
Analysis of the Finite Mass Transfer Models in the Numerical Simulation of
Bubbly Flows

Downloaded from: https://research.chalmers.se, 2023-03-29 04:15 UTC

Citation for the original published paper (version of record):
Ghahramani, E., Bensow, R. (2018). Analysis of the Finite Mass Transfer Models in the Numerical
Simulation of Bubbly Flows. CAV2018 PROCEEDINGS

N.B. When citing this work, cite the original published paper.

research.chalmers.se offers the possibility of retrieving research publications produced at Chalmers University of Technology.
It covers all kind of research output: articles, dissertations, conference papers, reports etc. since 2004.
research.chalmers.se is administrated and maintained by Chalmers Library

(article starts on next page)



89

References  
[1] Barnes W McCormick, Jr. A Study of the Minimum Pressure in a Trailing Vortex System. Doctoral dissertation, 

Pennsylvania State University, 1954. 
[2] K Sinding and M Krane. “Tip vortex core pressure estimates derived from velocity field measurements.” In APS Division of 

Fluid Dynamics Meeting Abstracts, 2016. 
[3] T Brockett. “Minimum pressure envelopes for modified NACA-66 sections with NACA A= 0.8 camber and BuShips type 1 

and type 2 sections.” Technical report, David Taylor Model Basin, 1966. 
[4] David Hanson. Cavitation Inception for Non-Elliptically Loaded Fins. Master’s thesis, The Pennsylvania State University, 

2012. 
[5] Siemens. Star CCM+ v 12.04 User Manual, 2017. 
[6] F. Nicoud and F. Ducros. “Subgrid-scale stress modelling based on the square of the velocity gradient tensor.” Flow, 

Turbulence and Combustion, 62(3):183–200, 1999. 
[7] Nicholas J Georgiadis, Donald P Rizzetta, and Christer Fureby. “Large-Eddy Simulation: Current Capabilities, 
[8] Recommended Practices, and Future Research.” AIAA Journal, 48(8):1772–1784, 2010. 
[9] Johan Larsson, Soshi Kawai, Julien Bodart, and Ivan Bermejo-Moreno. “Large eddy simulation with modeled wall-stress: 

recent progress and future directions.” Bulletin of the JSME Mechanical Engineering Reviews, 3(1), 2016. 
[10] Jim Chow, Greg Zilliac, and Peter Bradshaw. “Turbulence Measurements in the Near Field of a Wingtip Vortex.” 1997. 
[11] Matthew J Churchfield and Gregory A Blaisdell. Numerical Simulations of a Wingtip Vortex in the Near Field. Journal of 

Aircraft, 46(1):230–243, 2009. 
 

10th International Symposium on Cavitation - CAV2018 
Baltimore, Maryland, USA, May 14 – 16, 2018

CAV18-05018 

 

*Corresponding Author, Ebrahim Ghahramani: ebrahim.ghahramani@chalmers.se	

 

Analysis of the Finite Mass Transfer Models in the Numerical Simulation of Bubbly Flows 

Ebrahim Ghahramani*; Rickard E. Bensow;	
Chalmers University of Technology, Gothenburg, Sweden	

Abstract 
In this study, the effect of empirical constants on the performance of the finite mass transfer models 
as well as some numerical issues of the model are investigated through the numerical analysis of the 
Rayleigh problem and the collapse of a bubble cluster. Also, by implementing the exact bubble radius 
profile into the model, it is shown that the pressure field can be very well estimated by the model.  
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Introduction  

