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1. Introduction

Let B be the unit ball in C" considered as the Hermitian symmetric space B = G/K of G = SU(n,1),n > 1.Let I
be a cocompact torsion free discrete subgroup of G and p a finite dimensional representation of G, and X = I" \ B. The
representation p of G defines also one for I C G. The first cohomology H'(I", p) is of substantial interests and appears
naturally in the study of infinitesimal deformation of I" in a bigger group G' O G; see [1-5]. It is a classical result of
Raghunathan [6] that the cohomology group H(I", p) vanishes except when p = pj, is the symmetric tensor S™(C**1)
(or p, on S™(C™1Y). In a recent work [1] it is proved that realizing H!(X, p) as harmonic forms, it consists of (0, 1)-forms
for the symmetric tensor of the holomorphic tangent bundle of X = I" \ B. The proofin [ 1] uses a Hodge vanishing theorem
and the Koszul complex. In the present paper we shall give a rather elementary proof of the result. We will prove that any
harmonic form with values in S™(C"*1) is (0, 1)-form taking values in S™(C"). Let TX and T'X be the holomorphic tangent
and cotangent bundles respectively. Let £~! be the line bundle on X defined so that £~("t1) is the canonical line bundle
K = Kx. More precisely we shall prove the following, the notations being explained in Section 2,

Theorem 1.1. Let I" be a torsion free cocompact lattice of G acting properly discontinuously on B.

(1) Let @ € AY(I", B, piy) be a harmonic form. Then o is a (0, 1)-form on I \ B with values in the holomorphic vector bundle
SMIX @ £~™.

(2) Let o € AT, B, p},) be a harmonic form. Then « is a (1, 0)-form on I" \ B with values in the holomorphic vector bundle
S™T'X ® £L~™ and « is symmetric in all m + 1 variables. In particular « is naturally identified with a section of the bundle
Sm+1T/X ® rm
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Corollary 1.2. Let I" be as above and assume that I" \ B is compact then we have
HYI, pm) = H'(I'\B,S™X ® £™), H'(I", p,,) = H(I" \ B, S™"'T'X ® ™),

where the cohomology on the right hand side are the Dolbeault cohomology of 3-closed (0, 1)-forms of the holomorphic vector
bundles.

The case n = 1, namely a Riemann surface I" \ B, is slightly different. In that case the group cohomology H'(I", py) of the
2jth power of the defining representation of I" C SU(1, 1) will have both holomorphic and antiholomorphic components,
HOO(I | py), HOV(I", py;), the holomorphic part HO(I7, p,;) corresponds to

HYOUT, pyy) = HMO( \ B, )0 = HO(I \ B K

of the tensor power of the canonical line bundle. This is known as the Eichler-Shimura correspondence; see [7, THEOREME 1]
where a concrete construction was given. We can also follow our proof and get an elementary proof of this result.

Our proof is a bit tricky but it is still very akin to the variation of Hodge structures; conceptually we are treating
explicitly the filtration of holomorphic bundles defined by the central action of K. It is stated in [1] that the results can
be derived from the work of Deligne and Zucker [8,9]. We note here that results of this type that (0, q)-forms in the group
cohomology HY(I", B, p) are actually (0, q)-forms for a corresponding automorphic bundle have been obtained much earlier
by Matsushima and Murakami [ 10,11]. Such vanishing results are also at our disposal thanks to very general works of Vogan
and Zuckerman. And it seems that one can prove the above result by combining the works of [ 10-13]. This would certainly be
of interest as people in rigidity theory are not so familiar with Vogan-Zuckermav’s work. But our method is down-to-earth
hence we expect that it can be applied to various situations. For example we deal with n = 1 case, i.e., surface case in the
last section, which is not available in [ 1]. We will investigate further applications in the near future.

