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Location-Aided Pilot Decontamination for Massive
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Abstract—One of the key limitation of massive MIMO systems
is pilot contamination, which is defined as the interference during
uplink channel estimation due to re-use of the same pilots in
surrounding cells. In this paper, we propose a location-based
approach to the pilot contamination problem for uplink MIMO
systems. Our approach makes use of the approximate locations of
mobile devices to provide good estimates of the channel statistics
between the mobile devices and their corresponding base stations
(BSs). We aim at minimizing the pilot contamination even when
the number of BS antennas is not very large, and when multiple
users from different cells, or even the same cell, are assigned
the same pilot sequence. First, we characterize a desired angular
region of the target user at the target BS in which interference is
very low or zero, based on the number of BS antennas and the
location of the target user. Second, based on this observation,
we propose various pilot coordination methods for multi-user
multi-cell scenarios to eliminate pilot contamination.

Index Terms—Interference alignment, MIMO systems, pilot
contamination, location-aware communication.

I. INTRODUCTION

The use of very large antenna arrays at the base station
(BS) is considered as a promising technology for 5G com-
munications in order to cope with the increasing demand of
wireless services [1]. Such massive multi-input multi-output
(MIMO) systems provide numerous advantages [2]–[6]: (i)
they increase spectral efficiency by supporting a higher number
of users per cell, (ii) they improve energy efficiency by
radiating focused beams towards users, and (iii) they offer
channel hardening effect, where small-scale fading is averaged
out. Furthermore, under the assumption of perfect channel
estimation, massive MIMO provides asymptotic orthogonality
between vector channels of the target and interfering users.
However, the performance of these systems is limited by
the pilot contamination effect, i.e., interference during uplink
channel estimation due to re-use of the same pilot sequences.

Pilot sequences are a scarce resource due to the fact that the
length of pilot sequences (number of symbols) is limited by the
coherence time and bandwidth of the wireless channel. As a
result, the number of separable users is limited by the number
of the available orthogonal pilot sequences [4], [5]. Therefore,
in multi-cell massive MIMO systems, the pilot sequences must
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be reused, which leads to interference between identical pilot
sequences from users in either neighboring cells or even the
same cell; this effect is known as pilot contamination [7]. Pilot
contamination is known to degrade the quality of channel state
information at the BS, which in turn degrades the performance
in terms of the achieved spectral efficiency, beamforming
gains, and cell-edge user throughput.

Mitigation strategies for pilot contamination have been
well studied in the literature. Existing approaches include,
among others, blind channel estimation using eigenvalue-
decomposition [8], greater-than-one pilot reuse schemes [9],
modifying the frame structure such that the pilots are trans-
mitted in each cell in non-overlapping time slots [10], [11],
transmitting pilots in consecutive phases in which each BS
keeps silent in one phase and repeatedly transmits in other
phases [12], mixture of downlink and uplink training [13],
and exploiting second-order statistics of desired and interfering
user channels [14]. In particular, [14] exploited the covariance
matrices of the desired and interfering channels and showed
that by carefully allocating the pilots to the users, the pilot
contamination effect is eliminated in the large antenna ar-
ray regime. The design is based on the knowledge of the
covariance matrices of the desired channel, as well as the
interfering channels. These covariance matrices scale roughly
quadratically with the number of BS antennas per user and thus
may be impractical to estimate. In our previous work [15], a
location-aided approach is proposed, in which the scalability
problem in estimating covariance matrices [14] is eliminated.
In particular, the mean and the standard deviation of the angle-
of-arrival (AoA) are related to a user location, rather than to
a user’s channel.

The works in [14], [15] showed that pilot contamination is
eliminated when the number of BS antennas goes to infinity.
However, it is possible that the number of antennas can
be limited such that the pilot contamination effect does not
vanish. Furthermore, the pilot assignment proposed in [14],
[15] considers the mitigation of pilot contamination only one
user at a time in the target cell. Hence, after a set of users
has been assigned a certain pilot, the process is repeated for
another user in the target cell, and so forth. This is a greedy
approach, which favors the first user, and later users suffer
from lack of options, as there will be fewer users from the
other cells to choose from. This performance degradation due
to greedy pilot allocation has been reported in the literature
(see for example, [9]). Furthermore, the assignment aims at
reducing the interference seen by the target cell users only,
with no regard to the interference that users in the neighboring
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cells experience.
In this work, we address the aforementioned issues by

considering a joint design across multiple cells for all users
in the system when the number of BS antennas is not very
large. More specifically, the contributions of our paper are as
follows:
• We first propose an approach with which, in the presence

of location information of the users, we can quantify the
effect of pilot contamination for BSs with a finite number
of antennas. This result helps us predict how each user
interferes with the rest of the users having identical pilot
sequences when we have BSs with MIMO antennas, and
the number of antennas is not necessarily approaching
infinity. This quantification reveals that for a considerable
number of antennas, there is a range of angles for which
the pilot contamination is very small.

