement
(c) follows from the definition of the sets C and VO* in Proposition 3.1 and (4.6),
respectively, while (d) follows from Lemma 4.2, Proposition 4.3(b), and (4.7). O
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5 Convergence to the homogeneous dual optimal set in the inconsistent
case

We have characterized the Cartesian product set Xj x {v*} of saddle-points of the
homogeneous Lagrange function £y over X x V. Next, we will show that a sequence
of simply scaled dual iterates obtained from the subgradient scheme converges to the
point v*.

To simplify the notation in the analysis to follow, we let

,,,,,

e+
and & =L t—01,..., (5.1a)
L;
where ¢, > 0, ¢t = 0, 1,.... In tandem with the iterations of the conditional ¢,-

subgradient algorithm (2.11) we construct the scaled dual iterate
vii=—, t=0,1,.... (5.1b)

We next show that the conditional (withrespect to RY') ¢,-subgradients g(xeff () —7’,
used in the algorithm (2.11), are also conditional (with respect to V') &;-subgradients
of the homogeneous dual function 6y at the scaled iterate v/, with &, = L, ! (£ + €).
Lemma 5.1 (Conditional &;-subgradients of the homogeneous dual function) Let the
sequence { U } be generated by the method (2.11), (2.13a) applied to the program (2.4),
let the sequence { §' } be bounded, and the sequences { &; } and { V' } be defined by (5.1).
Then,
g(xf () —n' e 9 00(v), t=01,....

Proof From the definitions (2.2) and (2.3) (for ¢ = 0) follow that the relations
) < f(xpa")) + @) Tgxg@)) = f(xg")) +bpm’), =0,
and
fo(u) < u'g(x}w) =0;(w) — f(x}(w), ueRy,

hold. The combination of these relations with (2.8)—(2.9) (for ¢ = ¢;), (2.10)—(2.11),
and the definition of € in (5.1a) yield that the inequalities

Bo(w) — fo(u') < 0, (W) — £ @) — [0, ) — Fxf))]

< e @) — '] @—u) +5+¢
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. . R7Y
hold for all # > 0 and all u € R, implying that g(x(}’ w)) —7q' € 85;1 Oo(u’). By
(2.8) and (5.1), the superlinearity of the function 6, and since V C R", it holds that
BgR e ¢, 00 (') = 8}5{ TOu(v!) C BX 0o (v"), and the result follows. O
The following two lemmas are needed for the analysis to follow.

Lemma 5.2 (Normalized divergent series step lengths form a divergent series])
Assume that {a; }72 | C Ry If A, — oo ast — oo, then { Zizl(l + A o, } —
oo ast — oQ.

Proof Since log(1 + d) < d whenever d > —1, for any r > 1, the relations
log(14Ar41) =log(1+A,)+log [1+(1+4,) e | < log(1+4,)+(1+4,) e,

hold. Aggregating these inequalities for » = 1, ..., ¢ then yields the inequality

t
log(1 + Ary1) < log(1+a0) + > [(1+ 407,

r=1
and the lemma follows. O

Lemma 5.3 (Projection onto V) For any u € R™ the equalities proj(u; V) =
. -1
proj([ul4+; V) = (max{ 1; ‘ [u]+” }) [ul+ hold.

Proof The result follows by applying the optimality conditions (e.g., [2, Thm. 4.2.13])
to the convex and differentiable optimization problems defined by the projection oper-
ator in (2.12) for § = R} and S = V, respectively. O

We now establish the convergence characteristics of the scaled dual sequence {v'}
defined in (5.1b) to the dual part of the set of saddle-points for Lo.

Theorem 5.4 (Convergence of a scaled dual sequence) Let the sequence {u'} be
generated by the method (2.11), (2.13a), (2.13c¢) applied to the program (2.4), let the
sequence {3} be bounded, let the sequence {Vv'} be defined by (5.1b), and let the
optimal solution to the homogeneous dual, v*, be defined by (4.7). If {x € X | g(x) <
0"} = @, then it holds that vV — v* ast — oo.

Proof Let y! := g(xef’ (u’)) — p’ for all + > 0. From the definition (2.11) and the
triangle inequality it follows that

t—1

o' | < O+ D> elly Il =1 (5.2)
r=0

Since X is compact, g is continuous, and the sequence { " } is bounded, it holds that
I':=Lo+sup,~o {|¥"|} < oc. From the definition (5.1a) of L, then follows that

.....
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WhichimpliesthatLt_lot, > [F(1+A[)]_loz,,t > 1.Itf0110wsthatL,_1a, > Oforallt
and, by Proposition 3.3, that { L lozt } — Oast — oo. Since, by Assumption (2.13a),
Ay — oo ast — oo it follows from Lemma 5.2 that { zg;é(Ls_las)} — 00 as

t — oo. Consequently the sequence { L Lo, } fulfils the conditions (2.13a).
From Lemma 5.3 follows that

proj(v! + Lt_laty vy = proj(Lt_l[u’ +ay'l V)= proj(Lt_lu"H; V).