A common numerical method for simulation of cavitating flows in large scale applications (e.g. marine propellers) is 
the homogeneous mixture modeling based on the finite mass transfer assumption. In this approach, the multiphase 
fluid is considered as a homogeneous mixture and a scalar transport equation is solved to find the liquid-vapor 
interface based on the interface-capturing scheme and the mass transfer between the phases is modeled using 
empirical terms. While these models are used to study turbulent sheet and cloud cavity structures with reasonable 
accuracy, they are limited in resolving small scale structures such as cavitation nuclei and bubbles. One source of 
such a limitation is the simplification behind the derivation of the mass transfer terms. In fact, most of the popular 
models are based on a simplified form of the well-known Rayleigh-Plesset equation in which the second-order 
derivative term is ignored. As cavity inertia becomes more important in the last steps of its collapse, such a 
simplification can decrease model accuracy in capturing bubble collapse and rebound. Further, some empirical 
coefficients are introduced to the mass transfer term which usually need to be tuned for different applications. 
In this paper, the capability of the finite mass transfer model in the prediction of cavitating flows is investigated 
through a study of the effect of the empirical coefficients; also some numerical issues in pressure estimation are 
discussed. The Schnerr-Sauer model [1] is used to obtain mass transfer rate and two test cases are chosen for this 
study. The first case is the collapse of a vapor bubble under a far-field pressure higher than the characteristic vapor 
pressure. The second problem is the collapse of a cluster of bubbles in which the collapse of each bubble is 
influenced by the dynamics of surrounding structures. Then, a different approach is used to find the exact single 
bubble interface, which help to clarify one aspects of the mass transfer model limitation in appropriate estimation of 
pressure field of the cavitating flows.  

Method  

In this approach, the general continuity and Navier-Stokes equations are solved to calculate the main flow field and 
the interface capturing scheme based on the Volume of Fluid (VOF) concept is used to calculate the liquid-vapor 
interface. Therefore, a scalar transport equation for the liquid volume fraction, a, is solved and the liquid-vapor 
mass transfer at the interface is considered as a source term to this equation as 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕𝜕'𝛼𝛼𝛼
𝜕𝜕𝜕𝜕'

=
𝑚𝑚
𝜌𝜌-
, 

(1) 

where ui is the velocity vector and rl is the liquid density. There are various empirical models in literature to 
estimate the mass transfer rate, 𝑚𝑚. In this study, the Schnerr-Sauer model [1] of OpenFOAM is used in which the 
condensation and vaporization rates are given by 

𝑚𝑚/ = 𝐶𝐶/𝛼𝛼𝛼𝛼 𝛼 𝛼𝛼𝛼
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(2b) 
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where RB and aNuc are the generic radius and volume fraction of bubble nuclei which can be considered as empirical 
parameters. rv and rm are the vapor and mixture density, respectively and psat is the saturation pressure of the fluid. 
Finally, Cc and Cv are the empirical condensation and vaporization coefficients implemented in OpenFOAM, 
respectively. RB and rm are functions of liquid volume fraction and are updated at each time step. To simplify the 
analysis, all other parameters are kept constant and only condensation and vaporization coefficients are modified. In 
this study, the liquid and vapor densities are 1000 kg/m3 0.01389 kg/m3, saturation pressure is 2330 kg/ms2 and aNuc 
is set to 5*10-5 by considering 108 nuclei/m3 with initial diameter of 0.1 mm.  

The mixture properties (including density) are updated at each time step based on the liquid volume fraction at each 
cell. However, pure liquid and vapor are assumed to be incompressible. The governing equations are solved in the 
open source C++ package OpenFOAM using interPhaseChangeFoam solver. 

Result  

To investigate performance of the model, the simple problem of Rayleigh bubble collapse is studied first. For this 
problem, the analytical solution for evolution of bubble radius as well as its surrounding pressure are available in 
literature [2]. Here, the collapse of a vapor bubble in an infinite medium with atmospheric pressure is simulated and 
the effects of viscosity, non-condensable gas, and surface tension are ignored. The initial bubble radius is 0.4 mm 
and the vapor pressure is assumed to be 2340 Pa. Considering the spherical symmetry of the problem, only one cell 
layer of one eighth of the domain is simulated, using corresponding symmetry and wedge boundary conditions. The 
far-field is located 0.5 m from the bubble center. A polar grid is used to discretize the domain and the initial bubble 
is resolved with 20 radial cells (i.e. Dr/R0 = 0.05, around the bubble). In figure 1, the generated grid and the initial 
Laplacian pressure field is depicted. The solution time step is 5*10-9 s.  