• Based on the above observation, we formulate pilot
decontamination as an integer quadratic programming
problem that we are able to solve for all the BSs as a joint
optimization problem. In particular, we propose multi-cell
multi-user joint optimization problems such that it takes
into consideration during the pilot assignment the mutual
interference seen by the target users at their respective
BSs.

The rest of the paper is structured as follows. In Section II, we
introduce the system model comprising the network model, the
channel model, and the received pilot signal. In Section III,
we provide a brief overview of the uplink channel estimation
via a minimum mean square error (MMSE) estimator. In
Section IV, we address the problem of pilot decontamination
for BSs with (not necessarily massive) MIMO antennas. In
Section V, we present optimal user assignment strategies for
pilot decontamination under various configurations, building
on the theory developed in Section IV. In Section VI, we
demonstrate the performance of the proposed methods and we
compare them with other user selection methods proposed in
the literature. Finally, in Section VII we draw conclusions and
discuss possible future directions.

Notation

Throughout the paper, vectors are written in bold lower
case letters and matrices in bold upper case letters. For matrix
X, matrices XT and XH denote its transpose and hermitian,
respectively. The i-th entry of vector x is denoted as [x]i.
vec[X] denotes stacking all the elements of X in a vector.
U [S] denotes a uniform distribution over the intervals defined
by the set S. We define a rotation operator Rθ2(θ1) =
mod (θ1−θ2, π), in which θ1 is the input and θ2 is the param-
eter of the operator. The operatorRθ2(θ1) rotates a vector with
orientation θ1 in clockwise direction by θ2, followed by angle
wrapping such that Rθ2(θ1) ∈ [0, π]. A sequence of elements
{a1, a2, . . .} is written in short as {aj}j . The positive operator
is denoted as (x)+ = max(0, x). The Kronecker product of
two matrices X1 and X2 is denoted as X1⊗X2. IM denotes
the identity matrix of size M × M and ‖ · ‖2 denotes the
Euclidean norm. The cardinality of a set A is denoted by |A|.
The sets of real and complex numbers are denoted by R and C,

respectively; the n-dimensional Euclidean and complex spaces
are denoted by Rn and Cn, respectively.

II. SYSTEM MODEL

A. Network model

We consider a two-dimensional scenario with cells, and each
cell is served by one BS equipped with M antennas. We denote
C as the set of all cells and where Kj the set of users in the
j-th cell, j ∈ C. The set of neighboring cells to the j-th cell
is denoted by Csur

j . Users, equipped with a single antenna, are
located uniformly within the cells. The location of user i ∈ Kj
is denoted by xij ∈ R2, while the location of the BS in the
k-th cell is written as xk ∈ R2. We define P as the set of
available orthogonal pilots for allocation to users.

B. Channel Model

The uplink channel of user i from cell j to BS k is denoted
by hijk ∈ CM . We note that the channel depends only on user
i and BS k, but the use of the additional index j allows us to
distinguish in which cell the users belong to. The channel is
modeled as the superposition of B arriving paths [14], [16]

hijk =
1√
B

B∑
b=1

a(θ
(b)
ijk)α

(b)
ijk, (1)

where a(θijk) ∈ CM is the antenna steering vector corre-
sponding to AoA θijk ∈ [0, 2π), b is the path index, and
α

(b)
ijk is the channel coefficient of the b-th path. The AoA’s

are assumed to be i.i.d., with probability density p(θijk). We
model α(b)

ijk
i.i.d.∼ CN (0, βijk), in which βijk depends on path-

loss and shadowing between user i in cell j and BS k. In
particular, let α be a constant that depends on cell-edge signal-
to-noise ratio (SNR) and cell radius R. It is defined as

α[dB] = γSNR + 10 η log10(R) + 10 log10(σ2), (2)

where γSNR is the cell-edge SNR in dB, η is the path-loss
exponent, and σ2 is the receiver noise power variance. Then,
in linear scale βijk = α‖xu

ij−xb
k‖−η2 . By restricting ourselves

to uniform linear arrays, the m-th entry in the steering vector
is given by [14]

[a(θijk)]m = exp (−j2πmD cos(θijk)/λ) , (3)

in which D is the antenna spacing at the BS and λ is the signal
wavelength. It should be noted that we can limit θijk ∈ [0, π]
because any angle θijk ∈ [−π, 0] can be replaced by −θijk,
thus giving the same steering vector.

C. Received Pilot Signal

We consider a scenario, in which the target user i in cell k
sending uplink transmission to BS k. We assume users from
various cells have been assigned the same pilot sequence s of
length τ . For notational convenience, we will further assume
that all the users indexed with i are also assigned the same
pilot sequence s. Later, in Section V, we will present various
ways to assign users across cells to a given pilot sequence.
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Fig. 1. (a) A two-dimensional 7-cell hexagonal layout with a BS placed at the center of each cell. The users in each cell are marked with a black dot and
the scatterers lie within a circle around the user; (b) The support of AoA of desired and interfering user at the target BS and shows a specific example with
desired user n, interfering user i from cell j. The radius of the ring (shaded region around the user location) of scatterers is rs. The supports of the desired
and interfering users AoA at the target BS are [θmin

n11 , θ
max
n11 ] and [θmin

ij1 , θ
max
ij1 ], respectively.