If Ju't!|| < L,, then L,y; = L, and proj(L; 'u'*!; V) = proj(v't!; v) = vy'*!
hold. Otherwise, |u/t!| = L,y > L; and proj(L; 'u'™!; V) = L7 ut! = y+!
hold. In both cases

1 1
W= Lalu0 and v'T2 =v' + Lt_laty’, vt = proj(v'*2; V), t=0,1,...,

hold. Further, by Lemma 5.1 the inclusion y © € ageo(v') holds for ¢ > 1. By (2.13c)
the sequence { ¢; } is bounded; from Proposition 3.3 and (5.1a) it then follows that
& — 0. The theorem then follows from [26, Thm. 3]. O

The main idea utilized in the proof of Theorem 5.4 is that the scaled sequence
{ v} obtained from the subgradient method defines a conditional (with respect to V)
&r-subgradient algorithm, as applied to the homogeneous Lagrange dual (4.2). Hence,
by tackling the Lagrange dual (2.4) by a subgradient method, we receive—in the case
of an inconsistent primal problem—a solution to its homogeneous version (4.1).

Next follow two technical corollaries, to be used in the primal convergence analysis.

Corollary 5.5 (Convergence of a normalized dual sequence) Under the assumptions
of Theorem 5.4 it holds that { [u ||~ T’ } — viast — oo.

Proof By the superlinearity of the function 6p, it holds that Go(u’ |~ ta’) >
Go(Lflu’) = Oy(v'), t > 0. The corollary then follows since, by Theorem 5.4,

Bo(v') — 6" o

Corollary 5.6 (Convergence to the optimal value of the homogeneous dual) Under

the assumptions of Theorem 5.4 it holds that { (V*)Tg(x;’ (u")) } — 93/; ast — oQ.

Proof Foreacht > O0andeachx € X, let p;(x) := L,_If(x) + (v —v)Tg(x). Since
L; — oo, vl — v*, and X is compact, it follows that o, (x) — O for all x € X. Using
the definition (2.2) and the equivalence (4.3), and by separating the minimization over
x € X, it follows that

L7 '0p(') = min {(v)'g() + p (0} = min {(v")'g(0)} + min{p: ()}

= 6,0 +min{ (0 ). (53)
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On the other hand, since Xo(v*) € X, and (v¥)Tg(x) = 9(;/0 for any x € Xo(v*), we
have that

: f(u)_xer;l(}g*){(V) g +p(x) } = 6, + Jmin_{o(0))

It follows that {L,_IQf (u’) } — 93/0 as t — o0. By the left-most equality in (5.3)
and (2.3) the inequality (v¥)Tg(x{ (")) < L;'67 (') — pi(x¥ (u')) + L; '¢; holds.
The corollary follows. O

6 Primal convergence in the case of inconsistency

We apply the conditional e-subgradient scheme (2.11) to the Lagrange dual of the
program (2.1). In each iteration we construct an ergodic primal iterate X’,, according
to the scheme defined in (2.14). We here aim at analyzing the convergence of the
ergodic sequence {i’f} when the primal program (2.1) is inconsistent. In Sect. 6.1
we establish convergence of the ergodic sequence to the feasible set of the selection
problem (2.16) for the case of convex programming [i.e., Theorem 2.3(a)]. In Sect. 6.2
we specialize this result to the case of linear programming, in which case the stronger
result of convergence to optimal solutions to the selection problem (2.16) is obtained
[i.e., Theorem 2.3(b)].
The set of indices of the strictly positive elements of the vector v is denoted by

Zyvy={ieI|u>0}CZ, veV.

6.1 Convergence results for general convex programming

To simplify the notation, we let the ergodic sequence, {¥ '}, of conditional &-
subgradients be defined by

1 t—1
yii= A—Zas[g(x;“(us)) -n'], r=12,...,
ts:()

for some choices of step lengths oy > 0 and approximation errors ¢; > 0, s =
0,1,...,¢t — 1. We will also need the following technical lemma (see [21, p. 35] for
its proof).

Lemma 6.1 (A convergent sequence of convex combinations) Let the sequences
{uis} C Ry and {€e*} C R", where r > 1, satisfy the relations Z;;g s = 1

fort =1,2,..., ;s — Oast - oofors =0,1,...,and e’ — eass — oo. Then,
[ wse’ ) — east — oo o

We are now set up to establish the first part of the main result of this article.
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Proof of Theorem 2.3(a) The case when {x € X |g(x) < 0"} # ¢ is treated in
Proposition 2.2.

Consider the case when {x € X |g(x) < 0"} = (. We will show that the ergodic
sequence {i’f } converges to the set Xj = argming y{ [[[g(x)] ]l }.

Since X is convex and compact, any limit point i‘}o of {i’f } fulfils X3 € X. Then,
by the continuity of g and || - ||, and the equivalence in (4.5), the relations

6" =min{ | (50014 } < |le&P)1+] = lim sup { [ ()14 | }

hold. From Lemma 4.2 and the definitions (4.6)—(4.7) follow that the vectors [g(x)]+

and v* are parallel, and that || [g(x)]+|| = 9(;/ ° hold for all x € Xg. Further, by
Proposition 4.3(d), ||[v*|| = 1 holds. Hence, it suffices to show that

lim sup { [g&®)], } < 6,0 v*, 6.1)
—o0

which will imply the equivalence H [g(if}o)]+ || = 0(;/ % and thus the sought inclusion
X7 € Xg.