 
Figure 1: Domain discretization and initial pressure field  

 
Figure 2: Temporal evolution of bubble radius 

In figure 2, the temporal evolution of bubble radius with different mass transfer coefficients is compared with the 
analytical solution. The solution time and bubble radius are normalized with Rayleigh collapse time (tR) and initial 
radius (R0), respectively.  According to the figure, for small coefficients, the finite mass transfer model is incapable 
in estimation of bubble radius profile and the empirical constants should be larger than a minimum value. However, 
to have a better understanding of the model behavior, the calculated pressure profile should be investigated as well. 
In figure 3, the estimated pressure profiles in the radial direction around the bubble interface are compared to 
analytical data at three instances of the last stages of bubble collapse. In this figure the radial distance from the 
bubble center (R) is normalized with bubble initial radius (R0) and the vertical axes shows the normalized pressure 
profile, given by P = (p - p¥)/( p¥ - pv). According to the figure, the pressure field is highly dependent on the mass 
transfer coefficients. In fact, while both moderate (C = 102) and large coefficients (C = 104) predict similar radius 
profiles, their pressure estimations are considerably different. For the lower coefficient, the estimated pressure inside 
the bubble is larger than the vapor pressure (P > -1). Also, some numerical pressure pulses are emitted from bubble 
interface which makes the pressure values at t / tR = 0.921 to be larger than the corresponding values at a later time 
(t / tR = 0.948). If we increase the mass transfer coefficient to C = 104 these numerical pulses have almost 
disappeared from the solution and the pressure inside the bubble is estimated correctly. However, the pressure peaks 
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around the interface is underestimated and the pressure lines are shifted a little as compared to analytical data. It can 
be shown that if the coefficients are increased further, the solution does not change. Therefore, to have an 
appropriate prediction of single bubble collapse, the coefficients should be set large enough. This conclusion is in 
agreement with results of Schenke and van Terwisga [3] using a different mass transfer model. It should be 
emphasized that increasing the model coefficients can cause numerical instability in the solution and special 
convergence measures should be applied to the solver to guarantee a converged and stable solution. To further 
investigate the model performance, the problem is solved with a coarser grid in which the initial bubble is 
discretized with 12 cells (i.e. Dr/R0 = 0.083). In figure 4, the calculated pressure profiles with empirical coefficients 
of 104 are compared with the corresponding ones of the fine grid. It is seen that, even with the high mass transfer 
coefficients, considerable numerical pressure pulses are existed in the solution when the grid resolution is not fine 
enough. This is an important point, since in typical engineering problems, the small cavity structures are not 
discretized with very fine grids.  

 

Figure 3: Pressure estimation of the finite mass transfer model with 
different empirical coefficients 

 

Figure 4: Pressure estimation of the finite mass transfer model with 
different domain discretization; C = 104 