The received M × τ pilot signal observed at BS k is written
as

Yk = hikk sT +
∑
j∈C

hijk sT + N, (4)

where N ∈ CM×τ is spatially and temporally additive white
Gaussian noise (AWGN) with element-wise variance σ2 . In
(4), hikk is the desired signal channel in the cell k and hijk
are the channels of interfering users.

III. UPLINK CHANNEL ESTIMATION

In this section, we review the MMSE estimator for the
uplink channel estimate of the desired channel in the presence
of interfering signals from the various cells. The estimator
depends on the second order statistics of the desired and
interfering channels. We also present a method based on loca-
tion information of the users to compute necessary covariance
matrices for the estimator.

A. MMSE Channel Estimator

The MMSE estimate of the desired channel hikk by BS k
is given by [14, Eq. (18)]

ĥikk = Rikk

(
σ2IM + τ(Rikk +

∑
j∈C

Rijk)
)−1

S̄Hvec[Yk],

(5)
where S̄ = s⊗IM and Rijk ∈ CM×M is the covariance matrix
of hijk. The estimator (5) critically relies on the knowledge
of the covariance matrices. Due to the high-dimensionality of
Rijk, this information is difficult to obtain in practice. When
Rijk is perfectly known to BS k, intelligent pilot assignment
can be performed to minimize the effect of pilot contamination
(see, for example, [14]). The channel estimate of the desired
channel in the presence of no interfering pilot signals from

other cells can be obtained by setting the interference terms
to zero in (5), leading to the estimate

ĥno-int
ikk = Rikk

(
σ2IM + τRikk

)−1

S̄Hyk, (6)

where yk = S̄hikk + vec[N] is the received τ × 1 pilot signal
vector at the BS k under no interference from the other cell
users.

B. Location-Aided Covariance Estimation

For the channel model considered in this work (see Section
II-B), the covariance estimation is given by

Rijk = E
[
hijk

(
hijk)H

]
=

1

B

B∑
b=1

B∑
b′=1

E
[
a(θ

(b)
ijk) aH(θ

(b′)
ijk )

]
E
[
α

(b)
ijk

(
α

(b′)
ijk )H

]
=
βijk
B

B∑
b=1

E
[
a(θ

(b)
ijk) aH(θ

(b)
ijk)
]

(7)

If we assume the AoA’s are drawn from a distribution p(θijk),
then this further simplifies to

Rijk = βijk

ˆ 2π

0

p(θijk)a(θijk)aH(θijk) dθijk. (8)

The distribution p(θijk) is governed by the physical prop-
agation environment. In some scenarios, as in [17, Fig. 1],
propagation can be dominated by scatterers in the vicinity of
the users. As an approximation, we consider a disk of radius
rijk comprising many scatterers around the user i in cell j.
This radius can be different for each user depending on the
environment. Throughout this work, we assume that these radii
are constant and, without loss of generality, we assume they
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are all equal and we denote this radius by rs. In that case,
p(θijk) corresponds to a distribution with support [θmin

ijk , θ
max
ijk ],

for some fixed θmin
ijk , θ

max
ijk ∈ [0, 2π], θmin

ijk < θmax
ijk . We can

calculate θmin
ijk = θµijk − θδijk, θmax

ijk = θµijk + θδijk , where

θµijk = arctan

(
[xij ]2 − [xk]2
[xij ]1 − [xk]1

)
, (9)

θδijk = arcsin

(
rs

‖xij − xk‖2

)
. (10)

Combined with the knowledge of βijk, which can also be
related to the user’s position since βijk = α‖xij − xk‖−η2 , it
is then possible to numerically compute Rijk. Hence, given
the location of the desired and interfering users, BS k can infer
the covariance matrices and utilize those to compute ĥikk in
(5).

Remark 1. We consider a Line-of-Sight (LOS) scenario in
which, nevertheless, there might be local scatterers resulting
to small angular spreads. However, there might be cases where
the scatterers are strong, causing large angular spreads, or
cases where the location of users is not accurately known (i.e.,
the location estimates have uncertainty). These aspects can be
incorporated into the system by allowing a larger radius rs,
which translates to a larger range of angles. More complex
AoA distributions can also be used by means of multiple
scattering rings.

IV. PILOT DECONTAMINATION

In this section, we discuss pilot decontamination methods
under massive and finite antenna array setting. For legibility,
the extra subscripts are dropped. We consider the scenario of
a given target user, say user i, with channel hi and associated
AoA distribution [θmin

i , θmax
i ]. Our objective is to find an

interfering user, say user j, in the surrounding cells and assign
it the same pilot sequence as user i. These users have AoAs
in the ranges {[θmin

j , θmax
j ]}j with respect to (w.r.t.) target

BS for the corresponding channels {hj}j . It will turn out to
be convenient to rotate all angles with respect to user i. In
particular, we apply the angle transformation Rθµi (θµi ), so that
θµi is the new zero-degrees axis. The corresponding modified
AoA supports of the desired and interfering user after angle
transformation are I(i)

i and I(i)
j respectively. Furthermore, we

denote θ(i)
i ∈ I

(i)
i and θ

(i)
j ∈ I

(i)
j . The subscript denotes the

user index and the superscript indicates with respect to which
user the angle transformation has been applied.

