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Abstract

Over-actuated systems, such as today’s road vehicle configurations, have more
motion actuators than controlled motions. For example, a passenger car has a
combustion engine and four mechanical brakes, all of which can be used indi-
vidually to correct any error in yaw rate when the vehicle becomes under- or
oversteered. The over-actuation becomes even more obviouswhen the vehicle is
configured with additional motion actuators such as electric motor(s). This is the
case for Fuel Cell and Hybrid Electric Vehicles where blending between the use
of different actuators is needed.

This thesis proposes how a motion control system for over-actuated road ve-
hicles can be made reconfigurable within the context of both offline and online
adaptivity. Offline, the proposed control system is easily reconfigured to handle a
wide range of vehicle configurations, with different types and numbers of motion
actuators, without changing the control law for the desiredground motion of the
vehicle. Online, the motion control system adapts its use ofthe motion actuators to
the current conditions of the available actuators and theirability to generate tyre
forces on the ground. Another online feature is the smooth arbitration between
desired actuator use to both minimize energy consumption and assure vehicle sta-
bility. This smooth arbitration is especially important for vehicle configurations
which have an energy buffer.

The proposed motion control system uses control allocationwhich separates
the control law for the ground motion from the distribution of the desired motion
forces among the available actuators for the specific configuration. The optimiza-
tion formulation of the control allocator considers the actuator limits in both po-
sition and rate of change. Through detailed modelling of different vehicle config-
urations and their actuators, drivetrains, and chassis, itwas shown by simulation
that the proposed motion control system is both offline and online reconfigurable.
The results from different driving manoeuvres showed that the control allocator
not only reconfigured the distribution when the actuators were saturated or limited
by low road/tyre friction but also ensured that vehicle stability was upheld at all
times. This was accomplished by prioritizing vehicle motion higher than energy
management in the optimization formulation of the control allocator.
Keywords: road vehicle, hybrid electric vehicle, reconfigurable, motion control
system, over-actuated, control allocation
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Chapter 1

Introduction

This chapter introduces the background, motivation, and objective for this thesis.
It also states the limitations and main contributions.

1.1 Background

The automotive industry is undergoing a tremendous change in how road vehicles
should be designed and configured in order to meet new legislation on emissions
and the increasing desire for reduced fuel consumption. Oneway to achieve these
goals is through the hybridization of the vehicle’s power supply. This means that
a buffer is assisting in the propulsion of the vehicle, storing the braking energy
and reusing the stored energy during acceleration. There are now several differ-
ent ways for the vehicle to accomplish the desired motion andthe complexity of
designing these cars increases significantly compared withconventional cars. To
prepare for the changes within road vehicle design, the Swedish government and
members of the automotive industry started a joint venture research cluster called
Gröna Bilen/FCHEV. The goal of this venture was to contribute to vehicle de-
velopment through academic research and to provide the industry with educated
personnel within fuel cell and hybrid electric vehicle technology. Several parallel
PhD projects were started within Gröna Bilen/FCHEV with different objectives on
component, subsystem, and complete vehicle system levels.The component level
projects considered buffer components, such as batteries and super capacitors, and
different aspects of fuel cell and electric motor drive design and development. The
subsystem level projects evaluated different concepts of hybrid electric vehicles.
The complete system level projects studied energy management [29], vehicle dy-
namics [6], and main control, from which this thesis is a result. Cooperation with
the two other complete system level projects has lead to direct research benefits in
approaching how the complete system for any fuel cell or hybrid electric vehicle
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2 Chapter 1. Introduction

should perform when energy management and vehicle dynamicsare considered
simultaneously.

1.2 Motivation

The road vehicle performs a basic function, it takes the driver, load, and some-
times passengers between different locations. However, the requirements of what
functionality a modern road vehicle should include are increasing. It should not
only provide transportation, it should also be comfortable, time and energy effi-
cient, safe, assist the driver during driving, and even takeover when the driver is
unable to handle the situation. These new functionalities set requirements on the
embedded control system of the vehicle. For the motion control system studied
here, these requirements consist of four main items:

1. Integrate and coordinate the use of the available motion actuators to their
full potential to achieve the desired ground motion.

2. Coordinate the available motion actuators energy efficiently and maintain
vehicle stability.

3. Make the system’s coordination and distribution adaptive for sudden changes
in the environment or saturation and failure among the available actuators.

4. Make the system reusable for several vehicle configurations.

The first requirement can already been seen in the motion control systems of
today’s road vehicles where the integration and coordination of available motion
actuators are used to assist the driver when the vehicle is becoming over- or un-
dersteered. This functionality has many names but for the purposes here it will be
called Electronic Stability Control (ESC). ESC assists thedriver by using the me-
chanical brakes individually to apply a correcting yaw torque to reduce or increase
the turning radius of the vehicle depending on its over- or understeer tendency. Al-
though the brakes are designed mainly to reduce the speed of the vehicle, they can
also assist in turning the vehicle if they are properly coordinated. The lifesaving
ability of ESC is said to be second only to seat belts in that itassists the driver in
keeping the vehicle on the road and thereby prevents single crash tripped rollover
accidents [4], [5]. The response to this additional functionality is impressive,
about 29 percent of all light vehicles with model year 2006 sold in the USA were
equipped with ESC systems, [4]. ESC is also proposed to become a minimum
standard by the year 2011 on all light vehicles sold in the USA, [4], [5], [23]. This
is an excellent example of the need to use the full potential of the available motion
actuators.
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The second requirement, energy efficient coordination, relates to vehicles equi-
pped with an energy buffer such as Hybrid Electric Vehicles (HEVs). HEVs are
becoming increasingly popular because they reduce fuel consumption without re-
ducing performance or load capacity. HEVs reduce fuel consumption by regen-
erating brake energy, shutting off the engine at zero speed,and enabling the en-
gine to work at more efficient operating points. Regenerative braking means that
braking is not only performed by the mechanical brakes but also by the electric
motor(s). To optimally use the available motion actuators,a high level of integra-
tion and coordination is needed to assure vehicle stabilityand energy efficiency.
The use of the electric motor(s) must be smoothly blended with the rest of the
available motion actuators not only during braking but alsoduring traction.

The third requirement is the need for adaptivity to sudden changes in the en-
vironment. For a road vehicle, sudden changes in the tyre/road friction for one
or several tyres is crucial information for making a correctredistribution of the
usage between available actuators. Other important piecesof information are the
actual limits in position and rates of change of the available actuators. This is not
only to allow for fast coordination but also to know if one or several actuators are
saturated and need to be assisted by others. The informationshould also include
if the actuator has failed or is not working properly. Then the system should auto-
matically re-distribute between the properly working actuators, generating a safe
and redundant system.

The fourth requirement, reusability, is an industry motivated need for profit
on each new vehicle configuration developed. One way to increase the profit is
to reduce development costs. One cost that is increasing is the embedded vehi-
cle control software. In the year 2000, development and calibration of control
functions was estimated to be 4 percent of the total production cost of a car. It
is estimated that in the year 2010 that figure will increase to13 percent, [26].
One way automotive manufacturers and suppliers are trying to meet this increas-
ing cost is to standardize functions and their interfaces within the software and
electronics used in road vehicles, [9]. This gives a fundamental reason to develop
reconfigurable motion control systems which allow them to bereused for sev-
eral types of vehicle configurations. These systems should also have the potential
to include technology such as steer-by-wire and more futuristic motion actuators
such as the Autonomous Corner Modules (ACM) which can control the steering,
rotation, and position individually at each wheel, [57].

Finally, these requirements motivate the development of a reconfigurable mo-
tion control system for road vehicles. The system should be adaptive during driv-
ing, online reconfigurable, by the automatic redistribution of available actuators
based on maintaining vehicle stability in an energy efficient way. If the system
is also applicable for several vehicle configurations, offline reconfigurable, then
automotive manufacturers can reduce the development cost for each new vehicle



4 Chapter 1. Introduction

configuration.

1.3 Objective

The objective of this thesis was to identify how a reconfigurable motion control
system can be designed to include a broad variety of over-actuated road vehicles.
The aim was that the proposed motion control system should work as well for
conventional road vehicles as for vehicles equipped with anenergy buffer.

1.4 Method

The research problem was approached in two steps. Step one considered how
a reusable functional control architecture for HEVs and FCVs can be designed
when focusing on how the driver’s intentions generate vehicle motion. The results
were presented in the thesis for licentiate degree, Paper XIII. Step two considered
the conceptual design of how a reconfigurable motion controlsystem for over-
actuated ground vehicles can be realised.

1.5 Limitations of Scope

The list below clarifies which areas have not been consideredwithin this study.
This does not mean that they can be neglected but rather that each is an important
research topic by itself.

• The thesis does not consider how the computational architecture should be
constructed, nor does it address how the proposed system could be realised
and implemented in a fail-safe manner.

• The thesis does not include how observers or sensors should be designed to
achieve accurate estimates of vehicle states and tyre/roadfriction.

• The thesis does not include how the human machine interface should be
designed nor how the signals from driver interface should beinterpreted.
Therefore, the desired longitudinal, lateral, and yaw motion of the driver
is mostly assumed to be known, as in Papers IV-VI, except for Paper VII
where a reference model is used for the Driver Interpreter.

• The thesis does not include studies of heavy vehicle configurations. How-
ever, some parts of the main contributions will also be applicable for these
cases.
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1.6 Main Contributions

The main contributions from the research are stated below asa short list and are
also presented in this thesis in more detail.

• It is shown by modelling and simulation how a reconfigurable motion con-
trol system for over-actuated road vehicles can be realised.

• It is shown how the limits in position and rate of change of themotion actu-
ators, in combination with tyre force limits, can be used to achieve sufficient
information for high level coordination between availableactuators.

• It is shown that the proposed motion control system has a smooth arbitration
between vehicle motion control and energy management whichis achieved
at all times with priority on vehicle stability.

• It is shown by simulation that the proposed motion control system also
works as an Electronic Stability Control System according to a proposed
test procedure from the National Highway Traffic Safety Administration.

• A simulation platform was developed in Matlab/Simulink which includes
the proposed motion control system and the studied vehicle configurations.
The studied vehicle configurations span from five up to ten motion actua-
tors.

• A novel model is suggested for how a permanent magnet synchronous mo-
tor’s torque limits depend both on rotational speed and on the temperature
of the windings. This type of reference model should be demanded from
suppliers of motion actuators.

1.7 Outline of the Thesis

The outline of the thesis is as follows. Chapter 2 states how the research project
has evolved. Chapter 3 gives an overview of the proposed motion control system.
In Chapter 4 simulation results are presented. In Chapter 5 concluding remarks
and what the next steps could be are given. Finally, Chapter 6summarizes the
appended Papers I-VII.





Chapter 2

Evolution of the Proposed Control
System

This chapter starts by giving an overview of vehicle controlsystems and their
architectures. It then continues by illustrating how the proposed control system
has evolved during the research.

2.1 Overview

To put vehicle control systems in perspective, this sectiongives a short overview
on computerised controllers within automotive applications. It then introduces
how the computerised controllers are partitioned.

2.1.1 Computerised Controllers

The combustion engine was the first automotive actuator to receive a computerised
controller, generally called the Electronic Control Unit (ECU). By the early 1980s
they were introduced into vehicles on a large scale. Soon after, a number of other
application were installed with ECUs as controllers, eventually leading to a need
for intercommunication between the ECUs. At the time, the amount of required
wiring prevented the signals from being wired individuallyas separate cables.
This problem was solved by a method called multiplexing which allows several
channels to be carried within one cable. In the year 1983, Robert Bosch GmbH
began an internal project to develop an in-vehicle network.The result of this
project was the Controller Area Network (CAN) which was officially introduced
in the year 1986. By 1992 the CAN network protocol was used in production cars
[15] and is now the dominating standard for connecting ECUs.

7



8 Chapter 2. Evolution of the Proposed Control System

The standard CAN protocol is event driven with prioritised signals sent on the
network as messages. All messages with high priority are sent each cycle, whereas
messages with low priority are cancelled if needed. This leads to a stochastic
transmission of low priority messages. The next generationof computational net-
works are time-triggered protocols [38], such as the TTCAN [15], TTPC [37], and
Flexray [55], created in order to accommodate future safetycritical applications
such as x-by-wire.

2.1.2 Partitioning

There are two different ways of approaching the structuringof control architec-
tures, see e.g. [14] and [25]. The first, computational partitioning, concerns how
the vehicle system control software is executed. Although it is not considered in
this thesis, a brief overview is however provided. The second is functional parti-
tioning, which shows how the software itself is partitioned. Explanations are also
given as to the different types of functional partitioning and their various advan-
tages.

Computational Partitioning

Computational partitioning considers how computing resources should be dis-
tributed across different computer nodes. One type iscentralisedpartitioning,
which concentrates all computer resources and the sensors and actuators on to
one node. Another isdistributedpartitioning in which the sensors and actua-
tors are attached to several nodes, and in turn are connectedby a communication
bus.Distributedpartitioning can also betopographically distributed, in which the
distribution is placed near the subsystem under control, oradditionally it can be
functionally distributed, in which the distribution is decided not by location but
instead by functional responsibility.

Functional Partitioning

Whereas computational partitioning focuses initially on the placement and inter-
connection of nodes, functional partitioning has a completely different approach,
concentrating primarily on how functions are prioritised and executed within the
computational nodes. There are mainly three different types of functional parti-
tioning,centralised, peer-to-peerandhierarchical.

In centralisedfunctional partitioning, one top level function is used to control
the whole system, see Figure 2.1. This central function contains all sensor infor-
mation and can directly send requests to the specific actuators. The advantage to
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centralised functional partitioning is that information from all sensors are simul-
taneously received. The main drawback is that the whole function is affected if
the hardware configuration is changed.

Top level function(s)

S AS AS A ...

Figure 2.1: Centralised functional partitioning. Dashed and solid lines illustrate informa-
tion and requests, respectively. Hardware is illustrated by A=Actuator and S=Sensor.

In peer-to-peerfunctional partitioning, no top level function is used to con-
trol the whole system, instead only local functions are used, see Figure 2.2. The
coordination is achieved by sending states as information between the local func-
tions. Every local function attempts to sub-optimise its own function. Peer-to-
peer functional partitioning is the most modular when compared to centralised
andhierarchical. The drawback withpeer-to-peerfunctional partitioning is that
conflicts between the local functions are hard to avoid.

    Local 

  function

    Local 

  function

    Local 

  function

S AS AS A

...

Figure 2.2: Peer-to-peer functional partitioning. Dashed and solid lines illustrate infor-
mation and requests, respectively. Hardware is illustrated by A=Actuator and S=Sensor.

Hierarchical partitioning contains top level and local functions, giving both
better modularity thancentralised, and better coordination between local func-
tions thanpeer-to-peer. Hierarchical functional partitioning provides the ability
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to easily add, delete, and modify hardware [14]. It reduces the complexity of
the system by having requests coming from the top level functions down to lo-
cal functions, in this way creating a causal flow of requests.One drawback with
the hierarchical approach is that enough information must be sent to top level
functions to allow decisions on coordination to be performed. If the requests and
information signals are made reusable for different hardware configurations only
small changes would be needed in the top level functions.

Top level function(s)

    Local 

  function

    Local 

  function

    Local 

  function

S AS AS A

...

Figure 2.3: Hierarchical functional partitioning. Dashed and solid lines illustrate infor-
mation and requests, respectively. Hardware is illustrated by A=Actuator and S=Sensor.

2.2 Fundamental Question about Control Architec-
ture

The first part of this research tries to answer a fundamental question which serves
as a basis or foundation. This question was motivated by the automotive manu-
facturers need for change in how road vehicles are constructed and built to meet
new demands on reduced fuel consumption and emissions. There are several ways
to reduce fuel consumption and emissions. The most obvious would be to build
smaller size cars, however consumers have a certain set of standards for the per-
formance and load capacity that a vehicle should have. Therefore, to meet these
standards, technologies such as hybrid electric vehicles and fuel cell vehicles are
a viable option. There is not one obvious solution that will replace the combustion
engine as a propulsion system, it will likely be several simultaneous solutions de-
pending on the price of both the alternative fuels and on the selected technology,
see also [29]. This puts tremendous demands on the automotive manufacturers to
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reduce development costs concerning the control architecture of each new vehicle
configuration. An instant reduction of the development costs would be at hand if
parts of an old control architecture could be reused when developing a new vehi-
cle configuration. This leads to a formulation of the fundamental question:

How can a reusable control architecture be defined for HEVs and FCVs, fo-
cusing on how the driver’s intentions generate vehicle motion?

The question was approached by a conceptual design phase followed by phys-
ical implementation to validate parts of the reusable control architecture. This is
illustrated by using a V-diagram, see Fig. 2.4, see also Paper XIII for further de-
tails. The scope was limited by not studying how the computational architecture
could be realised nor how it could be implemented in a fail safe manner.

2.2.1 Conceptual Design

The conceptual design of road vehicles has traditionally been seen as a set of sub-
systems that coexist in a peer-to-peer functional partitioning scheme, see Fig. 2.2
in Chapter 2.1.2. The development of functionality has focused on the subsystem
and not on the integration of subsystems to achieve maximum available function-
ality for the vehicle. This has to do with the fact that the automotive suppliers
were only responsible for delivering a specific subsystem which functioned as de-
sired. Because of this, conflicts are hard to avoid when the separately developed
subsystems are forced to be integrated into a complete functioning vehicle. There-
fore, a complete vehicle control system of hierarchical functional partitioning, see
Fig. 2.3 in Chapter 2.1.2, is highly desirable [17].

To address the fundamental question of how a reusable control architecture for
HEVs and FCVs can be defined, the following system requirements are declared
in Definition 2.2.1, see also Papers XIII and I.

Definition 2.2.1 Generic/reusable control architecture, from Paper XIII

1. The control architecture should be hierarchical by functional decomposi-
tion.

2. Interfaces between top level and lower level functions should be made hard-
ware independent.

3. The control architecture should be designed so as to accommodate any fore-
seeable future hardware developments for the system under consideration.
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Fundamental Question: 
How can a Reusable Control Architecture 

be defined for HEVs and FCVs, focusing on 
how the driver’s intentions generate vehicle motion?
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Figure 2.4: Illustration of how the fundamental question was approached by using a
V-diagram. Roman numerals I-III and VIII-XIII refer to the papers that address the fun-
damental question.

The first item in Definition 2.2.1 states that the system should use hierarchical
functional partitioning, see Chapter 2.1.2, in order to have good coordination and
maintain modularity. The second item is to force the top level to be reusable for
a wide range of vehicle configurations. The third item tries to assure that the ar-
chitecture will not only handle hardware that is used today but also accommodate
any predicted hardware developments.

When the system requirements are defined, the system is then decomposed
into its main functions. Three main functions were identified within a road ve-
hicle: driver interpreter, energy management, and vehiclemotion control. These
three main functions supervise the driver interface, powersupply, and chassis,
respectively. To formulate a control architecture which provides a high level of
coordination between energy management and vehicle motioncontrol, a hierar-
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chical control architecture was found to be necessary. The hierarchical control
architecture also provides that lower functions can be exchanged in a modular
fashion if the interface signals between the functions are made generic. The de-
rived architecture has three functional levels and the functions are placed into the
levels depending on their coordinating authority over other functions. The follow-
ing functions and levels were derived:

• Level 1 is the top level which includes functional units thatcoordinate lower
level functions. These functions include the Driver Interpreter (DIp), which
interprets the driver’s input signals into the desired motion, Vehicle Motion
Control (VMC), which tries to control the vehicle motion anddistribute the
tasks among the available motion actuators within Chassis,Energy Man-
agement (EM), which controls the Power Supply as energy efficiently as
possible, and Strategic Control (SC), which works as an arbitrator between
VMC and EM.

• Level 2 includes a vehicle’s basic tasks. These include External Information
(EI), which is all communication and information sent to andfrom the vehi-
cle, Driver Interface (DIf), which is the human/man interface, Chassis (Ch),
which includes all vehicle motion actuators, Power Supply (PS), which in-
cludes all energy carriers, and Auxiliary Systems (Aux), which includes all
subsystems not used for generating the motion of the vehicle.

• Level 3 is the actuator and sensor level.

The functional units and their levels are shown in Fig. 2.5. Detailed infor-
mation about the functions, levels, and their interfaces can be found in Papers I,
XIII.

   DIp   EM    VMC

S A

   EI   ChDIf  PS   Aux

Functional

level 1

Functional

level 2

Functional

level 3

SC

S A S A S A S A

Figure 2.5: The suggested Functional Units within the generic Vehicle Control System,
from Papers I,XIII.
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The functions and their interfaces were checked for modularity for a wide va-
riety of vehicle configurations by building virtual prototypes with the modelling
language Modelica. Paper VIII was the basis for this modularity validation, see
also Fig. 2.2.1. The Modelica language was found to be a powerful tool for this
application. Thoughts on which interfaces should be used between the different
functions were easily tested and validated for a wide variety of vehicle configura-
tions.

DIf

lat

long

yaw

dir

mode

on/off

DIf

VMC

Ch

SCDIp EM

AuxPS

Figure 2.6: Main Model architecture in Modelica modelGenericVehicle. The main
functions within functional levels 1 and 2 are shown. The lines between the functional
units describe the bus signal interface and the mechanical and electrical connectors be-
tween Ch, PS and Aux. Illustration from Paper VIII.

The next phase was to study how the authority functions such as DIp, VMC,
EM, and SC could actually be realised in a reusable way. Firstattempt of how the
desired global forces and moment of the vehicle could be distributed onto wheel
forces was done in Paper II. A practical approach was proposed for how the forces
could be distributed. In Papers IX and XII reusable DIp and VMC functionality
was validated in Matlab/Simulink.

In short, Papers IX and XII describe how DIp generates the desired path and
that the vehicle motion controller consists of a path controller and a force distrib-
utor, see Fig. 2.7. The path controller tries to keep the vehicle on the desired path
by deriving the necessary global forces of the vehicle. These global forces were
distributed out to the wheels by the force distributor. The force distributor used
an optimization formulation that finds a minimum use of the forces when they
are subject to both linear and nonlinear constraints and lower and upper limits
of the wheel forces. The nonlinear constraints of the tyre force ellipse of each
wheel were included. Different vehicle configurations wereaccommodated by in-
troducing additional constraints on how the wheel forces could be distributed. For
example an open differential constrains the longitudinal forces to be equal for the
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Figure 2.7: Illustration of the proposed and tested functionality within vehicle motion
controller. VMC includes a path controller and force distributor. The gray shaded boxes
show what parts Papers IX and XII focused upon.

connected wheel pair.
A suggestion for how the EM and SC functionality could be madereusable

was shown in Paper X. In short the suggested EM function was defined as a trans-
portation problem of energy in different networks depending on what buffers, con-
verters, energy sources, and nodes were included in the specific PS. In the paper it
was shown how the power management of a parallel hybrid electric vehicle with
an automated manual gear box could be realized. The optimization formulation
was a mixed integer formulation to include discrete steps ofthe gear box. The
objective function was formulated to minimize the energy losses when using the
power supply. The SC function was suggested to give authority to either VMC or
EM requests depending on how critical their states were, seealso Fig. 2.10 for an
illustration of the critical state in VMC. The VMC state was proposed to overrule
the EM state in cases of conflict.

2.2.2 Physical Implementation

The last phase in answering the fundamental question was performed by the phys-
ical implementation, as illustrated in Fig. 2.4, of a reusable vehicle control archi-
tecture within in a remote controlled Scale Model Car (SMC) of size 1:5, see
Paper III. The SMC was equipped with a Digital Signal Processor (DSP) card
which controlled all signal input/output. The vehicle was propelled with one elec-
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tric motor connected to the rear wheels by an open differential. The motor was
also used for regenerative braking for charging a buffer of super capacitors. A
lead-acid battery was used for long term power demands. A DC/DC converter
was used to handle the power flow between the battery, super capacitors, and mo-
tor. The vehicle was also equipped with wheel rotation and accelerometer sensors.
In Fig. 2.8 the SMC hardware is shown.

DC/DC 
Battery
Super Cap.

Motor DSP  

Figure 2.8: Top view (left) and Side view (right) of the SMC. It is rear wheel driven by
one electric motor with a maximum power and torque of 230 W and0.98 Nm, respectively.
The motor is also used for regenerative braking. It is front wheel steered by servo and has
a mass of 16 kg. Illustration from Paper III.

The SMC platform gave an understanding of how much effort it takes to make
embedded control software to work with real hardware. The SMC worked and
functioned according to the requirements that were set in the beginning of the
SMC project. The conceptual design of the SMC is found in Paper XI. A reusable
vehicle control architecture was implemented in the DSP as C-code, see Paper III.
Fig. 2.9 illustrates how the vehicle control system’s program loop was configured.
It shows the order of how the functions were called upon and gives a description
of what each function performed.

In Fig. 2.10 three acceleration tests were performed with the SMC on a ground
surface with low friction. The test illustrates how an arbitration switch between
energy management and vehicle motion control is used to decide which of the
functions is critical and has priority. Both functions senda state variable of either
0 or 1 to operative decisions/strategic control for arbitration, where 1 stands for
critical. Further details about the arbitration can be found in IX. The right plot in
Fig. 2.10 shows that the VMC state was critical during the accelerations and that
the angular velocity of the rear wheel oscillated around thefront wheel value and
thus avoided skidding, as shown in the left plot. This means that VMC decreased
the desired velocity from the DIp during the accelerations and that the desired
velocity from VMC was sent as a request by operative decisions due to VMC’s
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and accelerometers.
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DC/DC - converter. Sensor signals are read, such as voltage and current .

Figure 2.9: Program loop of the implemented vehicle control system within SMC, from
Paper III.

critical state. Further details of the functionality implemented in the SMC can be
found in Paper III.
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Figure 2.10: Anti-skid example, accelerations on surface with low friction, close to ice
conditions. The left plot shows front (dashed) and rear (solid) wheel angular velocities.
The right plot shows the VMC state, which is critical when VMC_state = 1.
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2.3 Consequent Question about Over-Actuated Sys-
tems

The work presented in Section 2.2 exists as a foundation for the exploration of a
consequent question. This exploration begins by viewing how longitudinal mo-
tion is controlled in a HEV where there is the possibility to use both the electric
motor(s) and mechanical brakes to reduce the vehicle speed.In this situation
there are more actuators than needed to control the motion, which is called over-
actuation. During traction, depending on what type HEV is studied, there can be
several motion actuators that need to be coordinated. A parallel HEV would have
a combustion engine in combination with the available electric motor(s). A series
HEV with more than one motor would also be over-actuated in traction. Now
if one also studies today’s conventional vehicles which areequipped with ESC
systems, they use four mechanical brakes individually to generate correcting yaw
torque to assist the driver if the vehicle becomes under- or oversteered. In this case
there are four motion actuators to control one motion, yaw. According to a pro-
posed safety standard from the National Highway Traffic Safety Administration,
all light vehicles sold in the USA must be equipped with ESC byyear 2011, [4].
This means that HEVs must also have the same ESC functionality. HEVs are even
more over-actuated than conventional vehicles in applyingcorrecting yaw torque
on the vehicle which means that efficient coordination of motion actuators is espe-
cially crucial for HEVs. The following definition of an over-actuated road vehicle
is proposed:

Definition 2.3.1 Over-actuated road vehicle
The road vehicle is equipped with more motion actuators thancontrolled motions
and/or that more than one actuator influences at least one of the controlled mo-
tions.

The consequent question can now be described as:

How can a reconfigurable motion control system be designed for over-actuated
road vehicles?

The requirements of the reconfigurable motion control system are motivated
in Chapter 1.2. The question was approached by a conceptual design phase which
is illustrated by using a V-diagram, see Fig. 2.11.

2.3.1 Conceptual Design

This section gives an overview of how the conceptual design was solved by the
appended papers and how the papers link together. The first part of the concep-
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Figure 2.11: Illustration of how the consequent question was approachedby using a
V-diagram. Roman numerals refer to the Papers IV-VII which address the consequent
question.

tual design phase was to model a selection of vehicle configurations, representing
a wide variety, with a sufficient level of detail so that they could serve as a test
platform for the proposed reconfigurable motion control system. Motion actua-
tors were modelled to include first and second order dynamics. The drivetrain
was modelled to include weak drive shafts and open differentials to make it more
sensitive where the motion actuators were located. The drivetrain model also in-
cludes the inertia of wheels, flywheels, gearboxes, and power losses. The chassis
was modelled as a two-track model to include load force distribution on each
wheel due to pitch and roll effects. The tyres were modelled with a brush model
which included a first order dynamic relaxation of the tyre slips. As illustrated in
Fig. 2.11 the system modelling is found in Paper IV.

The second part of the process was the control design of the proposed mo-
tion control system. This was done in Papers IV-VII. All fourpapers include in
principal the same control design. However the most basic design is found in Pa-
per VII. Here the proposed motion control system is not controlling the front rack
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steer actuator of the conventional vehicle, this is handledby the driver. The design
in Paper IV is more sophisticated and includes all motion actuators for traction,
braking, and steering for three different vehicle configurations. Paper V presents
basically the same control design, however its a bit more advanced than in Paper
IV and includes automated functionality for gear shifting.The most sophisticated
control design is found in Paper VI which basically shows howvehicle motion
control is prioritized over energy management at all times.

The third part of the process was validation by simulation. Different test proce-
dures were used to validate the proposed motion control system. Paper IV focuses
on test procedures where brake blending can be expected. Papers V-VI focuses
on traction and braking. Some of the test procedures found inPapers IV-VI also
include steering with small angles, less than 5 degrees. Paper VII includes the pro-
posed NHTSA test procedure to validate ESC systems and includes high steering
angles up to 17 degrees.

Fault tolerance and sensitivity analysis has not yet been performed, as is il-
lustrated in Fig. 2.11 by gray shading. This would be the natural next step in
implementing the proposed motion control system in production vehicles.





Chapter 3

The Proposed Reconfigurable
Motion Control System

This chapter starts out by giving an overview of over-actuated systems and how
control allocation has been used to solve the motion controlproblem in different
applications. The system modelling of the studied road vehicle configurations is
then discussed, followed by the control design of the proposed control system. The
chapter then concludes with the main benefits and considerations.

3.1 Overview

The requirements of a modern road vehicle’s motion control system is reaching a
complexity which has mainly been seen only in flight and marine applications, see
Chapter 1.2. It should be noted that the flight and aerospace industries have large
budgets with which to design and construct their aircraft and therefore could in-
clude computerised controllers and develop advanced control functionality earlier
on when computers were still expensive. In marine applications, especially when
building large ships, the development cost of the control system is a small fraction
of the total cost, making it possible to develop advance motion control systems.
When the prices of computerised controllers became lower they also started to be
popular in mass produced products such as road vehicles. With this in mind a
literature survey is given on what has been done within flight, then marine, and
finally within road vehicles to control over-actuated systems.

3.1.1 Flight Applications

Aircraft are designed with more motion actuators than motions to be controlled,
so called over-actuation. The motion actuators in aircraftconsist of control sur-

23
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faces on the wings, tail, and even on the body. The control surfaces change their
angle to achieve the desired motions in roll, pitch, and yaw,see Fig 3.1. The left
figure shows the three main rotations of the airplane. The desired rotations can
be achieved by several different settings of the control surfaces shown in the right
figure. In this case there are up to 11 control surfaces that can be used for gener-
ating moments in the main rotation directions. Additionally, the engine thrusters
are mainly used to control the longitudinal speed but are also used for generating
the desired moments. This is the essence of situations wherecontrol allocation
has been used for coordination within flight control.

pitch

roll

yaw

Canards

Leading-edge flaps Elevons
Rudder

Figure 3.1: The left figure illustrates the desired moments, roll, pitch, and yaw, shown in
the body-fixed reference frame. The right figure illustratesthe available control surfaces
which are used to generate the desired moments. The figures illustrate the ADMIRE
model [1], original picture found in [10].

Over-actuation in aircraft was mainly done to improve performance and redun-
dancy. One of the first attempts to address the over-actuation problem was done
by using pseudo-controllers such as in [39]. They are also called pure mode con-
trollers, for flight modes such as Dutch roll1, roll and spiral modes. The pseudo-
control variables are related by eigenvectors of the response modes to the motion
actuators in a ’mixing’ matrix which is used for allocation.The strength and
weakness of the pseudo-controller is that pure modes can be achieved but not the
maximum attainable moment in arbitrary directions. The first real attempt to sepa-
rate the control law for the roll-, pitch-, and yaw-motion,v, and control allocation
of the specific actuators,u, was done in [20], see also Fig. 3.2. The control alloca-
tion is seen as a constrained problem with maximum and minimum limits of the
motion actuators. In [20] a direct allocation solution is given for the two attainable

1Dutch roll is an aircraft motion which combines out of phase tail wagging and rocking to side
to side, a yaw roll combination, similar to the motion made byDutch ice skaters.
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moment set problem, in roll and yaw, that guarantees the maximum motion can be
generated within the constraints of attainable moments. The direct allocation uses
a geometric approach to solve the allocation problem. The limits of the actuators
are projected through the control effectiveness matrixB to give the two dimen-
sional geometry of the attainable moment set. In [21] directallocation solutions
for the three attainable moment set problem is given. In [22]the limits in rate
of change of the motion actuators are addressed and how they can contribute to
catastrophic pilot induced oscillations if they are not included in the constrained
control allocation formulation.

Control 
law

Control 
allocator

Actuator
dynamics

System 
dynamics

r v u vsys y

x

Control system System

Figure 3.2: Illustration of how the control law for motion is separated for the control
allocator within the control system. Illustrated originally in [31].

Reconfigurable aircraft that can handle actuator failure are highly desirable.
In [18] this is accomplished through offline calculation using nonlinear constrained
optimization of different ’mixer’ solutions for differentfailure scenarios of the
motion actuators. If failure is detected, the nominal entrycontrol mixer is ex-
changed. Real time adaptive control allocation is suggested instead for handling
the failure of motion actuators for a high performance aircraft by [19]. To be
fully able to use control allocation online to achieve full manoeuvrability, effi-
ciency, and handle failure/saturation effectively, whichis not possible by using
direct allocation methods or pseudo inverses, an optimization formulation for the
control allocator has to be included. This has become feasible due to the in-
creased computational capacity available in the control system. An evaluation of
different optimization formulations is addressed in [12] where error minimiza-
tion, control minimization, and mixed minimization formulation for the control
allocator are discussed. The mixed minimization formulation is solved in [12]
by rewriting it to a linear program formulation and solving it with the simplex
method. Profound work on real-time implementation in aircraft using standard
methods of constrained control allocation with optimization formulation was done
in [31]. It uses active set method to solve optimized allocation problem, see also
Appendix B. [31] also included a nicely packaged control allocation library for
Matlab/Simulink, which has also been used, with minor modifications, in the pro-
posed motion control system for over-actuated road vehicles presented in this the-
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sis. In [46] a reconfigurable motion control system for the space manoeuvring
vehicle X-40A is proposed. It uses inverse dynamics for designing the control
law for roll, pitch, and yaw motion. The three desired motionaccelerations were
allocated on the six available motion actuators by using constrained control with
a mixed optimization formulation to minimize the allocation error and the use
of control signals. Most of the real-time control allocation discussed above is
what one could call one-step predictors. They allocate the desired motions on the
available motion actuators with consideration to the position and rate of change
limits of actuators with what is attainable in one time step.However, when it
is possible to include the dynamics of the motion actuators and predict several
time steps ahead, a more sophisticated allocation can be performed, also called
Model Predictive Control Allocation. This is used in [42] and [43] for a re-entry
vehicle’s guidance and control system. The sequential quadratic programming
formulation is rewritten into a linear complementary problem, which can guaran-
tee convergence to an optimal solution within a finite numberof iterations if some
conditions of the problem statement are fulfilled. This would open up for real time
implementation of MPC-CA when the computing capacity is increased within a
vehicle’s control system.

3.1.2 Marine Applications

Marine vehicles, like aircraft, are also configured to be over-actuated in order to
increase their manoeuvrability and performance. Typical motion actuators within
marine applications are rudders and propeller or jet thrusters. Depending on
whether the marine vehicle is operating on water or is a submersible, the desired
motions of the vehicle can differ. However, similar to flightapplications, marine
vehicles are often equipped with more rudders and thrustersthan needed to con-
trol the motion. One special issue when steering ships in water is that when the
vehicle is travelling at low speed the rudders only generatesteering force when
thrust is used. This complicates the control allocation of the available motion
actuators and cannot be solved with convex quadratic programming. This is ad-
dressed in [41] where an analytical solution to the non-convex rudder and pro-
peller control allocation at low speed is proposed. Due to this non-convex control
allocation problem, the allocation law is suggested to be pre-calculated offline
by using multi-parametric nonlinear programming. This is done in [35] for ma-
rine surface vessels with rudders. However, the author alsoconcludes by pointing
out the weakness that the offline computed control allocation law does not easily
admit online reconfiguration unless several cases are pre-computed. This means
that all types of possible failures of the motion actuators have to be anticipated
in advance. In [34], singularity avoidance is suggested by using a locally convex
quadratic reformulation of the allocation problem. In [33], a control-Lyapunov
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design approach is used to derive an optimizing nonlinear control allocation. This
leads to asymptotic optimality and therefore the optimal solution is not needed to
be found at each time step compared to a direct nonlinear programming approach.
The singularities that occur for marine motion actuators clearly complicate the
control allocation. A survey of different control allocation methods of ships and
underwater vehicles is given in [24].

3.1.3 Road Vehicle Applications

The main degrees of freedom controlled in a road vehicle are the longitudinal, lat-
eral, and yaw motions, see left the illustration in Fig 3.3. These motions are gen-
erated with different types of motion actuators. In the early days of road vehicle
design, these motion actuators were solely controlled by the driver. Today, more
and more of the actuator functionality is software controlled. This, in combina-
tion with newly added functionalities, such as individually controlled mechanical
brakes, and the increased number of actuators, makes it possible to achieve these
three basic road vehicle motions with several different inputs, see right illustration
in Fig 3.3.

Ωz

ZB

XB

vx

vy

YB

Front and rear steering

Four in-wheel motors

Four mechanical brakes

Figure 3.3: The left figure illustrates the Society of Automotive Engineers (SAE) coordi-
nate system [51]. The symbolsvx, vy, andωz correspond to vehicle’s longitudinal, lateral,
yaw velocities. These are the main ground motion velocitiescontrolled for a road vehicle.
The right figure illustrates a specific vehicle configurationwith following motion actu-
ators: four in-wheel motors, four mechanical brakes, and front- and rear steering. This
makes a total of 10 motion actuators to generate the three ground motions. The 3D model
of a 1964 Ford Thunderbird, is originally found in [2].

Contrary to flight and marine applications, road vehicles have not traditionally
been viewed as over-actuated systems. Instead, different subsystems and their
functionalities have coexisted to give the desired performance. These function-
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alities are, for example Anti-lock Braking Systems (ABS), Electronic Stability
Control (ESC), and Traction Control Systems (TCS). They have specific purposes
without really viewing the complete vehicle performance. This is elegantly illus-
trated in [27] by using the ’ball in a bowl’ analogy. The ball represents the vehicle
states and how they are kept in the stable region of operation, represented by the
walls of the bowl, by the system controller. In the left illustration of Fig. 3.4 it is
shown how today’s coexistent functionalities do not provide smooth walls on the
bowl due to the fact that they only become active when the vehicle is almost un-
stable. Additionally, the traditional functionalities are not coordinated sufficiently
to give smooth walls as illustrated in the right Fig. 3.4.

Figure 3.4: Illustration of traditional coexistent functionalities such as ABS, VSC, and
TCS and their ability to keep the vehicle in the stable region(left) and how a highly
integrated and coordinated control system such as Vehicle Dynamics Management (VDM)
can keep the vehicle in the stable region (right). VSC means Vehicle Stability Control and
has the same functionality as ESC, Electronic Stability Control. Illustration from [27].

The concept of the smooth bowl is called Vehicle Dynamics Management
(VDM) in [27]. The following elements are used to achieve theVDM: hierarchi-
cal functional partitioning, feedforward force and momentcontrol for the vehicle
dynamics, and a nonlinear optimum distribution method which coordinates the
operations of each motion actuator. The distribution of theglobal chassis forces
and moment are allocated onto longitudinal and lateral wheel forces by using a
optimization function which minimizes the error in global forces and minimizes
the slip ratio of each wheel. In [44] and [36] different typesof wheel force distrib-
utors are designed for handling a road vehicle with independently steered, driven,
and braked wheels.

A quadratic programming based control allocation method isused for coor-
dinating the available motion actuators for an over-actuated road vehicle in [50]
and [49]. The allocation method is similar to what has been used within flight and
marine applications. In [50] it is shown that different vehicle configurations with
mechanical braking and steering were successfully allocated to achieve the de-
sired side slip and yaw rate of the vehicle. For the side slip and yaw rate a Linear
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Quadratic Regulator control law was used. However, the limits on the motion ac-
tuators included only tyre force and steering angle limits.Additionally, no detailed
consideration to actual actuator limits in position or rateof change for mechanical
brakes or steering was performed. In [56] yaw stabilizationof road-vehicles is
suggested by using control allocation. The allocation scheme is calculated offline
by using multi parametric nonlinear programming similar to[35]. However, of-
fline solutions will have difficulties to include all types ofmotion actuator failures
that can occur to be safe and redundant.

A traction force distributor for an in-wheel motored electric vehicle is pre-
sented in [28]. Sequential quadratic programming based control allocation is used
as a traction force distributor. The optimization in the control allocation is based
upon error in the desired and actual slip in the wheel motors.The desired slip
is based on friction estimation. In [7], inverse dynamics are used to calculate the
global forces and moment of the vehicle and control allocation is used to distribute
the task on to the available actuators. A least squares optimization formulation on
tyre grip potential is used for the control allocator. The objective is to keep each
wheel’s tyre grip potential low and preferably equal.

In [52], untripped rollover prevention is proposed by usingmechanical brakes.
A linear control law is used for reducing the lateral acceleration. If it is higher
than a certain threshold in lateral acceleration, then the control law applies the
total braking force. The total braking force is then distributed onto the mechanical
brakes by using weighted least squares control allocation [31]. This will prevent
untripped rollover crashes but with the compromise that thevehicle must depart
from the desired path to some extent. This compromise can be questioned when
considering that the vast majority of all real life rollovercrashes occur when a
vehicle runs off the road and strikes a tripping mechanism such as soft soil, a
ditch, a curb or a guardrail [4]. This is an ongoing research topic at the NHTSA
and will certainly be discussed further within the active safety community.

To summarize, even though road vehicle applications were late when com-
pared with flight applications to investigate if control allocation could be used to
solve over-actuated motion control problems, previous research indicates that this
is a powerful way to integrate and coordinate available actuators. However, there
are also major differences in the time constants in the dynamical response of the
vehicle, how the motion forces are generated, and how the forces are limited when
road vehicle applications are compared with flight and marine applications. This
makes it challenging to use control allocation within road vehicle applications.
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3.2 System Modelling

The purpose of any system modelling is to try to build a model that represents
how the physical system would behave for a certain input. Theobjective of the
modelling in this thesis is to explore the following question: Can real-time con-
trol allocation methods, like weighted least squares [31],be used in road vehicle
applications? To find an answer, the necessary dynamics and system specific time
constants need to be modelled. The modelling consists mainly of three parts,
motion actuators, drivetrain, and chassis, as illustratedin Fig. 3.5. These are com-
bined together to study different vehicle configurations with different numbers
and types of motion actuators.
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Figure 3.5: The system modelling consists mainly of three parts: 1. Actuator modelling.
Observe how limitsuel,i are not only constrained by rotational speedωel,i but also by
temperatureTi. 2. Drivetrain modelling of differentials, drive shafts, gear ratios, and
inertias. 3. Chassis and tyre modelling to predict vehicle’s ground motion.