To study the mass transfer coefficient effect for more complex problems, the collapse of a cluster of bubbles is 
solved and the obtained solution is compared to the results of Schmidt et al. [4], where a compressible solver using 
thermodynamic equilibrium equation of state for the liquid, mixture, and vapor. In this problem, a cluster of 125 
bubbles over a flat wall is exposed to an external pressure of 40 bar at infinity and the collapse resulting pressure 
impacts on a bottom wall are measured. The bubble cluster is in a small cube with an edge length of 20 mm. This 
cube is discretized uniformly by 553 cells. The farfield boundaries are located on the edges of a larger domain with 
4*4*2 m3 dimensions and the solution time step is 3.9*10-8 sec. For further description of the problem, the reader is 
referred to [4]. Here, the collapse of each bubble can affect the pressure field around the surrounding bubbles. In 
figure 5 the obtained pressure impacts on the bottom wall are compared with the equilibrium model results for 
different mass transfer coefficients. From the equilibrium model result, it is seen that, due to the collapse of different 
bubbles, some pressure pulses are imposed on the wall which can be seen as local peaks in the plot. For the finite 
mass transfer model, however, the results are highly dependent on the mass transfer coefficient. If the coefficients 
are low, no pressure pulse is seen from individual bubble collapse and the wall pressure impact increases smoothly 
to the maximum value which corresponds to the final violent collapse and after the collapse it decreases smoothly. 
When the coefficients are increased to moderate values (C = 102), some pressure pulses are imposed on the wall and 
the maximum pressure value is estimated much larger than the corresponding value of compressible equilibrium 
model. When the coefficients are increased further to high values (C = 104), the peak pressure estimation is 
decreased again, and the local peaks of the profile are changed both in value and position. Also, according to the 
previous findings of single bubble collapse, it is not assured which of these local peaks are physical and which of 
them are only spurious numerical pulses. 
To investigate possible sources of this inconsistency in the finite mass transfer approach, the simple Rayleigh 
collapse problem is considered again. For this problem, it is possible to have the exact bubble radius evolution from 
the solution of Rayleigh-Plesset equation. Then this exact profile of the cavity interface can be used investigate the 
model capability in prediction of collapse pressure. In other words, a modified finite mass transfer approach is used 
in which the exact volume fraction distribution is available from the Rayleigh-Plesset equation and the mass transfer 
model is only used to obtain the continuity equation source term to calculate the pressure field. The obtained 
pressure profile is compared to analytical data in figure 6, for both coarse and fine grids. In this case, the mass 
transfer coefficients are set to high values (C = 104). According to the fine grid solution, the pressure field can be 
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where RB and aNuc are the generic radius and volume fraction of bubble nuclei which can be considered as empirical 
parameters. rv and rm are the vapor and mixture density, respectively and psat is the saturation pressure of the fluid. 
Finally, Cc and Cv are the empirical condensation and vaporization coefficients implemented in OpenFOAM, 
respectively. RB and rm are functions of liquid volume fraction and are updated at each time step. To simplify the 
analysis, all other parameters are kept constant and only condensation and vaporization coefficients are modified. In 
this study, the liquid and vapor densities are 1000 kg/m3 0.01389 kg/m3, saturation pressure is 2330 kg/ms2 and aNuc 
is set to 5*10-5 by considering 108 nuclei/m3 with initial diameter of 0.1 mm.  

The mixture properties (including density) are updated at each time step based on the liquid volume fraction at each 
cell. However, pure liquid and vapor are assumed to be incompressible. The governing equations are solved in the 
open source C++ package OpenFOAM using interPhaseChangeFoam solver. 

Result  

To investigate performance of the model, the simple problem of Rayleigh bubble collapse is studied first. For this 
problem, the analytical solution for evolution of bubble radius as well as its surrounding pressure are available in 
literature [2]. Here, the collapse of a vapor bubble in an infinite medium with atmospheric pressure is simulated and 
the effects of viscosity, non-condensable gas, and surface tension are ignored. The initial bubble radius is 0.4 mm 
and the vapor pressure is assumed to be 2340 Pa. Considering the spherical symmetry of the problem, only one cell 
layer of one eighth of the domain is simulated, using corresponding symmetry and wedge boundary conditions. The 
far-field is located 0.5 m from the bubble center. A polar grid is used to discretize the domain and the initial bubble 
is resolved with 20 radial cells (i.e. Dr/R0 = 0.05, around the bubble). In figure 1, the generated grid and the initial 
Laplacian pressure field is depicted. The solution time step is 5*10-9 s.  

