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1 Introduction

It has been known for some time that the maximally supersymmetric backgrounds of
standard ITA supergravity are locally isometric to Minkowski space, while massive ITA
supergravity does not admit such solutions [1]. Furthermore, it has been shown in [2] that
there are no ITA solutions that preserve strictly 31 supersymmetries following a similar proof
for IIB in [3]. On the other end, there are locally four different types of IIA backgrounds
preserving one supersymmetry distinguished by the isotropy group of their Killing spinor
in the local gauge group Spin(9, 1). The geometry of the backgrounds with isotropy groups
Spin(7), Spin(7) x R® and SU(4) have been investigated in [4, 5]. The purpose of this paper
is to examine the geometry of the remaining backgrounds, which admit a Killing spinor
with isotropy group Gy x R®. The combined four cases give a complete description of the
local geometry of all (massive) IIA backgrounds that preserve one supersymmetry.

The methodology we use to solve the Killing spinor equations (KSEs) of ITA super-
gravity is that of spinorial geometry proposed in [6]. For this we choose a representative
of the G x R8-invariant Killing spinor as

€= f(14 e1234) + gler + €234) , (1.1)

where f and g depend on the spacetime coordinates, see appendix A for an explanation
of our spinor notation. If either f or g vanishes, then the isotropy group of € becomes
Spin(7) x R® and such solutions have already been investigated in [4]. Because of this we
take that neither f nor g vanishes on the patch where the KSEs are investigated. Then
this spinor is substituted into the KSEs, which turn into a linear system for components of
the fluxes and the spin connection, which encodes the geometry. The solution of the linear
system expresses some of the fluxes in terms of the geometry and also gives the conditions
on the geometry for a background to admit such a Killing spinor.

In particular, we find that all backgrounds for which (1.1) is a Killing spinor satisfy
the following geometric conditions

Lrkg=0, Lge=0, de” el(A7dIdA14), g(K,K)=0. (1.2)

Therefore, such backgrounds admit a null 1-form spinor bilinear e~ such that the associated
vector field K is Killing and leaves invariant the Killing spinor ¢; for more details on the
definition of e~ see appendix A. These two conditions have been expected as they follow



from the properties of the symmetry superalgebra for supersymmetric backgrounds,® see
e.g. [7]. In addition, the rotation de™ of K is restricted to be a section of a bundle
A% @& I & A14 which will be defined in section 2.3, and which can be interpreted as a g
instanton condition with an additional null component. Furthermore, the geometry of
spacetime satisfies two more mild geometric conditions given by (2.19) and (2.20). The
latter can also be interpreted as expressing the dilaton ® in terms of the geometry.

There is a special subclass of Go x R® backgrounds which is characterized by the
additional condition that a certain 1-form bilinear vanishes. It turns out that the ITA

backgrounds admit two 1-form bilinears k(e, €) and x(e,'11€), and that
k(e,T11€) = h k(e €), (1.3)

where h is a spacetime function and «(e, €) is the bilinear associated with the Killing vector
field K. The requirement that x(e, ['11€) vanishes leads to the condition that h = 0 which
in the gauge (1.1) implies that f? = g2. In this special case, the conditions on the geometry
are as in (1.2) and

(*()07 ng) =0, (14)

where ¢ is the fundamental G2 3-form and x¢ is its dual as defined in appendix B. This
vanishing condition is well-known as it implies that one of the classes in a Gray-Hervella
type of classification of manifolds with G structure vanishes [8, 9]. There is an additional
geometric condition given in (3.4), which is the analogue of (2.20) for the special case. Again
this can also be interpreted as a condition on the dilaton. Furthermore, the expression of
the fluxes in terms of the geometry dramatically simplifies.

The description of the geometry we have given is local, i.e. it assumes that the Killing
spinor can always be brought into the form (1.1) up to a local Lorentz transformation.
Generically, solutions of the KSEs are not required to preserve the isotropy group of the
Killing spinors in Spin(9, 1) everywhere on the spacetime. As a result there may be back-
grounds which (globally) admit Killing spinors whose isotropy groups differ between differ-
ent patches. Furthermore, as the rank of the ITA spin bundle is 32, and thus much larger
than the dimension of the spacetime, the mere existence of a non-vanishing spinor does not
reduce the structure group of the spacetime.? Of course if one asserts that the isotropy
group of the Killing spinor is the same everywhere on the spacetime, then the structure
group reduces to a subgroup of the isotropy group. However, this is an additional assump-
tion.

This paper has been organized as follows. In section 2, we summarize the KSEs of
(massive) ITA supergravity and describe the solution of the linear system, for all back-
grounds admitting a Go x R8-invariant Killing spinor, for both the fluxes and geometry.
In section 3, we investigate the geometry of the special class of backgrounds for which
the aforementioned 1-form bilinear vanishes. In section 4, we give our conclusions. In

ITo our knowledge the investigation of the symmetry superalgebra for massive ITA backgrounds has not
been carried out in the generality presented for IIB backgrounds in [7].

2From this perspective, G-structures are not an effective tool to globally describe the solutions of the
KSEs for type II backgrounds.



appendices A and B, we explain our spinor notation, describe various formulae which are
useful for the analysis that follows and we give explicitly the expressions for all the form
bilinears of the spinor (1.1). In appendix C, we give the linear system organized in Go
representations. In appendices D and E, we present the solution of the linear system for
generic as well as for special Gy x R® backgrounds, respectively.

2 Solution of the Killing spinor equations

2.1 Killing spinor equations

The KSEs of (massive) ITA supergravity are the vanishing conditions of the supersymmetry
variations of the fermions of the theory [10-14] evaluated at the locus where all fermions
vanish. The conventions for the fields that we shall use, including the field equations and
Bianchi identities, are as those in [4] which closely follow those of [14]. For completeness
we state the KSEs of the theory, which are the vanishing conditions of

1 1
Duyre = Ve + gHMp1p2FP1P2F116 + gSFME

1 1
+T6FP1P2FP1P2FMF116+ mGpl...p4FP1 P4F]\/[€7
1

)
Ae = 8P(I)FP6 + EHP1PQP3PP1P2P3F116 + ZSG

+§ P, e + ﬁGHmPJPI'"P“Ga (2.1)
where V is the spin connection, H is the NS-NS 3-form field strength, S, F,G are the
RR k-form field strengths, k = 0,2,4, and ® is the dilaton. Note that the RR form field
strengths in the KSEs have been rescaled with the exponential of the dilaton.

The spinor € is in the Majorana representation of Spin(9, 1), and € is from now on taken
to be commuting. The first KSE in (2.1) arises from the supersymmetry variation of the
gravitino of the theory and is a parallel transport equation, while the second condition arises
from the supersymmetry variation of the dilatino and is an algebraic equation on €. In what
follows, we shall seek solutions to the conditions De = Ae = 0 without making simplifying
assumptions regarding the fields, the Killing spinor or the geometry of spacetime. For
spinors, we use the same conventions as those employed in type IIB supergravity in the
context of spinorial geometry [15], e.g. we choose I'11 = —Tg1...9.