Since {x € X | g(x) < 0™} = @, it follows from Proposition 4.3(d) that Z; (v*) #
. Consider any i € Z,(v*). When ¢ > 0 is large enough, by Corollary 5.5, uf >0

holds, implying that uf“ = u} +3 holds in the iteration formula (2.11). Hence, for

N > 0 large enough, it holds that
t—1
up = ul + Z a‘v[gi(x;‘(us)) - TY,S] =ul + Ay — AN%N, t>N+1.

s=N

By rearranging this equation and dividing the resulting terms by |ju’||, it follows that
{ ||u’||_1At7i’} - { T +AN7iN)} —vf as 1> 00, (6.2)

since, by Proposition 3.3, { |[u’|| } — oo and, by Corollary 5.5, { ||u’||*1ulf } = v’. By

Corollary 5.6 it holds that { (V*)Tg(x;’ (u')) } — 9(:/0* ast — 0o. Applying Lemma 6.1
with the identifications

r=1 pe=A e, € =) TgxG @), and e=6)°

then yields that { (vHTy! } — 9(;/‘? ast — o00. Since v;‘ = 0for j € T\Z;(v¥), it
follows by utilizing (6.2) that

{17 A} = V1P =1 as 1 — oo,
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which implies that

(1 4y = {7 e 17 AL T7 ] > (6,°) 7 as 1 oo
By combining this result with (6.2) it then follows that
vl — Q(YJU;‘ as t— 00, i€Zy(v¥).
By the convexity of the functions g;, for each i € Z (v*) it then holds that
1—1

1 *
lim sup { g; (i’f-) } < limsup [ — Za‘vgi (x;@‘ (u®)) ] <limsup {7/} = 90"0 vy
t—00 X t—>00 At =0 1—00

(6.3)
From (5.2) follows that the inequality [[u’|| < |u®|| + A, I holds for every r > 1,
where I" = Lo + sup,~¢ { Hg(xj{ (u")) — || } < co. By Proposition 3.3, for a large

enough N > 1, |u’| > [lu®|| holds for each r > N, which implies the inequalities
A7 < r( - )T = N (6.4)

Then, for each j € Z\Z,(v*) and all t > N, the relations

t—1 t—1

1 1 1
<l s s+1 0
&i®p) < - D osg () < A_,Z (™ —u}) = 1 (= )
s=0 s=0
t 0
uj — uj
|| = [uO]

hold, where the first inequality follows from the convexity of g ;, the second from (2.11)
and the fact that 17; < 0, the equality by telescoping, and the final inequality by (6.4).

As 1 — 00, by Proposition 3.3, ||| — oo, and by Corollary 5.5, { ||u’||_1u’j } —
v;? = 0. It follows that

limsup { g; &)} <0, j € I\T4(v"). (6.5)
—00

From (6.3) and (6.5) we then conclude (6.1). The theorem follows. O
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6.2 Properties of and convergence results for the linear programming case

We now analyze the special case when the program (2.1) is a linear program, i.e., when
the program can be formulated as the problem to

minimize ch, (6.6a)
subject to Ax > b, (6.6b)
xeX, (6.6¢)

where ¢ € R", A € R b € R™, and X C R" is a nonempty and bounded
polyhedron. The aim of this subsection is to provide a proof of Theorem 2.3(b), stating
that the ergodic sequence {itf } [defined in (2.14)] converges to the optimal set of the

selection problem (2.16).> For this linear case, the Lagrangian subproblems in (2.2)
can be solved exactly in finite time; hereafter we thus let ¢, := 0, r > 0.

Let A; denote the ith row of the matrix A and let X € Xo(v*). The selection
problem (2.16) can then be expressed as the linear program to

minimize ¢'x, (6.7a)
subject to A;x = b; — [b; — A;xp]4, i€Zy(v"), (6.7b)
Aix > b;, i e T\T,(v"), (6.7¢)

x € Xo(vh). (6.7d)

Using that [b; —A;xg]4+ = Oforalli € Z\Z (v*), we define the (projected) Lagrangian
dual function, 6 : R™ > R, to the program (6.7) with respect to the relaxation of
the constraints (6.7b) and (6.7¢), as

05 := min {c"x+u"(b—Ax—[b—Axly)}, ueR" (6.8)

x€X(v*)
Defining the radial cone to R} at v € R as
RW) :={ueR"|u; >0, i e T\T.(v) }, (6.9)
the corresponding Lagrange dual is then given by the problem to

maximize 6. (u). (6.10)
ueR(v¥)

We will show that when applying the conditional e-subgradient optimization algo-
rithm (2.11) to the Lagrange dual (2.4) of the inconsistent linear program (6.6) with
respect to the relaxation of the constraints (6.6b), a subgradient scheme is obtained for

2 For the linear program (6.6), the selection problem (cf. 2.16) is defined as miny bes { cTx }, where the set
X (")‘ is the subset of X possessing minimum infeasibility in the relaxed constraints (6.6b), i.e., in mathematical
notation, X = argminycy { [[[b — Ax] | }.
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the Lagrange dual (6.10) of the selection problem (6.7), which is a consistent linear
program. We will then deduce that the ergodic sequence {i’f } converges to the set
of optimal solutions to (6.7). But first we introduce some definitions needed for the
analysis to follow.