2. Preliminaries

Let V = C™! be equipped with the Hermitian inner product (Jv, v) of signature (n, 1), where J is the diagonal matrix
J = diag(1,...,1,—1) and (v, w) = Y w; the Euclidean form in C"+!. We write V = V; @ Ce,; with V; being the
Euclidean space C" with an orthonormal basis {e;, k = 1, ..., n}. Let G = SU(n, 1) be the group of linear transformations on
V preserving the Hermitian form. The maximal compact subgroup of G is

K= {[/3 e?g] ;A e U(n), e? detA =1} = U(n),

namely K = S(U(n) x U(1)) = U(n). The subgroup SU(n) C U(n) viewed as a subgroup in K will be denoted by SU(n) x e to
avoid confusion. The Lie algebra g = su(n, 1) consists of matrices X such that X*J + JX = 0. The symmetric space G/K can be
realized as the unit ball Bin V; = C", B = G/K with x, = 0 being the base point. Let g = ¢ & p be the Cartan decomposition
of g and the subspace p = {&,; v € C"} with

0 v
€”=<1‘1 0)'

The tangent space Ty,(B) at xo will be identified with p = C" as real spaces.
We fix an element in the center of the maximal compact subalgebra ¢ = u(n)

Ho = (n+ 1)~/ —=1diag(1, ..., 1, —n),
which defines the complex structure on B, and we have
sin+1)=sln)®CHy ®p* ®p~.

Then the holomorphic and anti-holomorphic tangent space p* consists of upper triangular, respectively lower triangular
matrices. We denote

1 1
§=2m—@»=@ @eph&=2@+@a=@ $ep, 1)
the C- and C-linear components of £,.

Let V; = C" be the defining representation and det(A) the determinant representation of U(n). We take the diagonal
elements as a Cartan algebra of gl(n, C) and the upper triangular matrices as positive root vectors. Denote wy, ..., w,_1 the
fundamental representations of U(n), so that w; = Vj is the defining representation above and w,_1 the dual representation.
Note that ; has the highest weight L + - - - 4 L; where Lj(diag(hy, .. ., hy)) = h; is a canonical dual element on the Cartan
algebra.

As complex representation of u(n) we have

pT =w; @det =V; @det, p” = wp_q @ det™ .
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This entails that, for A € U(n),
AES A NEF) = (detA)AES Ao AAET = (det AYTI(ES Ao AES).

V1

Hence
K= A"p" = (det)*"! (2.2)

and £ = det.
We shall just identify p* with V4, p* = V;, when the center action of U(n) is irrelevant.
The defining representation V of G under u(n) is

V=V, ®det™!

We shall consider its symmetric representation (S™(V), o) of G and g. Note that we have

W =S™(V) = @ Wk = DS (V1) @ e, (2.3)
and we make the identification of the spaces
Wy = SK(V1) ® ey = SK(V)

whenever the factor em k is irrelevant.

Note that the Euclldean inner product on V induces one on W = S™(V) and the above decomposition is an orthogonal
decomposition. Note also that action of pp,,(X) is Hermitian for X € p and skew Hermitian for X € ¢.

A representation of G on a finite dimensional real or complex vector space defines also a vector bundle over the quotient
space I"\ Band we recall briefly its construction following the exposition [ 10,14] and also some notations there. Let (W, p) be
a finite dimensional representation of G on a real (or complex) vector space W. Eventually we shall only consider W = S™(V)
as above and its dual S™(V’). We fix on W a K-invariant positive definite inner (respectively Hermitian) product. Let I
be a torsion free discrete subgroup of G. The restriction of p on I" will also be written as p. Suppose I" acts properly
discontinuously on B.Let I x K acton G x W by (v, k )(g, w) := (ygk 1, p(y)w).ThenE, = Gx W/I" x K is a vector bundle
on I" \ B. The de Rham operator d is well-defined on E, and we let A, = dd* + d*d be the corresponding Hodge Laplacian
operator on space of p-forms £2(I" \ B, E,). We choose its standard realizations as W-valued p-forms on G as follows. Let
AP(I", B, p) be the space of W-valued p-forms « on G satisfying

(@ a(yg)=al(g),yerl.
(b) ple)a(gr™) =alg), « €K.
() Y)x=0,Y €t.