2.2 Solution of the KSEs for the G2 x R® backgrounds

2.2.1 Linear system and geometry

Applying spinorial geometry to the KSEs of (massive) IIA supergravity (2.1) for the
spinor (1.1) turns these equations into a linear system with variables given by the com-
ponents of the fluxes. This linear system is originally expressed in SU(3) representations
and it is rather involved. This is because the expression for the Killing spinor (1.1) is
manifestly SU(3) invariant. However, after some extensive computation the linear system
can be recast into G5 representations and this is given in appendix C. The equations of the



linear system depend on the fundamental Go forms ¢ and xp. As will become apparent
below this is required so that, after a decomposition in G5 representations, the equations
of the linear system depend on the appropriate components of the fluxes and geometry.
To elucidate the notation and also give some preliminary description of the geometry
of spacetime, note that all supersymmetric backgrounds which admit a Killing spinor with
isotropy group H x R™, where H is a compact group, admit a no-where vanishing null
1-form e~ for which its associated vector field K = g~'e™ is Killing. Such a 1-form splits

the tangent space of the spacetime M as

0— Kere™ = TM <510, (2.2)

where [ is the trivial real line bundle. To understand Ker e™, we choose a vector W such
that e~ (1) = 1 and define the 1-form et (V) = g(W,Y). Clearly e™ is not uniquely defined
but all considerations are independent of the choice of e™. The metric g in such a case can
be decomposed as

ds? = 2ee™ +ds? (2.3)
where ds? (K,Y) = ds? (W,Y) = 0. Then Ker e~ is spanned by K and all vectors Z which
are perpendicular to both K and W, i.e. g(Z,K) = g(Z,W) = 0. To decompose the flux
form field strengths, one considers

0 Ker K »T"M 5150, (2.4)

In such a case Ker K is spanned by e~ and the 1-forms e/ which are orthogonal to both
e~ and e™. The metric can then be written as

ds® = 2e7et + o ele’ . (2.5)
Furthermore, a k-form flux can be decomposed as
1 _ _ _
Fr=getne AFIY p et AFET 4o nFETD 4 F B, (2.6)

where (k), (k— 1) and (k — 2) denote the degree of the form in the directions orthogonal
to both e™ and e™.

In the G5 x R® case that we are investigating, there is an additional distinct 1-form e!
that arises. This is due to the choice of the representative (1.1) of the Killing spinor. On the
other hand, if one assumes that the spacetime globally admits a G x R® invariant Killing
spinor, the structure group of the spacetime reduces to a subgroup of G5 so topologically
the tangent space splits as TM = I? @ E. There are thus three no-where vanishing vector
fields on the spacetime which can be chosen such that their associated 1-forms are et, e, el.

In either case, the metric and k-form fluxes can be decomposed as

ds? =2eTe™ + (eh)? + d8%7) , d5%7) = §;e'el (2.7)
where e’ span the seven directions orthogonal to et,e™,e! in E, and
1 - 1 _
Fr= s NSNS AT+ S NS NFT et AFET R FB L (28)

where a,b,c = +,—, 1 and the superscript in brackets (n) denotes the degree of the form
along /. The components of the fluxes, as well as those of the spin connection €2, that
appear in the linear system in appendix B are defined according to the above decomposition.



2.2.2 Solution for the fluxes

The components of the fluxes along E can be further decomposed in G5 representations. As
Go C Spin(7) acts with the fundamental 7-dimensional representation on the typical fibre
of F, the 2-forms decompose as 7 ® 14, and the 3- and 4-forms decompose as 1 & 7 P 27.
Using these decompositions, the 4-form, 3-form and 2-form fluxes can be written as

1 1
G = —e“/\ebAec/\GZbc+§e“AebA(ng+G}Lg‘)+e“A(G;+GZ+G§7)

6
+G+ AT+ G (2.9)
1 1
H = EH;bcea Aeb A el + 7€ A S NHL 4 e A(HY + HM*Y + H* + H" + H?" | (2.10)
and 1
F = §F;be“/\eb—|—ea/\Fg+F7+F14, (2.11)

respectively, where we have suppressed the degree of the forms along F.

The solution of the linear system as described in appendix D expresses some of the
above components of the fluxes in terms of geometry as well as in terms of some other
components of the fluxes which are not restricted by the KSEs. To relate the above
decomposition of the fluxes in Ga representations with the expressions in appendix D
observe that the decomposition of 2-forms, 3-forms and 4-forms along E can be written as

follows. For the 2-forms, we have

1 o
X(2) = ingozjke’ AeF + x14 , (2.12)

where Xl-lj‘lgoij r =0 and
1
X0 = S X (2.13)
For the 3-forms, we obtain
1 o 1 o
X(3) = x'p + EXZ * " e’ A efnel + gxizg(plkl]e] AeF Ael, (2.14)
where
1_ 1 ®) ik 7_ 1 @ kmn
X = X Xi = 5 Xk x0T
3 1 3
27 _ (3) (B3  k _ 2.3
Xij =7 (an(icpj)m" = 20 Xmn ¥ m”) = X5y (2.15)

and the notation (-+),, which we adopt from now on, denotes the symmetric traceless part
of the two indices in the round brackets.
Similarly for the 4-forms, we have

X =xtxp+ $Xi71%m‘3i46“ Ao Nett EX% % @lisigig€ A N e, (2.16)
where
1 g 1 ;
1 _ (4) k 7_ . @)k
XT = g Xigtm ¥ Xi = §Xijkm#



I @ mn
Xzzj7 = _gxi(m)m(i*@j)ok : (2.17)

Using these definitions the solution of the linear system can be read off from appendix D.

There are many ways to arrange the solution of the linear system in appendix C.
The arrangement that we follow is to express the components of the forms with higher
degree, like G and H, in terms of the components of the forms of lower degree and the
geometry. In particular for the G fluxes we have the following. The G7 41 component has
been determined in (D.29). The G7, and G'% components have been given in (D.30)
and (D.46), respectively. G7; is described in (D.33), while G4 is not restricted by the
KSEs. Moreover, G*, vanishes according to (D.3), while G}% is given in (D.4). Next G1
and G7 are presented in (D.6) and (D.34), respectively, while G27 is not restricted by the
KSEs. Gf) vanishes as can be seen from (D.4). Furthermore G, G7 and G?7 are given
in (D.24), (D.28) and (D.50), respectively. Similarly, the three components of G*) are
presented in (D.18), (D.36) and (D.49), respectively.

Next consider the H fluxes. The H_; component is given in (D.15). The component
H,_; is described in (D.26), H1; vanishes according to (D.3) and H_j; is not restricted
by the KSEs. HT vanishes according to (D.3) while H1* is given in (D.4). H? is not
restricted by the KSEs. HY is presented in (D.41) while H{# has been determined in (D.47).
Moreover the 1 and 7 components of H(®) are given in (D.17) and (D.40), respectively, while
27 is not restricted by the KSEs.

It remains to describe the solution for the F' fluxes. F_. is given in (D.23), Fy;
vanishes according to (D.2) and F_; is not restricted by the KSEs. Fy; vanishes, see (D.3),
F; is determined by (D.44) and (D.45), and F_; is not restricted by the KSEs. Moreover,
the 7 component of F() is given by (D.44) and (D.45) while the 14 component is not
restricted by the KSEs. Furthermore observe that the dilaton ® as well as the functions
f, g are invariant under the vector field K associated with e™. It is expected that all fields
are invariant under the action of K.

Finally, the condition (D.25) can either be seen as a condition that restricts the dilaton
or as a condition on the geometry of the spacetime. The latter case will be investigated
below.

