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The discovery of dark matter (DM) at XENONNT or LZ would place constraints on DM particle mass
and coupling constants. It is interesting to ask when these constraints can be compatible with the DM
thermal production mechanism. We address this question within the most general set of renormalizable
models that preserve Lorentz and gauge symmetry, and that extend the standard model by one DM
candidate of mass mpy; and one particle of mass M .4 mediating DM-quark interactions. Our analysis
divides into two parts. First, we postulate that XENONNT/LZ has detected g ~ O(100) signal events, and
use this input to calculate the DM relic density, Qpyi%. Then, we identify the regions in the M ,,.q — Qpyh?
plane which are compatible with the observed signal and with current CMB data. We find that for most of
the models considered here, O(100) signal events at XENONnT/LZ and the DM thermal production are
only compatible for resonant DM annihilations, i.e. for M .4 =~ 2mpy. In this case, XENONnT/LZ would
be able to simultaneously measure mpy; and M ,.q. We also discuss the dependence of our results on mpy,
us and the DM spin, and provide analytic expressions for annihilation cross sections and mediator decay

widths for all models considered in this study.

DOI: 10.1103/PhysRevD.97.103002

I. INTRODUCTION

The evidence for the presence of dark matter (DM) in the
Universe is based upon the observation of anomalous
gravitational effects in astronomical and cosmological
systems [1]. These systems range from stellar populations
in the solar neighborhood [2] to the large scale structure of
the Universe [3]. The cosmic microwave background
(CMB) radiation is one of the key physical observables
in this context [4]. In particular, measurements of the CMB
angular power spectrum performed by the Planck satellite
set the DM relic density to critical density ratio to
Qpph? = 0.1199 4 0.0022, with a relative error of less
than 2% [5]. A particle in the few GeV up to about 300 TeV
mass range with coupling constants at the weak scale is
expected to be in thermal equilibrium in the early Universe,
and to (chemically) decouple from the thermal bath with a
relic density which is typically within a factor of a few from
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the observed value of QpyA? [6,7]. This mechanism to
generate Qpy /% via chemical decoupling is called DM
thermal production. Weakly interacting massive particles
(WIMPs) are a typical example of thermally produced DM
particles, and by far the most extensively studied candidates
for particle DM. For a recent review on WIMPs as DM
candidates, see [8,9]. Alternative production mechanisms,
e.g., freeze-in and misalignment mechanism, are reviewed
in [10,11]. Here, we will focus on thermally produced
WIMPs.

The WIMP relic density is obtained through the numeri-
cal solution of a collisional Boltzmann equation [12]. The
collisional term in this equation takes into account particle
physics processes affecting the rate of DM annihilation.
These include resonances and co-annihilations [13].
Motivated by increasingly accurate CMB data on Qpy,h?
[5], predictions for the DM relic density have improved
dramatically in recent years and, besides the already
mentioned phenomena, now also include, e.g., next-to-
leading order QCD corrections [14] and the Sommerfeld
enhancement of the DM annihilation cross section
due to possible DM self-interactions [15]. The impact of
a nonstandard cosmological expansion on the DM relic
density, e.g. induced by modifications of General Relativity
on cosmological scales, has also been studied in detail
[16,17]. Computer programmes implementing accurate
calculations of the DM relic density include darksusy

Published by the American Physical Society
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[18], M1icrOMEGASs [19] and MadDM [20]. See, e.g., [21]
for a recent comparison of relic density calculations
performed using different computer programs.

Among the strategies designed for DM particle iden-
tification, the DM direct detection technique will be
crucial in the next decade [22]. It searches for nuclear
recoil events induced by the scattering of Milky Way DM
particles in low-background detectors. See, e.g., [23-25]
for a review on the current status of direct detection
experiments. The discovery of DM at direct detection
experiments would constrain the DM particle mass and
coupling constants. Importantly, the same parameters are
also constrained by CMB data on the DM relic density.
Therefore, it is interesting to ask whether the discovery of
DM at XENONnT and the DM thermal production
mechanism can be compatible. Here we systematically
address this question focusing on DM candidates pri-
marily interacting with quarks. Prospects for DM direct
detection via DM-lepton interactions have been discussed
in, e.g. [26-28].

