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Improving the Decoding Threshold of Tailbiting Spatially Céegp LDPC
Codes by Energy Shaping

Thomas JerkovitsStudent Member, |IEEE, Gianluigi Liva, Senior Member, IEEE, Alexandre Graell i Amaenior
Member, |EEE

Abstract—We show how the iterative decoding threshold of  In this letter, we investigate an alternative approach that
tailbiting spatially coupled (SC) low-density parity-check (LDPC)  enables large improvements of the BP threshold of TB
code ensembles can be improved over the binary input addity - g_) ppC code ensembles over the binary input additive white
white Gaussian noise channel by allowing the use of differén . . . . .
transmission energies for the codeword bits. We refer to the Gaussian noise (bi-AWGN) channel. The technique, Wh'(?h
proposed approach asenergy gqap”qg We focus on the specia| pl’eserves the rate of the TB SC-LDPC code ensemble, relies
case where the transmission energy of a bit is selected amongon distributing different energies to the codeword bits.réfer
two values, and where a contiguous portion of the codeword to this approach asnergy shaping.! By doing so, different
is transmitted with the largest one. Given these constraid, it religpilities are achieved. The ensemble BP threshsld i

an optimal energy boosting policy is derived by means of S .
protograph extrinsic information transfer analysis. We show that analyzed by means of protograph extrinsic informationsfan

the threshold of tailbiting SC-LDPC code ensembles can be nde  (P-EXIT) [10] analysis. Thanks to its capability of dealing
close to that of terminated code ensembles while avoiding #rate  with VNs associated to channels with different signal-to-

loss (due to termination). The analysis is complemented by bhte  nopise ratio (SNR) [11], we show how, under the restriction
Carlo simulations, which confirm the viability of the approach. of admitting only two energy values, the boosting level and
Index Terms—Convolutional LDPC codes, decoding threshold, the length of the boosted portion can be optimized to attain

spatial coupling, tailbiting codes. the lowest possible threshold for a given TB SC-LDPC code
ensemble.
|. INTRODUCTION The idea of improving the BP threshold of protograph-

T is known that for terminated (TE) spatially coupled lowbased low-density parity-check (LDPC) code ensembles [12]
density parity-check (SC-LDPC) codes [1]-[4] the belieby means of different transmission energies was originally
propagation (BP) threshold of the underlying code ensemlgeoposed in [13]. The approach in [13] performs a VN-by-
approaches the maximum a posteriori (MAP) threshold in théN optimization over the protograph, where the optimizatio
limit of large coupling lengths. When the coupling lengttof the energy allocated to each protograph VN is performed
is moderate or small, the termination (which is necessattyrough a downhill optimization approach. While very geater
to trigger the decoding wave) entails a non negligible rathe approach may become costly for large protographs. $n thi
loss. The rate loss can be avoided by resorting to tailbitingtter, we focus on the simplified case where the transnrissio
(TB) SC-LDPC codes [5]-[7] at the cost of a (potentiallyenergy of a bit can be chosen among two values, and where
large) threshold degradation. In fact, the BP threshold oftlhe largest one is used for the transmission of a contiguous
TB SC-LDPC code ensemble is the same as the one of fation of the codeword. The intuition is that, by localigin
underlying uncoupled code ensemble. Approaches to imprabe energy boost on a contiguous portion of the codeword bits,
the BP decoding threshold of TB SC-LDPC code ensemblgge wave-like decoding effect is triggered. With respedfi&],
were introduced in [5]-[7]. They rely on the possibility ofwhich performs the energy optimization under the assumptio
either mapping a specific portion of the codeword to thihat the decoder adopts a parallel message passing schedule
most reliable bit levels in a bit interleaved coded modolati our approach is specifically tailored to operate with theisg
scheme, or on fixing some of the codeword bits to known vavindow decoding schedule typically employed in SC-LDPC
lues. The latter case, which can be adopted on any binary inpade decoders to reduce the decoding complexity [2].
channel, still entails a rate loss due to the code shortening
Both approaches aim at triggering the wave-like decoding Il. PRELIMINARIES
phenomenon that is at the base of the threshold saturation i . ,
effect. For the case of TE SC-LDPC code ensembles, this js/e consider transmission over the b"AWG.N channel of a
enabled by the stronger protection provided by the terrignat (modulated) codeword: = (xi, .. ., X), wheren IS the block
In [8], a way to mitigate the rate loss is introduced, Whicf'?ngth andx; € {-1,+1}. The channel output is denoted by
relies on appending variable nodes (VNs) with suitable eegry = (Y1 -+ ¥n): where
distributions to the SC-LDPC graph. yi =T +z
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varianceo?. Here, f; > 0 is a parameter proportional to theThe derived graph is the Tanner graph of an LDPC code with