One important aspect of the modelling is the motion actuator’s dynamics and
their limits in position and rate of change. This information is crucial to achieve
safe control allocation [22]. First and second order modelswere used to model
the dynamics of the available motion actuators such as the mechanical brakes
(mb), electric motors (el), internal combustion engine (ice), and steering. The
disc brakes and electric motors also included a lumped mass temperature model
which reduced the available actuator limits, see Paper IV. The limits in position
can be described by

uel,i(ωi, Ti) ≤ uel,i ≤ uel,i(ωi, Ti)

uice(ω) ≤ uice,i ≤ uice(ω) (3.1)

umb,i(Ti) ≤ umb,i ≤ umb,i(Ti)

whereωi andTi are the angular velocity and temperature of the actuator, respec-
tively. The limits in rate of change[ρ, ρ] for the motion actuators modelled as a
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first order system are simply a function of the time constant of the system. For
a second order model the rate limits can be determined using an equivalent time
constant definition as described in [40].

The modelled drivetrain configurations include the most important time con-
stants. The inertia of the wheels, gearboxes, electric motors and their losses were
included. Additionally, drive shafts were modelled as weakwhenever found in
configurations. Open differentials were also included in most of the configura-
tions. Effects like inertia, power losses, weak drive shafts, and open differentials
are quite important because these effects make a differencewherever a motion
actuator is mounted in the topology of the drivetrain is a motion actuator mounted
and assisting the motion. For example, an electric motor mounted between the
combustion engine and gear box introduces more delays and losses when assist-
ing in traction and braking than with a wheel mounted electric motor.

The chassis model developed for this study is a so-called twotrack model
which has five degrees of freedom: longitudinal, lateral, yaw, roll, and pitch mo-
tions. The aim of the model is to be capable of predicting the chassis dynamics on
flat surfaces. The SAE standard coordinate system [51] provided the main guid-
ance for defining the axis orientations. A brush tyre model [47] was used together
with dynamic relaxation to describe the tyre dynamics. The chassis parameters
correspond to those of a medium sized sedan car. Details about the modelling and
used parameters can be found in Paper IV.

The vehicle configurations were selected to represent a widevariety of driv-
etrains, from a conventional vehicle to a parallel HEV with electric four wheel
drive and a series HEV propelled by in-wheel motors, see Fig 3.6. The models
are implemented as first level s-functions in the Matlab/Simulink environment. A
summary of the four vehicle configurations is presented below:

1. Conventional vehicle 1 (CV1). The combustion engine has 133 kW at 6000
rpm as the maximum output power and a maximum torque of 230 Nm.It is
connected to the front wheels via an open differential (1 input). This model
has individual mechanical braking (4-inputs) which gives atotal of 5 inputs
to control the braking and traction. Used in Paper VII.

2. Conventional vehicle 2 (CV2). Same as CV1 but front and rear rack steering
are also included in the control allocation, resulting in 2 additional inputs.
This gives a total of 7 inputs to control the traction and braking. Used in
Papers IV-V.

3. Parallel HEV with electric four wheel drive (HEV E4WD). Every wheel has
individual mechanical braking (4-inputs). The rear axle has an electric mo-
tor of 50 kW connected by an open differential (1-input). Thefront wheels
are connected to an open differential which connects to an Integrated Starter
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Generator (ISG) of 11 kW located between the gear box and combustion en-
gine, same as CV (2-inputs). Front and rear rack steering is also included
(2-input). This model is seen as a 9-input configuration. Used in Papers
IV-V.

4. Series HEV with wheel motors (HEV WM). Every wheel has individual me-
chanical braking (4-inputs) and is also equipped with wheelmotors of 40
kW (4-inputs). An extra energy source such as a fuel cell is needed to allow
a continuous output power of 30 kW. The continuous power is sufficient to
overcome the resistance forces at a constant speed of 130 km/h. The total
output power is 30 kW plus 135 kW when the battery buffer mass of 90
kg is selected. It also includes front and rear rack steering(2-inputs). This
model is seen as an 10-input configuration. Used in Papers IV-VI.

Configuration: CV1 - 5 actuators

1

2

3

4

Configuration: CV2 – 7 actuators

Configuration: HEV E4WD – 9 actuators Configuration: HEV WM – 10 actuators

Figure 3.6: Illustration of the four modelled vehicle configurations. The black boxes
indicate motion actuators. The numbering 1 to 4 on configuration CV1 indicate the order
of the wheels which is also used for the numbering of the actuators.
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3.3 Control Design

The design of the proposed reconfigurable motion control system is illustrated in
Fig. 3.7. It is useful to begin with a comparison with Fig. 3.2which is a basic
layout of a control system where control allocation is included. The gray shaded
boxes in the illustrations are comparable. This shows that the motion control
system consists mainly of a path controller and a control allocator, compare also
with Fig. 2.7. Desired inputs includes the driver interpreter, energy management,
and steering. The control system and the functionality of its smaller functions will
be explained in greater detail ahead.

Control 
allocator

Actuator 1

System 
dynamics

v

uact

y

y

Control system, functional level 1 Vehicle system, functional level 2 and 3

Energy 
management udes

r

Env., SOC

uact, ulim, ρlim

Steering

Actuator 2u

Actuator n

GP, BP

SWA

Path 
Controller

Driver
Interpreter

Tyre fusion

y1 y2

Figure 3.7: Illustration of how the proposed reconfigurable motion control system would
be designed for a future HEV which also includes steer by wire. The gray shaded boxes
illustrate the similarities with the more basic illustration Fig. 3.2. Used abbreviations
include Brake Pedal (BP), Gas Pedal (GP), Steering Wheel Angle (SWA), Environment
(Env.), State of Charge (SOC). Illustration from Paper VI.

The separation of the path controller from the control allocator is the key issue
and will be explained first. Independent of the specific applications studied, a
class of nonlinear systems can be described in the affine form

ẋ = f (x) + g (x) u (3.2)

y = h (x) . (3.3)

Control allocation can be applied if the control input can beperturbed without
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affecting the system dynamics. The system can therefore be rewritten as

ẋ = f (x) + v (3.4)

y = h (x) (3.5)

wherev = g(x)u, v is also called the virtual control input. The control designcan
be divided into two steps. The first step is to design a controllaw that controls the
virtual control inputv ∈ Rk. The second step is to design a control allocator that
maps the virtual control input to true control input,v(t) 7→ u(t), whereu ∈ Rm

andk < m. This separation off(x) andg(x)u = v is shown in Papers IV-V for
road vehicle configurations where steering is included in the control allocation. In
Paper VII the separation is shown for a configuration where the driver is solely
controlling the steering.

3.3.1 Desired Input

The desired input functionality in the proposed motion control system can be seen
as feedforward-like controllers. The desired input part consists of the driver inter-
preter, energy management, and optionally steering if it isincluded in the control
allocation.

Driver Interpreter

The driver interpreter uses the driver input and a referencemodel of the road vehi-
cle to derive the desired pathr =

[
vx vy ωz

]T
. By using friction estimation, lim-

its in maximum yaw rate, for example, can be calculated here.A novel proposal
of how a driver interpreter could be realised for a vehicle configuration where the
driver controls the steering is presented in Paper VII. The driver interpreter used
a bicycle model to calculate the desired yaw rateωz. This yaw rate was limited
by the maximum yaw rate allowed by the tyre/road friction. When front and rear
wheel steering are included in the motion control system it raises the question
how the desired path of the vehicle should be defined. A vehicle configured with
independent front and rear rack steering can move sideways without any yaw rate
ωz = 0 or be turning without any lateral velocityvy = 0 meaning that the side slip
of the vehicle is kept at zero. This is a quite complicated matter and has therefore
been left out from the scope of this study. Therefore, when steering is included in
the control system the reference signalr is said to be known. This is the case in
Papers IV-VI.
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Energy Management

The objective of the energy management function is to minimize fuel consump-
tion and assure power availability at any time. A standard energy management
function considers only the actual State Of Charge (SOC) andvehicle speed and
acceleration to calculate if the buffer should be charged ornot. A finite state ma-
chine energy management function was implemented in Paper VI. By calculating
how much buffer power is desired one also determines the desired use of the elec-
tric motors during braking and acceleration. The desired use of electric motors,
combustion engine, and mechanical brakes is the first part oftheudes vector illus-
trated in Fig. 3.7, see Paper VI for further details. More information about energy
management can be found in [29].

More complex energy management functions would also include information
about the driving route, topography, and traffic information. This information is
used in a predictive control sense [32]. Such energy management algorithms also
fit well into the proposed motion control system.

Steering

A steering function is suggested to be included in vehicles with steer-by-wire. The
steering function calculates the desired steering angle(s), which are the second and
last part of theudes vector illustrated in Fig. 3.7. In Paper VI a bicycle model was
used to identify the steering angles needed for the front andrear wheels to achieve
the desired lateral and yaw motions.

3.3.2 Feedback Path Controller

The purpose of the feedback path controller is to keep the vehicle on the desired
path. The error in the pathe = r − y1 is used to calculate the desired global lon-
gitudinal and lateral forces and yaw momentv =

[
Fx Fy Mz

]T
of the vehicle,

see also Fig. 3.7. Different control laws could be used to achieve this. In Papers
IV-VII standard PI controllers with anti-wind up strategy were found to work suf-
ficiently [54]. More advanced path controllers have used an inverse dynamics of
the system to calculatev [7]. In a flight application a PID controller was comple-
mented with an inverse dynamics controller [46] to control the desired roll, pitch,
and yaw accelerations.

3.3.3 Control Allocation

Control allocation is an option for coordination when one has more input signals
u ∈ Rm than virtual signals controlledv ∈ Rk, k < m. The basic theory of
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control allocation is given in Appendix B. The idea is to map the virtual control
input onto u,v 7→ u. If g(x)u in Eq. 3.3 can be linearised then it can be rewritten
asg(x)u ≈ Bu. Then the mapping can be described by a control effectiveness
matrixB with sizek × m and rankk

Bu (t) = v (t) . (3.6)

Now the key issue is how to select the control input setu from all possible com-
binations. Here a constrained optimization formulation isused to achieve the
allocation. The limits in positionu and rateρ constrain the feasible solution ofu.
In addition a two-step optimization problem, sequential least squares (sls), is used
to for the mapping

u = arg min
︸︷︷︸

u∈Ω

‖Wu(u − udes)‖p (3.7)

Ω = arg min
︸︷︷︸

u≤u≤u

‖Wv(Bu − v)‖p (3.8)

whereWu and Wv are weighting matrices andudes is the desired control in-
put [31]. The two step optimization problem is well suited for FCVs and HEVs.
Eq. 3.8 constrains the possible setu ∈ Ω to be onlyu’s that will be in nullspace
of N(Bu − v) or minimize the error of the desired forces,Bu − v, needed for
fulfilling the desired motion of the vehicle. This can be seenas the vehicle mo-
tion controller. Eq. 3.7 minimizes the error of the desired control input,udes − u.
The desired control input,udes, coming from the energy management and steering
controller, specifies how the motion actuators should be used when optimizing the
use of onboard energy. This can be seen as a smooth arbitration between energy
management and vehicle motion control. Numerically Eqs. 3.7- 3.8 can also be
solved in one step, using weighted least squares (wls),

u = arg min
︸︷︷︸

u≤u≤u

‖Wu(u − udes)‖p + γ‖Wv(Bu − v)‖p. (3.9)

wherep = 2. Setting the weighting parameterγ to a high value gives priority to
minimize the error in motionBu − v. The wls formulation was used in Papers
IV-VII. A small comparison of using wls and sls was done in Paper VI.

Motion Actuator Limits

The control allocator receives the limits from the motion related actuators,[u(t), u(t)]
and their limits in rate of change[ρ, ρ], as illustrated in Fig. 3.7. This specific
way of designing the control system allows the control law tobe independent of
the available actuators, which makes the controller reusable for different hardware
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configurations, and also allows the control allocator to handle both limits and even
actuator failure. The rate limits can be rewritten as position constraints using an
approximation of the time derivative. The position constraints can now be written
as

u(t) = min(u(t), u(t − tT ) + tT ρ) (3.10)

u(t) = max
(
u(t), u(t− tT ) + tT ρ

)
(3.11)

wheretT is the sampling time.

Tyre Fusion

For road vehicles there are additional limits that need to beconsidered, such as
how much longitudinal and lateral force can be applied on each wheel. In the
proposed system the actuator limits are limited once more bythe ’tyre fusion’
function, see Fig. 3.7. Tyre fusion would need estimates of each tyre’s actual
friction and the vehicle’s velocities and accelerations tocalculate each wheel’s
normal force distribution. This is illustrated by the feedbacky2 in Fig. 3.7. The
force limits of each tyre are a function of friction and normal force. When the
tyre force limits are calculated they are used to verify if actuator limits need to be
reduced. When several motion actuators are connected to onewheel the following
priority order of the traction and braking actuators is proposed:

1. Electric motor

2. Combustion engine

3. Mechanical brakes

The idea is to always let the electric propulsion receive themaximum of avail-
able tyre force limits. When the limits of the electric motorare less than the max-
imum wheel forces the difference is given to the next actuator on the list. This is
illustrated in Fig. 3.8 where an electric motor is connectedto two wheels by an
open differential and each wheel also has individual mechanical brakes. The lon-
gitudinal tyre force limits are received by estimating the actual lateral force used
on each tyre. More details about tyre fusion functionality for the studied vehicle
configurations can be found in Paper V.

3.4 Main Benefits and Considerations

The main benefits of the proposed system is that it is offline and online recon-
figurable. Another main benefit is the optimization formulation used within the
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Figure 3.8: Illustration of how tyre fusion considers the case of an electric motor is
connected to two wheels by an open differential with individual mechanical brakes. This
is comparable to vehicle configuration HEV E4WD’s rear axle.Dashed lines illustrate
actual lateral forceFy. From Paper V.

control allocator which allows the vehicle motion control to be prioritized higher
than energy management at all times, see Eq. 3.9. This means that, when needed,
the true control inputu can smoothly divert from the desired input signalsudes

calculated by energy management and steering, see also Fig.3.7. The main con-
siderations are the need for correct information from the motion actuators about
their actual limits in position and rate of change and the estimation of tyre force
limits. Other considerations are the sensitivities of slowor highly nonlinear actu-
ators.

3.4.1 Main Benefits

This section starts out by giving a summary of the statementsmotivating the use
of the control allocation scheme within the proposed motioncontrol system

a) It is fast and gives both a feasible solution at each time step and an optimum
solution in a finite number of time steps. This is achieved by using the active
set method for solving the control allocation problem.

b) The optimization formulation includes both the minimization of the control
erroru− udes and the allocation errorBu− v, which has been shown to be
a viable option for hybrid electric vehicles, see Paper VI.

c) Even though when the tyre force and actuator limits combined are nonlinear
constraints, these can be linearised at each time step, allowing the selected
control allocation scheme to be used, see also Paper V.
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d) Even thoughg(x)u is approximated byB(x)u, it has shown to be sufficient
for a wide range of vehicle configurations, see Papers IV-VII.

e) The selected allocation scheme, developed by [31], usingleast squares,
norm 2, in the objective function, has been found to be very robust and
uses more actuators simultaneously when compared with using norm 1 in
the objective function. Using norm 2 makes the allocation less sensitive for
actuator failure because it already uses several actuators[48].

Offline Reconfigurable

The proposed motion control system is easily reconfigured for different vehicle
configurations. The control law for the path controller can be the same for dif-
ferent vehicle configurations. In Papers IV-V it was shown that the same control
law could be used for vehicle configurations CV2, HEV E4WD, and HEV WM
without even changing the control parameters of the PI controller. The separation
of the control law and control allocation gives this specificbenefit. The control
allocator is easily reconfigured for different vehicle models. The only parts that
need to be changed in the control system are the control effectiveness matrixB,
weighting matricesWu for the desired signals, see Eq. 3.9, the limits in position
and rate of change for the added motion actuators, and finallythe ’tyre fusion’
function for the specific configuration.

If the inertia of the system is neglected when applying the input to the actuators
the approximationg(x)u ≈ Bu can be used. The control effectiveness matrix
basically describes how effective each actuator is in generating the virtual control
inputv
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where the elementsbj,i are the influence of the ith actuator on the jth global force
or moment. m > 3 is the number of motion actuators available in the studied
configuration. In Papers IV-VB-matrices for vehicle configuration CV2, HEV
E4WD, and HEV WM are derived and in Paper VII theB-matrix for CV1 is
derived.

The diagonal weighting matrixWu is a design parameter which need to be
considered. It is important to attempt to penalize the use ofactuators in a way that
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makes brake/traction load distribution on the front and rear axles appealing from
a vehicle stability point of view. When braking, for example, the use of the front
brakes should be penalized lower inWu than the rear brakes. Another aspect is
that the order in which the actuators are blended is directlycontrolled inWu. In
Papers IV-VI the electric motors are penalized less than themechanical brakes.
Then the electric motors are more likely to be used and the mechanical brakes are
blended in when needed. In Paper VIWu(v) was designed to be scaled linearly
depending on the desired longitudinal force of the vehiclev1 = Fx.

Online Reconfigurable

The limits in position and rate of change of each motion actuator and its ability to
achieve specific tyre forces give the ultimate constraints for the control allocator.
Updated information about the actual limits needs to be sentback to the control
allocator as illustrated in Fig. 3.7. This allows the control allocator to automati-
cally re-distribute between available motion actuators ifthey become saturated or
even fail. How limits in position and rate of change can be calculated by actuator
reference models is shown in Paper IV.

Another important online reconfiguration feature is the smooth arbitration be-
tween energy management and vehicle motion control at all times. This is pro-
vided by the optimization formulation within the control allocator, see Chap-
ter 3.3.3. This is crucial for hybrid electric vehicles to allow for correct blending
of the electric motors and to preserve vehicle stability at all times. In Paper VI
this smooth arbitration is exemplified for vehicle configuration HEV WM.

3.4.2 Considerations

Information

One consideration when using control allocation is the factthat correct informa-
tion about what abilities each motion actuator has at each new allocation time step
is needed. This information exchange from lower control functions is not clearly
standardized between suppliers of motion actuators and auto manufacturers, see
Fig. 3.9 for an illustration.

Actuator information is crucial for any type of successful coordination within
a hierarchical control system. For example, a supplier thatprovides electric mo-
tors should also include a local controller that sends actual input achieved and
updated limits and rates of torque. For an electric motor, states such as the rota-
tional speed and temperature would reduce the limits. This is also important from
a responsibility point of view. The electric motor will not be used above its capac-
ity according to limits provided from the supplier developed local controller. A
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Figure 3.9: Illustration of functional levels within a vehicle system controller and the
information about limits in position and rate of change fromeach motion actuator.

novel suggestion on how these limits are made rotational speed and temperature
dependent for a permanent magnet synchronous motor is provided in Paper IV.

Updated and sufficient estimations for each wheel’s tyre/road friction and re-
liable estimates of the normal force distribution between the available wheels are
needed. Friction estimation is a highly prioritized research topic. However, if the
friction estimation is not updated fast enough the author suggests that the wheel’s
longitudinal slip is used in addition to the friction estimation within tyre fusion to
control the limits of the mounted motion actuators for the considered wheels.

Information about actuator failure should also be properlyaddressed. This can
be done by using a observer model that calculates what the motion actuator should
have performed for a certain input. If the observer model’s output differs signif-
icantly from the actual output from the motion actuator the author suggests that
the limits are set equal to zero if the actuator is not responding. If the actuator is
stuck in a certain position, jamming brakes, for example, the limits of the actuator
should be reduced to be equal to the jam torque. This informs the control allocator
which can then account for and counteract the jamming brake.

Highly Nonlinear Dynamics

Highly nonlinear dynamics is one of the most sensitive issues of control allocation.
The mapping from virtual control input to actuator input is simplified by using the
linearization ofg(x)u ≈ Bu. However, there are times when theg(x) term is



42 Chapter 3. The Proposed Reconfigurable Motion Control System

highly nonlinear, for example when gear shifting is performed. When the clutch
is open some motion actuators will not have any effectiveness to accomplish the
desired global forces and momentv. This can be accomplished by letting the
B(x)-matrix become vehicle statex dependent. This was done in Paper VI which
illustrated how gear shifting can be accounted for within the control allocator.
Another example, found in Papers IV-VI, is that the steeringis assumed to have
linear cornering stiffness withinB. This could be modified by using a nonlinear
cornering stiffness inside the vehicle state dependentB(x)-matrix.

Slow Actuators

The use of slow actuators should be avoided. A good example isthe introduction
of steer-by-wire in production road vehicles. It is important that the steering actu-
ators are made fast enough so that catastrophic driver induced oscillations, similar
to what have been seen in flight applications can be avoided, [22]. If really slow
steering actuators are used, the driver will not get the response he is expecting. If
the driver then starts to turn the steering wheel back and forth and the system is
responding too late, the result is driver induced oscillations. It is also important
to give correct feedback to the driver by resistance in the steering wheel which
matches the time constant of the steering actuators. Effects on how steering gain,
steering response, and steering torque should be applied togive ’good’ driver’s
feeling are studied in [16] and [30].

3.5 Suggested Approach for Implementation

The proposed motion control system has shown that it can be used for a wide vari-
ety of vehicle configurations and can handle both conventional and hybrid electric
vehicles, see Papers IV-VI. It has also been shown in Paper VII that the control
system passes the proposed test procedure for ESC. It could be a natural first step
for implementation to use part of the proposed motion control system as an ESC
system in a conventional road vehicle. The conventional vehicle is assumed to
have five motion actuators, combustion engine and individually controlled me-
chanical brakes, to achieve the correcting yaw torque. Thenwhen over-actuation
increases with increased number of available motion actuators, the full version of
the proposed motion control system could be implemented, see also Fig. 3.10 for
illustration.
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Figure 3.10: Illustration of how the proposed motion control system could be imple-
mented.





Chapter 4

Simulations and Results

This chapter shows through simulations that the system requirements defined in
Motivation Chapter 1.2 are fulfilled by the proposed motion control system de-
scribed in Control Design Chapter 3.3.

A simulation platform was built in Matlab/Simulink to validate the proposed
reconfigurable motion control system. The overall aim was toshow that even
though a linearised control effectiveness matrixBu ≈ g(x)u was used, it achieved
the desired performance on a nonlinear system modelled asẋ = f(x) + g(x)u.
This is one of the key issues when using control allocation, especially for road
vehicles where nonlinearities are found in the motion actuators themselves. The
nonlinearities in the drivetrain, chassis, and tyres, independently or in combina-
tion, influence the final effectiveness of each actuatorui.

The simulations and the results presented in this chapter are presented from
the point of view of the system requirements, see Chapter 1.2. The outline of the
Chapter is as follows:

• Section 4.1 addresses system requirement one; the integration and coordi-
nation of the available motion actuators to their full potential to achieve the
desired ground motion.

• Section 4.2 addresses system requirement two; energy efficient coordination
with priority on vehicle stability.

• Section 4.3 addresses system requirement three; online adaptivity for sud-
den changes in the environment or saturation and failure among the avail-
able actuators.

• Section 4.4 addresses system requirement four; the proposed control system
is reusable for several vehicle configurations.

45
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• Section 4.5 discusses robustness for vehicle parameter changes.

• Finally, Section 4.6 contains concluding remarks about thepresented simu-
lations and results.

4.1 Integration and Coordination of the Available
Motion Actuators

Two test procedures are used to illustrate how the proposed motion control system
functions on this requirement. The first test procedure is the proposed standard
test by the NHTSA [4] for Electronic Stability Control systems, sine-with-dwell.
It is shown that the NHTSA ESC test is passed by the proposed control allocation
based controller. The second test procedure is circle driving with low constant
acceleration on low friction. This illustrates how the motion control system uses
available motion actuators for three different vehicle configurations when the ve-
hicle velocity is reaching the physical limit that can be used to keep the circle
constant.

4.1.1 Sine-with-Dwell

This section gives a short review of the results found in Paper VII. The aim with
the simulations is to show that the proposed motion control system functions also
as an Electronic Stability Control System for a conventional vehicle. The steering
angle is given as input for the test procedure and is therefore only applicable on
vehicle configuration CV1, see Chapter 3.2. Because of this,the proposed mo-
tion control system is reduced to not include steering in thecontrol allocation as
illustrated in Fig. 4.1.

The configuration is front wheel steered by the driver. The modelling of the
motion actuators, chassis, tyre, and drivetrain are shown in Paper IV. Verification
simulations were also made with a commercially available Vehicle Dynamics Li-
brary(VDL) [3] to assure that the proposed motion control system functions on a
system not developed by the author.

Assumptions

The control system is assumed to control the combustion engine and the mechani-
cal brakes at each wheel, giving a total of five motion actuators. The tyre/road fric-
tion is assumed to be equal to 1. This is assumed to be known by the driver inter-
preter, which uses a linear bicycle model to calculate the reference yaw rate. The
reference yaw rate was limited by the attainable maximum yawrate at tyre/road
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Figure 4.1: Illustration of how control allocation is suggested to be used within the con-
trol system for a conventional road vehicle. Observe how theSteering Wheel Angle
(SWA) is passed directly through to system dynamics. Used abbreviations include Brake
Pedal (BP), Gas Pedal (GP), internal combustion engine (ice), and mechanical brakes
(mb). Illustration from Paper VII.

friction 1. The steering input, sine-with-dwell is assumedto be given directly to
the motion actuators within the modelled system, see Fig. 4.2. The control ef-
fectiveness matrixB ∈ R3×5 is assumed to be linear. This means that no inertia
effects or nonlinearities are accounted for in the control system for the mapping of
the virtual control input into the true control input of the motion actuatorsv 7→ u.
However, the system modelled and controlled includes nonlinearities which are
found in actuators, chassis, tyres, and drivetrains. Weighting matricesWu and
Wv in the control allocation scheme are kept constant, and the desired control
inputudes for the motion control actuator is given as a zero vector, seealso Chap-
ter 3.3.3.

Overall Results

The vehicles equipped with the proposed motion control system pass the NHTSA
standard test procedure for ESC. In Fig. 4.2 the resulting yaw rates for different
SWA amplitudes are shown for the chassis modelled accordingto Paper IV. The
ESC system is on and the max amplitude of the Steering Wheel Angle (SWA) is
varied between 100 and 270 degrees. The black dots indicate the two stability
criteria that need to be fulfilled. The results show that yaw rates are well below
the these black dots.

The results are also confirmed with a commercially availablechassis and tyre
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Figure 4.2: SWA input as function of time (upper plot) and yaw rate results (lower plot)
for Chassis modelled according to Paper IV when ESC is active. SWA max amplitude
was varied between 100-270 degrees. Results from Paper VII.

model [3]. No changes in the control system’s parameters were made when the
chassis was switched. The only modification was to change thesigns of the lateral
velocity and yaw rate when the VDL model was used. This is due to the fact that
the VDL chassis is modelled with ISO coordinates whereas thechassis in Paper
IV uses SAE coordinates.

Detailed Results

The simulation results show not only that the mechanical brakes are mainly ap-
plied on one side of the vehicle at a time, but also that the combustion engine
is used which gives positive torque on one of the front wheelswhen the other is
locked by the mechanical brakes, see Fig. 8 in Paper VII. The use of the combus-
tion engine was also switched off by sending a maximum torquelimit of zero to
the control allocator. The new vehicle configuration still passes the test procedure.
The VDL chassis is actually easier to control and the probable reason for this is
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that the elasticity modelled in the steering makes the vehicle a bit more under-
steered. This is shown in that the vehicle handled a SWA of 137.5 degrees when
ESC was switched off in comparison to the chassis modelled, according to Paper
IV, which only handled a SWA of 75 degrees.
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4.1.2 Circle Driving with Constant Longitudinal Acceleration

In this test procedure the aim is to see how the proposed motion control sys-
tem’s control allocator manages three different vehicle configurations, CV2, HEV
E4WD, and HEV WM, see Chapter 3.2 for configuration details, when the path
controller is kept unchanged. The selected test procedure is circle driving with
constant acceleration of 0.05g with a driving radius of 200 mand the tyre/road
friction set to 0.3. The aim is to study how close each configuration can come
to the limiting velocity and how the control allocator uses the available motion
actuators. The limitingvlim velocity can be calculated as

Ffric = Fcentripetal ⇔ µ · m · g =
m · v2

init

R

vlim =
√

µ · g · R = 24.26 m/s. (4.1)

The control system not only controls the tractive and braking motion actuators,
but also the front and rear steering actuators. The simulations presented here are
found in Paper V.

Assumptions

The control system is assumed to know the actual friction andto be able to prop-
erly estimate each tyre’s force limits. This information isused within the tyre
fusion function to combine the limits of the motion actuators with the tyre forces.
The weighting matricesWu andWv are kept constant in addition to the control
effectiveness matrixB(x). The desired control input for the motion actuatorsudes

was set equal to a zero vector.

Overall Results

The most interesting result is that even though different vehicle configurations
are used, the proposed motion control system handles each configuration quite
well. Fig. 4.1.2 shows the reference and simulated longitudinal, lateral, and yaw
velocities for the three configurations CV2, HEV E4WD, and HEV WM. It can be
noted that all three configurations reach about 90 percent ofthe maximum speed
before they start to diverge from the reference yaw velocity. Another interesting
observation is that configuration CV2, with only a combustion engine connected
to the front wheels, starts to use the mechanical brakes whenthe vehicle is almost
reaching the critical velocity, which can be seen by the oscillations occurring at
about 18 seconds in lateral velocity and yaw rate.
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Detailed Results

In Fig. 4.4 the use of the actuators and their combined limitsare shown for CV2.
Observe how actuator 1, the combustion engine, increases the tractive torque when
the mechanical brakes, actuators 3 and 5, are beginning to beused as yaw stabi-
lizing actuators at time 15 s. This is basically what today’sESC systems do,
however here it is automatically performed by the control allocator. The actuators
and their combined limits for configuration HEV E4WD and HEV WM during
the test procedure are shown in Fig. 4.5 and Fig. 4.6 respectively. In configuration
HEV E4WD the electric motors, actuators 2 and 3, are mainly used for traction,
but the combustion engine, actuator 1, is also used. The mechanical brakes are
not used at all as yaw stabilizing actuators in comparison toconfiguration CV2.
Similar behaviour could be observed for HEV WM. More detailsabout the results
can be found in Paper V.
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Figure 4.3: Longitudinal vx, lateral vy, and yawωz velocities for configuration CV2
(top), HEV E4WD (middle), and HEV WM (bottom) respectively during test procedure
constant circle.
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Figure 4.4: Input setu and its limits for configuration CV2 during test procedure constant
circle. The black solid line represents actualu, while the dashed red and blue lines rep-
resent upper and lower combined limit respectively. Actuator numbering 1: combustion
engine, 2-5: mechanical brakes, 6-7: front and rear steer.
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Figure 4.5: Input setu and its limits for configuration HEV E4WD during test procedure
constant circle. The black solid lines represent actualu, while the dashed red and blue
lines represent upper and lower combined limit respectively. Actuator numbering 1: com-
bustion engine, 2: integrated starter generator, 3: rear axle motor, 4-7: mechanical brakes,
8-9: front and rear steer.
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Figure 4.6: Input setu and its limits for configuration HEV WM during test procedure
constant circle. The black solid lines represents actualu, while the dashed red and blue
lines represent upper and lower combined limits, respectively. Actuator numbering 1-4:
wheel motors, 5-8: mechanical brakes, 9-10: front and rear steer.
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4.2 Energy Efficient Coordination of the Available
Motion Actuators with Priority on Vehicle Sta-
bility

Constrained control allocation with mixed optimization formulation is used for
solving the over-actuated HEV problem to allow smooth arbitration between de-
sired inputs from energy management and vehicle motion control. This will be
illustrated for vehicle configuration HEV WM, see Chapter 3.2 for configuration
details. Two test procedures are used for illustration. Thefirst is straight braking
with different deceleration demands. The second is cruising at a fixed velocity
and slowly increasing yaw rate up to the friction limited yawrate. The aim is to
show how true control input is smoothly diverted from the desired control input
from energy management and steering law for front and rear wheels when needed.
Details about Energy Management its finite state machine andused rules, and the
steering law can be found in Paper VI. In these simulations the complete com-
plexity of the proposed motion control system as illustrated in Fig. 3.7, is used.

4.2.1 Straight Braking

The purpose with this test procedure is to change the deceleration during straight
braking on asphalt with a friction of 1.0. The initial velocity was set to 100 km/h.
The first part begins with soft braking of -0.1g until 80 km/h is reached then
applies hard braking of -0.8g until 40 km/h is reached. The final part of the braking
is performed with -0.1g again until standstill. This is doneto trigger re-generative
braking in the first part, then blended braking in the second part and then again re-
generative braking for the final part. This was done for the vehicle configuration
HEV WM. This test procedure is also presented in Paper VI.

Assumptions

The control system is assumed to know the actual friction andto be able to prop-
erly estimate each tyre’s force limits. This information isused within the tyre
fusion function to combine the limits of the motion actuators with the tyre forces.
The weighting matrixWu(v) is linearly weighted against the desired global longi-
tudinal force. This will influence whether the front or rear motors are penalized.
The weighting matrixWv is kept constant in addition the control effectiveness
matrix B. The desired control input for the motion actuatorsudes is decided by
the energy management and steering law. Further details canbe found in Paper
VI. The wheel motor and disc brakes have an initial temperature of 30 oC. The
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initial SOC of buffer was assumed to be 0.6. The SOC window wasset to be 0.4
to 0.99.

Overall Results

The overall deceleration is performed well by HEV WM. The reference velocities
and actual velocities for the straight braking test procedure are shown in Fig. 4.7.
The fast response is evident as the braking acceleration is increased from 0.1g to
0.8g. When the braking acceleration is reduced again to 0.1g, at about 7 s, the
actual longitudinal velocity slightly overshoots.
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Figure 4.7: Reference and actual longitudinalvx velocities during test procedure straight
braking.

Detailed Results

The desired and actual input signals for wheel motors and disc brakes are shown
in Figs. 4.8 and 4.9, respectively. The interesting part is to see how smoothly the
actual input signalsu are diverted from the desired inputudes when needed. This
is thanks to the smooth arbitration provided by the control allocation optimization
formulation, see Eq. 3.9.

The steering input signals were neglected because no steering was needed in
this test procedure. The overshoot in velocity is due to the fact that the rate limits
of the mechanical disc brakes take some time to release the brake pressure. This
is however attempted to be compensated for by the wheel motors giving a positive
torque at about 8s. Further details about the test procedurecan be found in Paper
VI.
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Figure 4.8: Input setu for the wheel motors and their limitsudes during test procedure
straight braking. The black solid lines correspond to actual u, the dashed green lines
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Figure 4.9: Input setu for the disc brakes and their limitsudes during test procedure
straight braking. The black solid lines correspond to actual u, the dashed green lines
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lower combined limits, respectively.
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4.2.2 Constant Velocity with Slow Increase in Yaw Rate

This test procedure aims to show how energy management’s desired motor inputs
are diverted when other actuators are reaching their limitsand in order to maintain
vehicle stability. The HEV WM configuration is again studiedhere with the full
functionality as explained in Paper VI. The test procedure starts out with straight
driving at a constant cruising speed of 100 km/h and then the yaw rate is slowly
increased to the friction limited yaw rate. The minimum turning radius that can be
taken at 100 km/h with tyre/road friction 1 is about 78.65 m which gives a limiting
yaw rate of about 0.35 rad/s. In the simulations the yaw rate is ramped up to the
limiting value over a period of 30 s. This is an additional simulation which is not
found in any of the appended papers.

Assumptions

The same assumption exist as in the straight braking case, see Chapter 4.2.1.

Overall Results

Usually when energy management functions are designed and developed they ne-
glect the yaw rate. This is natural in most cases, here is an example when it can
become a problem. Here the vehicle is forced to try to reach the physical limit
for yaw rate for the selected cruising velocity and road/tyre friction. The vehicle
almost reaches the physical yaw rate limit for the studied cruising velocity of 100
km/h. In Fig. 4.10 the reference and actual velocities are shown. A jump in the
yaw rate can be observed at 18 s. The final steady state maximumyaw rate that
can be achieved with the current model is about 6 percent lower than the physical
maximum yaw rate limit calculated by hand.
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ing test procedure constant velocity with slow increase of yaw rate.
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Detailed Results

In Fig. 4.11 the actual and desired actuator inputs are plotted. The mechanical
brakes are not plotted because they are not used. Upon closerstudy how the
allocator handles this case it is apparent that the desired input from energy man-
agement for the four electric motors is followed quite nicely until about 18 s.
Similar results are shown when the actual steering is compared with the desired
steering input of the front and rear wheels. The desired input is for the steering is
calculated with the inverse of a linear bicycle model which has not been given any
cut-off values for the steering, see also Paper VI. At time 18s the front steering
hits the limit estimated by the tyre fusion function, see Paper V for details. The
minimum of the maximum lateral force of each wheel on the front and rear axles
is used and multiplied by two. This force is then used to calculate the maximum
allowed steering angle. This method is quite conservative and explains why the
limit for front steering is already reached at 18 s. Soon after, rear steering also
hits the limit. This is now compensated for by the wheel motors and all six active
motion actuators divert after 18 s from the desired inputs ofenergy management
and steering law.
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Figure 4.11: Input setu for the wheel motors and front and rear steer with their limits
during test procedure constant velocity with slow increaseof yaw rate. The black solid
lines correspond to actualu, the dashed green lines correspond to desiredudes, and the
dotted/dashed red and blue lines are the upper and lower combined limits, respectively.
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4.3 Online Adaptivity for Sudden Changes in the
Environment or Among the Available Actuators

Already in Sections 4.1 and 4.2 the proposed motion control system has been
shown to be adaptive. In this section this will be illustrated further by studying
two alternative test procedures. The first includes sudden changes in friction dur-
ing straight braking, here called braking with step friction. The second includes
repeated hard braking and acceleration, which illustratesa long term adaptivity
when the electric motors saturate due to heating. Both test procedures are studied
using vehicle configuration HEV WM, see Chapter 3.2 for configuration details.
These test procedures are not found in any of the appended papers. The full com-
plexity of the proposed motion control system as illustrated in Fig. 3.7 is used, see
also Paper VI.

4.3.1 Braking Step Friction

Braking with a deceleration of 0.7g is performed when the vehicle is coasting at
100 km/h. At 1 s the tyre/road friction is suddenly reduced from 1.0 to 0.3 for
2 s after which the friction returns to 1.0. The aim with the test procedure is to
see how the proposed motion control system adapts its limitsand manages the
situation during low friction.

Assumptions

The same assumptions exist as in the straight braking case, see Chapter 4.2.1.

Overall Results

In Fig. 4.12 the reference and actual longitudinal velocities are shown. During the
low friction time window of 1 to 3s it is noticeable that the deceleration steepness
is reduced. After the low friction window deceleration increases again. The last
part of the braking is soft until the velocity becomes close to zero. This behaviour
is tuned by the PI-controllers within the path controller.

Detailed Results

During the braking situation it is visible that the wheel motors in Fig. 4.13 have
a reduced minimum limit during 1 to 3 s. This limit reduction is obeyed in the
simulations. The mechanical brakes assist before the step friction but during the
step friction all four brakes are limited to zero in minimum torque. This is due to
the proposed tyre fusion function which always prioritizeselectric braking before
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Figure 4.12: Reference and actual longitudinalvx velocities during test procedure brak-
ing with step friction.

mechanical. In short, the function checks the tyre force limits are and if the electric
motor limits are smaller, as in this case before and after step friction window,
then full limits are given to the electric motors. The residual is then given to
the mechanical brakes. If the tyre force limits are smaller or equal to the limits
of the electric motor then only the electric motor will receive limits not equal to
zero. More details about tyre fusion function can be found inChapter 3.3.3, see
also Paper V. The front wheels lock for a moment when the friction is suddenly
reduced at about 1 s, which gives a longitudinal wheel slip of-1. This is because
it takes some time for the mechanical brakes to release due tothe limits in rate of
change. However, by using a tolerance of about 10 percent forthe longitudinal
force limit and the release of the mechanical brakes, the locking of the wheels
disappears during the low friction window. The slip level reaches a steady state
of -0.04 during the residual part of the low friction window.The rear wheel stays
unlocked during the whole braking procedure.

After 3 s the control allocator adjusts to the new limits on the mechanical
brakes and starts again to use the front mechanical brakes tomaximize the decel-
eration efficiency, see Fig. 4.13. Brake blending with a priority on electric braking
is important for HEVs and especially for those having a high percentage of their
tractive force coming from electrical propulsion. This should also be applied in
cases where the tyre/friction is at a permanent low level andduring repeated hard
braking situations. For configuration HEV WM the electric propulsion percentage
is 100.
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Figure 4.13: Input setu and its limits for configuration HEV WM during braking with
step friction. The black solid lines represent actualu, while the dashed red and blue lines
represent upper and lower combined limits, respectively.

4.3.2 Repeated Hard Braking and Acceleration Test

This test procedure is inspired by the brake test developed by Auto Motor und
Sport (AMS) [8]. They use this test on premium cars to investigate the braking
performance. These types of test procedures are not standard for HEVs but based
on how they are marketed, usually as premium cars, it can be expected that similar
tests will soon become standard for premium HEVs as well. Thestudied configu-
ration is again HEV WM, see Chapter 3.2 and Paper VI for details. The selected
test procedure is a combination of two parts of the real AMS test. The first part
of the test begins with the vehicle at 80 percent of its maximum velocity. For the
HEV WM the following performance data is derived by simulations: it takes 7 s to
accelerate from 0 to 100 km/h and 38 s to reach maximum velocity of 232 km/h.
This means that the initial velocity was 185.5 km/h from which hard braking with
1.0g to zero was desired. After standstill in 4 s, ten repetitions with hard accel-
eration are performed to 103 km/h which is kept for 2 s and is followed by hard
braking to zero with a 2 s standstill before the next acceleration. This is given as
a reference velocity for the proposed motion control system.

The aim with the test procedure is to show that the proposed motion control
system always prioritizes the use of the electric motors forregenerative braking.
This is important in HEVs with a high percentage of their traction coming from
electric propulsion. If only mechanical braking is used during hard braking, then
the buffer will not be recharged for the next acceleration. This will eventually



4.3. Online Adaptivity for Sudden Changes in the Environment or Among the
Available Actuators 63

lead to reduced acceleration performance due to low SOC in buffer. By encour-
aging the use of the electric motors for regenerative braking, the problem with
degraded acceleration performance at the end of the test procedure can potentially
be avoided, increasing the marketability of premium HEVs.

Assumptions

The same assumptions exist as in the straight braking case, see Chapter 4.2.1.

Overall Results

The overall result is that the HEV WM fails to follow the reference velocity after
about 80 s during the acceleration phases. However, this is not how the real AMS
test would be conducted. There the desired velocity of 103 km/h would have
been reached between every braking even though it would takea longer time in
every acceleration. When using a predefined reference velocity it illustrates how
the performance in acceleration is reduced. This is due to the air cooled electric
motors heating up. To prevent the electric motors from overheating, the limits
in maximum torque are slowly reduced. The braking is conducted without any
degradation. The last part of the braking is somewhat soft which is due to the
selected settings of the path controller’s PI parameters.
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Figure 4.14: Reference and actual longitudinalvx velocities during test procedure re-
peated braking and acceleration, inspired by the AMS-test.

Detailed Results

The electric motors and mechanical brakes on the front wheels are blended during
every braking phase. In Fig. 4.15 the electric motor’s actual torques and combined
limits are shown. It can be seen how the maximum and minimum torque limits
reduce with time. This is due to the thermal model for the electric motors. The
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electric motor is assumed to have only air cooling. A lumped mass model calcu-
lates an estimated temperature for the electric motors as shown in the lower plots
in Fig. 4.15. The initial temperature is 30oC which rises slowly to about 180oC.
The model is tuned so that when the temperature increases above 100oC it starts
to linearly reduce the maximum torque and power of the motor to only be able to
produce continuous torque and power at 200oC. This illustrates how long term
adaptivity is included in the proposed motion control system by having detailed
models of what the motion actuator’s limits actually are, see Paper IV for further
modelling details.

The SOC of the buffer starts at 0.8 and cyclically charges andprovides power
during the braking and acceleration, respectively. The endSOC is about 0.48, the
fuel cell is only used during accelerations to assist the buffer. The used energy
management rules do not permit any charging of the buffer by the fuel cell during
the test procedure conditions. Paper VI describes the used energy management
algorithm.