The aim of this work is to determine under what
circumstances the DM thermal production mechanism is
compatible with the discovery of DM at XENONnT/LZ. In
the analysis, we assume that XENONNT/LZ has detected
us ~O(100) signal events. A comparable number of
events is expected for DM-nucleus scattering cross sections
just below current exclusion limits. We then use this
information on pg as an input to compute the DM relic
density. The latter is computed within the most general set
of renormalizable models compatible with Lorentz and
gauge symmetry extending the standard model by one DM
candidate and one particle mediating DM-quark inter-
actions. For most of the models considered here, we find
that pg ~ O(100) signal events at XENONnT/LZ are
compatible with DM thermal production only for a narrow
range of mediator masses, i.e. for M .4 =~ 2mpy, where
M .q and mpy; are the mediator and DM particle mass,
respectively. In this case, a signal at XENONnT/LZ would
determine the value of M|,.q and mpy; simultaneously, as
long as DM is a WIMP. In the analysis, we also relate the
compatibility of DM thermal production and DM discovery
at XENONnT/LZ to the DM spin and interaction proper-
ties. Finally, we discuss the dependence of our results on
mpm and Hs-

The paper is organized as follows. In Sec. II, we review
the set of single-mediator DM models considered in this
study. For each model, the relic density is computed as
described in Sec. III under the assumption that XENONnT
or LZ has detected DM, constraining the model param-
eters as illustrated in Sec. IV. We present our results in
Sec. V, discuss their dependence on mpy and pg in
Sec. VI, and conclude in Sec. VII. For all models
considered in this study, analytic expressions for annihi-
lation cross sections and mediator decay widths are listed
in the Appendixes.

II. THEORETICAL FRAMEWORK

We calculate DM relic density and DM-nucleus scatter-
ing cross sections within the theoretical framework intro-
duced in [29]. This framework consists of “simplified
models” extending the standard model by one DM candi-
date and one particle that mediates the interactions of DM
with quarks. This approach is usually sufficient to obtain a
good understanding of the DM particle phenomenology,
especially in the analysis of DM direct detection experi-
ments and in the calculation of the DM relic density.
Simplified models for DM have also extensively been used
in the experimental analysis and theoretical interpretation
of LHC data, e.g., [30], and to design strategies to extract
DM particle spin [31-34] and particle/antiparticle nature
[35,36] from future data. Generically, simplified models are
characterized by the nature of the DM particle, which can
be a scalar S, a fermion y or a vector X*. If DM has spin
1/2, we assume that the field y is a Dirac rather than
Majorana spinor. Independently of its spin, DM is taken to
be neutral with respect to the standard model gauge group,
but can carry charge under some additional gauge or
discrete symmetry group. In this case, the scalar S and
the vector X* must be complex fields. For example,
assuming that DM is odd and all other particles are even
under a new 2, symmetry would guarantee that DM is
stable on cosmological time-scales. With the above nota-
tion, the Lagrangian of a simplified model for fermionic
DM interacting with quarks g through a vector mediator
G, eg a Z'-boson, can be written as follows,

. _ 1 1
L= Loy +1yPy—mjy — 1 G, G" + zMchﬂG”

+ quq - mqqq - ]'3)_(7/14}{(;” - )“4)_”/”7/5)(Gﬂ
- h3é}’”qGﬂ - h46_1y#y5ch (1)

where a sum over all quark flavors (¢ = u, d, ¢, s, b, t) is
understood in the terms involving quark bilinears, and 15,
A4, h3, hy are dimensionless constants. Here we assume
universal quark-mediator couplings, i.e. the same /5 and Ay
for all quark flavors. Lagrangians for all models introduced
in [29] and considered here are listed in Appendix A. For a
given model, we will only consider cases where two
couplings are different from zero at the same time.