Here ((Y) is the pairing of Y € g as left-invariant vector fields on G (by differentiation from right) with a p-form « on G,
(Y)a(Zy,...,Zy—1) = a(Y,Z;, ..., Zy_1). Equivalently it can be realized as p-forms on I" \ G satisfying (b) — (c) above and
Aﬁ(l“, B, p) denotes the space of W-valued p-forms on I" \ G. With some abuse of notation we denote A, the corresponding
Hodge Laplacian on A(T", B, p).

We shall also need the automorphic bundle defined by representations of K, see [10]. So let (V, t) be a complex
representation of the complexification of K¢ and we fix as above a Hermitian inner product on V so that K acts unitarily. The
group I" x K actson G x V by (y, k)(g, w) = (yg« ™!, T(k)w). Then &, = I' x K\ G x V defines a holomorphic vector bundle
over I" \ B. The p-forms on the vector bundle can be realized as the space AP(I", B, t) (again with some abuse of notation)
of p-forms on I \ G satisfying

( ) t(k)e(ge ) = alg), « €K.
() (Y)a=0,Y et.

When p is a complex representation of G and (t, K) is a sub-representation of p restricted to K, then discrete group
cohomology HP*9(I", B, p) and automorphic cohomology H?9(I", B, t) are related by the work of [10].

3. The Eichler-Shimura isomorphism

In general, a real linear map B on a complex vector space W decomposes into C-linear part B* and C-linear part B~ so
that B(w) = B*(w) + B~ (w) for w € W. For any real linear map A : p — Endr(W) from p to any complex vector space W
we let

1 1
AT(&) = (A& — iAW), AT(6) = S(A(6) +iA(w))

be the C-linear and respectively C-linear components. In particular for any complex representation (W, p) of G and g we
have

pE(E) = p(EX),
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where £F are defined in (2.1). Let now p = pp, be the representation S™(V) and p™ the dual representation S™(V’) of g.
Note that p; is a defining representation V. We start now with a few simple observations formulated only p = pn;; the
corresponding ones hold for p™.
Denote by
Pe: W — Wy =SKVy) @ el

the orthogonal projection onto the component W, in (2.3), and write

m
o = E (0773
k=0

the corresponding decomposition fora € W = ZZLOW,(.
Let {X;} be an orthogonal basis of p viewed as tangent vectors on I" \ G at a fixed point I"g and {e;} be the corresponding
orthonormal basis of Vi. Let T =T, and T* = T;'; be the operator defined on A'(I", B, p) as follows.

Ta(X1, X2) = p(X1)a(Xz) — p(X2)a(X4)

Tra =Y p(Xa(X;).

j=1
We recall the following result [ 14, Corollary 7.50]
Proposition 3.1. Suppose @ € Aé(]", B, p) is harmonic, A, = 0. Then T,a = 0 and T = 0.

This can be restated as the following (which is also proved in [2] for $?(V) by using matrix computations).

Corollary 3.2. Suppose o € Ag(F, B, p) satisfies T, = 0 and T;o = 0. Then the W-valued R-bilinear form (X, Y) — p(X)a(Y)
is symmetric

plE (&) = plEu)ar(Ey). (3.1)
and trace free
D (o) + plEie i) = 0. (32)

j
Our theorem will be an easy consequence of the following proposition, whose proof'is based on a few elementary lemmas.

Proposition 3.3.

(1) Suppose a € Homg(p, W) satisfies Toa = T;a = 0. Then « is C-linear and takes value in W,, = S™V,, that is,
o =0y = o, € Homg(p~™, Wp).
(2) Supposea € Homg(p, W) satisfies Tya = T;,a = 0. Then « is C-linear and takes value in S™(V}). Moreover as an element

in (pt) @ S™(V;) = (V1) ® S™(V}), it is symmetric in all variables, i.e., an element in S’"“(V{ ), the leading component in
(V1) @ S™(Vy).