The front mechanical brakes, based on their thermal model, indicates that the
temperature goes up to about 750oC already during the first braking from 80 per-
cent of maximum vehicle velocity, as shown in Fig. 4.16. To model brake fading
in the brake model, the friction between the braking pads anddisc is assumed
to be temperature dependent. This reduces the minimum limits of the brakes al-
ready during the first seconds of using the mechanical brakes, see right plot in
Fig. 4.16. The test procedure is somewhat demanding when combining the two
braking phases of 80 percent of maximum velocity with the 10 repetitions of brak-
ing from 103 km/h. This can be seen in the temperatures estimated by the thermal
model for the front brakes: they come close to 1000oC yet still continue to pro-
duce good braking except for the reduction in limits in the initial braking. In real-
ity, additional degradation of the mechanical brakes couldbe expected. This is due
to that the friction materials are used above their operating temperatures. Another
possible scenario is that the brake fluid could reach its boiling point which would
also reduce the performance of the brakes. Neither of these effects are included
in the temperature model of the mechanical brakes, see PaperIV for modelling
details. The rear mechanical brakes are used much less. The main reason for this
is the weight shift which gives the front wheels larger longitudinal force limits
whereas the rear wheels have to cope with smaller force limits. Thus electrical
braking limits are accommodated first and then secondly mechanical brakes. The
final temperature of the rear brakes is about 130oC.

The results show that if models similar to the ones suggestedhere for the
electric motor and mechanical brakes are used to calculate actual limits, it will not
only save the health of the motion actuators but will also give vital information
for the control allocator about how the actual limits changeduring different states
such as rotational speed and temperature.
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Figure 4.15: The two top plots show the input setu and its limits for configuration HEV
WM and its motors during the repeated braking and acceleration test. The black solid
lines represent actualu, while the dashed red and blue lines represent upper and lower
combined limits, respectively. The two lower plots show thetemperature of the motors.
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Figure 4.16: The top plot shows the input setu and its limits for configuration HEV
WM and its front brakes during the repeated braking and acceleration test. The black
solid lines represent actualu, while the dashed red and blue lines represent upper and
lower combined limit, respectively. The lower plot shows the temperature of the front
mechanical brakes.
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4.4 Offline Reconfigurable for Several Vehicle Con-
figurations

Offline reconfigurability is an appealing feature for vehicle control systems, espe-
cially commercial automotive systems. To cut development costs, as much of the
embedded software as possible has to be reusable when different vehicle configu-
rations are developed. The aim here is to show that the proposed motion control
system is offline reconfigurable for a wide variety of vehicleconfigurations.

4.4.1 Different test procedures

In Papers IV and V different test procedures are conducted with three vehicle con-
figurations, CV2, HEV E4WD, and HEV WM, see Chapter 3.2 for configuration
details. The test procedures in Papers IV and V focused on brake blending cases
and on traction and braking, respectively. In Paper VII a reduced version of the
proposed motion control system is used for vehicle configuration CV1 to study its
Electronic Stability Control capabilities.

Assumptions

In Papers IV, V, and VII the following assumptions are made for the control sys-
tem. The control effectiveness matricesBCV 1 ∈ R3×5, BCV 2 ∈ R3×7, BHEV E4WD ∈
R3×9, andBHEV WM ∈ R3×10 are assumed to be linear. This means that no inertia
effects or nonlinearities are accounted for in the control system for the mapping
of the virtual control into the true control input of the motion actuatorsv 7→ u.
However, the modelled and controlled system includes many of the major non-
linearities. Weighting matricesWu for each configuration andWv in the control
allocation scheme are kept constant, and the desired control input udes for the mo-
tion control actuator is given as a zero vector, see also Papers IV and V for details.
The only parts changed in the control system are the control effectiveness matrix
B, the weighting matrixWu, the new motion actuator limits, and a modified tyre
fusion function for each configuration. The path controller’s PI -parameters are
kept identical when different vehicle configurations are simulated in Papers IV
and V.

Overall Results

The overall results show that the proposed motion control system can easily be
adjusted for the different vehicle configurations. The pathcontroller’s parameters
do not need to be tuned for different vehicle configurations.
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Detailed Results

The parts of the control system that need the most attention when switching be-
tween the different vehicle configurations are the tyre fusion functions and the
setting of the weighting matrixWu for each configuration. However, the sepa-
ration of the control law and control allocation opens up fora structural way to
handle a wide variety of vehicle configurations.

4.5 Robustness for Vehicle Parameter Changes

All of the previously presented simulations results have been performed with the
prerequisite that the controller has knowledge of several important vehicle pa-
rameters such as the centre of gravity, vehicle mass, and tyre/road friction, for
example. An important aspect when designing or proposing a controller is its ro-
bustness to parameter variations. This however has not beenan issue in this work,
but various simulations have been performed in order to address this problem and
to see how the controller handles some interesting cases. Again it is the HEV WM
configuration that is studied with the full functionality asexplained in Paper VI.
Four different types of parameter changes are tested. The first type is related to
vehicle mass, the second type is related to the location of the centre of gravity, the
third is related to the inertia in the yaw direction and the fourth is related to the
tyre/road friction.

For the four different cases, the test procedure is to drive in a circle with a
constant of radius 200 m on ice with friction 0.3. The initialvelocity is set to 10
m/s. The vehicle is accelerated with 0.1g until 90 percent ofthe limiting velocity
is reached. Then the velocity is kept constant for 5 s. The final part is braking
with -0.1g until reaching 10 m/s. During the whole procedurethe aim is to keep
the driving circle radius constant.

The proposed control system handles the tested cases very well. Simulations
indicate that the controller is robust and can handle natural parameter variations
like change of mass and centre of gravity, but further analysis is necessary to make
a more general statement. The test cases are summarized in Table 4.5. Plots are
omitted for brevity. The evaluation criteria is the mean square error between the
actual and reference trajectories. The results can be compared to the nominal case,
when all parameters are known for the controller. For the first three test scenarios
no major deviation can be noticed, but for the last test scenario it can be noticed
that the mean square error in longitudinal velocity for a change in wheel radius is
a magnitude larger and this is due to an initial wheel speed error.

When the known friction for the controller is assumed to be 1.0, the error
actually reduces in lateral velocity in comparison to the nominal case. The tyre



68 Chapter 4. Simulations and Results

Table 4.1: Robustness test for vehicle parameter changes. Mean squareerror (mse) for
longitudinal, lateral, and yaw velocities.

Changed parameter Value (Nominal) mse_vx mse_vy mse_ωz

Nominal case - 29.16 237.95 0.91
Mass, m 1875 kg (1675) 36.00 235.39 0.90

2175 kg (1675) 47.61 214.75 0.93
Centre of gravity, 0.963 m (1.07) 31.36 292.57 0.93

distance to front axle,Lf 1.177 m (1.07) 29.24 196.51 0.88
Yaw inertia,Iz 2355kgm2 (2617) 29.46 242.23 0.89

2879kgm2 (2617) 29.43 240.59 0.92
Tyre/road friction Rw = 0.27 m (0.3) 226.95 178.72 0.59

µctrl = 1 (0.3) 33.33 10.07 0.87

fusion function is conservative when calculating the allowed steering angle limits,
thus by using 1.0 in friction, steering can be used without reaching the combined
limits which in this specific test procedure leads to a smoother vehicle motion.

4.6 Conclusions about the Simulations and Results

The results from any simulations should be viewed critically. Simplifications in
models and neglecting to model important aspects can make the results hard to
interpret or even misleading. Usually these shortcomings are discovered, at the
latest, when real hardware is used in the loop. However, simulations are a very
strong tool to use in the conceptual design phase to validatedifferent concepts and
have here been used solely due to the cost and time involved inimplementing the
proposed motion control system in real hardware. With this in mind, the following
conclusions about the simulations are drawn.

The simulations indicate that the system requirements defined in Motivation
Section 1.2 are fulfilled by the proposed motion control system found in Control
Design Section 3.3. One of the most interesting overall results is that the con-
strained control allocator with mixed optimization is really a viable option for
solving the over-actuated HEV problem, allowing for a smooth arbitration be-
tween the vehicle motion controller and energy management.The proposed tyre
fusion function together with motion actuator limits in position and rate of change
provide sufficient information between the highest controllevel and the system
level to make proper allocation decisions.



Chapter 5

Concluding Remarks

This chapter concludes the findings of this thesis and also proposes what the po-
tential next steps could be.

5.1 Conclusions

This thesis shows that a motion control system for over-actuated road vehicles
such as Hybrid Electric Vehicles can be made both offline and online reconfig-
urable. Detailed conclusions are stated below as a list.

• A reconfigurable motion control system for over-actuated road vehicles was
proposed and validated by simulations. The simulations showed that even
though a linearised control effectiveness matrix was used for the control
allocation it achieved allocation on a road vehicle system modelled with
realistic nonlinearities and dynamics. The control systemintegrates and
coordinates the available motion actuators in an energy efficient way with
priority on vehicle stability. The control system uses control allocation with
a constrained optimization formulation to separate the control law of motion
from allocation on the available motion actuators. It was shown that the
proposed system suits as well for conventional as hybrid electric vehicles.

• The control system is hierarchical in its functional partitioning and it was
shown how energy management, vehicle motion, and arbitration function-
ality can be performed in the highest functional level by using constrained
control allocation with an optimization formulation. It was also shown that
actual limits in position and rate of change from available motion actuators,
combined with tyre force limits, are needed as interface signals between the
high level functions and the low level functions to allow forreliable coordi-
nation.
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• The control system was offline reconfigurable. It was shown that it is easily
reconfigured for different vehicle configurations with different types and
numbers of motion actuators.

• The control system was online reconfigurable. It was shown that it can
blend and handle saturation of motion actuators such as mechanical brakes,
electric motors, combustion engine, steering, and tyre force limits. The
control allocation makes the system redundant; if an actuator fails it auto-
matically redistributes the task among the available functioning actuators.
This feature will be important when more safety critical functions such as
steer-by-wire are included. Another important online feature is the smooth
arbitration between energy management and vehicle motion with priority
on vehicle motion at all times.

• It was shown by simulation that the control system also functions as an
Electronic Stability Control (ESC) system according to theproposed test
procedure for ESC from the National Highway Traffic Safety Administra-
tion in the USA.

• It is possible to implement the used control allocation as a real-time opti-
mization formulation because it uses an active set method which guarantees
to find the optimal solution within a finite number of iterations and always
finds a feasible suboptimal solution for each iteration [31].

5.2 What are the Next Steps?

During this research the following topics emerged as important areas for future
research and development linked to the work presented in this thesis.

• Study how observers can be designed to achieve reliable information for the
control allocator.

• Make a sensitivity analysis and fault tolerance study of theproposed motion
control system.

• Discuss how interface signals could be standardized between suppliers of
motion actuators and automotive manufacturers to allow forreliable coor-
dination in the vehicle control system.

• Compare the difference in results when the constrained control allocation
with mixed optimization is solved with different methods and is stopped
before the optimal solution is reached. In particular, compare the active set
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method with the Primal-Dual Interior Point method [48]. ThePrimal-Dual
IP method not only seems to have smoother premature results [48], but can
also handle significantly larger over-actuation problems without needing to
increase the number of iterations to find the optimal solution and without
having the cpu time increase exponentially with the over-actuation num-
ber, as is the case for active set. The active set method is faster though if
the over-actuation is lower than 15 actuators [48] but always converges to
optimal solution in finite number of iterations independentof the level of
over-actuation.

• Study how a dynamical control allocation scheme which penalizes the rate
of the specific actuators can be used to allow slow and fast actuators to
take the slow and fast dynamic responses of the vehicle, respectively. See
Chapter 9 in [31].

• Study steer-by-wire, focusing on the design, to ensure the avoidance of
driver induced oscillations. Test procedures for the validation of steer-by-
wire systems, e.g. the sine-with-dwell procedure for ESC systems, need to
be modified to include steer-by-wire. Define the desired pathof a vehicle
equipped with front and rear steering capabilities.

• Study if Model Predictive Control (MPC) with control allocation could be
used to predict several steps ahead to ease allocation of motion actuators
with highly different dynamics and effectivenesses to achieve the desired
global forces and moments of the vehicle.

• Study how the system could be implemented as an ESC system in acon-
ventional vehicle. Then in later stages, when more motion actuators are
introduced by hybrid electric or fuel cell vehicle technology, a full version
of the proposed motion control system could be implemented.

• Study how roll and pitch prevention can be included by addingthe roll and
pitch moments to the virtual control signals within the control allocator and
only use the active suspension to distribute correcting normal forces to min-
imize the roll and pitch angles.





Chapter 6

Summary of Appended Papers

This chapter gives a short summary of each appended paper.

6.1 Paper I

This paper discusses how the control architecture of fuel cell and hybrid electric
vehicles can be be generic. It proposes a hierarchical functional partitioning of
the control system. The hierarchical system is proposed to contain three func-
tional levels. The highest level includes functions such asdriver interpreter, en-
ergy management, vehicle motion control, and strategic control. The second level
contains the driver interface, chassis, power supply, and auxiliary systems. The
third level is the actuator sensor level. The paper also discusses where different
functions are located.

6.2 Paper II

This paper is the first paper in this thesis to discuss how the desired global forces
Fx, Fy and momentMz of the vehicle can be allocated onto a specific wheel’s
longitudinal and lateral forces. A practical approach is used to allocate the global
yaw moment by splitting the task into longitudinal and lateral forces by a weight-
ing functionk(Fx, Fy) such thatMz = k∆Fx + (1 − k)∆Fy. The idea is to not
allocate wheel forces near saturation, which was accountedfor with k(Fx, Fy).
Simulations showed that this practical approach gave fairly good results.
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6.3 Paper III

This paper shows how a reusable control architecture was designed and imple-
mented in a remote controlled scale model car. The same functions found in Paper
VI were implemented and tested with specific functionality to drive and steer the
fuel cell emulated vehicle with an energy buffer of super capacitors. Test driv-
ing showed that both energy management and vehicle motion control worked as
desired.

6.4 Paper IV

This paper includes the main system modelling of chassis, drivetrains, and mo-
tion actuators for the three studied vehicle configurations, CV2, HEV E4WD, and
HEV WM. The configurations have seven, nine, and ten motion actuators respec-
tively to control longitudinal, lateral, and yaw motion. The motion control system
uses control allocation with a constrained optimization formulation to separate the
control law of motion from the allocation of the available motion actuators. This
makes the control system reusable for a wide variety vehicleconfigurations. It is
shown by simulation how control allocation can be used within the control system
to generate the brake blending of different motion actuators. It also identifies the
importance of weighting and prioritizing the blending of the available motion ac-
tuators during braking by using the weighting matrixWu within the optimization
formulation used in the control allocator.

6.5 Paper V

This paper focuses on the traction, braking, and steering ofthe same three vehicle
configurations modelled in Paper IV. It is shown how nonlinearities such as gear
shifting can be included in the control allocation scheme bymaking the control
effectiveness matrixB(x) vehicle state dependent. It also explains in more de-
tail how the actuator limits in position and rate of change are combined with the
tyre force limits and sent back to the control allocator. It is shown by simula-
tion how the motion actuators are automatically re-distributed when needed due
to saturation or the reaching of tyre force limits. It also identifies the importance
of differently weighting and prioritize the blending of theavailable motion actu-
ators during traction and braking by using the weighting matrix Wu within the
optimization formulation used in the control allocator.
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6.6 Paper VI

This paper is the most futuristic, studying the vehicle configuration HEV WM
and how energy management and vehicle motion control are coordinated in the
proposed motion control system. A finite state machine together with a set of
rules are used as an energy management function to derive thedesired input of the
motion actuators. A bicycle model is used to calculate the desired front and rear
steering angles. It is shown by simulation how smoothly the actual input signals
u for the motion actuators are diverted from the desired inputsignalsudes. This is
accomplished by the optimization formulation used within the control allocator.
A proposal is also given on how the weighting matrixWu(v) can be made longitu-
dinal force dependent and how linear interpolation can be used for the weighting
and blending of the available motion actuators.

6.7 Paper VII

This paper studies how the proposed motion control system can function as an
ESC system for vehicle configuration CV1. This vehicle configuration is the clos-
est configuration to today’s mass produced road vehicles of all the studied con-
figurations. The steering is solely managed by the driver. Five control inputs are
used to control the longitudinal force and yaw moment. It wasshown by simu-
lation that the motion control system, based upon control allocation, passes the
proposed test procedure by NHTSA for ESC systems. It is also concluded that
the proposed test procedure cannot be applied to vehicle configurations that have
steer-by-wire facilities because the steering wheel angleis used as the input for
the test procedure sine-with -dwell. In a software based steering control the input
can be manipulated. Therefore a desired yaw rate is suggested instead as the input
for the test procedure to also include vehicle configurations which are equipped
with steer-by-wire.





77



78 Chapter A. Nomenclature and Glossary

Appendix A

Nomenclature and Glossary

The Nomenclature found here is only for the thesis part, not the appended papers.
Symbol Definition

Greek letters
β vehicle’s slip angle
γ weighting parameter in CA optimization
µ road/tyre friction
ωz vehicle’s yaw rate
ρ rate of change, curvature of road
ρ true control input’s minimum limit in rate of change
ρ true control input’s maximum limit in rate of change

Latin letters
B control effectiveness matrix

Fi,j jth wheel’s forces in i=x,y direction
Iz vehicle’s yaw inertia
Lf length from front axle to centre of gravity
m vehicle’s mass

r =
[

vx vy ωz

]T
vehicle’s reference velocity

rfg final gear ratio
Rw wheel radius
tT sampling time of the CA function
T temperature of mechanical brakes or electric motors
u true control input, vehicle’s motion actuator input

uel input for electrical motor
umb input for mechanical brake
udes desired control input from energy management and steering
u true control input’s minimum limit
u true control input’s maximum limit

v =
[

Fx Fy Mz

]T
virtual control input, global forces and moment

vx vehicle’s longitudinal velocity
vy vehicle’s lateral velocity
Wu weighting matrix for true control input in CA optimization
Wv weighting matrix for virtual input in CA optimization
x vehicle system states, vehicle’s longitudinal direction
y vehicle system output, vehicle’s lateral direction
z vehicle’s vertical direction
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Glossary
Actuator (A) Device responsible for activating or putting into action.

Arbitration Process of evaluating and prioritizing request signals, where the number of incoming
requests is greater than outgoing requests. The opposite ofCoordination.

Architecture Organisation of system hardware and software.

Auxiliary Systems (Aux) Vehicle functionality not required for generating vehiclemotion.

Brake Pedal (BP) Driver’s brake pedal for controlling the level of braking.

Buffer (bf) Energy carrier which stores a limited amount of energy and can contribute both pos-
itive and negative power to the system.

Chassis (Ch) Part of the vehicle responsible for the generation of groundmotion including con-
verters located after differentials and excluding Power Supply.

Connector (c) Physical interface between Functional Units, such as mechanical and electrical.

Control Allocation A function used for the coordination of actuators within an over-actuated
system.

Converter (Conv) Hardware which converts energy into a different form, for example, a com-
bustion engine converting chemical energy into mechanicalor an electric motor converting
electrical energy into mechanical.

Coordination Process of splitting request signals by evaluation, where the number incoming
requests is less than outgoing requests. The opposite of arbitration.

Drivetrain The transmission, shafts, and the differential.

Driver Interface (DIf) Device which receives driver input and provides sensor information in
order to change certain sensor values and drive the vehicle.

Driver Interpreter (DIp) Function that interprets the driver’s intentions and sets adesired driv-
ing path.

Electronic Stability Control (ESC) A function which assist the driver when vehicle is becoming
over- or understeered.

Energy Carrier (EC) Apparatus which carries energy in the vehicle. Examples of primary ECs
are the gasoline tank and hydrogen tank. Secondary ECs can bebatteries or super capaci-
tors.

Energy Management (EM) Function that controls the power coordination between the available
energy carriers within Power Supply.

Fuel Cell Vehicle (FCV) Vehicle containing a converter where chemical hydrogen energy is con-
verted to electrical which is then used mainly to propel the vehicle.

Function (Fn) Action or activity that must be accomplished to achieve a desired outcome.

Functional Decomposition Process of identifying fundamental functions within a system and
decomposing the system into Functional Units.

Functional Unit (FU) Entity of software and/or hardware capable of accomplishing a specific
function.
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Gas Pedal (GP) Driver’s gas pedal for controlling the level of acceleration.

Interface Shared boundary between two Functional Units, such as signals and/or connectors.

Information signal Estimates of performed requests or request limits.

Generic Hardware independent.

Hybrid Electric Vehicle (HEV) Vehicle containing two or more energy carriers used for propul-
sion, where at least one is electrical.

Limits (lim) Upper and lower boundaries of request signals.

Limits in position Upper and lower boundaries of request signals relating bothto the steering
angle input in the steering system and the torque for the mechanical brakes and electric
motors.

Over-actuated systemA system with more actuators than controlled motions. The system has
more than one actuator to influence at least one of the motions.

Oversteered When less steering angle is needed compared with a neutral steered vehicle for the
desired motion.

Power Supply (PS) Part of the vehicle responsible for the main energy carriersand also convert-
ers such as a fuel cell.

Request Signal used for controlling a function.

Reconfigurable Control System Offline: A control system that is easily adapted to different
types and number of actuators. Online: A control system thatautomatically adapts to
new conditions and re-coordinates in between the actuatorsto meet the desired demand.

Regenerative braking Using the electric motors to control the braking of the vehicle. The elec-
tric energy from the electric motors are stored in a buffer.

Sensor (S) Device that responds to a signal or stimulus.

State of Charge (SOC) Level of energy within a buffer.

Steering Wheel Angle (SWA) The turning angle of the steering wheel. When divided by the
steer gear ratio wheel angle is achieved.

Strategic Control (SC) Function that makes final arbitrations on request signals.

Understeered When more steering angle is needed compared with a neutral steered vehicle for
the desired motion.

Underdetermined When the number of unknowns exceeds the number of system equations.
Same as over-actuated system.

Vehicle Motion Control (VMC) Function that controls the vehicle’s ground motion and coordi-
nates the Wheel Units.

Wheel Motor (WM) An electric motor for individual wheels that controls theirrotational speed
or torque.

Wheel Unit (WU) Wheel with controlled actuators.



Appendix B

Control Allocation

B.1 Introduction

Consider the system described as

ẋ = f (x) + g(x)u (B.1)

u ≤ u ≤ u (B.2)

whereg(x)u = v, v is also called the virtual control input. A control law reg-
ulates the virtual control inputv. The demandv ∈ Rk is mapped onto the true
control input of the actuatorsv 7→ u, whereu ∈ Rm andk < m. The alloca-
tion problem lies in that there are several input sets ofu that can give the control
demandv. Additionally, the true control inputu, is constrained which limits the
feasible solutions. The outline of the appendix is as follows: Section B.2 gives a
simple brake blending example to illustrate control allocation. This example will
be revisited throughout this appendix. Section B.3 describes solutions by using a
pseudoinverse and direct allocation. Section B.4 discusses the mixed optimization
based control allocation and how it can be solved by using theactive set method.

B.2 Brake Blending Example

To illustrate the practicality and usefulness of control allocation, consider the fol-
lowing system for a simple case of brake blending of a vehicle

ẋ = u1 + u2 (B.3)

−0.3g ≤ u1 ≤ 0.3g (B.4)

−1g ≤ u2 ≤ 0 (B.5)
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wherex is the vehicle velocity,u1 is the input for the electric motor,u2 is the
mechanical brakes, andg is the gravity constant. Because the model in Eq. B.3 is
simple,f(x) = 0 andg(x) = B when compared with Eqs. B.1-B.2, the desired
braking acceleratioṅx is directly related to the virtual control inputv = ẋ

v = Bu (B.6)

B =
[

1 1
]
. (B.7)

To achieve a desired braking ofv = −0.7g there are several possible solutions.
Mechanical brakes could solely be used,u1 = 0 andu2 = −0.7g. Brake blending
could be used,u1 = −0.3 andu2 = −0.4g. Even full traction of the electric mo-
tors and full mechanical braking could be used,u1 = 0.3 andu2 = −1.0g. The
latter is of course not an energy efficient solution. There isa subset of linear com-
binations of feasibleu1 andu2 that fulfil the actuator constraints and the desired
virtual control input ofv = −0.7g, as illustrated in Fig. B.1.
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Figure B.1: Illustration of how the subset ofu ∈ Ω, the large dashed square, constrains
the solution ofv = −0.7g, the black line. The part of the black line inside the dashed
square denotes all possible solutions. The green square markers indicate specific solutions
mentioned in text. The circular and diamond markers are pseudoinverse solutions. The
red diamond marker, calculated with a standard Moore-Penrose pseudoinverse, is not a
feasible solution. The green circle marker, calculated with a weighted pseudoinverse, is a
feasible solution.

If the control effectiveness matrixB in Eq. B.6 had been square and full rank
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the inverseB−1 would have existed and it would have been possible to directly
compute the solutionu = B−1v. In this case, however, the inverse ofB does not
exist. This simple example illustrates an over-actuated system where the number
of true control inputsu ∈ Rm exceeds the number of virtual control inputsv ∈ Rk,
where in the above examplem = 2 > k = 1. To solve the coordination of the
available actuators control allocation can be used.

B.3 Pseudoinverse and Direct Allocation

Pseudoinverse

As mentioned earlier, the inverse of the matrix B does not exist within exam-
ple B.3. One way to solve the underdetermined system of the equation is to calcu-
late the pseudoinverse, also called the generalized inverse [13]. The pseudoinverse
is the solution of the minimuml2 norm of u

min
︸︷︷︸

u

||u||
2

(B.8)

subject tov = Bu

whereB ∈ Rk×m andk < m. The pseudoinverseB† then basically gives the
minimum length vectoru = B†v. In [13] it is shown howB† can be derived
by using a classical approach to solve constrained optimization problems. Here,
constrained refers tov = Bu. By introducing the scalar function, Eq. B.8 becomes
unconstrained

L(u, λ) = 0.5uTu + λT (v − Bu) (B.9)

whereλ ∈ Rk×1 is the Lagrangian multiplier vector. An extremum is found when
the gradients are∂uL(u, λ) = 0 and ∂λL(u, λ) = 0. Taking the gradients of
Eq. B.9 gives

∂uL(u, λ) = uT − λB = 0 ⇔ uT = λB ⇔ u = BT λ (B.10)

∂λL(u, λ) = v − Bu = 0 ⇔ v = Bu. (B.11)

Insertingu from Eq. B.10 into Eq. B.11 gives

v = BBT λ. (B.12)

Solvingλ gives
λ = (BBT )−1v. (B.13)

Inserting the solution for Eq. B.13 into Eq. B.10 gives finally

u = BT (BBT )−1v ≡ B†v. (B.14)
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To assure that this is still a minimum, the second derivativecan be studied to verify
that∂2

uL(u, λ) = 1 and∂2

λL(u, λ) = 0 are non-negative.
Using Eq. B.14 on the example Eq. B.3 for achieving the desired virtual con-

trol input of v = −0.7g givesB† =
[

1

2

1

2

]T
with the solutionu1 = u2 =

−0.35g, see also Fig. B.1. The achieved solution inu1 is not feasible due to the
minimum limit of the electric motoru1 = −0.3g. One way to still use the pseu-
doinverse and more likely achieve a feasible solution is to introduce a weighting
matrixWu in a minimum 2-norm

min
︸︷︷︸

u

||Wuu||2 (B.15)

subject tov = Bu

whereWu is a diagonal matrix of sizem × m. In [53] it is proposed that the
weighting of the true control input can be penalized by its limits u to assure fea-
sible solutions, accordinglyWu = diag

[
1/u1 . . . 1/um

]
. In a similar way as

described before, the weighted pseudoinverse can be derived by includingWu in
Eq. B.9

L(u, λ) = 0.5uT Wuu + λT (v − Bu). (B.16)

Now the derivative of∂uL(u, λ) = 0 to find the extremum becomes

∂uL(u, λ) = uT Wu − λB = 0 ⇔ uT = λBW−1

u ⇔ u = W−1

u BT λ. (B.17)

Insertingu from Eq. B.17 into Eq. B.11 gives

v = BW−1

u BT λ. (B.18)

Solvingλ gives
λ = (BW−1

u BT )−1v. (B.19)

Inserting the solution Eq. B.19 into Eq. B.10 gives finally

u = W−1

u BT (BW−1

u BT )−1v ≡ B†
Wu

v. (B.20)

To assure that this is still a minimum, the second derivative∂2
uL(u, λ) = Wu and

∂2

λL(u, λ) = 0 can be examined which says that ifWu is a positive definite matrix
then the solution is a minimum.

Example Revisited

In revisiting example Eq. B.3 by using the weighted pseudoinverse the weighting
matrixWu = diag

[
1/0.3 1/1

]
is selected. This will penalize the use of elec-

tric motors more due to the smaller limit band when compared with the mechan-
ical brakes. This gives a weighted pseudoinverse ofB†

Wu

=
[

0.231 0.769
]T

.
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The solution ofv = −0.7g then becomesu1 = −0.162g andu2 = −0.538g,
which is a feasible solution, see Fig. B.1. Even if the deceleration is increased to
maximum brakingv = −1g, a feasible solution is given by the weighted pseu-
doinverse,u1 = −0.231g andu2 = −0.769g. However, the full potential of the
electric motor is never used during the braking. For example, if only regenera-
tive braking is wanted during−0.3g ≤ v < 0, the weighting matrixWu has to
be changed depending on the desiredv. Most methods solving control allocation
can be defined as pseudoinverse methods [31]. However, pseudoinverse solutions
have their disadvantage in that the limits of the true control input u are not ac-
counted for directly, and therefore adjustments have to be made on the achieved
solution.

Direct Allocation

Another method of achieving control allocation is by using the direct allocation
method [20], [21], and [13]. This method uses the geometry ofthe Attainable
Moment Subset. Thek−dimensional geometry of AMS is achieved by using the
limits of the control inputu and mapping them through the control effectiveness
matrix B. A geometric search is used to find a feasible inputu for v with the
maximum magnitudea. This is described by [12] and [31] as

max
︸︷︷︸

a,u

a (B.21)

subject toav = Bu

u ≤ u ≤ u

and ifa > 1 thenu = 1

a
u elseu = u.

B.4 Optimization Based Control Allocation

In [31] it is shown how constrained mixed optimization basedcontrol allocation
can be solved by using the active set method. For further reading on the active
set method, see also [45], [11], and [48]. This section will only give a short
overview of this concept. The section is outlined as follows: In subsection B.4.1
the constrained mixed optimization formulation of the usedCA is revisited. Sub-
section B.4.2 discusses why thel2 norm is preferred in the objective function.
Finally, in Subsection B.4.3 the active set method is shown.
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B.4.1 Mixed Optimization Formulation

A two-step optimization problem, sequential least squares(sls), see Eqs. B.22-
B.23, is one of the optimization formulations used for selecting the allocated input
of the feasibleu, the subset within the constraints of the specific actuators.

u = arg min
︸︷︷︸

u∈Ω

‖Wu(u − udes)‖2 (B.22)

Ω = arg min
︸︷︷︸

u≤u≤u

‖Wv(Bu − v)‖2 (B.23)

whereWu is the weighting matrix for penalizing the use of specific actuators and
Wv is the weighting matrix for penalizing the specific virtual control input, in this
case the global forces and moment of the vehicle.udes is the desired control input.
The two step optimization formulation in Eqs. B.22-B.23 canbe rewritten as an
one step optimization by approximation. This is done by using a scalar weighting
parameterγ for the allocation error B.23, accordingly

u = arg min
︸︷︷︸

u≤u≤u

‖Wu(u − udes)‖2 + γ‖Wv(Bu − v)‖2. (B.24)

Eq. B.24 is a mixed optimization formulation. It not only tries it to minimize
the allocation error(Bu − v) but also the error in the desired input(udes − u)
is minimized whenever feasible. The formulation in Eq. B.24is referred to as
weighted least squares (wls).

B.4.2 Why thel2 Norm?

In Subsection B.4.1 the norml2 was used for the optimization formulation. This
subsection illustrates some of the differences in using thel1 and l2 norms in the
optimization formulation. Consider the simplified controlallocation formulation

min
︸︷︷︸

u

||u||p (B.25)

subject tov = Bu

u ≤ u ≤ u

wherep is the norm of the objective function. The matrix and vectorshave the
following sizesB ∈ Rk×m andk < m, v ∈ Rk×1, andu ∈ Rm×1. If the norm is
set top = 1, the problem can be solved by linear programming methods, such as
the simplex method. These methods are both fast and robust. This appears to be a
natural choice instead of using thel2 norm withp = 2.
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Example Revisited

In revisiting the brake blending example stated in Eq. B.3, contours can be drawn
for when the objective function in Eq. B.25 is using thel1 andl2 norms, respec-
tively, see Fig B.2.
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Figure B.2: The left plot shows the contours when the objective function, ||u||p, uses the
l1 norm. The right plot shows the contours when thel2 norm is selected. The large dashed
square corresponds to the boundary of the subset ofu ∈ Ω. The black line corresponds
to the solutionv = −0.7g. The part of the black line inside the dashed square denotes all
possible solutions. The circular green marker in the left plot is the solution when using
linear programming to solve the problem. The circular and diamond markers in the right
plot are the pseudoinverse solutions discussed in Section B.3.

In the left plot in Fig. B.2 the contours are drawn for thel1 norm, which
forms square contour shapes. The linear programming solution1 to the problem
for v = −0.7g is u1 = 0 andu2 = −0.7g, see the left plot in Fig. B.2. The
linear programming solution does not use theu1 electric motor at all, only the
mechanical brakesu2. In the right plot in Fig. B.2 the contour shapes are circular
for when thel2 norm is used in the objective function. The pseudoinverse solu-
tions for when using thel2 norm are also plotted. Thel2 norm solutions use both
u1 6= 0 andu2 6= 0 to achieve the desiredv = −0.7g. This illustrates the main
benefit of using thel2 norm. Instead of only using a few of the available actuators
asl1, it tends to use several. This makes thel2 norm less sensitive for actuator fail-
ure as more actuators are automatically used and when needed, they then easily
compensate for the loss of the failed actuator [48].

1Thelinprog function within the Matlab optimization toolbox was used.
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B.4.3 Active Set Method

The word active set refers to that when the inputu is calculated, theu’s are divided
into saturated controls, named the active set, and unsaturated controls, named the
free set. The wls optimization formulation in Eq. B.24 is rewritten as a least
squares problem of the form

min
︸︷︷︸

u

‖Au − b)‖2 (B.26)

Bu = v (B.27)

Cu ≥ U (B.28)

C =

(
I
−I

)

(B.29)

U =

(
u
u

)

(B.30)

where the actuator constraintsu ≤ u ≤ u are rewritten as an inequality by using
Eqs. B.29-B.30. The rewriting of the wls Eq. B.24 becomes

‖Wu(u − udes)‖2 + γ‖Wv(Bu − v)‖2

= ‖

(
γ1/2WvB

Wu

)

u −

(
γ1/2Wvv

Wuud

)

‖2.

= ‖Au − b‖2. (B.31)

Initiation of the Active Set Method

If it is the first time the active set function is called upon for solving Eqs. B.26-
B.30, all u’s belong to the free set, unsaturated controls, and an initial guess is
set tou0 = (u + u)/2. The next time, the initial guess is equal to the previous
calculated solutionu0 = uprev which was calculated in maximum iterationsi. An
initial residuald is then computed from the initial guess ofu

d = b − αAu (B.32)

whereα a scaling parameter0 ≤ α ≤ 1. For the initial residualα is set to 1.
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Iteration within the Active Set Method

The iteration starts out by eliminating any controls that are saturated, i.e. the active
set. Then an improved solution for the free set is calculatedwith the pseudoinverse

pfree = A†
freed (B.33)

ufree = ufree + pfree (B.34)

wherepfree is the perturbation vector,ufree is the free set, andAfree are the cor-
responding columns ofA for the free set. The newufree is then checked for
feasibility,ufree ≤ ufree ≤ ufree.

• If the solution is infeasible, then the most infeasibleufree,infe is used for
calculating a step lengthα to achieve a feasible solution. The step length is
decided by studying theufree,infe normalized distance to its limitsufree,infe

or ufree,infe. Then a feasible solution is updated by calculating a new resid-
ual, see Eq. B.32, and a feasible update ofufree = ufree + αp is made.

• If the solution is feasible, a step length ofα = 1 is used for calculating the
residuald and update ofufree. This is then checked to see if the solution is
optimal by calculating the Lagrange multipliers for the active set

λactive set = AT
active setd. (B.35)

If all λactive set >= 0 then the optimum solution is found and the iteration
is terminated. Otherwise, the one among the active set (saturated control)
with the most negativeλ is removed from the active set and becomes a free
set control and a new iteration starts.

This iteration continues until all Lagrange multipliers are λ >= 0 or the number
of maximum iterations are reached. The convergence is fast when a good initial
guess is chosen. This is the case when the virtual control inputv(t) changes slowly
over time, making the previousuprev a good initial guess for the next mapping of
v 7→ u. The active set method will reach an optimum solution in a finite number
of iterations.

Example Revisited

The simple braking problem stated in Eq. B.3 is now revisited. To begin with,
the design parameters of the wls optimization formulation need to be set, see
Eq. B.24. The weighting matrix of the control input is selected to beWu =
diag

[
0.1 1

]
which means that the electric motors are penalized ten timesless,

thus encouraging the use of the electric motors. The desiredinput is selected to be
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udes =
[

0 0
]T

which means that the optimum is when the actuators are used
as little as possible. The weighting parameter is set toγ = 1e4, which means that
the errorWv(Bu − v) is prioritized more than the desired inputWu(u − udes).
Sufficient accuracy is found whenγ is selected to be high enough. The weighting
matrix for the virtual control input is set toWv = 1. Now A andb, see Eq. B.31,
become

A =

(
γ1/2WvB

Wu

)

=





100 100
0.1 0
0 1



 (B.36)

b =

(
γ1/2Wvv
Wuud

)

=





−70
0
0



 . (B.37)

Initiation
The initial guess,u1 = 0 andu2 = −0.5 gives the initial residual
d =

[
−20 0 0.5

]T
, see Eq. B.32.

First Iteration
The iteration process is then started and during this first iteration, all actuators
are in the free set, none are saturated,Afree = A. A new updated solution
is calculated with Eqs. B.33-B.34, which gives the perturbation vectorpfree =
[
−0.693 0.493

]T
and the updated solutionu =

[
−0.693 −0.007

]T
. Is the

solution feasible? No,u1 is below its lower limitu1 < u1. Fig. B.3 illustrates
how the updated solution by the weighted pseudoinverse is outside the feasible
solution for the studied problem.u1 is now placed in the active set, due to the
fact that it is saturated andu2 is still left in the free set. The next step is to
modify the step length by checking which distance to its constraints is small-
est, in this caseλ = (u1 − u)/p1 = 0.433. Now the solution is updated by

ufree = ufree + αp which givesu =
[
−0.300 −0.287

]T
, see Fig. B.3. The

residuald =
[
−11.343 0.030 0.287

]T
is also updated by Eq. B.32.

Second Iteration
The second iteration starts withu1 in the active set andAfree =

[
100 0 1

]T

which corresponds to the column foru2 in the free set. A new perturbation vec-
tor, now scalar, is calculated with Eqs. B.33-B.34 which givespfree = −0.1134.

The solution is updatedu =
[
−0.3 −0.4

]T
. Is it a feasible solution? Yes,

both are within the boundaries. The residual is updatedd = d − Afreepfree =
[

0.004 0.03 0.4
]T

. Is it an optimum solution? Yes, the Lagrange multipliers
are checked byλ = AT d which givesλ1 = 0.397 andλ2 = 0, the optimum is
found. The iteration is terminated.
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Figure B.3: Illustration of how the active set method iterates to find theoptimal solution.
The subset ofu ∈ Ω, the large dashed square, constrains the solution ofv = −0.7g,
the black line. The part of the black line inside the dashed square denotes all possible
solutions.

Concluding Remark

In comparison to earlier solutions where only a weighted pseudoinverse was used,
which did not consider the actuator constraints, a weighting matrixWu penalized
the usage of the electric motors more due to its smaller constraints±0.3g. This
leads to the undesirable result that the usage of the electric motor is small, com-
pared with the mechanical brakes, during low deceleration demands. The active
set method for wls instead allows for maximizing the use of the electric motors
and the rest is then blended with the mechanical brakes to achieve the desired
brake acceleration of -0.7g.
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Abstract 
 
For future vehicles it is a necessity to have tight integration between different actuators/sensors. Here, 
functional decomposition is utilized on a Hybrid Electric Vehicle to construct a generic hierarchical 
control architecture. 
 
Specific functions are identified and allocated in different functional levels. Three functional levels are 
suggested; main control level, subsystem level, and actuator/sensor level.  
 
The main control contains a driver interpreter, energy management, vehicle motion control and a 
strategic control. These main functions are made hardware independent and independent of hybrid 
configuration. The subsystem level contains the following: driver interface, chassis, power supply, and 
auxiliary systems.   
 
The suggested control architecture is validated in an object oriented modelling language. Two different 
power supplies (serial) and (parallel) were implemented for a Hybrid Electric Sport Utility Vehicle and 
changed without affecting the contents of the Main Control level of the architecture. 
 
Keywords:  control system, communication, hybrid strategy, HEV. 
 
1 Introduction 
 
In order to handle the complexity of several actuators/sensors interacting in future Hybrid Electric 
Vehicles (HEV) one has to aim for suitable control architecture. The control architecture should not only 
perform well but also be reusable for different hardware configurations.   
 
One way to achieve this goal is to construct both hardware and software in a modular fashion. These 
modules would have their own controller. The interface signals between the modules should be general 
and non specific for the actual hardware to allow easy switch of configurations. A set of modules are then 
grouped together to form a HEV.   
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Figure 1: Illustration of a centralized (left), hierarchical (middle), and peer (right) control architecture. 
S=sensor, A=actuator. 
 
In Figure 1 three main types of architectures for partitioning are shown i.e. centralized, hierarchical, and 
peer architecture. The centralized architecture collects data from all sensors and computes data to all 
actuators. The benefit is that all signals are available simultaneously. The drawback is the lack of 
modularity that makes it hard to add new functionality. The hierarchical structure consists of a top level 
control block and several low level control blocks. This allows good modularity and also a central 
controller is available to coordinate the interaction between the actuators/sensors. The Peer architecture is 
the most modular one, but without a coordinator between the different actuators/sensors conflicts will be 
hard to avoid. 
 
The architecture should be generic and work for several types of HEV configurations such as parallel, 
serial, and split etc. It must also fulfil the requirements on interfaces between automotive supplier and 
manufacturer so that brand specific qualities can be kept in-house. For both these demands, the 
hierarchical control architecture is suitable.  
 
The paper discusses future automotive aspects, a terminology is given and different types of control 
architectures are discussed, and a definition of the generic control architecture is given. The method 
functional decomposition is utilised and applied on a Hybrid Electric Sport Utility Vehicle and modelled 
in an object oriented modelling language, Modelica [1]. 
 
2 Future automotive aspects, short review  
 
The control architectures commonly used in today’s vehicles do not handle the complexity efficiently 
when subsystems are integrated. The automotive subsystem suppliers develop more or less independent 
subsystems [2]. This leads to increasing complexity when a new subsystem is introduced, as illustrated in 
Figure 2 (left). The vision is to have an integrated Complete Vehicle Control (CVC) where all the 
functions of the subsystems are emerged (right). This is even more important when new technologies 
based on hybrid propulsion are to be implemented. 
 

 
Figure 2: Illustration of how today’s commonly used control architectures (left). For each new sensor, 
actuator or function, the complexity increases drastically. For future vehicles using a functional 
architecture (right), the complexity increases minimally [2]. 



