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Abstract

We develop a high order cut finite element method for the Stokes problem based

on general inf-sup stable finite element spaces. We focus in particular on compos-

ite meshes consisting of one mesh that overlaps another. The method is based on

a Nitsche formulation of the interface condition together with a stabilization term.
Starting from inf-sup stable spaces on the two meshes, we prove that the resulting
composite method is indeed inf-sup stable and as a consequence optimal a priori error
estimates hold.

Keywords: Interface problem, High order, Stokes problem, Nitsche's method,
Unfitted finite element methods

Background

Introduction

Meshing of complex geometries remains a challenging and time consuming task in engi-
neering applications of the finite element method. There is therefore a demand for finite
element methods based on more flexible mesh constructions. One such flexible mesh
paradigm is the formulation of finite element methods on composite meshes created by
letting several meshes overlap each other. This approach enables using combinations of
meshes for certain parts of a domain and reuse of meshes for complicated parts that may
have been difficult and time consuming to construct.

We consider the case of a composite mesh consisting of one mesh that overlaps
another mesh which together provide a mesh of the computational domain of interest.
This results in some elements on one mesh having an intersection with one or several
elements on the boundary of the other mesh. We denote such elements by cut elements.
The interface conditions on these cut elements are enforced weakly and consistently
using Nitsche’s method [1].

In this setting [2] first developed and analyzed a composite mesh method for elliptic
second order problem based on Nitsche’s method. In [3], this approach was extended to
the Stokes problem using suitable stabilization to ensure inf-sup stability of the method.
Implementation aspects were discussed in detail in [4]. In [5] a related cut finite element
method for a Stokes interface problem based on the P1-iso-P2 element was developed
and analyzed.
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Composite mesh techniques using domain decomposition are often called chimera,
see for example [6, 7] for uses in a finite difference setting or [8] in a finite element set-
ting. The extended finite element method (XFEM) also provides composite mesh han-
dling techniques, see for example [9, 10]. However, the Nitsche method approach using
cut elements used in this work makes it possible to obtain a consistent and stable formu-
lation while maintaining the conditioning of the algebraic system for both conforming
and non-conforming high order finite elements.

In this paper, we consider Stokes flow and devise a method based on a stabilized
Nitsche formulation for enforcement of the interface conditions at the border between
the two meshes. A specific feature is that we only assume that we have inf-sup stable
spaces on the two meshes and that the spaces consist of polynomials. We can then show
that our stabilized Nitsche formulation satisfies an inf-sup condition and as a conse-
quence optimal order a priori error estimates hold. We emphasize that the spaces are
arbitrary and can be different on the two meshes, in particular, continuous or discontin-
uous pressure spaces as well as higher order spaces can be used. We present numerical
results for higher order Taylor-Hood elements in two and three spatial dimensions that
confirm our theoretical results.

The outline of the paper is as follows: First we review the Stokes problem. Then the
finite element method is presented by first defining the composite mesh and introducing
finite element spaces. The method is then analyzed where the inf-sup condition is the
main result. Finally we present the numerical results and the conclusions.

The Stokes problem
In this section, we review the Stokes problem and state its standard weak formulation.
We also introduce some basic notation.

Strong form
Let 2 be a polygonal domain in R? with boundary 8$2. The Stokes problem takes the
form: Find the velocity z : @ — R? and pressure p : 2 — R such that

—Au+Vp=f in ©, (D
divue =0 in , ()
u=0 on 9L, 3)

where f : Q@ — R?is a given right-hand side.

Weak form
As usual, let H%(£2) denote the standard Sobolev space of order s > 0 on Q with norm
denoted by | - ||s() and semi-norm denoted by | - |is(q). Let L2(2) denote the L2-norm
on 2 with norm denoted by|| - ||a. The corresponding inner products are labeled accord-
ingly. We will also use the notation x < y to denote the inequality x < Cy, where C is a
constant. The corresponding inequality x 2> y is defined accordingly.

Introducing the spaces

V = [Hy ()1, @)
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Q=lge’@: [ qax=0), )
with norms ||Dv|qg = |[v ® Vg and ||g|lq, the weak form of (1) and (2) reads: Find
(u,p) € V x Q such that

a(u,v) +bw,q) +bp,v)=I1v) Yv,q €VxQ, (6)

where the forms are defined by

a(u,v) = (Du,Dv)q, 7
b(u,q) = —(divu,q)q (8)
lv) =(f,v)q. 9

Remark 1 'We obtain the variational problem (6) by formally multiplying (1) by a test
function v and (2) by a test function —q.

It is then possible to show that the inf-sup condition

b(v,q) (divv, q)
llglle S sup =sup ———
vev IDvlg  vev 1DV

€Q (10)

holds, from which it follows that there exists a unique solution to (6). See [11] for further
details.

Method

The composite mesh

We here present the concepts and notation of the domains and meshes used. The main
idea is to introduce a background domain which is partially overlapped by another
domain (the overlapping domain). For each of these domains, we mimic the setup of a
traditional finite element method in the sense that each domain is equipped with a tra-
ditional finite element mesh. The two meshes are completely unrelated. In particular, the
interface between the two meshes is determined by the overlapping domain and is not
required to match or align with the triangulation of the background domain.