energy used for the transmission xf such that lengthn = NQ. A protograph® can be used to define a
L code ensembl€y,. For a given protograpf?, consider all its
- Z f,=1. (1) possible derived graphs with VNs. The ensembl€y, is the
n4 collection of codes associated to the derived graphs indhe s

We denote the code rate By The average SNR, defined N the following, we consider protograph-based TB
as the ratio between the average energy per information Bt LPPC codes with base matrix in the form

E, and the single-sided noise power spectral denisify is B, 0 0 - By By -+ By
given byy := 1/(2Ro?). We focus on the case where two By Bp 0 --- 0 By --- By
values forf; are allowed. We denote them lhy andf,, with : : : . : : :
fa > fp. The ratiog := f5/f, is r_eferred to adoosting factor. By, By By - 0 0 0
We assume next that for the filsthannel uses the parameter B =

. . 0 By By --- 0 0 - 0
f; is set tofy, whereas for the remaining— ¢ channel uses . ] ] ) ) .
f; = fp. We refer to the parametéras theboosting length, : : : L : : :
and by := ¢/n as thenormalized boosting length. Note that 0O 0 O -+ By By --- 0
for the first £ channel uses the SNR ig = yf; while for 0 0 0 .-+ By By --- By

the remainingn — ¢ channel uses the SNR 4§ = yfo. AlSO, \ith B, = (1 1) and where the number of sub-matricBs
observe that (1) can now be restatediés+ (1 - Ufo = 1. per row/column isd,. Here, N equals2M and it is usually
Hence the transmission parameters are fully specified by thg,

, erred to as the number of spatial positions.
energy shaping parametdis 1). Furthermore, we have that

y = Aya+ -y 2) I11. EXTRINSIC INFORMATION TRANSFERANALYSIS
A. Analysis over Parallel Bi-AWGN Channels

The performance of protograph-based LDPC codes over
= __ 9 Yo = _r (3) parallel channels can be analyzed by the P-EXIT analysis.
g+ (1-2) ¢+ (1-2) Following [11], we consider next the case where the codeword
Note that the parameterg, 1) together with the averagebits corresponding to th&l protograph VNs are transmitted
SNR y are required to determine the SNRg y,. Consider over N parallel bi-AWGN channels. We denote b§-|—>ck
a bi-AWGN channel with SNRy, and denote byC(y) its the mutual information (MI) between the messagé sent at
capacity. For a given paiig, 1), the capacity is iterationi by thej-th VN to thek-th CN and the corresponding
codeword bit. Similarly);' , denotes the MI between the

with va/yp = ¢, which yields

Ya

= — . —V,
Co.aly) = ACHa) + (1 = VCOn) “) message sent at iteratid)rh§y thek-th CN to thej-th VN and
where the dependency ghandy is implicit due to (3). the corresponding codeword bit. We further define the SNR
vectory = (y1,y2...,¥n) With y; = ya if j € [1,AN] and
A. Protograph-Based Spatially Coupled LDPC Codes ;J' =| 7;?1 Ottuzr‘;‘gii'r S-Ii—(t;r? evolution of the M can be tracked by
Here, we consider protograph-based SC-LDPC codes [4fpy g ‘ _ _
In particular, in the following sections we will considerrfo |\E/’k|_>c, =f; (Ig'jofy) Ig’i_)‘,j =fg; ('E}I—@) (5)
simplicity a special class of rate®2 (dy,d.) regular TB
SC-LDPC ensembles, whedg is the VN degree and, = 2d, with £ £ £ Ei
is the check node (CN) degree. A protograph[12] is a l6oy, = (c’1_>vj’ 62—>\/,"-"|6M_>\/j)
small bipartite graph comprising a set®fVNs (also referred 44
to as VN types)}{V;,V,,...,Vny} and a set ofM CNs (i.e., |Ei — (lE,i E,i |Ei )
CN types){Ci,C,,...,Cum}. A VN type V; is connected to a V=G Vi=G? Vo= Gt V=G
CN typeCy by by ; edges. A protograph can be equivalentlyhere by convention we selﬁ;i_)ck _ @_)Vj — 0 if