Electric Vehicle Symposium (EVS) 20, Los Angeles, CA, Nov 2003 

When more onboard electric power is available by the hybrid electric propulsion the potential to replace 
mechanical and hydraulical actuators by electrical ones increases. This will introduce the by-wire 
technique in large scale in automotive vehicles. This technique will allow easier algorithmic partitioning 
and tighter integration of actuators to achieve better performance of the vehicle. Already some 
applications are implemented such as electronic throttle control and power windows. Safety critical 
subsystems such as steer- and, brake-by-wire must be redundant and fault tolerant before they can be 
implemented without mechanical backup [3]. Safety related fault tolerant x-by-wire systems for vehicles 
were investigated in [4]. The suggested fault tolerant architecture was demonstrated in prototype for steer-
by-wire without mechanical backup. In this paper, a driver interface and a driver interpreter is introduced 
to handle x-by-wire control of the vehicle.       
 
When HEVs are introduced, different configurations will be utilised and reusable control system 
architectures will be needed to make vehicle development feasible. In [5], a reusable architecture for 
hybrid powertrains is suggested. The system architecture must include a hierarchical structure that 
handles various engine, motors, transmission, and buffer configurations. The powertrain supervisory 
controller uses a torque based strategy and suites fine for parallel HEVs. In this work we try to go a step 
further and look at the vehicles energy sources as a Power Supply function and use force and power based 
strategy to control the Power Supply. This allows serial, parallel and split HEV configurations.     
 
An open architecture for networking the control systems of an automobile called CARTRONIC was 
developed by Bosch GmbH [6]. It is an ordering concept for all vehicle control. The communication is 
divided into orders, responses, inquiries and requests. A hierarchical flow of orders is used where the 
vehicle coordinator places the orders and detects conflicts. Here, a similar function is performed by 
Strategic Control.   
 
In this paper, all components in a wheel are seen as one function for applying force to the ground. The 
wheel unit function allows tight integration of the different actuators for applying longitudinal, lateral, 
and vertical forces within a wheel. This Wheel Unit can contain actuators such as braking, traction, 
suspension, and steering. The wheel as the centre of motion is also acknowledged as second x-by-wire 
generation in [3]. An example of how future wheel units can be designed is shown in [7]. A more detailed 
description of how the desired global forces are distributed to the wheel units is shown in [8].  
 
3 Terminology 
 
To be able to define a generic control architecture for HEVs some of the used terms are explained in this 
Section.  
 

� Complexity: The number of actuators/sensors that have to interact defines the level of 
complexity. 

� Centralized control architecture: A single controller which computes control signals for all 
actuators of the vehicle and has complete knowledge of the entire system. 

� Peer to Peer control architecture: All subsystems have their own control block has 
knowledge of some (or all) remote states in addition to all local states. There is no 
supervisory control block with global knowledge of the system. 

� Function: When something is performed, e.g. applying driving force to the wheels. This 
should not be confused with the specific actuators. Different actuators or sensors can 
sometimes perform the same task. 

� Functional decomposition: By identifying the different functions a vehicle have one can 
declare the dependency between the functions and decide the hierarchy within the functions. 

� Functional level: Depending on the function it is placed in different levels. The lowest 
functional level is the control of a specific actuator e.g. an electric machine for applying 
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driving torque, next level is the subsystem control, and the highest is the main control which 
controls and integrates all subsystems. 

� Generic interface signals: The interface signals between different functions should be made 
hardware independent.  

� Generic control architecture: A reusable control architecture that is not hardware dependent 
or configuration dependent.  

� Hierarchical control architecture: All subsystems have their own controller (with local state 
knowledge) and there also exist a supervisory controller with knowledge of the entire vehicle. 

� Power supply: Onboard energy sources in the vehicle.  
� Reusable: The same software/hardware can be utilised in different configurations. Only small 

modifications should be needed. Examples of hardware configurations are parallel, serial, and 
split for HEV. 

� Subsystem: A part of the whole system with clearly specified purpose, e.g. mechanical brake 
actuators/sensors with its control. Note that several subsystems may corporate to perform the 
same function, e.g. the mechanical brake subsystem together with the wheel motors can 
generate brake torque. 

 
4 The suggested generic control architecture 
 
There are different reasons for choosing a certain type of architecture. The centralized control architecture 
can always outperform the hierarchical and the Peer architecture. The hierarchical architecture also 
introduces additional conditions by using generic control signals. But if one considers the design and 
engineering benefits then the hierarchical architecture is a suitable partitioning scheme for HEV. In [9] 
hierarchical partitioning is recommended.  Different partitioning schemes are also discussed in [10] and 
[11].  
 
4.1 Definition of a generic control architecture for HEVs 
By using the terminology stated in Section 3 one can now define the generic control architecture:  
 
The control architecture type should be hierarchical by functional decomposition. Generic interface 
signals should be used between the functions. By minimum effort the architecture should be reusable and 
allow new subsystems to be implemented. 
 
Evaluation of the control architecture should be made by measuring the handled complexity, 
performance, reusability, and the sensitivity of communication- and computational delays.      
 
4.2 Functional decomposition 
In [12] a method for functional decomposition is given considering vehicle control systems. The highest 
functional level is denoted here as main control. Based upon [12] the following guidance is given:  
 

1. The function needs to be at a level high enough to allow it to coordinate lower level functions that 
it has authority over. 

2. The information, i.e. system status, can be observed by many and is allowed to flow in all 
directions; up, down, and across in the hierarchy. 

3. The orders to actuators are only allowed to flow down to lower level functions. This upholds a 
causality of the orders within the hierarchical architecture. 

4. If a particular function effects the vehicle’s brand characteristics (can be observed by a customer) 
it is qualified to the highest level (main control) only if it does not jeopardise the reusability of the 
main control for different HEV configurations. 

5. Durability is also a consideration for choosing the level at which partition a function. Local 
control of any potentially damaging functions is recommended. 

6. The interfaces within the control system should be generic, i.e. not hardware dependent. 



Electric Vehicle Symposium (EVS) 20, Los Angeles, CA, Nov 2003 

 
Item 4 allows manufacturer to retain ownership of the brand specific functions while suppliers can 
provide controls for various subsystem functions. This also allows the manufacturer to change the vehicle 
characteristics from optimizing the drivability to fuel economy. Item 5 also matches well with the supplier 
and manufacturer relationships. Item 6 allows hardware to be changed without redesigning the functional 
architecture. 
 
4.3    Main architecture 
The Main Control consist of three major parts; Driver Interpreter (DIp) interprets the driver’s demands, 
Vehicle Motion Control (VMC) controls the vehicle according to these demands and Energy Management 
(EM) assures that this is done in a energy efficient way. Additionally there is the Strategic Control (SC) 
which summarizes the input from them both and makes the overall decisions considering reliability and 
safety. The functional decomposition with three hierarchical levels is shown in Figure 3. The highest of 
these levels is the Main Control. The communication is handled with a network. 
 

 
 
Figure 3: Schematic sketch of the functional architecture. It contains three levels. 
 
In Figure 4 the signal flow from the Driver Interpreter to Chassis and Power Supply is shown in more 
detail while auxiliary systems and Driver Interface are excluded for simplicity. This illustrates how 
driver’s intentions generate vehicle motion and the needed energy. 
 
4.3.1 Driver Interpreter  
Driver Interpreter handles the communication with the Driver Interface. The incoming signals are 
translated into a desired path and according to the limitations given by Energy Management and Vehicle 
Motion Control, feedback signals are sent to the Driver Interface. 
 
4.3.2 Vehicle Motion Control 
Vehicle Motion Control calculates the global forces Fx, Fy, and Mz that are required to generate the 
desired accelerations received from Driver Interpreter. Then it determines how the forces should be 
distributed between the Wheel Units (WU). More detailed description of the VMC and WU functions are 
found in [8]. The idea is to already from the beginning determine the force distribution between the wheel 
units and by this achieve overall performance with smooth behaviour that considers the maximum force 
surface (fxi, fyi, fzi) for each Wheel Unit to generate desired forces within the stable region. Similar 
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approach is also used in [13]. A conventional vehicle have different safety systems such as ABS, VSC 
(Vehicle Stability Control, TCS (Traction Control System), these functions are usually only used in 
critical situations, and thus don’t have a smooth behaviour. 
 
4.3.3 Energy Management 
EM calculates the desired power needed from Power Supply considering the total tractive force and 
needed auxiliary power. EM calculates a State of Charge (SOC) target where it considers vehicle speed. A 
coefficient of desired electric regenerative braking is also calculated and sent to both Chassis and Power 
Supply. It considers if the SOC is higher or lower than SOC target.  Logic for maximum auxiliary power 
use is also located in EM. The overall traction force is estimated by Energy Management and is sent to 
Strategic Control that finally sends the order to Power Supply. 
 
4.3.4 Strategic Control 
The SC is the part in Main Control that finally places the orders from EM and VMC. It considers if EM or 
VMC signals that the vehicle status is critical and then Strategic Control gives priority to primary 
functions as suggested from either part.  
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Figure 4: Signal flow between Driver Interpreter, Chassis and Power Supply. All demands have to be 
authorized by the Strategic controller. 
 
Generic interfaces are utilised for the orders and the information e.g. vehicle states. By using generic 
interfaces, hardware can be changed without re-designing the Functional level 1. Some of the allocated 
functions in functional level 1 are summarized in Table 1. Table 2 shows a subset of functions for level 2. 
The signal interfaces between functional level 1 and 2 are made generic. There are specific subsystems 
within the different classes in functional level 2. 
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Table 1: Some of the allocated functions in Functional level 1 –Main Control. 
Driver Interpreter Definitions 
Driver intentions Determines the desired global accelerations by interpreting the 

information given by sensors in Driver Interface and the feedback from 
the Vehicle Motion Control, Driver Interpreter. 

External information If it is activated, it uses available external information, e.g. distance to 
vehicles ahead, traffic flow and road conditions to automate the 
driver’s intentions. This includes functions as cruise control (keeping a 
desired speed)   

Driver feedback By limit feedback input from Vehicle Motion Control and Energy 
Management the level of feedback is determined and sent to Driver 
Interface. This could be force feedback on steering wheel and pedals. 

Vehicle Motion Control Definitions 
Global forces Determines the desired global vehicle forces from Driver Interpreter. 
Wheel Unit forces Determines the longitudinal, lateral, and vertical wheel forces for each 

wheel unit for vehicle dynamic optimal driving for current vehicle state 
and the desired global forces. 

Limit feedback Interprets and feeds back limitations on achievable accelerations to the 
Driver Interpreter.   

Energy Management Definitions 
State of charge (SOC) target By considering vehicle state (vehicle speed), driver’s intentions, and 

environmental data (e.g. known topology, traffic information) a 
suitable SOC target for the buffer is determined. 

Buffer SOC regulation according to SOC target. 
Traction force/power  Determines a traction force for energy optimal driving. 
Split Traction force If a parallel or split HEV configuration is the current system then the 

suggested level (0...1) should be generated by the electric motors.  
Split Braking force Defines the level (0...1) that should be used to regenerate energy. 
Auxiliary load Determines the maximum power allowed for the auxiliary system. 
Strategic Control Definitions 
Arbitration of demands from 
EM and VMC 

Summarizes the demands from Energy Management and Vehicle 
Motion Control and decides which is most critical.  

Vehicle mode Here, different vehicle characteristics are accounted for by driver’s 
choice. The different modes could be sport, normal, or economical 
driving.  

Authorisation of orders Sends final orders to functional level 2. 
Shut down logic When bad state of health is sent from some actuator/sensor it is 

allowed to shut down by Strategic Control. 
 
Table 2: Some of the allocated functions in Functional level 2 –Driver Interface, Chassis, Power Supply, 
Auxiliary systems. 
Driver interface Definitions 
steering, accelerator, brake, 
mode 

Determine the level and rate of change of the pedals and steering wheel 
or joystick. Sends the information to Driver Interpreter along with 
mode settings as e.g. sport/normal/economy. 

Forward / Reverse Determines the direction of the vehicle 
Chassis Definitions 
Wheel unit control The forces are distributed by the VMC is generated at each WU. 

Typically, the desired forces are translated into steering angle and 
tractive/braking torque. 

Actuator coordination  Several actuators may perform the same function, this requires 
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coordination. Typically this could be to split the requested 
tractive/braking force between current available actuators according to 
guidance given by Strategic Control. 

Inter-restrictor coordination When introducing inter-restrictors, one actuator may affect several 
wheel units, typically a rack steering which constrains the steering 
angle of two wheels. 

Power Supply Definitions 
PPU Control of the Primary Power Unit. For an ICE and transmission this 

would include elementary engine functions such as spark, air, fuel etc. 
plus shift scheduling for the transmission.  

SOC/SOH level Determines the SOC/SOH level of the buffer and send this information 
to Energy Management.  

DC-DC  Determine the charging or discharging mode for DC to DC voltage 
converter. 

Auxiliary Systems Definitions 
Climate control Regulate the cabin temperature. 
Lights Regulate lights. 
 
4.4  Power supply 
The conventional powertrain concept with a combustion engine, transmission, and driveline is not a valid 
description for a HEV. The HEV concept includes handling of a major electricity source in combination 
with a conventional or parts of a conventional powertrain. A more suitable name of this function is Power 
Supply. The Power Supply includes both the Primary Power Unit (PPU) and a buffer and can be anything 
from an internal combustion engine to a fuel cell. The buffer can be an electric buffer such as a battery, 
super capacitor or a mechanical one e.g. flywheel. Figures 5 and 6 show how the power supply is defined 
for a serial, parallel, and split HEV configuration. The examples include inter-restrictors between Wheel 
Units. The restrictors illustrates that the driving torque applied to two wheels is restricted by e.g. a 
differential or an electric machine connected by a differential. Restrictors are explained in Section 4.5.3. 
 

 
Figure 5: Illustration of power supply for serial with internal combustion engine (left) and serial with fuel 
cell (right) HEV configuration. ICE=Internal Combustion Engine, Gen=Generator, FC=Fuel Cell, Black 
line=electrical power, and Grey line=mechanical power.  
 

 
Figure 6: Illustration of power supply for parallel (left) and split (right) HEV configuration. 
ISG=Integrated Starter/Generator, GB=GearBox, PG=Planetary Gear, Elm=Electric machine. 
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4.5  Chassis 
The chassis is thought of as a body onto which a number of wheel units are mounted, see Figure 7.  Each 
wheel is then considered as an autonomous unit and by default decoupled from the other wheels. 
Depending on the linkage carrying the wheel as well as the available actuators, there are different 
possibilities to generate ground contact forces. A very simple case is a wheel with only brakes and no 
steering possibility and passive suspension, while other wheel units may have drive, steering, camber 
control and active damping. 

 
 

Figure 7: Schematic sketch of a chassis containing 4 wheel units and the inter-restrictor differential and 
rack steering. 
 
There are various kinds of restrictions for each wheel's motion. An obvious case is the steering of a 
traditional car which couples the steering angle of the front wheels. To handle this in a clean and efficient 
way, the chassis is thought of as consisting of three types of components at any amount each; bodies, 
wheel units and restrictors. 
 
4.5.1 Body 
The body's main task is to frame the vehicle which essentially means to carry the wheel units as well as 
passenger and goods. In addition to this, the body also carries properties such as mass, inertia, and a 
geometric reference frame as well as sensors to measure its states. The main idea with the function body 
is that more than one body can be used when defining articulated busses, semi trailer combinations or 
week chassis. The body includes the specific wheel units that are attached to the specific body inter 
restrictors define the connections between the bodies. 
 
4.5.2 Wheel Unit 
The distributed forces from the Strategic control is realised at each WU that also sends information about 
maximum achievable force. To generate the tractive force, fxi, the wheel unit checks how much rotational 
torque is available directly by Power Supply on the actual wheel unit and then coordinates the available 
actuators to meet the desired order. Typically the wheel unit could be realized as in [7]. More details 
about vehicle motion control and wheel unit are presented in [8]. 
 
4.5.3  Restrictors 
Today’s conventional chassis have constraints and limit the controllability of each wheel unit. To handle 
this in a systematic way restrictors are introduced. A restrictor can either restrict the wheel's motion 
relative to the body, i.e. within the wheel unit or relative to another wheel unit; these are referred to as 
intra-acting and inter-acting, respectively. Furthermore, these could be either 'active', meaning that they 
could be controlled, or 'passive' units like e.g. a standard strut. Some examples are presented in Table 3. 
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Table 3: Example of different type of utilised restrictors. Note that parts of a traditional powertrain that 
are used to distribute tractive force are as restrictors within the chassis. 

 Inter-restrictor Intra-restrictor 

Active Limited slip differential 
Rack steering 

Wheel motor 
Mechanical brake unit 

Passive Differential 
Anti-roll 

Suspension linkage 
Strut 

 
5 Modelling of Hybrid Electric Sport Utility Vehicle 
 
An object oriented modelling language is used to test how the control architecture works [1]. Two models 
of a Hybrid Electrics Sports Utility Vehicle are modelled. The first configuration uses a combustion 
engine with Integrated Starter Generator (ISG), automated manual transmission, battery buffer and 
electric motors at the rear wheels. This concept allows a more economical utilisation of the four wheel 
drive and a similar concept study was made in [14]. The second example is a future version with serial 
HEV configuration with a fuel cell, buffer, and autonomous Wheel Units. In Figure 8 (left) the total 
vehicle model is shown and in the right screen shot shows how different Power Supplies can be used due 
to the modularity in the architecture.  

     
 
Figure 8: Total vehicle model (left). Due to the generic architecture, the configuration can be changed by 
selecting options from drop down boxes and no remodelling is necessary (right).  
 
In Figure 9 the two chassis configurations are shown. The first configuration has rotational power (dotted, 
black) is distributed to the front wheels via the differential. In the front there is also a rack steering to 
constrain the wheels’ steering angle and both front and rear, there are anti roll linkages. The dashed, 
purple line shows the bus connection and the solid, blue lines are mechanical connections. In the second 
configuration only electric power is used and no inter-restrictors are used since all wheel units are 
independent. Roll control is managed by active components in the suspensions.    
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Figure 9: Chassis models corresponding to the first configuration (left) and the second configuration 
(right).  
 
The two different Power Supply configurations that were implemented could be changed without 
affecting the rest in the generic control architecture. The chassis configuration could be changed, but 
further work on handling the inter-restrictors in an efficient will be made.  
 
6 Conclusions and future work   
 
Here a methodology and a definition for generic control architecture for HEVs are given.  Hierarchical 
partitioning and functional decomposition is utilised to place the functions in different functional levels. 
The highest functional level includes the functions Driver Interpreter, Energy Management, Vehicle 
Motion Control, and Strategic Control. The second functional level includes the sub functions Driver 
Interface, Chassis, Power Supply, External Information and Auxiliary Systems. The generic control 
architecture has been implemented in object oriented modelling language and is proven to work. 
 
In this paper, the Wheel Units are seen as a function to apply forces to the ground and by default are 
decoupled. But today’s cars have constraints between the wheels. This is suggested to be handled by 
defining inter-restrictors. These will be further studied in future work along with other vehicle 
configurations. 
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DRIVING DYNAMICS FOR HYBRID ELECTRIC VEHICLES
CONSIDERING HANDLING AND CONTROL ARCHITECTURE

Johan Andreasson∗ and Leo Laine†

SUMMARY

The use of hybrid techniques together with the increasing demands on vehicle perfor-
mance require an improved vehicle architecture to be feasible in the long run. In this
paper, a generic control architecture is suggested and especially the information flow
between driver’s intentions to vehicle motion is discussed.

The idea is that the driver’s intentions are transformed to a global force equiv-
alent. Then, a practical approach is utilised to solve the control allocation problem
of distributing the global forces to local wheel unit forces. A strategy to find wheel
angles and wheel spin from desired wheel forces has been suggested and implemented.

1 INTRODUCTION

Although the research on Hybrid Electric Vehicles (HEV) is driven by envi-
ronmental reasons, it is relevant to study the new technology from a driving
dynamics point-of-view to be able to design competitive vehicles in the future.
Except for the environmental advantages, two other aspects can be identified;
the potential of improved handling as well as a need for a more structured
control architecture.

Additional electric propulsion improves controllability of the vehicle be-
haviour compared to a conventional power-train for several reasons [1]. The
torque applied to the wheels axes can be faster and more precise than with
an Internal Combustion Engine (ICE) and hydraulic brakes. For an Anti lock
Braking System (ABS), a more precise brake torque makes it possible to reduce
vibrations and quicker response can be used to improve performance. Also, it
is reasonable to have more than one electric motor for propulsion and thus it is
possible to achieve active wheel torque distribution without advanced differen-
tials. Even bidirectional torque distribution is possible with electric machines

∗Div. of Vehicle Dynamics, KTH, SE-100 44 Stockholm, Sweden, e-mail: johan@fkt.kth.se,

phone: +46 8 790 77 14, fax: +46 8 790 93 04
†Div. of Mechatronics, Chalmers University of Technology, SE-412 96, Gothenburg, Swe-
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Figure 1: Schematic sketch of the functional architecture for a vehicle.

which adds possibilities to enhance the functionality of today’s Vehicle Stability
Controllers (VSC).

The other aspect relates to the fact that different subsystems are needed to
be integrated in today’s vehicles for better drivability and handling [2]. This
increases the complexity of the vehicle system. Also, there are a variety of HEV
configurations and most of them add more components to the vehicle. To handle
this in an efficient way a hierarchical control architecture is suggested with
generic interface signals. This opens up for reusability for different hardware
configurations in a modular fashion [3].

2 GENERIC CONTROL ARCHITECTURE

Functional decomposition was used to identify functions within a HEV and place
them in an hierarchical structure. The purpose was to make a generic control
architecture1 for HEVs [4]. Generic interface control signals was utilised between
the identified functions to make it easy to change configuration [5]. Different
components may perform similar tasks, e.g. electric wheel motors can perform
as braking discs and in this work, all components within a wheel unit is seen
as a function for applying force to the ground. This to allow tight integration
of the different actuators for applying longitudinal, lateral, and vertical forces
within the wheel unit.

The suggested functional architecture is shown in Figure 1. It is based on
generic assumptions such that a vehicle must have a driver interface, an inter-
action with the ground (Chassis), power source(s) (Power Supply) and possibly
also external information functions and auxiliary systems that are not involved
in the vehicle motion. The system needs to communicate with the driver (Driver

1Generic Control architecture: A reusable control architecture that is not hardware depen-

dent or configuration dependent.
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Figure 2: Signal flow between driver interface and chassis wheel units (WU). Note
that only one WU is shown.

Interpreter), to control the vehicle’s motion (Vehicle Motion Control), and to
manage the energy flow (Energy Management). The chassis is considered as
number of bodies, each with number of wheel units that can generate forces. A
more thorough description is found in [3].

In [6], a structured and hierarchical way to handle the integration of different
wheel controls is shown. However, all systems are based on a traditional car
in the sense that there is a division into power train, chassis, brakes etc. that
makes them less suitable for HEVs in general. Here, a Vehicle Motion Control
that considers the desired motion and distributes forces to the wheel units is
presented.

3 STRUCTURE FOR DRIVER’S
INTENTIONS TO VEHICLE MOTION

Figure 2 shows the signal flow between Driver Interface and Chassis in more
detail. Four isolated functions are used to transform the Driver Interface signals
into vehicle motion and respond with suitable feedback; driver interpretation,
path control, force distribution and wheel unit control. Each function has to set
demands to the next one and send limits to the previous in order to guarantee
that it can fulfill its own demands.

3.1 Driver interpretation

The task is to interpret the signals from the driver interface to a suitable path
that is achievable according to the limitation set up by the path control. Also
feedback signals are calculated and sent to the driver. The communication sig-
nals exchanged with the driver interface are all in percentage of their maximum
values, respectively. Thus, the driver interface hardware can be exchanged from



steering wheel and pedals and to e.g. a joystick. This step is left out of the
further discussion within this work and instead a predefined path is given.

3.2 Path control

The task of the path controller is to follow the path set up by the driver inter-
preter by giving force and torque demands to the force distribution. The path
is described by the velocity v, the vehicle’s slip angle β and the curvature ρ.
These values are chosen to give the opportunity to keep the path well defined
even at low speeds and standing still. Both the current and desired path are
treated as public information within the vehicle since they are considered to be
generic signals. Together with the force distribution, this is the Vehicle Motion
Controller. Within this work a P-controller is used but the structure opens up
for more advanced solutions as well.

3.3 Force distribution

The distribution of forces depends on the controllability and the number of
wheel units. This can be considered as a linear control allocation problem

Bu(t) = v(t) (1)

where v(t) is the desired global forces Fx, Fy, Mz, u(t) is the desired wheel unit
forces fx,i,fy,i and B is a 3×8 transformation matrix. This is similar to control
allocation problems for flight control, see e.g. [7] for a good overview.

However, while aircrafts normally have to deal with componentwise rud-
der deflection limitations, vehicles equipped with tyres instead have nonlinear,
coupled constraints due to tyre friction ellipses. In [8], circular constraints are
replaced by polygons, allowing standard solvers to be used. Possibly, the prob-
lem can also be rewritten into a second order cone program [9] that can be
solved by e.g. interior point method.

For ground vehicles, a nonlinear optimisation algorithm is suggested for the
case where individual torque control can be applied [6], but a combination of
individual steering and drive is not found by the authors. Within this paper,
finding an optimal solution is not the main focus and thus a practical approach
was chosen for the control allocation problem, that is carried out in a few steps.

Consider Figure 3, first the division of yaw torque Mz between lateral and
longitudinal forces are done with a weighting function k(Fx, Fy) such that Mz =
kΔFx +(1− k)ΔFy. The weighting function k is here realised by summation of
two second order polynomials, shown in Figure 4.

k =
1
2
(ax + bx|Fx|+ cxF 2

x + ay + by|Fy|+ cyF 2
y )

ax = 0.5, bx = (1 +
√

2)/Fxmax, cx = −0.5b2
x

ay = 0.5, by = −(1 +
√

2)/Fymax, cy = 0.5b2
y

(2)

The idea is to avoid using forces that are near saturation so k should be small
for high Fx. Also very low Fx should generate small k since it otherwise requires
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Figure 3: Vehicle model used for force distribution.

reversed forces left-right or front-rear. For mid range Fx, k is instead maximised,
see Figure 4, left. For Fy, (1−k) is instead considered, making k antisymmetric
around Fx/Fxmax = Fy/Fymax. The polynomials are used to give a smooth
behaviour but of course, any other appropriate mapping could be chosen for
this purpose.

Then, left and right longitudinal forces as well as the front and rear lateral
forces are calculated according to:

(r1 + r3)
2

× (fx1 + fx3) +
(r2+4)

2
× (fx2 + fx4) = ΔFx

(fx2 + fx4) + (fx1 + fx3) = Fx

(r1 + r2)
2

× (fy1 + fy2) +
(r3 + r4)

2
× (fy3 + fy4) = ΔFy

(fy1 + fy2) + (fy3 + fy4) = Fy

(3)

The last step is to decide the internal distribution to each wheel and it is
done to distribute the force reserve at each wheel evenly. The maximum contact
force for each wheel unit are assumed to be a function of ground conditions and
the normal force. Thus, the distribution of the longitudinal forces between front
and rear are defined by the lateral force reserve at the front and rear respectively.
The lateral forces are distributed correspondingly between left and right.

3.4 Wheel Unit control

At each wheel unit, the desired forces have to be transformed into proper steer-
ing angles δi and wheel spin velocities ωi. This is not done in the vehicle motion
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control since it requires that the vehicle has knowledge about each tyre’s prop-
erties and thus (δ, ω)i cannot be generic.

Assuming that the tyre properties can be found by the wheel unit itself,
there are two main problems to overcome when calculating (δ, ω)i from (fx, fy)i.
These are the nonlinearities of the tyre and the nonlinear transformation from
chassis frame to wheel frame T(δi).

The tyre nonlinearities are handled by approximating the tyre characteristics
with a polynomial

f(s) = bs + cs2 + ds3 (4)

where s is the magnitude of the slip and f the force respectively. The coefficients
can be calculated from the Magic Formula [10] parameters according to

b = BCD

c = −1/2(BCD + 3D(BCsmax − 2)/smax)/smax

d = D(BCsmax − 2)/smax
3

(5)

In Figure 5, a comparison is shown between a variety of tyre properties generated
by the Magic Formula and the corresponding polynomials.

The advantage with this representation is that f(s) is easily invertible using
Cardanus’ formula. Since f(s) ≤ D for all relevant s there are always three real
solutions to s of which the following is the proper one:

s = − 1
12d

Q1
1/3 +

−c2 + 3db

3dQ1
1/3

− 1c

3d
+

1
2
√−3

(
1

12d
Q1

1/3 +
−c2 + 3db

3dQ1
1/3

)

Q1 = 36bcd + 108f(s)d2 − 8c3 + 12
√

3Q2d

Q2 =
√

−c2b2 + 4db3 + 18bcdf(s) + 27f(s)2d2 − f(s)c3

(6)

Once the slip magnitude s is found, the components are calculated as (sx, sy) =
s
f (fx, fy). However, due to the steering angle the following nonlinear relation



0.1 0.2

0.2

0.4

0.6

0.8

1

no
rm

al
is

ed
 fo

rc
e 

[−
]

0.1 0.2 0.3

0.2

0.4

0.6

0.8

1

slip [−]

no
rm

al
is

ed
 fo

rc
e 

[−
]

slip [−]

Figure 5: Comparison of generated polynomial (solid) with corresponding Magic
Formula characteristics (dotted), these are generated with B between 3 and 6, C
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between the slips expressed in chassis frame si = (sx, sy)T
i and wheel frame

siW = (κ, α)T
i

si = T (δi)siW =
(

cos δi − sin δi

sin δi cos δi

)

siW (7)

Since αi = βi − δi, it is difficult to find δi from equation 7. Instead T(δi) is
linearised around δi = βi which corresponds to zero tyre side slip, giving

T (δi)|δi=βi
=

(
cos βi − sin βi

sin βi cos βi

)

+
(

sin βi cos βi

− cos βi sin βi

)

αi (8)

This is relevant as long as the maximum side force is generated at small angles.
To improve accuracy for larger slip angles, δi from previous time step can be
used.

Equation 8 is now used to solve equation 7 giving a system of polynomial
equations with the solution

αi =
1
6

(108Q4 + 12Q3)
1/3 − 2

(−1 + Q5)

Q5 (−108Q4 + 12Q3)
1/3

κi = Q5 − α2
i

Q3 =
√

−12Q3
5 + 36Q2

5 − 36Q5 + 12 + 81Q2
4

Q4 = − sin βisxi + cos βisyi

Q5 = − cos βisxi − sinβisyi

(9)

Finally, the desired steering angle and wheel speed are calculated as

ωi =
vxiW

Re
(1 + κi)

δi = βi − αi

(10)
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4 SAMPLE SIMULATIONS

As a test bench for the control architecture for driving dynamics, a vehicle
model in Modelica [11] is built according to Figure 1. Driver Interface, Driver
Interpreter, Energy Management and Auxiliary Systems are made simple to
facilitate evaluation of the results. The path control and the force distribution
described above are implemented in the Vehicle Motion Control. The wheel
units are realised with the controller suggested above together with a mechanical
linkage suggested for autonomous corner modules presented in [12], steering
actuators and wheel motors are modelled as first order filters with rate limits.
To illustrate the ability of the implemented structure, two example simulations
are shown, more information about the model can be found in [13].

In the first simulation, one WU is forced along a pre-defined path and is com-
manded to generate forces in series of steps(fx, fy). An available tyre model [14]
with dynamics was used and the tyre characteristics was estimated separately.
The simulation result is shown in Figure 6. During time=1-3s, the WU is
commanded to generate more force than possible and the actual force is thus
downscaled. Due to the linearisation in equation 8, actual fy is sligthly too high
for large slips as seen when time=5-7s.

The second simulation is of a full vehicle model following a lane change path,
Figure 7. At this stage, only a simple P-controller is used to follow an intended
path. In figure 8 a screen shot from the animated result is shown.

5 CONCLUSIONS AND FUTURE WORK

• A generic control architecture for driver’s intentions to vehicle motion as
described in Figures 1 and 2 has been implemented.



0 1 2 3 4 5 6 7 8
19.8

19.9

20.0

20.1

20.2

0 1 2 3 4 5 6 7 8
-0.04

-0.02

0.00

0.02

0.04

0 1 2 3 4 5 6 7 8
-0.04

-0.02

0.00

0.02

0.04

time [s]

si
de

sl
ip

 [r
ad

]
cu

rv
at

ur
e

[1
/m

]
ve

lo
ci

ty
[m

/s
]

Figure 7: Desired (dashed) and achieved (solid) path for a vehicle with four wheel
units.

• Forces are used as control signals between Vehicle Motion Control and
Chassis which have been proven to be generic.

• A practical approach is utilised to solve the control allocation problem of
distributing global forces to local wheel unit forces.

• A strategy to find wheel angles and wheel spin from desired wheel forces
has been suggested and implemented.

The work is intended to continue with the following aspects in mind: 1)
As suggested in section 3.3, the control allocation is not optimised. It will be
further examined whether available control allocation theory can be used to im-
prove performance of the force distributor. Especially when taking into account
the dynamic limitations of tyres and actuators 2) The tyre characteristics has to
be estimated continuously onboard the vehicle. Possibly, the friction circle as-
sumption and the polynomial approximation must be refined to handle all types
of tyre characteristics. 3) Today’s cars have constraints between the wheels such
as rack steering, differentials etc. These restrict the wheels’ motion and thereby
the force generation. This must be handled by the force distribution in a proper
way. 4) Currently, the sensor information used is always accurate. It has to be
examined how inaccuracies affects the performance.
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also indicated.
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Reusable Control Architecture Implemented in a Scale Model of a 

Hybrid Electric Vehicle 

Leo Laine*, Jonas Hellgren*, Henrik Kinnunen, and Magnus Rönnberg 

Abstract 

A reusable control architecture for Vehicle System Control has been implemented in a scale model 1:5, of 
a series Hybrid Electric Vehicle with a Power Supply containing a fuel cell emulator as a primary power 
unit and supercapacitors as a buffer. The aim is to verify the effectiveness of the reusable control 
architecture with real hardware by using a scale model car. This type of architecture allows for easy 
exchange of hardware configurations without having to change the functional structure of the Vehicle 
System Controller. The structure for the Hybrid Electric Vehicle system is obtained through functional 
decomposition, which orders the system functions into different functional levels. Three functional levels 
have been defined. The highest level contains functions that are common for all foreseen Hybrid Electric 
Vehicles: Driver Interpreter, Vehicle Motion Control, Energy Management, and Operative Decision 
Control. The second level contains the necessary subsystems for a vehicle: Driver Interface, Chassis, 
Power Supply, and Auxiliary Systems. The third level is the actuator/sensor level. Using hardware 
independent signals between the functions allows for hardware configurations to be changed in modular 
fashion without affecting the higher functional levels. The Scale Model Car was tested and the logged data 
verified against simulation models both for ordinary drive cycle results and anti-skid behaviour with 
decent agreement.   

Keywords: Vehicle System Control, Hybrid Electric Vehicle, Reusable Control Architecture, Scale model 

1 Introduction 

Already today vehicles are becoming increasingly dependent on computers and their software controllers. 
Therefore, it is important that the control architecture be reusable, enabling different vehicle 
configurations to be designed with minimum effort. In order to handle the complexity of several actuators 
and sensors interacting in future Hybrid Electric Vehicles (HEVs) and to allow for easy exchange of 
hardware configuration, it is necessary to have control architecture with suitable functional partitioning 
[1], [2]. The architecture should not only be reusable but should also work with several types of hybrid 
powertrain configurations. It must also fulfil interface requirements between automotive suppliers and 
manufacturers so that brand specific qualities can be kept in-house, [3], [4]. Brand specific qualities of 
vehicles are more and more dependent on the algorithms within the software, making it important for 
manufacturers to protect 'their' algorithms. 
 

The objective of this study is to implement a reusable control architecture in a Remote Controlled (RC) 
Scale Model Car (SMC) of a series HEV, see Figure 1. The length of the car is 0.9 meters. The 
implemented reusable control architecture is based on hierarchical partitioning. This hierarchical structure 
then contains three functional levels. Functional level 1 consists of a main central controller. Functional 
level 2 includes several low level control blocks. Functional level 3 is the sensor and actuator level, as 
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shown in Figure 1. The hierarchical partitioning allows for good modularity and coordination between the 
different low level control blocks. 

 
Figure 1: Hierarchical control architecture implemented in the Scale Model Car. Functional level 1 
includes the central controller; Functional level 2 includes the local controllers; Functional level 3 is the 
actual hardware. 

Computer based vehicle modelling and simulation are useful tools for examining different vehicle control 
architectures. However, since it is necessary to simplify modelled hardware in simulations, it is therefore 
crucial to verify and test ideas with real hardware. A generic hierarchical control architecture was 
developed, modelled, and tested on different simulated hardware configurations [5]-[8]. The main features 
of this generic control architecture were implemented and tested on the SMC. 

There are two major aspects to consider when using scale model HEVs. Firstly, building a full scale HEV 
would be very expensive and time consuming. A more cost effective alternative is to use scale models to 
study vehicle behaviour and controller development [9]-[14]. Secondly, it is important to be able to predict 
what the vehicle dynamics of the scale model would correspond to in a full scale version. This can be 
done with dimensional analysis, such as the PI Buckingham Theorem, [15]. This method has been used to 
study controllers for vehicle lateral dynamics, [16] and [17]. With this dimensional analysis the SMC can 
easily be configured as different types of vehicles such as cars, buses, and trucks by changing weight 
distributions and power output.  The dimensional analysis on the current SMC configuration indicated that 
the lateral and longitudinal dynamics of the SMC correspond to a Hybrid Electric Sports car in full scale.  

The outline of the article is as follows. Section 2 describes how the reusable control architecture is 
structured and gives an overview of implemented control strategies and algorithms. Section 3 shows the 
actual hardware used in the SMC. Section 4 illustrates how the control architecture and algorithms are 
implemented in the control unit. Section 5 compares the SMC prototype against simulation models. 
Section 6 describes the conclusions. 

2 Methodology used to design a reusable control architecture 

A hierarchical control architecture was chosen for various reasons. One of these reasons is that it has been 
shown to provide better modularity compared to that of a centralised architecture [1]. Additionally, the 
coordination between local controllers is also improved compared to that of a peer architecture. Different 
partitioning schemes are also discussed in [2].  
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Generic interface signals were used between the local and top level controllers because they allow for 
hardware to be exchanged without affecting the top level controller. Generic control signals are 
exemplified here with a simple example, considering that we have different hardware to drive and steer a 
vehicle, see Figure 2. In Case 1 we have a steering wheel, brake and gas pedal. In Case 2 we have a 

joystick with longitudinal and lateral motion. Case 1 has three sensor signals, 1 2 3[ , , ]α α α , sent from 

functional level 3 to level 2, while Case 2 has only two, 1 2[ , ]β β . Generic1 control signals are used if and 

only if the signals S1 and S2 between Functional level 2 and 1, are equal S1=S2. This allows Functional 
level 1 to be reused despite changes of hardware configurations. 

 

Figure 2: Two Simple examples of using generic interface signals with different hardware. Case 1: 
Steering wheel, brake and gas pedal. Case 2: Joystick with longitudinal and lateral motion. 

The vehicle system can be seen as a set of functions. Functions within hierarchical control architectures 
are consigned into different levels through functional decomposition, see Definition 2.1 In this article, 
reusable control architecture and functional decomposition are defined as follows: 

Definition 2.1 Functional decomposition                                                                                            
The following statements characterise an architecture with functional decomposition:     

(1) Functions are placed into different levels due to their coordinating authority over other functions. 

(2) Information on the system status can be observed by all functions and is allowed to flow in all 

directions, up, down, and across in the hierarchy. 

(3) Commands are only allowed to flow down to lower level functions. This upholds a causality of orders 

within the hierarchical architecture. 

(4) Vehicle brand characteristics should only be contained within the top level functions.  

(5) Low level functions should have control over hardware health and durability. 

Item 4 in Definition 2.1 allows manufacturers to retain ownership of brand specific functions while 
suppliers can provide controls for various subsystem functions. Through this, manufacturers can change 
vehicle characteristics such as optimizing drivability and fuel economy. Item 5 in Definition 2.1 makes the 
supplier responsible for the durability of its hardware. 

Definition 2.2 Reusable control architecture for HEVs 

(1) The control architecture should be hierarchical by functional decomposition. 

(2) Interfaces between top level and lower level functions should be made hardware independent. 

                                                      
1Generic here means hardware independent.  
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(3) The control architecture should be designed so as to accommodate any foreseeable future hardware 

developments. 

Item 2 in Definition 2.2 allows hardware to be exchanged without redesigning the functional architecture. 
For example, Item 3 in Definition 2.2 could include future versions of HEVs with Wheel Units, which can 
independently apply traction, steering, and suspension forces. 

2.1 Functional levels 

The control architecture's overall function is to collect and analyse information about the vehicle's internal 
and external conditions and to initiate appropriate responses. 
 
The control architecture is divided into three functional levels. Level 1: The highest functional level is the 
main switching unit within the vehicle's architecture. It is where signals flow to and originate from. It 
relays messages, and compares and analyses information. Using generic interface signals allows Level 1 
to become hardware independent. Level 2: The second level contains the basic functional tasks of any 
ground vehicle. These functional tasks can include, for example, generating ground motion, interaction 
with the driver, power supply and auxiliary systems. Level 3: The third level is the sensor and actuator 
level. These are controlled and coordinated by different basic functional tasks in level 2. 
 

2.2 Functional level 1 

Functional level 1, Main Control, consists of four major parts. Driver Interpreter interprets the driver's 
demands. Vehicle Motion Control controls the vehicle according to these demands. Energy Management 
assures that this is done in an energy efficient way. Additionally, Operative Decisions summarizes the 
input from Energy Management and Vehicle Motion Control and makes the overall decisions considering 
reliability and safety. Functional level 1 and its subsystem dependencies within the hierarchical 
architecture are illustrated in Figure 3. 
 

 
Figure 3: System architecture and subsystem dependencies according to Unified Modelling Language 
(UML). The architecture is made up of three functional levels. Level 1 is responsible for system 
coordination. Level 2 contains the basic functional tasks of a ground vehicle. Level 3 is the actual vehicle 
hardware. 
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2.2.1 Driver Interpreter (DIp) 
The driver's instructions are translated into desired motion within Driver Interpreter (DIp). This is done by 
reading and analysing the sensor signals received from Driver Interface on level 2.  
 
2.2.2 Vehicle Motion Control (VMC) 

Vehicle Motion Control (VMC) handles the safety aspects of the vehicle's dynamics. It assures that the 
vehicle is avoiding a critical dynamic state. For example, typical sub functions could include traction 
control, anti-lock braking or vehicle stability. It uses the desired motions received from DIp and the 
Chassis sensor readings to consider what motions are possible without reaching the critical dynamic limits 
of the vehicle. 
 
The vehicle's dynamic state must be within a certain allowed set of states, otherwise it is determined to be 
critical (state=1). For example, a simple slip controller is used here with the following expression 

rear 10,  if ( )

1,  else
VMCstate

λ ∈
= 


S
         (eq.1) 

where S1 is the allowed set of slip values for the rear wheel. When the state is equal to 1, VMC suggests 
that the desired longitudinal velocity from DIp is reduced with the following expression 

vel vel rearVMC.x =DIP.x (1-| |)λ          (eq.2) 

The desired signals and state are then sent to Operative Decisions, see further in Section 2.2.4.  
 
A more advanced VMC is planned to be implemented in a SMC according to [7]. 
 
2.2.3 Energy Management (EM) 

Energy Management (EM) controls the vehicle’s energy sources for efficiency with regards to fuel 
consumption and wear. It decides how the energy flow is distributed between the Primary Power Unit 
(PPU) and the Buffer considering the current power demand for generating ground motion and auxiliary 
systems.  
 
EM determines if the Power Supply is in a critical state and passes the information along to Operative 
Decision. If the EM state is considered critical the desired speed of the vehicle is evaluated by the 
following expression 

i 20,  if (SOC )

1,  else
EMstate

∈
= 


S
         (eq.3) 

where S2,i={SOCi: 0<SOCi,min<SOCi<SOCi,max} and is the ith buffer within Power Supply. 
 