The composite domain
Let the predomains QCQi=01 be polygonal subdomains of £ in R? such that
SAZO U SAZl = ; see Fig. 1. Consider the partition

Q=Q0UQ, Q=\Q, =2, (11)

and letI" = 9Q21\9< be the interface between the overlapping domain 2; and the under-
lying domain Qq; see Fig. 1. We make the basic assumption that each €2;, i = 0,1, has a
nonempty interior. We note that implies that there exists a nonempty open set U € Q
such that I’ N U # @ (The set U plays an important role in the proof of Lemma 4 below).
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~1 T
) 0 ) Q=0
Fig. 1 The domains ﬁ, and the subdomains €; (all shaded) sharing the interface I

The composite mesh
Fori=0,1, let /Eh,,. be a quasi-uniform mesh on Q; with mesh parameter / € (0, 4] and
let

Kpi = (K € Kp; - KNQ; # 0) (12)

be the submesh consisting of elements that intersect €2; see Fig. 2. Note that
includes elements that partially intersect 2;. We also introduce the notation

o= |J k. 13

KEK:;,J'

Note that 21 = 1 and Qo C Qy,0; see Fig. 3.
We obtain a partition of 2 by intersecting the elements with the subdomains:

1 1
UKnini = JIKnQi: K e Kyl (14)
i=0 i=0

See also Fig. 2.

= il @
Ko Kna Kno Kni1=Kpa
Fig. 2 The meshes /Eh,, and ICp; of the corresponding domains € and Q5. Note that T is not aligned with
Kho

Fig. 3 The domains €2y, (shaded)
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Finite element formulation

In this section, we present the finite element method for approximating the weak form
(6). Some notation will be introduced, but the main idea is to assume we have inf-sup
stable spaces in each of the subdomains away from the interface. Then we are able to for-
mulate a method similar to [2] and [3].

Finite element spaces

For each of the predomains Q; with correspondmg family of meshes ICh ; we consider
velocity and pressure finite element spaces Vhl X Qh ;- The spaces do not contain bound-
ary or interface conditions since these will be enforced by the finite element formulation.
We define

Vii X Qi = Viile,, X Qnuiley,» (15)

where i = 0, 1 and define

1
Vi x Qu =P Vii x Qui- (16)

i=0

Note that since the domains €2;,; overlap each other, V}, x Qy, is to be understood as a
collection of function spaces on the overlapping patches €2, ;, i = 0, 1. Using the notation
Ly (x) to denote the average of x over the domain Y, we now make the following funda-
mental assumptions on these spaces:

Assumption A (Piecewise polynomial spaces) The finite element spaces V}, and Qy, con-
sist of piecewise polynomials of uniformly bounded degree k and /, respectively.

Assumption B (Inf-sup stability) The finite element spaces are inf-sup stable restricted
to a domain bounded away from the interface. More precisely, we assume that fori = 0, 1
and / € (0, i] there is a domain wy,; C ; such that:

(a) The set wy,; is a union of elements in Ky, ; see Fig. 4.
(b) The inf-sup condition

(divv, p)wy,;
il = Zaog; (Pl < SUP —

17
vew, 1DVl (17

— I

who  wWh1 =1

Fig. 4 The domains wy,; (shaded) where inf-sup stability is assumed. Note that I is outside wp
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holds, where W}, ; is the subspace of V}, ; defined by
Wio={veVi:v=0 on Qo\wno}
W1 = Vi1

(c) The set wyy is close to Qg in the sense that

Quo\wpo C Us(T'), 8§~ h,

(18)

(19)

(20)

where Us(T') = {x € R? : |p(x)| < 8} is the tubular neighborhood of I with thick-

ness 4.

Remark 2 The assumptions presented ensure that the polynomial spaces are such that

certain inverse inequalities hold. More generally, inverse inequalities hold if there is a

finite set of finite dimensional reference spaces used to construct the element spaces.

The use of the interpolant in the proof of Lemma 4 could alternatively be handled using

an abstract approximation property assumption.

Finite element method
We consider the finite element method: Find (u#, pj,) € Vj, x Qp such that

Ah((uh!ph), (v, q)) = lh(V) v, q) € Vh X Qh’
where the forms are defined by

Ay((u,p), v, ) = ap(u,v) + by, (u, q) + by, (v, p) + d,((u, p), (v, q)),

ap(u,v) = apn W, v) + apou,v),
apn(u,v) = (Du,Dv)q, + (Du,Dv)gq,

— ({(Dw) - m), [vD)r — ([ul, (Dv) - m)r
+ B~ ([u], VD,

an,o(,v) = ([Du], [Dv])q, ;ne;»

by(u,q) = —(divy, q)o, — (dive, 9) o, + ([n - ul, (9))r,

dp(,p), (v, @) = W*(Au — Vp, Av + V), 0\opo-

L) = (f, V) — B2 (f, AV + V) o, 0\wp0-

1)

(22)

(23)

(24)

(25)

(26)

27)

(28)

Here, n is the unit normal to I" exterior to £2;. Denoting the restriction of v to 2; by

vi =vlg, [Vl =v1 — v is called the jump and (v) = (vo +v1)/2 is called the aver-

age. (Any convex combination for the average is valid [2].) The parameter g > 0 is the

Nitsche parameter and must be sufficiently large (see for example [2]) and scales as k?,

Page 6 of 23
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where k is the polynomial degree. Furthermore, / is the representative mesh size of the
quasi-uniform mesh. In a practical implementation, / is evaluated as the local element
size.