A. Massive MIMO

For a massive antenna array setting, it has been shown in
[14, Theorem 1] that when the intervals {I(i)

j }j are strictly
non-overlapping with I(i)

i , i.e., I(i)
j ∩ I

(i)
i = ∅,∀j 6= i, then

lim
M→∞

ĥi = ĥno-int
i . (11)

Thus, when the number of antennas goes to infinity, the
pilot contamination is eliminated completely and the channel
estimate of the target user reaches interference-free scenario.
The setup is visualized in Fig. 1, depicting the location of

users, BSs, disc of scatterers, and the description of the two
user’s AoA support.

We now consider approaches based on location information
for user assignment such that the pilot contamination is
minimized with an increase in number of BS antennas. The
approach for user assignment when M is finite is discussed
in the following section.

B. Finite MIMO

In the finite antenna regime, we can make the following
claims, regarding the estimate ĥi in the presence of interfering
users:

1) If two users are at the same distance to the target BS,
but with different AoAs, then the user j for which
a(θj)

HRia(θj) is the smallest, will contribute least to
the interference. The reason is outlined in Appendix A.

2) If two users have the same AoA with respect to the target
BS, but are at different distances, then the furthest user
will contribute least the interference. This is because
the path-loss for the further user is higher. In addition,
users j further away will have smaller sets I(i)

j . Hence,
selecting users based on the AoA will automatically
prefer users further away. Thus, we can focus exclusively
on identifying users with small a(θ)HRia(θ).

Following the approach from [14] which is detailed for M →
∞, we carry out the analysis for finite M . Let us consider the
desired user AoA after angular transformation is bounded by
p(θ

(i)
i ) and Ri is its covariance matrix, and consider a set of

angles Φ which is not in the support set of p(θ(i)
i ). Consider

the minimization

min
φ∈Φ

1

M
a(φ)HRia(φ) (12a)

= min
φ∈Φ

1

M
E
[
|a(φ)Ha(θ

(i)
i )|2

]
(12b)

= min
φ∈Φ

1

M

ˆ
J2(θ

(i)
i , φ) p(θ

(i)
i ) dθ

(i)
i , (12c)

where J(θ
(i)
i , φ) = |∑M

m=1 exp(2πj(m − 1)Dλ (cos(φ) −
cos(θ

(i)
i )))|.

Note that in [14], it is shown that when M → ∞,
(12c) approaches zero. As a result the interference from the
interfering users is eliminated in large antenna regime, thereby
the desired channel estimate approaches to the interference-
free channel estimate.

Proposition 2. The minimization minφ∈Φ
1
M a(φ)HRia(φ)

(12a) is equivalent to point-wise minimization of

min
φ∈Φ

J(θ
(i)
i , φ) pi(θ

(i)
i ) (13)

Proof: See Appendix B.
1) Uniform distribution: By assuming that the probability

distribution p(θ
(i)
i ) is uniform (i.e., θ(i)

i ∼ U [I
(i)
i ]), then for

any θ
(i)
i ∈ I

(i)
i , the minimization problem in (13) becomes

minφ∈Φ J(θ
(i)
i , φ). Using the finite sum of a geometric series,



5

J
(θ

(i
)

i
,φ

)

cos(φ)

−1 −0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

(a)

J
(θ

(i
)

i
,φ

)

cos(φ)

−1 −0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

(b)

J
(θ

(i
)

i
,φ

)

cos(φ)

−1 −0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

(c)

J
θ
(c
os
(φ
))

cos(φ)

−1 −0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

(d)

Fig. 2. The behavior J(θ(i)i φ) with cos(φ), for θ(i)i = 0 and for various antenna array lengths: (a) M = 2, (b) M = 3, (c) M = 4, (d) M = 5. The zeros
{cos(φ∗r)}r} are depicted with red asterisks (*).

we obtain

J(θ
(i)
i , φ) =

∣∣∣1− exp
(

2πjM D
λ (cos(φ)− cos(θ

(i)
i ))

)∣∣∣∣∣∣1− exp
(

2πjDλ (cos(φ)− cos(θ
(i)
i ))

)∣∣∣ .
(14)

Under uniform distribution, the denominator never becomes
zero, since φ /∈ I(i)

i .
It can be easily deduced that the minimum of J(θ

(i)
i , φ) is

0 and is attained when the numerator becomes zero, i.e.,

exp
(

2πjM
D

λ
(cos(φ)− cos(θ

(i)
i ))

)
= 1, (15)

which is equivalent to

cos(φ) = cos(θ
(i)
i ) +

zλ

MD
, (16)

where z ∈ Z, such that cos(φ) ∈ [−1, 1] and φ /∈ I
(i)
i .