2.3 Geometry of G2 x R® backgrounds

The conditions on the geometry of the spacetime that arise from the solution of the KSEs
are given in the equations (D.1), (D.5), the first condition in (D.26), (D.22) and (D.25).
After some investigation, the conditions (D.1), (D.5) and (D.26) can be re-expressed as in
equation (1.2) of the introduction. Therefore the spacetime admits a null Killing vector
field K which leaves the Killing spinor € invariant.

Furthermore the rotation of K is restricted. For this observe that the sub-bundle
Ker K C T*M further splits as Ker K = I @ L, where I is spanned by e!. In addition,
A%(L) decomposes in Go representations as A?(L) = AL @ A7z @ A14 which have typical
fibres R”, R” and go, respectively. The rotation de™ is a section of AL @ I @ A14(L). In



particular
. 1 o g
de” =de ;e” Ae'+de e Ael + Qdei_jel ANel, degpp=0. (2.18)

Therefore the solution satisfies a go instanton condition with an additional null component.

It remains to investigate the remaining two conditions (D.22) and (D.25). Both these
conditions are scalar conditions. The former condition puts a restriction on the G5 struc-
ture of the spacetime. In fact, it restricts the singlet part of de. In particular, (D.22) can
be rewritten as

(f gt =2fg)00(f* — g*) — ifg dpijrm * @F™ + 2fg(f? — g*)deZ; =0 . (2.19)

The latter condition can also be interpreted as a restriction on the dilaton ®. As a geometric
condition it can be rewritten as
1

301P — 01 1og(fg) + 5

Vi1jee™® +2de”, +2fgS =0 . (2.20)

Again it restricts the singlet class in the decomposition of V;¢1 ;1 in terms of G represen-
tations.

3 Special case (f = g)

A special case arises whenever the 1-form bilinear k(¢, €) vanishes, see appendix B. As this
bilinear by construction is covariant, such a condition can be implemented covariantly over
the whole spacetime. In the gauge that we are working this implies that f? = ¢* and so
f = *£g. In such case, the solution of the linear system simplifies dramatically. We shall
take f = g = 1/4/2. The other case can be treated symmetrically.

3.1 Fluxes

As the expression of the fluxes in terms of the geometry is relatively simple, we shall present
the fluxes in a closed form. In particular, we have that the 4-form flux is

2 1 4 1
= (= Zdej + - Founpi™ + 2 de}, — —
G ( 3 ez_+10 @) +5 €1, 10<p

1 1 ) .
+ (mde}nngo"mpgopij + 2(de}j)14> e Net Aet Ael

’“m"vk%mn) e Aet Ael el

1 . .
+§(dei_j)14e+ Ael Aet Aed

: ! mn - i j _
+12<—2Fp+2H1p_ évfﬁpkmn*sﬁpk )C,Opije /\61/\6 ANel +e /\61 /\Gljl
1

1 1 2
- _ 7an mn 7d *7
+ 6 ( 10 wp  +ode,_ + 5

1 o
5 de%p - Z10()kanvlc@prnn) * (Ppijk:el ANet Ael A ek

+@ * 0V ) Prmn @ et At Aed A e
1 _ 1 mn . p 1 _ P X B o7
"r‘?Ffle /\QO_ @Hfmnspp * ijk“f‘ﬁvf*@lijk e Ne Nel Ne” +e /\G7

1 2 1 ) ) . )
+( - ?S + 7del> *p+ mvwm * @ilpqt¢i2i3i46“ Ae? Ne N e



1

9 S
i (H(pm"%’il)amn + 3V(p‘P1mn<Pu)om") * PPigigige’t NEP Ne® Nett, (3.1)

the 3-form flux is

H=¢ A H(}) + 0 <2g0kmnvk90pmn + 2F eyt — 3de,_ + 6de%p> @pijel Ae' A el

2 1 1
—e! ANFM e Ael A H(_ll) + 21 <25 - gvmgplnq@mnq - 2d€:1)¢
+1 —lde1 mn+iv * o, ) % P el Aed A eP
6 4 mn¥p 48 1¥$mng * Pp P ijk
+ H?7, (3.2)

and the 2-form flux is

12
1 — 1 kmn 1 7 j 14
+6 5d®, — 3de,_ + """ Vippmn + deqy, plijet Ned + F72 (3.3)

. 1 ,
F=F e Ne'+F e Aet + (Vpgalpi — —Vi®mng * (’Dimnq> el Aé

2

Notice that the KSEs do not restrict all components of the fluxes in terms of the geome-
try. In fact, there are several components that remain unrestricted. Of course, these are
determined by the field equations and Bianchi identities of the theory.

3.2 Geometry

The restrictions on the geometry of the backgrounds imposed by supersymmetry are as
those of the general case described in (1.2). Moreover as f and g are constant, there is
a simplification of the additional condition (2.19) which can now be written as in (1.4)
which is the vanishing of the 1 representation of dy. It is well-known that this is one of
the Gray-Hervella type of classes for Gy structures [8, 9]. Therefore the Go structure of
the spacetime is of restricted type.

The condition (2.20) also simplifies and in the special case reads as
1 .
301P + gviQOUktpmk + 2d€:1 +S5=0. (3.4)

Again this condition can either be thought as a condition on the geometry or as an equation
which determines the dilaton in terms of the geometry.

4 Concluding remarks

We have shown that the existence of a G5 x R® Killing spinor on (massive) ITA back-
grounds imposes rather weak conditions on the geometry. In particular, the backgrounds
are required to admit a null Killing vector which leaves the Killing spinor invariant, and
the rotation of the Killing vector is required to satisfy a G2 instanton condition with an
additional non-vanishing null component. There are two additional scalar conditions given
in (2.19) and (2.20) which thus do not impose strong conditions on the geometry. It is
remarkable that these conditions on the geometry are similar to the ones we have found



for (massive) ITA backgrounds admitting SU(4) invariant Killing spinors [5]. In particu-
lar, SU(4) backgrounds admit a time-like Killing vector field which also leaves the Killing
spinor invariant. The SU(4) backgrounds also admit another vector field which commutes
with the Killing vector field, and impose some additional scalar conditions on the geome-
try. However the geometry of ITA backgrounds admitting either Spin(7) or Spin(7) x R®
invariant Killing spinors satisfy stronger conditions [4]. This is because apart from the
existence of appropriate Killing vector fields which leaves the Killing spinor invariant an
additional condition, which transforms as a spinor under Spin(7), is required.

Another characteristic of Spin(7), SU(4) and G2 x R® backgrounds is the existence of
special cases for which the solution of the KSEs simplify dramatically. All three special
cases arise as a requirement for the vanishing of a certain spinor bilinear. As all these
transform covariantly on the spacetime, these vanishing conditions can be imposed con-
sistently over the whole spacetime. The existence of such special spinors is reminiscent of
the existence of pure spinors in Euclidean signature spaces. Pure spinors are complex and
can also be defined as those for which a certain vector bilinear vanishes. As pure spinors
are related to complex structures, there may be a similar geometric interpretation for the
Killing spinors that occur in all three special cases; though of course in ITA the spinors are
real and it is not in all cases a vector bilinear that is required to vanish.

