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A CURVATURE FORMULA ASSOCIATED TO A
FAMILY OF PSEUDOCONVEX DOMAINS

by Xu WANG (*)

ABSTRACT. — We shall give a definition of the curvature operator for a family of
weighted Bergman spaces {#H: } associated to a smooth family of smoothly bounded
strongly pseudoconvex domains {D;}. In order to study the “boundary term” in
the curvature operator, we shall introduce the notion of geodesic curvature for
the associated family of boundaries {0D:}. As an application, we get a variation
formula for the norms of Bergman projections of currents with compact support.
A flatness criterion for {H:} and its applications to triviality of fibrations are also
given in this paper.

RESUME. Nous définissons 'opérateur de courbure pour une famille d’es-
paces de Bergman pondérés {H;} associés & une famille lisse de domaines lisses
bornés strictement pseudoconvexes {D;}. Afin d’étudier le “terme au bord” dans
Popérateur de courbure, nous introduisons la notion de courbure géodésique pour
la famille des bords associés. Comme application, nous obtenons une formule de va-
riation pour les normes de projections de Bergman des courants & support compact.
Un critére de platitude pour {H:} et ses applications & la trivialité des fibrations
sont également données dans cet article.

1. Introduction

In 2005, Berndtsson [3] found that the functional version of the classical
Brunn-Minkowski inequality, i.e. the Prekopa theorem [43], can be seen
as a special case of the subharmonicity property of the Bergman kernel
(see [38, 39] for early results with different point of view). It opens another
door (so called complex Brunn—Minkowski theory) of studying complex
geometry by using the Brunn—Minkowski theory in convex geometry. Below,

Keywords: Brunn—Minkowski theory, Prekopa theorem, d-equation, Hérmander theory.
Math. classification: 32A25, 32125, 32G05.

(*) Research supported by the Knut and Alice Wallenberg Foundation, and the China
Postdoctoral Science Foundation.



270 Xu WANG

we shall give a short account of the complex Brunn—Minkowski theory, and
a simple example to show our motivation to write this paper.

Heuristically speaking, the Prekopa theorem can be seen as a version
of inverse Holder inequality. In [8], Berndtsson gave another form of the
classical Holder inequality:

THEOREM A (Holder inequality). — Let ¢(t,x) be convex in t. Then
(1.1) tb—>log/ e?CDdy, de = da' A - A da”,

is convex (if the integral is convergent).

Proof. — The proof follows by differentiating with respect to t:

o ), (1) (] fowr - ),

Notice that, by the Cauchy—Schwarz inequality, we have

(12) ([oer) < [ [ore.

Thus ¢y > 0 implies that (log [ e?),, > 0. O

The following result is due to Prekopa:

THEOREM B (Prekopa theorem). — Let ¢(t,x) be convex in t and .
Then
(1.3) t— flog/ e ) 4y
is convex.

There are many ways to prove Theorem B. A famous observation of
Brascamp-Lieb (see [16]) is: one may use a weighted L2-estimates of the
d-operator to prove Theorem B.

In [2], Berndtsson showed that one may also use Hérmander’s weighted
L?-estimates of the d-operator (see [29]) to prove Theorem B. Moreover,
in [3], he established the following complex version of Theorem B:

THEOREM C (Berndtsson’s theorem). — Let ¢(¢,2) be a plurisubhar-
monic function on a pseudoconvex domain D C C{* x C?. Then
(1.4) (t,2) — log K(z, 2),

is plurisubharmonic or equal to —oo identically on D, where each K* de-
notes the weighted Bergman kernel associated to the fibre D, := DN ({t} x
C") and the weight ¢' := ¢|p,.
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CURVATURE FORMULA 271

In [3], Berndtsson gave two proofs of Theorem C. A crucial step in his
first proof is also the Hérmander’s L?-estimates of the J-operator. Later
in [4], he pointed out that it will be more natural to look at Theorem C
as a curvature property of the direct image bundle (see [4, Theorem 1.1
and 1.2]). This is a milestone in the complex Brunn—Minkowski theory
(see [12]).

The complex Brunn—Minkowski theory has proved to be very useful in
several complex variables and complex geometry (see [5, 9, 10, 13, 14, 15]
and references therein). This paper is an attempt to study the curvature
formula of the direct image bundle associated to general Stein-fibrations
(see [23, 40, 41, 34, 44, 52] for other generalizations and related results).
The new results are the boundary term of the curvature formula and its
relation with interpolation family of convex bodies.

Let us start by looking at an almost trivial case of Theorem B. Let

(1.5) F = {la(®), b(®)]}o<i<a,
be a family of line segments. Let
D:={(t,z) eR?:a(t) <z <b(t), 0<t <1},
be the total space. Assume that b(t) > a(t) for each 0 < ¢ < 1 and a,b are
smooth on a neighborhood of [0, 1]. Put
o
A’ Cdr?’
Let us introduce the following definitions:

0(a)

DEFINITION 1.1. — We call 0 the geodesic curvature of F.
DEFINITION 1.2. — We call F an interpolation family if § = 0.
Remark. — F is an interpolation family if and only if both a and b are

affine functions.

DEFINITION 1.3. — We call F a trivial family if there exists a real con-
stant ¢ such that for every 0 < t < 1, [a(t), b(t)] = [a(0), b(0)] + ct.

Put
(1.6) p(t,z) =0, on D, ¢(t,z) = oo, on R*\D,

then convexity of D is equivalent to convexity of ¢. Thus Theorem B implies
that if D is convex then

(1.7) :t s —log(b(t) — a(t)) = —log /R o) gy

TOME 67 (2017), FASCICULE 1



272 Xu WANG

is convex on (0, 1). Moreover, by direct computation,

;. (b—a)a-b+@-b> . &£ . da
(1.8) ® = e , = proRite
We call
_(b—a)a—b) _ 6a)+60)
(1.9) Geo := G—aZ ~  b-a
the geodesic term in & and
_ (a—0)’
(1.10) R:= (b—ap?

the remaining term in ®. Thus we have:

PROPOSITION 1.4. — The remaining term in P is always non-negative.
Moreover, if the total space D is convex then the geodesic term in ® is also
non-negative.

PrOPOSITION 1.5. — Assume that the total space D is convex then
affine-ness of ® is equivalent to triviality of F.

In this paper, we shall study the counterparts of the above notions in
complex geometry. In the next secion, we shall define the notion of geodesic
curvature (see Definition 2.8) for a smooth family of smoothly bounded
Stein domains (see Definition 2.5). Then Definition 2.10, interpolation fam-
ily of Stein domains, can be seen as a generalization of Definition 1.2; and
Definition 2.16, trivial family of Stein domains, can be seen as a general-
ization of Definition 1.3.

Our main result, Theorem 2.11, is a curvature formula associated to
variation of Stein manifolds. Let {D;} be a smooth family of smoothly
bounded n-dimensional Stein domains. Let £ be a holomorphic line bundle
on the total space D. Let h be a smooth Hermitian metric on £. We shall
consider the associated family of Bergman spaces

7‘[ = {Ht}7

where each H; is the space of L?-holomorphic £|p,-valued (n,0)-forms on
D;. Then Theorem 2.11 reads that:

ANNALES DE L’INSTITUT FOURIER
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MAIN THEOREM. — Assume that L is flat or relatively ample. Then the
curvature of H contains two terms: the geodeisc term and the remaining
term. The remaining term is always semi-positive in the sense of Nakano.
Moreover, if the total space is pseudoconvex and L is semi-positive on the
total space then the geodesic term is also semi-positive in the sense of
Nakano.

Thus our main result can be seen as a generalization of Proposition 1.4.
In Section 2.5, we shall give a definition of the holomorphic section of the
dual of H (see Definition 2.14). Then our main application, Corollary 2.15,
can be stated as follows:

APPLICATION. — If the total space is pseudoconvex and L is non-
negative on the total space then log || f|| is plurisubharmonic for every holo-
morphic section f of the dual of H.

Corollary 2.15 can be seen as a generalization of Theorem C (see the
remark behind [4, Theorem 1.1]). In Section 5.2, we shall also use Corol-
lary 2.15 to study variation of the Bergman projection of currents with
compact support. In particular, we shall give a variation formula for the
derivatives of the Bergman kernel (see Theorem 5.2).

In Section 6, we shall discuss the counterparts of Proposition 1.5 in com-
plex case. We shall show that under some assumptions (see Theorem 2.17),
flatness of H and triviality of D are equivalent. As a direct corollary, we
shall give a triviality criterion for a class of holomorphic motions (see Corol-
lary 2.18) of planar domains.
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2. Basic definitions and results
2.1. List of notations

m: X — B is a holomorphic submersion.

D is an open subset in X, Dy := DN 1(¢).

L is a holomorphic line bundle over X and L; := L|p,.

H; is the space of L? holomorphic L;-valued (n,0)-forms on D;.
H = {Ht}tE]B-

i¢: the inclusion mapping D; < D.

t: coordinate system on B, ! components of ¢, 9,; = 9/0t/.