A comment on the respective terms may be clarifying:

+ apy (and the last term in by) contains the standard Nitsche formulation of (6) to
enforce continuity over the interface. This is similar to an interior penalty discontinu-
ous Galerkin method [12].

+ ayp is a stabilization of the jump of the gradients across I' (see [3]). This term is
to avoid ill-conditioning when the intersection of an element and the domain is
small.

o dj (and the last term in [;) stabilizes the method since we do not assume inf-sup sta-
bility in all of 2. This least-squares type of stabilization is commonly found in low-
order methods, see e.g. [13] for more details.

By simple inspection, we note that the method is consistent. We conclude by noting

that the method satisfies the Galerkin orthogonality.

Proposition 1 (Galerkin orthogonality) Let (u,p) € V x Q be a weak solution to the
formulation (6) and let (uy, py) € Vi x Qy, be the solution to the finite element formula-
tion (21). Then it holds

Ap((m,p) — @ppn), Vinqn)) =0 Y (Vi qp) € Vi X Q. (29)

Proof The result follows from [2] and noting that aj, o(u, vy,) = dy((u, p), vy, q)) =0
for all (v, q1) € Vi, X Qp. O

Approximation properties
We assume that there is an interpolation operator mj,; : V() — Vp,;, for i = 0,1,
where V;(2;,;) C [LZ(Qh,i)]d is a space of sufficient regularity to define the interpolant.
For Taylor-Hood elements, we take mj; to be the Scott-Zhang interpolation opera-
tor [14], and V;(€2y,;) = [LZ(Qh,,')]d. For other elements we refer to their corresponding
papers, for example the Crouzeix-Raviart element [15], the Mini element [16], or the
overviews in [13] or [17].

The full interpolation operator ;, : V— V), can now be defined by the use of a linear
extension operator E : [Hs(wh'o)]d — [HS(QhYO)]d, s > 0, such that (Ev)|,,, = vand

IEVIHs @400 S VIS @0)- (30)
Now, ), : V— Vj,is defined by
T = wp0Eve @ mp vy (31)

A similar argument can be made to define the pressure interpolation operator

7y Q = Qp

Furthermore, we assume that the following standard interpolation estimate holds:

lv = mvllamao S HT " W g, m=01,...,k (32)
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Here, in the case of a Scott-Zhang interpolation operator, K is the patch of elements

sharing a vertex with element K.

Stability and convergence

In this section, we prove that the finite element method proposed in (21) is stable. This
is done by first proving the coercivity and continuity of a; defined in (23), followed by
proving that by, defined in (26) satisfies the inf-sup condition. Combining these results
proves stability of Aj. This strategy is similar to what can be found in [3] and [5]. In
particular, Verfiirth’s trick [18] is used to prove inf-sup stability. For a general overview
of the saddle point theory used, see [11, 13, 17]. We conclude the section by proving an

a priori error estimate. Before we begin, we state appropriate norms.

Norms
In the analysis that follows, we shall use the following norms:

1

I = IDvillg,, + DY) - mlif + HHIIE, v eV, (33)
i=0
1

gy = lgilg,, € Qu (34)
i=0

@, Il = Il + llgll;,  (v,q) € Vi x Q. (35)

Interpolation estimates
Using (32) together with the trace inequality ||V||%m< < h_1||1/||12< + h||Vv||12<, we obtain
the following interpolation estimate forv € V:

v = vl < HE Yl e - (36)
See [2] for a proof. For the pressure p, we have

lp = 7pln S HH W g (37)

Coercivity and continuity
Establishing coercivity and continuity of a, is straightforward and similar to [2].

Lemma 1l (Coercivity of ay) The bilinear form ay, (23) is coercive:
VI S anv,v) Vv eV, (38)

Proof Note that the overlap term ay, o provides the control
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1
2 2 2 2
D IDviR,, = IDvolig, o, + IDVOlIG, a0, + IDV11IS,,
i=0

2 2 2
S IDvoll3, e + 1D — VDI, g, + IDVIIE,
1

<> IDVI, + ano,v), (39)
i=0

where we have used that €2;,0\21 = Qo and €2;,0 N Q1 C 21 as described in the section
on the composite mesh above. We also note that for each element K that intersects an
interface segment I' we have the inverse bound

hl|(Dv) - nlgqr S IDVIE (40)

independent of the particular position of the intersection between K and I' (see [2]).
Combining these two estimates with the standard approach to establish coercivity of a
Nitsche method (see for example [2]) immediately gives the desired estimate. O

Lemma 2 (Continuity of ay) The bilinear form ay, (23) is continuous:
apw,w) S IVIIkllwllly Yv,w e V. (41)

Proof A proof in absence of aj, ¢ is found in [2]. Bounding ay, ¢ is straightforward using
the Cauchy-Schwarz inequality and the fact that [|[Dw|l,; < [I/wll|, for any w € V}, and
i=0,1 O