Fig. 2 depicts the behavior of J(θ
(i)
i , φ) when θ

(i)
i = 0

and for various values of M , where J(θ
(i)
i , φ) is computed

numerically for all values of φ using (14). It can be observed
that the number of zeros of the function J(θ

(i)
i , φ) depends on

the number of antennas and it is equal to M − 1.

cos(φ)

C
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i )
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Fig. 3. The behavior of the cost functions J(θδi , φ) and J(π − θδi , φ) for
the values of cos(φ) = [−1, 1], M = 6, and θδi = π

8
. Red diamonds and

blue asterisks represent the zeros of the functions J(θδi , φ), J(π − θδi , φ),
respectively. Purple squares denote ψ̃min
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increasing BS antennas for θδi = π

10
. Asymptotically, when M →∞, ψ̃i

min

converges to θ(i),min
i and ψ̃i
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to θ(i),max

i . The shaded regions are: DARi
(blue) and I(i)i (red).

To ensure limited impact of user j on user i, (12c) should
be small for all φ ∈ I

(i)
j and all θ(i)

i ∈ I
(i)
i . Hence, we

consider J(θ
(i)
i , φ) for θ(i)

i at the boundaries of I(i)
i , i.e.,

θ
(i)
i = θδi and θ

(i)
i = π − θδi , as shown in Fig. 3. We

observe that both J(θδi , φ) and J(π − θδi , φ) are small for
cos(φ) ∈ [cos(ψ̃i

min
), cos(ψ̃i

max
)], where the values of ψ̃i

min

and ψ̃i
max

are detailed in Appendix C and visualized in Fig. 3.
Therefore, when the AoA support I(i)

j of the interfering user
j lies within the desired angular region (DARi) [ψ̃min

i , ψ̃max
i ]

of the target user i then the interference is limited. This
property is exploited to devise various coordinated pilot as-
signment schemes in Section V. As it is observed in Fig.
2, the range of the DARi increases with BS antennas. The
relation between ψ̃i

min
, θ(i),min

i and ψ̃i
max

, θ(i),max
i with M

is depicted in Fig. 4. Asymptotically, when M →∞, we note
that limM→∞ ψ̃i

min
= θ

(i),min
i = θδi and limM→∞ ψ̃i

max
=

θ
(i),max
i = π − θδi . In [14], only for the case M → ∞, the

AoA condition that needs to be satisfied between interfering
and target users is provided, while Fig. 4 complements this
for finite M .

2) Approximation of cost function: Instead of stor-
ing cost functions J(θ

(i)
i , φ),∀θ(i)

i ∈ I
(i)
i for ev-
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θδi ), 1), (cos(ψ̃

max
i ), 0), (cos(ψ̃min

i ), 0), (cos(θδi ), 1), (1, 1). The thin grey
lines represent the cost functions J(θ(i)i , φ),∀θ(i)i ∈ I

(i)
i .

ery value of φ, we define the combined cost function
JTrue(φ) = max

θ
(i)
i ∈I

(i)
i
J(θ

(i)
i , φ). The individual cost func-

tions J(θ
(i)
i , φ) and the combined cost function JTrue(φ) is

shown in Fig. 5. The cost function JTrue(φ) can be approx-
imated by a piecewise linear function JApprx(φ) (See blue
dotted line in Fig. 5):

JApprx(φ) = (17)

1, cos(φ) ≤ cos(π − θδi ),
1− cos(φ)+cos(θδi )

cos(ψ̃max
i )+cos(θδi )

, − cos(θδi ) ≤ cos(φ) ≤ cos(ψ̃max
i ),

cos(φ)−cos(ψ̃min
i )

cos(θδi )−cos(ψ̃min
i )

, cos(ψ̃min
i ) ≤ cos(φ) ≤ cos(θδi ),

1, cos(φ) ≥ cos(θδi ),

0, elsewhere.

Based on the JApprx(φ), we define Jij as the interference
cost to the BS of user i experiences from another user j,
which basically assigns zero cost when I

(i)
j lies within the

DARi of user i. Outside the DARi, the cost grows linearly and
saturates to unity at θ(i),min

i and θ
(i),max
i . For the interfering

user j with I
(i)
j = [θ

(i),min
j , θ

(i),max
j ], θ

(i),min
j < θ

(i),max
j , we

can write Jij = JApprx(θ
(i),min
j ) + JApprx(θ

(i),max
j ). The

interference cost Jij is used in devising coordinated pilot
assignment schemes described in Section V.

V. COORDINATED PILOT ASSIGNMENT SCHEMES

In this section, we show different user assignment strategies
for pilot decontamination under various configurations based
on the theory developed in Section IV.