S dt? @ 0, is the d-operator on H.

S dt’ @ Dy; is the (1,0)-part of the Chern connection on H.

10. O,

© 0N oE W=

[Dys, Oyx]: curvature operators on H.

5=
11. 0,;(p): geodesic curvature of {9D;}.

12. 0, ¢, pu: local coordinates on a fixed fibre Dy, u*: components of .
13. e~?: local representative of a Hermitian metric h on a line bundle L.
14. ¢j = 0¢/0t1, ¢jx = 0*¢/OtIOu>, dpry = 09/ Ou 0" .

15. (p™), (¢™): inverse matrix of (paz), (¢x5) Tespectively.

16. 0y := V 1 means contraction of a form with a vector field V;
17. 0,8 €N, Ja] = a1+« + n, fo i= D1 £/(@p1) - (Dm)n

2.2. Set up

Let 7 : X — B be a holomorphic submersion from an (n+m)-dimensional
complex manifold X to the unit ball B in C™. Let D be an open subset
of X. Put

D; =Dnr (1),
The following assumption will be used throughout this paper.

The restriction of 7 to the closure of D (with respect to the topology

(A1) structure of the total space X ) is proper, and Dy is non-empty for
every t in B.

ANNALES DE L’INSTITUT FOURIER
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Let £ be a holomorphic line bundle over X. Put
Lt = £|Dt .

We shall consider the following family of vector spaces associated to
{Dt}teIBi

Hy={f € H(Dy,Kp, + L) : / inz{faf} < oo},

where {-,-} is the canonical sesquilinear pairing (see [18, p. 268]) with
respect to h. If we fix a local holomorphic frame, say e, of £, and write
h(e,e) = e~ %, then

{f(z)®e f(z)®e} = e ?3) f(2) A f(2).
Put
H = {Hi}ien-

Remark. — We know that each fibre H; is an infinite dimensional
Hilbert space, moreover, the element in H; may not be smooth up to the
boundary. Thus it is not easy to give a good definition of the curvature
operator on H (see [33] for a careful study of this subject). In order to
make things easier, we shall only define the curvature operator on sections
that are smooth up to the boundary.

Let i; be the inclusion mapping
(21) iy : Dy — D.

We shall introduce the following definition:

DEFINITION 2.1. — We call u : t — u! € H, a smooth section of H if
there exists an L-valued (n,0)-form, say u, such that
(2.2) ifu=u', VteB,

and u is smooth up to the boundary of D. We shall denote by T'(H) the
space of smooth sections of H.

Remark. — One may choose u in the above definition such that u is
smooth on the total space X.

In order to give a precise definition of the d-operator on H, we shall
introduce the following definition (see [7], see also [31, p. 46] or [53] for the
admissible coordinate method):

DEFINITION 2.2. — We call a smooth L-valued (n,0)-form u on X a
representative of u € I'(H) if if (u) = u® for all t € B.

TOME 67 (2017), FASCICULE 1
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O-operator on H. Let u be a representative of v € I'(H). Then one
may write
(2.3) du=">"dt’ An;+dt A
Since u A dt, dt := dt* A--- A dt™, does not depend on the choice of u and
(2.4) duAdt) =" "db Av; Adt,
we know that each i;v; does not depend on the choice of v;. Let us define
(2.5) Opu: t v iv;.
Then the d-operator on H can be defined as

ou = Zdt_j ® Oy

From the definition, we know that du = 0 on B if and only if u A dt is
holomorphic on D. We shall introduce the following definition:

DEFINITION 2.3. — Let u be a smooth section of H. We call u a holo-
morphic section of H if u A dt is holomorphic on D.

Chern connection on #H. We shall write the (1, 0)-part of the Chern
connection on H as Y. dt/ ® D,;. By definition, each D,; should satisfy

(2.6) O (u,v) = (Dyiu,v) + (u,0yiv), ¥V u,v € T(H),
where d,; = /0t and (-,-) denotes the inner product on H;.

DEFINITION 2.4. — We say that the Chern connection is well defined
on H if for every 1 < j < m, there exists a C-linear operator Dy; : T'(H) —
T'(H) such that (2.6) is true.

Remark. — By using Hamilton’s theorem (see [28]), in Section 4 (see
Proposition 4.1), we shall prove that the Chern connection is well defined
on H if D satisfies (A1) and the following assumption:

There is a smooth real valued function p on X such that for each
t € B, plr—1(p is strictly plurisubharmonic in a neighborhood of the

(A2) closure (with respect to the topology on 7w~ 1(t)) of D;. Moreover,
Dy = {p < 0}N7~'(t) and the gradient of p| -1y has no zero point
on 0D;.

Remark. — In Section 3.2, we shall prove that (Al) and (A2) together
implies that every smooth vector field on the base B has a smooth lift on
X that tangent to the boundary of D. Thus in this case, {D;} is locally
trivial as a smooth family.

ANNALES DE L’INSTITUT FOURIER
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DEFINITION 2.5. — {D;} is said to be a smooth family of smoothly
bounded Stein domains if D satisfies (A1) and (A2).

Assume that D satisfies (A1) and (A2). Then we can define the curvature

operators on H as follows:

(2.7) @]Eu = [Dtj,gtk]u = Dtjgtku — gtthju, V u e F(H).

2.3. Previous results

We shall give a short account of Berndtsson’s results on “geodesic” for-
mula for ©,;. Let us recall the following notions in his curvature formula.

Geodesic curvature in the space of Kiahler metrics. Let us denote
by ©(L,h) the curvature of (£,h). If we write h locally as e~? then we
have

(2.8) O(L,h) = 0.
If D is a product, say D = Dy x B, and
(2.9) 1000 pyxity >0, VtEB

then {i00®|p,x (s} can be seen as a family of Kéhler metrics on Dy. As-
sume further that m = 1. Then there exists a smooth function, say c(¢),
such that

(i00¢)" (i009)™ . .
2.1 —_— = ———— Aidt Adt.
(2.10) o = o) nide
By [20, Proposition 3], if {i85¢|DOX{t}} is S1 invariant then

The path {i00¢|p, «{t}} defines a geodesic in the space of Kéhler metrics
on Dy if and only if ¢(¢) = 0.

In general, ¢(¢) is called the geodesic curvature in the space of Kahler
metrics. The geodesic curvature plays a crucial role on variation of Kéhler
metrics on projective manifolds; see [20, 37, 45], to cite just a few. Another
way to look at the geodesic curvature is to use the notion of horizontal lift.

Horizontal lift. The notion of horizontal lift is introduced by Siu in [47].
In [7], Berndtsson found that one may also define the notion of horizontal
lift with respect to a relative Kéhler form (a smooth d-closed (1, 1)-form
that is positive on each fibre). Let us recall his definition:

Let w be a relative Kéhler form on X. A (1,0)-vector field V on X is
said to be horizontal with respect to w if (V, W), = 0 for every (1,0)-vector

TOME 67 (2017), FASCICULE 1



278 Xu WANG
field W such that m,.(W) = 0. Let v be a vector field on B. We call V' a
horizontal lift of v if V' is horizontal with respect to w and 7,V =v.

By Berndtsson’s formula (see [7, p. 3]), if we write w = i99¢ locally then
for each 1 < j < 'm, &/0t) has a unique horizontal lift, say V;, as follows:

(2.11) V; =0/t =Y ;50" 0/op.
Moreover, if m =1 then
(2.12) (1, V1>i65¢> = ¢(9).

By this formula, it is natural to define the notion of geodesic curvature for
general base dimension m and general fibration .

Geodesic curvature of {h|r,}. Let us assume that
iO(L,h)|p, >0, VteB, or O(L,h) =0on D,

In case iO(L, h)|p, >0, Vt € B, let V)" be the horizontal lift of the base
vector fields /07 with respect to i©(L, h). We shall define the geodesic
curvature of {h|,} as:

(2.13)  ¢;p(h) == (V}", ViVie(c.ny; and ¢;z(h) :=0if ©(L,h) =0 on D.
Another notion in Berndtsson’s curvature formula is the following:

Remaining term in Hérmander’s L*-estimate (product case).
Assume that D = Dy x B. Then the vector fields 9/9t are well defined on
X. Fix

(2.14) uj €T(H), 1 <j<m, (see Definition 2.1).
Let a be the L?-minimal solution of
a()=c
where 9 denotes the Cauchy—Riemann operator on D; = Dy x {t} and
(2.15) c:=Y (0/0/1O(L,h))|p, Nu; = Za bj A uj.
Then we have the following remaining term in Hérmander’s L?-estimate
= llellfe(znp, = llall*-

By Hormander’s theorem (see [29]), if Dy is pseudoconvex then R is non-
negative. Thus in our case, R is always non-negative. Now we can state the
following theorem of Berndtsson (see [3] and [4, Theorem 1.1]):

ANNALES DE L’INSTITUT FOURIER
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THEOREM 2.6. — Assume that D = Dy x B, where Dy is a strongly
pseudoconvex domain with smooth boundary. If i©O(L, h)|p,x s} >0, Vt €
B, then we have

(2.16) Z(@j,;uj,uk) = Z(cj,;(h)uj,uk) +R, R>0.
If©(L,h) =0 on D then

(2.17) > (0,5u5,ur) = 0.