 
Figure 1: Domain discretization and initial pressure field  

 
Figure 2: Temporal evolution of bubble radius 

In figure 2, the temporal evolution of bubble radius with different mass transfer coefficients is compared with the 
analytical solution. The solution time and bubble radius are normalized with Rayleigh collapse time (tR) and initial 
radius (R0), respectively.  According to the figure, for small coefficients, the finite mass transfer model is incapable 
in estimation of bubble radius profile and the empirical constants should be larger than a minimum value. However, 
to have a better understanding of the model behavior, the calculated pressure profile should be investigated as well. 
In figure 3, the estimated pressure profiles in the radial direction around the bubble interface are compared to 
analytical data at three instances of the last stages of bubble collapse. In this figure the radial distance from the 
bubble center (R) is normalized with bubble initial radius (R0) and the vertical axes shows the normalized pressure 
profile, given by P = (p - p¥)/( p¥ - pv). According to the figure, the pressure field is highly dependent on the mass 
transfer coefficients. In fact, while both moderate (C = 102) and large coefficients (C = 104) predict similar radius 
profiles, their pressure estimations are considerably different. For the lower coefficient, the estimated pressure inside 
the bubble is larger than the vapor pressure (P > -1). Also, some numerical pressure pulses are emitted from bubble 
interface which makes the pressure values at t / tR = 0.921 to be larger than the corresponding values at a later time 
(t / tR = 0.948). If we increase the mass transfer coefficient to C = 104 these numerical pulses have almost 
disappeared from the solution and the pressure inside the bubble is estimated correctly. However, the pressure peaks 
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around the interface is underestimated and the pressure lines are shifted a little as compared to analytical data. It can 
be shown that if the coefficients are increased further, the solution does not change. Therefore, to have an 
appropriate prediction of single bubble collapse, the coefficients should be set large enough. This conclusion is in 
agreement with results of Schenke and van Terwisga [3] using a different mass transfer model. It should be 
emphasized that increasing the model coefficients can cause numerical instability in the solution and special 
convergence measures should be applied to the solver to guarantee a converged and stable solution. To further 
investigate the model performance, the problem is solved with a coarser grid in which the initial bubble is 
discretized with 12 cells (i.e. Dr/R0 = 0.083). In figure 4, the calculated pressure profiles with empirical coefficients 
of 104 are compared with the corresponding ones of the fine grid. It is seen that, even with the high mass transfer 
coefficients, considerable numerical pressure pulses are existed in the solution when the grid resolution is not fine 
enough. This is an important point, since in typical engineering problems, the small cavity structures are not 
discretized with very fine grids.  

 

Figure 3: Pressure estimation of the finite mass transfer model with 
different empirical coefficients 

 

Figure 4: Pressure estimation of the finite mass transfer model with 
different domain discretization; C = 104 