In the nonrelativistic limit, the models in Appendix A
match onto (linear combinations of) nonrelativistic oper-
ators for DM-nucleon interactions. These operators are
invariant under Hermitian conjugation and Galilean trans-
formations, i.e. constant shifts of particle velocities, but can
in certain cases violate 7 symmetry, as shown in [37]. They
have matrix elements between incoming and outgoing DM-
nucleon states which can be expressed as combinations of
the basic invariants under theses symmetries,
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iq, =v —l—i S,.

d 2
Sy and Sy, (2)

where v is the DM-nucleon relative velocity, q the three-
dimensional momentum transfer in the DM-nucleus scatter-
ing, and Sy and S, the spin of the DM and of the nucleon,
respectively. DM-nucleon interaction operators have sys-
tematically been classified in [37], focusing on spin <1/2
DM. This classification has subsequently been extended to
spin 1 DM in [29]. At linear order in the DM-nucleon
relative velocity and at second order in the momentum
transfer, 16 independent operators can be constructed,
although not all of them appear as leading operators in
the nonrelativistic limit of our simplified models for DM-
quark interactions. The 16 operators are listed in Table I.

For each simplified model in Appendix A, the
Hamiltonian for DM-nucleon interactions can be expressed
as follows

H= 3 > e O, (3)

N=n,p i

where N = p and N = n denotes coupling to protons and
neutrons, respectively, the index i =1,...,18 (i #2 and
i # 16; see caption in Table I) labels the interaction type,

TABLE I. Quantum mechanical operators defining the non-
relativistic effective theory of DM-nucleon interactions [37,38].
Here we adopt the notation introduced in Sec. II. Canonical spin-
independent and spin-dependent interactions correspond to the
operators O, and O,, respectively. Operator 02 is quadratic in ¥+
and (’)]6 is a linear combination of (912 and (’)15 [39]. These are
therefore not reported in the table. The operators @17 and @18
only arise for spin 1 WIMPs, and S is a symmetric combination
of spin 1 WIMP polarization vectors [29]. For simplicity, we omit
the nucleon index in the operator definitions.

O,=1,1y

O3 = iSy - GLx %41,
Oy =8-Sy

Os =i, (L x¥)1y
Os = (S, ,,%)(SN ,f‘N)
O; =8y - 941,

Os =S8, vy

Oy = iS, - (Sy %)
O1p = i8Sy 711,

On =S, 5Ly

O, = S;( Sy x ¥1)
O = i(S;( V) (Sy miv)
O =iS,- miN)(SN ¥
Op5 = —(S;( mi,v) Sy x¥) n?j]
O =ik-S-9ty

@) ;4..5.Sy

and the coupling constants cf.N) have dimension mass to the

power of —2. From Eq. (3), one can calculate cross sections
for DM-nucleus scattering as described in Refs. [37,39,40]
in detail. Prospects for DM particle detection in this
framework have been studied in [31,41-46], and limits
on the coupling constants cl(.N)
e.g., [47-53].

The coupling constants c( )in Eq. (3) are directly related
to the coupling constants of the simplified models in
Appendix A as illustrated in Table II and described in
Ref. [29]. The couplings to nucleons in Table II, AV,
are related to the quark level couplings by nucleon form
factors [29,54,55],

have been derived in,

! = 11.93h, A = 12310, (4a)
ht = —=0.07h, h? =—-028h,  (4b)
P = 3hy hIP =033k, (4c)

These values can have large uncertainties. We will briefly
discuss how these uncertainties effect our results in Sec. VL.

Only leading contnbutlons to the c; N)' coefficients are
considered in Table IL." In particular, we neglect momen-
tum-dependent chiral effective field theory corrections
[56,57] and renormalization group effects leading to
operator evolution [58]. Furthermore, we do not consider
charged mediators and models generating the two addi-
tional operators introduced in [29], @17 and @18. The latter
arise in the nonrelativistic limit of simplified models
with bg = N (bg).

III. DARK MATTER THERMAL PRODUCTION

In the early Universe, the time evolution of the DM space
density, n, is described by the Boltzmann equation [12],
i+ 3Hn = ~(ovy) (0" = ndy). (5)
where H is the expansion rate of the Universe, ¢ is the
invariant cross section for DM annihilation into standard
model particles, a dot denotes derivative with respect to
the coordinate time, Neg is the DM density at thermal
equilibrium, and

\/(Pl : P2)2 - mélt)M (6)

UMgl = EE, )

is the Mgller velocity. In Eq. (6), E| and E, (p, and p,) are
the energies (four-momenta) of the annihilating DM

'Some of the coefficients in Table II differ from those in the
published version of Ref. [29]. Currently, a revised version of
Ref. [29] is in preparation. In the revised version, the new
coefficients will agree with Table II and [47].
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TABLE II. Relation between coupling constants of the sim-
plified models in Appendix A [with only two coupling constants
different from zero at the time; see text below Eq. (20)] and
coefficients of the nonrelativistic operators in Table I in the
proton/neutron basis. In the second column, we omit the index N
for simplicity.