Remark. — (2.16) can be found in the proof of [4, Theorem 1.1]. (2.17)
is a direct application of [4, (2.4)]. A special case of (2.16) for variation of
the Bergman kernel is given in [3].

The counterpart of Theorem 2.6 for a proper Kéhler fibration was given
in [7] by Berndtsson. Let us recall the following notions in his formulae:

Remaining term in Hérmander’s L2-estimate (Polarized fibra-
tion). Let

(2.18) m:D — B,

be a proper holomorphic submersion. Assume that £ is a relatively ample
line bundle on D, i.e. i©(L, h)|p, > 0, V t € B. By the Ohsawa—Takegoshi
extension theorem (see [42, 48]), we know that the dimension of H; :=
H°(Dy,Kp, + L;) does not depend on t and our bundle H is just the
holomorphic vector bundle associated to the zero-th direct image sheaf
1.O(Kp/p + L). For each j, let th be the horizontal lift of §/0t/ with
respect to 1O(L, h). Let us denote by

(2.19) k:Ts — {H"(Dy, Tp,) }tes

the Kodaira—Spencer map associated to the holomorphic fibration 7. By [30,
Theorem 5.4], we know that each (5‘/}}‘ )|, can be seen as a representative
of the Kodaira—Spencer class x(0/0t7). For each 1 < j < m, let u; be a
smooth section of H. Put

b=> (AV}")p,= u;.
Let a be the L?-minimal solution of
() = a5,

where 8; is the restriction of the (1,0)-part of the Chern connection of £
on D;. Then we have the following Héormander type-remaining term:

RM = Hszze(L,h)bt —lal* > 0.

TOME 67 (2017), FASCICULE 1
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Remaining term in Hérmander’s L?-estimate (Kéhler fibration).
In this case, let us assume that the total space of the proper holomorphic
submersion 7 : D — B possesses a Kéhler form w. Let £ be a flat line
bundle over D, i.e. ©(L,h) =0 on D. By [4, Theorem 8.1], we know that
1.O(Kp g + L) is locally free. Let H be the associated vector bundle. For
each j, let u; be a smooth section of H. Put

b= Z(év}w)lDtJ Uy,
where each V/* is the horizontal lift of 9/ Ot) with respect to the Kihler
form w. Consider
3'(a) = ALb,
where @ is the L?-minimal solution. Then the associated Hérmander re-
maining term is
R = [bll2,, —llal* = 0.

Now we can state the following theorem of Berndtsson (see [7]):

THEOREM 2.7. — Let w : D — B be a proper holomorphic submersion.
Let (L,h) be a holomorphic line bundle over D. If L is relatively ample
then we have

(2.20) > (O5u,up) =Y (¢jp(h)uj, ug) + R
If L is flat then

(2.21) > (03u5,ur) = RY.

Remark. — If £ is trivial then (2.21) is just Griffiths’ formula (see [25,
p. 33]). In general, if the total space D is Kéhler and there is a smooth Her-
mitian metric on £ with non-negative curvature then by [4, Thereom 1.2],
we know that

Z(@jfcujauk) 2 0.

If the boundary of each fibre is non-empty then, in general, the boundary
term should also appear in the curvature formula (see [39]). Our main result
is a study of the curvature of H for fibrations with boundary.

2.4. Basic notions for fibrations with boundary
Let D = {D;}+ep be a smooth family of smoothly bounded Stein domains
(see Definition 2.5). We shall define the notion of “geodesic curvature” of

{0D;} by using the notion of horizontal lift with respect to the Levi-form
on the boundary of D. Let p be the defining function in (A2). We call an
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(1,0)-tangent vector field V' on 9D horizonal with respect to the Levi-form
if

(V.W),5, = 0, on D,
for every (1,0)-tangent vector field W on 9D such that 7. (W) = 0.

Remark. — From the above definition, the notion of horizontal lift with
respect to the Levi-form on the boundary is compatible with the usual
notion of horizintal lift if we only consider the category of tangent vector
fields on 0D. Same as before, we shall also define the notion of geodesic
curvature in the following sense:

DEFINITION 2.8. — Assume that D satisfies (A1) and (A2) and for each
j, 0/0t7 has a horizontal lift to D with respect to the Levi-form i00p on
0D. Then we call

(2.22) 0x(0) == (VI Vi) i,

the geodesic curvature of {0D;}iep with respect to the Levi form i00p on
oD.

Now a natural question is whether each base vector field has a horizontal
lift (with respect to the Levi-form) to D or not. We have the following
lemma:

LEMMA 2.9 (Key Lemma). — Assume that D satisfies (A1) and (A2).
Put

(2.23) w := i09(— log —p),

where p is the defining function in (A2). For each j, let V; be the horizontal
lift (on D) of 8/t with respect to w. Then each V; is smooth up to the
boundary of D and Vj|sp is horizontal with respect to the Levi form i0dp
on OD. In particular, every smooth base vector field has a unique smooth
horizontal lift with respect to the Levi form and the geodesic curvature

0, (p) is well defined on OD.

As a generalization of Definition 1.2, we shall introduce the following
definition:

DEFINITION 2.10. — Assume that D satisfies (A1) and (A2). We call
{D:}tep an interpolation family in X' if 6,3(p) =0 on 9D.
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Remaining term in Hérmander’s L2-estimate (fibration with
boundary). For each 1 < j < m, let u; be a smooth section of H (see
Definition 2.1). Put

(2.24) c= (V; s O(L,h)|p, Aug, b="> (0V))|p, »uy,

where each Vj is the vector field in Lemma 2.9. Let a be the L?-minimal
solution of

()= +e,
in L?(Dy, Kp, + L). Put
— i00(~log —p)l,-
Then we shall define
(2.25) = llelo(z,myp, + 10112 = lalle,
it i©(L, h)|p, > 0; and define
R = (bl = [lallZ,

if ©(L, h) = 0. We shall show in Theorem A.5 that R is always non-negative.

2.5. Main theorem

THEOREM 2.11. — Assume that D satisfies (A1) and (A2). If
(2.26) i©(L,h)|p, >0, VteB, orO(L,h)=0o0n D,

then, using the above notation, see (2.7), (2.13), (2.22), (2.25), we have the
following curvature formula of H:

(2.27) Z Rl UE) = Z uj,uk>d0+2(cj,;(h)uj,uk)—|—R,

BDt

where (-,-) denotes the point-wise inner product with respect to i9dp|p,
and h, and the surface measure do with respect to i00p|p, is defined as

do o 2 P2PO/Ou” (i00plp)"
> o530 py n!
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2.6. Applications

We shall show how to use our main theorem to study the complex ge-
ometry counterparts of Theorem 1.4. Let us give some positive-curvature
criterion of H first. Recall that, H is said to be semi-positive in the sense
of Nakano if ) (©,zu;,ux) > 0, for all smooth sections w1, ..., u,, of H.
As a direct consequence of our main theorem, we shall prove that:

COROLLARY 2.12. — Assume that D satisfies (A1) and (A2). If D is
Stein and i©(L, h) > 0 on D then H is semi-positive in the sense of Nakano.

Another very useful notion of positivity is the Griffiths positivity. Recall
that H is said to be Griffiths semi-positive if > (0 ,zu, u)§;&x > 0, for every
smooth section u of H and every £ € C™. It is known that a finite rank
vector bundle is Griffiths semi-positive if and only if its dual bundle is
Griffiths semi-negative. Moreover, the following is true:

Criterion for Griffiths semi-positivity. — A finite rank vector bundle
is Griffiths semi-positive if and only if the log-norm of the holomorphic
sections of its dual bundle are plurisubharmonic.

Then a natural question is whether there is a similar criterion in our
case, i.e. for the infinite rank vector bundle H. As a first step, we have to
define the notion of the holomorphic section of the dual of H.

DEFINITION 2.13. — For each t € B, let f* be a C-linear mapping from
H; to C. We call f : t — ft a smooth section of the dual of H if there
exists a smooth section, say P(f), of H such that

(2.28) Fi(u') = (u', P(f)"),

for every ut € H; and every t € B. We shall write the norm of f! as

1P = 1P ()

DEFINITION 2.14. — Let f : t — f* be a smooth section of the dual of
H. We call f a holomorphic section if
(2.29) t fH(uf)

is holomorphic for every holomorphic section u of H.

Remark. — Inspired by [14], we shall give a careful study of those holo-
morphic sections of the dual of H defined by a family currents with compact
support in fibres.

Now we are ready to state the main application of our main theorem:
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COROLLARY 2.15. — Assume that D satisfies (A1) and (A2). If D is
Stein and i©(L,h) > 0 on D then

(2.30) log |||+t — log [|.f*]]

is plurisubharmonic for every holomorphic section f of the dual of H.