Stability

Showing stability of the proposed finite element method involves several steps. First we
show a preliminary stability estimate for Aj (21). Then the so called small inf-sup condi-
tion for by, (26) is shown using a decomposition of the pressure space into L? orthogonal
components. For each of these components we show that an inf-sup condition holds.
This is then used to show the big inf-sup condition for Ay,

Lemma 3 (Preliminary stability estimate for Ay) It holds

el 11 + B2 IVPIG, iy < Wl + B2 A% = VPIG, \op,
< A, p), (u,—p)). (42)

Proof Recall the inverse estimate

¥l ey < CH Il (43)

(see [19], Section 4.5) where m,[ € Z*, K € Kj,; and v € V},. The first estimate in the
lemma follows by adding and subtracting A, using the triangle inequality and (43) as
follows:

W |Vpl% < K| Vp — Aullz + K| Aullk
S I2||Vp — Aull + | Dullk, (44)



Johansson et al. Adv. Model. and Simul. in Eng. Sci. (2015) 2:24 Page 10 of 23

for each element K € K;,;. The second estimate follows immediately using coercivity
(38) since

Ay((u, p), (u, —p)) = ap(u,u) + d,(u, p), (u, —p))
= ay(u,u) + B> |Vp — Aully, o)

Z ullly + K 1VD = Auld, o (45)

The pressure space can be written as the following L2-orthogonal decomposition:
QR=Q® Q& (46)

where Q. is the space of piecewise constant functions on the partition {Q,’}}=0 of Q with
average zero over 2 and Q; is the space of L? functions with average zero over ;. We
next show inf-sup conditions for Q. and Qp. Recall that the inf-sup condition for Q is
already established by Assumption B.

Lemma 4 (Inf-sup for Q;) For each q € Q. there exists aw, € Vy, with|||w¢|ll; = llq|lx
such that

lgll < bu(we, q), (47)

where the bound is uniform w.r.t. q.

Proof We first note that Q. is a one-dimensional vector space spanned by

_[1907 i, A
X=) 21 in Q. (48)
and that we have the identities
Ixld =127 + 1207 = —1a™ + 120 = —lxl3 (49)

Second, we note that since ¢ and €2; are nonempty, there exists a nonempty open set
U C Qsuch that T’ N U # @. Let now x9 € I' N U be a point on the interface I' and let
BRr(x0) be a ball of radius R centered at x¢ as in Fig. 5. The radius R is chosen such that
Br(x0) C U independently of the mesh size /.

Now, let y = T" N Br(xp) and note that on y, both the interface normal # and the jump
[x]are constant [In fact, [ x]is constant on the entire interface, see (49)].

To construct the test function w, € Q., we let ¢ be a smooth nonnegative function
compactly supported on Br(xo) such that ¢ =1 on Bg/2(x0), and take v(x) = cp(x)n,
where ¢ is a constant to be chosen. We then have the identity

(m-v),[xDy = ((n-com), [xD)y = —cly| I x[1% (50)
Choosing ¢ = ||~ we obtain
(v}, [xDy = =lxlg. (51)

Integrating by parts and recalling that x is constant on each subdomain ;, i = 0, 1, it fol-
lows that this construction of v leads to the identity
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. Br(zo)

()

Fig.5 The ball Bg(xp) c T NU

b, x) = —((m-v),[xDy = x5 (52)

Now, let w = m,v € V), It follows that

by(w, x) = by (v, x) + by(w — v, x)
= lxlg — (- (w =), [xDy
= xlI& — c((mne — @), [xD)y
> |lx 1§ — cChllxII%
2 IxlI%. (53)

The last inequality holds for all 4 € (0, 4] with & sufficiently small. (Note that the con-
stants ¢ and C do not depend on g). The first inequality follows by noting that

|(mne — @), XDy | < 1 (mne — o)y 10y
= Il(mne — @)lly 1y V211Xl
S = @l ey 1700 = @lly1re oy X1
S h(IVellBeere) + 1 A¢ 1 Bacao) ) X I
S hllx I (54)

Here we have first used the Cauchy-Schwarz inequality, then a trace inequality on
Br(x0) and the second identity of (49) to replace |[x]| by || x |le , then an inequality of
the type ab < a® + b? and the interpolation estimate (32), and finally the estimate
01l 2B (xg)) S L which holds since ¢ is a fixed compactly supported smooth function.

Finally, given g € Q,, we may write g = ¢; x for some ¢; > 0. (If c; < 0, we may rede-
fine x). Taking w, = cow, where ¢ > 0 is chosen such that|||w,|||;, = ||| we have

by(we, q) = c1caby(w, x)

2
2 cieallxlla

Vv

2
acllxlly,

() )
o gl

Vv

g7 (55)

where we used the fact that || x ||, < || |lq which holds since x is piecewise constant and
12,0 \ Q0| < AIT| < 1, and the identities c; = [lgll4/ll x le and c2 = llg|l4/Il|w]]|; to con-
clude that ¢y /ca = [|Iwlln/llx |le ~ 1, since w and x are both fixed functions. O
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Remark 3 We may generalize the proof to a more general assumption on the inter-
face between the overlapping domain €21 and underlying domain ¢ as follows. Con-
sider the situation where the interface I' is piecewise smooth and for each value of the
mesh parameter /, 2 j is a polygonal domain consisting of shape regular tetrahedra that
approximates 21 in such a way that the resulting surface mesh on 9€2; ; interpolates 9<2;.
Then for each value of # we obtain a piecewise linear interface I'y, with unit normal ny,
approximating the piecewise smooth interfaceI.