As we have already mentioned in the introduction, since the rank of the spinor bundle
of ITA backgrounds is much larger than the dimension of the spacetime, the mere existence
of a no-where vanishing spinor does not imply the reduction of the structure group of
the spin bundle. As a result G-structures are not useful for the global description of the
geometry of spacetime. This is also the case even when one adapts a generalized geometry
approach to characterize the backgrounds in terms of the isotropy groups of the components
of the Killing spinors in the two different sectors. In the context of ITA theory, this is
to characterize the backgrounds in terms of the isotropy groups of chiral and anti-chiral
components of the Killing spinors. In the case of one supersymmetry, these are Spin(7) x
R® x Spin(9,1) for a Spin(7) x R¥-invariant Killing spinor, Spin(7) x R® x Spin(7) x R,®
for a Spin(7)-invariant Killing spinor, Spin(7) x R® x Spin(7) x R,® for an SU(4)-invariant
Killing spinor, and Spin(7) x R® x Spin(7) x R® for a G x R8-invariant Killing spinor,
where R,® denotes the other lightcone direction compared to that of R8. However, such
a characterization may work well in the special cases where the two chiral components
never vanish, like that of the common sector, but for generic ITA backgrounds this may
not always be the case. So such a characterization is not useful in general type II theories.

Spinorial geometry [6], on the other hand, can be adapted to treat all cases simul-
taneously. For this it suffices to choose a Killing spinor representative which includes all
the Killing spinors with the four different isotropy groups as special cases. There are ex-
amples already of such a treatment. The first example is the ITA Spin(7) backgrounds
which include those with Spin(7) x R® invariant Killing spinors as a special case. Another
example is the Killing spinors of Go x R® backgrounds which include the Killing spinors
of the Spin(7) x R® backgrounds as special cases whenever f or g vanishes. In the general
case, the construction of the linear system will be straightforward. However, it will be more
involved than the ones we have considered so far for two reasons. First, it will depend on



many more functions like f and ¢ in (1.1), and second, as the manifest symmetry of the
Killing spinor representative will be much smaller compared to the backgrounds we have
investigated here, the linear system will decompose into many more equations. As a result,
the solution will be more difficult to find, but since we have a computer implementation of
the analysis this is not a problem. In any case, spinorial geometry provides a method to
solve the KSEs of backgrounds for which the isotropy group of the Killing spinor changes
from patch to patch, as has already been demonstrated in the examples mentioned above.
As the change of isotropy group of the Killing spinor is expected to be a widespread phe-
nomenon, for example all spacetimes which exhibit a Killing horizon with respect to the
Killing vector bilinear belong to this category, it will be fruitful to pursue this in the future.
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A Conventions and useful formulae

Our ITA supergravity conventions including the form of the KSEs, Bianchi identities and
field equations are those of [4], which are similar to those of [14]. Our spinor conventions
can be found in [15].

A.1 Spinors

The Dirac spinors of spin(9, 1) can be identified with the space of forms A*(C®). Equipping
C® with a Hermitian basis ey, ..., e5, the gamma matrices act as

Ip=—esN+esu, I's=esA+esu, In=eANt+ea, Tirps=ile,AN—epa), (A1)

for r =1,2,3,4, where A and J are the wedge product and the inner-derivation operators
on the space of forms, respectively. In this realization of the spinor representations, the
spinors can be written as multi-forms.

The KSEs, Bianchi identities and field equations of (massive) ITA supergravity are
invariant under local Spin(9,1) transformations. In spinorial geometry [6], these can be
used to choose a representative for the Killing spinor (1.1). Notice that this representative
in the present case is a linear combination of the multi-forms 1+ e1234 and ey + e234, where
in ej234 and eg34 the wedge product symbol between the Hermitian basis elements has been
suppressed. Then a computation reveals that the isotropy subgroup of both 1 + ej234 and
e1 + ea3q in spin(9, 1) is Go x R®. To see this it suffices to find the generators of spin(9,1)
that annihilate the two spinors above using the realization for the gamma matrices in (A.1).

In the context of spinorial geometry [6], the choice of a representative for the Killing
spinor introduces a class of compatible frames on the spacetime. In this particular case,
the choice of (1.1) for the Killing spinor introduces a frame basis (e, €%, e!,e?), where
i=2,3,4,6,7,8,9, adapted to the choice of gamma matrices in (A.1). Equivalently, one
can also introduce a lightcone basis (e~,et,el, e?), where et = 2_%(:i:eo + ¢€%), which is

,10,



used throughout as it is more useful in the description of the geometric data. Note for
example that '™ = ¢, M = v/2e5. annihilates the Killing spinor (1.1). Furthermore,
observe that under a boost in the 5th direction, which is a local symmetry of the theory,
the functions f and g in (1.1) transform as f — ef and g — e"g, where h is a function
on the spacetime generating the boost. This symmetry can be used for choosing the gauge
f? + ¢g> = 1 that we use. In this gauge, the frame e~ can also be identified, up to a sign,
with a 1-form Killing spinor bi-linear, see appendix B.

A.2 G5 fundamental forms

The linear system that arises from the KSEs in the context of spinorial geometry is initially
expressed in terms of SU(3) representations which is the manifest symmetry of the Killing
spinor (1.1). However, the linear system can be re-expressed in terms of Gy representa-
tions, which is the isotropy group of the Killing spinor (1.1). This requires the use of the
fundamental G5 3-form

w= %¢i1i2i3ei1 Ae Ne =Re x +ef Aw, (A.2)
and its 4-form dual
*@:—66/\1111)(—%0.)/\&}, (A.3)
where
w=—(2AeT+e3NS+etAe?), x=(e®+ie") A2 +ie®) A (e +ie?),

and the Hodge operator is taken with respect to the volume form e2Ae3Aet AeS Ae AeBAe?.
As the initial formulation is in terms of SU(3) representations, we need expressions for the
fundamental forms of G9 in terms of the fundamental forms of SU(3).

In the Hermitian basis,

1 - 1
¥ = —(e® +ie*™), = (e —ie*™), a=2,...,4, (A.4)

V2 V2

which arises in the initial construction of the linear system. We also have
waB = _7/5QB ) XOlloé2043 = 2\/560(10(20(3 ) (A5)

and

1
Papy = \/ieaﬁ'yy 018y = —555,7, (AG)

(*(P)aﬁvg = 5a5(5'y§ - 6’y56a57 (*‘p)lalazo@ = Cajanaz (*‘p)ialagag = “Cojazas (A'7)

where 1 and 1 are holomorphic and anti-holomorphic indices, respectively. Using these

formulae, one can easily find the various contractions of ¢ and xp as

Pilylo Sojllb = 65? ) (AS)

Pirial Qp‘hjzl = 25[11522] - (*‘P)iﬂzjljz ) (Ag)

— 11 —



gpillh (*@)j1j2l1l2 = _490ij1j2 > (A
Pirial (xip) 19250 = 65[[‘311 @ijj?’] , (A
(*‘P)il1l2l3 (*‘p)jlllzlg = 2463 ) (A.
(50 )isiatsty (xp) 2102 = 8] — 2(xp)iys," 2, (A
O vt (x50 = 6620 — 961 (4t ™) — piiain 90, (A

which are useful in many of the computations we have performed, where

51112’Ln _ 5[21 [j15i2j2 . 52‘@[

J1j2---Jn ]n] :

This summarizes G9 fundamental form identities.