Remark. — If we choose f! as a fixed Dirac measure then we get the
plurisubharmonicity of the Bergman kernel [3]. In Section 5, we shall also
use Corollary 2.15 to study variation of the deriatives of the Bergman
kernel.

Triviality and flatness. In case every fibre D, is compact without
boundary, we know that the criterions for flatness of H are quite use-
full in the study of the uniqueness problems of extremal Ké&hler metrics
(see [5, 10]). In our case, we call H a flat bundle if

(2.31) 0,7u=0,Y1<jk<m.

for every smooth section v of H. From Proposition 1.4, one may guess
that flatness of H should be related to triviality of the fibration . Let us
introduce the following definition as a generalization of Definition 1.3.

DEFINITION 2.16. — Assume that D satisfies (A1) and (A2). We call
{D:}tep a trivial family, or D is trivial, if there exists a biholomorphic
mapping ® : Dy x B — D such that

(232) CD(D() X {t}) =D, VteB,
and ®,(9/0t7) extends to a smooth (1,0)-vector field on X for every 1 <
Jj<m.

The following theorem can be seen as a generalization of Proposition 1.5:

THEOREM 2.17. — Assume that D satisfies (Al) and (A2). Assume
further that the total space D is Stein. If Ky g + L is trivial on each fibre
of m and ©(L,h) = 0 on D then flatness of H and triviality of D are
equivalent.

As a direct corollary of Theorem 2.17, we have
COROLLARY 2.18. — Let Dqy be a smooth domain in C. Let
(2.33) F:(t,z) — (t,z+a(t)z)

be a mapping from B x Dy to B x C. Assume that a is holomorphic on B
and

(2.34) la] <1, on B, a(0) =0.
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Then {F({t} x Do)}tep is a trivial family if and only if a = 0 on B.

Remark. — One may also give a direct proof of Corollary 2.18 by intro-
ducing the notion of Kodaira—Spencer class for deformations with bound-
ary, we leave it to the interested reader.

3. Geodesic curvature and interpolation family

In this section, we shall give two proofs of Lemma 2.9 and show that our
Definition of interpolation family (see Definition 2.10) is compatible with
the usual definition of interpolation family of Hermitian norms on C" for
n>1.

Relation with Levi-flatness. By the definition of the geodesic curva-
ture 0,7(p) (see Definition 2.8) of {0D;}, we have:

Assume that every fibre D; is one dimensional. Then {D.} is an inter-
polation family if and only if the boundary of D is Levi flat.

For higher fibre dimension case, the criterion for interpolation family
(see [45] and references therein) is not so obvious. We will give a study of
it in Section 3.3. Let us prove our Key Lemma first.

3.1. First proof of Lemma 2.9

Since Vj is a lift of 9/9t7, locally one may write,
(3.1) V; =0/t =Y v}ojop’.
Put ¢ = —log —p. By definition, we know that each V; is determined by
(Vi 0/01") 155, =0, on D, V1< v <n,
thus
(3.2) v;\ = ijl—,zb’j/\ on D.
Fibre dimension one case. If n = 1, by direct computation, we have
0] i — Ppin O
(5.3 vy w0 pabnpri O
ol |pul* = ppup Op
By Assumption (A2), p,, has no zero point near the boundary and p,z > 0

near the boundary, thus V; is smooth up to the boundary of D. Further-
more, (3.3) implies that V;(p) = 0 on {p = 0}. Notice that, in case n =1,
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every tangent vector field on 9D is horizontal with respect to the Levi-form
on dD. Thus we know that if n = 1 then V}|sp is the horizontal lift of 8/t
with respect to the Levi-form.

General case. The general case can also be proved by direct compu-
tation (see the second proof below). But there is also a simple proof as
follows: If n > 2, fix ©y € 0Dy, then by Assumption (A2), (prz)(zo) is a
positive definite matrix, thus one may choose local coordinates around xg
such that

(Prz(20)) = In, pu(z0) =0, Vv >2
where I, is the identity matrix. Now we have
%(m) %3 (0), v} (w0) = pizlao), ¥ A > 2
By Assumption (A2), we know that pq(z¢) # 0, thus V; is smooth up to
the boundary and

Vi(p)(zo0) = pj(z0) ZU pa(zo) = pj(wo) — pj(z0) = 0.
Moreover, we have
(V3 0/01™), 55, (20) = pjx(w0) — v} (20) = 0, ¥ A > 2

which implies that each V; is horizontal with respect to the Levi form. The
proof is complete.

vj(zo) =

3.2. Second proof of Lemma 2.9

In this subsection, we will give an explicit formula for each V;. Here we
shall use some computations from [17]. Put

P =" 0" 05 100 = Ipal®

By (3.1) and (3.2), we have

(34) Vi =0/ot = " r0/op’,
where ¢ = —log —p. One may verify that (see [17])
a 3

By direct computation, we have

- aﬁz_ ppj pppja
G6) > viay “Jon? 2 (” piat |ap|2)
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From (3.6), we know that each V; is smooth up to the boundary of D and
is tangent to the boundary of D. By a direct computation, we also have
that each Vj is horizontal with respect to the Levi-form of the boundary of
D. Thus the proof of Lemma 2.9 is complete.

3.3. Geodesic curvature for {0D,}

Denote by ‘7] the horizontal lift of 9/0t/ with respect to i90p. By the
proof of (3.2), we have

0
(3.7) V= W > pjar™” i

By (3.4) and (3.6) and a direct computation, we get

|3P|2 5(p)Vie(p)
—10pl?)?

(3-8) 0;5(p) = V5, Vi)ioz, = ¢ji(p) +
where

(3.9) ¢ii(0) == (V3 Vo,
Thus we have:

PROPOSITION 3.1. — Let {D;} be a smooth family of smoothly bounded
Stein domains. Then

(3.10) D 0 =D cp(pgét, veecm,

on 0D. Moreover, 0,;(p) = ¢;;(p) if and only if each V is tangent to the
boundary of D.

3.4. Relation with interpolation of norms

Let h be a smooth Hermitian norm on the trivial vector bundle B x C™.
Then for each ¢t € B, h* := h|;xcn defines a Hermitian norm on C". It is
known that {h'} defines an interpolation family if and only if the curvature
of h vanishes identically on B (see Semmes [45]). Denote by N; the unit
ball in C" defined by h'. We shall prove that:

PROPOSITION 3.2. — {h'} defines an interpolation family if and only if
the geodesic curvature of {ON;} vanishes identically.
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Proof. — Let us write

H2) =Y hop(t)"2".

p(t,z) == h'(z) —
is a defining function for {ON;}. By direct computation, we have that
XA/J(p) vanishes identically. Thus by Proposition 3.1, the geodesic curvature,
0;%(p), of {ON} is equal to ¢;z(p). By (3.9),

By definition,

(3.11) ch(p) = <Vj>Vk 186p ijap Pigs

thus we have

(3.12) 0;r(p) = (haﬁ,jfc - Zhax,jhxyhug,z;) 227

Thus 60;;(p) vanishes identically if and only if

(3.13) F= > hoshh,55 =0, onB.
Notice that (3.13) is equlvalent to that the curvature of h vanishes identi-
cally. The proof is complete. O

4. Curvature formula
4.1. Definition of the Chern connection

By Definition 2.4, it suffices to find a linear operator Dy; from T'(H) to
I'(H) such that

(4.1) O (u,v) = (Dyiu, v) + (u, 0y5v), ¥ u,v € T(H),
is true. By Definition 2.2, the left hand side of (4.1) can be written as
(4.2) Oy (me(en{u, v})),

where u,v are arbitrary representatives (see Definition 2.2) of w,v and
cn = " such that ¢,{u,u} is a positive (n, n)-form on the total space.

Assume that D satisfies (Al) and (A2). Let V; be the vector fields in
Lemma 2.9. Since V;(p) = 0 on 0D, by Corollary A.4, we have

(4.3) O (m {1, V) = (L, fu, v)),
Let d* be the Chern connection on £. Then we have

d{u,v} = {d“u,v} + (=1)"{u,d*v}.
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Using Cartan’s formula,

Ly, = doy, + dv,d

we get that
Ly A{u,v} = {Lju,v}+{u, L;v},
where
Lj = d“dy, + dv,d",
and

Ly = d*6y, + 6y, d".

Since v is an (n, 0)-form, we have
(4.4) Lyv = 6‘7jgv,
By (2.5), we know that L;v is a representative of 9y5v. Thus we have
(4.5) 0 (u,v) = mu(cn{Lju, v}) + (u,04v), ¥ u,v € T(H).
Notice that the (n,0)-part of L;ju can be written as
(4.6) (9p0v; + 0v;05)u,
where 9, denotes the (1,0)-component of d“. Thus we have

To(en{Lju, v})(t) = (i (9y6v, + v, 04)u,v") .
Assumption (A2) implies that
(4.7 {vt v e T(H)}.

is dense in the Hilbert space H; (see the proof of Lemma 4.7 below).
Thus there is a unique element, say of, in H; such that

(4.8) (ZI((%;(SVJ + 5\/], 8¢)u, Ut) = (O’t, Ut),
which implies that there is a unique element, o, in #H; such that
(4.9) O (u,v) = (o', ") + (u, 04v), ¥V u,v € T(H).