Let xp € I' and assume that xy and R are chosen such that y = Br(xg) N T is smooth.
We define v(x) = co(x)n(xo) and, instead of (51), we obtain

(mp - v), [x Dy, = —clyulmy, - nxo) I x 115 (56)

where y;, = Br(xo) N I'. With our assumptions we find that for R and h small enough,
there are constants ¢, ¢y > 0 such that

lynl = c1, ny(x) - n(x0) > 2 Vx € yu, Yh € (0, hol (57)
In fact|yy,| — |y|ash — 0, and if we for each x € y, let p(x) be the closest point on T we
have

n,(x) - n(xo) = (n(x) — n(px))) - n(xo) + n(p(x)) - n(xo) (58)

where the first term tends to zero as / tends to zero and the second is positive for a suffi-
ciently small R, since the curvature is bounded and therefore the normal varies continu-
ously with the distance from x(. Choosing the constant ¢ = 1/(c;i¢2) in (56), we obtain

—((my - ), [x D)y = clynlny - n@xo) I x 13 = ccrcallx iy > lx 1% (59)

The proof may now be continued in the same fashion as for fixed polygonal domains.

Lemma 5 (Inf-sup for Qo) For each q € Qo there exists a w € Wy C Vo with
1DWllw,o = 1g = 2wy (@ lw,, such that

lg = 220 @&, = B IV G, \ey S b6 WD), (60)
where the bound is uniform w.r.t. q.

Proof Recall the definitions of W), g and 4,

can change the average from g, (q) to 44, ,(q) using the following estimates:

from Assumption B. We first show that we

||6I - ;LQO (4) ”Qh,O = ”q - )"a)h,o (q)”Qh,o + ”lla)h‘o (q) - ;"QO (q)”Qh‘o
= ”q - )"a)h’o (Q)”th + ”/IQQ (;“wh’o (q) - LI)”SZ;,,O
SN = Jao @ lly,00 (61)

where we first added and subtracted )Lwhyo (g) and used the triangle inequality, then used
the identity 4, (q) = 4q,(Lw,,(q)), which holds since ig, is an average, and finally we
used the LZ(Qh,O) stability | 1o, (v)| < [[vlle,, of the average operator.
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Next we have the estimate
gl < llgl3,, +H1VallS, e, Y4 € Qo (62)

which follows by first observing that this inverse inequality holds:

lalf, S K IValk, +hllalz, (63)
lgl%, < H*IVqlE, + lalZ,, (64)

where Kj and K3 are two neighboring elements sharing the face Fj. Then, starting with
a)2,0 = wp,0, we define a sequence of sets wj; (, n = 1,2, ... consisting of the union of a)%l
and all elements K C Qh,o\w%1 that share a face with an element in w%l. It then fol-
lows from (64) that
2 < a2 2 2 _

912y, < a2y +HIVGIZ, ot n=12 ©5)
Using the assumption that wj, g is close to ¢ (20) together with shape regularity and
quasi-uniformity of the mesh we conclude that wj, = Q0 for some n < C for all
h € (0, h] where the constant is independent of /. Now (62) follows from a uniformly

bounded number of iterations of (65).
Combining (61) with (62), we obtain

19 = 200 @y 519 = Zanp @y,
S g = 2y @12, + H VG, v
S biwo, @) + F* IV, 0\, (66)

where we used the fact that V4., ,(g) = 0 and at last the inf-sup condition (17) to choose

awo € Wj,o with [DWollw,e = 19 = Za,g ()l Such that by (wo, q) = 1g — fa, (D13,
O
We now combine the inf-sup estimates for Q. and Qg to prove an inf-sup estimate for

Qun

Lemma 6 (Small inf-sup) There are constants C > 0 and m > 0 such that for each
q € Qy there existsaw € Vywith|||w|||l, = |qll, such that

mllqll; — CH 1V qoligy, g\wye < b1 @), (67)
where the bound is uniform w.r.t. q.