A.3 Covariant derivatives of fundamental forms

In the linear system, various components of the spin connection appear. Because of this
it seems that the associated relations are not covariant. However, this is not the case
provided that the patching conditions of the spacetime are compatible with the underlying
G9 structure. This is enforced by the observation that all components of the spin connection

that appear in the linear system can be re-expressed as appropriate covariant derivatives

1

on the fundamental forms ¢, xp, e*, e and e~. In particular, we have

V A9B,B:Bs = 34,5, 0|01 B2Bs) » (A.16)
Va(x0)B,B2BsBs = 44,5, (x0) |01, Bs Ba) » (A.17)

where A, B, C are spacetime frame indices. These give rise to the identities

P RRRIT L otk = —12Qmng™™ (A.18)
g PR 4 (50) Bukakaks = 120m g™, (A.19)
MR 4 Oty = 0, (A.20)
PN Dataky = 60", (A.21)
PRI ity = A" — 20 g+ ™™ (A.22)
@SR 4 s O ks = 0, (A.23)
PR RRAT L o kg = 2445 (A.24)
P RRRIT L e iy = 120" — 6Qn g * 0™ (A.25)
9PN 408,88, = =2 im0y + QP 0B, Bk (A.26)
0 2RI 4 o1 ks = — 120 mn 0™ (A.27)
0 I L Doty = A natp; ™" (A.28)

*p FR2RST L ook = =20 mn 0™+ 2 i 0™+ 2% m i ™
2™ + 261 Qg™ (A.29)

where a,b = —,+,1, i.e. A = {a,i}, where i is a seven-dimensional index labelling the
Go-directions. We use the formulae above to express the conditions on the geometry in
terms of the fundamental forms.

— 12 —



B The spinor bilinears of G5 x R® spinors

The ITA spinors are Majorana, so for the computation of the bilinears one can use either
the Majorana or Dirac inner products. The conventions for these can be found in [15]. In
ITA supergravity, apart from the Killing spinor € in (1.1), one can define another globally
defined spinor € = I'11€ which is not necessarily Killing. The form bilinears of ¢ and € are
two 1-forms

rle,e) = —(fP+g%e”, kle.d) = (f"—g")e, (B.1)

a 2-form
w(e,€) = —2fge” Nel, (B.2)

a 4-form
((e,€) =2fge” Ny, (B.3)

and two 5-forms

(e 6) = (P —gP)e  nel Ao — (f2+g%)e” Axp,

T(,8) = (f2+g%)e” Aet Ao+ (2 = ghe” Axp, (B.4)
where @ is the invariant G's 3-form defined in the previous appendix and we have normalised

the Killing spinor with an additional factor of 1/4/2. It is convenient in many computations
to take the gauge f2 + g% = 1.

C The linear system for the G5 x R® invariant spinor

C.1 Dilatino Killing spinor equation

The linear system that arises from the KSEs in the context of spinorial geometry can
be organized in the scalar, vector (or equivalently 7), 2-form, symmetric traceless (or
equivalently 27) Go representations. In particular, the conditions that arise from the
dilatino KSE are as follows.

C.1.1 Conditions in the scalar representation

The conditions that transform as scalars are

fdoy + ZQFJA - igGJr]'leszojlejB =0, (C.1)
9%, — 2 FF1 + oG9 = 0, (€2)
Jd®q + %gF—'F - %fH—H - %fﬂjljgj;;(ﬂjljﬂs
—QflllgGumjawj””‘”’ + %ngmm (p) 120304 295 =0, (C.3)
gd®; — ng—+ + %QH——H - %gHjljzjgwmm
+ifG1j1j2j3‘Pj1j2j3 + %f@'mjm (kp)/1927801 ng =0. (C4)

As we shall see later the solution of these conditions simplifies in the gauge f? + ¢ = 1.

,13,



C.1.2 Conditions in the vector representation

The conditions that transform as vectors are

J1J273

3 1 1 o1 .
—59F+i = fHi1i = 159G +51245 (x0)i = 19G+11 0 4 5 [Hggp i’ = 0,

3 1 o o1 .
o fFri gHuri = 15 FGrgags )i + L fGajigotpi™? + 59H 4150077 = 0,

3 3 | 1 T .
fd®i = 29Fi = 2gF 509" % = S fHovi +  fHu a0 = 5 fHiugada (k)i 727

1 1 o 1 o o
—79G-+1i — ggG*‘Fjlewijle - ﬂgGijljzjszmS J1izds —
3 3 o 1

gdq)z + *fFli - ngjljngh]Qi —+ 5

1 o -
4 GH—+i+ 3915050070 + 159 Hj150js ()i 727

12

4

Note that the dilatino KSE gives rise to only scalar and vector conditions.

C.2 Gravitino Killing spinor equation
C.2.1 Conditions in the symmetric traceless representation

The conditions that lie in the 27 representation are

1
19G+(iklk2¢j)ok1k2 + fQ(iJ)OJF - 0’

1
TG ot — 9igyor = 0,

1

1 1
EfG(iklk2k3 (%©) Yok kaks + Zwakle ©i)okiks T ZQH(z’kll” D) okiks

1
=901 + 592 @k, = 0,

1 1 1
_EQG(iklk2k3 (*So)j)oklkzkg + ZgGl(iklkzspj)okle - Zf‘E[(’Lklk:2 @j)oklkz

1
+1 Q3,501 + 7fQ(ivk1k2‘pJ)ok1k2 =0.

2

1
- ﬂgGljljzjs (*¢)i =0,

1 1 o o o
1 f Gt G fCGtinia 0 + 5 [ Giinsaga 0”77 = 57 fGjisaga (x0):7172 = 0.

(C.9)

(C.10)

(C.11)

(C.12)

As we shall show below these conditions impose restrictions on both the geometry and

fluxes of the theory.

C.2.2 Conditions in the 2-form representation

The conditions that arise from the gravitino KSE which are organized in the 2-form rep-

resentation are

1 1 1 1
ZQG+1ij + §9G+1k1k2 (@) ijkiks — 19F+ks0ijk + ifH“j = Qg+ =0,
1 1 1 1
ZfGHij + ng+1k1k2(*¢)ijk1k2 - ZfF+k90ijk - igHHJ' — 995+ =0,

1 1
JG_yij + ifG—ﬂ“kz (*¢)ijkr ks + FG—11"0iji — fFij — §ka1k2 (%) ijker ks

—FF ik — 29Huiy + gHE ™ 00,0, — 499051 + 209, 051k, 5,

0,
1 1
9G —+ij + 5gG—+k1k2 (*5¢) ik ks — 9G —+1" pijn + gFij + 59Fk1k2 (%) k1 ke

—gF " i+ 2f Huij + FHE™ 2 0100k, — 4F Qg1 — 2FQ0:. ™ 05000, = 0.

— 14 —
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(C.15)
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The above conditions can be decomposed further into the 7 and 14 G4 representations. In
particular the 7 component of (C.15) and (C.16) can be expressed as

—fG @™ +6fG_1i + [Fmne™ i — 6 fF1; — 29H1mn ™"
+9Hmn€ * (Pmnfi - 4ng,n180mni + 2ng,né * menzi + 4ng,ik =0 3 (017)

and

—9G ™" — 69G 115 — gFmn ™" — 69F 1 + 2f Hipn™"
+men€ * (pmnﬂi - 4me,n1(Pmni - 2me,n€ * (Pmnﬂi - 4ka,zk =0. (018)

They will used later together with other conditions in the vector representation to solve
the linear system for the fluxes.