Thus by Definition 2.4, we know that: 4 has a Chern connection if and
only if

o:t— O’t,
defines a smooth section of H, i.e.

o €T(H).

By (4.8), o' is the Bergman projection to H; of i ((9gdv, + dv,dy)u). Thus
by Hamilton’s theorem (see [24, 27, 28] or Appendix A.2), if {D;} is a
smooth family of smoothly bounded Stein domains then o € I'(#) and
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Thus we have:

PROPOSITION 4.1. — If D satisfies (A1) and (A2) then the Chern con-
nection is well defined on H.

Now we are ready to compute the curvature of the Chern connection
of H. First we shall show how to get a curvature formula for holomorphic
sections of H.

4.2. Curvature formula for holomorphic sections

Let uq,- -+ ,u;, be holomorphic sections (see Definition 2.3) of H. By
definition of the Chern connection and (2.7), we have

(4.11) (@jfcuj, ug) = (Dtj’u]', Dyruy) — (uj,uk)j,;.
By (4.5), we have
(4.12) (uj, u’f)jfc = T (en{Lju;, Lyug}) + o (cn{LzLu;, ug}).

Since each u; is a holomorphic section, we have i} (Lgu;) = (O u;)(t) = 0.
Thus

(4.13) T LjLyuj, ug} = Opym{ Lyuj, up} — m{ Lyuy, Lyug} =0,
which implies that
(4.14)  (uj,ur);z = me(cn{Ljug, Lyag}) — mu(en{lLy, Liluy, ug}).
We shall use the following formula:
ProproOSITION 4.2.
(L, L) = d 0y, g + 0, vy d + (Vi Vidhioie.ny-
Proof. — By definition, locally we have
Lj = Ly, = V;(¢), Ly = Ly, .
Thus
By Cartan’s formula, we have
_ gL _ _ gL _
Ly, 01 = 4701y, 001 + 0ty v + Oy 7,009,
Thus
L2 L) = (4, 3+ 0, 30 d°) = v, 13096 + ViV (9).
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By direct computation, we have

(4.15) Sv,73,) 00 + ViVi(9) = (Vi, Vi) io(c.n) -
Thus the proposition follows. O

Now we can prove the following;:
LEMMA 4.3. — Ifi©(L, h)|p, >0,V ¢t € B, then

(4.16) ZW*(%HLJ,LE]UJ" u}) = ||C||z2®(£,h)|,3t +B+Z(Cﬁq(h)ug" ug),
where c is defined by (2.24) and B is the boundary term defined by

Bi=Y" 05 (p){uj, uk)do
0D,
Ifi©(L,h) =0 on D then
(4.17) > meen{lLy, Liluj, up}) = B.

Proof. — By the above proposition, we have

(4.18) Zﬂ'*(cn{[Lj,L,;]uj,uk}) = ch /BD {6[w79k]uj,uk} +1,
where
(4.19) 1= (Vi Vidie(ent, u)-
Now the boundary term can be written as

ch ADt{é[w,Vk]uj,uk} = Z/@pt(5[%’Vk]ap)<w’u}€>da
We shall prove &}y y,10p = 0,3(p) on 9D. In fact, by (4.15), we have

5[V7,\7k]30 + Vij(P) = <Vj, Vk>i35p,
and by our key lemma, Vj|op = V', thus ViVj(p) =0 on 9D and
Oy, 0P = 0,r(p), on 9D.
Thus
(4.20) B=> ¢, /8 N (v, va s> -
and (4.18) implies (4.17). Now let us prove (4.16): By (2.13), we have
(Vi Vidioe.ny = ¢ji(h) + (Vi = V', Vi = VilYio(e.n i, -

Since

(V; =V 2 (i8(L, h)|p,) = (V;=V}") 5i©(L, h))|p, = (V; 3iO(L, h))|p,,
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by (2.24), we have

(4.21) 1= (esp(hug,un) + llellfoqzn)p,
Thus (4.16) follows. O
By (4.11) and (4.14), we have
(422) (©,u5,u) = 7 (en (L, Liluy, we})
+ (Dgiug, Dyeug) — mo(en{Lju;, Lyug}).
Let a’ be the (n, 0)-part of if (L;u;) and ¥/ be the (n—1, 1)-part of i} (L;u;),
ie.
a’ = if (D40v, + 0v,0)u; = i; [0y, 0v; ]uy,
and
b= Zz(E(SVJ + (Sngﬁlj = (5‘/])‘[% I Uy
Then we have
(4.23) 1Y Dyus* = Y melen{Lyuy, Lyug}) = —|lal|* = m(cn{b, 0}),
where b is defined in (2.24) and

We shall prove that:

PROPOSITION 4.4. — a is the L?-minimal solution of
(4.24) 9'(a) = 9L +c,
where b and ¢ are defined in (2.24).

Proof. — Since i} (0u;) = 0 and i} (94u;) = 0, we have

8'a? + ALY = it (D0, dv,] + 04[0, 6v, ] )wy

(4.25) . i
=i;([0,106, 0v, 1] + [09., [0, oy, ]] ).

Since

(4.26) [0, [0, 6v; 1] + 95, [0, 6v;]] + [8v;, (9, 0]] = 0,

and [9,9,] = ©(L, h), we get that
(4.27) ' + 0Ly = —(V; 5 O(L, h))|p, A

Recall that by (4.10), each Dyu; is just the Bergman projection to #; of
a’. Thus this proposition follows from (4.27). O
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By Lemma 4.3, (4.22) and (4.23), we have
(4.28)

S ©p0) = X [ 05c(0) g + 3 (e ) +
where
R = lelffocnp, — ™ (enl{b, b}) — |lal*.
Now let us prove that R’ = R. It is enough to prove that
—7(en{b,03) = [[]|2:-
But it follows directly from the following lemma:
LEMMA 4.5. — b is primitive with respect to w' := i99(—log —p)|p, -
Proof. — Recall that
b=3"@V))lp, - ;.
Since b is an (n — 1, 1)-form, by definition of primitivity, it suffices to show
that
w!Ab=0, on D;.

Thus it is enough to prove that

(4.29) ((9V;) 2 i09(—log —p))lp, =0, V1< j < m.

By definition of V; in our Key Lemma, (V; 1 i9d(—log—p))|p, = 0.

Thus (4.29) is true. O
Remark. — Now we know that Theorem 2.11 is true if each u; is a

holomorphic section of H. For finite rank vector bundles, the curvature
operators are always pointwise defined, thus it is enough to find a curvature
formula for holomorphic sections in finite rank case. One may guess that
the same argument also works for the general infinite rank vector bundle.
In the next subsection, we shall prove that at least the curvature operators
for our bundle H are pointwise defined. Thus we know that (4.28) is also
true for general smooth sections of H.

4.3. Curvature formula for general sections

By the above remark, we need to prove that the curvature operators ©
on H are pointwise defined. We shall use the following two lemmas.

LEMMA 4.6. — (©,zu,v) = (u, O4;v), ¥V u,v € I'(H).
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Proof. — By (2.6), we have
(u,0)5; = O ((Dysu, v) + (u,045v))
= (gtthj u, U) + (l)tj?l7 Dtk'U) + (gtku,gtjv) + (u, Dtkgtjv).
On the other hand,
(u, )5 = 0 ((Opeu, v) + (u, Dyrv))
- (Dtjgtku, U) + (Dtju, Dtkv) + (gtku,gtjv) + (u, gtj Dtkv).

Since (u,v)g; = (u,v),;, the lemma follows by comparing the difference of
the above two equality. O

LEMMA 4.7. — Assume that D satisfies (A1) and (A2). Fix u € T'(H)
and tg € B. Then ul| p,, can be approximated by holomorphic sections of
‘H in the following sense:

For every 0 < s < 1, there exists a holomorphic section u(®) of H over
an open neighborhood (may depend on s) of ty such that

(4.30) (n,s) — u(s)\DtO (n), 0<s<1, (n,0)~ ulp,(n),
is smooth up to the boundary of Dy, x [0,1).
Proof. — Fix a sufficiently small € > 0 and consider
Di ={¢en(to) : p(to, () < es}.