Spin 0 DM Coefficient  Scalar mediator ~ Vector mediator

c g, _p M
2 2
MlD MG
Cq 4 hf‘v!/zt
MZ
G
€10 g
2
M(D

spin 1/2 DM Coefficient Scalar mediator ~Vector mediator

cy hflvll _ hg’}g
My Mg
Cy 4 hf;V;Ll
Mg
Co W% my
Mi m,
C7 2 h_{;v;lz
Mg
Cg -2 hg]h
M
G
Co 0 hf;’/13 my 2h§’/l4
MZG m, Mé
Clo hy
M2
C1 h A my
M2 m,

Spin 1 DM Coefficient Scalar mediator Vector mediator

c blhq" ) hé"b;
Mg Mg
s A w<b7>Jr 2 3(be)
mymy Mé
Cs _my h; 5“’0)
my M2
Ce _thv‘:‘(bo)
my M
Wb
Cy 4 ;‘1425
cg zhgv‘“( 7)
Cy 2mN *‘(bé)_._zh h(b7)
(,
Clo bli;gl
My
ci _my hY3(b7)
my M2
Clg 2mh4N3(b7)
my MZG

particles. Angle brackets in Eq. (5) represent an average
over the phase-space density F of the DM particles in the
initial state,

[ &Epy [&Epy(ovyg)e B/ Te BT

fd3p1 fd3P2€

where T is the time-dependent CMB temperature, p; and p,
are three-dimensional momenta and for the phase-space

<G1}M¢l> /T —E,)T (7)

density F we assumed a Boltzmann distribution.
Equation (7) is equivalent to the single-integral formula [12]

CONPIES Aoo de A (x, €)ov1, (8)

where x = mpy /T,

K (x,€) = e/2(1 + 2e)K, <2x\/1 ¥ s), 9)

K3(x)

K| and K, are the first two modified Bessel functions of the
second kind, & = (s — 4m3,,)/4m?,, is the total Kinetic
energy per unit mass in the lab frame, and the DM-DM
relative speed in the lab frame, vy, is given by
vy = 26"2(1 4 €)1/2/(1 + 2¢). In general, for a two-par-
ticle final state,

1

-t _zm%M)/;f/dm///P (10)

70 = Can (s

where

271/2 271/2
p; = [1_(’”3 + my) ] / [1_(’”3 ny) } / .
s s
my and my are the masses of the two particles in the final
state, s = (p; + p»)?, 4 is the invariant amplitude,
dQ = d¢pd cos 0, and 0 and ¢ are center-of-mass scattering
angle and associated azimuthal angle, respectively. Here we
denote the square modulus of .# averaged (summed) over

initial (final) spin states by |.#|?. Explicit expressions for
|7 |* for all simplified models in Appendix A are listed in
Appendix B.

In terms of DM abundance, Y = n/., where . is the
total entropy density of the Universe, Eq. (5) reads as
follows,

dr (45

> o g’l‘/szM
G g ""'DM
dx

. = (ovma) (Y2 = ¥5,), - (12)

where G is Newton’s gravitational constant, and Y., is
given by

_ 459 X*K,(x)

Y., = .
“ 4ﬂ4heff<mDM/x)

(13)

In the above expression, g is the number of DM spin states

and
12 hes
94" =15 (1 +
Gett

1T dheff) (14)

3 dT

where g and hgy are the effective number of degrees of
freedom for the total energy and entropy densities of the
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Universe, respectively. In the following, we will assume
g 2 Nege/ g;f/fz ~ 9.5, which is a fairly good approxima-
tion for temperatures above the QCD phase transition [12].