A. Multi-User Multi-Cell Optimization
For this scenario, the goal is to reuse the pilots among the

users in the best possible way such that each user has been

allocated a pilot. Let us collect the users from all the cells
in a set N = ∪j∈C Kj , where C denotes the set of all cells
and Kj the set of users in the j-th cell, j ∈ C. Recall P be
the all available orthogonal pilot sequences. Let us introduce
the variable yip ∈ {0, 1}. The variable yip = 1, if i-th user
is activated on p-th pilot and 0 otherwise. The one-shot joint
optimization for user assignment for multi-user and multi-cell
scenario can be written as a binary integer program (BIP):

minimize
∑
p∈P

∑
i∈N

∑
j 6=i

Uijyipyjp (18a)∑
p

yip ≥ 1, ∀i ∈ N (18b)

yip ∈ {0, 1}, ∀i ∈ N , p ∈ P, (18c)

where

Uij =

{
Jij , i 6= j,

0, i = j,
(19)

We note the following: (18a) gives preference to users who
lie within the desired angular region of the target user; (18b)
states each user must be active at least on one pilot; and (18c)
imposes the binary integer requirements on the optimization
variables. For each pilot, the optimization (18), looks for users
in each cell with users in every cell and then chooses a set of
users such that when assigned the same pilot to them, they will
have minimum possible interference at their respective BSs.

The user assignment is performed based on the location for
a target user, say i, accounting for the following cases:

(C1) The support of interfering signals AoA I
(i)
j ,∀j lies

completely inside the DARi of the target user;
(C2) The support of interfering signal AoA I

(i)
j ,∀j lies

partially inside the DARi of the target user; and
(C3) The support of interfering signal AoA I

(i)
j ,∀j lies

completely outside with the DARi of the target user.
The above optimization problem is always feasible. The prob-
lem (18) gives preference to users that satisfy the case (C1),
in which case the objective is zero. It might be possible that
the user locations are such that (C1) cannot be satisfied. This
is tackled in (18), as it implicitly considers the cases (C2) and
(C3) in the formulation. For example, when I(i)

j does not lie
within DARi, then the objective function becomes positive.
Therefore, to minimize the objective, the interfering users are
selected in such a way that the maximal overlap with the
desired support of the target user is obtained.

The optimization (18) can be written as an integer quadratic
constraint optimization problem (IQCP) as

minimize yTQ y (20a)∑
yip ≥ 1,∀i ∈ N (20b)

yip ∈ {0, 1}, ∀i ∈ N , p ∈ P, (20c)

where y = [y11, . . . , y|N |1, . . . , y1|P|, . . . , y|N ||P|], Q is a
|N ||P| × |N ||P| block diagonal matrix given by

Q =


U 0|N | · · · 0|N |

0|N | U · · · 0|N |
...

...
. . .

...
0|N | 0|N | · · · U

 , (21)
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where 0|N | denotes a square matrix of dimension |N | × |N |
with zero entries, and U is the |N | × |N | dimension utility
matrix with entries

U =


U11 U12 · · · U1|N |
U21 U22 · · · U2|N |

...
...

. . .
...

U|N |1 U|N |2 · · · U|N ||N|

 , (22)

where Uij is given in (19).

Remark 3. The optimization problem (18) is formulated as an
IQCP and it can be easily shown to be NP-hard. It should
be also emphasized that the above optimization problem is
dependent on the number of antennas at each BS via Uij (see
(19)).

The formulation of the optimization problem (20) is very
general and encompasses a multitude of possible scenarios
even when the users for assignment belong to the same cell as
that of the target user. In what follows, we show some variants
of interest of (20) in the subsequent sections.

B. Multi-User Multi-Cell Optimization with QoS Guarantees

For the sake of establishing some QoS guarantees, we may
want to exclude the possibility of assigning users from the
same cell as that of the target user to the same pilot. This is
achieved by changing (20b) to a constraint such that only one
user from each cell is assigned per pilot; this is enforced in
the optimization problem via (23b). Note that if no user exists
in a cell for a certain pilot, then for constraint (23b) to be
valid, without loss of generality, the constraint for that cell at
a certain pilot is removed. Therefore, the IQCP formulation for
multi-user and multi-cell optimization with QoS guarantees is
written as

minimize yTQ y (23a)∑
i∈Kj

yip = 1,∀j ∈ C, p ∈ P (23b)

yip ∈ {0, 1}, ∀i ∈ N , p ∈ P. (23c)

C. Multi-User Single-Cell Optimization

Our objective is to find for each user in a target cell one
user from the neighboring cells and assign them the same
pilot sequence. For this scenario, the mutual interference of the
users at the respective BSs is ignored and only the interference
of the users observed at the target cell are required to be satis-
fied. This scenario finds applications to cases where priority is
required to be given to a certain cell (for example, in case there
is a special event that requires wireless communications to be
robust) and in dense urban areas where it is computationally
very expensive to include all the cells in the network and
inevitably to run such a large-scale optimization in real time.