represented in matrix form by all x N matrix B. The j-

_ v C : —
th column of B is associated to VN typ®; and thek-th be; = 0. In (5)f; - andfy are the variable and check extrinsic

. , . information transfer (EXIT) functions, whose expressiamc
row of B is associated to CN typ€. The (k j) element be found in [11, Sec. IV.A]. We finally introduc™™’ as

of B, by, indicates the number of edges connectiigand o I .
Cy. A larger graph (derived graph) can be obtained fromtge MI between the logarithmic a posteriori probaﬁlhty ®P

) hatio at thej-th VN in thei-th iteration and the corresponding

protograph by applying a copy-and-permute procedure. The .
: : . . codeword bit.

protograph is copied) times Q is commonly referred to
as lifting factor), and the edges of the different copies are . ) i
permuted preserving the original protograph connectivitg B- Achievable Regions for Decoding Convergence
type VN is connected to a typk-CN with by ; edges in the  For a(d,, d;) regular TB SC-LDPC ensemb(&}, and for a
protograph, in the derived graph each tyjpeN is connected pair (¢, 1) we say that the SNR paifya, yp) is achievable
to by ; distinct typej CNs (observe that multiple connectionsinder BP decoding if, for a sufficiently large number of
between a VN and a CN are not allowed in the derived grapliterations and for large, a code picked at random from the



Cy ensemble exhibits (on average) a vanishing small bit error TB

probability, ie. if |JAPP,i converges tol for all J € [1,N] as 16 TR o
i — oo. The region of pairgya, y») for which I°°™ converges --- 8 =065 B
to1forall j € [1,N], asi — oo, is referred to as the achievable 15 Tyt =021dB

region 2(dy, d., 1). Formally,

2(dy, de, 2) 1= {(Ya, Yb) |f'°'°"' > 1LV, i— oo},

Yo

For an arbitrary value ofa, that we denote byZ”, one may 1.2
define the minimum value foy,, that we denote byy.",

such that(yS", ¥PF) is achievable under BP decoding. Note e

that each pai(yZ®,y2") is unequivocally associated witha | 7T
specific boosting factor ag = y57/y5P. The set of pairs el

(va"»ygF), denoted byZ(d,, d., 1), determines the boundary PP IR | I R Tt
of the achievable regiow(d,, d., 1).

MAP

0.8

1.5 1.6 1.7 1.8 1.9 2 2.1
C. Decoding Thresholds Fig. 1. Achievable region for &5, 16) TB SC-LDPC code ensemble with
. N =128 anda =1/8.
The BP decoding thresholg®” of a (d,,d.) regular TB /
SC-LDPC ensemble when a normalized boosting length 2
considered is given by L --- CL1/2)
. ,\,,EP
yBF = _min yBP (1 - /l)yEP). (6) L6
Ya Yy )E
B(dy,de, ) 14

In Fig. 1, a graphical interpretation of (6) is provided. The 1.2
figure displays the achievable regiéi(d,, d., 1) and its boun-
dary 4(d,, d., 1) for a (5,10) ensemble withN = 128 and
A = 1/8. For a givenA, one has to find the straight line 0.8
defined by (2), with minimaly, intersecting the boundary 8P
A(dy, d., 1). For the example in the figure, the minimum is
found aty ~ 0.65 dB, which corresponds tg, ~ 2.89 dB oal
andy, = 0.21 dB, yielding ¢ = 1.85. By optimizing over the | DT R SR DI
normalized boosting length, we finally find

[ dB]

BP = i BP 00 0.1 0.2 0.3 0.4 0.5
Yo = min y;".