C.2.3 Conditions in the vector representation

The most involved set of conditions that arise in the linear system are those that lie in the
7 representation. These are as follows

Q40 =0,
Hyqpi + Q+,k1k2‘ﬁik1k2 =0,
1

§H+k1k2¢ik1kz +204 1 =0,

(C.19)
(C.20)
(C.21)
L pG e i, — P gt 1) =0, (C22)
(C.23)
(C.24)
(C.25)

1 1
ZQGJ,-lklszOiklkg — 59— J(Qi 114+ Q1,44) = 0,

1
EfG-Fkleks (*Lp)ilﬂkzks —gHy1i — g(Qi1+1 - Ql,-H‘) =0, C.24
1 .
E9G+k1k2k3 (*@)ikykoks + fHi1i — f(Qi41 — Q1,44) = 0, C.25
1 Ky kok 1 k1 kak 1
dfi — ng(h YU (x0) iky koks T @QG'L P Ok ok + ggG*+1i
1 k1 ko 1 1 rk 1 1
——gG_ i —gFi — —gF" g ——fH i+ - fQ -y = 2
IGgG + Piky ko + 89 1 169 Pikq ko 4f +i + 2f ,—+ 07 (C 6)

1 kykok 1 k1 kok 1
dgi = g FGV P (5P ikakaks — o fGT 7 Prakaks + G fG—ts

1 1 1 1 1
+EfG—+klk2<Pik1k2 —gf i - ﬁkalkg%klk? + q9H-+i + 59—+ = 0, (C.27)

1 ) 1 ) 1 1
—@flelhks(*tp)iklkzkg — Z8fGiklk2k3@k1k2k3 + ngu — 176fG—+k1k2§0ik1k2

lgﬂl,klkz%‘klkz = 0, (0.28)

—gH 1" P Qi ke — 5991,12' 1

_1 L ks
8fG7+1z + 16fF Pikyko S

1 kykak 1 kikak 1 1 kik
_@gGl YRS () ik koks T ngGi B ggFli + T69G7+ Y2 ik ks
1 1 1 1 1
—g9G—+1i + TGQFklkZ%km - nglklkZSOikm = 5O+ ZfQLklkstiklkg =0, (C29)

1 1 1
—ZSflelkZ’kS (%) ik koks + @fGiklkaz(Pklkgkg - T6fG—+klk2Wik1k2

1 1 1 . 1 1
+§fG—+1i + nglz‘ - Ekalk2<pik1k2 + ZQH—H + 599—,-“‘ =0, (C.30)

1 . 1 . 1 .
4*89G’1klk2k3 (*P)ik1koks + ZSQGikleks‘Phkzks - T69G’7+k1k2‘10ik1k2
1 1 1 1 1
—§9G7+1¢ + §9F1i + Englkz%klkz + ZfH*Jri - §f97,+i =0, (C.31)
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1 . 1
—afokleks (%Q)ik1 koks + ifolkllw‘Piklkz + fF i —gH 1

0, (C.32)

1
_ingklszailﬂkz —29Q_ 1, — ng,klkZSOiklkz
1 1
+6gG7k1k2k3 (%) ik1 koks + 59G71k1k250ik1k2 +9F i — fH 1
1
+§fH—k1k2<Mk1k2 +2fQ 1 — Q2o = 0. (C.33)

The solution of these conditions, together with the vector representation conditions that
we derived from the 2-form representation above and those that we have found from the
dilatino KSE, gives a large number of relations between the components of the fluxes as
well as conditions on the geometry of spacetime.

C.2.4 Conditions in the scalar representation

Finally, the conditions that arise in the scalar representation of Gy are

Q_A'_’J'_l = O, (034)
1

dfs + 5/ 04—+ =0, (C.35)
1

dg+ + 5984 —+ =0, (C.36)
1 1 1

df— + ﬂgG—klk2k3§0k1k2k3 - ZgF—l + §fQ—,—+ == 0, (037)
1 1 1

dg- — —fG_ Pk poke + ~fF 1+ g0 4 =0, (C.38)
24 4 2
1 1

JF+ 5991,1+ + gng,Jrk =0, (C.39)
1 1

gFp — 5f91,1+ - §ka,+k =0, (C.40)

fG Rk o oy 2190014 — 391 F =0, (C.41)
9GRS o oy — 21fQu1y +3f Qe =0, (CA42)
1 1 1
dfi +gF- 4 — ngk1k2k3§0k1k2k3 - ZfH—H + Zkal,ka?’sDklekg

1 1
—5 U+ S +gS =0, (C43)
1
4

11
—§ng71 + 5991,—4‘ + fS =0, (C.44)

ngl koks

1 1
dgi — fF_y — —gH"Mk2Rs 00 b + ZgH_H - Ohy koks

8

ikalkzki’k“ (%P ke kaksks +4fF—4 + %nglk2k3(Pk1k2k3 +9H 11
g B2 o ok + 201" +29Q- 11 —3fS =0, (C.45)

igGh@%M (%) ki kokaky — 49F 1 + %fHklkzks(Pklkzkg —fH_1
— R 2R o oy + 2 et 4+ 2fQ 41— 39S =0,  (C.46)

éfG1k1k2k390k1k2k3 —3fF_4 — %nglkzkgwklkgkg +gH 11
—g QU Bk o ok — 20Q1 7 + 200 11 +4fS =0,  (CA4T)
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1 , 1 (
églelek“%lkzks —3gF_; + §fHk1k2k3<Pk1k2k3 + fH-_+1
— [k Rks ke F2f Q" —2fQ 1 —49S = 0. (C.48)

The solution of these conditions, as well as all the others we have derived from the dilatino
and gravitino KSEs, will be given in the next appendix.

D Solution of the linear system

D.1 The + components of the fluxes and geometry

Let us first consider the conditions on the + components of the fluxes. After some compu-
tation and using the gauge f2+g? = 1, the full content of the conditions (C.1), (C.2), (C.5),
(C.6), (C.19), (C.20), (C.21), (C.22), (C.23), (C.24), (C.25), (C.9), (C.10), (C.13), (C.14),
(C.34), (C.35), (C.36), (C.39), (C.40), (C.41) and (C.42) are the restrictions

Q1= 4 =014 =0,
Q=N i =1 =94 4 =0,
Q, kg, 0 =0, Qg kot ™F2, = 0, Qi+ =0, (D.1)

on the geometry, and the conditions

Fi1=0, d® =0, dfy =dgy =0, (D.2)
Fi;=0, Hiijp, =0, Hii=0, Giu97, =0, (D.3)
Hyij=2(~g%%j+ Gi1ij =4f9Q 4+, Giij =0, (D.4)

on the fluxes. In particular, observe that most of these fluxes vanish.

D.2 Solution of the rest of the scalar conditions

The next task is to solve all the remaining scalar conditions of the linear system that arises
from the gravitino and dilatino KSEs in the context of spinorial geometry. In particular
combining (C.37) and (C.38), we find

Qf’f+ == O7 (D5)
1 g
O_(f*—g¢°) — fgF_1 + gng—z‘ijOZ]k =0. (D.6)

Set A = g (C.45) + f (C46), B = g (C.45) — f (C46), C = g (C.47) + f (C.48) and
D =g (CA7) — f (C.48), where

1 i ij
D = = Hijre"™ + (6" = FH -1 + (F* = 4) Qi jre™"
—20 1" 20 11 +8fgS=0. (D.7)

Then set C' = C' + (f? — g?)D, where

1 - -
C' = SGuje’" + AfgH 11 = 4fgQu 7" = 6F 1 +8(f* —¢)S =0, (D)
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and consider A’ = A + D to find
1 g
A= 139Gk * R £ 2(g% — fHH 41 +4Q 11 +2fgS =0. (D.9)
Next write B’ = B + (g> — f?)D to get

B = 8fgF_, + (2—4f2¢>)H_ 1 + 4f2¢%Q; jr o
—4(f? = gH)0- 11 +8fg9(¢* - fH)S=0. (D.10)

To continue, take f (C.43) + g (C.44) and after using D and ¢ + f? = 1, one finds
Qf7+1 + QL+7 == 0 . (Dll)
Moreover, after eliminating the Hep term, f (C.43) — g (C.44) gives

E=flg0u(f* - g°) +4F_y — 2fgH_o1 + 2f g% "
—4(f?—g¢HS=0. (D.12)

Furthermore, f (C.3) + ¢ (C.4) and f (C.3) — g (C.4) yield

1 1 | 1
H®+ —(f* = g H 11— ~(f* — ¢H) Qi jnp" + ng,lk

6 6
—%Q_ﬂ + %fgS =0, (D.13)
and
(£ = P)A® — 20— PG H 1~ £(1+ 21260y
FS (= PO 0 ) fe(P S =0, (D)
respectively.