Numerical integration of Eq. (5) shows that there is a
critical temperature, Tf, such that for x < Xp = mpy / Tf,
Y(x) = Yeq(x), whereas for x > x;, Y(x) # Yeq(x). The
critical temperature 7', is called freeze-out temperature and
can be estimated by solving for x = x; the equation

(Bo) e

(15)

459K2( )mDM\/g_*

47" I (mpp/X) (60 )S(6 +2) =

which follows from Eq. (5) with A=Y —Y, =Y,
0 € R, and dA/dx = 0. Setting dA/dx to zero at x = x;
is a good approximation since Y = Y., for x < x4, and
dA/dx is a smooth function of x. Here we set the parameter
dto 1.5, a value found comparing results for x obtained by
solving Eq. (12) with estimates based upon Eq. (15) [12].
For x > x, an approximate solution to Eq. (12) can be
found by setting to zero the ¥ gq term in the right hand side.
Indeed, after freeze-out, Y2, is small compared to Y2. In
terms of 7', the approximate solution reads as follows

1 1 45 -1/2 rr
Y, +( G) / "dTg) (o). (16)
YO Yf T,

where YO = Y(mDM/To), Yf = Y(mDM/Tf) and TO is the
present CMB temperature. From Y, one can estimate the
DM relic density in units of the critical density p. as
follows Qpy = mpym-7oYo/p., Where .7 is the present
entropy density. By evaluating Qpy explicitly, one
finds [12]

Qpyh? _28282x108<GEM>93Yo, (17)

where 7 =T,/(2.75 K), h = Hy/100, and H, is the
Hubble constant.

IV. DARK MATTER DETECTION
AT XENONNT/LZ

In this section, we review the equations that characterize
DM direct detection at XENONnT/LZ. The aim is to
illustrate which DM parameters can be constrained in case
of signal detection. These constraints will then determine
whether or not DM detection and thermal production are
compatible for the simplified models in Appendix A.

The number of observable photoelectrons per DM
interaction in the XENONnT/LZ detector is denoted by
S1. The expected rate of DM interactions per unit detector
mass is [59]

dSl nio;? n,/né) Adej—gﬂ(n|v(E)),

(18)

where & is a Poisson distribution of mean v(E), and v(E)
is the number of expected photoelectrons when a nuclear
recoil energy E is deposited in the DM-nucleus interaction.
The integer n is the number of actually produced photo-
electrons in the scattering process. Finally, & is a Gaussian
distribution of mean n and variance \/n6. Here we extract
the function v(E) from Fig. (13) in [60], set the single-
photoelectron resolution of the XENONnT/LZ photomul-
tipliers, 6, to 6 = 0.4, and assume a constant acceptance,
£(S1) = 0.4 [60]. The rate of nuclear recoil events per unit
detector mass, dR/dE, reads as follows

dR éTpDM / 3 daT(E’ |V|)
-— = —_— d’v|v V+Vg)——.
dE ; mynipm |V|> Vi | |f( @) dE

(19)

where v,;, is the minimum DM velocity required to
deposit an energy E in the detector. In the experimental
analysis, a secondary scintillation signal produced by
electrons generated in the DM scattering and drifted to
the top of the XENONNT/LZ detector by an electric
field is used for background discrimination (i.e. S2 signal).
For simplicity, here we neglect the S2 signal—a simplifi-
cation motivated by the fact that S1 and S2 are anticorre-
lated [60].

In Eq. (19), vg is the velocity of the Earth in the galactic
rest frame, and ppy; is the local DM density. Here we set
ppm = 0.3 GeVem™ and assume a Gaussian distribution
truncated at the galactic escape velocity ve, = 533 kms™!
for f, the DM velocity distribution in the galactic rest frame
boosted to the detector rest frame. These are standard
assumptions within the so-called standard halo model,
although larger values for the local DM density are favored
by astronomical data, e.g. [61-66]. For each simplified
model in Appendix A, we calculate the differential cross
section doy(E, |v|)/dE using nuclear response functions
implemented in DMFormFactor [39]. We extend the sum
in Eq. (19) to the seven most abundant Xenon isotopes,
with masses and mass fractions denoted here by m and &7,
respectively. Finally, we compute the number of signal
events, pg, integrating Eq. (18) from S1 =3 to S1 = 70,
and multiplying the result by the exposure, e. For the latter,
we assume &€ = 20 ton X year.2