A decomposition of any vector u € R™ into two vectors being parallel and orthog-
onal, respectively, to v*, is given by the maps 8 : R” > R and @ : R™ +— R™,
according to

u=vA@u) +wm), A :=u'v* and w():=u—v'AQ). (6.11)

Here, B(u) equals the length of the projection of u € R™ onto v*, while w(u) equals
the projection of u onto the orthogonal complement to v*. Both maps 8 and w define
projections onto linear subspaces.

Property 6.2 (Properties of maps) The following properties of the maps B and ®
hold.

@ oTww) =w@)Tv=uTw) foralu,veR™",
(b) B(u+ ov*) = B(u) + o forallu € R" and all o € R, and
(¢) w(u+ ov*) = w(u) forallu € R™ and all o € R. O

Using the fact that @w(b — Ax) = b — Ax — [b — Axo]4 for any xo € X{j, we can
rewrite the Lagrangian dual function, defined in (6.8), as

6w = min {c'x+uTob-Ax)}.
xeX((v¥)

The following lemma follows from Property 6.2(a) and establishes that the value of
6 atu € R™ depends solely on the component @(u) of u that is perpendicular to v*.

Lemma 6.3 (A characterization of a projected dual function) For any u € R", the
equivalence 0 (w(u)) = 0. () holds. ]

Given constants § > 0, p > 1,and ¢ > (p — 1)~ p, we define the set
Ub, ={ueR"|B@) =¢8>, Bu) = ps*lew)] } (6.12)

of vectors possessing a large enough norm and a small enough angle with the direction
of v*. The following lemma ensures that after a finite number N of iterations, all of
the dual iterates u’ are contained in the set qu; it follows from Proposition 3.3 and
Corollary 5.5.

Lemma 6.4 (The dual iterates are eventually in the set Ug o) Let the sequence { u’ } be
generated by the method (2.11), (2.13a) applied to the program (2.4), let the sequence
{n'} be bounded, and let { ¢, } = {0}. Then, for any constants § > 0, p > 1, and
g > (p—1D"pthereisan N > 0 such thatu' € Ul‘iqfor allt > N. O
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Propositions 6.5-6.7 below demonstrate that, for p > 1,¢ > (p — 1)"!p, and a
large enough value of § > 0, the condition u € qu implies certain relations between
the function values 6 (u) and 07 (u), as well as between their respective conditional
subdifferentials. First we establish the inclusion X (f)- (u) € Xo(v*) wheneveru € qu.

We then show that the value 6 (u) of the Lagrangian dual function equals ,B(u)Gg/ o+
07 (u) wheneveru € U 2,1.

Proposition 6.5 (Inclusion of the solution set) Let p > 1andq > (p— D~ p. There
exists a constant 8 > 0 such that X(} (w) € Xo(v*) holds for alla € qu.

Proof For the case when Xo(v*) = X the proposition is immediate. Consider the case
when Xo(v*) C X. Denote by Py, PXo () and Py, v+ the (finite) sets of extreme

points of X, X0 (u) and X (v*), respectlvely From (2.3) and [32, Ch. 1.4, Def. 3.1]
follow that X 0 (u) and Xo(v*) are faces of X, implying the relations PX(} ) C Py,
u € R”, and Pxo(v*) C Px C X. Hence, it suffices to show that ng @ S Pxoov

holds whenever u € qu. Let xf;_ € Px,v+ and X € Px\Px, v+ be arbitrary. Since
the set Py is finite there exists a § > 0 such that the relations

(X —x3) = -4, (6.13a)
VHTAR—x§) =38 ', (6.13b)
JAX—-x5) <6 (6.13¢)

hold. For any u € qu it then follows that

LrXu) —Lrxgu) =c X—x5) — B)(v)TAX - x}) — 0@)TAX - x)

(6.14a)
> 54+ B ' —5ew] (6.14b)
>8(gp~'[p—11-1) > 0, (6.14c¢)

where (6.14a) follows from (6.11), (6.14b) from (6.13) and Cauchy-Schwartz inequal-
ity, and (6.14c) from the definition (6. 12) and the assumptions made. It follows that
X¢ X f(u) which then implies that X (u) C Xo(v*). The proposition follows. O

In the analysis to follow we choose § > 0 such that the inclusion in Proposition 6.5
holds.

Proposmon 6.6 (A decomposmon of the dual functlon) Let p > land q > (p —
1)~!p. For everyu e U the identity 0y (n) = ()6, Yo + 67 () holds.
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Proof The result follows since Proposition 6.5, (6.11), (4.3), and Property 6.2(a) yield
the equalities

Or(u) = xer)?(}'g*> {ch + uT(b — Ax) }

= min_{c"x+ (V') + o) (b - Ax)}

xeXo(v*)

= 90V 0 Bu) + xe??i{‘v*) {"x+ o (b-Ax)} = eov 9 B(u) + 6 ().