Observe that the system for H_; and F__ components of the fluxes is over-determined
so it may give some additional geometric constraints. In particular, taking B’ — 2fgFE, we
get

H o —o(f*—g) -2 g9 11 =0, (D.15)

which determines H_ ;. Putting this back into (D.12), we find

AF_ ¢ + (g7 = 2£9)01(f% — %) + 2f 9Qu jrp™*
—4fg(f* - Q- 1 —4(f*—¢%)S =0, (D.16)

which in turn specifies F_ in terms of geometry. Substituting these expressions back into
the previous equations, one gets

— S Hijup"" +201(£29%) + 81°6°Q— 11 + (f* — ¢*)Qjrep™*

2
—205.." +8fgS =0, (D.17)
1 -
5 Gimt * ¥ 1891 (fg) +16f9Q— 41 +2S =0, (D.18)
gGliijO ik 4 (if Yo7t 4 fg) 81(f2 -9°) + 2f9(f2 - 92)97#1
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—foQune* +2(f* - ¢*)S =0, (D.19)
1

O — (/%) - (1 + §f2g2> 01— (P~ 0™ 4 S0t + 2gs =0, (D.20)
and
1 1 y
(F2 =)0 @ = S (1= 20)01(f* = 9°) = (1 + 229" Qujup”"

+(f? =% (;lek + @fng - 1> Q_,H) + %fg(f2 —-¢)S=0. (D.21)

In particular after eliminating 019, the last equation can be rewritten as

(flg7 " =2f9)00(f* = ¢°) + 2f9Qu jrp?" — 4fg(f* = ¢*)Q- 11 =0, (D.22)

which is a constraint on the geometry. Note also that using this geometric constraint, (D.16)

can be written as

Foy=(f— g8, (D.23)

which determines a component of F' in terms of S. Similarly, using (D.22) we can simplify
two of the above expressions ((D.19) and (D.20)), thus obtaining

1 L 1 —
G + 1770 (P ) + (P - g)S = 0, (D-24)
301® — 91 log(fg) + Qua® —49Q_ 11 +2f9S = 0. (D.25)

The latter can either be interpreted as a geometric condition or used to express the dilaton
® in terms of the geometry.

D.3 Solution of the rest of vector conditions

Considering f (C.26) + g (C.27) and g (C.30) £ (C.31) and recombining the results, we
find

Qi+ Qi =0, %(f?—¢*) —Hyi+2(f* - ¢* )% -1+ =0, (D.26)

1 )1 1 1. 0
= f9Gimn ™" — 5 —mni"" + — 9P+ 2 0i(fT —9°) =0, D.2
24ngzmnl§0 8ng+ ¥ + 4fg 1+ 48 (f g ) 0 ( 7)

1 1 1
_ﬂGlmnl * ;M 4 ZG—-Hi — gan%mn +2fg% 4+ +0i(fg) =0. (D.28)

Next taking g (C.28) £+ f (C.29) and using the above equations, we find

1 1 mn 1 mn 1
—ingfﬂi — fg0i(fg) — 2f2929i,—+ + ngan% — ngmn‘Pi — 591,11'

1 mn
+5(* =) mne™ =0, (D.29)
1 mn 1 1 2 2 1 2 2 mn
_ngG7+'mn§0i +§ng1i+18i(f —g )+§(f — )V Himnpi

"’%(f2 - QQ)Ql,u — iﬂl,mnﬁpimn =0. (D.30)

Furthermore g (C.17) £ f (C.18) yield

—2f9G—fmni™" — 12fgF1; + 2(f2 — gz)HlmnSOimn — Hypny x %mnl — 4 n1pi ™"

,19,



+2(f% = ¢°) Unt x 0™ = 4(F2 — P " = 0

and

12ng—+1i + 2f9an<szn - 2Hlmn§0imn + (f2 - QQ)Hmnl * (Pimnl

+4(f2 _ 92>Qm,n180imn o QQm,nl *Spimnl + 4Qk,ik -0.

Also setting g (C.32) £ f (C.33), we have

mn 1 mn
f9G 1mnei"" +2fgF i — H_1; + §(f2 — @) H ™™ +2(f° = )01
_Q—,mn@imn = 07

and
1 mnl 2 2 1 mn
_gngfmnl *x "M (fF = g7 ) H 1 — §H—mn90i —-2Q_ 1
+(f2 - QQ)Qf,mnSOimn =0.

Then considering f (C.7) £ g (C.8), we get

3 1 L
d@l — zng'mn@Zmn - §(f2 - 92)H—+i + ZHlm"@’mn

1 mnt 1 1 o
*ﬁ(fQ — §") Honmt % ™" — 5f9G—+1i = 15 F9G1mnt * @i f=o,
3 1 L mn 1 mmn
(f* = ¢*)d®; — §f9F1¢ — §H7+¢ + Z(f2 — ") Himnpi™" — EHmnl * ™

1 1
=3 79G—tmn ™" = 5 f9Gimme™"™ = 0 .

Next take (D.27) — 3 (D.30) to get

1 1 1
ﬂngikmnSokmn + gaz(fz - 92) - E(]a - 92)Hlmn@imn

1 1
_Z(fQ — )0 + gQLmngpimn =0.

In addition fg (D.28 + 5 (D.29) gives

1 1 1
_ﬂnglkmn R AV §f95i(f9) - EHmmPim"

1 1
—191,11' + g(f2 — @)U ™ =0 .

Furthermore, 24 (D.29) + (D.32) can be written as

—5H1mn@:i™" 4+ 8fgFmnpi ™" — 481°¢° Qi _ 4 — 24f90:(fg) — 120 1:
+6(f% = ¢ mnei™™ + (f2 = ¢°) Himn x 0" +4(f° = ¢*) Qnnii™"
—2Q% mn * soikmn + 4Qk,ik =0.

Similarly, (D.30) — 1 (D.31) yields
1 1
é kmn x 0"+ 2fgFy + iai(fQ -9°) - g(f2 — 9" ) Himnpi™" + §(f2 -9

1 mn 1 mn 1 mn
7191,mn80i + §Qm,n1§0i - Z(fz - g2)Qk,mn * Solk

1
+§(f2 - %" =0.