Proof Take w, as in Lemma 4, wo as in Lemma 5 and w; € Wj,;. Consider
the test function w = 8w, + wo+ w; where §; >0 is a parameter. By writing
gd=4qc+q0+q1 € Qc® Qo ® Q1, we have
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by(Siwe +wo +wi,q) = 81by(We, qc) + 816y, (we, qo) + 816, (W, q1)
+ by (wo, qc) +by(wo, qo0) + by (wo, q1)
N—— ——

-0 -0
+ by (w1, 4c) + b (w1, q0) +by(w1, q1)
—_——— N——
-0 -0

> Simell el — 11bu(We, 40)| — 811bp(We, q1))
+moliqo — 22, (@0) 11, — CH 1V G011, vy

+millgr — A, (@13,
= %. (68)

Note that b,(w;,q.) = 0, i = 0, 1. This follows from integration by parts since g, € Q,,
which is piecewise constant, and since w; € W}, ;, which is zero on the boundary. The
second term and third terms on the right-hand side can be estimated as follows

811bp(we, qi)| = 811bp(we, qi — 2,,,(qi)|
S S1llDwelley,; g — 22, (@) |,
S Sllgclley, lgi — 2 (g ey,
<8785 gely + 8allgi — Ao, ()1, (69)

where i=0,1 and & >0 is a parameter. Here we have used the bound
ldivv|| < ||[Dv|, the definition of w, from Lemma 4 and Young’s inequality
ab < €a® + (4¢)"1b% < €a® + € 1b2 which holds for any € > 0. Continuing from (68),
we use (69) to obtain

1
* = 1 (me = Co187" ) eI} + D 0mi — Co2) i — 7, (a0,
i=0

2 2
— Ch ||Vq0||9h,o\wh,0

1
2 m( lgely + > llg' — i @I5,, ) — K1V 90113, 0\
i=0

= llglln (70)

where we first choose 83 sufficiently small and then §; sufficiently small to ensure that the
two first terms are positive.

Finally, we note that by construction

1
2 2 2
Hwllly < Hlwellly + E Hw:lllj,
i=0

1
2 2
= ligelly; + > laillg,,
i=0

= llqlI3 (71)

and thus |[|w|||; < llq]ls- The desired result now follows by setting w = ||g|l,(w/|||w|||5),
which gives

Page 14 of 23
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g lln

TRl (72)
2 bhw,q).
O
Proposition 2  (Big inf-sup) It holds
N@p)llln S sup An), v.4)), (73)

waevixQ, N DIk

Proof Given p € Qy, take w € V), as in Lemma 6. First note that for dj, we have the
estimate

|d (s, p), W, 0)| S K| At — VPl g\ | AWl 2 0\0n0
S (Il Aulle,g\on + 1V 20000 ) | AWl 20\
5 (”Du”Qh,O\wh,o + h”VP”Qh,o\wh,O) ”Dw”Qh,O\(Uh,O

N 527l (”Du”éh,o\wh,o + hZHVp”%Zh,o\who) + 82”Dw”éh,0\wh,0

< 05 (sl + H2 1P vy ) + S21P13, -

where we have used the Cauchy-Schwarz inequality, the triangle inequality, the inverse
estimate (43), the definition of the energy norm (33) and the definition of w in Lemma 6.
Next for §; > 0 we have

Ap((u,p), (w, —p) + 81(w,0)) = Ay ((u, p), (u, —p))
+ 81 (ah(u, w) + by(w, p) + dy((u, p), (w, 0)))
2 sl + HUVP 1, oo
A CRICIRT )
+01 (11 = P1VP1, 0, )
= 8185 (I} + 21PN, 10, ) — B18210015
2 (1-cosy ) el + (1 - €818, 219pI, 0

+81(1 = C&)lIpllj, (75)
where we have used Lemmas 3, 2, 6 as well as (74). Choosing first §, sufficiently small
and then §; sufficiently small, we arrive at the estimate

@7 = ulll} + Il

76
< Ap((u,p), (w, —p) + 81(w,0)) (76)

We now note that

Page 15 of 23
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1@+ 81w, —p)|117 = |l + w7 + I3
< a7 + sullwlll; + lipll;
S lulll? + lipla

= ||, p)I|13. (77)

and thus the desired estimate (73) follows since

Ap((u,p), (u+ 51w, —p))

A2
()1
< An(@,p), (u + 81w, —p))‘
~ A+ 1w, —p)llIn (78)

A priori error estimate
In this section we use the approximation properties of the finite element spaces to show
that the proposed method is optimal.

Theorem 1 It holds

11t p) = Gt o)l S HE el g ) + 120 0)- (79)

Proof By the triangle inequality we have

@ p) — @ i)l S 1@ p) — st Tpp) |+ 11 (e, wp) — @ p) i (80)

From the approximation property (36), we obtain an optimal estimate of the first term.
To show an optimal estimate for the second term we recall the big inf-sup estimate
Proposition 2

(7 pt, wp) — (s p)|| i S An((T 1, wpp) — (g 1)y Vi qn))

= Ap(( i, D) — (1), Vi 1)) @)

where we have used a pair (v, g;,) such that |||(vj, gn)|llx < 1in the inequality and the
Galerkin orthogonality (29) to obtain the equality. The terms in Ay, (22) may now be esti-
mated individually. The optimal estimate for a, (23) follows immediately from continuity
(41). For by, (u — myu, q;,) (26) we have

1 1/2
by — 7, q1)| S <Z 1div (et — m20) 1y, | gnll, + T - (e — wpe)]IF ||<qh>||%>
i=0

_ 172
S (1D = w1 00, 101y, + (N = sl )l

< (1 =yl Bl + hllle = mpae | Fllanli2)
(82)
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where we have used the Cauchy-Schwarz inequality in the first two inequalities and the
definition of the energy norm (33) in the last inequality. Using a similar argument we
obtain the following estimate for by, (vy, p — mpp):