Let us define u(®) as the Bergman projection to the space of L2-holomorphic
forms on Dy of u|p; . By Siu’s theorem [46], for every 0 < s < 1, D has a

Stein neighborhood in X'. Thus by Cartan’s theorem, every u(*) extends to a
holomorphic section (also denoted by u(*)) of H over an open neighborhood
of tg. The regularity properties of {u(s)} follows directly from Hamilton’s
theorem (see Appendix A.2). O

Now let us finish the proof of Theorem 2.11. By the above two lemmas,
for every uj € I'(H), 1 < j < m, top € B, we have
(Gj,;uj,uk)(to) = limO(Gj,—cuj,ugcsl))(tO) = Slliino(uj,qul(jl))(to)

S1—

= lim Tim (45", ©,50,) (o)

= Mo, slgiino(ejkugsz)v ug™) (to)
= lim (@557, 0, ).
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g *) are holomorphic sections of H defined in Lemma 4.7. By our
curvature formula for holomorphic sections, we know that > (© jku(s) u,(f))
can be written as

Z ajk J dU+Z Jk 5 1(5)) +R(5)7

9Dy

where u

where
R(s) = [le()|[Fozmp, + ()15 — llal(s)]12:

Since a(s), b(s) and ¢(s) only depend on u§S)|DtO, by Lemma 4.7, let s — 0,
we know that (2.27) is true at ¢g. Since to is an arbitrary point in B, the
proof of Theorem 2.11 is complete.

4.4. Proof of Corollary 2.12

For any fixed ty € B, one may choose a sufficiently large positive constant
A such that p+ Alt|? is strictly plurisubharmonic in a neighborhood of the
closure of D N w~Y(U), where U is a small neighborhhod of t;. Now for
every € > 0,

he := he—s(PTAI)

defines a smooth Hermitian metric on £ with positive curvature on a neigh-
borhood of the closure of DNw~!(U). Denote by H® the associatied family
of Hilbert spaces with respect to h®. Denote by @j the assocaited curva-
ture operator on H°. Since the total space D is Stein, we know that 6} is
semi-positive. By the construction of h®, we know that cjk(h’s) is p051tlve
on DNw~(U). Thus our main theorem implies that H¢ is Nakano positive
on U. By Hamilton’s theorem, we have

Z(@Jku],uk)(to —hmz SR, ug)(to) =0, Vu,v € T(H).

Thus H is Nakano semi-positive at ty. Since t is an arbitrary point in B,
we know that H is Nakano semi-positive.

5. Curvature of the dual family

In this section, we shall prove our main application Corollary 2.15. As
a direct application, we shall give a plurisubharmonicity property of the
derivatives of the Bergman kernel, which can be seen as a generalization of
Theorem C. In the last part of this section, based on a remarkable idea of
Berndtsson and Lempert [14], we shall show how to use Corollary 2.15 to
study plurisubharmonicity properties of the Bergman projection of currents
with compact support.
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5.1. Proof of Corollary 2.15

Let f be a holomorphic section of the dual of . By Definition 2.13, we
know that there is a smooth section, say P(f), of H, such that

(5.1) fr') = (', P(f)"),
for every u! € H;. Moreover, by Definition 2.14, we know that
(5.2) flu) st fHu'),

is a holomorphic function of ¢ if u is a holomorphic section of H. Thus we
have

(5.3) 0= 9y f(u) = (u, Dy P(f)),
for every holomorphic section u of H. By Lemma 4.7, we know that
(5.4) D P(f)=0,
which implies that
(55 Oudu(IP(NIP) = @ P(f), 9 P(£)) + (©,P(f), P(f)).
By Corollary 2.12, we have

D (0,:(&P(f)), & P(f)) = 0.

for every £ € C™. Thus we have

12 &0 PN |(P(S), 32 & P(f))I?
PO PO ’

> "3y (log [|P(f)]2)E56 >
(5.6) Uy = {t €B:||P(f)!]| > 0}.

By Schwartz inequality, we have Y 0,0y (log ||P(f)|[*)&;€ = 0 on Uy.
Notice that

(5.7) NPt = 1P =1

is a smooth function on B. Thus log || P(f)|| = log || f]|| is plurisubharmonic
on B. The proof is complete.
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5.2. Variation of the derivatives of the Bergman kernel

For simplicity purposes, we shall only consider the following case:

Pseudoconvex family in C"*. — 1In this case, X is C" x B and = is just
the natural projection to B. Assume that D satisfies (A1) and (A2). One
may look at D = {D; }+ep as a smooth family of smoothly bounded strongly
pseudoconvex domains in C™. Moreover, we shall assume that £ is a trivial
line bundle over X with Hermitian metric h = ™.

Variation formula of the derivatives of the Bergman kernel. Fix
n € Dy, replace B by a smaller ball if necessary, one may assume that

(5.8) neD, VteB.

Let us consider

ololf

Dn: f fa(n) =
@OuT) - (O

where o € N", |a| := a1 + -+ + a, and dp is short for du! A--- Adu™. By

Definition 2.14, we know that every D®n defines a holomorphic section of

the dual of H. Put

(n), ¥V f=f(p)du € Hy,

‘o := P(D%n).
i.e., -on is the unique smooth section of H such that
(5.9) (f,:am) = fa(n) ¥V f € H,.

Let K*((,n)d¢ ® dn be the Bergman reproducing kernel of ;. Then (5.9)
implies that

(5.10) on=K"(umdu, (a1.-a¢) = (an)a(C) = CaOalm) = KL5(C.n),
where

glal+181 gt
(O¢)er - (OC™)an (OL)PL - - - (D) Bn (¢,m).

By (5.4), we have
(5.11) Kj,5(Cn) = 0p 0 (51, aC) = ((5M)5s (aC)z) + (©55(-m), “aC)-
By (2.27), we have

(5.12) (@jE('ﬁn)v'aC):/a 05(P) (51, aC)do + (¢;5(h)-57, -aC) + R,

Dy

where

(5.13) R = (c, c’)w%bt + (b, 1)t — (a,a )y,
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if i00¢|p, > 0, and
R = (0,6)ur — (@, )ur,
if i99¢ = 0. Here
w' = i00(—log —p)|p,
and (a, b, c) (resp. (a',V’, ")) are forms associated to -gn (resp. -o() respec-
tively. Moreover,

da= b+ c, 3a = afbb' +c.

Remark. — Theorem A.5 implies that R is non-negative as a Hermitian
form. Later we shall give an explicit expression of the Hérmander remaining
term R in case i00¢ = 0. (thus ¢ = ¢/ = 0).

Hormander remaining term for flat weight. Let us assume that
i00¢ = 0. By definition, then we have ¢ = ¢/ = 0. Put

(5.14) 0" = 85(9%)" + (95)* 0%,
We shall prove that:

LEMMA 5.1. — Ifi0d¢ =0 on D then
(5.15) R = (Hb, Hb'),,
where Hb denotes the [I'-harmonic part of b.

Proof. — Since i90¢ = 0 and w’ is complete Kéhler, we know that the
O-Laplace 0" is equal to [0'. Denote by G the associated Green operator.
Let us omit w! in (+,+),¢, then we have

(a,a) = (@) GaLb,a') = (GAL, DLY).
Since b is primitive and gt-closed, we know that b is (82,)*-closed. Thus b
can be written as
b=MHb+ (8;)*f, 8é,f =0.
Now
(a,0) = (GOL(DL)" £, 0L8) = (£, 0L0') = (b—Hb,V') = (b, ) — (EIb, HY').
Thus
R=(b,V)— (a,a’) = (Hb, HV'). O
Recall that
(5.16) b= (3Vj)Ip, 4 (-:sm), V' = (Vi)Ip, o (-aC).

Thus Lemma 5.1 implies that:
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THEOREM 5.2 (Variation Formula of the Bergman Kernel). — The first
order variation formula of the Bergman kernel can be written as

(517) Kl (G =i / sty = [ L am o).
Moreover, if i00¢ = 0 on D then
(5.18) Kl 5(Cm) = ((om)p / 0,1(0) (-1, o) dor + (Eb, HV),

where b= (3V;)|p, 2 (-4m), V' = (OVi)|p, 5 (-a()-

Proof. — Notice that (5.18) is a direct consequence of Lemma 5.1. Thus
it suffices to prove (5.17). Notice that (4.3) implies that

JQB(C 77) =i" /D L%/j{‘ﬁ% 'aC}'
By Cartan’s formula
LV = iy (ddy, + dy,d),

thus we have

K (G =i / 51, Lo aC} + 17 /@{BMC}

By the reproducmg formula,

2
m, aC 2Kta 777 —" / ¢ B, 'OtC )
[ O LomaCt = 2K 5(Com) [ orton )
which imphes (5.17). O

Remark. — If « = 8 =0 and ¢ = 0 then (5.17) is Komatsu’s formula
(see [32]). Recently, Berndtsson [11] showed that (5.17) can be used to study
the comparison principle for Bergman kernels. In fact, if D is a product
then (5.17) is just [11, (2.2)].