O

We next establish that if p is a conditional (with respect to R}) subgradient to 6 ¢
atu € R, where u has a sufficiently large norm and a sufficiently small component
®(u) (being orthogonal to v*), then w(y ) is a conditional [with respect to R(v*);
see (6.9)] subgradient of 9c+ at w(u) € R(v*).

Proposition 6.7 (Conditional subgradients of a projected dual function) Let p > 1

m

and g > (p — 1)\ p. For eachu e qu andy € 8§+9f(u) the inclusion @(y ) €
X6k (w(w)) holds.

Proof Let v € R(v*) and choose o > 0 such that v + gv* € Uf:q. From Lemma 6.3,
Proposition 6.6, and Property 6.2(c) follow that the equalities

OF(v+ov") —0p) = [ BV +ov") — B(w) ]90‘/6‘ + 65 (v+ov*) — 6 (w)
(6.15a)

=[v-wTv'+o ]eovg + 65 (@(v)) — 6F (@(u)) (6.15b)

hold. Since u € Uf:q C R, v+ ov* e U . and y € 8?* 0 (u) it follows that

rq’
0r(v+0ov) —0rm) <y (v+ov' —u) (6.16a)
=y o +ov) —o@]+y [ +ov) — B) v
(6.16b)
=o@) oW -—o@]|+y [v-—wv +o]v"
(6.16¢)

where (6.16a) follows from (2.8), (6.16b) from (6.11), and (6.16c) from Property 6.2.
Combining the relations in (6.15) and (6.16) yields the inequality

0 () — 0 (W) = o) oM — o] + [ —wTv* + o] (r Tv'=6,).
(6.17)

Since y € 85{ tﬁ@f(u) and (according to Proposition 6.5) X?c(u) C Xop(v"), it then

follows that G(YO = mingey { (b — Ax)Tv* } = y Tv*. By inserting this into (6.17),
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and utilizing Property 6.2(a) and (c), and Lemma 6.3, we then receive the inequality
O (V) = 05 (W) < () [V -0 ].
The proposition then follows since v € R(v*). O

We now define the sequences { ' } and {w“r% } according to
®' = w@’) and W't =@ + o;w(b — AxF}(u’) -, t=0,1,.... (6.18)

In each iteration, ¢, the intermediate iterate w”% is the result of a step in the direction
of w(b — Ax(} (u’) — 5"). The vector b — Ax(} (u’) — 5’ € R™ is a conditional (with
respect to R?) subgradient to the Lagrangian dual function (2.2), so by Proposition 6.7
the vector w(b — AxY (u’) — p") is a conditional [with respect to R(v*); see (6.9)]
subgradient to the dual function (6.8) for large enough values of ¢. To show that
the formula (6.18) actually defines a conditional [with respect to R(v*)] subgradient

algorithm, we must also show that @'*! = proj(e’ +%; R(vY)).

Proposition 6.8 (A subgradient method for the projected dual function) Let the
sequence {0’} be generated by the method (2.11), (2.13a) applied to (6.6), and the

sequences { @'} and {w"”% } by (6.18); let the sequence {3'} be bounded and let

{€e;} =1{0}. Then, there exists an N > 0 such that proj(wﬂr%; R(V¥)) = o't for all
t > N.

Proof By (6.18), (6.11), and (2.11), ®'*2 = @(u'*2) holds for all # > 0. Define
® = proj(w’*’%; R(v*)) and note that w; (u) = u; — v;“(v*)Tu holds for alli € 7
and allu € R™.

Consider i € Z\T(v*), so that v} = 0. By (6.9), (6.11), (2.11), and (6.18) follow
that

1

@ = [(J)ilJr%] _ [a)i(uf‘l*%)]-‘r _ [uit+§]+ _ ul(+1 — o'ty = “’1&1’ t>0.

+

Consider i € Z(v*), so that v} > 0. Due to (6.9) and (6.11) it then holds that

—t t+1 t+1 t+1 T, 1+1
ol =w'TI =) =T —f (v a2

1 1
N I * . 1+5
=ui'" T =V 2 e, vy ViU T2, 12 0.

For all t > N, where N > 0 is large enough, the relations 0 < uf“ = ui“r% hold,

implying that @} = ui‘“ — V7 2 eT, (v v;‘fu'j"’l = a)l’.‘H, where the latter identity is
due to (6.18).
We conclude that ® = w'*! for all # > N, and the proposition follows. O

‘We summarize the development made in this section. Associated with the sequence
p q
{u'} C R of dual iterates resulting from a conditional subgradient scheme for
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maximizing 6 over R, we define in (6.18) a sequence {®' } = {w(u’) } C R(v¥)
of iterates corresponding to the function 6. Proposition 6.7 shows that a conditional
(with respect to R’!) subgradient of 67 at u’ € R’ can be mapped to a conditional
[with respect to R(v*)] subgradient of 6 at @’ € R(v*). Then, Proposition 6.8 shows

that for a large enough value of ¢ the projection of u’ +3 onto RY in (2.11) has a

1
one-to-one correspondence with the projection of @'*2 onto the set R(v*) [defined
in (6.9)].
We are now prepared to establish the remaining part of the main result of this article.