EM calculates a State of Charge (SOC) reference value for current vehicle states such as vehicle velocity. 
The SOC reference is a numerical value representing the current desired SOC for the buffer. One example 
of a simple Power Management algorithm using a SOC reference within EM is as follows 

2vel
ref 0

x
SOC =0.5+C (0.5-( ) )

6
         (eq.4) 

where the C0 and C1 are constants. 
 
By using SOC reference values and sensor readings of the current SOC, EM distributes the requested 
power to both the PPU and the buffer. In the test run, presented in Sec 5, the buffer power is controlled as 
follows 
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where a1, a2, k1, k2, and k3 are constants. 
 
A more sophisticated rule based algorithm for calculating the buffer power demand will be implemented 
according to [18] in a future version of the SMC. 
 
2.2.4 Operative Decision (OD) 

Operative Decisions (OD) considers the vehicle state values given by VMC and EM. If the vehicle status is 
critical, OD then gives priority to either VMC or EM. As an example, if VMC is in a critical state=1, OD will 
allow mechanical braking. If instead EM has critical state=1, OD approves the use of maximum 
regenerative braking and charging. In Table 1 an example is given as to how the OD state controller could 
be configured. 
 

VMC 

State 
EM 

State 
 Priority 

VMC/EM 
Comment 

0 0 � EM Prioritise efficiency if no Critical state 
1 0 � VMC Prioritise vehicle stability if VMC critical 
1 1 � VMC Prioritise vehicle stability if both critical 
0 1 � EM Prioritise efficiency if EM critical 

Table 1: Operative Decisions gives priority to either VMC or EM depending on the vehicle's states. When 
both states are critical focus is on vehicle stability. While under normal driving conditions minimizing fuel 
consumption and wear is prioritised.  
 
The desired actions from VMC and EM are finalised into orders by OD. These orders are then sent to level 
2. 
 
2.3 Functional level 2 
Functional level 2 contains the basic tasks of any ground vehicle. Driver Interface reads the sensor signals 
from the driver. Chassis generates the ground motion. Auxiliary Systems includes all subsystems which 
are not necessary for generating ground motion. Finally, Power Supply generates the needed mechanical 
and electrical energy for Chassis and Auxiliary Systems.  
 
2.3.1 Driver Interface (DIf) 

Driver Interface (DIf) reads the sensor signals from the driver. These are normalised to be values 
between [-1,1]. All software functions associated with reading hardware used by the driver are located in 
DIf.  
 
2.3.2 Chassis (Ch) 

The local controllers of actuators and sensors that directly affect Chassis (Ch) dynamics are placed within 
Ch. Brake servos and wheel motors are examples of Ch actuators. Accelerometers and wheel rotation 
sensors are examples of Ch sensors. Ch is mainly controlled by VMC. 
 
2.3.3 Power Supply (PS) 

Power Supply (PS) contains all energy sources and local controllers of energy converters, buffers, and 
sensors which are needed to produce the vehicle's power demand. The energy can be stored in different 
forms such as electrical, fluid, and mechanical. A topology 'cut' is used to determine whether tractive force 
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actuators such as electric motors are placed within PS or Ch. For example, if an electric motor is mounted 
before a differential its function is placed within PS. PS is mainly controlled by EM. 
 
2.3.4 Auxiliary Systems (Aux) 

All subsystems not directly related to generating vehicle motion are contained within Auxiliary Systems 
(Aux). Aux is supervised by EM. In the SMC there are currently no subsystems included in Aux. 

3 Scale Model Car (SMC) Configuration 

The Scale Model Car (SMC) is a standard model car of size 1:5. The Ch includes suspension, wheels, and 
body from a manufacturer named 'FG Modellsport'. Pictures of the present configuration of the Hybrid 
SMC are shown in Figure 4. A Schematic drawing of the Ch and PS is shown in Figure 5. The car is rear 
wheel driven by an electric motor. Details about the design and development process of the Hybrid 
Electric SMC are found in [19].  
 

 

 

 

 

 

 

 

 
Figure 4: Top view (left) and Side view (right) of SMC. 
 
In Table 2 a summary of vehicle dynamic parameters are listed. Further details can be found in [20]. 
 

Vehicle mass, m 16 kg 
c.o.g. to front axle, Lf 0.3499 m 
c.o.g. to rear axle, Lr 0.1813 m 
Wheel radius, Rω 0.06 m 
Track width, Tω 0.12 m 
Cornering stiffness front, Cαf 96 N/rad 

Cornering stiffness rear, Cαr 187 N/rad 
Yaw inertia, Iz 0.6 kgm2 
Air drag Coeff., Cd 0.28 
Frontal Area, A 0.0804 m2 

Roll resistance, froll (concrete) 0.04 
Table 2: Vehicle dynamics data of the hybrid SMC [20]. 
 
3.1 Chassis Configuration 
Chassis contains two main actuators. The first actuator is the steering servo, Ast, which is connected to the 
rack steer. The second actuator is the mechanical brakes, Abr, which are located on the front wheels and 
servo controlled. A schematic sketch of the Ch configuration is shown in Figure 4. The Figure shows also 
how the actuators between Ch and PS are divided by the mechanical connector 'Mc'. 
 
There are three main sensors within Ch. The first is the rotational sensor circuit, Sws, mounted on the front 
right wheel WU2, see Figure 5. Details about the wheel rotation sensor can be found in [21]. The other two 

DC/DC Conv. 

PPU 

Buffer 
Motor DSP  card 
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sensors are accelerometers which are mounted on the car giving the longitudinal, Sax, and lateral 
acceleration, Say. 
 
One of the basic functions of Ch is to estimate the actual vehicle speed. The following simple but efficient 
algorithm is used 

, ,

, ,

,   if no mechanical brake

,  else
nobrake

vel nobrake w front w

k
vel

vel brake vel nobrake acc

i k

x R

x
x x x dt

ω

=

=


= 
= +


∑

     (eq.6) 

If mechanical brakes are not used, the vehicle velocity is calculated as rotational speed multiplied by 
wheel radius. If mechanical brakes are applied, the front wheels may slip and thus the last velocity value 
with no braking, xvel, nobrake, at step knobrake, is used and the accelerometer reading is numerically integrated 
and used to estimate the actual vehicle velocity [22]. Another basic function of Ch is to estimate front and 
rear slip. 
 
3.2 Power Supply Configuration 

The current PS configuration contains many components. It includes a battery for a PPU, used as a fuel 
cell emulator. Super Capacitors are used as a buffer and a DC/DC converter directs the electrical power 
flow. An electric motor is used to convert the electrical power to mechanical power in order to propel the 
vehicle. Four implemented external voltage, Su, and current sensors, Si, allow for supervision of the actual 
power flow to the buffer and electric motor. These will explained in further detail and a schematic 
diagram of the electrical connections of PS is also shown in Figure 5. 
 
The fuel cell PPU was emulated by two lead acid batteries in series, each with a nominal voltage of 12 
volt and 2.3 Ah. The buffer is made of 3 super capacitors, Maxwell 2.5 V 350 F, that are connected in 
series. The energy flow in and out from the buffer is handled by the full bridge DC/DC converter through 
a requested buffer voltage, Ubuff, req. A local controller was implemented in PS to control the requested 
buffer voltage by the input signal desired buffer power. It has a continuous current of 70 A, an input 
voltage of 24 V, and an output voltage of 0-24 V. The electric motor is a brushless synchronous DC-
motor. Power electronics are included so that the rotation speed, ωem,req, is easily controlled. The machine 
can operate in four quadrants, in other words, it can be used as a generator. It has an operating voltage of 
24 V, a maximum output power of 230 W and a maximum torque of 0.98 Nm. The driveline has a total 
gear ratio of 4.174. 

  
Figure 5: Chassis configuration (left) and Power Supply configuration (right), A: Actuator, S: Sensor, 
WU: Wheel Unit, and Mc: Mechanical connector. 
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4 Implemented Vehicle System Control Code and Structure 

 
The control architecture with its algorithms was implemented in the SMC. A technician downloads the 
Vehicle System Control (VSC) code to the Digital Signal Processor (DSP) card.2 The downloaded VSC 
code, programmed in C, must interact with different input and output signals. A Driver gives input such as 
desired longitudinal and lateral motion, braking, or power switch. The SMC is controlled by a RC 
system.3 Due to the fact that is a hybrid electric vehicle, the VSC Code decides between the mechanical or 
regenerative braking. Sensor signals are interpreted and used to estimate the vehicle internal states. 
Examples of such sensor signals are WU rotational speed, motor speed, accelerometers, and current and 
voltage sensors. These input signals are processed by the VSC and final output request signals are sent to 
the actuators such as electric motor, DC/DC voltage, steering servo, and mechanical brake servo.  
 
The functions within VSC, as discussed in Section 2, are defined as C-functions. The functions are called 
within a main loop in a certain order as shown in Figure 6. 
 

 
Figure 6: Program loop used in the Vehicle System Control. 
 
The signal interfaces between the functions are structure based and are made as reusable as possible for 
different hardware configurations. 

 

5 Test run of SMC 
 
The SMC was tested on how it performs with the implemented functions within VSC. See Section 2.2 for 
further details about the used algorithms within VMC, EM, and OD. 
 
5.1  Traction Control testing 

A simple traction controller is located within VMC function, see Section 2.2.2. A max acceleration test was 
performed on a surface with low friction, close to ice conditions. The implemented traction controller 
within VMC improves the acceleration performance, see Figure 7. The time to reach the longitudinal 

                                                      
2
 The DSP used is a TMS320LF2407A processor from Texas Instruments which is mounted on an evaluation 

module from Spectrum Digital. 
3
 Hitec Laser 4 FM transmitter, and a Hitec HFS-04MG receiver. 
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velocity of 1.5 m/s or 25 rad/s in the front wheels was 2.65 s without the controller, and 2.2 s with the 
controller activated. Further details can be found in [23].  
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Figure 7: Front (continuous line) and rear (dashed line) wheels, with VMC function activated (squares) and 
without (triangles).   
 
5.2  Drive cycle testing 
The SMC was evaluated during a drive cycle test, driven indoor on concrete. This tested the simple energy 
management algorithm that is located within EM function, see Section 2.2.3. The drive cycle is shown in 
left Figure 8.   
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Figure 8: Drive cycle velocity as function of time (left). Actual motor power (black dashed), buffer power 
(red solid), and State of Charge (black solid) as function of time (right). 

The right Figure 8 shows how the buffer is charged during the first 25 s, to reach the SoC target level of 
50 percent. Motor power demand is high during accelerations and the buffer assists during accelerations. 
The level of buffer assist during acceleration can be changed by increasing the constant k2, see eq. 5. Here 
in this drive cycle test, k2=0.1, was used. During deceleration one can see that the buffer power is negative 
and is charged by the regenerative braking by the electric motor. 

6 Conclusions  
 
The overall conclusion is that scale model cars are an appealing option for universities and the automotive 
industry to use for teaching and research about vehicle systems. They are relatively inexpensive compared 
to full scale vehicles, safe to drive, and do not require large storage spaces.  
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The control architecture allowed easy exchange of hardware and the top level functionality was not 
affected during changes in the lower lever functions, for example when different sensors were changed 
within chassis and power supply.  
 
The simple traction control implemented in VMC and the state controller within OD worked overall as 
desired. However, due to the fact that different speed rotational sensors, with different accuracy, were 
used for front and rear wheels introduced for the implemented traction controller compared to the 
simulated results. 
 
Logging data from the test run shows that PS of the SMC works as intended. The test run also verifies that 
the computer model of the SMC is accurate. 
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Abstract

Coordinating the actuators that generate vehicle ground motion will be-

come the next challenge in the development of hybrid electric vehicles.

The actuators should not only be coordinated in an energy efficient man-

ner, they also must not jeopardize vehicle stability. In this paper three

different ground vehicle configurations, with different numbers of motion

actuators, are modelled and analyzed with consideration to the main time

constants in the vehicle and motion actuators when generating the desired

motion. The purpose is to study how to accomplish brake blending. Here,

a reusable control system is suggested which can handle a broad variety

of configurations. This is possible when the control law for generating the

desired ground motion and the coordination the motion actuators are sep-

arated within the control system. A reusable control law is designed for

generating the desired ground motion and an optimization based method

called control allocation, which also handles actuator limits, is used for

coordinating the motion actuators. Simulations confirm that control allo-

cation is a powerful option for brake blending for all three vehicle config-

urations.

Keywords: Hybrid Electric Vehicles; Brake Blending; Modelling; Control Al-
location.

1 Introduction

New technology in vehicle design has lead to more motion actuators and more
subsystems to be controlled and coordinated to achieve the desired vehicle mo-
tion. Today’s vehicle systems usually make an arbitration when the actual ve-
hicle motion differs from the driver’s desired motion. Then stability programs,
such as the Electronic Stability Control system (ESC), [1] and [2], take over
control, coordinating the mechanical brakes and a reducing of the engine torque
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to achieve a correcting yaw motion. Another example of necessary coordina-
tion due to new technology is the braking functionality within hybrid electric
vehicles (HEV) which requires which requires the disc brakes and the electric
motors to be blended. In a premium HEV with a high degree of hybridiza-
tion, i.e. a significant part of the traction force is generated by electric motors,
one would with classical arbitration, only use mechanical brakes during hard
braking. The car magazine Auto Motor und Sport, [3], has developed the AMS
braking test for analyzing the performance of premium cars which in the future
would likely include premium HEVs. The AMS-test is basically a repetition of
several hard accelerations directly followed by hard braking. Premium HEVs de-
signed with classical arbitration in HEVs exhibit different vehicle performances
in the beginning and the end of the test due to the fact that the buffer is never
re-charged and therefore cannot assist in accelerating hard again. Who wants
to buy a premium HEV that performs like a small sized vehicle just because one
is repeatedly doing hard braking? This paper concerns how the coordination
between the different motion related actuators for a ground vehicle can be made
to achieve the desired vehicle motion.

Overactuated systems are systems with more actuators than controlled degrees
of freedom. They are commonly found in application areas such as flight and
marine vessels, but are also found in automotive systems. One promising way
to manage the coordination of overactuated systems is to use control allocation.
Control allocation deals with the problem of distributing the control demand
among the available set of actuators. The control allocation problem is posed
as a constrained optimization problem which provides automatic redistribution
of the control effort when one actuator saturates in position or in rate. Control
allocation has been used successfully within flight applications, see [4]. It has
also been used within marine vessels, see [5] and [6]. Ground vehicles can also be
seen as overactuated systems, and control allocation has previously been used
for yaw stabilization, see [7], [8] and [9]. In these articles the mechanical brakes
and steering were in focus without direct consideration to the actuator limits.

In this paper a reusable control law is set up for the longitudinal, lateral, and
yaw-motions of a ground vehicle. Since many researchers are involved in the
area of energy management for HEVs, this paper is instead focusing on the
vehicle motion controller. The problem studied here is how to blend between
re-generative and conventional mechanical braking for a hybrid electric vehicle
during different situations such as soft and hard braking on different types of
surfaces with fully or partly low tyre/road friction. The goal is to avoid alloca-
tion problems in HEVs like the one seen in the AMS-test. The idea with the
controller is that it should, in a safe way, follow a desired trajectory, interpreted
from the driver’s current steering actions. The presented vehicle motion con-
troller is designed based on feedback linearization of a nonlinear vehicle model,
followed by control allocation, which is used to distribute the task of generating
the desired motion. It is also shown how the system controller can be reused
for different vehicle configurations when control allocation is used for coordina-
tion of the actuators to generate the vehicle motion. The vehicle system is also
modelled and analyzed with consideration oto the main time constants found
in a vehicle when generating the desired motion and includin the internal states
within the motion related actuators that will affect its limits and rate of change
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of limits.

The outline of the paper is as follows: The background is presented in Section 2.
Section 3 describes the modelled systems. Section 4 describes the used control
law and how the control allocator is set up. In Section 5 some simulations
of different braking situations are presented to show how the proposed control
system is working. Section 6 concludes the findings.

2 Background

Standardized interface signals, [10], and reusable controllers, [11], are highly de-
sirable for reducing future vehicle development costs. This is of special impor-
tance for hybrid vehicles, where a number of configurations can be considered.
To handle this efficiently a hierarchical control architecture is preferable. In [12],
a vehicle control system architecture for fuel cell- and hybrid electric vehicles is
proposed. The control system architecture is generic in the sense that the infor-
mation flow structure allows for the adding and removing of components, which
is essential. The control architecture is derived from functional decomposition
and is configured in a modular fashion, see Fig. 1.

Level 2 - Local controllersui

Actuator(i)

ulim,i, ρlim,i

Sensor(i) . . . Actuator(m) Sensor(n)

Local
controller(m)

Local
controller(i)

Level 1 - Control system

Vehicle motion
control

Energy 
management

. . .

Arbitration

Level 3 - Hardware

Figure 1: Illustration of functional levels within a vehicle system con-
troller.

Functional level 1 includes the overall functionality and decision making needed
to generate vehicle motion such as the vehicle motion controller and energy
management. One can say that vehicle motion controller is a short-time horizon
controller tries to keep the desired vehicle course. Energy management is a
more long-time horizon controller for how the on-board energy sources should
be used consideration to the vehicle states and the environment. Functional
level 2 includes the local controllers for different functions. This can be for
example a local controller for an electric motor. Here in this paper it is shown
how the interface signals between level 1 and level 2 should be formed in order
to design a vehicle controller considering both vehicle motion control and energy
management. In Fig. 1 this is illustrated in that the local controller i is sending
the limits ulim and the rate of change limits ρlim to functional level 1. Functional
level 3 is what could be called an advanced actuator/sensor level (hardware
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level). The general idea is that the highest level remains unchanged no matter
how the vehicle is configured or changed.

As mentioned earlier control allocation is an option for coordination when one
has more input signals going into the system than the number of output states.
An optimization objective is used to select the input set vector for the avail-
able actuators. Control allocation also handles the redistribution of the control
signals, when one or more actuators saturates. Using control allocation allows
for the vehicle to be reconfigurable, meaning that the same controller(s) can be
used for different hardware configurations, i.e. it is well suited for the proposed
vehicle system architecture.

For the vehicle motion controller, which is of in the focus of this paper, the
control system architecture can be rewritten as illustrated as is shown in Fig. 2.
The control system is comparable to functional level 1 in Fig. 1 and the system
is comparable to functional level 2 and 3. In [13] and [14] it was shown that the
control system can be divided into two parts, one controller and one force dis-
tributor where the input vector is selected as the longitudinal and lateral wheel
forces. The control law only tells what net effort of global forces needs to be
produced to meet the driver’s desired motion but does not say how they are to
be distributed over the specific wheels and their wheel forces. This is solved by
the force distributor, which is realized using control allocation. If the mapping
is successful then the system generates the net effort. In [13] it was also shown
how constraints were applied on the wheel force distribution to account for the
available motion actuators and their ability to generate the desired wheel forces.

Control 
law

Control 
allocator

Actuator
dynamics

Chassis 
dynamics

v u vsys y

x

Control system System

Energy 
Management

udes

r

Env., x, SOC
r

Figure 2: Control system structure when control allocation is used.

In this paper however, a different approach is made on the control allocation.
Instead of using wheel forces as input, the available motion actuators are directly
used. For example the electric motor torque and steering angle for rack steer
are used as inputs. Another difference when compared with earlier work is that
the global optimization problem for the control allocator does not only include
the drivers desired path but also directly accounts for energy management’s
desired input udes, see also Fig. 2. This automatically allows for smooth arbi-
tration between the vehicle motion controller and energy management. Another
benefit when allocation is performed directly on the available actuators is that
the control effectiveness matrix, which maps the global forces onto the available
motion actuators, is the only parameter that needs to be changed in the control
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system when a new vehicle configuration is designed. Furthermore, more com-
putationally efficient algorithms for solving the control allocation problem are
proposed in comparison to the ones used in [14]. In the next section the vehicle
system model will be described.

3 Vehicle System Modelling

The vehicle system modelling is divided into two different parts, the chassis
dynamics and the actuator dynamics, see Fig. 2. The actuator dynamics are in
turn divided into two separate parts, the driveline and the motion actuators, i.e.
the combustion engine, the electric motor, etc. The focus is to include both the
necessary dynamics of the system and the most important system specific time
constants. The different delays in response in the motion actuators, driveline
and tires are necessary to model in order to show if control allocation can in
fact be used for automotive systems.

3.1 Chassis Modelling

The chassis model is a so called two track model and has five degrees of freedom:
longitudinal-, lateral-, yaw-, roll-, and pitch motion. The model aims at bing
capable of at predicting the chassis dynamics on flat surface. The SAE standard
[15] provided the main guidance for defining the axis orientations. The variables
used in this paper will be defined in the text or in the figures.

The governing equations for the 5-DOF chassis model are set by Newton’s laws
of motion. A top view of the vehicle model is shown in Fig. 3.

α2

Br

Lr Lf

x

y

Bf

Fy3

Fy4

Fy1

Fy2

Fx1

Fx3

Fx4

Fx2

φz

β

δ2

V

η2

δ1

δ3

δ4

Fres

Fdist

Figure 3: Chassis model, x-y view, from top.
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The sum of forces in longitudinal (x) and lateral (y) direction are described as

max =

4∑

i=1

Fx,i cos (δi) −

4∑

i=1

Fy,i sin (δi) − Fres − Fdistx
(3.1)

may =

4∑

i=1

Fy,i cos (δi) +

4∑

i=1

Fx,i sin (δi) − Fdisty
(3.2)

where the accelerations are approximated as ax ≈ ẍ − ẏφ̇z and ay ≈ ÿ + ẋφ̇z ,
and Fres denotes the resistance force and Fdistx,y

are the wind disturbance
forces in x and y direction respectively. The resistance force and the wind
disturbance forces are assumed to be acting in the centre of gravity of the
vehicle. The resistance force, Fres, is composed from aerodynamical drag and
rolling resistance as

Fres = Fdrag + Froll (3.3)

where

Fdrag = 0.5CdAf ẋ2sign (ẋ) (3.4)

Froll = fmg

(

1 −
1

e0.5|ẋ|

)

sign (ẋ) . (3.5)

The sum of moments around the centre of gravity in the yaw direction (about
z-axis) gives

Izzφ̈z = Lf

(
2∑

i=1

Fy,i cos (δi) +
2∑

i=1

Fx,i sin (δi)

)

−Lr

(
4∑

i=3

Fy,i cos (δi) +

4∑

i=3

Fx,i sin (δi)

)

(3.6)

+
bf

2

(
2∑

i=1

(−1)1+i
Fx,i cos (δi) +

2∑

i=1

(−1)i
Fy,i sin (δi)

)

+
br

2

(
4∑

i=3

(−1)1+i
Fx,i cos (δi) +

4∑

i=3

(−1)i
Fy,i sin (δi)

)

.

Figure 4 shows the roll angle φx. The sum of moments around the roll centre
gives

Ixxφ̈x = −er (may + gφx) + Kφxφx + Dφxφ̇x (3.7)

where Kφx = Kφx,f + Kφx,r and Dφx = Dφx,f + Dφx,r are the roll stiffness
and roll damping respectively, and er = er,r + (er,f − er,r)Lr/L is the roll
eccentricity at centre of gravity.

Figure 5 shows the pitch angle φy. The sum of moments around the pitch centre
gives

Iyyφ̈y = epm (ax + gφy)) − Kφyφy − Dφyφ̇y (3.8)
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y

z hr,rear

φx

Br

er,rear

Κφx Dφx

mg

Fz3,1 Fz4,2

hcog

yma

Figure 4: Chassis model, y-z view, from rear.

x

z

Lr Lf

mg

φy

hcog

ep

Κφy Dφy

Fz4,3 Fz2,1 hp

xma

Figure 5: Chassis model, x-z view, from side.

where Kφy and Dφy are the pitch stiffness and pitch damping respectively.

The model also includes the normal forces, which are the sum of static load,
pitch weight transfer and roll weight transfer. The normal force distribution is
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described by

Fz1 =
mgLr

2L
−

maxep + Kφyφy + Dφyφ̇y

2L
+

mayer,f + Kφx,fφx + Dφx,f φ̇x

2bf

(3.9)

Fz2 =
mgLr

2L
−

maxep + Kφyφy + Dφyφ̇y

2L
−

mayer,f + Kφx,fφx + Dφx,f φ̇x

2bf

(3.10)

Fz3 =
mgLf

2L
+

maxep + Kφyφy + Dφyφ̇y

2L
+

mayer,r + Kφx,rφx + Dφx,rφ̇x

2br

(3.11)

Fz4 =
mgLf

2L
+

maxep + Kφyφy + Dφyφ̇y

2L
−

mayer,r + Kφx,rφx + Dφx,rφ̇x

2br

(3.12)

where er,f , er,r, and ep are the front roll, rear roll and pitch eccentricity respec-
tively.

3.2 Tyre Modelling

To calculate the tyre forces one has to predict the wheel slip. First the longi-
tudinal vx,i and lateral vy,i wheel speeds are calculated for the wheels, where
the index i represents the i-th wheel. The wheel speeds are determined by the
following expressions

vw,i = Qz,iTz,ivc (3.13)

vw,i =
[

vx,i vy,i

]T
(3.14)

Qz,i =

[
cos (δi) sin (δi)
− sin (δi) cos (δi)

]

(3.15)

Tz,i =

[
1 0 ai

0 1 bi

]

(3.16)

vc =
[

ẋ ẏ φ̇z

]T
(3.17)

where Qz,i is the orthonormal rotation matrix and Tz,i is the transformation

matrix of vehicle velocity vc to wheel velocity vw,i. For wheel i = 1: a1 =
bf

2

b1 = Lf ; i = 2: a2 = −
bf

2 b2 = Lf ; i = 3: a3 = br

2 b3 = −Lr and i = 4: a4 =

− br

2 b4 = −Lr. The longitudinal slip ratio κi is calculated for the individual
wheel as

κi =

⎧

⎨

⎩

Rw,iφ̇w,i−vx,i

Rw,i|φ̇w,i|
, if

∣
∣
∣Rφ̇w,i

∣
∣
∣ ≥ |vx,i|

Rw,iφ̇w,i−vx,i

|vx,i|
, else

(3.18)

and lateral slip ratio αi as

αi = δi − arctan

(
vy,i

vx,i

)

(3.19)
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where Rw,i is the wheel’s radius.

The build up of tyre slip is modelled as a first order system which is a system
specific time constant and is accounted for by

tx,iκ̇i,dyn = κi − κi,dyn

ty,iα̇i,dyn = αi − αi,dyn (3.20)

where tx,i =
Lx,i

vx,i
and ty,i =

Ly,i

vy,i
are the dynamic relaxation time constants.

To avoid singularities, a minimum velocity is used and was set to 5 km/h. The
brush tyre model, see [16], is used to determine the tyre forces. An isotropic
behavior is assumed in the bristles with friction μx,i = μy,i = μi and stiffness
cpx,i = cpy,i = cpi. The combined slip can now be calculated with the use of
practical slip relationships according to

σx,i =
κi,dyn

1 + κi,dyn

σy,i =
tan (αi,dyn)

1 + κi,dyn

(3.21)

σi =
√

σ2
x,i + σ2

y,i.

The total force of the tyre is the calculated by the following expression

θi =
2cpi · a

2
i

3μFzi

ai = a0

√

Fz,i

Fz0

λi = 1 − θiσi

Fi =

{

μiFz,i

(
1 − λ3

i

)
, if σi ≤

1
θi

μiFz,i, else
(3.22)

The tyre force components Fx,i and Fy,i are given by

[
Fx,i

Fy,i

]

= Fi

[ σx,i

σ
σy,i

σ

]

. (3.23)

The aligning torque is given by

Mz,i =

{

−μiFz,iλ
3
i ai (1 − λi) sign (αi,dyn) , if σi ≤

1
θi

0, else.
(3.24)

The longitudinal force limit Fx,i,lim is given by

Fx,i,lim =
√

(μFz,i)
2
− F 2

y,i (3.25)

The used chassis parameters are shown in Appendix A.
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3.3 Driveline Modelling

The driveline is modelled with the main time constants found for generating
motion. Three different driveline configurations are considered, they are:

i. CV - A conventional vehicle.

ii. HEV E4WD - A parallel HEV with electric four wheel drive.

iii. HEV WM - A series HEV with four wheel motors.

The driveline is a bit different for all three studied configurations. In Fig. 6, the
drive line is shown for configuration 2. Configuration 1 is without the permanent
magnet synchronous motors ISG and E4WD in front and rear respectively.

combustion
engine

ωc

ISG
transmission

final gear front

differential
drive shaft

wheel 1 wheel 2

drive shaft

wheel 3 wheel 4

Jc

ωisg

ωcl Jtr ωfg

Jfgf

ωds,2ωds,1

ωw,1
ωw,2

Jisg

drag 
losses

transmission 
losses

differential

ωds,4ωds,3
ωw,3 ωw,4

ωfgr

final gear rear

E4WD

drag 
losses

ωE4WD

JE4WD

ωtr

Jfgf

Figure 6: Driveline sketch for configuration 2 - HEV E4WD.

The driveline model for the first and second configuration includes weak drive-
shafts and open differentials. The weak driveshafts are an additional system
specific time constant when generating the desired motion. The third configu-
ration includes only the inertia in wheels.

The driveline model for the second configuration will be presented in this pa-
per. By removing the ISG and the E4WD from the model presented, the first
configuration can easily be determined. The third configuration only includes
wheel motors and wheels in the driveline configuration. The driveline equations
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for configuration 2 are as follows

(Jc + Jisg)ω̇isg = Tc + Tm,isg − (dc + disg)ωisg − Tcl,1 (3.26)

ωcl,1 = ωisg (3.27)

where Tc and Tm,isg are the torque from the combustion engine and the ISG,
respectively. The clutch is modelled as stiff when engaged

ωcl,1 = ωcl,2 if engaged, else ωcl,1 �= ωcl (3.28)

Tcl,1 = Tcl,2 if engaged, else Tcl,1 = Tcl,2 = 0 (3.29)

where Tcl,1 and Tcl,2 are the clutch torques on the engine and transmission side
respectively. The manual five speed gearbox will have the following impact on
the torque and angular speed

Jtrω̇tr = Ttr − dtrωtr − Tfgf (3.30)

Ttr = riTcl,2 (3.31)

ωtr =
1

ri

ωcl,2 (3.32)

where Ttr is the transmission torque, and Tfgf is the final gear torque. Now the
final gear increases the torque delivered to the differential Tdiff

Jfgf ω̇fgf = Tfgf − Tdiff (3.33)

Tfgf = rfgfTtr (3.34)

ωfgf =
1

rfgf

ωtr. (3.35)

The differential is modelled as an open differential with the following equations

Tdiff = Tds,i + Tds,j (3.36)

Tds,i = Tds,j (3.37)

ωdiff = rdiff (ωds,i + ωds,j) (3.38)

where Tds,i and Tds,j are the drive shaft torques on each side of the differential,
and i = 1, j = 2. The four drive shafts, i = 1, 2, 3, 4, are seen as weak with
rotational stiffness kds,i and damping dds,i which finally gives the driving torque
Tdi at the wheels

Td,i = kds,i(φds,i − φw,i) + dds,i(ωds,i − ωw,i) (3.39)

φ̇ds,i = ωds,i (3.40)

φ̇w,i = ωw,i , i = 1, 2. (3.41)

For the rear wheels the equations are as follows

Je4wdω̇e4wd = Tm,e4wd − Tfgr − de4wdωe4wd (3.42)

Jfgrω̇fgr = Tfgr − Tdiff (3.43)

Tfgr = rfgrTm,e4wd (3.44)

ωfgr =
1

rfgr

ωm,e4wd (3.45)
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where Tm,e4wd is the actual torque from the rear permanent magnet synchronous
motor. Same type of open differential according to Eqs. 3.37-3.38 is used for
the rear with numbering i = 3, j = 4. Same drive shafts as in the front are also
found in the rear, i.e. Eqs. 3.39-3.41 with i = 3, 4.

Fig. 7 shows the wheel rotation angle φw. The sum of moments around wheel
rotation centre gives

Iw,iφ̈w,i = Td,i − Tb,i − Fx,iRi (3.46)

where Td,i and Tb,i are the actual driving and actual braking torque respectively.

Fzi

Fxi

TdiTbi
φwi

R

Figure 7: Wheel model for i:th wheel, x-z view, from side.

Used parameters for the driveline model can be found in Appendix A. Configu-
ration 1, the conventional driveline has similar equations as above but excluding
permanent magnet synchronous motors. Configurations 3 with wheel motors has
only the following simple driveline model

Jwmω̇wm = rwmTm,wm − Tdi − dwmωwm (3.47)

ωwi =
1

rwm

ωm,wm (3.48)

where Tm,wm is the actual torque from the wheel motor and Tdi is the driving
torque on wheel i, see Eq. 3.46.

3.4 Motion Actuators Modelling

The modelling of motion related actuators focuses on the internal states that
limit the desired output. For example an electric motor is limited by the an-
gular speed of the drive shaft and the temperature of the windings. Here a
novel suggestion is implemented for how the limits for the motion related actu-
ators should be defined in order to fit into the proposed vehicle system control
architecture:

u ≤ u ≤ u (3.49)

ρ ≤ u̇ ≤ ρ (3.50)

where also the rate u̇ is also limited.

Here a short overview of the tractive and braking actuator models can be found.
The models are either first or second order models for the torque build up. The
control input for the traction and braking actuators are assumed to be the de-
sired torque. The electric motor and mechanical disc brake models include a
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lumped mass temperature model for estimating the temperature. The models
presented are an internal combustion engine model, a permanent magnet syn-
chronous motor model, a electro hydraulic disc brake model, a steering actuator
model and finally a battery model.

Internal combustion engine

The combustion engine is a complex energy converter to model in detail. If
one wants to include the fuel and air intakes, volumes, temperatures, pressures,
and the mechanics of the pistons and crank shaft it would lead to a far too
detailed model for this study. Here a non-linear second order model is used for
the mean torque, see [17] for further details.

T̈c = −c1(Tc − T̄c(φdes, ωc))ωc
2 − c2ωcṪc (3.51)

where Tc is the mean torque, T̄c(φdes, ωc) is the stationary torque as shown in
Fig. 8, ωc is the rotational speed of the engine and an input parameter and c1

and c2 are engine specific constants. According to [17] it takes approximately
two crank shaft turns to reach the stationary torque for a four cylinder four
stroke engine. This is ensured by selecting c1 = 0.1 and c2 = 0.882.
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Figure 8: Stationary torque limits used for the combustion engine
model with a maximum power of 123 kW at 6000 rpm. Maximum
torque limit at throttle 100 % (solid red line), minimum torque limit
at throttle 0 % (dashed black line), and throttle in increments of 10
% (dashed grey lines) are illustrated.

The limits depend, of course, on the engine modelled. The maximum and
minimum torque limits are dependent on engine speed, as seen in Fig. 8. The
rate limits can be determined using an equivalent time constant definition for
second order systems as described in [18].

−

(

c2

2
+

√

c2
2

4
− c1

)

ωc ≤ Ṫc ≤

(

c2

2
+

√

c2
2

4
− c1

)

ωc (3.52)

Permanent magnet synchronous motor
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The model consists of a first order system for simulating the mechanical torque
from the motor. A thermal lumped mass model similar to the disc brakes is also
included for the motor. A novel suggestion is made for how the maximum torque
and power limits are scaled by actual motor temperature down to continuous
torque and power. The model is made scalable and is used for the integrated
starter generator (ISG), rear electric four wheel drive motor (E4WD) and wheel
motor.

The mechanical torque generated from the permanent magnet synchronous mo-
tor (PMSM) model is simplified to a first order model accordingly

tmṪm = Tm,des − Tm (3.53)

where tm is the time constant. The electric motor torque Tm is limited by the
torque and power limits

Tm = min

(

|Tm,des|, |k1 · Tm,max|, |k2 ·
Pm,max

ωm

|

)

(3.54)

where k1(ϑm) and k2(ϑm) are temperature dependent constants and Tm,max and
Pm,max are the maximum peak torque and peak power, respectively, that the
electric machine can deliver. The temperature dependent constants are assumed
to reduce the torque by the following linear interpolation equations

k1(ϑm) = 1 −

(

1 −
Tmc,max

Tm,max

)
ϑm − ϑm,l

ϑm,h − ϑm,l

(3.55)

k2(ϑm) = 1 −

(

1 −
Pmc,max

Pm,max

)
ϑm − ϑm,l

ϑm,h − ϑm,l

(3.56)

where Tmc,max and Pmc,max are the maximum continuous torque and power
that the electric machine can deliver respectively, and ϑm,h is the high threshold
temperature when only continuous torque and power can be delivered. ϑm,l is
the low threshold temperature when Tm has begun to reduce.

The temperature of the PMSM is calculated using the following lumped mass
model

Cmϑ̇m = Qm,source − Qm,cond − Qm,conv − Qm,rad (3.57)

Cm = mmcpm (3.58)

Qm,source = |Tmωm(
1

η
− 1)| (3.59)

Qm,cond = lkcond(ϑm − ϑamb) (3.60)

Qm,conv = hvAm,convαconv(ϑm − ϑamb) (3.61)

Qm,rad = eAm,radσ(ϑ4
m − ϑ4

amb) (3.62)

where the Cm is the heat capacity, Qm,source is the heat generated by the power
losses when operating the electric machine, Qm,cond is the heat conduction into
the frame, Qm,conv is the heat convection out from the windings, and finally
Qm,rad is the heat radiation out from the windings.
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The heat is calculated by the following relationships Qm,source = Pm,in−Pm,out

and η(ωm, Tm,act) = Pm,out/Pm,in. The efficiency η(ωm, Tm,act) is given by an
efficiency map as shown in Fig. 9.
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Figure 9: Efficiency map used for PMSM model.

The model is calibrated so that when the motor is running with continuous
power it will reach the lower threshold temperature ϑm,l asymptotically when
time goes to infinity. When the motor is running with maximum power the tem-
perature reaches the higher threshold temperature within 2 minutes. This has
been seen in experiments for an air cooled motor. The threshold temperatures
were set to ϑm,l = 100 oC as the lower threshold and ϑm,h = 200 oC as the
higher threshold, 200 oC is also when the windings for the PMSM are starting
to melt. Fig. 10 illustrates how the maximum torque is limited for different
constant temperatures.
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Figure 10: Torque limits Tm,lim for ISG as a function of mechanical
speed for different constant temperatures, threshold temperature ϑm,l

(black solid line) and ϑm,h (grey dashed line).

The used parameters for the PMSM model are given in Appendix 3.
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Electro-hydraulic disc brakes

In the wheel, Eq. 3.46, Tb,i is the mechanical brake torque delivered from the disc
brake model. A first order model is used to describe how the electro-hydraulic
inlet valve generates the braking pressure

tb,i ˙pb,i = pb,i,des − pb,i. (3.63)

where pb,i is the actual pressure for the i-th wheel, pb,i,des is the desired pressure
and tb,i is the time constant. The same behavior is assumed for the outlet
valve, i.e. the release of braking pressure. The braking torque Tb,i is given
by multiplying the normal force, Nb,i with the temperature dependent friction
between the braking pads and disc, μb,i(ϑb,i). The normal force, Nb,i, is governed
by actual hydraulic pressure acting on the piston area Ab,i as

Nb,i = pb,iAb,i. (3.64)

The maximum normal force Nb,i,max is generated by the asymptotic pressure
pasym,i of the hydraulic system Nb,i,max = pasym,iAb,i. When combining these
together the limits for the disc brakes becomes

0 ≤ Tb,i ≤ rb,iμi(ϑb,i)Nb,i,max (3.65)

−
rb,iμi(ϑb,i)Nb,i,max

tb,i

≤ Ṫb,i ≤
rb,iμi(ϑb,i)Nb,i,max

tb,i

(3.66)

where rb,i is the disc brake radius.

When the disc is heated up the friction between the braking pads and disc is
reduced. This starts at temperatures of around 200 oC as illustrated in Fig. 11.
This is called brake fading. The friction, μi(ϑb,i), varies strongly with the
selection of materials and the design used for the braking pads and disc.
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Figure 11: How friction can vary between braking pad and disc as a
function of temperature.

A simple lumped state model is used to calculate the i-th disc temperature ϑb,i.



17

The model is presented and discussed in [19], see also [20].

Cb,iϑ̇b,i = Qb,source,i − Qb,cond,i − Qb,conv,i − Qb,rad,i (3.67)

Cb,i = md,icpd,i (3.68)

Qb,source,i = Tb,iωw (3.69)

Qb,cond,i = lkb,cond,i(ϑb,i − ϑhub) (3.70)

Qb,conv,i = Ab,conv,iαconv(ϑb,i − ϑamb) (3.71)

Qb,rad,i = eAb,rad,iσ(ϑ4
b,i − ϑ4

amb) (3.72)

where the Cb,i is the heat capacity of the disc, Qb,source,i is the braking power,
Qb,cond,i is the heat conduction into the wheel hub and rim, Qb,conv,i is the heat
convection out from the disc, and finally Qb,rad,i is the heat radiation from the
disc. Used parameters for the brake model are given in Appendix A.

Front and rear steering

The front and rear steering is seen as a first order system with a time con-
stant of 0.1. The steering limit was set to ±20 degrees.

0.1δ̇i = δi,des − δi (3.73)

Buffer

For vehicle configuration 2 and 3 a simple buffer model is used to predict the
current State-of-Charge (SoC). It is based on the following equations

˙SoC =
Pel

Ebuf,max

(3.74)

where SoC is the state of charge, Ebuf,max is the maximum buffer energy, and
Pel is the electrical power taken from or delivered to the buffer from the perma-
nent magnet synchronous motors.

Pel =

{

min (Pel, mbufχbuf,dis) , if Pel ≤ 0

max (Pel, mbufχbuf,char) , else
(3.75)

where mbuf is the mass of the buffer, χden,dis is the power density when dis-
charging, and χden,char is the power density when charging. The working range
was set to 0.4 ≤ SoC ≤ 0.8. Used parameters for the buffer model are given in
Appendix A.

3.5 Vehicle Modelling

As mentioned in the beginning of the section, three different powertrain con-
figurations were considered, a conventional vehicle (CV), a parallel HEV with
electric four wheel drive (HEV E4WD), and a series HEV with wheel motors
(HEV WM). The chassis model is the same for all three vehicles. By combining
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together the components modelled, the three vehicles can be configured. These
three vehicle models represent and simulate the system as shown in Fig. 2. A
summary of the vehicles is presented below:

i. CV. Usually conventional vehicles have a pre-determined mechanical brake
distribution between the front and rear axle, however when a dynamical
limit of e.g. yaw is exceeded then individual braking is allowed. This
model has individual mechanical braking (4-input) braking with combus-
tion engine connected to the front wheels via differential (1 input) giving
a total of 5 inputs.

ii. HEV E4WD. Every wheel has individual mechanical braking (4-inputs).
The rear axle has an electric motor connected by an differential (1-input).
The powertrain includes an Integrated Starter Generator (ISG) located
between the gear box and combustion engine (2-inputs) which are con-
nected to the front wheels by an open differential. This model is seen as
a 7-input configuration.

iii. HEV WM. Every wheel has individual mechanical braking (4-inputs) and
is also equipped with wheel motors (4-inputs). This model is seen as a
8-input configuration. An extra energy source, such as a fuel cell is needed
to allow for a continuous output power of 30 kW. The continuous power
is sufficient enough to overcome the resistance forces at constant speed of
130 km/h. The total output power is 30 kW plus 135 kW when a buffer
mass of 90 kg is selected.

If front and/or rear steering is included the total input on each configuration
increases by two inputs.

4 Control Design

The objective of the control design is to regulate the longitudinal-, lateral-,
and yaw-motions for a ground vehicle. Looking at the vehicle system it can
easily be seen that the system is overactuated, there are only three control
objectives but 7, 9 or 10 input signals depending on the vehicle configuration.
In linear control theory there exists a wide range of methods which can handle
this kind of problem, like LQ- and H∞-control. Unfortunately, most of these
methods cannot handle actuator saturations and/or constraints efficiently. As
mentioned earlier control allocation is an option for coordination when one has
more input signals to the system than the number of output states. Control
allocation is attractive since it can handle actuator constraints, reconfiguration
is unnecessary if the effectiveness of the actuators change over time and the
actuator utilization can be treated independently, [4]. Control allocation can
be applied to a class of linear and nonlinear systems. If it can be applied,
the control design can be divided into two steps. The first step is to design a
control law determining the net control effort. The second step is mapping the
net control demand onto the individual actuators.