Denote u'v/~ the symmetric tensor power of u and v normalized by
Jj ;
i _ o _ I\ i j-i
(u+v)’—®’(u+v)—z<i>uvl :
i=0
Note that the representation p = pp, is the symmetric tensor S™(C**1) and p’ = p/, its dual throughout the paper.
Lemma 3.4.
(1) Let 1 <k <m — 1. Then forany 0 # &, € p,
P(&) : Wie = Wierr + Wi, (€)1 Wie = Wirr, p(8,) : Wi — Wiy,

and on each space it is nonzero. Moreover if w € Wy and p(&,")w = 0 or p(&, )w = 0 for all gvi € pt thenw = 0.

(2) The restriction p(&))lw,, : Wm — Wpn_1 on the top component Wy, of W is C-linear in &,, p(&))lw,, = o~ (§)lw,,, and
p(&y)w, on the bottom component is C-linear in &,, p(&§,)w, = P (5w,

Proof. The defining representation p; is just the matrix multiplication and we have

P1(&)u = (v, U)eniy
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foru € V4, and

p1(5)en1 = v.
Thus
Pl(fj)” =0, p1(§, Ju= (v, uent1, p1(&)ent1 = v,
and
Pl(f;—)en+l =, Pl(fv_)enﬂ =0.
Taking the tensor power we find
p(E en y = kvel 1, p(E) el = kujensaef ™', 1<j<n,
which are non-zero if v; # 0. Then

PEN W) = p(&XSK (V1) ® k) = (m — k)vel ) € Wiy,

P(E W) = p(&, XS* V) @ e ) e SV @ e ) € Wiy
First note that
p(k)p (E)p(k ") = pT(Ecn), « €SU) x {e}, v € Vy.
If p(6X)w = 0 for all ¢* € p* and for a fixed w # 0, then
p(k)p(EN )Pl w = p(E5)w =0

for all k € SU(n) x {e}. Here the action of K on W is via the given representation p from G. Hence it is zero for all p(k ~!)w,
and therefore zero for w = eJ’-‘, j=1,...,n, contradicting the previous claim.
The second part (2) follows immediately from the above formulas for p(svi) and fact that Wy, ; = 0and W_; =0. O

The space Homg(p~, W;) of C-linear forms 8 = B~ on p~ will be identified with the tensor product (p~) ® W;. Using
(p~) = Vi ® det, the tensor product is decomposed under K as [15]

Home(p™, W) = (p ) @ (V) @ ey ‘
=T (V)@er ) (V) ®eptd)
with the corresponding highest weights
w1 ® jo1 = (j+ Nw1 +(( — No1 + 2).

(3.3)

Lemma 3.5. If p~(£,)87 (&) = p~(&,)B(£,) then B is in the first component S'T1(V;) in the above decomposition (3.3).

Proof. Note that the relation p~(&,)87(&,) = p~(&,)B (&) is invariant under the K-action, since
p()p™(E)p(k ™) = pF(6), Kk €K, v eV

and
p(ic)Blgr™") = B(g)

for all « € K (see Section 2), which results in

p(k)p™(E,)B(gk ™) = p™(£cr)B(E).

Thus if 8~ satisfies the relation so is its component in ((j — 1)w; + w;). We prove that any element in ((j — 1)w; 4+ @3)
satisfying the relation must be zero. This space is an irreducible representation of K and we need only to check the relation
for its highest weight vector. The highest weight vector of ((j — 1)w; + w) in V; ® §/(V7) is

B=e®¢ —e @€ e)
where ¢; is a dual vector to &or in p~. We check the relation
pESIBES) = plEIBIES)-

The left hand side is —e"ll_le,m whereas the right hand side is je’;_len+1, and the relation is not satisfied. Hence 8 should be
in the first component §*1(V;). O

Note that {e,} is an orthogonal basis of V;. Observe that for any § € Homg(p~, W;) we have

p(&,)B € Homz(p™, Ws1).
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Lemma 3.6. Suppose 1 < j < m. The map

T :Homg(p™ W) = (i + Doy & (( — Dot + w2) > Wit B> Y pl(E)BES,)
k=1

is up to non-zero constant an isometry on the space (j + 1)w; where w;s are fundamental representations of U(n) introduced in
Section 2.