1br (v p — 7012) | S valllnlle — mnplin (83)

(see [3]). Finally, we estimate dj, to obtain

1
dn(( — 7y, p — mpp), Vi qi)) S W (||A<u — ) [, \ oo + IV P — nhp)néh,o\%) /
1/
X (18VkI3, g\ + 19512, 01010 )
1/
< (1D = 7012 10, + 12 = T8I 101
1/
% (IDV 1, 00 + 1912, 10,0)
< (= st + 1o = ml) " (1wl + i)

2 2 1/2
= (1 = mpaell} + o = 7l ) 11 m @)l 84)

where we have used the Cauchy-Schwarz inequality, the triangle inequality, the inverse
estimate (43), the definition of the energy norm (33) and at last the definition of the full
triple norm (35). The a priori estimate now follows from the interpolation estimates (32)
and (36). O

Results and discussion

Numerical results

To illustrate the proposed method, we here present convergence tests in 2D and 3D as
well as a more challenging problem simulating flow around a 3D propeller. The numeri-
cal results are performed using FEniCS [20, 21], which is a collection of free software for
automated, efficient solution of differential equations. The algorithms used in this work
are implemented as part of the “multimesh” functionality present in the development
version of FEniCS and will be part of the upcoming release of FEniCS 1.6 in 2015. The
interfaces are assumed to be piecewise planar and we compute the integrals using the
techniques from [4]. Curved interfaces will be addressed in future releases. We believe
that the method will still be optimal in the case of curved interfaces as long as one can
compute the integrals with sufficient accuracy, for example using an isoparametric map-
ping of the quadrature points.

Convergence test

As a first test case, we consider Stokes flow in the domain Q = [0,1]%, d = 2,3, with
homogeneous Dirichlet boundary conditions for the velocity (no-slip) on the boundary.
For d = 2, the exact solution is given by

u(x,y) = 2m sin(mwx) sin(wry) - (cos(mwy) sin(mwx), — cos(wx) sin(mwy)), (85)

px,y) = sin(2mx) sin(2mwy), (86)

with corresponding right-hand side
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. sin(2ry)(cos(2wx) — 212 cos(2mx) + 2)
f(xy) =2m <sin(27rx)(cos(27ty) + 272 cos(2my) — 7). (87)
For d = 3, the exact solution is
u(x,y,z) = sin(wy) sin(wz) - (1, —sin(wry) cos(mwz), sin(mwz) cos(wy)), (88)
p(x,y,z) = 7 cos(mx), (89)
with corresponding right-hand side
sin(mry) sin(mwz) — sin(wx)
f(x,9,2) =n?| sin(2rz)(2cos(2my) — 1)
sin(27y)(1 — 2 cos(2mz) (90)

In both cases, the velocity field is divergence free and the right-hand side has been cho-
sen to match the given exact solutions. We let the overlapping domain 21 be a d—dimen-
sional cube centered in the center of Q2 with side length 0.246246 rotated 37° along the
z-axis. For d = 3, Q; is rotated the same angle along the y-axis as well. The domains €;
are illustrated in Fig. 6.

The discrete spaces are Py—P;_; Taylor—-Hood finite element spaces with continu-
ous piecewise vector-valued polynomials of degree k > 2 discretizing the velocity and
discontinuous scalar polynomials of degree / = k — 1 discretizing the pressure. These
spaces are inf-sup stable on the uncut elements of the background mesh discretizing Qg
and on the whole of Q; and therefore satisfy Assumption B. The linear systems are solved
using the direct solver MUMPS, which can be called from FEniCS.

Figures 7 and 8 show the convergence of the error in the H;- and Ly-norms in 2D and
3D respectively. Optimal order of convergence is obtained, although limited computer
memory resources prevented a study for higher degrees than k = 3 in 3D. Note that in
this method, the degrees of freedom in the elements in X o N I" are doubled. Therefore,
the total number of degrees of freedom are for this problem comparable to a standard
method. In the convergence plots, results for small mesh sizes, roughly corresponding to
errors below 10~/ have been removed because errors could not be reliably estimated due
to numerical round-off errors in the numerical integration close to the cut cell boundary.

We have not investigated these numerical errors in detail but note that these error
norms are notoriously sensitive to compute for small errors and high order. They involve
computing an integral of the square of the error, which can be very sensitive to round-off
errors since the square (z — uy)? expands to (u? + ui) — 2uuy, resulting in the subtrac-
tion of two “large” numbers of similar size. The computation is also sensitive to how the
exact analytic solution is interpolated into a finite element (of a higher order). For this
reason, FEniCS provides a particular function called errornorm, which works around
this challenge interpolating u and u;, into a common higher order function space’. How-
ever, this functionality is not yet supported for the multimesh implementation, so the

challenge of large round-off errors in the numerical evaluation of norms remains.