19

Independently of the specific applications studied, a class of nonlinear systems
can be described in the affine form

ẋ = f (x) + g (x) u (4.1)

y = h (x) (4.2)

If the studied nonlinear system can be written in this affine form and certain
conditions are fulfilled control allocation can be applied. Control allocation can
be applied if the control input can be perturbed without affecting the system
dynamics. The system can therefore be rewritten as

ẋ = f (x) + v (4.3)

y = h (x) (4.4)

where v = g(x)u, v is also called the virtual control input. A control law
regulates the net effort v. The control allocator maps then the net effort of the
virtual control input onto the true control input, v(t) �→ u(t). Unfortunately,
the mapping of the net effort to the true control signal is complicated since the
g(x)-matrix is not invertible. Using a pseudo-inverse to find a solution could
be one way of solving this. However, this could lead to an unrealistic solutions
since the true control signals are limited by several different constraints. Instead
a constrained optimization problem is proposed and solved.

The nonlinear vehicle system can be formulated in the affine form by selecting

the following state variables x =
[

vx vy φ̇z

]T
. The roll and pitch motion

are seen as secondary effects for generating the desired motion on a flat surface
and are thus neglected.

The lateral slip, αi, can be separated into two parts, one due to the steering
angle and one due to vehicle states as

α1 = δ1 −
x2 + Lfx3

x1 +
bf

2 x3

(4.5)

α2 = δ2 −
x2 + Lfx3

x1 −
bf

2 x3

(4.6)

α3 = δ3 −
x2 − Lrx3

x1 + br

2 x3

(4.7)

α4 = δ4 −
x2 − Lrx3

x1 −
br

2 x3

. (4.8)

If small angles are assumed the lateral force, Fy,i, can be calculated as

Fy,i = Cα,iαi (4.9)

where Cα,i is the cornering stiffness for tyre i. This separation means that the
lateral tyre force can be written as a sum of lateral forces due to the steering
angle, Fy,i(δ), and vehicle states, Fy,i(x).

Fy,i = Fy,i(δ) + Fy,i(x) (4.10)
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By using Eqs. 4.9-4.10 in combination with Eqs. 4.5-4.8 where the track width
front and rear is assumed to be equal bt = bf = br and all four wheels are
assumed to be equal, i.e. the cornering stiffness is equal for all four wheels,
Cα = Cα,i, and the radius is also equal, Rw = Rw,i, the chassis Eq. 3.1-3.6 can
be rewritten as

f (x) =

⎡

⎢
⎣

mx2x3 − D1x1 − D2msgn(x1)x
2
1

−mx1x3 − Cα
8x1(2x2+(Lf−Lr)x3)

4x2

1
−b2t x2

3

−LfCα
8x1(2x2+Lf x3)

4x2

1
−btx2

3

+ LrCα
8x1(2x2−Lrx3)

4x2

1
−btx2

3

⎤

⎥
⎦ (4.11)

g (x) u =

⎡

⎣

∑4
i=1 Fx,i

Cα

∑4
i=1 δi

LfCα

∑2
i=1 δi − LrCα

∑4
i=3 δi + bt

2

∑4
i=3(−1)1+iFx,i

⎤

⎦ (4.12)

h (x) =
[

x1 x2 x3

]T
(4.13)

where D1 and D2 are constants related to aerodynamic and wheel rolling resis-
tance. The system can now be written as:

Mẋ = f (x) + g(x)u (4.14)

y = h (x) (4.15)

where M is the mass matrix

M =

⎡

⎣

m 0 0
0 m 0
0 0 Iz

⎤

⎦ .

Since the mass matrix is invertible, the system can be written in the affine form.
Furthermore, the vehicle system model presented is general and independent of
the three configurations. Moreover, g(x)u can be written as a constant matrix
times the control signal, Bu. The B matrix is often called the control effective-
ness matrix. Since it is linear, control allocation can be applied if the rank of
the B-matrix is less than the number of control signals. This is the case for the
vehicle system presented here. This allows us to separate the control law for
keeping the desired path of the vehicle from the control allocation of the specific
motion actuators. The virtual control input is set equal to the global vehicle

forces, v =
[

Fx Fy Mz

]T
.

Control Effectiveness Matrix B

As mentioned earlier the virtual control signals are the global forces. Look-
ing at the model (Eqs. 4.11-4.15) the control signals are the longitudinal wheel
forces Fx,i and the wheel steering angles δi. The wheel forces are controlled by
the motion actuators via the driveline. For the three configurations the following
control input signals exist

uc1
=

[
τice τmb1 τmb2 τmb3 τmb4 δf δr

]T
(4.16)

uc2
=

[
τice τisg τram τmb1 τmb2 τmb3 τmb4 δf δr

]T
(4.17)

uc3
=

[
τwm1

τwm2
τwm3

τwm4
τmb1 τmb2 τmb3 τmb4 δf δr

]T
(4.18)
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where τi is the torque from the traction and braking actuators and δf = δ1 = δ2

and δr = δ3 = δ4 are the front and rear rack steering angles were the Ackermann
angle is neglected. Steering was included in the control allocation to allow for
an objective comparison of the three different vehicle configurations. Today’s
cars usually have conventional steering which the driver solely manages by a
mechanical link from the steering wheel to the wheels. This would delete the
last two elements in control input vector uc and the corresponding columns in
the control effectiveness matrix B.

Unfortunately, if the motion related actuators and driveline are added to the
system model, the mapping from v to u cannot be performed via a constant
control effectiveness matrix. However, if no inertia effects in the driveline nor
wheels i.e. Jω̇ = 0, no weak drive shafts, no losses, and no time delays or
nonlinearities in developing tyre forces i.e. Fx,i =

τw,i

Rw
are assumed, constant

control effectiveness matrices can be formulated. The assumptions are realistic
for the control design phase. The control effectiveness matrices for the three
cases become:

B1 =

⎡

⎣

rirfgf

Rw

1
Rw

1
Rw

1
Rw

1
Rw

0 0

0 0 0 0 0 2Cα 2Cα

0 bt

2Rw

−bt

2Rw

bt

2Rw

−bt

2Rw
2LfCα −2LrCα

⎤

⎦ (4.19)

B2 =

⎡

⎣

rirfgf

Rw

rirfgf

Rw

rfgr

Rw

1
Rw

1
Rw

1
Rw

1
Rw

0 0

0 0 0 0 0 0 0 2Cα 2Cα

0 0 0 bt

2Rw

−bt

2Rw

bt

2Rw

−bt

2Rw
2LfCα −2LrCα

⎤

⎦ (4.20)

B3 =

⎡

⎣

rfg

Rw

rfg

Rw

rfg

Rw

rfg

Rw

1
Rw

1
Rw

1
Rw

1
Rw

0 0

0 0 0 0 0 0 0 0 2Cα 2Cα
rfgbt

2Rw

−rfgbt

2Rw

rfgbt

2Rw

−rfgbt

2Rw

bt

2Rw

−bt

2Rw

bt

2Rw

−bt

2Rw
2LfCα −2LrCα

⎤

⎦ (4.21)

Matrices 4.19-4.21 describe the three configurations and their ability to gener-

ate the global vehicle forces v(t) =
[

Fx Fy Mz

]T
. Observe how the yaw

moment Mz can only be applied by the mechanical brakes and steering for con-
figuration 1 and 2. This due to the fact that open differentials are used in the
drive line in these configurations. This results in that traction actuators such
as the combustion engine, ISG, and E4WD motors cannot be used for gaining
Mz.

4.1 Control Law and Feedback Linearization

First step in creating the control system is to design the control law as illustrated
in Fig. 2. The purpose for the controller, as mentioned earlier in the paper, is
to follow a desired trajectory. The controller is based on feedback linearization,
see e.g. [21]. The idea with feedback linearization is to transform the nonlinear
system into a linear one, so that linear techniques can be used. In its simplest
form it can be seen as a way to cancel the nonlinearities by a nonlinear state
feedback. Looking at the system, we notice that the first term on the right
hand side of (4.14) is the only one including the nonlinearities of the system. If
the nonlinear term, f(x), is cancelled, the multi-input, multi-output (MIMO)-
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system becomes linear. Furthermore, by cancelling f(x) the MIMO-system
becomes decoupled. Then, using PI-controllers, the control law becomes

v = −f(x) + Kpe + Ki

∫ t

0

edτ (4.22)

where e is the error between the desired vehicle motion and the vehicles actual
motion. The design parameters for the PI-controllers, K and Ti, are chosen as

Ki = 5

⎡

⎣

m 0 0
0 0.6m 0
0 0 1.5Iz

⎤

⎦ (4.23)

Kp = 4m
√

Ki/m. (4.24)

Figure 12 shows how the feedback linearization α(x) is summed together with
the PI-controller signals before the control allocator. To handle the saturation
of actuators the PI-controllers were extended with anti-windup based on back
calculation [22]. When the actuators are not saturated the error es = Bu − v

will be zero and there will therefore be no effect on the sum of integrator gain,
see also Fig. 12. The windup was minimized with 1

Tt
= 5I3x3.
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Figure 12: Layout of the control system with the PI-controller,anti-
windup, feedback linearization, and control allocation.

4.2 Control Allocation

The second step in the control design is to create the control allocator. The key
issue is how to select the control input set u from all possible combinations. In
control allocation an optimization based selection is used. According to [4] the
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optimal control input u can be seen as two-step optimization problem

u = arg min
︸︷︷︸

u∈Ω

‖Wu(u − udes)‖p (4.25)

Ω = arg min
︸︷︷︸

u≤u≤u

‖Wv(Bu − v)‖p (4.26)

where Wu and Wv are weighting matrices and udes is the desired control input.
The two step optimization problem actually suits very well for HEVs. Eq. 4.26
constrains the possible set u ∈ Ω to only be possible u’s that will be in nullspace
of N(Bu − v) or minimize the error of the desired forces, Bu − v, needed for
fulfilling the desired motion of the vehicle. This can be seen as the vehicle motion
controller. Eq. 4.25 minimizes the error of the desired control input, udes − u.
The desired control input, udes, which comes from the energy management
controller, declares how the electric motor(s) and the mechanical brakes should
be used when optimizing the use of onboard energy. This can be seen as a
smooth arbitration between energy management and vehicle motion control.
Fig. 2 shows how energy management is included in the control allocator and
Fig. 12 shows how the control allocator fits in the control system in more detail.
Numerically Eqs. 4.25- 4.26 are solved in one step

u = arg min
︸︷︷︸

u≤u≤u

‖Wu(u − udes)‖p + γ‖Wv(Bu − v)‖p. (4.27)

The optimization problem is solved as weighted least square, p = 2. Setting
the weighting parameter γ to a high value gives priority to minimizing the error
Bu − v which is here related to the desired motion.

Actuator Limits

The limits which are sent to the control allocator are the limits from the motion
related actuators, in other words, the actuators need to send feedback to the
control allocator about the actual dynamical limits [u(t), u(t)] and their limits
in rate of change [ρ, ρ]. This specific way of designing the control system allows
the control law to be independent of the available actuators, i.e. reusable for
different hardware configurations, and also allows the control allocator to han-
dle limits and even the failure of actuators. The rate limits can be rewritten as
position constraints using an approximation of the time derivative

u̇(t) ≈
u(t) − u(t − tT )

tT
(4.28)

where tT is the sampling time. The position constraints can now be written as

u(t) = min (u(t), u(t − tT ) + tT ρ) (4.29)

u(t) = max
(
u(t), u(t − tT ) + tT ρ

)
. (4.30)

In a ground vehicle the limits of the control input must also consider the force
limits each wheel. Each wheel’s longitudinal force limit Fx,lim,i is a function of
the normal force Fz,i, tyre/road friction μi, and the amount of lateral force Fy,i
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applied to the wheel. So by estimating Fx,lim,i for each wheel the actuator limits
are adjusted for what the tyres actually can handle. The function is here called
tyre fusion. The tyre fusion basically checks if the electrical torque limits for the
electric motors, uel,lim,i, are above the longitudinal force limits and if so adjusts
the limits to be equal to what the tyre can handle. If the sum of electrical
and mechanical torque limits uel,mech,lim,i are more than the tyre force limit,
then the mechanical limits are set as the difference of the tyre force limit and
electrical limit. The idea is to always try to give electric motors the possibility
to act within the tyre’s limits. In equation form this would look something like

uel,i =

{

−F x,iRw, if uel,i ≤ −Fx,iRw

uel,i, else
(4.31)

umech,i = 0 (4.32)

umech,i =

⎧

⎪⎨

⎪⎩

0, if uel,i ≤ −Fx,iRw

−F x,iRw − uel,i, elseif (uel,i + umech,i) ≤ −Fx,iRw

umech,i, else

(4.33)

where uel,i and umech,i are the tyre limits for the electrical and mechanical
braking torques. A bit different tyre limits are used for the configurations CV
and HEV E4WD configurations. These configurations have open differential(s)
in their drivelines where the actuators behind the open differential such as ICE
and ISG, and the motor E4WD were limited by the minimum longitudinal force
that either of the wheels had on the considered front or rear axles.

5 Simulations

The vehicle system models were implemented as s-functions in Matlab/Simulink.
Due to the open differential in the driveline model the system becomes a differ-
ential algebraic equation system, a (DAE) system. The equations for the open
differential were rewritten to be in ordinary differential equation (ODE) form
by using a mass matrix. Solver ode23t was used in the simulation, since it can
solve problems with a singular mass matrix. The controller was implemented in
Simulink using the standard block-sets. The QCAT toolbox [23] has been used
in this paper to solve the control allocation problem. The code was modified by
the authors to allow for dynamical change in constraints ulim.

The simulated test procedures focus on braking situations where the coordina-
tion of mechanical disc brakes and electric motors would be expected. The three
vehicle configurations are compared and the only parts changed in the control
system were the control effectiveness matrix B and the tyre fusion algorithm
which was slightly different for configurations 1 and 2 with an open differential
in the driveline. For configurations 1 and 2 the third gear was set as a default.
The initial temperature for the disc brakes and electric motors was set to 30 oC.

The following parameters were used for the control allocator: the time step was
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set to T = 10 ms, the weighting matrix for the desired global forces was set to
Wv = diag[ 1 1 1 ] for all three configurations, and the weighting matrix for
the desired input signals was set to

Wu,1 = diag[ 1 0.5 0.5 1 1 1e3 2e3 ], (5.1)

Wu,2 = diag[ 1 0.1 0.25 0.5 0.5 1 1 1e3 2e3 ], (5.2)

Wu,3 = diag[ 0.1 0.1 0.25 0.25 0.5 0.5 1 1 1e3 2e3 ] (5.3)

for configurations 1, 2, and 3 respectively.

All simulations were performed on the complete vehicle system as modelled in
Section 3, i.e. a vehicle model including all modelled nonlinearities and major
time constants.

5.1 Test Procedures

The selected driving situations are derived from [24] and modified to trigger the
energy management algorithm that can be found in the vehicle system controller
within a hybrid electric vehicle. The following test procedures have been selected
for simulation:

i. a) Braking on asphalt with the tyre road friction set to 1.0.
b) Braking on ice with the tyre road friction set to 0.3.
Both 1a and 1b have the following initial conditions: vinit = 100 km/h,
soft braking with a deceleration of 0.1g until 80 km/h, then hard braking
with a deceleration of 0.8g until 40 km/h, and finally soft braking with a
deceleration of 0.1g until standstill.

ii. Stability when braking in a circle on ice. This procedure contains the
following initial conditions: the initial velocity vinit is decided by limit
cornering without skidding for a radius of 200 m, tyre road friction is set
to 0.3, constant steering, soft braking and deceleration is set to 0.1g to keep
the vehicle in re-generative mode and try to maintain vehicle stability.

5.2 Test procedure 1a and 1b - Straight Braking

Figure 5.2 shows the longitudinal reference velocity and the simulated velocity of
the vehicle for all three configurations during test procedure 1a. It is interesting
to note that when braking on high friction, all configurations have no major
problems following the reference velocity during hard braking. Configuration
WM, with the most electrical braking power is the fastest to respond and follows
the reference velocity very well. In Fig. 5.2 the longitudinal velocity is shown
for test procedure 1b with low friction. Still no configuration is outperformed
by another configuration.

During test procedure 1a and 1b none of the wheels lock for any of the con-
figurations. The reason for this is that the combined limits are used for the
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Figure 13: Longitudinal velocity vx for configurations CV (left), HEV
E4WD (centre), and HEV WM (right) during test procedure 1a.

0 5 10 15 20
0

5

10

15

20

25

30

 t [s]

v
x
,
v

x
,r

e
f

[m
/
s]

0 5 10 15 20
0

5

10

15

20

25

30

 t [s]

v
x
,
v

x
,r

e
f

[m
/
s]

0 5 10 15 20
0

5

10

15

20

25

30

 t [s]

v
x
,
v

x
,r

e
f

[m
/
s]

Figure 14: Longitudinal velocity vx for configuration CV (left), HEV
E4WD (centre), and HEV WM (right) during test procedure 1b.

possible input set u for the available actuators. First the actuator limits and
their rate of change limits are considered, see Eq. 4.30. Then the limits are
compared with how much longitudinal force each tyre can handle, see Eq. 4.33,
which gives the combined limits. Figure 15 shows the combined limits and the
actual values of u for configuration CV during test procedure 1a. The black
solid lines correspond to the actual u, the dashed red and blue lines correspond
to the upper and lower combined limits respectively. The vehicle is braking
more on the front brakes (actuators 2 and 3) when compared to the rear brakes
(actuators 4 and 5). This load distribution is easily allowed by the weighting
matrix Wu, see Eq. 5.1, where the front brakes are less penalized. We can also
see that actuator 1, the combustion engine, applies positive torque for a short
period when the hard braking part has ended. The reason for this is that the
controller tries to follow the reference velocity, i.e. the controller applies a pos-
itive torque to avoid an undershoot. The only way to apply positive torque
for this configuration is to use the combustion engine. Within Figs. 15-5.2 the
actuator signals corresponding to the steering are omitted, since they are zero
during the complete simulations.

Figs. 5.2 and 5.2 show the input set u and the combined limits for configurations
HEV E4WD and HEV WM respectively during test procedure 1a. Here it can
be seen how the electrical braking is prioritized before mechanical, the reason
is that electrical braking is less penalized in the weight matrix Wu. Another
factor is that the tyre fusion algorithm always prioritizes the electrical braking.
This is shown in Fig. 5.2 where actuators 7 and 8, the rear mechanical brakes,
are limited to null during hard braking. It can also be seen how actuators 3
and 4 are reduced during hard braking due to the major pitching of the vehicle.
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Figure 15: Input set u and their limits for configuration CV during
test procedure 1a.
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Figure 16: Input set u and their limits for configuration HEV E4WD
during test procedure 1a.

The pitching reduces the vertical load on the rear wheels which then directly
reduces the available force limits on the rear tyres.

For test procedure 1b with low friction it can be seen how the tyre fusion algo-
rithm significantly reduces the combined limits, see Figs. 5.2-5.2 for configura-
tions CV, HEV E4WD, and HEV WM, respectively. For configuration WM all
mechanical brakes are reduced to 0 and the combined limits of the wheel motors
are affected by the pitching.

5.3 Test Procedure 2 - Circle Braking on Low Friction

Here, the vehicle is trying to maintain the stability when making a circle on low
tyre/road friction. A simple calculation gives the maximum vehicle speed that
can be maintained, vmax, when making a circle with a radius of R = 200 meter
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Figure 17: Input set u and their limits for configuration WM during
test procedure 1a.
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Figure 18: Input set u and their limits for configuration CV during
test procedure 1b.

on ice with friction μ =0.3.

δf =
L

R
=

2.674

200
= 0.0134 rad (5.4)

Ffric = Fcentripetal ⇔ μ · m · g =
m · v2

max

R

vmax =
√

μ · g · R = 24.26 m/s (5.5)

In the simulations the vmax was reduced by 10 percent to assure steady state
circle driving, which was verified by simulating a full circle with all three con-
figurations. The vehicle was first driven straight for 0.1 seconds and then the
reference yaw velocity was ramped up to vx/200 rad/s in 1 second. Soft braking
was then started with 0.1g deceleration was started after the full yaw velocity
was achieved with the aim of maintaining the circle during the braking until
standstill.

The reference and achieved velocities are shown in Fig. 5.3. It shows how all
configurations are able to track the longitudinal and yaw reference velocities
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Figure 19: Input set u and their limits for configuration HEV E4WD
during test procedure 1b.
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Figure 20: Input set u and their limits for configuration WM during
test procedure 1b.

and how the lateral velocity is almost zero. All configurations could hold the
circle path until standstill.

Figs. 5.3-5.3 shows the input set u and its combined limits for configurations
CV, HEV E4WD, and HEV WM, respectively. The black solid lines correspond
to the actual u, the dashed red and blue lines correspond to the upper and
lower combined limits, respectively. In configuration CV, Fig. 5.3, the braking
is mainly performed by the front mechanical brakes, actuators 2 and 3. It can
also be seen that it uses the engine as a brake as well. In configuration HEV
E4WD, Fig. 5.3, it can be seen that the braking is performed by the engine
and the electric motors. The mechanical brakes are almost not used at all. It is
interesting to see that actuator 7, the right rear mechanical brake, is not used at
all. This is the result of the optimization. In configuration HEV WM, Fig. 5.3,
the front wheel motors, actuators 1 and 2, are braking considerably more than
the rear wheel motors, actuators 3 and 4. This is similar to the mechanical
braking for configuration CV. Furthermore, the steering action on the front
and rear rack steering is automatically performed by the control allocation. All
three configurations have similar steering inputs for the test case, which was also
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Figure 21: Longitudinal vx, lateral vy, and yaw ωz velocity for con-
figuration CV (top), HEV E4WD (middle), and HEV WM (bottom)
respectively during test procedure 2.

expected. The steering angle was also limited by the tyre fusion. This was done
by checking how much maximum lateral force could be applied on either tyre on
each axle, see also actuators 6 and 7 for configuration CV in Fig. 5.3, actuators
8 and 9 for configuration HEV E4WD in Fig. 5.3, and finally actuators 9 and
10 for configuration HEV WM in Fig. 5.3.
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Figure 22: Input set u and its limits for configuration CV during test
procedure 2.
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Figure 23: Input set u and its limits for configuration HEV E4WD
during test procedure 2.
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Figure 24: Input set u and its limits for configuration HEV WM
during test procedure 2.
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6 Conclusions

The vehicle model presented in this paper has been used for the evaluation of
a control system architecture. It is quite simple but detailed enough for the
intended purpose. The presented model is a so-called two track model and has
five degree of freedom: longitudinal-, lateral-, yaw-, roll-, and pitch motion.
Additional degrees of freedom have been added by including the driveline and
the motion related actuators. A novel suggestion is also given for how the torque
limits of an permanent magnet synchronous motor depend both on mechanical
speed and temperature.

Furthermore, the separation of control law and control allocation makes the
control system reusable for different vehicle configurations. This was shown
here where the same controller was used for three different vehicle configurations.
This leads to the possibility of developing a wide range of configurations without
the need to redesign the control system for each one. The weighted least square
control allocation algorithm developed by [4] also works excellently for brake
blending in hybrid electric vehicles. Additionally, algorithm is also fast which
would easily allow real time implementation in vehicles.

The simulations not only showed that brake blending is automatically performed
but also that vehicle stability is automatically included in the global optimiza-
tion problem formulation of the control allocator. Another interesting observa-
tion was that it is important to consider how the brake load distribution on the
front and rear axles is made for the electric motors. During electrical braking
the load distribution should be more on the front than the rear, as it is usually
set for mechanical brakes. The load distribution can be tuned by the weight
matrix Wu. Actuator limits and rates together with the suggested tyre fusion
algorithm provides sufficient information to make the correct coordination of
the available actuators for different braking situations.

References

[1] A. T. van Zanten, “Bosch esp systems: 5 years of experience,” SAE 2000-
01-1633, 2000.

[2] E. K. Liebemann, K. Meder, J. Schuh, and G. Nenninger, “Safety and
performance enhancement: The bosch electronic stability control (esp),”
SAE 2004-21-0060, 2004.

[3] Auto Motor und Sport, “http://www.auto-motor-und-sport.de/,” 2006.

[4] O. Härkeg̊ard, “Backstepping and control allocation with applications to
flight control,” Ph.D. dissertation, Department of Electrical Engineering,
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Appendices

A Parameters

Table 1: Parameters used for the chassis model including brush tyre.
Parameter value
Curb weight (full tank, no driver or pass.) m (kg) 1675
Moment of inertia, around CoG Ixx (kgm2) 540
Moment of inertia, around CoG Iyy (kgm2) 2398
Moment of inertia, around CoG Izz (kgm2) 2617
Wheel base L (m) 2.675
Distance along X-axis from CoG to front axle Lf (m) 0.4L

Distance along X-axis from CoG to rear axle Lr (m) L − Lf

Distance along Z-axis from front axle to CoG h (m) 0.227
Track width front wheels bf (m) 1.517
Track width rear wheels br (m) 1.505
Pitch centre height above ground hp (m) 0.149
Front roll centre height above ground hr,f (m) 4.49·10−3

Rear roll centre height above ground hr,r (m) 0.110
Front area Af (m2) 2.17
Air drag coefficient Cd (-) 0.3
Front roll stiffness Kφx,f

(Nm/rad) 7.0896·104

Front roll damping Dφx,f
(Nms/rad) 8.0545·103

Rear roll stiffness Kφx,r
(Nm/rad) 6.7732·104

Rear roll damping Dφx,r
(Nms/rad) 8.1541·103

Pitch stiffness Kφy
(Nm/rad) 2.2457·105

Pitch damping Dφy
(Nms/rad) 2.6562·104

Tyre lag to longitudinal force build up Lx (m) 0.18
Tyre lag to lateral force build up Ly (m) 1.89
Half contact length @ Fz0=3000 N a0 (m) 0.1
Brush stiffness cp = 60e3/

(
2 · 0.12

)
(N/(m2rad)) 3·106
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Table 2: Parameters used for the three different drive line configura-
tions.

Parameter value
Frictional losses combustion eng. dc (Nms) 0.001
Comb. eng. inertia with/without flywheel Jc (kgm2) 0.244/0.06
Frictional losses ISG disg (Nms) 0.001
ISG inertia Jisg (kgm2) 0.085
Transmission gear ratio’s ri, (-) 4.7, 3, 2, 1.3, 1
Transmission inertia Jtr (kgm2) 0.04
Transmission losses dtr (Nms) 0.001
Final gear ratio, front rfgf (-) 2.44
Final gear + differential inertia Jfgf (kgm2) 0.033
Differential gear ratio, front rdiff (-) 1
Drive shaft stiffness kds (Nm/rad) 1200
Drive shaft damping dds (Nms/rad) 400
Final gear ratio, rear rfgr (-) 2.44
Final gear + differential inertia Jfgr (kgm2) 0.033
Frictional losses E4WD de4wd (Nms) 0.001
E4WD inertia Je4wd (kgm2) 0.02
Final gear ratio, wheel motor rwm (-) 2.44
Frictional losses wheel motor dwm (Nms) 0.001
Wheel motor inertia Jwm (kgm2) 0.05
Wheel radius Rw (m) 0.3

Table 3: Used parameters for PMSM model.
Parameter value
PMSM type ISG / E4WD / wheel motor
Time constant tm, (s) 0.056 / 0.096 / 0.078
Max/min torque (2 min) Tm,lim, (Nm) ±178 / ±305 / ±250
Max/min torque (cont.) Tmc,lim, (Nm) ±67 / ±130 / ±100
Max/min power(2 min) Pm,lim, (kW) ±11 / ±50 / ±40
Max/min power (cont.) Pmc,lim, (kW) ±5 / ±32 / ±20
Temperature thresholds Th Tl, (oC) 200, 100
Motor system mass m, (kg) 11 50 40
Capacity mass mm, (kg) 1.4 6.3 5
Convection area Am,conv (m2) 0.02 / 0.06 / 0.05
Radiation area Am,rad (m2) 0.02 / 0.06 / 0.05
Average sp. heat capacity cpm (J/(kgK)) 430
Conductivity kcond (W/(mK)) 57
Conduction length (est.) l (m) 0.03 / 0.25 / 0.1
Forced air convection hv (W/(m2K) 7.8v0.78

Emissivity e (-) 0.6
Stefan-Boltzmann’s c. σ (W/(m2K4)) 5.669e-8

Max/min torque ratedTbi

dt
(Nm/s) 2000, -2000
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Table 4: Parameters for a passenger car hydraulic disc brake model.
Parameter value
Time constant tb (s) 0.1
Asymptotic pressure pasym (MPa) 15
Hydraulic piston diam. dp and area Ap (m), (m2) 0.0513, 0.021
Disc outer Do and inner Di diameter (m), (m) 0.282, 0.13
Radius for braking torque rb (m) 0.103
Disc thickness td (m) 0.011
Disc density ρd (kg/m3) 7849
Specific heat capacity of disc cpd (J/(kgK)) 465
Conductivity at 100 oC kcond (W/(mK)) 57
Conduction length l (m) 0.1
Convection from disc αconv (W/(m2K) 60
Convection area from disc Aconv (m2) 0.0363
Radiation area from disc Arad (m2) 0.0363
Emissivity e (-) 0.5
Stefan-Boltzmann’s constant σ (W/(m2K4)) 5.669e-8

Table 5: Used parameters for buffer model.
Parameter value
Buffer for conf. 2 / conf. 3
Capacity C, (Ah) 6.5 / 6.5
Nominal voltage ub, (V) 250 / 500
mass of buffer mb, (kg) 41 / 90
Power density during discharge Pden,dis, (W/kg) 1500 / 1500
Power density during charge Pden,char, (W/kg) 1500 / 1500
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Abstract

This paper considers how ground vehicles such as hybrid electric vehi-

cles can be controlled when traction, braking and steering are considered.

When several different actuators are combined the desired motion can be

performed in several ways. Here, a reusable control structure is suggested

which includes a reusable control law for longitudinal, lateral, and yaw

motion and a control distributor which distributes the desired control sig-

nals on the available actuators. By separating the control law and control

distribution a wide range of vehicle configurations can use the same con-

trol system. The control distribution is designed using a technique called

control allocation. The control allocator also handles performance lim-

its which combine the limits of the tyres and the actuators. The same

motion controller has been used for three different vehicle configurations.

The proposed control system not only works as a traction and braking

controller, it also works as a vehicle stability controller. Furthermore,

the controller is easy to tune. These findings have been confirmed by

simulations.

Keywords: Traction, Hybrid Electric Vehicles, Control Allocation.

1 Introduction

The introduction of Hybrid Electric Vehicles (HEV) into the market on a larger
scale opens up the potential for a wide range of vehicle configurations, e.g.
conventional vehicles, series hybrid electric vehicles, and parallel hybrid electric
vehicle. The development of HEV technology has made it so that vehicles
have different possibilities for making tractive and/or braking forces. In order
to generate the desired force, the actuators (the combustion engine, electric
motor(s), and mechanical brakes) need to be coordinated. For example, tractive
force could be generated with the combustion engine and electric motor(s) in
combination. The braking force could be achieved with the electric motor(s)in
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combination with the mechanical brakes. This paper deals with the efficient
coordination of several actuators for vehicle traction, braking, and steering.

To allow for a broad range of vehicle configurations to be produced without
major costs related to the control system development it is highly desirable to
have standardized interface signals, [1], and reusable controllers, [2]. This is of
special importance for hybrid vehicles where, as mentioned earlier, a number
of configurations can be considered. To handle this efficiently a hierarchical
control architecture is preferable. In [3], a vehicle control system architecture
for fuel cell- and hybrid electric vehicles is proposed. The system architecture
is generic in the sense that the information flow structure allows for the adding
and removing of components. The control architecture is derived from functional
decomposition and is configured in a modular fashion, see Fig. 1.

Level 2 - Local controllersui

Actuator(i)

ulim,i, ρlim,i

Sensor(i) . . . Actuator(m) Sensor(n)

Local
controller(m)

Local
controller(i)

Level 1 - Control system

Vehicle motion
control

Energy 
management

. . .

Arbitration

Level 3 - Hardware

Figure 1: Illustration of functional levels within a vehicle system con-
troller.

The highest functional level includes the overall functionality and decision mak-
ing to generate the vehicle motion such as the vehicle motion controller and
energy management. The vehicle motion controller is a short time horizon con-
troller that tries to keep the desired vehicle course. Energy management is more
of a long time horizon controller for how the on board energy sources should
be used when considering the vehicle states and the environment. Functional
level 2 includes the local controllers for different functions, for example, a local
controller for an electric motor. Here in this paper it is shown how the interface
signals between level 1 and level 2 should formed in order to design a vehi-
cle controller considering both vehicle motion control and energy management.
Fig. 1 illustrates this in that the local controller i is sending the limits ulim and
the rate of change limits ρlim to functional level 1. The third level is what could
be called an advanced actuator/sensor level (hardware level). The general idea
is that the highest level should remain unchanged no matter how the vehicle is
configured.

Figure 2 illustrates how the control system and vehicle system are configured.
The control system is comparable to functional level 1 in Fig. 1 and the system
refers to levels 2 and 3. Observe how the control system is split into two parts.
The reason for this is that the control law only tells the net effort that needs
to be produced but not how it can be produced with the available actuator
configuration within the system. This is solved by the control distributor or



3

control allocator. If the mapping is successful then the system generates the net
effort vsys = v.

Control 
law

Control 
allocator

Actuator
dynamics

System 
dynamics

v u vsys y

x

Control system System

Energy 
Management

udes

r

Env., x, SOC
r

ulim,ρlim

Figure 2: Control system structure when control allocation is used.

Systems which have more motion actuators than motions controlled are called
overactuated systems. Overactuated systems are common in application areas
such as flight and marine vessels, but also in automotive systems. Flight systems
are often configured as overactuated systems which allow several possible input
sets for the actuators to achieve the desired motion. One promising way to solve
the coordination of overactuated systems in automotive applications is to use
control allocation. Control allocation has been successfully used within flight
applications, see [4]. It has also been used within marine vessels, see [5] and
[6]. For ground vehicles, control allocation has been used for yaw stabilization,
see [7], [8] and [9]. In these articles the mechanical brakes and steering were in
focus, however no detailed considerations of the actuator limits were shown.

In this paper a reusable control law is set up for the longitudinal, lateral, and
yaw-motions of a ground vehicle. Control allocation is used to distribute the
task of generating the desired motion on the available actuators. The studied
vehicle systems, a conventional car, a parallel hybrid vehicle with two electric
motors, and a series hybrid vehicle with wheel motors, are modelled to include
the main time constants of a vehicle when generating the desired motion and
the actuators include models of the internal states that affect its performance,
i.e. their limits and rate of change of limits. For an electric motor these internal
states are the angular velocity of the drive shaft and the temperature of the
windings.

The outline of the paper is as follows: Section 2 gives an introduction to control
allocation, a technique which has been used in the paper. Section 3 outlines the
models and vehicle configurations studied in the paper. In Section 4 the control
design is presented in detail in addition to how the control allocator was set up
with the limits of the actuators. In Section 5 simulations of different traction
and braking situations are presented to show how the control system functions.
Section 6 concludes the findings.
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2 Control Allocation

In linear control theory there exists a wide range of methods which can handle
overactuated systems, like LQ- and H∞-control. Unfortunately, most of these
methods can not handle actuator saturations and/or constraints efficiently. As
mentioned earlier control allocation is an option for coordination when one has
more input signals going into the system than the number of output states.
Control allocation is attractive since it can handle actuator constraints, no re-
configuration is necessary if the effectiveness of the actuators changes over time
and the actuator utilization can be treated independently, [4]. Control allocation
can be applied to a class of linear and nonlinear systems. If it can be applied,
the control design can be divided into two steps. The first step is to design a
control law determining the net control effort. The second step is mapping the
net control demand onto the individual actuators.

Control allocation is an option for coordination when one has more input signals
u ∈ Rm to the system than the number of output states y ∈ Rk, k < m. An
optimization objective is used to select the input set vector u of the available
actuators. Limits of the input vector ulim reduce the possible combinations of
the input vector u. Using control allocation allows for reconfiguration, so that
the same control system can be used for different hardware configurations. It
also makes it so that the control system can easily handle actuator failure.

Independent of the specific application studied, a class of nonlinear systems can
be described in the affine form

ẋ = f (x) + g (x) u (2.1)

y = h (x) (2.2)

If the studied nonlinear system can be written in this affine form and certain
conditions are fulfilled the control system design can be divided into two steps.

The first step is to design a control law that controls the net effort v ∈ Rk to
be produced for the nonlinear system

ẋ = f (x) + v(t) (2.3)

y = h (x) (2.4)

where v(t) = g(x)u is also called the virtual control input. The second step is
to design a control allocator that maps the net effort of virtual control input
to true control input u. For linear systems, the mapping can be described by a
control effectiveness matrix B(x) with size k × m and rank k

Bu (t) = v (t) (2.5)

A key issue is how to select the control input set u from all possible combinations.
In control allocation an optimization based selection is used. According to [4]
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the optimal control input u can be seen as two-step optimization problem

u = arg min
︸︷︷︸

u∈Ω

‖Wu(u − udes)‖p (2.6)

Ω = arg min
︸︷︷︸

u≤u≤u

‖Wv(Bu − v)‖p (2.7)

where Wu and Wv are weighting matrices, and udes is the desired control input.
Numerically, Eqs. 2.6- 2.7 are solved in one step

u = arg min
︸︷︷︸

u≤u≤u

‖Wu(u − udes)‖p + γ‖Wv(Bu − v)‖p. (2.8)

The optimization problem is solved as weighted least square p = 2. Setting
weighting parameter γ to a high value gives priority to minimizing the error
e = Bu − v.

The possible limits of the input control are calculated by

ui = min
(
ui−1, ui−1 + Tρi−1

)
(2.9)

ui = max
(

ui−1, ui−1 + Tρ
i−1

)

(2.10)

where ρ is the limits in the rate of change of the control input signal and T is
the fixed time step for the control allocator.

3 System Modelling

Three different vehicle configurations are considered in the paper, a conventional
configuration, a parallel HEV with electric four wheel drive and a series HEV
with wheel motors. The three studied vehicle configurations are modelled with
a focus on including both the necessary dynamics of the system and the most
important system specific time constants.

The chassis model is the same for all three vehicles. It is a so-called two track
model and has five degree of freedom: longitudinal-, lateral-, yaw-, roll-, and
pitch motion. The model aims at being capable of predicting the chassis dynam-
ics on a flat surface. The SAE standard [10] has provided the main guidance
for defining the axis orientations. A brush tyre model [11] is used together with
dynamic relaxation to describe the tyre dynamics. The chassis used for all three
configurations is comparable to a commercial medium sized sedan car. Details
about modelling and used chassis parameters can be found in [12].

The driveline includes weak drive shafts, inertias, and losses open differentials
for two of the configurations. The mechanical brakes and electric motors are
modelled as first order systems with a lumped mass model describing the internal
temperature of the actuators. The temperature will directly affect the limits of
the actuators. The combustion engine is modelled as a second order system [13].
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The limits of the electric motor, combustion engine, and mechanical brakes are
illustrated in Eq.4.1.

uel,i(ωi, Ti) ≤ uel,i ≤ uel,i(ωi, Ti)

uice(ω) ≤ uice,i ≤ uice(ω) (3.1)

umech,i(Ti) ≤ umech,i ≤ umech,i(Ti)

where ωi and Ti are the angular velocity and temperature of the actuator.

By combining together the modelled components and the chassis, the three
different vehicle configurations can be configured. These three vehicle models
represent and simulate the system in Fig. 2. A detailed description of the system
modelling is found in [12], where all parameters are also specified. The models
are implemented as first level s-functions in the Matlab/Simulink environment.
A summary of the vehicles is presented below:

i. Conventional vehicle (CV). The combustion engine has 133 kW at 6000
rpm as the maximum output power and a maximum torque of 230 Nm. It
is connected to the front wheels via an open differential (1 input). Con-
ventional vehicles usually have a pre-determined mechanical brake distri-
bution between the front and rear axles, however when a dynamical limit
of e.g. yaw is exceeded then individual braking is allowed. This model is
seen as individual mechanical braking (4-input) which gives a total of 5
inputs to control the traction and braking.

ii. Parallel HEV with electric four wheel drive (HEV E4WD). Every wheel
has individual mechanical braking (4-inputs), the rear axle has an electric
motor of 50 kW connected by a differential (1-input). The front wheels are
connected to a powertrain which includes an Integrated Starter Generator
(ISG) of 11 kW located between the gear box and the combustion engine,
same as CV (2-input). This model is seen as a 7-input configuration.

iii. Series HEV with wheel motors (HEV WM). Each wheel has individual
mechanical braking (4-inputs) and is also equipped with wheel motors of
40 kW (4-inputs). This model is seen as an 8-input configuration. An
extra energy source such as a fuel cell is needed to allow a continuous
output power of 30 kW. The continuous power is sufficient to overcome
the resistance forces at a constant speed of 130 km/h. The total output
power is 30 kW plus 135 kW when the buffer mass of 90 kg is selected.

If front and rear axle steering is included the total number inputs on each
configuration is increased by two.

4 Control Design

The objective is to control the longitudinal-, lateral-, and yaw-motions of a
ground vehicle. For control design purposes the vehicle system is rewritten in
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the affine form

ẋ = f (x) + g (x) u (4.1)

y = h (x) (4.2)

This can be accomplished by selecting following states x =
[

vx vy φ̇z

]T
.

The roll and pitch motion are seen as secondary effects for generating the desired
motion on a flat surface and are thus neglected.

The lateral slip, αi, can be separated into two parts, one due to the steering
angle and one due the to vehicle states as

α1 = δ1 −
x2 + Lfx3

x1 +
bf

2 x3

(4.3)

α2 = δ2 −
x2 + Lfx3

x1 −
bf

2 x3

(4.4)

α3 = δ3 −
x2 − Lrx3

x1 + br

2 x3

(4.5)

α4 = δ4 −
x2 − Lrx3

x1 −
br

2 x3

(4.6)

where Lf and Lr are the distances from the front and rear axles to centre of
gravity, resectively. If small angles are assumed the lateral force, Fy,i, can be
calculated as

Fy,i = Cα,iαi (4.7)

where Cα,i is the cornering stiffness for tyre i. This separation means that the
lateral tyre force can be written as a sum of lateral forces due to steering angle,
Fy,i(δ), and vehicle states, Fy,i(x).

Fy,i = Fy,i(δ) + Fy,i(x) (4.8)

By using Eqs. 4.7-4.8 in combination with Eqs. 4.3-4.6 where the track width
in the front and rear is assumed to be equal bt = bf = br and all four wheels
are assumed to be equal, i.e. the cornering stiffness is equal for all four wheels,
Cα = Cα,i, and the radius is also equal, Rw = Rw,i, the chassis system can be
written as

Mẋ = f (x) + g(x)u (4.9)

y = h (x) (4.10)

where M is the mass matrix

M =

⎡

⎣

m 0 0
0 m 0
0 0 Iz

⎤

⎦
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and

f (x) =

⎡

⎢
⎣

mx2x3 − D1x1 − D2msgn(x1)x
2
1

−mx1x3 − Cα
8x1(2x2+(Lf−Lr)x3)

4x2

1
−b2t x2

3

−LfCα
8x1(2x2+Lf x3)

4x2

1
−btx

2

3

+ LrCα
8x1(2x2−Lrx3)

4x2

1
−btx2

3

⎤

⎥
⎦ (4.11)

g (x)u =

⎡

⎣

∑4
i=1 Fx,i

Cα

∑4
i=1 δi

LfCα

∑2
i=1 δi − LrCα

∑4
i=3 δi + Bt

2

∑4
i=3(−1)1+iFx,i

⎤

⎦ (4.12)

h (x) =
[

x1 x2 x3

]T
(4.13)

where D1 and D2 are constants related to aerodynamical and rolling resistance.
Since the mass matrix is invertible, the system can be written in affine form.
Furthermore, the vehicle system model presented is general and independent
of the three configurations. The next step is to incorporate the powertrain
configurations.