2€[0,1] A
Fig. 2 depiCtSyEP as a function of the normalized boostingfg- 2 BP decoding threshold_as a function.bfcompared with the SNR
length for the(5,10) ensemble withN = 128. On the same equired for rateR = 1/2, according o (4).

chart, the average SNR required to achieve a rate equal ji he BP thresholdyBL of the correspondingd,, d.) un-
to 1/2 according to (4) is depicted. The minimum decoding coupled ensemble with UE; ’

threshold is attained fot = 1/8 (with ¢ = 1.85). iii. the BP thresholdy™ of the correspondinggd,, d.) termi-
nated ensemble with UE.
IV. PERFORMANCEANALYSIS The analysis is summarized in Table | for the casédafd,) =

In the following, results for regular TB SC-LDPC codg5,10). The table provides the thresholds for the different
(ensembles) with energy shaping are presented through EXdiisembles, folN = 128, N = 256, and N — oo. For
analysis and Monte Carlo simulations. In both cases, winderge N, the threshold achieved with the proposed approach

wed decoding [2] has been considered. matches the one of th@, 10) terminated ensemble with UE,
We analyze the performance of the proposed scheme $aturating to the MAP threshold of the correspondifid0)
comparing its iterative decoding thresholds with uncoupled ensemble with UE. For moderate-to-smalithe
i. the MAP threshold yMAP of the correspondingd,, d.) proposed approach achieves a larger threshold with respect
uncoupled ensemble with uniform energy (UE); to the terminated case. However, while for the terminated

ensemble the actual coding rate is less thah (it reduces
2The estimate of the MAP threshold is obtained by exploiting threshold 10 0.46875 for N = 128), the proposed scheme keeps the code
saturation effect of SC-LDPC code ensembles [3]. In pdeicwe estimate rate to the nominal rate. The difference in coding gain betwe
the MAP threshold of the uncoupled ensemble by performingExidT . .
analysis of the TE SC-LDPC code ensemble for very laxgand by setting the terminated case and the TB SC-LDPC code ensemble with
yMAP = TE, energy shaping is limited to abo0t16 dB for N = 128,



TABLE | 100
COMPARISON OF DIFFERENT THRESHOLDS FOR THE, 10) SC-LDPC ——CER, ¢ = 1.85, A = 1/8
CODE ENSEMBLE AND DIFFERENTN. o~ BER, ¢ = 1.85,) = 1/8
N | yB-[dB] | y"E [dB] | B [dB] | yMAP [dB] 10! —— CER, uniform energy
128 | 2.00 0.49 0.65 0.21 2 - =~ BER, uniform energy
256 2.00 0.34 0.43 0.21 2 02
0 2.00 0.21 0.21 0.21 £
()
Z 1073
S~
TABLE Il °
COMPARISON OF DIFFERENTSC-LDPCCODE ENSEMBLES AND THEIR g
RESPECTIVE THRESHOLDS FORV = 128 AND OPTIMAL 1.3 < 104
Q
(dy, do) [ vP" [dB] [ y™E(A) [dB] | BP(a) [dB] | ™A [dB] ~
(3, 6) 1.10 0.59(0.47) | 0.60(0.39) 0.45 10-5
(,8) 1.54 0.46(0.37) | 0.54(0.30) 0.25 i
(5, 10) 2.00 0.49(0.43) | 0.65(0.36) 0.21 1o LI (@18, | '
3A is defined as the gap in dB to the corresponding limit accgrdin(4) 1 2 3 4 5

7 [dB]
Fig. 3. BER and CER vs. average SNR fof5al0) TB SC-LDPC code with
N =128 andn = 2!°, with and without energy boosting.

and reduces t9.09 dB for N = 256. The gain with respect
to the uncoupled ensemble threshold excekdsdB for all

cases summarized in Table I. Table Il compares the threShO(le%ditionaI coding gains might be achieved by jointly optimi

achieved by variou@,, d.) ensembles for the case Nf= 128. . -
Remarkably, folN = 128 energy shaping achieves the smallesztIng the protograph ensemble and the shaping parameters.

threshold for thg4, 8) ensemble, with a gain of almo$tdB R CES
over the corresponding block ensemble. This fact has to be EFERENCE
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