Proof of Theorem 2.3(b) The case when {x € X |Ax > b} # 0 is treated in Propo-
sition 2.2.

Assume that {x € X |Ax > b} = (. By Lemma 6.4 and Propositions 6.5-6.8,
there is an integer N > 0 such that the sequence { @’ };> y is the result of a conditional
[with respect to R(v*)] subgradient method applied to the Lagrangian dual (6.10)
of the linear program (6.7), which has a nonempty and bounded feasible set. It then
follows from Proposition 2.2 that dist(i’f; X *}) — 0ast — o0. The theorem follows.
]

This proof of Theorem 2.3(b) contains no explicit reference to any particular choice
of the weights defining the ergodic sequence (2.14). Although this article is written
with reference to the formula (2.14), the result of Theorem 2.3(b) will be valid for any
ergodic sequence of primal iterates that is convergent for consistent programs (see,
e.g., [14]), assuming that the corresponding version of Theorem 5.4 can be established.

7 Illustrations and a separation result

We next present an example which numerically illustrates the main findings made in
this article and, finally, a separation result following from our analysis.

7.1 A numerical example

Consider the linear programming instance of the program (2.1) given by that to

minimize 4x; + 2x3, (7.1a)
subjectto  x; — xp > 2, (7.1b)
— X1+ 2x0 > 4, (7.1c)

x € X := [0, 4]%. (7.1d)

Here {x € X |Ax > b} = #; see illustration in Fig. 1; the corresponding cone
C = {w € R%r | 2wy < 3w; < 12wy } is illustrated in Fig. 2. It is straightforward to
show that

xp=x;={@HT} vi=Len’ ad gl =4
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We computed the sequence {u’} by the method (2.11), with u’ = 7' = (0, 0)T and
10

oy = T+:°
Figure 2 illustrates the dual iterates u’ (left) and the scaled dual iterates v’ (right), for
t =0, ..., 30; the dashed lines indicate (the direction of) the vector v* = \%(2, DT.

The sequence {u’} diverges in the direction of v* and the sequence {v'} converges to
vE.

In Figure 1 the ergodic primal iterates X 't [defined in (2.14)] are illustrated for
t =1,...,30. The sequence {itf} converges to the singleton set X = { 4, E)T }

The appearence of the solution set Xj = argmin,.y{ [[[g(x)]+]| } depends on the
scaling of the constraints in (2.1b), as demonstrated next. The set X = { 4, 18T }
is illustrated in Fig. 3 (left). Scaling the constraint (7.1c) to “— JTx1 + %xz > 17 yields
the solution set X = { 4, 15—2)T }, which is illustrated in Fig. 3 (right).

Fig. 1 Illustration in the primal 5
space for the linear
programming instance (7.1) of

the program (2.1). The primal 4+
ergodic iterates X/,
t=1,...,30, (circle) tend to
the optimal set 3+
X5 ={@ BT} buller)
g 2}
1L
oL
-1
-1
50 T T @ T T (fll P
40 o} 27 -
Ry 0000
K o : P
30 N B - ]
« e {u'} -
) B o =
20 7 ¢ _- 0 .
. ~
N -
10 - _ - ]
. -~
T~
0 (/' L L L L .
0 20 40 60 80 100 0.0 0.5 1.0
up Vi

Fig. 2 Tllustration in the Lagrangian dual space of the instance (7.1) of (2.1). Left the cone C (shaded), the
dual iterates u’, t = 1, ..., 30, (circle) and the direction of v* (dashed line). Right the scaled dual iterates
vl t=1,...,30, (circle) and the vector v* (dashed line)
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4 T 4 T
Xg
—X1+2x, >4 —%xl-l-%xzzl
X
S 2k g 2k X '
xX1—xp>2 Xy —x3>2
0 0
0 2 4 0 2 4
X1 X1

Fig.3 Illustration of the set X 3 (bullet) for two scalings of the constraint (7.1c) of the problem instance (7.1).
Left X = { (4, )T }. Right X = {4, 12)T}

7.2 Finite attainment of a separating hyper-surface

For the case when the set X is nonempty, closed, and convex, and all functions g; are
affine, we have previously, in [24, Cor. 6.4] (see also Cor. 3.24 in the survey [27]),
utilized ergodic sequences of subgradient optimization based underestimating affine
functions to finitely detect inconsistency and identify a separating hyper-plane.

We now return to our original setting of convex functions f and g;,i € Z, and a
nonempty, convex and compact set X. Provided that the feasible set {x € X | g(x) <
0 } is empty and that the sets X and ¥ := {x e R” | g(x) < 0™ } are both nonempty,
a hyper-surface that strongly separates the sets X and Y can be identified in a finite
number of steps.

Theorem 7.1 (Finite attainment of a separating hyper-surface) Let the sequence {u' }
be generated by the method (2.11), (2.13a), (2.13c) applied to the program (2.4), the
sequence { ' } be bounded, and the sequence { V' } be defined by (5.1b). Suppose that
the sets X and Y are nonempty, but X N Y = (. Then there exifts an integer N > 0
such that the hyper-surface H(v') := {x e R" | g(x)Tv' = %93/0 } strongly separates
the sets X and Y forallt > N.