Looking at g(x)u it is seen that it can be written as a constant matrix times
the control signal, Bu. The B matrix is often called the control effectiveness
matrix. For the three configurations the following control input signals exists:

uc1
=
[

τice τmb1 τmb2 τmb3 τmb4 δf δr

]T
(4.14)

uc2
=
[

τice τisg τram τmb1 τmb2 τmb3 τmb4 δf δr

]T
(4.15)

uc3
=
[

τwm1
τwm2

τwm3
τwm4

τmb1 τmb2 τmb3 τmb4 δf δr

]T
(4.16)

where τi is the torque from the traction and braking actuators and δf,r are
the steering angles for the front (δf = δ1 = δ2) and rear axle (δr = δ3 = δ4).
By including the steering in the control allocator the different configurations
can be objectively examined. Today’s cars usually have conventional steering
(rack steer) where the driver is solely managing the steering by a mechanical
link from the steering wheel to the wheels. The steering angles were set equal
for the front and rear axle in order to emulate rack steering. The Ackermann
angle is neglected. If conventional steering is used within the simulation this
would delete the last two elements in the control signal vector, uci

, and also the
corresponding columns in the control effectiveness matrix.

If the motion related actuators and the driveline are added to the system model,
the control effectiveness matrix is unfortunately not constant any longer, in
fact it includes dynamics. However, if no inertia effects in the driveline or
wheels, no weak drive shafts, no losses, and no time delays or nonlinearities in
developing tyre forces are assumed, a constant control effectiveness matrices can
be formulated. The assumptions are realistic for the control design phase, i.e.
the actuators are assumed to be fast. The control effectiveness matrices for the
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three cases become:

B1 =

⎡

⎣

rjrfgf

Rw

1
Rw

1
Rw

1
Rw

1
Rw

0 0

0 0 0 0 0 2Cα 2Cα

0 bt

2Rw

−bt

2Rw

bt

2Rw

−bt

2Rw
2LfCα −2LrCα

⎤

⎦ (4.17)

B2 =

⎡

⎣

rjrfgf

Rw

rjrfgf

Rw

rfgr

Rw

1
Rw

1
Rw

1
Rw

1
Rw

0 0

0 0 0 0 0 0 0 2Cα 2Cα

0 0 0 bt

2Rw

−bt

2Rw

bt

2Rw

−bt

2Rw
2LfCα −2LrCα

⎤

⎦ (4.18)

B3 =

⎡

⎣

rfg

Rw

rfg

Rw

rfg

Rw

rfg

Rw

1
Rw

1
Rw

1
Rw

1
Rw

0 0

0 0 0 0 0 0 0 0 2Cα 2Cα
rfgbt

2Rw

−rfgbt

2Rw

rfgbt

2Rw

−rfgbt

2Rw

bt

2Rw

−bt

2Rw

bt

2Rw

−bt

2Rw
2LfCα −2LrCα

⎤

⎦ (4.19)

where rfgf is the final gear front, rfgr is the final gear rear, Rw is the wheel
radius, bt is the track width, and rj is the discrete ratio of the selected gear j.
The gear selection is vehicle state based as

j =

⎧

⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1 if vx ≤ 45
3.6

2 elseif 45
3.6 < vx ≤ 90

3.6

3 elseif 90
3.6 < vx ≤ 120

3.6

4 elseif 120
3.6 < vx ≤ 160

3.6

5 else.

(4.20)

where vx is the vehicle’s longitudinal velocity. The gear selection function is
designed to be aggressive driving. A more sophisticated gear selection function
which also consdirers the drivers desire to accelerate could easily be implemented
and used. To account for the fact that some actuators are unable to perform
during a gear shift due to an open clutch the cost effectiveness matrices were
modified so that all cells including rj are set to 0 during gear shifting. This was
done for a preset gear shifting time of 0.3 s.

Looking at the vehicle system it can easily be seen that the system is over-
actuated, it contains three control objectives and has 7, 9 or 10 input signals
depending on the vehicle configuration. This allows us to separate the control
law for keeping the desired path of the vehicle from the control allocation of the
specific motion actuators. The virtual control input is set equal to the global ve-

hicle forces acting in the centre of gravity of the vehicle, v =
[

Fx Fy Mz

]T
.

The matrices, Eqs. 4.17-4.19, describe the three configurations and their ability

to generate the global vehicle forces v(t) =
[

Fx Fy Mz

]T
. Observe how the

yaw moment Mz can only be applied by the mechanical brakes and steering for
configurations 1 and 2. This due the fact that open differentials are used in the
drive line in these configurations. This results in that traction actuators such
as the combustion engine, ISG, and E4WD motors cannot be used for gaining
Mz.
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4.1 Control Law

First step in designing the control system is to design the control law as il-
lustrated in Fig. 2. The purpose of the controller, as mentioned earlier in the
paper, is to follow a desired trajectory. The controller is based on feedback
linearization, see e.g. [14]. The idea with feedback linearization is to transform
the nonlinear system into a linear one, so that linear techniques can be used.
In its simplest form it can be seen as a way to cancel the nonlinearities by a
nonlinear state feedback. Looking at the system, we notice that the first term
on the right hand side of (4.9) is the only one including the nonlinearities of
the system. If the nonlinear term, f(x), is cancelled, the multi-input, multi-
output (MIMO)-system becomes linear. Furthermore, by cancelling f(x) the
MIMO-system becomes decoupled. Then, using a PI-controller, the control law
becomes:

v = −f(x) + Kpe + Ki

∫ t

0

edτ (4.21)

where e is the error between the desired vehicle motion and the vehicles actual
motion. The design parameters for the PI-controllers, Kp and Ki, are chosen
as

Ki = 20

⎡

⎣

0.2m 0 0
0 0.7m 0
0 0 1.5Iz

⎤

⎦ (4.22)

Kp =
2

3
m

√
√
√
√
√Ki

⎡

⎣

16
m

0 0
0 1

m
0

0 0 1
Iz

⎤

⎦ (4.23)

To handle the saturation of actuators the PI-controllers were extended with anti-
windup based on back calculation [15]. When the actuators are not saturated
the error es = Bu− v will be zero and therefore there is no effect on the sum of
integrator gain, see also Fig. 3. The windup was minimized with 1

Tt
= 20I3x3.

Figure 3 also shows how the combined actual limits of the actuators and the
tyres are sent back to the control allocator.

4.2 Tyre Fusion

To really be able to know how much each actuator can contribute to the net
tractive and braking force one has to also consider the actual limits of the tyre(s)
to which the actuator(s) are connected. Firstly, each actuator has its own limits
and rate change limits. Secondly, these limits need to be combined with the tyre
limits. Each tyre’s longitudinal force limit Fxlim,i(Fz,i, μi, Fy,i) is a function of
the normal force Fz,i, tyre/road friction μi, and the amount of lateral force Fy,i

applied to the wheel. By estimating Fxlim,i for each wheel the actuator limits
are adjusted for what the tyres can actually handle. The function is here called
tyre fusion, see also Fig. 3 for an illustration.
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Figure 3: Layout of the control system with PI-controller, anti-
windup, control allocation, and tyre fusion.

When several actuators are connected to the same wheel their limits need to
be prioritized. During traction the electric motor(s) are given priority over the
combustion engine if the combined traction force from the electric motor(s)
and the combustion engine are larger than the tyre can handle. By using this
priority the tyre fusion function basically checks if the electric motors torque
limits, uel, are above the tyre’s capacity, F x,i, and if so adjusts the limits to
be equal to what the tyre can handle. During braking the electric motor(s) are
given priority over the combustion engine and the disc brakes. By using this
priority the tyre fusion function basically checks if the sum of electrical and disc
brake torque limits are more than the tyre force limit. Then the mechanical
brake limits are set as the difference of the tyre force and electrical limits. The
idea is to always try to give the electric motors the possibility to act within the
tyres limits. Some examples are presented below in Figs. 4-6.

The tyre fusion function for the case of an electric motor in combination with
mechanical disc brakes can be written as

uel,i =

{

Fx,iRw, if uel,i ≥ F x,iRw

uel,i, else
(4.24)

uel,i =

{

−Fx,iRw, if uel,i ≤ −F x,iRw

uel,i, else
(4.25)

(4.26)

umech,i = 0 (4.27)

umech,i =

⎧

⎪⎨

⎪⎩

0, if uel,i ≤ −Fx,iRw

−F x,iRw − uel,i, elseif (uel,i + umech,i) ≤ −Fx,iRw

umech,i, else

(4.28)

This corresponds to configuration 3, HEV WM. In Fig. 4 the force limit circles
for two independent tyres on an ”axle” are illustrated. The left wheel is assumed
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to be on higher friction, which leads to a larger circle. The dashed line illustrates
the actual lateral force of the wheel. Each wheel has two actuators connected,
an electric motor with limits uel and a mechanical disc brake with limits umech.
The left circle in Fig. 4 is larger than the limits uel but not larger than the sum
of limits uel + umech and therefore the mechanical brake limits are additionally
restricted. For the right wheel the available electric motor torque is larger than
the wheel limits and thus is reduced to correspond to the wheel’s limits. In this
case the mechanical brake limits are set to zero.

iyF ,

,mech, el, / /x ii ,imech i w wF u R F u R= = − +

, el, /el i i wF u R=

el,, /iel i wF u R=

,x iF

1, +iyF

, 1, 1 , 1 /x iel i el i wF F u R++ += =, 1x iF +

, 1, 1 , 1 /x iel i el i wF F u R++ += − =

Figure 4: Illustration of how tyre fusion considers the case when two
independent wheels with an electric motor and a disc brake are con-
nected. This is comparable to configuration 3 HEV WM. Dashed
lines illustrate the actual lateral force Fy.

For a wheel on an axle with an electric motor connected by an open differen-
tial and mechanical brakes connected to each wheel, the tyre fusion algorithm
becomes:

uel =

{

2min(F x,i, F x,i+1)Rw/rfgr, if uel ≥ 2min(F x,i, F x,i+1)Rw/rfgr

uel, else

(4.29)

uel =

{

−2min(F x,i, F x,i+1)Rw/rfgr , if uel ≤ −2min(F x,i, F x,i+1)Rw/rfgr

uel, else

(4.30)

umech,i = 0 (4.31)

umech,i =

⎧

⎪⎨

⎪⎩

0, if uel ≤ −2min(F x,i, F x,i+1)Rw/rfgr

−F x,iRw − uelrfgr/2 elseif (uelrfgr/2 + umech,i) ≤ −Fx,iRw

umech,i, else

(4.32)

This corresponds to the rear axle of configuration 2, HEV E4WD. Figure 5
illustrates the tyre’s force limits. In this configuration the electric motor’s limits
uel are restricted by the right wheels longitudinal force limit, geared by the
final gear and the differential. The right wheel can still combine electrical and
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iyF , 1, +iyF

, 1x iF + , 1 , 1el i x iF F+ +=

,mech,, , 1/ x iimech i w x iF u R F F += = − +

, 1 , 1el i x iF F+ += −

, , 1el i x iF F +=

, , 1el i x iF F += −

,x iF

fgrwixel

fgrwixel

rRFu
rRFu
/2

/2

1,

1,

+

+

−=

=

fgrr

Figure 5: Illustration of how tyre fusion considers the case when an
electric motor is connected to two wheels by an open differential and
with individual disc brakes. This is comparable to configuration 2
HEV E4WD rear axle. Dashed line illustrates the actual lateral force
Fy.

mechanical braking. The mechanical disc brakes are limited by its tyre force
limit reduced by the part which is generated by the electrical motor.

The same system can be extended with a combustion engine, which corresponds
to the front axle of configuration 2. This case is shown in Fig. 6. In the figure, the
electric motor is limited by internal states, meaning that it can not generate F x.
Instead the combustion engine is used to generate more force. The combustion
engine’s limits uice are limited by the right wheel. The limits of the combustion
engine and the electric motor automatically set constraints on the left wheel
according to Fig. 6.

iyF , 1, +iyF

,x iF

fgfr
, 1 / 2el i el fgf wF u r R+ =

, 1 / 2el i el fgf wF u r R+ =

, / 2el i el fgf wF u r R=

, / 2el i el fgf wF u r R=

, 1x iF +
, 1 , 1 , 1ice i x i el iF F F+ + += −

, 1 , 1 , 1ice i x i el iF F F+ + += − −, , 1 , 1ice i x i el iF F F+ += − −

, , 1 , 1ice i x i el iF F F+ += −

,mech,, , 1/ x iimech i w x iF u R F F += = − +

, 1ice 2 /x i w fgf elu F R r u+= −

elfgfwixice urRFu −−= + /2 1,

Figure 6: Illustration of tyre fusion for configuration 2 front axle with
open differential connected to a combustion engine and an electric
motor.

The limits for the steering actuators are also limited by the tyre fusion function
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according to the following expression

F y,axle = min

(√

F
2

x,i − F 2
x,i,

√

F
2

x,i+1 − F 2
x,i+1

)

(4.33)

usteer,i = min

(

usteer,i,
2F y,axle

Cα,r,f

)

(4.34)

usteer,i = −usteer,i (4.35)

where Cα,r,f is the cornering stiffness for the front and rear axle respectively.

4.3 Control Distribution

The two step optimization problem actually suits very well for ground vehicles.
Equation 2.7 constrains the possible set u ∈ Ω to only be possible u’s that will be
in nullspace of N(Bu−v) or minimize the error of the desired forces e = Bu−v

needed for fulfilling the desired motion of the vehicle. Equation 2.7 can be
seen as the vehicle motion controller. The limits which are sent to the control
allocator are the combined limits from the tyre fusion function. Equation 2.6
minimizes the error of desired control input edes = udes − u. In ground vehicles
this can be seen as a smooth arbitration between energy management and vehicle
motion control. The desired input signals udes from energy management declare
how the electric motor and mechanical brakes should be used when optimizing
the use of onboard energy. Figure 2 shows how energy management is included
in the control allocator and Fig. 3 shows how the control allocator fits in the
control system in more detail.

The weighting matrix, Wu, has been designed to facilitate a stable braking and
traction performance

Wu,1 = diag[ 1 0.5 0.5 1 1 1e3 2e3 ], (4.36)

Wu,2 = diag[ 1 0.1 0.25 0.5 0.5 1 1 1e3 2e3 ], (4.37)

Wu,3 = diag[ 0.1 0.1 0.25 0.25 0.5 0.5 1 1 1e3 2e3 ] (4.38)

for configuration 1, 2, and 3 respectively. The desired input signals udes from
energy management are set to zero during the simulations, i.e. energy manage-
ment desires to use the motion actuators as little as possible. The weighting
matrix, Wv, has been designed not to prioritize any of the motions, longitudinal,
lateral or yaw motion, Wv = diag[ 1 1 1 ].

5 Simulations

The vehicle system models were implemented as s-functions in Matlab/Simulink.
Due to the open differential in the driveline model the system becomes a differ-
ential algebraic equation system, a (DAE) system. The equations for the open
differential were rewritten to be in ordinary differential equation (ODE) form
by using a mass matrix. Solver ode23t has been used in the simulation, since
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it can solve problems with a singular mass matrix. The used weighted least
square with constraints solver was coded by [4]. The code was modified by the
author to allow vehicle state x dependent control effectiveness matrix B(x) and
dynamical change in constraints ulim.

5.1 Test Procedures

The simulations focus on traction and braking situations. The three vehicle
configurations are compared and the only part changed in the control system
was the control effectiveness matrix B and the tyre fusion algorithm which
was slightly different for configurations 1 and 2 with open differential in the
driveline. For configuration 1 and 2 the initial gear is set by Eq. 4.20. The
initial temperature for disc brakes and electric motors was set to 30 oC. The
following two test procedures were selected for simulation:

A: Acceleration from an initial velocity of 50 km/h to 120 km/h with a desired
acceleration of 0.3g. During the acceleration a lane change manoeuvre is
made. This is followed by medium braking of 0.5g until standstill with
step friction. The friction is lowered from 1.0 to 0.3, occurring at 60 km/h
and lasting for about 2 seconds.

B: Soft acceleration of 0.05g during driving a circle with constant radius of
200 m. The initial velocity is set to 50 km/h and friction is set to 0.3.

5.2 Test procedure A -medium acceleration with lane change

followed by medium braking on step friction

This test procedure combines steering and traction in the first part of the test.
In the second part a step friction occurs during braking. Fig. 5.2 shows how the
three different vehicle configurations follow the reference velocity in longitudi-
nal, lateral, and yaw motion. Configuration 1 is outperformed by configuration
2 and 3 especially during acceleration due to lack of power after gear shifting.
It can be seen how configuration 1, the conventional vehicle, cannot produce
enough power to accomplish the desired acceleration, which is especially no-
ticeable for the third gear. Configurations 2 and 3 have no problem producing
the desired acceleration. They use the four wheel drive option to accomplish
the acceleration. During the braking all three configurations diverge from the
desired velocity when they hit the step friction. The fastest one to pick up the
lost braking after the step friction is configuration 3. The oscillations visible in
the yaw motion, especially for configuration 1, are due to gear shifting during
low friction.

The actuator signals u and their combined limits (from the tyre fusion algo-
rithms) are shown in Figs. 6-11 for configurations 1, 2, and 3 respectively. The
black solid line corresponds to actual u, the dashed red and blue lines are upper
and lower combined limits respectively. It can be seen that during gear shifting,
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the control allocator automatically reduces the desired power of the combustion
engine and the ISG, see actuator 1 in Fig. 6 and actuators 1 and 2 in Fig. 10.
This is achieved by using a control effectiveness matrix B(x) that has zeros in
the cells where the transmission gear ratio rj is occurring during the gear shift.
During the step friction, about 14 to 16 s, it is noticeable that the motion ac-
tuators limits are reduced. This is especially clear for configuration 3 and the
wheel motors, actuator 1 to 4 in Fig 11.

5.3 Test Procedure B -soft acceleration of 0.05g during

driving in a circle with a constant radius of 200 m.

In this test procedure the aim is to try to see how close the three different vehicle
configurations come to the maximum velocity that one can drive in a circle with
a radius 200 m on a road with a friction of 0.3. The limiting velocity vlim can
be calculated as

Ffric = Fcentripetal ⇔ μ · m · g =
m · v2

init

R

vlim =
√

μ · g · R = 24.26 m/s (5.1)

Figure 5.3 shows the reference and simulated longitudinal, lateral, and yaw ve-
locities for all three configurations. It can be noted that all three configurations
reach about 90 percent of the maximum speed before they start to diverge from
the reference yaw velocity. Another interesting observation is that configuration
1 with only a combustion engine connected to the front wheels, starts to use the
mechanical brakes when the vehicle is almost reaching the critical velocity.

In Fig. 12 the use of the actuators and their combined limits are shown. Observe
how actuator 1, the combustion engine, increases the tractive torque when me-
chanical brakes, actuators 3 and 5, are beginning to be used as yaw stabilizing
actuators at time 15 s. This is basically what today’s ESP systems do, however
here it is automatically performed by the control allocator. The actuators and
their combined limits for configurations 2 and 3 during test procedure B, are
shown in Fig. 13 and 14, respectively. In configuration 2 the electric motors,
actuator 2 and 3, are mainly used for traction, but they also use the combustion
engine, actuator 1. The mechanical brakes are not used at all as yaw stabilizing
actuators in comparison to configuration 1. Similar behaviour could be observed
for configuration 3.

In Figs. 15-17 the tyre forces Fx,i, Fy,i, and the longitudinal limit F x,i are shown
for all three configurations during test procedure B. One can see that the lateral
force Fy,i is increasing during the constant acceleration and thus reduces the
longitudinal force limit F x,i. All three configurations handle this very well. The
major difference is that configuration 1 has a negative force on the right rear
wheel induced by the mechanical brakes.
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Figure 7: Longitudinal vx, lateral vy, and yaw ωz velocity for config-
uration 1 (top), 2 (middle), and 3 (bottom) respectively during test
procedure A.
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Figure 8: Longitudinal vx, lateral vy, and yaw ωz velocity for config-
uration 1 (top), 2 (middle), and 3 (bottom) respectively during test
procedure B.
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6 Conclusions

The separation of control law and control allocation makes the control system
reusable for different vehicle configurations, which was shown here for three
configurations. This makes it possible to develop a wide range of configurations
without the need for redesigning the control system for each one.

The weighted least square control allocation algorithm developed by [4] also
works excellently for hybrid electric vehicles when traction and braking are
considered. This is also a fast algorithm which would easily allow real time
implementation in vehicles.

By using a vehicle state dependent control effectiveness matrix B(x) features
such as gear shifting can automatically be considered by the control allocator.
This was illustrated by simulations where the torque of the combustion engine
and ISG were reduced when gear shifting was occurring.

Actuator limits and rates together with the suggested tyre fusion algorithm
give excellent information for making the correct coordination of the available
actuators for different braking situations.

The simulations showed that for achieving better vehicle stability during circle
driving and constant acceleration the traction force on the rear wheels should be
used more than on the front wheels. This can easily be tuned in by the weight
matrix Wu. During braking, the opposite force distribution is desired, i.e. more
braking force generated on the front wheels than the rear wheels.

The proposed control system not only works as a traction and braking con-
troller, it also works as a vehicle stability controller. The controller is easy to
tune, containing only a few parameters, and takes a global optimization ap-
proach instead of a local optimization as is the case when developing a traction
controller and a vehicle stability controller individually.
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[15] K. Åström and T. Hägglund, PID Controllers: Theory, Design, and Tun-
ing. Instrument Society of America, 1995.



21

0 10
−100

0

100

200

300
actuator 1

t [s]

u
,
u

li
m

[N
m

]

0 10
−1500

−1000

−500

0

500
actuator 2

t [s]
0 10

−1500

−1000

−500

0

500
actuator 3

t [s]
0 10

−1000

−500

0

500
actuator 4

t [s]
0 10

−1000

−500

0

500
actuator 5

t [s]

0 10
−0.1

−0.05

0

0.05

0.1

u
,
u

li
m

[R
a
d
]

actuator 6

t [s]
0 10

−0.1

−0.05

0

0.05

0.1
actuator 7

t [s]

Figure 9: Input set u and their limits for configuration 1 during test
procedure A. The black solid line corresponds to the actual u, the
dashed red and blue lines are the upper and lower combined limits,
respectively.
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Figure 10: Input set u and their limits for configuration 2 during test
procedure A. The black solid line corresponds to the actual u, the
dashed red and blue lines are the upper and lower combined limits,
respectively.
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Figure 11: Input set u and their limits for configuration 3 during test
procedure A. The black solid line corresponds to the actual u, the
dashed red and blue lines are the upper and lower combined limits,
respectively.
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Figure 12: Input set u and their limits for configuration 1 during test
procedure B. The black solid line corresponds to the actual u, dashed
red line and blue line upper and lower combined limits, respectively.
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Figure 13: Input set u and their limits for configuration 2 during test
procedure B. The black solid line corresponds to the actual u, the
dashed red and blue lines are the upper and lower combined limits,
respectively.
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Figure 14: Input set u and their limits for configuration 3 during test
procedure B. The black solid line corresponds to the actual u, the
dashed red and blue lines are the upper and lower combined limits,
respectively.
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Figure 15: Tyre forces Fx,i and Fy,i and longitudinal force limits F x,i

for configuration 1 during test procedure B. Front left tyre (upper left
figure), front right (upper right figure), rear left (lower left figure),
and rear right (lower right figure). The black solid line corresponds
to the actual Fx,i, the red solid line represents Fy,i, and the dashed
black line F x,i.
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Figure 16: Tyre forces Fx,i and Fy,i and longitudinal force limits F x,i

for configuration 2 during test procedure B. Front left tyre (upper left
figure), front right (upper right figure), rear left (lower left figure),
and rear right (lower right figure). The black solid line corresponds
to the actual Fx,i, the red solid line represents Fy,i, and the dashed
black line F x,i.
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Figure 17: Tyre forces Fx,i and Fy,i and longitudinal force limits F x,i

for configuration 3 during test procedure B. Front left tyre (upper left
figure), front right (upper right figure), rear left (lower left figure),
and rear right (lower right figure). The black solid line corresponds
to the actual Fx,i, the red solid line represents Fy,i, and the dashed
black line F x,i.



      
 
 
 
 

     
      



Paper VI

Coordination of vehicle motion and energy
management control systems for wheel motor driven

vehicles

in

Proceedings of the 2007 IEEE Intelligent Vehicles Symposium (IV’07), Istanbul,
Turkey, June 2007.





Coordination of Vehicle Motion and Energy Management Control
Systems for Wheel Motor Driven Vehicles

Leo Laine and Jonas Fredriksson

Abstract— This paper shows how smooth coordination of
vehicle motion controller and energy management can be
achieved when control allocation is used for over-actuated
ground vehicles. The ground vehicle studied here is equipped
with four electric wheel motors, four disc brakes, and front and
rear steering. This gives a total of ten input signals to control
the desired vehicle motion in longitudinal-, lateral-, and yaw-
direction. Simulations show that the desired input signals from
energy management and steering can be fulfilled, but when
needed the actual input signals for the motion actuators are
smoothly diverted from the desired input signals due to vehicle
stability reasons and/or saturation of the actuators.

I. INTRODUCTION

If or when the era of the combustion engine within
automotive applications ends or becomes less dominating,
the propulsion system of the vehicles will most likely be
electrified. The first transition away from the combustion
engine dependence has already started, with the launch of the
Toyota Prius in 1997. The car is equipped with the Toyota
Hybrid System (THS) [1] which combines the combustion
engine with electric motors. This allows the combustion
engine to be downsized. The Prius has been followed by
several other commercially available hybrid electric vehicles.
The final transition will come when the prices for oil will be-
come too high or when environmental legislations demands
for alternative fuels. One possible option to meet the new
demands is the fuel cell (fc) which converts hydrogen and
oxygen into electricity and water.

When automotive vehicles become more electrified many
hydraulical and mechanical functions can be replaced by
electrical ones [2]. In this paper a future vehicle configuration
is studied which has replaced the combustion engine with
four electric motors mounted on each wheel. The motors
are propelled by a fuel cell in combination with a battery.
The mechanical braking is assumed to be independently
controlled, and the steering is assumed to be by-wire, with
independent front and rear steering. Clearly, by introducing
so many motion actuators the desired global longitudinal-,
lateral-, and yaw- motion of the vehicle can be realized in
many different ways by using the available motion actuators.
This type of systems are called over-actuated systems.
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In this paper it is shown how control allocation [3] can be
a viable option to ease the control design of over-actuated
ground vehicle systems when both the vehicle motion and
energy management are considered. The outline of the paper
is as follows: Section I-A gives a background of using control
allocation within the control system. Section II explains how
the ground vehicle is modelled. Section III describes the
control design. Section IV and V explains the simulated cases
and the results. Finally in Section VI concluding remarks are
made.

A. Background

One promising way to manage the coordination of over-
actuated systems is to use control allocation. Control al-
location deals with the problem of distributing the control
demand within an available set of actuators. The control
demand v ∈ Rk is mapped onto the true control input of the
actuators v 7→ u, where u ∈ Rm and k < m. The allocation
problem lies in that there are several input sets of u that can
give the control demand v. The control allocation problem
is posed as a constrained optimization problem which pro-
vides automatic redistribution of the control effort when one
actuator saturates in position or in rate. Control allocation
has been used successfully in flight applications [3], marine
vessels [4], [5], and for ground vehicles [6], [7], [8]. In [6]-
[8] the mechanical brakes and steering were in focus without
direct considerations to the actuator limits.

Fig. 1. Suggested control system architecture when control allocation is
used for Hybrid Electric Vehicle systems.

In earlier work by the authors, [9] and [10], it was shown
how the control system can be made reusable for different
vehicle configurations when one separates the control law
from the control allocation for achieving the vehicle motion.
Wheel force limits in combination with constraints due to
vehicle configuration allowed a reusable structure. Here, in



this paper the limits are taken one step further, actuator
position and rate of change limits in combination with tyre
force limits are considered as constraints for the control
allocator. Additionally, it is here shown that the proposed
control system also allows separate control laws for energy
management and steering in addition to vehicle motion as
shown in Fig. 1. The authors have not found any work
showing how one smoothly combines energy management
and vehicle motion control for a HEV by using constrained
control allocation with optimization formulation.

II. SYSTEM MODELLING

The system modelling is separated into three parts:

A. Chassis including tyre dynamics

The chassis model is a so-called two track model and has
five degree of freedom: longitudinal-, lateral-, yaw-, roll-,
and pitch motion. The model aims at being good enough in
representing the chassis dynamics on a flat surface. The SAE
standard [11] has provided the main guidance for defining the
axis orientations. A brush tyre model [12] is used together
with dynamic relaxation to describe the tyre dynamics. The
used chassis parameters are comparable to a commercial
medium sized sedan car.

B. Power Supply including energy buffer

Here one type of Power Supply system is studied, a series
vehicle configuration with a fuel cell and a buffer. The fuel
cell can deliver a continuous output power of 30 kW, the
power is sufficient to overcome the resistance forces at a
constant speed of 130 km/h for a medium sized sedan car.
Fig. 2 shows the efficiency curve as a function of output
power for the fuel cell model, which also includes parasitic
losses. One can see that output power lower than 10 kW
yields bad efficiency and should be avoided. Good efficiency
is found between 10 and 40 kW. The optimal output power
from the fuel cell is about 20 to 30 kW.

Fig. 2. Efficiency as a function of output power for simulated fuel cell.

A fuel cell stack such as Proton Exchange Membrane
(PEM) can deliver short pulses of output power before the
compressor reaches desired speed. This can be seen as there
are two time constants one ’instantaneous’ and one ’steady
state’ [13]. The experimental results in [13] showed that the

instantaneous time constant was in the order of 11 µs and
the steady state about 400 ms to reach 63 percent of its final
value. However, the time constants will get shorter if the fuel
cell is already operating with high output power as a initial
condition. Here only a simplified first order model is used
for the fuel cell output power with a time constant of 400
ms which then neglects the instantaneous time constant.

An energy buffer is needed to be able to handle peak ac-
celerations and store regenerated brake energy. According to
[14] the most efficient buffer is a battery when performance,
such as peak acceleration, towing, and price are compared
for battery, ultracapacitors, and a combination of battery and
ultracapacitors. A battery with a high energy density allows
the fuel cell to work at efficient operating points or even to
be shut down when low output power is needed.

The peak output power is 175 kW of which 40 kW
is from fuel cell and 135 kW is from buffer. The buffer
power is achieved by selecting a battery mass of 90 kg with
1500 W/kg charge and discharge power density. The selected
power density is based upon that Ni/MH batteries have about
1200 W/kg and Li-ion about 2000 W/kg [15]. However the
Li-ion have still not had a break through in automotive
applications due to problems in cost, life, abuse tolerance,
and low temperature performance [15]. The operating State
of Charge (SOC) window was set to SOCmin = 40 % and
SOCmax = 90 %.

C. Motion actuator dynamics

The series HEV has wheel motors mounted on each wheel
with maximum output power of 40 kW, which gives four
control inputs. Additionally, each wheel has individually
controlled disc brakes, which give additional four control
inputs. The actual torque limits delivered for the actuators
are modelled by thermal lumped mass models for both
electric motors and mechanical brakes. The temperature
model tightens the actual limits due to overheating of the
electric motor windings and the permanent magnets. For
the mechanical brakes the friction is temperature dependent.
Additionally the rotational speed is constraining the electric
motor. The actuator limits from electric motors uel,i and
mechanical brakes umech,i can be expressed as

uel,i(ωi,Ti)≤ uel,i ≤ uel,i(ωi,Ti) (1)

umech,i(Ti)≤ umech,i ≤ umech,i(Ti)

where ωi and Ti are the angular velocity and temperature of
the actuator. The actuator models give also information of
the rate of change limits. Finally, steering is seen as steer by
wire by front and rear rack steer which gives two additional
control inputs, i.e. the configuration has a total of 10 control
inputs.

III. CONTROL DESIGN

Independently of the specific applications studied, a class
of nonlinear systems can be described in the affine form

ẋ = f (x)+g(x)u (2)
y = h(x) (3)



Control allocation can be applied if the control input can be
perturbed without affecting the system dynamics. The system
can therefore rewritten as

ẋ = f (x)+ v (4)
y = h(x) (5)

where v = g(x)u, v is also called the virtual control input.
The control design can be divided into two steps. The first

step is to design a control law that controls the net effort v.
The second step is to design a control allocator that maps
the net effort of virtual control input to true control input,
v(t) 7→ u(t). Unfortunately, the mapping of the net effort to
the true control signal is complicated since the g(x)-matrix
is not invertible. Using a pseudo-inverse to find a solution
could be one way of solving this. However, this could lead
to an unrealistic solutions since the true control signals are
limited by several different constraints, see Eq. 1. Instead a
constrained optimization problem is proposed and solved.

The chassis system can be written as

Mẋ = f (x)+g(x)u (6)
y = h(x) (7)

where M is the mass matrix

M =

 m 0 0
0 m 0
0 0 Iz


and

f (x) =


mx2x3−D1x1−D2msgn(x1)x2

1
−mx1x3−Cα

8x1(2x2+(L f−Lr)x3)
4x2

1−b2
t x2

3

−L f Cα
8x1(2x2+L f x3)

4x2
1−bt x2

3
+LrCα

8x1(2x2−Lrx3)
4x2

1−bt x2
3

 (8)

g(x)u =

 ∑
4
i=1 Fx,i

Cα ∑
4
i=1 δi

L f Cα ∑
2
i=1 δi−LrCα ∑

4
i=3 δi + Bt

2 ∑
4
i=3(−1)1+iFx,i


(9)

h(x) =
[

x1 x2 x3
]T (10)

where x1, x2, and x3 correspond to longitudinal-, lateral-
and yaw- velocity of the vehicle. Here, a linear tyre force
model of type Fy,i = Cα αi is assumed and that one can
split the lateral tyre forces into steer angle and vehicle
state dependence, Fy,i = Fy,i(δi) + Fy,i(x). The lateral tyre
forces depending on vehicle states Fy,i(x) and depending on
steering angles Fy,i(δi) can therefore be separated into f (x)
and g(x)u, respectively. D1 and D2 are constants related
to aerodynamical and rolling resistance. Since the mass
matrix is invertible, the system can be written in affine form.
Looking at g(x)u in Eq. 9 it corresponds to longitudinal and
lateral global forces and yaw moment of the vehicle and can
therefore be considered as the virtual control input v.

A. Control Law for Vehicle Motion

The purpose of the vehicle motion controller is to follow
a desired trajectory interpreted from the driver’s steering
actions. The controller is based on feedback linearization,
see e.g. [16]. The idea with feedback linearization is to

transform the nonlinear system into a linear one, so that
linear techniques can be used. In its simplest form it can
be seen as a way to cancel the nonlinearities by a nonlinear
state feedback. Looking at the system, it can be noticed
that the first term on the right hand side of (6) is the only
one including the nonlinearities of the system. If the non-
linear term, f (x), is cancelled, the multi-input, multi-output
(MIMO)-system becomes linear. Furthermore, by cancelling
f (x) the MIMO-system becomes decoupled. Then, using a
PI-controller, the control law becomes:

v =− f (x)+Kpe+Ki

∫ t

0
edτ (11)

where e is the error between the desired vehicle motion and
the vehicle’s actual motion. The design parameters for the
PI-controllers, Kp and Ki, are chosen as

Ki = 20

 0.2m 0 0
0 0.7m 0
0 0 1.5Iz

 (12)

Kp =
2
3

m

√√√√√Ki

 16
m 0 0
0 1

m 0
0 0 1

Iz

 (13)

To handle saturation of actuators the PI-controllers are
extended with anti-windup based on back calculation [17].

Fig. 3. Control Design illustration with focus on control law for vehicle
motion, a PI controller with Anti-Windup strategy that decides the virtual
control input v(t) which is then mapped onto the true control input u(t) by
the control allocator, where g(x)u≈ Bu. The control allocator uses a weight
scheduled weighting matrix Wu(v1).

B. Control Law for Energy Management

The objective of the energy management algorithm is
to minimize fuel consumption and assure optimal power
availability at any time. The used and implemented energy
management strategy is inspired by [18]. It uses a finite state
machine which distinguishes between four driving modes:



Fig. 4. Driving modes used for Energy Management, inspired by [18].

standstill, acceleration, constant speed, and braking, which
are based upon speed and acceleration as illustrated in Fig. 4.

During the four modes different strategies are applied for
how the total power demand is divided between the fuel cell
and the battery. As shown in Fig. 2 it is important to avoid
bad efficiency of the fuel cell as much as possible which
is found during low output power less than 10 kW and at
maximum output power above 40 kW. Secondly the steady
state rise time of output power for a fuel cell is about 400 ms
which leads to that highly transient power demands should
be delivered by the battery. These two design criteria are
considered for the control laws used within the four modes:

1) Standstill:

Pf c =

{
Pf c,opt , if SOC ≤ SOCmin

0, else
(14)

Pb f =

{
−Pf c, if SOC ≤ SOCmin

0, else
(15)

2) Acceleration:

Pf c =

{
min

(
P̂dem,40

)
, if 10 kW≤ Pdem

0, else
(16)

Pb f =

{
Pdem−Pf c, if 10 kW≤ Pdem
Pdem, else

(17)

3) Constant speed:

Pf c =


Pf c,opt , if SOC ≤ SOCmin & 10 kW≥ Pdem
min

(
P̂dem,40

)
, if 10 kW≤ Pdem

0, else
(18)

Pb f =


Pdem−Pf c, if 10 kW≤ Pdem
Pdem−Pf c, if SOC ≤ SOCmin & 10 kW≤ Pdem
Pdem, else

(19)

4) Braking:

Pb f =


Pdem, if |Pdem| ≤ 134 kW & SOC ≤ SOCmax

Pb f ,max, if |Pdem| ≥ 134 kW & SOC ≤ SOCmax

0, else
(20)

Pmb =


Pdem−Pb f ,max, if |Pdem| ≥ 134 kW & SOC ≤ SOCmax

Pdem, if SOC ≥ SOCmax

0, else.
(21)

where Pf c, Pb f , and Pmb are fuel cell, buffer, and mechanical
brake output power. Pf c,opt = 20 kW is the optimal output
power of fc, see also Fig. 2. Pdem is the power demand. P̂dem
is the low pass filtered power demand with cutoff frequency

of 2 rad/s. The low pass filtering is used for achieving an
output within range of the slow response of the fuel cell. The
power demand of the vehicle is calculated with the following
expression

Pdem = Pacc +Ploss +Paux. (22)

Where Pacc = mav is the acceleration power needed. Ploss =
D1v + D2v2 is the rolling and air resistance, and Paux is the
auxiliary power needed for other electric loads such as air
conditioner, here assumed to be a constant of 0.5 kW.

The desired torque on the specific electrical and mechan-
ical actuators are assumed to be evenly distributed

τwmi =

(
Pf c +Pb f

)
Rw

4vxr f g
(23)

τmbi =
PmbRw

4vx
(24)

where i is the wheel number, Rw is the wheel radius, and r f g
is the final gear of the electric wheel motor. For low vehicle
velocities vx < 0.1 m/s the desired torques are set equal to
zero and solely solved by the vehicle motion control law and
the control allocator. These desired torques will give the first
eight positions of the vector

udes =
[

τwm1 τwm2 τwm3 τwm4 τmb1 τmb2 τmb3 τmb4 δ f δr
]T

, (25)

see also Fig. 3.

C. Control Law for Steering

The reference model within the driver interpreter of the
vehicle is assumed to deliver the desired reference signal r =[

vx vy ωz
]
, vehicle’s longitudinal-, lateral-, and yaw-

velocity, to the steering function, see also Fig. 1. Here the
inverse dynamics of a linear bicycle model is used to derive
the desired front and rear steering angle inputs δ f and δr.
The linear bicycle model assumes: vx to be constant, steering
angles to be small, and a linear tyre force model Fy = Cα α .
The model can be then expressed as

ẋsteer = Axsteer +Busteer (26)

A =−

 Cα f +Cαr
mvx

vx +
L f Cα f −LrCαr

mvx
L f Cα f −LrCαr

Izvx

L2
f Cα f +L2

rCαr
Izvx

 (27)

B =

 Cα f
m

Cαr
m

L f Cα f
Iz

−LrCαr
Iz

 (28)

where xsteer =
[

vy ωz
]

and usteer =
[

δ f δr
]
. By as-

suming that the desired accelerations ˆ̇xsteer can be estimated
by time discrete differentiation of the reference signal ˆ̇r =
r(k+1)−r(k)
t(k+1)−t(k) , the needed input can be solved by

usteer = B−1 (
ˆ̇xsteer−Axsteer

)
(29)

where B−1 exists because B has full rank. For low longitu-
dinal velocities vx the A matrix becomes singular, however
for low velocities the steering is more a geometrical problem
such as δ f = L f /R and δr =−Lr/R, where R is the turning
radius. Eq. 29 gives the last two positions of the vector udes,
Eq. 25, see also Fig. 3.



D. Control Allocation

The second step in the control design is to create the
control allocator. The key issue is how to select the control
input set u from all possible combinations. Here, a con-
strained control allocation with mixed optimization is used
to map the virtual control input v(t) onto true control input
u(t). The virtual control input is the global longitudinal and
lateral forces and the yaw moment of the vehicle v(t) =[

Fx Fy Mz
]T , which is controlled by the control law for

vehicle motion, see Section III-A. Looking at the model (Eqs.
8-7) the true control signals are the longitudinal wheel forces
Fx,i and the wheel steering angles δi. The wheel forces are
controlled by the electric motors via the driveline and the
mechanical brakes. Thus the true control input is selected
as u(t) =

[
τwm1 τwm2 τwm3 τwm4 τmb1 τmb2 τmb3 τmb4 δ f δr

]T ,
where τi is the torque from the traction and braking actuators.
i is the wheel number starting at front left, front right, rear
left, and rear right. δ f = δ1 = δ2 and δr = δ3 = δ4 are the
front and rear rack steering angle were the Ackermann angle
is neglected. The mapping is realised by using a control
effectiveness matrix B ∈ Rk×m which describes how each
actuator can contribute to the global forces and moment by
v(t)≈Bu(t). According to [3] the optimal control input u can
be seen as two-step optimization problem, sequential least
squares (sls),

u = arg min︸︷︷︸
u∈Ω

‖Wu(u−udes)‖p (30)

Ω = arg min︸︷︷︸
u≤u≤u

‖Wv(Bu− v)‖p (31)

where Wu and Wv are weighting matrices and udes is the
desired control input. The two step optimization problem
is well suited for FCVs and HEVs. Eq. 31 constrains the
possible set u ∈ Ω to only be u’s that will be in nullspace
of N(Bu− v) or minimize the error of the desired forces,
Bu−v, needed for fulfilling the desired motion of the vehicle.
This can be seen as the vehicle motion controller. Eq. 30
minimizes the error of desired control input, udes − u. The
desired control input, udes, coming from the energy manage-
ment controller and the control law for steering, specifies
how the electric motor(s) and the mechanical brakes should
be used when optimizing onboard energy and desired vehicle
steering. This can be seen as a smooth arbitration between
energy management and vehicle motion control. Figure 1
shows how energy management is included in the control
allocator and Fig. 3 shows how the control allocator fits in
the control system in more detail. Numerically Eqs. 30- 31
can also be solved in one step, using weighted least squares
(wls),

u = arg min︸︷︷︸
u≤u≤u

‖Wu(u−udes)‖p + γ‖Wv(Bu− v)‖p. (32)

where p = 2. Setting the weighting parameter γ to a high
value gives priority to minimize the error in motion Bu− v.