The set of users for this scenario are the users from the
target cell and its neighboring cells. Let the set of users given
by M = Kq ∪ (∪i∈Csur

q
Ki), where Csur

q is the set of cells
surrounding cell q. The modified optimization is then written

TABLE I
SIMULATION PARAMETERS

Parameter Value
η 2.5
λ 0.1 m
σ2 0.001
R 1000 m
D λ/2

Parameter Value
rs 50 m

γSNR 20 dB
B 50
τ 10

as

minimize yTQ̄ y (24a)∑
i∈Kj

yip = 1,∀j ∈ (q ∪ Csur
q ), p ∈ P (24b)

yip ∈ {0, 1}, ∀i ∈M, p ∈ P, (24c)

where Q̄ is a |M||P| × |M||P| block diagonal matrix given
by

Q̄ =


Ū 0|M| · · · 0|M|

0|M| Ū · · · 0|M|
...

...
. . .

...
0|M| 0|M| · · · Ū

 , (25)

where Ū is the |M|×|M| dimension utility matrix with entries

Ūij =

{
Uij , if i ∈ Kq,
0 , otherwise.

(26)

VI. NUMERICAL RESULTS

In this section, we present numerical results to evaluate
the proposed schemes described in Section V. We consider
hexagonal shaped cells and simulations are performed with
a multi-cell system scenario. The simulation parameters used
to obtain the numerical results are given in Table I. We keep
these parameters fixed for the simulations unless otherwise
specified.The performance metric considered for the numerical
results is the normalized channel estimation error E , which is
defined in dB scale as

Ek[dB] = 10 log10

(
‖ĥikk − hikk‖2F
‖hikk‖2F

)
, (27)

where hikk and ĥikk are the desired and estimated channels
of user i at the k-th BS in k-th cell.

A. Impact of Different AoA Supports of an Interfering User

In Fig. 6, we show the impact of different ranges of AoA
support I(i)

j of a single interfering user w.r.t. to DARi of the
target user. Note that all the angles are after the angular trans-
formation performed w.r.t. to the target user. We can calculate
DARi, and for M = 10, it is obtained as [37.6◦, 142.4◦].

We varied I
(i)
j such that some are within DARi and some

are outside this range. When I
(i)
j lies within DARi then the

interference is low, and the channel estimation converges fast
to the interference-free scenario; with M = 10 BS antennas
the channel estimation performance is similar to that of the
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Fig. 6. Comparison of channel estimation error E versus BS antennas for
different AoA I

(i)
j of single interfering user. The target user is placed in

d = 500 m and the interfering user is placed in d = 1000 m from the target
BS. The results are averaged over 1000 Monte-Carlo channel realizations.

interference-free scenario. On the other hand, when I
(i)
j is

outside the DARi, it can be observed that more BS antennas
are needed to converge to the interference-free scenario. For
example, when I(i)

j = [136.3◦147.7◦], then more than 50 BS
antennas are required.

B. Impact of the Distance of an Interfering User

The impact of the various interferer distances d =
500, 1000, 1500, 2000 m on the channel estimation perfor-
mance is shown in Fig. 7. Again, for M = 10, we have
DARi = [37.6◦, 142.4◦]. The impact of the interferer distance
is very significant, when interferer AoA (see θ(i),µ

j = 150◦)
lies outside the DARi of the target user. The channel estima-
tion performance is deteriorated when the interferer distance
is decreased. On the other hand, when interferer AoA (see
θ

(i),µ
j = 60◦ and θ

(i),µ
j = 90◦) lies inside the DARi of the

target user, the impact of distance is not significant. Unless,
when the interferer is also from the target cell, i.e., d = 500
m.

C. Greedy vs Joint Optimization of Users

In Fig. 8, we show the advantage of the proposed joint
optimization scheme (see optimization (24)) over the greedy
sequential user assignment [14], [15]. We considered a two-
cell scenario which consists of two users in each cell (see Fig.
8 (a)). Also, there are two pilots to be assigned for the two
users in cell-1. Both approaches try to find for each pilot one
user from cell-1 and assign with another user from cell-2. For
this scenario, both the users from cell-2 fall within the desired
angular region of user-1 in cell-1. However, for user-2 of cell-
1, only user-1 of cell-2 is permissible. In the greedy sequential
scheme, user-1 of cell-1 is assigned with user-1 of cell-2,
as it is the best two users because of the maximum angular
separation. However, for the joint optimization, it considers

C
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B

BS antennas
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d=1000 m

d=1500 m

d=2000 m

θ
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j = 90◦

θ
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j = 60◦
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Fig. 7. Comparison of channel estimation error E versus BS antennas for
different mean AoA (θ̃j

(i),µ
) and for different distances of a single interfering

user. For this setup, the target user is placed at d = 500 m from the target
BS. The spread of AoA θδ of the users is calculated based on its distance
from the target BS with rs = 100 m. The results are averaged over 1000
Monte-Carlo channel realizations.

compatibility of both users of cell-1. Therefore, it assigns user-
1 of cell-1 with user-2 of cell-2 and user-2 of cell-1 with user-1
of cell-2. The channel estimation error E performance for both
schemes is shown in Fig. 8 (b). As expected, the performance
of pilot-2 with greedy assignment suffers as user-2 of cell-1
is not compatible with user-2 of cell-2.