The detection of DM particles at XENONnT/LZ would
place constraints on the DM particle mass, mpy;, and on the
combinations of parameters listed in Table II for the models

’An analysis extending to S1 = 180 has recently been pub-
lished by XENON100 [53].
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FIG. 1. Two-dimensional 95% confidence intervals in the

mpm — M plane (g, = gpm = 0.1) obtained by fitting selected
models from Table III to data simulated from model Og (k5. 44).
In the simulation, we assume mpy = 50 GeV and pg = 100.
When model Og(h3, A,) is fitted to the data, the error on My is
small compared to the uncertainties on QpyA? arising from the
fact that M ¢4, g, and gpy cannot be constrained independently.
The figure also shows the bias on the best fit value for M arising
when a model different from Og(h3, ;) is fitted to the data.

described in Appendix A. Equivalently, it would place
constraints on mpy; and on the effective mass M,

M
My =0.1—24 (20)
v/9q49pM

where M ,,.q denotes one of the mediator masses, m,, or mg,
and g, and gpy; are the coupling constants for the DM-DM-
mediator and g-g-mediator vertices, respectively. When a
simplified model is characterised by the coupling constants
9, and gpy and by the leading nonrelativistic operator O;, it

will here be denoted by @i(gq, gpm)- For simplicity, from
here onwards we will omit the index N in the definition of
the nonrelativistic operators.

Assuming mpy = 50 GeV and ug = 100 signal events
at XENONNT/LZ, mpy and M can be extracted from the
data with uncertainties of the order of 20%, e.g. [32]. This
is illustrated in Fig. 1 for the case of data simulated from
model Og(hy,4,) (in this calculation we assume the
background model in [32], as described in detail in
[60]). The relic density Qpyh> depends on the recon-
structed values for mpy and M ;. However, Qpyh? in
general depends on M4, g, and gpy separately, and not

on their combination M. Therefore, an error of about
20% on M is negligible compared to the uncertainties on
Qpyh? arising from the fact that M4, g4 and gpy cannot
be constrained independently. Consequently, from here
onwards we will assume that a signal at XENONnT/LZ
would set mpy; and M to their true values.

V. COMPATIBILITY OF DIRECT DETECTION
AND THERMAL PRODUCTION

In this section, we calculate the DM relic density for the
models in Appendix A, showing when it is compatible with
the detection of O(100) signal events at XENONnT/LZ.
The models in Appendix A are characterized by four
parameters: g,, gpms> Mmea and mpy (as already antici-
pated, we focus on scenarios where only two coupling
constants are different from zero at the same time; see
Table II). Here we set mpy and Mg = 0.1Mmeq/ /9q9pM
to reference values that we assume to be reconstructed from
a hypothetical signal at XENONnT/LZ. Due to parameter
degeneracies, it is not possible to associate a unique value
of Qpyh? to a (mpy, Mpeq) pair. Therefore, we compute
Qpumh? as follows. We set mpy; to its reference value and
vary M .4 in an interval of interest around mpy;. We then

set g, to min(0.01M> M?2.),\/4r), as required b
gq ( med/ \IDMM cgp q y

the XENONNT/LZ input, and vary gpy in the (1077, /4x)
range, which implies perturbative values for the coupling
constants. Furthermore, we impose that the mediator decay
width is less than the mediator mass. Through this
procedure, we are able to map a signal at XENONnT/
LZ into a region in the My,.q — x7, Myeq — (00Mg) and
M oq — Qpymh? planes. We perform this calculation for all
models in Table II, assuming mpy = 50 GeV as a refer-
ence value if not otherwise specified. For M, we assume
the value that would ideally produce 150 nuclear recoils
when g, = gpy = 0.1. We estimate this value by integrat-
ing Eq. (19) from 5 to 45 keV in order to allow for a direct
comparison of our results with those in [29]. The values of
M ¢ found in this way are listed in Table III for all models
in Table II. These values correspond to pg ~ O(100) events
at XENONnT/LZ, as one can verify using Eq. (18). In
Sec. VI, we will comment on the dependence of our results
on the assumed number of signal events.