1) Actuator limits: The control allocator receives the
limits from the motion related actuators, [u(t),u(t)] and their

limits in rate of change [ρ,ρ]. This specific way of designing
the control system allows the control law to be independent
of the available actuators, i.e. reusable for different hardware
configurations, and also allows the control allocator to handle
both limits and even actuator failure. The rate limits can
be rewritten as position constraints using an approximation
of the time derivative. The position constraints can now be
written as

u(t) = min(u(t),u(t− tT )+ tT ρ) (33)

u(t) = max
(

u(t),u(t− tT )+ tT ρ

)
(34)

where tT is the sampling time of the control allocator.
In a ground vehicle the limits of the control input must

also consider the force limits of each wheel. The longitudinal
force limit Fx,lim,i is a function of the normal force Fz,i,
tyre/road friction µi, and the amount of lateral force Fy,i
applied to the wheel. By estimating Fx,lim,i for each wheel the
actuator limits are adjusted for what the tyres can handle. The
’tyre fusion’ basically checks if the electrical torque limits
for the electric motors, uel,lim,i, are above the longitudinal
force limits and if so, adjusts the limits to be equal to the
tyre force capacity. If the sum of electrical and mechanical
torque limits uel,mech,lim,i are more than the tyre force limit,
then the mechanical limits are set as the difference between
the tyre force limit and the electrical limit. The idea is to
always try to give the electric motors the possibility to act
within the tyre’s limits. In equation form this would look
something like

uel,i =

{
−Fx,iRw, if uel,i ≤−Fx,iRw

uel,i, else
(35)

umech,i = 0 (36)

umech,i =


0, if uel,i ≤−Fx,iRw

−Fx,iRw−uel,i, elseif (uel,i +umech,i)≤−Fx,iRw

umech,i, else
(37)

where uel,i and umech,i are the tyre limits on electrical
and mechanical braking torques. The traction torque limits
are derived in similar manner. The steering angles are also
limited by how much lateral force is still available when
actual longitudinal force and its limits are considered.

2) Control Effectiveness matrix B: Here the idea is to
linearize g(x)≈ B where B is called the control effectiveness
matrix. As mentioned earlier, the virtual control signals are
the global forces. Under the assumption that there are no
inertia effects in the driveline nor in the wheels, no weak
drive shafts, no losses and no time delays or nonlinearities
in developing tyre forces, a constant control effectiveness
matrix can be formulated. The assumptions are realistic for
the control design phase, i.e. the actuators are assumed to be
fast. The matrix for the studied configuration becomes

B =


r f g
Rw

r f g
Rw

r f g
Rw

r f g
Rw

1
Rw

1
Rw

1
Rw

1
Rw

0 0
0 0 0 0 0 0 0 0 2Cα 2Cα

r f gbt
2Rw

−r f gbt
2Rw

r f gbt
2Rw

−r f gbt
2Rw

bt
2Rw

−bt
2Rw

bt
2Rw

−bt
2Rw

2L f Cα −2LrCα

 (38)

where r f g is the final gear, Rw is the wheel radius, and bt is
the track width. The control effectiveness matrix B describes
how the global forces of the vehicle can be generated by
the available motion actuators. Observe how many ways the
moment Mz, row 3 in B, can be generated which clearly
illustrates the over actuation of the vehicle system.



3) Weight Scheduling of Wu(v): Mechanical braking in
conventional cars has a certain brake load distribution on
the front and rear axles just to ensure vehicle stability during
braking. If a vehicle have additional electric motors that will
be used during regenerative braking they should also obey
similar brake load distribution settings as the mechanical
brakes. For example, if a vehicle have large electric motors
mounted only on the rear wheels and they are solely used
during braking to maximize the regenerative braking it will
result in that all of the brake load is taken up on the rear
wheels. This will lead to instability and if conditions rapidly
change such as friction or in combination when turning. This
would almost be an example of the classic ’use the parking
brakes to turn’ maneuver. For the configuration studied here,
the use of electric motors are penalized in the rear more than
for the front during braking as is described by

Wu,brake = diag[ 0.1 0.1 0.3 0.3 0.5 0.5 1 1 1e3 2e3 ]. (39)

The opposite load force distribution of the electric motors
is found to be desirable during traction to ensure vehicle
stability, accordingly

Wu,trac = diag[ 0.3 0.3 0.1 0.1 0.5 0.5 1 1 1e3 2e3 ]. (40)

To handle this efficiently in the control system, the fol-
lowing weight scheduling by linear interpolation of v1 is
suggested

Wu,1,1 = Wu,2,2 =0.1, if v1 ≤ 0 (41)

Wu,3,3 = Wu,4,4 =0.1+
0.3−0.1
−1g

v1

mg
, if v1 ≤ 0 (42)

Wu,1,1 = Wu,2,2 =0.1+
0.3−0.1

1g
v1

mg
, if v1 ≥ 0 (43)

Wu,3,3 = Wu,4,4 =0.1, if v1 ≥ 0 (44)

where v1 is the desired longitudinal force, see also Fig. 3.

IV. SIMULATIONS

The selected test procedures are trying to come close to
vehicle motion limits, and therefore lead to the fact that
arbitration is needed in between the vehicle motion, energy
management, and steering laws. The aim is to show that the
arbitration is handled smoothly by the control allocator, see
Eqs. 30, 31, and 32.

The vehicle system models are implemented as s-functions
in Matlab/Simulink. The used control allocator, weighted
least squares wls and sequential least squares sls with con-
straints solvers were coded by [3]. The code was modified by
the authors to allow weight scheduling of Wu as a function
of the desired virtual signals v and dynamical change in
constraints ulim.

A. Test procedures

The following two test procedures were selected for sim-
ulation:

TP-A: The purpose is to drive in a circle with a constant
radius of 200 m on ice with friction 0.3. The initial
velocity was set to 1 m/s. The vehicle is accelerated
with 0.1g until 90 percent of the limiting velocity, vlim =√

µ ·g ·R = 24.26 m/s, is reached. Then the velocity is

kept constant for 5 s. The final part is braking with -
0.1g until reaching 1 m/s as stop velocity. During the
whole procedure the aim is to keep the driving circle
radius constant.

TP-B: The purpose is to change the deceleration during straight
braking on asphalt with friction 1.0. The initial velocity
was set to 27.78 m/s. First part is soft braking with -0.1g
until 80 km/h is reached then hard braking applied with
-0.8g until 11.11 m/s is reached. The final part of the
braking is performed again with -0.1g until standstill.

V. RESULTS
A. TP-A results

In Fig. 5 the reference velocities are compared with actual
velocities for the sls solution. When 90 percent of the
limiting velocity vlim is reached one can see on the yaw rate
that the vehicle becomes unstable and stays that way until
the braking phase has started and reduced the velocity to
about 12 m/s. The desired input signals udes and actual input
signals u for the wheel motors and front and rear steering
are shown in Fig. 6. The input signals for the disc brakes
are not shown because they are not used at all during this
test procedure. It can be seen that both the front and rear
steering is saturated when 90 percent of the limiting velocity
is reached. The limits for the actuators in the plots does not
only account for actuator limits but also the tyre force limits.
The desired input signals udes are smoothly followed by the
wheel motors except for when the steering limits are reached
in that time, about 20 s. Motors 1 and 3 then jump up and
try to compensate for the loss of steering capability.

Fig. 5. Reference and actual longitudinal vx, lateral vy, and yaw ωz velocity
for sls solution for TP-A.

The constant radius on ice test procedure was used for a
sensitivity analysis of the weighting parameter γ found in
the wls solver, see Eq. 32 and also for comparing with the
sls solver. The comparison was made by studying the least
mean squares error, mse = 1

n ∑
n
i=1 e(i)2, of the desired path

compared with the actual states of the vehicle e = r− x,
the least mean squares error for the desired motion actuator
signals and the actual signals e = udes − u. The results are
shown in Table I. The wls solver is very robust and quite
insensitive when the γ value is varied. When the γ value
is varied between 1 · 107 and 1 · 10−3 only small changes
can be observed in results. However when it is lowered to



Fig. 6. Input set u and their limits udes during TP-A. The black solid line corresponds to actual u, the dashed green line corresponds to desired udes, and
the dotted/dashed red and blue lines are the upper and lower combined limits, respectively.

γ = 1 ·10−4, both the path and actuator errors jumps. For this
test procedure the sls solver outperformed the wls.

TABLE I
SENSITIVITY ANALYSIS OF γ FOR WLS AND COMPARISON WITH SLS FOR

TP-A.

solver γ msepath mseact
wls 1 ·107 7.887 ·10−4 34.383
wls 1 ·106 7.882 ·10−4 34.383
wls 1 ·105 7.880 ·10−4 34.383
wls 1 ·104 7.880 ·10−4 34.383
wls 1 ·103 7.881 ·10−4 34.383
wls 1 ·102 7.888 ·10−4 34.383
wls 1 ·101 7.887 ·10−4 34.382
wls 1 ·100 7.871 ·10−4 34.375
wls 1 ·10−1 7.888 ·10−4 34.288
wls 1 ·10−2 8.068 ·10−4 33.214
wls 1 ·10−3 9.447 ·10−4 26.823
wls 1 ·10−4 1.600 189.898
sls - 7.868 ·10−4 21.218

B. TP-B results

The straight braking on asphalt test procedure is simulated
both with the wls (γ = 1 · 106) and sls solvers. Only small
differences can be seen in the results when the least mean
squares error is studied for the path and actuator signals.
However, this time the wls solver turned out to be slightly
better in both path and actuator signal errors.

The reference velocities and actual velocities for TP-B
are shown in Fig. 7. One can see the fast response when the
braking acceleration is increased from 0.1g to 0.8g. When
the braking acceleration is reduced again to 0.1g, at about
7s, the actual longitudinal velocity slightly overshoots.

The desired and actual input signals for wheel motors
and disc brakes are shown in Fig. 8. The steering input

signals are neglected because no steering is needed in this
test procedure. The overshoot in velocity is due to the fact
that the rate limits of the mechanical disc brakes takes some
time to release the brake pressure. This is however attempted
to be compensated for by the wheel motors giving a positive
torque at about 8s.

Fig. 7. Reference and actual longitudinal vx velocity for wls solution for
TP-B.

The desired input signals udes from energy management
for the wheel motors are smoothly followed whenever this is
allowed by the combined limits and providing that the vehicle
is following the desired path, see also Fig. 8. However, the
desired input signals from energy management for the disc
brakes were poorly followed and there are two major reasons
for this. Firstly, the combined limits of the actuators and tyre
forces did not allow for any other solution. Secondly the
weight scheduling Wu(v) requires more load force on front
axle than on the rear axle during braking to achieve vehicle
stability.

VI. CONCLUSIONS

This paper shows by modelling and simulation that the
coordination of control laws for energy management, steer-
ing, and vehicle motion can be achieved smoothly by using



Fig. 8. Input set u for the wheel motors (left plots) and mechanical brakes (right plots) and their limits udes during TP-B. The black solid line corresponds
to actual u, the dashed green line corresponds to desired udes, and the dotted/dashed red and blue lines are the upper and lower combined limits, respectively.

control allocation within the control system. Simulations
show that whenever possible the desired input udes from
energy management and steering is followed. When needed,
the actual input u is smoothly diverted to ensure vehicle
stability and obey the combined limits of the actuators and
tyre forces. The smooth coordination is essential for hybrid
electric vehicles where energy management has a long time
planning horizon and the vehicle motion controller has a
shorter planning horizon.
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Control Allocation based Electronic Stability Control System for a
Conventional Road Vehicle

Leo Laine and Johan Andreasson

Abstract— This paper shows how control allocation with
an optimization formulation can be used as an electronic
stability control system for a conventional road vehicle. Con-
trol allocation is used in systems with more actuators than
the degrees of freedom controlled, which are also known as
over-actuated systems. Here it is assumed that the steering
is solely managed by the driver. The control allocator uses
the combustion engine and the four mechanical disc brakes
to compensate any understeering or oversteering behaviour.
Simulations showed that the suggested control system passed
the proposed test procedure for Electronic Stability Control
systems, sine with dwell, suggested by the National Highway
Traffic Safety Administration (NHTSA).

I. INTRODUCTION

Electronic Stability Control (ESC) systems have been
shown to be extremely efficient in preventing single vehicle
loss of control crashes [1]-[2]. ESC helps the driver to
keep the vehicle on the road and therefore prevents road
run off crashes, of which a significant amount are rollover
crashes [1]-[2]. ESC is proposed to become a new Federal
Motor Vehicle Safety Standard (FMVSS) in the USA for all
light vehicles1 from September 1, 2011 [1]-[2]. The National
Highway Traffic Safety Administration (NHTSA) believes
that the level of life saving associated with ESC is only out-
performed by seatbelts out of all the equipment and elements
included under FMVSS [1]. NHTSA estimates, from US
crash data, that ESC will reduce single vehicle car crashes
of passenger cars by 34 percent and single vehicle crashes
of Sport Utility Vehicles (SUVs) by 59 percent, including a
much greater reduction of rollover crashes [1]. NHTSA also
estimates that ESC has the potential for preventing single
vehicle rollover crashes by 71 and 84 percent of passenger
cars and SUVs, respectively [1]. The vast majority of all
real life roll over crashes occur when a vehicle runs off
the road and strikes a tripping mechanism such as soft soil,
a ditch, a curb or a guardrail [1]. The ESC system can
indirectly prevent exposure to off-road tripping mechanisms
by assisting the driver in keeping the vehicle on the road
during loss of control situations [1], see also Fig 1. The new
proposed FMVSS for ESC will be gradually introduced to the
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1Passenger cars, multipurpose vehicles, trucks, and buses with a gross
vehicle weight up to 4536 kg (10000 lbs)

market. On September 1, 2008 30 percent of newly produced
light vehicles must be equipped with ESC. By September 1,
2009 the percentage will increase to 60 percent, and again
by September 1, 2010 to 90 percent [1]. About 29 percent
of the sold light vehicles in the USA with a model year
of 2006 were equipped with ESC [1]. So even without the
proposed FMVSS, vehicle manufacturers are already aiming
to increase the number of vehicles equipped with ESC [1].

Fig. 1. Illustration of how conventional ESC systems work during
understeering and oversteering situations.

This paper is a continuation of a project investigating
control design for over-actuated road vehicle systems such as
hybrid electric vehicles. An over-actuated system has more
motion actuators than the number of motions controlled.
Earlier papers in this project have shown how different road
vehicle configurations could have the same control law for
longitudinal-, lateral-, and yaw-motion by separating the
control law for motion from the distribution among the
available motion actuators, [3], [4], [5]. The distribution
was made by control allocation which provides automatic
redistribution when one actuator saturates in position or in
rate. The idea with the suggested control system is that it
not only solves future vehicle configurations with increased
number of motion actuators, but it can also replace the
conventional ESC system. The aim of this paper is to show,
by simulation, that control allocation can be used as an ESC
according to the proposed FMVSS for a conventional road
vehicle which is configured with four mechanical brakes and
is front wheel driven by a combustion engine. This gives a
total of five motion actuators for the control allocator to use



to achieve the desired ground motion.
The outline of the paper is as follows: Section I-A gives

a background both on ESC systems and on using control
allocation within the control system. Section II explains how
the vehicle system was modelled. Section III describes the
control design. Section IV and V explain the simulated test
procedure, sine with dwell, proposed by FMVSS for ESC
and provide the results. Finally, Section VI contains the
concluding remarks.

A. Background

The main purpose of ESC is to assist the driver in loss of
control situations. ESC is a closed loop algorithm that can
use the mechanical brakes individually to apply a correcting
yaw torque to keep the vehicle on its desired path. Fig. 1
illustrates two different ESC path correction scenarios. The
first is an understeering scenario where the vehicle without
ESC is ’plowing out’ off the road. If the vehicle is equipped
with ESC, a correcting yaw torque is applied by using the
right rear brake. This makes the vehicle less understeered
and therefore keeps the vehicle on the road and following
the desired path. The second is an oversteering scenario
in which the vehicle without ESC ’spins out’ during the
right hand curve. In the vehicle with ESC, a correcting yaw
torque is applied by using the front left brake. This reduces
oversteering and allows the vehicle to follow the desired
path. Vehicles equipped with ESC measure the vehicle’s
longitudinal velocity and lateral acceleration and compute the
radius of the desired paths circle. Since it knows the radius
and longitudinal velocity it can therefore calculate the correct
yaw rate. This calculated yaw rate is compared with the
measured yaw rate from a sensor. When the calculated and
measured yaw rates start to diverge the vehicle is determined
to be losing control. A vehicle without ESC would start to
experience loss of control by understeering or oversteering.
The ESC system counteracts this by applying a correcting
yaw torque with the mechanical brakes.

Road vehicles, such as those that are equipped with ESC,
can be viewed as over-actuated systems. One promising
way to manage the coordination of over-actuated systems
is through to the use of control allocation. Control alloca-
tion addresses the distribution of control demand within an
available set of actuators. This is posed as a constrained
optimization problem which provides an automatic redis-
tribution of the control effort when one actuator saturates
in position or in rate. Control allocation has been used
successfully both in flight applications, see [6], and also in
marine vessels, see [7] and [8]. Most importantly, however,
control allocation has also been used for achieving yaw
stabilization, see [9], [10] and [11]. In these articles the
mechanical brakes and steering were in focus without direct
consideration to the actuator limits. In earlier work by the
authors, [3] and [4], it was shown how control systems can
be made reusable for different vehicle configurations when
the control law is separated from the control allocation for
achieving the vehicle motion. Actuator position and rate of
change limits in combination with tyre force limits were

considered as constraints for the control allocator. In [5] the
authors showed by modelling and simulation that the smooth
coordination of the control laws for energy management,
steering, and vehicle motion can be achieved by using control
allocation within the control system for a series hybrid
vehicle which was wheel motored and front and rear steered
by wire. In this paper we actually take a step back to show
that the same control allocation method that has been shown
to be successful for highly over-actuated vehicles, could first
be used and implemented as an ESC system for conventional
vehicles. Then if the number of motion actuators increase
in future vehicle configurations, due to hybridization and/or
steer by wire, the control system is easily upgraded as shown
in earlier papers [3], [4], and [4].

In this paper we have separated the control law for vehicle
motion and the control allocation of the actuators within the
control system, as shown in Fig.2. The vehicle motion con-
troller calculates the desired path r =

[
vx vy ωz

]T within
the driver interpreter and then the path controller tries to
keep the desired path by correcting the global forces and
yaw torque v =

[
Fx Fy Mz

]T . The correcting v are then
distributed by the control allocator onto the available motion
actuators, v 7→ u where u =

[
τice τmb1 τmb2 τmb3 τmb4

]T

and rank(v) < rank(u). This conventional front wheel driven
vehicle has five motion actuators as illustrated in Fig 2. In
this configuration the driver is solely managing the steering
input of the vehicle system, which is what most current
model year configurations have today.

Fig. 2. Illustration of how control allocation is suggested to be used within
the control system for a conventional road vehicle. Used abbreviations in
illustration: Steering Wheel Angle(SWA), Brake Pedal (BP), Gas Pedal
(GP), internal combustion engine (ice), and mechanical brakes (mb).

II. SYSTEM MODELLING
The system modelling is separated into three parts:

A. Chassis including tyre dynamics

Two different chassis models were used in the analysis to
make a more objective evaluation of the suggested control al-
location based ESC system. One model was developed in [3]
and the other one is a commercially available chassis model
Vehicle Dynamics Library. The used chassis parameters are
comparable to a medium sized sedan car.

• Ch.A Home made chassis model
This chassis model is a so-called two track model



which has five degree of freedom: longitudinal-, lateral-
, yaw-, roll-, and pitch motion. The aim of the model
is to be capable of predicting the chassis dynamics
on flat surfaces. The SAE standard [12] provided the
main guidance for defining the axis orientations. A
brush tyre model [13] was used together with dynamic
relaxation to describe the tyre dynamics. Details about
the modelling and used chassis parameters can be
found in [3].

• Ch.B The VehicleDynamics Library
The planar chassis model is defined with additional
degrees of freedom for roll, pitch and vertical motion
that also specify the suspension compression giving a
total of 12 states for the chassis motion. Thanks to the
wheel’s lack of vertical dynamics, the fidelity can still be
kept low. Additionally, there is one degree of freedom
per wheel rotation and one for the steering elasticity.
The tyre model is a version of the MagicFormula
as specified in [13]. It is a curve fit that considers
combined-slip, camber, load dependencies and first-
order transient effects. More details are found in [14].

B. Drivetrain

The drivetrain includes the most important time specific
constants such as the inertia of the wheels and elastic drive
shafts. The combustion engine propels the front wheels by a
transmission connected to the drive shafts through an open
differential. Losses in drag from the combustion engine and
transmission are included. More details and used parameters
can be found in [3].

C. Motion actuator dynamics

Each wheel has individually controlled disc brakes. The
hydraulic pressure in the brake system was modelled as a
first order system. The friction between brake pad and disc,
µmb,i(Ti), was expressed as being temperature dependent. The
temperature was calculated by a thermal lumped mass model.
The temperature constrained the actual limits of the brakes
as

umb,i(Ti)≤ umb,i ≤ umb,i(Ti) (1)

which means that when brake fading occurs in the braking
system it can be accounted for as an actuator constraint in
the control allocator. The limits in rate of change are simply
a function of the time constant of the first order system.

The combustion engine’s mean torque was modelled by
a non-linear second order system, due to the fact that it
takes approximately two crank shaft turns to reach the next
stationary torque for a four cylinder four stroke engine [15].
The limits in torque are dependent on the angular speed of
the engine accordingly

uice(ωi)≤ uice ≤ uice(ωi) (2)

The rate limits for the combustion engine can be deter-
mined using an equivalent time constant definition for second
order systems as described in [16]. A detailed description of

the modelling and used parameters of the motion actuators
can be found in [3].

III. CONTROL DESIGN

Independently of the specific applications studied, a class
of nonlinear systems can be described in the affine form

ẋ = f (x)+g(x)u (3)
y = h(x) (4)

Control allocation can be applied if the control input can
be perturbed without affecting the system dynamics. The
system can therefore be rewritten as

ẋ = f (x)+ v (5)
y = h(x) (6)

where v = g(x)u, v is also called the virtual control input.
The control design is divided into two steps. The first step
is to design a control law that controls the net effort v.
The second step is to design a control allocator that maps
the net effort of virtual control input to true control input,
v(t) 7→ u(t). Unfortunately, the mapping of the net effort to
the true control signal is complicated since the g(x)-matrix
is not invertible. Using a pseudo-inverse to find a solution
could be one way of solving this. However, this could lead
to unrealistic solutions since the true control signals are
limited by several different constraints. Instead a constrained
optimization problem is proposed and solved.

The longitudinal tyre forces Fx,i which are directly affected
by the motion actuators, combustion engine and mechanical
brakes are easily split into the desired affine form and are
found within g(x)u. Due to the fact that steering is excluded
from the input that is controlled by the control allocator, see
Fig.2, the lateral forces are only seen as part of the nonlinear
system f (x). The chassis system can then be written as

Mẋ = f (x)+g(x)u (7)
y = h(x) (8)

where M is the mass matrix

M =

 m 0 0
0 m 0
0 0 Iz


and

f (x) =


mx2x3−D1x1−D2msgn(x1)x2

1
−mx1x3 +Cα

(
∑

2
i=1 δi−

8x1(2x2+(L f−Lr)x3)
4x2

1−b2
t x2

3

)
L f Cα

(
∑

2
i=1 δi +

8x1(2x2+L f x3)
4x2

1−bt x2
3

)
+LrCα

8x1(2x2−Lrx3)
4x2

1−bt x2
3


(9)

g(x)u =

 ∑
4
i=1 Fx,i

0
Bt
2 ∑

4
i=3(−1)1+iFx,i

 (10)

h(x) =
[

x1 x2 x3
]T (11)

where bt is front and rear track width, D1 and D2 are
constants related to aerodynamical and rolling resistance,



and δ1, δ2 are the front left and front right steering angles,
respectively. Since the mass matrix M is invertible, the
system can be written in the desired affine form. Further-
more, the vehicle system model presented is general and
independent of the powertrain configuration. However, in this
configuration the steering is excluded from g(x)u due to that
the driver is directly controlling it. In earlier works [3]-[4]
contain information on how the system could be described
in affine form when the steering is assumed to be steer by
wire and thus included in the control allocator formulation.

A. Vehicle Motion

The first step in designing the control system is to design
the control law for vehicle motion as illustrated in Fig. 2.
Here the vehicle motion is separated into two parts, the driver
interpreter and path controller. This is necessary because the
driver input Steering Wheel Angle (SWA) is basically pre-
defined by the test procedure, sine with dwell, which is used
in the proposed FMVSS for ESC [1], [2], [17].

1) Control law for driver interpreter: The purpose of a
driver interpreter is to use the driver’s input to define the
desired path r =

[
vx vy ωz

]T , see also Fig. 3. This driver
interpreter is made only sufficient enough to be able to handle
the proposed test procedure, sine with dwell, of FMVSS for
ESC. In the test procedure the vehicle coasts in high gear
at an initial speed of 80 km/h when the steering input of
Steering Wheel Angle (SWA) starts. No braking is applied
by the driver during the entire manoeuvre. This means that
the driver interpreter must be designed to handle what should
be done when both the Gas Pedal (GP) and Brake Pedal (BP)
are equal to zero, i.e. coasting. Here the following control
law is suggested for the longitudinal velocity vx:

r1 = vx(k +1) =

{
vx(k)−0.1g∆t, if vx ≥ 0
0, else

(12)

where ∆t = t(k + 1)− t(k). A linear bicycle model is used
to predict desired lateral velocity vy and yaw rate ωz. The
bicycle model is defined as follows

ẋ = Ax+Bu (13)

A =−

 Cα f +Cαr
mvx

vx +
L f Cα f −LrCαr

mvx
L f Cα f −LrCαr

Izvx

L2
f Cα f +L2

rCαr
Izvx

 (14)

B =

 Cα f
m

Cαr
m

L f Cα f
Iz

−LrCαr
Iz

 (15)

where x =
[

vy ωz
]

and u =
[

δ f δr
]
. By calculating

the state x we can predict a desired yaw rate motion which
the driver defines by his steering input δ f . This works fine
as long as the input u is in the linear regime. Therefore
the desired yaw rate calculated by the bicycle model also
needs to be limited by what is physically possible due to the
maximum centripetal force for the specific road/tyre friction.
We know the desired lateral acceleration from the bicycle
model ay(k) and the desired vehicle velocity vx(k). From

these we can calculate the radius R of the desired path by
setting the global lateral force equal to centripetal force:

Fy = Fcentripetal ⇔min
(
µmg,

∣∣may
∣∣) =

m · v2
x

R

R =
v2

x

min
(
µg,

∣∣ay
∣∣) [m], if ay 6= 0 (16)

where the lateral force Fy is limited by frictional force µmg.
When ay(k)≈ 0 then R is set to be ’Inf’ in Matlab. Now we
can define the desired yaw rate as

r3 = ωz(k +1) =

{
sgn(x2)min

(∣∣∣ vx(k)
R(k)

∣∣∣ , |x2|
)

, if R 6= 0

0, else
(17)

where x2 is the desired yaw rate from the bicycle model
Eq. 13. The desired lateral velocity vy is of minor importance
due to that it can’t directly be affected by the motion
actuators used by the control allocator, see Eq. 10 where
row 2 is equal to zero.

2) Control law for path controller: The purpose of the
vehicle motion controller and its path controller is to follow
a desired path. The path controller could be based on
feedback linearization, see e.g. [18]. The idea with feedback
linearization is to transform the nonlinear system into a linear
one, so that linear techniques can be used. In its simplest
form it can be seen as a way to cancel the nonlinearities
by a nonlinear state feedback. Looking at the system, we
notice that the first term on the right hand side of Eq. 7
is the only one including the nonlinearities of the system.
If the nonlinear term, f (x), is cancelled, the multi-input,
multi-output (MIMO)-system becomes linear. Furthermore,
by cancelling f (x) the MIMO-system becomes decoupled.
Then, using a PI-controller, the control law becomes:

v =− f (x)+Kpe+Ki

∫ t

0
edτ (18)

where e = r− y2 is the error between the desired vehicle
motion and the vehicles actual motion, see also Fig. 3.
However, it has shown to be unnecessary in the current road
vehicle application to cancel the nonlinear term f (x), because
the term is basically stabilizing the vehicle. In the simulations
f (x) is set to be equal to zero in Eq. 18.

The following design parameters for the PI-controllers, Kp
and Ki, gives adequate path control even for the worst case
of SWA demanded by the test procedure

Ki = 5

 1.0m 0 0
0 0 0
0 0 30Iz

 (19)

Kp = 8m

√
Ki

m
. (20)

To handle the saturation of actuators the PI-controllers
were extended with anti-windup based on back calculation
[19]. When the actuators are not saturated the error es =
Bu− v will be zero and therefore there is no effect on the



Fig. 3. Illustration of the Control Design with a focus on control
law for vehicle motion and its path controller, a PI controller with
Anti-Windup strategy. Used abbreviations in the illustration: Gas
Pedal(GP), Brake Pedal (BP), and Steering Wheel Angle (SWA).

sum of integrator gain, see also Fig. 3. The windup was
minimized with 1

Tt
= 20diag

[
1 0 1

]
.

B. Control Allocation

The second step in the control design is to create the
control allocator. The key issue is how to select the control
input set u from all possible combinations. In control allo-
cation an optimization based selection is used. According to
[6] the optimal control input u can be seen as a two-step
optimization problem, sequential least square (sls),

u = arg min︸︷︷︸
u∈Ω

‖Wu(u−udes)‖p (21)

Ω = arg min︸︷︷︸
u≤u≤u

‖Wv(Bu− v)‖p (22)

where Wu and Wv are weighting matrices and udes is the
desired control input. In the two step optimization problem
Eq. 22 constrains the possible set u ∈ Ω to be u’s in the
nullspace of N(Bu−v) or minimizes the error of the desired
global forces, Bu−v, needed for fulfilling the desired motion
of the vehicle. This can be seen as the vehicle motion
controller. Eq. 21 minimizes the error of desired control
input, udes−u. Here, in this paper we use a zero vector for
the desired input udes = 05x1 which means that the motion
actuators are optimized to be used as little as possible.

The used control allocation optimization also suits well
for fuel cell vehicles and hybrid electric vehicles. Eq.21 can
be seen as smooth arbitration between the vehicle motion
controller and energy management. The desired input udes
coming from the energy management controller specifies
how the electric motor(s) and the mechanical brakes should
be used when optimizing the use of onboard energy, see [5].

Numerically Eqs. 21- 22 can also be solved in one step,
using weighted least square (wls),

u = arg min︸︷︷︸
u≤u≤u

‖Wu(u−udes)‖p + γ‖Wv(Bu− v)‖p. (23)

where p = 2. Setting the weighting parameter γ to a high
value gives priority to minimizing the error in motion Bu−v.

1) Actuator limits: The control allocator receives the
limits from the motion related actuators, [u(t),u(t)] and their
limits in rate of change [ρ,ρ]. This specific way of designing
the control system allows the control law to be independent
of the available actuators, i.e. reusable for different hardware
configurations, and also allows the control allocator to handle
both limits and even actuator failure. The rate limits can
be rewritten as position constraints using an approximation
of the time derivative. The position constraints can now be
written as

u(t) = min(u(t),u(t− tT )+ tT ρ) (24)
u(t) = max(u(t),u(t− tT )+ tT ρ) (25)

where tT is the sampling time.
In a road vehicle the limits of the control input must also

consider the force limits of each wheel. The longitudinal
force limit Fx,lim,i is a function of the normal force Fz,i,
tyre/road friction µi, and the amount of lateral force Fy,i
applied to the wheel. By estimating Fx,i for each wheel the
actuator limits are adjusted for what the tyres can handle.
The ’tyre fusion’ basically checks if the torque limits for the
mechanical brakes, umb,i, are above the longitudinal force
limits and if so, adjusts the limits to be equal to the tyre
force capacity. In equation form this would look something
like

umb,i = 0 (26)

umb,i =

{
−Fx,iRw, if umb,i ≤−Fx,iRw

umb,i, else.
(27)

The traction torque limits are derived in similar manner.
The steering angles are also limited by how much lateral
force is still available when actual longitudinal force and
its limits are considered. A more detailed description of
how combinations of electric motors, combustion engine, and
mechanical brakes are handled by tyre fusion is found in [5].

2) Control Effectiveness matrix B: Here the idea is to
linearize g(x)≈ B where B is called the control effectiveness
matrix. As mentioned earlier, the virtual control signals are
the global forces. Looking at the model (Eqs. 9-8) the
control signals are the longitudinal wheel forces Fx,i. The
wheel forces are controlled by the motion actuators via the
driveline. The following control input signals exist for the
studied configuration:

u =
[

τice τmb1 τmb2 τmb3 τmb4

]T (28)

where τi is the torque from the traction and braking
actuators. i corresponds to the wheel number starting with
front left, front right, rear right, and rear left.

Under the assumption that there are no inertia effects in the
driveline nor in the wheels, no weak drive shafts, no losses
and no time delays or nonlinearities in developing tyre forces,
a constant control effectiveness matrix can be formulated.
The assumptions are realistic for the control design phase,
i.e. the actuators are assumed to be fast. The matrix for the
studied configuration becomes

B =

 rir f g f
Rw

1
Rw

1
Rw

1
Rw

1
Rw

0 0 0 0 0
0 bt

2Rw
−bt
2Rw

bt
2Rw

−bt
2Rw

 (29)



where ri is the actual gear in transmission, r f g is the final
gear, Rw is the wheel radius, and bt is the track width.
The control effectiveness matrix B describes how the global
forces of the vehicle can be generated by the available motion
actuators. The longitudinal global force v1 = Fx, row 1 in B,
can be generated by all five motion actuators and the lateral
force v2 = Fy, row 2 in B, by non. Finally the yaw torque
v3 = Mz, row 3 in B, can be generated by the mechanical
brakes individually. The combustion engine is mounted on
an open differential and thus cannot apply any yaw torque
(Fx,1 = Fx,2).

3) Weight matrices Wu and Wv: Earlier work stated the
importance of prioritizing correctly among the available
actuators during braking and acceleration [3]-[5]. For the
configuration studied here we need to penalize the use of
mechanical brakes in the rear more than the front during
braking to have a decent brake load distribution on the front
and rear axles. Here the following weighting matrices are
used

Wu = diag[ 1 0.5 0.5 1 1 ] (30)

Wv = diag[ 1 1 1 ]. (31)

IV. SIMULATIONS

The vehicle system models were implemented as s-
functions in Matlab/Simulink. The used control allocator,
weighted least square wls and sequential least square sls with
constraints solvers were coded by [6]. The code was modified
by the author to allow for dynamical change in constraints
ulim and ρlim.

A. Test procedure sine with dwell

Sine with dwell is a proposed test procedure that aims to
become a standard in evaluating commercial road vehicles
equipped with ESC systems [1], [17]. The test procedure
is designed to trigger oversteering in the vehicle on dry
asphalt. Even though ESC can prevent both understeering
and oversteering behaviours no general test procedure is
proposed for understeering. This is due to the fact that
vehicles with high centre of gravity are made understeered
in order to avoid untripped2 rollover. Roll stability control
systems actually work by introducing understeering when the
roll angle of the vehicle becomes critical, which is opposite
to the ESC. An understeered test procedure for ESC that
could work for all light vehicles is an ongoing research topic
for NHTSA [1].

The test procedure is performed as follows. First the
δSWA,0.3g input that gives 0.3g in lateral acceleration is
derived for the studied vehicle by an initial test, slowly
increasing steering. The steering is increased with a ramp
rate of 13.5 deg/s. The speed is kept constant at 80 km/h.
The main test procedure, sine with dwell, is started by letting
the vehicle coast in high gear and an initial velocity of 80
km/h when the SWA input is given, see Fig. 4. The first SWA
amplitude is set to be 1.5δSWA,0.3g and increased stepwise

2No tripping mechanism is needed for rollover on flat road.

by 0.5δSWA,0.3g until 6.5δSWA,0.3g or 270 degrees is reached
which ever is greatest.

Fig. 4. Steering Wheel Angle (SWA) input as a sine with dwell with
frequency 0.7 Hz and amplitude δSWA. The dwell is 0.5s and occurs after
3/4 of the period.

The performance of the ESC is measured by criteria its
stability and responsiveness criteria. The stability criteria
verifies that the yaw rate should have reduced to 35 and
20 percent of its maximum value after 1 s and 1.75 s
respectively, after Completion of Steer (CoS) input:

ωz(tCoS = 1.0)
ωz,max

≤ 0.35 (32)

ωz(tCoS = 1.75)
ωz,max

≤ 0.2. (33)

An highly understeered vehicle would more easily meet
this stability criteria without having any responsiveness.
Therefore a responsiveness criteria is also defined, which
basically states that the vehicle should have a minimum
lateral displacement during the test. Because this is a test
for all light vehicles the test needs to be adjusted so that all
vehicles can achieve the criteria. According to NHTSA the
least responsive vehicles were not large pickup trucks nor
15-passenger vans, instead it was SUVs equipped with roll
stability control [1]. The highest responsiveness criteria that
could be used to allow roll stability control implementation
was a minimum lateral displacement of 1.83m, half a 12
foot lane width. This minimum lateral displacement should
be achieved 1.07 s after SWA input initiation

dy(t = 1.07)≥ 1.83 (34)

V. RESULTS

Slowly increasing steer showed that the steering needed
for achieving 0.3g in lateral acceleration was δSWA,0.3g =25
degrees. Steer gear ratio was set to be 16.6. The steering
input sine with dwell was started at simulation time 0.2 s
for chassis Ch.A and at 2.0 s for Ch.B. The amplitude was
increased from 1.5δSWA,0.3g in steps of 0.5δSWA,0.3g up to
270 degrees. The ESC system was turned both off and on to
study how far the vehicle could work without ESC. Fig. 5
illustrates the yaw rate, lateral acceleration, and side slip
of the vehicle when chassis Ch.A was used, see Sect. II-A.
Already at a SWA of 75 degrees one of the stability criteria’s



were not met when ESC was turned off, see also Tab. I. When
SWA was increased to 87.5 the vehicle without ESC is out
of control. This can be clearly seen in Fig. 5 by the almost
constant yaw rate and lateral acceleration after 2 s. However,
when ESC is enabled much higher SWA amplitudes can be
used without violating the stability criteria. In Fig. 6 the yaw
rate, lateral acceleration, and side slip are shown for chassis
Ch.A with ESC on. The SWA amplitude is varied from 100-
270 degrees.

Fig. 5. Results with chassis Ch.A and its yaw rate, lateral
acceleration, and sideslip, when ESC is both on and off. SWA max
amplitude was varied between 37.5-87.5 degrees.

Fig. 6. Results for Chassis Ch.A and its yaw rate, lateral accel-
eration, and sideslip, when ESC is on. SWA max amplitude was
varied between 100-270 degrees.

Now when studying the wheel forces, see Fig. 7, for a
SWA amplitude of 162.5 degrees with the ESC on for chassis
Ch.A, we can see how positive and negative longitudinal
forces are developed. During the first part of the sine
manoeuvre, 0.2 to 1.27 s, wheels 1 and 3 have negative
longitudinal force. Wheel 2 has positive longitudinal force
and wheel 4 has approximately zero longitudinal force.
During the dwell part 1.27 to 2.12 s and above, wheel 1 has
positive longitudinal force and wheel 3 has basically none.
At the same time wheel 2 and 4 develop mostly negative
longitudinal forces.

Fig. 7. Results for Chassis Ch.A and its tyre forces when ESC is on. SWA
max amplitude was set to 162.5 degrees.

The wheel forces are realised by the control allocator and
its use of the available actuators included in the optimization
formulation. In Fig. 8 the actual actuator torques and their
combined limits are shown. The combined limits means that
not only are the actual position limits and their rate of change
considered, see Eq. 25, but also what tyre forces can be
applied, see Eq. 27. The positive force is realised by using the
ice during the whole procedure and by giving positive torque
distributed on the front wheels it allows positive longitudinal
forces to be developed at the front wheels. This feature can
be switched of by just defining the upper limits of the ice to
be equal to zero. When not using the combustion engine the
vehicle became less responsive but still managed to handle all
the SWA amplitudes. Fig. 8 shows also how the mechanical
brakes were used during the test procedure. One interesting
observation was that the time constants on the mechanical
brakes must not be too slow in order to successfully allocate
the brakes during the worst SWA 270 degrees. The used time
constant for the mechanical brakes was set to 0.06 s.

Fig. 8. Results for Chassis Ch.A and how the actuators are used by the
ESC. SWA max amplitude was set to 162.5 degrees. The black solid line
corresponds to actual u and the dotted/dashed red and blue lines are the
upper and lower combined limits, respectively.

In Tab. I the responsiveness and stability criteria’s are
studied for all simulated cases for Ch.A. The table shows
that when the ESC is off the first stability criteria is not
fulfilled for SWA 75 degrees. When ESC is on the whole
range of SWA amplitudes demanded by the proposed test
procedure are handled with ease.

Fig. 9. Results with chassis Ch.B and its yaw rate, lateral
acceleration, and sideslip, when ESC is both on and off. SWA max
amplitude varied between 100-150 degrees.

The simulation results from chassis Ch.B verifies the
results from Ch.A. However, Ch.A gave more conservative
results. Fig. 9 and Fig. 10 shows yaw rate, lateral accel-
eration, and side slip for Ch.B. The Ch.B with ESC off
fails one of the stability criteria at SWA 137.5 degrees and
both stability criteria’s at SWA 150 degrees, which is higher



TABLE I
RESULTS OF RESPONSIVENESS AND STABILITY CRITERIA WITH

CHASSIS CH.A AND CH.B.

SWA dy > 1.83m ωz(tCoS=1.0)
ωz,max

≤ 0.35 ωz(tCoS=1.75)
ωz,max

≤ 0.2 ESC
Ch.A

62.5 1.830 0.003 0.002 off
75 2.114 0.464 0.058 off

87.5 2.362 0.987 0.956 off
62.5 1.836 0.003 0.001 on
75 2.108 0.001 0.002 on

87.5 2.319 0.008 0.001 on
100 2.519 0.017 0.004 on

112.5 2.718 0.061 0.017 on
125 2.857 0.066 0.019 on

137.5 2.948 0.060 0.017 on
150 3.007 0.063 0.018 on

162.5 3.075 0.070 0.017 on
200 3.290 0.191 0.022 on
225 3.393 0.171 0.021 on
250 3.461 0.091 0.015 on
270 3.490 0.032 0.009 on

Ch.B
100 2.739 0.002 0.000 off

112.5 2.896 0.009 0.000 off
125 3.022 0.009 0.001 off

137.5 3.122 0.418 0.005 off
150 3.201 1.038 0.380 off
125 2.920 0.004 0.007 on

137.5 3.005 0.031 0.009 on
150 3.076 0.033 0.010 on

162.5 3.128 0.034 0.010 on
200 3.176 0.033 0.010 on
225 3.192 0.033 0.010 on
250 3.205 0.038 0.011 on
270 3.490 0.032 0.012 on

Fig. 10. Results for Chassis Ch.B and its yaw rate, lateral
acceleration, and sideslip, when ESC is on. SWA max amplitude
varied between 162.5-270 degrees.

than what seen with Ch.A, see Tab. I. Ch.B confirms that
the proposed control system pass the criteria’s of the test
procedure for ESC.

VI. CONCLUSIONS

The control allocation based Electronic Stability Control
System passed the proposed test procedure, sine with dwell,
for ESCs. It was found to be critical that the time constant
of the mechanical brakes should be faster than 0.1 s for
successful control allocation when the most extreme steering
wheel angle, 270 degrees, is used. When the time constant
was reduced to 0.06 s then SWA 270 degrees was easily
handled. The test procedure sine with dwell that FMVSS
for ESC suggests has a major drawback. For future vehicles
which may have software controlled steering, the steering

wheel input does not actually mean anything in a physical
aspect, i.e. the input can be manipulated by the software. To
handle future vehicle configurations the input should be given
as desired yaw rate instead or make a cone based manoeuvre
that would trigger the same oversteering behaviour as sine
with dwell.
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