D. Multi-cell Mutual Interference Scenario

The channel estimation performance of the target user in
each cell for a two-cell scenario is depicted in Fig. 9. The
users are assigned to a pilot based on the multi-user multi-
cell optimization (20). Users in different cells are assigned the
same pilot if the AoA support of a user in one cell lies within
the desired angular region of another user in another cell and
vice-versa. Consequently, the channel estimation performance
of the target users at their respective BS is improved.

VII. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper, we characterized the effect of interference
for MIMO BSs with a large, but finite, number of antennas,
harnessing user location information. Building on this char-
acterization, we formulated several pilot assignment problems
as integer quadratic constraint optimization problem. These
problems are solved centrally, provided that all the information
about all users is shared among all BSs. We show that the pilot
contamination for the proposed pilot assignment strategies is
eliminated even when the number of antennas is finite.

The centralized approach proposed in the paper is computa-
tionally expensive and requires high communication overhead.
Part of our ongoing research focuses on developing distributed
implementations based on local information only.
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Fig. 8. Performance comparison of a greedy vs joint optimization for a two cell scenario. Inset (a) two cell scenario with two users each, users are marked
with a plus sign and BS with pentagons, and (b) channel estimation error E with BS antennas for the users with greedy and joint optimization schemes.
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APPENDIX A
MOTIVATION FOR CLAIMS

The channel estimate ĥi of the desired user can be written
using (4) and (5) as

ĥi = Ri

(
σ2IM + τ

L∑
j=1

Rj

)−1

S̄H(S̄

L∑
j=1

hj + n),

= Ri

(
σ2IM + τ

L∑
j=1

Rj

)−1

(τ

L∑
j=1

hj + S̄Hn). (28)

We expand

IM = VVH +

L∑
j=1

UjU
H
j , (29)

where Uj is a unitary matrix of size M × mj and V
is a unitary matrix such that (29) holds. By decomposing

covariance matrices Rj = UjΣjU
H
j ,∀j, where Σj is an

eigenvalue matrix of size mj ×mj , (28) becomes

ĥi =

L∑
j 6=i

RiUj(σ
2Imj + τΣj)

−1UH
j τ

L∑
j′=1

hj′

+ UiΣi(σ
2Imi + τΣi)

−1(UH
i

L∑
j 6=i

hj + UH
i hi)

+ UiΣi(σ
2Imi + τΣi)

−1UH
i S̄Hn.

Hence, to ensure that ĥi is close to the interference-free
estimate ĥno−int

i , it is sufficient to have

‖UH
i hj‖ � ‖UH

i hi‖, ∀j 6= i, (30)

and

‖RiUj(σ
2Imj + τΣj)

−1UH
j hj′‖ (31)

� ‖UiΣi(σ
2Imi + τΣi)

−1UH
i hi‖, ∀j 6= i,∀j′.

Since hj lies in the span of the steering vectors of user j,
rendering aH(θj)Ria(θj) small for all θj ∈ I(i)

j will result in
meeting condition (30). Condition (31) can be met when the
columns of Uj are close to the null-space of Ri. Since the
span of the steering vectors of any user j is a super-set of the
range of Rj and thus of Uj , rendering aH(θj)Ria(θj) small
for all θj ∈ I

(i)
j will thus also result in meeting condition

(31). In summary, interfering users for which aH(θj)Ria(θj)
is small are preferred to limit the impact of interference during
channel estimation.

APPENDIX B
PROOF OF PROPOSITION 2

min
φ∈Φ

uHRiu

= min
φ∈Φ

1

M

ˆ
J2(θ

(i)
i , φ) p(θ

(i)
i ) dθ

(i)
i ,

(a)
=

1

M

ˆ
min
φ∈Φ

J2(θ
(i)
i , φ) p(θ

(i)
i ) dθ

(i)
i ,
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where for (a) we make use of [18, Theorem 14.60], which
states that the interchange of minimization and integration is
possible under certain conditions; in our case, the conditions
are met since the integrand is continuous in θ

(i)
i and the

minimization is over the space of all measurable functions
and hence it can be reduced to point-wise minimization.

APPENDIX C
SELECTION OF ψ̃i

min
AND ψ̃i

max

We denote {φ∗
r,θδi
}r and {φ∗

r,π−θδi
}r as the sets of zeros

of functions J(θδi , φ) and J(π − θδi , φ), respectively. The
values of φ∗

θδi
and φ∗

π−θδi
are obtained by solving the following

expressions using (16)

cos(φ∗θδi
) = cos(θδi ) +

zλ

MD
, (32)

cos(φ∗π−θδi
) = − cos(θδi ) +

zλ

MD
. (33)

We further define ψ̃i
min

=
max(min

r
({φ∗

r,θδi
}r),min

r
({φ∗

r,π−θδi
}r)) and ψ̃i

max
=

min(max
r

({φ∗
r,θδi
}r),max({φ∗

r,π−θδi
}r)).
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