Figure 2 shows x; as a function of M, for different
values of gpy and for mpy = 50 GeV. The underlying
model is @, (hy, g;), and g, has been set to the XENONnT/
LZ input. The envelope of the family of curves in the figure
identifies a region in the M —x; plane which is
compatible with the observed signal at XENONnT/LZ.
All curves peak at mediator masses around 100 GeV, as
expected for kinematical reasons: for M .4 = 100 GeV,
the DM annihilation into a gg pair is resonant. We obtain
analogous curves in the M .q — (60pg) and Mg — Qpyh?
planes. For large M4, the x; envelope tends to a line,
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TABLE III. Benchmark points ideally producing 150 nuclear
recoil events at XENONnT/LZ for m, =50 GeV and g, =
gpom = 0.1 [32]. We find these values by integrating Eq. (19)
from 5 to 45 keV in order to allow for a direct comparison of our
results with [29]. The second column shows the leading non-
relativistic operator for the benchmark model. Third and fourth
columns report g, and gpy, i.e. the coupling constants for the
DM-DM-mediator and g-g-mediator vertices, respectively.

Spin 0 DM Operator 9q Ipm M [GeV]
1 hy a1 14564.484

1 hy Ja 10260.217

7 hy N 4.509

10 h, g1 10.706

Spin 1/2 DM Operator 9q IpM M g [GeV]
1 hy A 14564.484

1 Iy A3 7255.068

4 hy Ay 147.354

6 h, A 0.286

7 hy A3 3.188

8 hy A4 225.159

10 h, A 10.706

11 hy Ay 351.589

Spin 1/2 DM Operator 9q IpMm M g [GeV]
1 hy b, 14564.484

1 hy bs 10260.216

4 hy R(by) 188.302

5 hs J(bg) 6.946

7 hy bs 4.509

8 hy N(b7) 287.728

9 hy J(bg) 3.674

10 hy b, 10.706

11 hy J(b7) 223.794

14 hy J(b7) 0.201

since in this limit scattering and annihilation cross section
depend on the same combination of model parameters
(Effective Field Theory limit).

Figure 3 compares models O, (hy, g;) and O,(h,. g;) in
the Mipeq — Xf» Miea — (00mg1) and Mg — Qpyh? planes.
In all panels, we only report the envelopes of the family of
curves generated by the gpy parameter. For both models,
and in all panels, we observe the expected resonance around
M .q = 100 GeV, and a plateau corresponding to the
Effective Field Theory limit for larger mediator masses.
In all panels, we report both exact results and estimates based
upon a nonrelativistic approximation for (o), ) introduced
in Appendix C. For model @,y(h,. g,), the nonrelativistic
approximation is very good, whereas it breaks down in the
case of model O, (h;,g;) due to the presence of a sharp
resonance in the annihilation cross section.

The left (right) panel in Fig. 4 shows the x, (Qpmh?)
envelope as a function of M4 for the simplified models

251
20}

15}

S~
M
10f
of
Il Il Il Il Il 13
50 100 150 200 250 300
Mmed/GeV
FIG. 2. Inverse freeze-out temperature, x; = mpy/Ty, as a

function of the mediator mass M4 for different values of gpy
and mpy = 50 GeV. The underlying DM model is @1 (hi,91)-
The coupling constant g, has been set to the value ideally
producing 150 signal events at XENONnT/LZ. The envelope of
the family of curves in the figure identifies a region in the
M 4 — X plane which is compatible with the observed signal at
XENONNT/LZ. All curves peak at mediator masses around
100 GeV, as expected for kinematical reasons: for M .4 =
100 GeV, the DM annihilation into a gq pair is resonant.

corresponding to spin 0 DM. In the figure, models are
labeled according to the leading nonrelativistic operator

for DM-nucleon interactions. Models O,(hy,g,) and

O,0(hy. g;) are not compatible with the thermal production
mechanism for any value of M., yielding a value for
Qpuh? (x ) much smaller (larger) than the observed one. On

the other hand, models O, (hy,g,) and 0, (h3, g4) generate
values for Qpy 4% which are in general too large. However,
for M .q ~ 100 GeV, i.e. at resonance, direct detection
and thermal production can be compatible for models
0, (hi,g;) and @1(h3,g4). This result can be interpreted
as follows: if DM has spin 0 and is produced thermally, the
detection of O(100) signal events at XENONnT would
simultaneously determine the DM particle mass, and the
mediator mass and spin (at least within the simplified model
framework considered in this analysis).