5.3. Variation of the Bergman projection of currents

In the last section, we discussed the plurisubharmonicity properties of the
Bergman projection of the derivatives of the Dirac measure. Recently, it is
known that the plurisubharmonicity properties of the Bergman projection
of other kind of currents are also very useful (see [14]). In this subsection,
we shall show how to use Corollary 2.15 to study variation of the Bergman
projection of general currents with compact support.
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Smooth family of currents with compact support. Denote by A;
the space of smooth sections of Kp, + L; over D;. Put

A= {At}tEIB-

We shall introduce the notion of the dual of A by using the language of
currents. Denote by A} the dual space of Ay, that is the space of L}-valued
degree (0, n)-currents with compact support in D;. Fix f* € A}, we shall
formally write
fiut) = fraut, Y ul € Ay,
Dy
even though the (n,n)-current f' A u! may not be integrable in general.
Put
A= {A}ren.
Denote by Supp f* the support of ft. Denote by K » /B the relative canonical
line bundle associated to 7, recall that

(519) KX/]E I:K/\g—ﬂ'*KB, KX/]B|D1,2KD1,-

We shall introduce the following definiton:

DEFINITION 5.3. — Wecall f : t — f' € A} a smooth family of currents
with compact support if
(5.20) U Suppft e D, VK €B,
teK

and for every smooth section r of (Kx g+ L) K (Kx /s + L") over
XX X i={(z,y) e X x X :7(z) =7(y)},

there exists a smooth section, say uy ., of Ky g + L* over X such that

(5.21) SH(EY) = uf (), Vv e C®(X, Ky + L), t €B.

Remark. — Let us explain the meaning of (5.21). The right hand side
is clear, that is

u?,{(vt) ::/ utfﬁ At
Dy

For the left hand side, by Assumption(Al), the restriction of = to the
closure of D is proper, thus we know that

kL) e ki, ) AV, Vo e (),
Dy

defines a section in A;. Thus f*(k?(v?)) is well defined. Hence (5.21) means
that the current defined by f(x) is smooth up to the boundary of D.
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Bergman projection of smooth family of currents with compact
support. We shall prove the following proposition:

PROPOSITION 5.4. — Assume that D satisfies (A1) and (A2). Let f :
t — ft € A} be a smooth family of currents with compact support. Then

(5.22) fiout = fiul), Vaul e Hy,
defines a smooth section of the dual of H in the sense of Definiton 2.13.

Proof. — (5.20) implies that there exists a smooth real function, say x,
on D such that

x=1on U Supp f*, Supp(x|p,) € Dy, ¥Vt €B.
teB

Denote by K the Bergman kernel of H;. Put
XK : (z,y) = x(@) K™ (2,y), V (2,y) € D x5 D.

By Hamilton’s theorem (see Appendix A.2), Assumptions (Al) and (A2)
imply that xy K is smooth up to the boundary, i.e., it extends to a smooth
section of (Ky/p + L) X (Kxp + L*) over X x X. By the reproducing
property of K*, we have

(XK)'(v") = (xv)', Vv € T(H).
Thus by (5.21), we have
Frh) = F1(0w)") = FHIOE) (1)

= U?,XK(Ut) :/ u'},XK Aot Y ot € Hy.

t

(5.23)

Let us write

ul e Aot =" [t P(f)'}, Vot € C%(Dy, Kp, + Ly).
Thus we have
(5.24) FUXE) (v') = (0", P(f)), ¥ v' € C%(Dy, Kp, + Ly).

Since (xK)'(Hi) = 0, we have P(f)'! € H;. Thus P(f) € I'(H), and
by (5.23), we have

(5.25) fHwh) = (', P(f)"), Vv € D(H).
By Definition 2.13, we know that f defines a smooth section of the dual
of H. O
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Remark. — By Lemma 4.7, if D satisfies (A1) and (A2) then H; is equal
to the closure of {u! € H; : w € T'(H)}. Thus (5.25) implies that

(5.26) IP(HIP(E) = sup{|f*(w)|? : w € Hy, i /D {u,u} =1}

By this extremal property, one may generalize Corollary 2.15 to the case
that the metric h on L is singular.

6. Triviality and flatness

In this section, we shall prove Theorem 2.17 and use it to study triviality
of holomorphic motions.

6.1. Proof of Theorem 2.17

Triviality implies flatness. By definition, if D is trivial then one may
assume that the vector fields 9/0t/ are well defined on D, tangent to the
boundary of D and can be extended to smooth vector fields on X. Thus
we have

(6.1) 0,0(p) =0,
on OD. Moreover, in this case b = 0. If ©(L, h) = 0 then we also have ¢ = 0.
Thus a = 0 and R = 0. By our main theorem, we know that H is flat.

Flatness implies triviality. By Theorem 2.11 and our assumption, we
have

S (@5, u) = 3 /8 O34y mdo + B

where R > 0. Moreover, since D is Stein, we have

Z 0;5(p)(uj, ug)do > 0.

9D
Thus if ©,; =0 then R =0 and

(6.2) 0,5(p) = (V. Vi) 53, = 0 on 9D.
Since

(Vi Vidiaz, | Vi(p)Vi(p)
(6:3) <Vj7Vk>i85(flog*p) B —p e p? 7
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and V; =V on D, by (6.3) and (6.2), we know that (V;, Vi) i08(— 1og —p) 15
smooth up to the boundary of D. We shall use the following lemma, which
follows from

(6.4) V' =0/t = wsuo/ou”,
by direct computation.

LEMMA 6.1. — Let ¥ be a smooth function on D. Assume that v is
strictly plurisubharmonic on each fibre of D. Denote by ij the horizontal
lift of &/0t) with respect to i00. Then

VIV =0, VIV =Y en@)s N o/opt — e (), 0™ 0/0i,
where ¢;1. () = (V V )Zaaw

Let us apply this lemma to ¢ = —log —p. Now by definition of V; in
Lemma 2.9, we have V; = V;/’. Since (—log —p)* = 0 on dD. By (6.3) and
the above lemma, we have
(6.5) [V;,Vk] =0, on D, and [V}, V}] =0, on dD.
on the boundary of D. Moreover, we shall prove that the following lemma

is true.

LEMMA 6.2. — Assume that D satisfies (A1) and (A2). Assume further
that Ky g+ L is trivial on each fibre of m and ©(L,h) =0 on D. If R=0
then each V}p has a smooth extension, say \7j, that is holomorphic on fibres
and smooth up to the boundary of D.

If the above lemma is true then by (6.5), we have
Vi, Vi] = [V;,Vi] =0, on dD.
Since ‘73 are holomorphic on fibres, we have

0 — O -

Vi, Vil = 55 Vie = 55 Vi
Thus
6_ V 0, on 0D.
otk
Since WV are holomorphic on each fibre, we have
38k: =0, on D.

Thus each f/j is a holomorphic vector field on D. Moreover,

[f/j, Vi] =0, on D.
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Thus D is trivial. The proof of Theorem 2.17 is complete. g

Now let us prove Lemma 6.2:

Proof of Lemma 6.2. — We shall prove that R = 0 implies that every
Vilop(= V) has a holomorphic extension to D. Notice that the proof of
Lemma 5.1 implies that

where w! = i00(—log —p)|p,. Thus R = 0 implies that Hb = 0. Since w' is
d-bounded in the sense of Gromov (see [1, 21, 26]), and

b= (@V))lp, - u;

is O-closed, we know that there exists a smooth L;-valued (n — 1,0)-form
ut such that 8w’ = b and

llu'{lwr < 2[[bl]wr < oo

We claim that u : (n,t) — u'(n) is smooth up the boundary of D and u = 0
on dD. In fact, if we can show

(6.6) {f,0} =0,
D,

for every 82—closed Li-valued (n — 1,1)-form f that is smooth up to the
boundary of Dy, then xb € Im(@é)*, where * is the Hodge-de Rham operator
with respect to (i09p)|p, and (94)* is the adjoint of 8% with respect to
(i09p)|p,. By the regularity property of the d-Neumann problem (in fact,
in our case, it is Dirichlet problem), one may solve
(95)"v" = «b.
where v : (1,t) = v(n) is smooth up to the boundary of D. Since (9%)* =
— % gt*, we have
9'(—#vh) =b.
Since v € Dom(8})*, we have v* = 0 on dD;. Thus || — #v'[|,+ < co. Since
there are no L? (with respect to w') holomorphic L;-valued (n — 1, 0)-forms
on Dy, we have u' = — % v*. Thus our claim follows from (6.6).
Now let us prove (6.6). Put p' = p|p,. Since b is smooth up to the
boundary, we have

I % N GRS Ny BN s

t <T} r—0—
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Since
Lt~ 99p)lb,

—p

we know that ||u?||,: < oo implies that

|ut|?65plz> (i09p)" |p
/ : L < oo
D,

—p n!
Thus
.. 12 _
hrgérlf /{pt_r} u |i65p|Dt do = 0.

Since f is smooth up to the boundary, we know that

(6.8) lim (1)n/{r }fmt:o.
pt=r

r—0—

Thus (6.6) follows from (6.7) and (6.8), and our claim is proved.

By our assumption, Ky g + £ is trivial on 771(t), thus there exists a
holomorphic section, say e, of Ky g + £, that has no zero point in 7L(t).
Now fix t € B, 1 < j < m. Put

uj=e, up=0,VEk#j.