Proof. It is clear that T is a K-intertwining map from Homg(p~, S(V1)) into Wj,;. By Schur’s lemma it is either zero or an

isometry up to non-zero constant on the irreducible space (j + 1)w;. To find the constant we take 8 = &1 ® e"l ef:{ where &;

is the dual form of &, Itis indeed in the first component (j + 1)w; and is actually the highest weight vector. Then by direct
computation we find

o jH1 m—j—1
TB=(m—je ey
which is nonzero. O
We consider the corresponding symmetry property for the dual representation o’ = p™.

Lemma 3.7. Suppose B = B is S™(V;)-valued C-linear form on p™. If p'(§)B(&,7) = p'(§)B(E;}) then B as an element in
(pT) ® S™(V;) is symmetric in all m + 1 variables.

Proof. The statement is equivalent to that B(€,)(&,", &, --- , & )is symmetricinallm+1variables. However the equality

vy’
Pp(ENBET) = p'(&,)B(E,) implies that it is symmetric in the first two variables and thus is symmetric in all m+1 variables.
More precisely, viewing p'(§;7)B(&,F) and p'(§,7)B(&,) as elements in S™(V'),

P'(ENBES Nens, - .-, ener) = BES NP (E enst1, - - p'(E Jen+1)

= P'ENBE Nent1s - - env1) = BE O (E Jensrs -, /(8 Jenr1).

Hence from p/(§; )en1 = uand p’(§;" )ent1 = v and identifying p™ = V4, we get

BENE ..., &N =BENES....6H. O

We prove now Proposition 3.3.

Proof. We shall prove by induction thatallo; = 0 fork < m — 1.Let 1 < k < m — 1. Taking the kth component of (3.1) we

get
P (EDe (&) = pT ()4 (60), (3.4)
p_(SM)a]?+1($v) = p_(é:v)a];_](é:u)s (35)
pT(EDe_1(5) = p (&)t (6a)- (3.6)
We prove first that «g = 0. Consider the 1-component of the identity
Tha =Y (plég)rlEy) + pléie )r(Eiey)) = 0 (3.7)

]

and write each term in terms of their C-linear and C-linear parts. Note that bilinear C-linear and bilinear C-linear terms
have their sum zero. Also on the component W, the action p(&,) = p(&,;) is C-linear, by Lemma 3.4. Thus

D (P g () + 07 (&g )3 (&) = 0.
j

But by the equality of (3.6) for k = 1 we have p(gej‘, )a;(gej) = p(sejf )aa(sej ). Namely
2 plES ey (o) = 0. (38)
J

Taking inner product with ewﬁﬁl € W1, and using the fact that

(0(E g (&, ), eren'y) = (g (&), p(&;, Neren ) = (e (e, ) €ty y)
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and
(p(‘g;—)aa(gEj)a elenm;]]) = <aa(‘§€j)v (S )(elen+] )) =0, J 7+_ 1,

we see that (g (&), e, ;) = 0, namely o (&,) = O since it is a scalar multiple of e}, ;. By the I< invariance of above
relation (3.8) we may replace e; by any e;, and get o (“;‘e )=0,ie,a, =0andap is C-linear, og = O‘o Now Wy = Cey, ; is
one-dimensional and «y is thus of the form

(&) = ao(§) = (uo, u)ey,

for some 1y € V;. The relation (3.4) implies that
(U, u)venﬂ = (uo, v)uenm;f

for all u, v € V;. This is impossible unless ug = 0 since dimV; > 1,i.e.,, g = 0.
Taking the 0th component of the equality p(&,)a(&,) = p(&,)a(&y) we get

p~(Ear() = p~ (8o (8u)-

Changing v to iv we find

P~ (Euar(Eiw) = —ip™ (8 )1 (8u)-

Summing the two results we get
P~ (Sua1(&i) +ion(§,)) =0
Taking further the inner product with e}, ; € Wy we have