! See https://bitbucket.org/fenics-project/dolfin/raw/d50bf5ab9bb7c282b68c5d3c265be2660feddel19/site-packages/dolfin/
fem/norms.py for details.


https://bitbucket.org/fenics-project/dolfin/raw/d50bf5ab9bb7c282b68c5d3c265be2660fedde19/site-packages/dolfin/fem/norms.py
https://bitbucket.org/fenics-project/dolfin/raw/d50bf5ab9bb7c282b68c5d3c265be2660fedde19/site-packages/dolfin/fem/norms.py
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Fig. 6 Location of the overlapping domain in the background mesh. The domain 21is placed in the center
of Q and rotated along the z-axis in 2D (left) and along the y- and z-axes in 3D (right)

100 L’ norm convergence in 2D 10! HJ norm convergence in 2D
T T T T
°
10t} » 10° el
’ JOL I
" 10t | r P
107 | At s JEA
L] - a i
o~ 107 | . g A
100 W o /f o e
« ’ , e~ & I
‘/ Lt 107 L " > 44
10* b - - - .
o« o & 4 ¢ . /‘
e , ’ 10 | o W
S e ' P Pl 4
oy W s 3 ol = A
) o . 10 z ,
10° N , A o Pe
i //"‘ e 10% | I ]
; - b A & @ k=2 p=310 .k e @ k=2,p=199
107 o w7 o dmom k=3 p=d14Q 107 F a " B m k=3 p=304]]
B R T, a a4 A A k=4,p=503 A A k=4,p=4.00
10° L L 10® H i
10° 10° 10" 10° 10° 10° 10" 10°

Fig. 7 Convergence results, 2D. A rotated square is embedded in the unit square background mesh. Results
in L2 (left) and H{ (right) norms

Condition numbers
For a numerical study of the algebraic conditioning of the system, we recall the defini-

tion of the condition number of a matrix A

Omax(A)

A= @)

O
where 0,42 (A) and 0y, (A) are the maximum and minimum singular values of A. Since
the discrete pressure is only determined up to a constant here, the system matrix A will
have one zero singular value. To this end, we take the second smallest singular value
when computing the condition number in (91).

There are two issues that need to be address regarding the conditioning of system
matrices of interface problems. First, k should be optimal, i.e. « < 472 (see [3]). Second,
the condition number should be essentially independent of the location of the interface.
Figure 9 illustrate these properties for the 2D model problem and k = 2. Optimal order
of convergence is obtained by performing uniform refinement of the two meshes for var-
ious values of the Nitsche parameter g (cf. (25)). To investigate the second issue, we set



Johansson et al. Adv. Model. and Simul. in Eng. Sci. (2015) 2:24 Page 20 of 23
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Fig. 8 Convergence results, 3D. A rotated cube is embedded in the unit cube background mesh. Results in [
(left) and H{ (right) norms
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Fig. 9 Algebraic conditioning. The condition numbers of the 2D model problem during uniform mesh
refinement (left) and as a function of the position of the interface normalized with respect to h (right)

up the same problem with fixed meshes and shift the center of the overlapping domain
in the x direction in steps of 0.0001 until it is shifted 1.25 /. For each mesh configuration
we compute k. This is illustrated in Fig. 9 (right) for various 4. The x-axis is normalized
with respect to the mesh size: 0 corresponds to the initial position (see Fig. 6) and 1 cor-
responds to the overlapping domain being shifted / to the right in the x direction.

Flow around a propeller

To illustrate the method on a complex geometry we create a propeller using the CSG
tools of the FEniCS component mshr [22], see Fig. 10 (top left). The lengths of the
blades are approximately 0.5. Then we construct a mesh of the domain outside the pro-
peller, but inside the unit sphere. This is illustrated in Fig. 10 (top right). The mesh is
constructed using TetGen [23] and is body-fitted to the propeller. To simulate the flow
around the propeller, the mesh is placed in a background mesh of dimensions [—2, 215,
where we have removed the elements with all nodes inside a sphere of radius 0.9, see
Fig. 10 (bottom).

The simulation is setup with the inflow condition
u(x,y,z) = (0,0,sin(mw (x + 2)/4) sin(w (y + 2)/4)) at z = —2, the outflow condition
p =0atz=2and u(x,y,z) = 0 on all other boundaries, including the boundary of the
propeller. The resulting velocity field using degree k = 2 is shown in Fig. 11. Note the
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Fig. 10 Propeller geometry and meshes. Propeller geometry (top left) and body-fitted mesh (top right). Non
body-fitted background mesh and propeller (bottom)
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Fig. 11 Flow around propeller. Colors indicate speed

continuity of the streamlines of the velocity going from the finite element space defined
on the background mesh to the finite element space defined on the overlapping mesh
surrounding the propeller.

Conclusions
We have presented a finite element method for the Stokes problem based on two com-
posite meshes that overlap each other. The method is based only on the assumption of
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inf-sup stable polynomial spaces on the two meshes. In fact, the proposed discretiza-
tion allows arbitrary inf-sup stable spaces for the Stokes problem to be stitched together
using a stabilized Nitsche method from multiple non-matching and intersecting meshes
to weakly enforce continuity over an interface. By the use of a least-squares type of sta-
bilization, a global inf-sup stable space is constructed. We demonstrate optimal order
convergence by both a priori error estimates as well as numerical results for Taylor-
Hood elements of polynomial order up to 4. The method has several practical applica-
tions and one such prime example is the discretization of flow around complex objects.
Future work includes the extension to time-dependent problems and to fluid-structure
interaction.
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