Proof Since v! > 0™ for all 1, it holds that g(x)Tv’ < 0 for all x € Y and all . From
(2.4) and (2.2) it follows that g(x)Tv’ > 6y (v") for all x € X. From Proposition 3.1
it follows that the relations ¥ # C C R hold and also that the strict inequality

Op(w) > 0 holds for all w € C. Since C NV # (J, (4.2) yields that 0(;/0 > 0.
Moreover, by Theorem 5.4, 6y(v') — 93/ 9 as t — 00. Hence, there is an N > 0 such

that Gp(v') > %HOVO for all + > N, and it follows that g(x)Tv’ > %03/0 > 0 for all
x € X and all ¢+ > N. The theorem follows. O
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8 Conclusions and further research

In this work we apply a conditional subgradient optimization algorithm to the Lagrange
dual of a (possibly) inconsistent convex program and compute an associated pri-
mal ergodic sequence. We establish the convergence of the resulting dual and primal
sequences to the set of saddle-points for the Lagrange function; for the special case
of linear programming the primal ergodic sequence converges to the minimum of the
primal objective function over the primal part of the set of saddle-points. The stronger
result for the case of linear programming is explained by the fact that the corresponding
selection problem (6.7) is guaranteed to possess Lagrange multipliers.>

The convergence rate for both the primal and the dual sequences can probably be
improved via more careful choices of weights for the sequence of weighted averages of
primal subproblem solutions, e.g., as suggested in [ 14] for consistent convex programs.

Another interesting subject for further study is the behavior of the primal-dual
sequences when applying other solution schemes, such as bundle methods (see,
e.g., [30]) and augmented Lagrangian methods (see, e.g., [6,38]), to the Lagrangian
dual problem.

Acknowledgements The research leading to the results presented in this article has been supported by the
Swedish Natural Science Research Council (NFR), the Swedish Energy Agency, Chalmers University of
Technology, University of Gothenburg, and Linkoping University. The authors thank the referees and the
co-editor for comments leading to considerable improvements of the article; in particular, one of the referees
drew our attention to the elegant reasoning which we then used to reformulate the proof of Proposition 3.1.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.

References

1. Anstreicher, K.A., Wolsey, L.A.: Two “well-known” properties of subgradient optimization. Math.
Program. 120(1), 213-220 (2009)

2. Bazaraa, M.S., Sherali, H.D., Shetty, C.M.: Nonlinear Programming: Theory and Algorithms, 3rd edn.
Wiley, New York (2006)

3. Bertsekas, D.P.: Nonlinear Programming, 2nd edn. Athena Scientific, Belmont (1999)

4. Byrd, R.H., Nocedal, J., Waltz, R.A.: Steering exact penalty methods for nonlinear programming.
Optim. Methods Soft. 23(2), 197-213 (2008)

5. Chen, L., Goldfarb, D.: Interior-point ¢;-penalty methods for nonlinear programming with strong
global convergence properties. Math. Program. A 108, 1-36 (2006)

6. Chiche, A., Gilbert, J.C.: How the augmented Lagrangian algorithm can deal with an infeasible convex
quadratic optimization problem. J. Convex Anal. 23(2), 425-459 (2016)

7. Dax, A.: The smallest correction of an inconsistent system of linear inequalities. Optim. Eng. 2(3),
349-359 (2001)

8. Dem’janov, V.F., §omesova, V.K.: Conditional subdifferentials of convex functions. Sov. Math. Dokl.
19(5), 1181-1185 (1978)

3 Establishing the stronger result without assuming the existence of Lagrange multipliers for the selection
problem would likely be akin to establishing convergence of primal-dual methods for consistent programs
without Lagrange multipliers. Such a result is deemed by the authors to be more interesting in its own right
than as applied to the current context.

@ Springer


http://creativecommons.org/licenses/by/4.0/

Ergodic, primal convergence in dual subgradient schemes. . . 83

11.
12.

13.

14.

15.

16.

18.

19.

20.

21.
22.

23.

24.

25.

26.

27.

28.

29.

30.

31

32.

33.

34.

35.
36.

37.
38.

. Ermol’ev, Yu.M.: Methods for solving nonlinear extremal problems. Cybernetics 2(4), 1-14 (1966)
. Fisher, M.L.: The Lagrangian relaxation method for solving integer programming problems. Manag.

Sci. 27(1), 1-18 (1981)

Fisher, M.L.: An applications oriented guide to Lagrangian relaxation. Interfaces 15(2), 10-21 (1985)
Fletcher, R., Leyffer, S., Toint, P.: A brief history of filter methods. SITAG/OPT Views News 18(1),
2-12(2007)

Geoffrion, A.M.: Lagrangian relaxation for integer programming. Math. Program. Study 2, 82-114
(1974)

Gustavsson, E., Patriksson, M., Stromberg, A.-B.: Primal convergence from dual subgradient methods
for convex optimization. Math. Program. 150(2), 365-390 (2015)

Held, M., Karp, R.M.: The traveling-salesman problem and minimum spanning trees. Oper. Res. 18(6),
1138-1162 (1970)

Held, M., Karp, R.M.: The traveling-salesman problem and minimum spanning trees: Part II. Math.
Program. 1(1), 6-25 (1971)