— 20 —

,(D.31)

(D.32)

(D.33)

(D.34)

(D.35)

(D.36)

(D.37)

(D.38)

(D.39)



The last two equations can be re-arranged as

1 1 mn 1 3
4 2 3 mn 2 mn
+5(f2 - )1 + (73 + 5f292) Qmnpi™" + 5(1 + 293 Q10
1

—5(1“2 = 0°)Qemn * 0"+ %(ﬁ —gH)Qu"
1 mn 6
—g(f2 — ) fgFmnpi™" + gf292(f2 - g%+ =0, (D.40)
and

—A(1+ f2 ) Himnpi ™" +8f gFmntpi™™ — 482 * Qi —+ —80i(f*4°) +16(— 1+ f2g* ) 1
+8(f% = ¢*)Qmnei™™ = 8267 Qe * ™"
+16£26° " —16(f* — ¢*) fgFi, = 0. (D.41)

To continue, eliminate the G fluxes from the eqns above involving the dilaton and also
the dilaton from the second equation to find

1 1 1
d®; — fgFmnpi ™" — §(f2 — g )H_4i + §H1mn§0imn - ﬁ(fQ — ¢*)Hyn * ™™™

i (= )™ = 0, (DA2)
and, after using (D.39), to get

mn 1 mn 1 mn
(f* = 8V FgFmnoi™" = 2£°°Hyi = 5(f* = ") Himn ™" = 2 19" Hiomn % 01"
72(']02 — gz)QLh‘ + (1 — 2f2g2)Q17mn(pimn — 2ng12 =0. (D43)

Substituting in (D.42) and (D.43) for the H fluxes, we find

1+2f%g mn . —1+f%¢° ?-g mn
1950+ Py ™ s ey M T S ) e
Y ey 2 1427 fomn
6(1 —|—f2g2)82(f g ) 1+f292 i,—+ 6(1 +f2g2)Qk,mn*<Pz
1+2f%% o« (f2—9)/fg Lo 2 mn
— 2 J O i — 7}71 = - Q'm n 7 - 07 D44
30+ 207 k, 31+ f267) 1i t+ 3(f 97 ) m,n1p ( )
and
MF so~mn7 10(fg)3 P (1_%f292)f2928.(f2*g2)
Wy o) o Ere A Se)
L”g)gi,—Jr _ L”g)(h’u + L“ 1,mn¥i
1+ f2g 3(1+ f29?) 3(1+ /29%)

(f* - 1*g* kmn 202 =9 19"
3(1+ f29°) 3(1+ f2¢2)

respectively. These two last equations can be used to determine the Fp; and Fipp™"

4 mn
+ Qo,mn * @i Qk,ik + §f2929m,n190¢ =0, (D.45)

fluxes in terms of the dilaton and geometry. Therefore, they do not give any additional
geometric constraints. Of course on can solve for these F' fluxes and the substitute back.
However, the above expressions of the fluxes are rather economical and we shall not pursue
the solution of the linear system further.
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D.4 Solution of the rest of 2-form conditions

It remains to investigate the 14 representation content of the (C.15) and (C.16) conditions
as the 7 representation has already been taken into account. In particular, one finds that

G — (P = PFS = afgl%, =0, (D.46)
and
Hij +2fgF5* —2(f — g*)0f%, =0 (D.47)

These clearly determine components of the G and H fluxes in terms of those of F' and
the geometry. To derive these, we have used that the projections onto the 7 and 14
representations are

1/ .. 1 . 2/( . 1 i
P7 = 3<67174Ln - 2*@”mn) 9 P14 = 3(5%?1_‘_ 4*90”771”) Y (D48)

respectively.

D.5 Solution of the rest of symmetric traceless conditions

The solution of the conditions (C.11) and (C.12) gives
1 1
Eng(iklekg (*So)j)oklk‘gk‘g —+ EH(iklmsoj)oklkg

1
Qi j)o1 — §(f2 - 92)Q(i,klk2¢j)ok1k2 =0, (D.49)

and
1 k1ko 1 2 2 k1ko
2 F9G1GT T Pgohaks — Z(f = 9V HG 205 ke ke

1
+(f* = 95,1 + §Q(i,klk2¢j)ok1k2 =0. (D.50)
This concludes the solution of all conditions which arise from the KSEs.
E Special case f =g

E.1 The 4+ components of the fluxes and geometry

The conditions on the geometry can be read off from those in (D.1) after setting f = g =

1/V/2 as

Q+,+1 = Q+,—+ = Q1,1+ =0, (El)
Qi1 =N 4= =0 1, =0, (E.2)
Q—i—,klkz@iklkg — 07 le7k2+¢k1k2i = s Q(Z,J)—‘r = 0, (Eg)

and those for the fluxes can be derived from (D.2), (D.3) and (D.4) as
Gyijp =0, Fyi=0, Hy;=0, Hi;;=0,
Fi1 =0, Gi97, =0,
d®y =dfy =dg4+ =0,
Gij = 205+ -

Observe that many more components vanish compared to the generic case.

— 922 —



E.2 Solution of the rest of scalar conditions

The scalar conditions imply
Gh’jktpijk =H 1=F_ =0, Q_7_+ = Q_7+1 + QL-‘r— = Q@jktpijk =0, (ES)
and

1 4 1 1 y
d®y + §Qk,1k B §Q_,+1 + §S =0, Giax "M +4Q_ 11+ 5 =0, (E9)

24
1 ijk k 1 ijk
—5 ijk¥ - 2Qk,1 + 29_74’_1 + 45 = 0, F_1 - EG_Z]kQO =0. (El())

This is a significant simplification compared to the solution in the generic case.

E.3 Solution of the rest of vector conditions

In particular, the solution is
Q@Jr* + Q*Hri =0, H_4+; =0, (Ell)

and

1 n n

mn m 1 mmn m
—Glimnip ! + Q1 mnpi =0, -— §G—+mntpi + Fii — Q1,mn@i =

5 0
Hpnt * tpimnl +8F1i +4Qm 10 = 2 i = 0,
—5H1imnpi " — 2Q 1 * tpimnl +4F o™ — 129 4 — 1204 15 + 4Qk,ik =0

0

4 1 mn 4 1 mnl 2 k
-G i_fgif iF'mn [ —-Q 7 7an 7 — -0 i =
Gt1i = gt + 75 Fmny s+ Sl %0 5,

1 1 4 1 1 1
— = Gt * 9™ = = Frn @™ + 2Dt — 2 Q1+ o= Qi x 0 ™ — =" =0,
Y et! IR lolmncp +56,+ 511,1 +20 ,z*«i 18 k,
s — = Fongi™" = = Qg = S Qi x ™" = S+ 2" =0,

—Fii+ Q10"+ Qs =0 (E.12)
Furthermore, we have

1
§G71mn@imn +F i —H 1, —Q_ ™ =0,

1
L ZH o™ —2Q_ 3, = 0. (E.13)

1
- ngmnl * (Pimn 2

In fact, some of the above equations can be simplified further to yield

1
*EGeranOimn + Q1™ =0,
Hmnl * (Pimnl + 12Qm,n190imn + Ggl,mn@imn =0. (E14)

Observe that we have been able to solve completely the linear system for the vector fluxes.

E.4 Solution of the rest of 2-form and symmetric traceless conditions

It remains to investigate the 14 content of (C.15) and (C.16) as the 7 representation has
been taken into account. One finds that

G, —2084 =0, HA+F*=0. (E.15)
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Similarly, the conditions (C.11) and (C.12) give

1 1
3G x o kakaks + THE 0500 — Qigor = 0,

1
iGl(ikle@j)okle + Q605 ki = 0. (E.16)
This concludes the solution of the linear system for the special case.
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