0 = (p™(&u)1(&in) + i1(0), ey 1) = (@1(&iv) + ie1(&0), pT (&) )
= (o1(&n) + i1 (&,), uel )
for all u. Thus (&) + ia1(£,) = 0, namely o4 is C-linear, o = a; . Furthermore it follows from Lemma 3.5 that «; is an

element in the component S?(V;)in (p~) ® S'(Vy). -
We take now the 2-component of the identity (3.7) using again the fact that «; is C-linear, and find

0= 3" (07 (8 Jarn(Ey) + p™ (£ s (&) = 2 Z (0" € n&,))
j
But o is in the component 2w = S%(V;) and Lemma 3.6 implies that o; = 0.

Using the above procedure successively we prove then that o; = 0 for j < m — 2. Consequently we have O‘ntq = 0and
®m—1 = @,,_;. Taking the trace of (m — 2)th component of (3.2) we have again Zj,o*(éej )anj_l(éej) = 0and a;;_1 = 0 by the
same arguments.

Finally we consider the (m — 1)th component of the equality p(&,)x(&,) = p(&,)a(&,). We have

o~ (Eom(&y) = p7 (& )om(Ew).
Replacing u by iu gives

- lp—(SU)am(Ev) = p_(g:u )am(Siu)'
Thus

1
pi(é:v)a$(éu) = 7107(511) (am(&y) — iam(&y)) = 0.

This holds for all &, € p. Thus «}f(&,) = 0 by Lemma 3.4, and ay, is C-linear.
The second part (2) of the Proposmon on the dual representation can be proved similarly using the similar arguments
and Lemma 3.7. O

We prove now Theorem 1.1 and Corollary 1.2.

Proof. The statements in Theorem 1.1 follows from Proposition 3.3. Indeed if & € A(I", B, p,;) is a harmonic form, then it
will have values in S™(C") by Proposition 3.3. By the relation C" = p* ® det™! we have

S™CM = (pT)" @ (det) ™ = S"TX Q £7™,

proving that  is a (0, 1)-section of S"TX ® £~™. The proof of the second one is similar. The claim that « is C-linear is precisely
that « is a (0, 1)-form. This proves the first part, and the second part follows similarly from Proposition 3.3(2).

Let  be a harmonic form representing an element H'(I", p). Write o = Z,T:Oak according to the decomposition (2.3).
It follows then from above that oy = 0 for k < m, i.e. @ = ;. The isomorphism of the cohomology H!(I", p) and
HY(I' \ B, S™TX ® £~™)is then a consequence of [ 10, Proposition 4.2 and Theorem 6.1]. The second isomorphism is proved
similarly. O
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4. The Eichler-Shimura isomorphism for Riemann surfaces and applications

We consider now the case n = 1. Keeping the previous notation we consider the group cohomology H'(I", p,) of the
tensor power S™(C?) of the representation of I" C SU(1, 1). In this case H!(I", p,,) has a decomposition as H'(I", p,;) =
HYO(T, p) +HO(T, pm), and in contrast to the case n > 2 the component H"9(I", p,,) is not vanishing but it is dual to
HOY(I, p,). This Eichler-Shimura isomorphism further gives a correspondence between H9(I", p,,,) and H°-cohomology
ofaline bundle over the Riemann surface ¥ := I"\B. We denote Ky = K the holomorphic cotangent bundle, i.e. the canonical
line bundle on I" \ B.

Theorem 4.1. Realizing H'(I", py,) as the space of harmonic forms on I' \ Bwe have H\(I", py) = HYO(T, pp ) +HO(T, pp)
and furthermore the two space are dual to each other,

HYO(T, pw) = HY(Z, K2*1),  HOWN(T, py) = HO(Z, K2 H)"

Proof. We prove the second isomorphism using the computation in Section 3. Let « be a (0, 1) form in HOD(I", o).