By our claim, one may solve 9 uf = (0V;)|p, » e such that u* = 0 on the
boundary. Since e has no zero point in 7=1(¢), one may write

u' =V Je, on Dy
Thus we have
9'(V; = V) =0, on Dy; V; =V =V; on Dy,

Thus Vj|sp, has a holomorphic extension, say Vj\ D, to Dy. The regularity
property of V; follows from the regularity property of u‘. The proof is
complete. O

6.2. Triviality of holomorphic motions

We shall show how to use Theorem 2.17 to study triviality of holomorphic
motions.
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Basic notions on holomorphic motion. Recall that that if every fibre
D; is a domain in C then:

0D is Levi-flat if and only if 0,;(p) = 0.

It is known that the boundary of the total space of a holomorphic motion
of a planar domain is Levi-flat. Recall that, by definition, a homeomorphism
(6.9) F:(z,t) = (f(z,1),1),
from Dy x B to D is called a holomorphic motion (see [36]) of Dy (with

total space D) if f(-,0) is the identity mapping and f(z,-) is holomorphic
for every fixed z € Dy.

Curvature formula for holomorphic motions. Assume that Dy is a
smooth domain in C and F' is smooth up to the boundary. Assume further
that £ is trivial and ¢ =0 on D. Put

VI = F.(0/0t) = 0/0t + f;(2,4)0/0C.
By definition, VjF (p) =0 on dD. Thus
VI =V; =V’ ondD.
Hence we have

1DV =V)) 5wyl < oo,
which implies that

> (©j5u,ur) = [[HY_(OVi)|p, = uy)ll® = [[HY_ @OV, 5 uy)ll*

Criterion for ©,; =0 by using the Bergman kernel. Put

J=fz/f
Since
8/0¢ = 2;0/0z + 70/ 0z,
and . ~f
ATV AC R T AR VA
we have

(fz)QJj ~ 0

_ _ 9
(6.10) (V)| = (fjz2¢ + [iz70)dC © d¢® a

¢ [LPA=1T1?)
Thus @j;C = 0 is equivalent to

t = <f2>2‘]] P i o
o [ K () G0 it nag =o.

for every (n,t) in D and every j.
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Proof of Corollary 2.18. — Since J = a(t) now, by (6.11), we know that
0,5 = 0 is equivalent to
[ K¢ id¢ A d = o.

1—lal* /p,

for every (n,t) in D and every j. But notice that

K'(¢, ) id¢ AdC = 1.
Dy

Thus ©,; = 0 is equivalent to a; = 0 for every j. Since a(0) = 0, we know
that ©;; = 0 is equivalent to a = 0. O

Remark. — In [35], Ren Shan Liu showed that if f = z + 2, then
F(DxD) is not biholomorphic equivalent to the bidisc, where I denotes the
unit disc. Interested readers can find more information on the holomorphic
motion in [49] and [50].

Appendix
A.1. Variation of fibre integrals

Let B be the unit ball in R™. Let {D;};cp be a family of smoothly
bounded domains in R™. Put

D:={(t,x) e R"™" 2 € Dy, t € B}.

Assume that there is a real valued function p on B x R™ such that for each
t in B, p|p, is a smooth defining function of D;.

We call {D;}+cp a smooth family if there exists a fibre preserving diffeo-
morphism ® from B x Dy onto D such that for each 1 < j < m, ®,(9/0t7)
extends to a smooth vector field on R™. Put

(A.1) [D]:=Dn (B xR"), 6D :=dD N (B x R").

Let dz := da' A --- A dz™ be the Euclidean volume form on R". Fix a
smooth function f on a neighborhood of [D]. If {D;}+cp is a smooth family
then the fibre integrals

F(t) = f(t,x)dx
D,
depend smoothly on ¢ € B. We shall introduce a natural way to compute
the derivatives of F(t) (see [44] for related results). For every fixed j €
{1,---m}, let
0 0

Vi= g5 2.V g
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be a smooth vector field on a neighborhood of [D]. We shall prove that:

THEOREM A.3. — Let {D; }+ep be a smooth family of smoothly bounded
domain in R™. Assume that V;(p) =0 on D. Then we have

2 = [ (e = [ Ly (),

for every t in B, where L% = 1if(Lv;,).

Proof. — Without loss of generality, one may assume that ¢ = 0 and
j = 1. Since V;(p) vanishes on 6D, the motion

®:(~1,1) x Dy — R™
of Dy associated to V; is compatible with {D,}, i.e.
®(a x Do) = Dgy, v=(1,0,---,0) € R™,
for every a € (—1,1). Since for every fixed a € (—1,1),
Oz Pa,x)
is a C* isomorphism from Dy to D,,, we have

(A.3) %(0) - i /D f(av, @a(x))dCDZ(x) — (0, 2)dx

Since V7 and f are smooth up to the boundary, we have

oF = . flav,®%(x))d®*(z) — f(0,z)dx
(A4) %(0) N /Do o;lélargo a ’

By definition of Lie derivative,

(A.5) Ly, (f(t,z)dx) (0,z) = Oyléian—lm [(\I/“)*(fda:)](Oc;x) — /0, x)d:p7

where
T (by, 0 (2)) = (bv + av, ®T(x)), (b,x) € (—1+ |al,1 — |a]) x Dy.
Since
io {[(¥*)"(fdx)](0,z) — f(av, ®(x))d®"(x)} = 0,
(A.2) follows from (A.4) and (A.5). O

Now assume that m = 2, put

o _1(o9 90N o 1[0 .0
ot 2\ott ot2)’ ot 2\ott o2 )’

Let
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be a smooth vector field on a neighborhood of [D]. If V(p) vanishes on
0D, then both 2Re V and —2Im V satisfy the assumption of Theorem A.3.
Thus we have:

COROLLARY A.4. — If V(p) vanishes on 6D then

G0 = [ thienm. o= [ L),

for every t € B.

A.2. Stability of the Bergman kernel

We shall give a short account of Hamilton’s theory on regularity proper-
ties of families of non-coercive boundary value problems. By [3, Lemma 2.1],
stability of Bergman kernels follows directly from stability of solutions u!
of a family of d-Neumann problems [J¢(-) = f*. But it is not easy to prove
regularity of u’ by the standard method. In fact, if we want to use

(A.6) 10 (u" — )| = (I = f* = (@ = O],

to estimate ||u® — u®|| then we have to find a natural connection between
the domain of [J* and the domain of [ (i.e., u®* may not be in the domain
of [I).

Hamilton [28] found a more natural way to study the regularity properties
of families of non-coercive boundary value problems (not only for the 0-
Neumann problem). For reader’s convenience we give a sketch description
of Hamilton’s idea.

Instead of considering [ (whose domain satisfies the so called 9-Neumann
condition), Hamilton considered the full Laplace operator Ot (whose do-
main contains all forms smooth up to the boundary). Let u! be a form
smooth up to the boundary. In general, the Sobolev norm of ﬁ(ut) could
not control the Sobolev norm of u!. In fact, u* has to be in the domain of
O (see [22]). Thus two more operators (sending forms on D; to forms on
the boundary of D;) are used in Hamilton’s paper, i.e., he considered the
full 9-Neumann problem

(A7) &' ()= (0L @'V, @) V') () = £,
where

@ p)vi= (@ pA-)-.
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Now the domain of &* is Cg5, (D) for each t. Choose a C* trivialization

mapping

B x Dy~ D,
then the domain of G can be seen as a fixed space C5, (D). Moreover,
by [28], the constant in the basic estimates for &' can be chosen to be
independent of ¢ € B. Thus (A.6) applies. The interested reader is referred
to that paper for further information and a clear proof.

A.3. L2-estimate for da = Ogb + ¢

We shall prove a generalization of Demailly’s theorem (see [6, 19, 29]) in
this section.

THEOREM A.5. — Let (L,h) be a Hermitian line bundle over an n-
dimensional complete Kahler manifold (X,w). Let v be a smooth O-closed
L-valued (n, 1)-form. Assume that

i©(L,h) >0 on X, (resp. i©O(L,h) =0 on X)
and

I(v) == mf ||b||2 + ‘|C‘|1@(L7h) < o0, (resp. I(v):= inf [[b]]2 < o0).
v= v=04b

Then there exists a smooth L-valued (n,0)-form a on X such that da = v
and

(A.8) llal2, < I(v).

Proof. — We shall only prove the i©(L, h) > 0 case, since the it©(L, h) =0
case can be proved by a similar argument. By Hérmander’s theorem and
the standard density lemma for complete Kéhler manifold, it suffices to
prove that,

(A.9) 19 + ¢ 9)* < (IBIIE + llellZoqzm) (10 glIZ + 1129112,

for every smooth L-valued (n, 1)-form g with compact support in X. Notice
that

(8¢>b +¢,9)w = (0, a:;g)w + (¢ 9)w-
Hence
(D6 + ¢, 9)w > < ([IBI12 + [lellZo(rn) (1059112 + ((O(L, h), Aulg: 9)),

where A,, denotes the adjoint of wA. Thus (A.9) follows from the Bochner—
Kodaira—Nakano formula. The proof is complete. ]
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