. Hiriart-Urruty, J.-B., Lemaréchal, C.: Convex Analysis and Minimization Algorithms I. Springer,

Berlin (1993)

Karas, E., Ribeiro, A., Sagastizabal, C., Solodov, M.: A bundle-filter method for nonsmooth convex
constrained optimization. Math. Program. B 116, 297-320 (2009)

Kiwiel, K.C.: Approximations in proximal bundle methods and decomposition of convex programs. J.
Optim. Theory Appl. 84(3), 529-548 (1995)

Kiwiel, K.C., Larsson, T., Lindberg, P.O.: Lagrangian relaxation via ballstep subgradient methods.
Math. Oper. Res. 32(3), 669-686 (2007)

Knopp, K.: Infinite Sequences and Series. Dover Publications, New York (1956)

Larsson, T., Patriksson, M.: Global optimality conditions for discrete and nonconvex optimization—
with applications to Lagrangian heuristics and column generation. Oper. Res. 54(3), 436-453 (2006)
Larsson, T., Patriksson, M., Stromberg, A.-B.: Conditional subgradient optimization—theory and appli-
cations. Eur. J. Oper. Res. 88(2), 382-403 (1996)

Larsson, T., Patriksson, M., Stromberg, A.-B.: Ergodic convergence in subgradient optimization.
Optim. Methods Softw. 9(1-3), 93-120 (1998)

Larsson, T., Patriksson, M., Stromberg, A.-B.: Ergodic, primal convergence in dual subgradient
schemes for convex programming. Math. Program. 86(2), 283-312 (1999)

Larsson, T., Patriksson, M., Stromberg, A.-B.: On the convergence of conditional e-subgradient meth-
ods for convex programs and convex-concave saddle-point problems. Eur. J. Oper. Res. 151(3),461-473
(2003)

Larsson, T., Patriksson, M., Stromberg, A.-B.: Ergodic convergence in subgradient optimization—with
application to simplicial decomposition of convex programs. Contemp. Math. 568, 159-189 (2012)
Lasdon, L.S.: Optimization Theory for Large Systems. MacMillan Series for Operations Research.
MacMillan Publishing Co., Inc., New York (1970). Reprinted by Dover Publications, Mineola (2002)
Lemaréchal, C.: Lagrangian relaxation. In: Jiinger, M., Naddef, D. (eds.) Computational Combinatorial
Optimization: Optimal or Provably Near-Optimal Solutions, no. 2241 in Lecture Notes in Computer
Science, pp. 112-156. Springer, Berlin (2001)

Lemaréchal, C., Nemirovski, A., Nesterov, Yu.: New variants of bundle methods. Math. Program.
69(1-3), 111-147 (1995)

Liu, X., Sun, J.: A robust primal-dual interior-point algorithm for nonlinear programs. SIAM J. Optim.
14(4), 1163-1186 (2004)

Nembhauser, G.L., Wolsey, L.A.: Integer and Combinatorial Optimization. Wiley-Interscience Series
in Discrete Mathematics and Optimization. Wiley, New York (1988)

Nesterov, Yu.: Primal-dual subgradient methods for convex programs. Math. Program. Ser. B 120(1),
221-259 (2009)

Peng, Y., Feng, H., Li, Q.: A filter-variable-metric method for nonsmooth convex constrained opti-
mization. Appl. Math. Comput. 208, 119-128 (2009)

Polyak, B.T.: A general method of solving extremum problems. Sov. Math. Dokl. 8(3), 593-597 (1967)
Polyak, B.T.: Minimization of unsmooth functionals. USSR Comput. Math. Math. Phys. 9(3), 14-29
(1969)

Rockafellar, R.T.: Convex Analysis. Princeton University Press, Princeton (1970)

Rockafellar, R.T.: Augmented Lagrangians and applications of the proximal point algorithm in convex
optimization. Math. Oper. Res. 1(2), 97-116 (1976)

@ Springer



84 M. Onnheim et al.

39. Sherali, H.D., Choi, G.: Recovery of primal solutions when using subgradient optimization methods
to solve Lagrangian duals of linear programs. Oper. Res. Lett. 19, 105-113 (1996)
40. Shor, N.Z.: Minimization Methods for Non-differentiable Functions. Springer, Berlin (1985)

@ Springer



	Ergodic, primal convergence in dual subgradient schemes for convex programming, II: the case  of inconsistent primal problems
	Abstract
	1 Introduction and motivation
	2 Preliminaries and main result
	2.1 Primal and dual convergence in the case of consistency
	2.2 Outline and main result

	3 Dual divergence in the case of inconsistency
	4 A homogeneous dual and an associated saddle-point problem in the case of inconsistency
	4.1 The homogeneous version of the Lagrange dual
	4.2 An associated saddle-point problem

	5 Convergence to the homogeneous dual optimal set in the inconsistent case
	6 Primal convergence in the case of inconsistency
	6.1 Convergence results for general convex programming
	6.2 Properties of and convergence results for the linear programming case

	7 Illustrations and a separation result
	7.1 A numerical example
	7.2 Finite attainment of a separating hyper-surface

	8 Conclusions and further research
	Acknowledgements
	References