Using z € B near z = 0 as local coordinate as above, let o = Zj";()aj be the decomposition of « in the decomposition

of S™(C?) = j";OCe"] el'. The symmetry condition (3.6) implies that
pT(ENE) = pT (&)™ (6) = p(&)a (&) =0

since « is C-linear, hence @ = o~ and @™ (£,) = 0. Thus
(p +('gu)‘)‘(%‘v)j = :0+($u) (&0)j-1=0

for allj > 1. But then since p*(&,) maps €, 'e) 7' to € e for 1 < j < m, the component (&, );_; is vanishing for all
1 <j < m, and we have ¢ = a,,. Now from Eq. (2.2), Kgl = det’.Hence S"V; = S"TY @ det " = Kk " ® K7 =K 7 and
we have thuso € H'( X, K2 ) which is dual to HO( X, IC%“) by Serre duality. That this map is onto is a consequence of the
general results of [10,11], as in the proof of Corollary 1.2. O

We give now an application of the above result computing the tangent space of the Hitchin’s Teichmiiller component
of representations of I" in a semisimple Lie group G. We shall only treat the case G = SL(n, R) even though much
computations can be carried over to other cases. The result might be known to experts but it seems still to provide some
novel understanding for the geometry of the component.

We consider two representations of SL(2, R) = SU(1, 1) into the group SL(n, R) and compute the corresponding group
cohomologies of I C SL(2, R). We consider first the real representation of SL(2, R) on the symmetric tensor (S™(R?), o) in
the group SL(m + 1, R). Let 7y, k < m, be the representation py in SL(k + 1, R) considered as a representation in SL(m + 1, R).
We compute the corresponding cohomologies which can be viewed as the tangent space of the variety at the respective
points.

Theorem 4.2. Realizing the elements in the group cohomologies as harmonic forms we have that H'(I", pp, sl(m + 1, R)) and
HY(I", &, sl(m + 1, R)) are real forms in the space

ZHO ’CJ+1 + HO(Z ]Cj+1)

and
k L ;
Y HUZ KT+ HYE, M) 4 (HU(Z, 24 + HO(Z, k2 m
j=1
+(HO(Z, K) + HO(Z, k)™
Proof. We consider the complexification s/(2, C) and its representation SkC? in sl(m + 1, C). The real representation S*R?

of 5l(2, R) in sl(m + 1, R) is the fixed point of the conjugation X — X of si(m + 1, C). Now the adjoint representation of
sl(2, C) under pp, in sl(m + 1, C) is decomposed as [ 16,17]

(m+1,C) Z sic?
with the first component S?C? being s((2, C) itself. Now by Theorem 4.1 we have
HO(r, s%c?) = HO( 2, k) = HO(Z, kI,

HOY(r, s%c?) = HOY( 2, k) = HY(Z, ).
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The involution X — X on the one-forms is now f(z)(dzy ® dz > f(z)3! ® dz. Thus the real cohomology H'(I", si(m + 1, R))
is areal form in the space stated. Now under the action 7, we have

k
sl(m+1,C) = Z SAUC? @ (SkC2Rm—K) g clm—k?
=1

the cohomology of I in the S¥C? is computed as above. The cohomology in C is
HY(I',C)=H%>, k) +H(Z, K)*
the space of abelian differentials. The rest of the claim follows immediately. O
The set
{om o @l¢ : I' — SL(2, R) discrete and faithful}/~

constitutes the Fuchsian locus in the Hitchin component. The above theorem shows that the tangent space of Hitchin

component at Fuchsian locus consists of ZJ'S]HO(E , sz ). When m = 2, the Hitchin component is the set of convex real

projective structures on a surface. Furthermore it is known that the Hitchin component is a holomorphic vector bundle over
Teichmiiller space with fibers cubic holomorphic forms [18,19]. In the forthcoming paper [20], we will analyze this case
in more details to show that the Hitchin component is a Kihler manifold, and we will elaborate more on local rigidity of
complex hyperbolic lattices [21].
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