To study the mass transfer coefficient effect for more complex problems, the collapse of a cluster of bubbles is 
solved and the obtained solution is compared to the results of Schmidt et al. [4], where a compressible solver using 
thermodynamic equilibrium equation of state for the liquid, mixture, and vapor. In this problem, a cluster of 125 
bubbles over a flat wall is exposed to an external pressure of 40 bar at infinity and the collapse resulting pressure 
impacts on a bottom wall are measured. The bubble cluster is in a small cube with an edge length of 20 mm. This 
cube is discretized uniformly by 553 cells. The farfield boundaries are located on the edges of a larger domain with 
4*4*2 m3 dimensions and the solution time step is 3.9*10-8 sec. For further description of the problem, the reader is 
referred to [4]. Here, the collapse of each bubble can affect the pressure field around the surrounding bubbles. In 
figure 5 the obtained pressure impacts on the bottom wall are compared with the equilibrium model results for 
different mass transfer coefficients. From the equilibrium model result, it is seen that, due to the collapse of different 
bubbles, some pressure pulses are imposed on the wall which can be seen as local peaks in the plot. For the finite 
mass transfer model, however, the results are highly dependent on the mass transfer coefficient. If the coefficients 
are low, no pressure pulse is seen from individual bubble collapse and the wall pressure impact increases smoothly 
to the maximum value which corresponds to the final violent collapse and after the collapse it decreases smoothly. 
When the coefficients are increased to moderate values (C = 102), some pressure pulses are imposed on the wall and 
the maximum pressure value is estimated much larger than the corresponding value of compressible equilibrium 
model. When the coefficients are increased further to high values (C = 104), the peak pressure estimation is 
decreased again, and the local peaks of the profile are changed both in value and position. Also, according to the 
previous findings of single bubble collapse, it is not assured which of these local peaks are physical and which of 
them are only spurious numerical pulses. 
To investigate possible sources of this inconsistency in the finite mass transfer approach, the simple Rayleigh 
collapse problem is considered again. For this problem, it is possible to have the exact bubble radius evolution from 
the solution of Rayleigh-Plesset equation. Then this exact profile of the cavity interface can be used investigate the 
model capability in prediction of collapse pressure. In other words, a modified finite mass transfer approach is used 
in which the exact volume fraction distribution is available from the Rayleigh-Plesset equation and the mass transfer 
model is only used to obtain the continuity equation source term to calculate the pressure field. The obtained 
pressure profile is compared to analytical data in figure 6, for both coarse and fine grids. In this case, the mass 
transfer coefficients are set to high values (C = 104). According to the fine grid solution, the pressure field can be 
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very well estimated by the mass transfer model if the coefficients are high enough and the pressure peaks and their 
locations are well-captures without any shift in the profile. Also, from the coarse grid solution, it is concluded that, 
even with less accurate discretization, the model has an acceptable accuracy and no numerical pressure pulse is 
generated in the domain. It should be noticed that the previously mentioned numerical instability problems for the 
model do not exist in the new solutions. In summary, the mass transfer model can predict the pressure profile with 
reasonable accuracy and without any numerical issue, provided that the coefficients are high enough. In other words, 
one major source of the mass transfer model inconsistencies in prediction of cavitation problems is in the solution of 
the scalar transport equation of the liquid volume fraction. Inheriting the interface capturing scheme nature, this 
equation needs very fine grid and special solution criterion to sufficiently resolve the cavity interface and avoiding 
numerical pulses. Also, in order to have more stable solution and diagonal dominancy of the coefficient matrix this 
equation is usually discretized as 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕𝜕'𝛼𝛼𝛼
𝜕𝜕𝜕𝜕'

=
𝑚𝑚
𝜌𝜌-
+ 	𝛼𝛼

𝜕𝜕𝜕𝜕'
𝜕𝜕𝜕𝜕'

− 	
𝜕𝜕𝜕𝜕'
𝜕𝜕𝜕𝜕'

. 
(4) 

While theoretically, the two velocity divergence terms should be identical, one term is replaced by the continuity 
equation source term and the other term is calculated from the velocity field. Since the continuity equation and the 
volume fraction transport equations (and its corresponding source term) are not solved simultaneously for each 
solution iteration, these two terms are not necessarily equal and it can cause some numerical error in the solution of 
the volume fraction transport equation. 

 
Figure 5: Pressure impact estimation of the finite mass transfer 

model with different coefficients for the collapse of a bubble cluster 

 
Figure 6: Estimated pressure profile of the finite mass transfer model 

with the exact solution of the bubble interface 

Conclusion  

From the solution of the single bubble collapse, it is concluded that for resolving the collapse event the empirical 
coefficients of the mass transfer model should be large enough and very fine grids are needed. Otherwise, the bubble 
collapse may have numerical delay for small coefficients or numerical pulses may happen. This can be problematic 
for the more complex cases when the collapse of each bubble may influence the dynamics of other structures. It is 
shown that a major source of this issue is the numerical problems in solving of vapor transport equation. 
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