Similarly, Fig. 5 shows regions in the M,..q — Qpmh®
plane corresponding to the detection of (O(100) signal
events at XENONnT/LZ for the case of spin 1/2 DM.
In this case, there are five models for which thermal
production and direct detection can be compatible, namely:
O1(h, A1), O3, 43), Oglha, 44), Os(hs, 44)  and
O11(hy, 4,). For these five models, direct detection and
thermal production can only be compatible at resonance.
Notice that model O, (hy, A4) (green area in the right panel)
corresponds to the canonical spin-dependent interaction.

Finally, Fig. 6 shows the regions in the M,,.q — Qpmh’
plane corresponding to the detection of (O(100) signal
events at XENONnT/LZ for simplified models where DM
has spin 1. Also in this case, five models can yield
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FIG. 3. Comparison of models O, (h,, g) (left) and Oy(h,. g;) (right) in the M,eq — Xp, Mypeq — (00Mg1) and M yeq — Qpyh?® planes.
In all panels, we only report the envelopes of the family of curves generated by the gpy; parameter. The six panels show both exact results
(orange areas) and estimates based on the approximations that are introduced in Appendix C (blue areas). The solid horizontal line in the

M eq — Qomh? plane corresponds to the Planck best fit value for Qpyh?.

the correct relic density and simultaneously explain the
detection of O(100) signal events at XENONnT/LZ. The

five models are Oy(h;.by), Oy(hs.bs), Oy(hy. R(by)),
Og(hy, R(b;)) and Oy, (hs, 3(b7)). For the O, (hy, b;) and

O, (hs, bs) models, the predicted compatibility regions are
identical.

VI. DISCUSSION

In this section, we briefly comment on the dependence of
our results on DM particle mass and number of signal
events.

Figure 7, left panel, shows Qpyh? as a function of M,
for model @, (hy, 44), and for different values of the dark
matter particle mass, mpy;. For a given mediator mass, we
construct an envelope for QpyA® by varying gpy as
explained in the previous section. For both models, we
assume 150 nuclear recoil events (in an ideal experiment
with { =1, see Sec. IV) and consider three masses:
mpy = 50, 100 and 200 GeV. Above 200 GeV, we assume
that errors on the reconstructed DM particle mass would be
too large to be neglected in deriving the Qpy s> envelope.
We focus on model @4(h4, A4) to illustrate a general result:
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FIG. 4. The left (right) panel in the figure shows the x, (Qpyh?) envelope as a function of M for the simplified models
corresponding to spin 0 DM. Envelopes are constructed by requiring that an idealized version of XENON/LZ (see Sec. V) has detected
150 signal events. In the right panel, the solid horizontal line in the M4 — Qpyuh> plane corresponds to the Planck best fit
value for Qpyh’.

1000 - 1 1000

N’: N’:
= Tr 1 = 1 1
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'''' O11(h1.A2) Oa(ha,As)
O7(h4,A3)
-6 L 4 -6 | 4
10 10 \ Og(h3.A4)
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FIG. 5. Same as for Fig. 4, but now for spin 1/2 DM. The left panel refers to models with scalar mediators, while the right panel to

models with vector mediators. Model @6(h2,12) does not appear in the left panel of the figure since in this case DM discovery at
XENONNT/LZ and thermal production are never compatible for M,.q > 50 GeV and ug ~ O(100).

by increasing the DM particle mass envelopes move  of mpy must be compensated by increasing M ¢ in order to
towards the bottom right corner in the M,.; —Qpuh>  keep the number of signal events constant.
plane. This occurs partly because the DM annihilation is Figure 7, right panel, shows the impact of decreasing y

resonant at M ,eq = 2mpy, and partly because larger values  on our results. Here we focus on model @, (hy, 44), but the
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FIG. 6. Same as for Fig. 4, but now for spin 1 DM. The left panel refers to CP preserving models, while the right panel corresponds to
CP violating models.
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FIG.7. The left panel shows Qpy /42 as a function of M4 for model @4(h4, A4), and for three masses: mpy = 50, 100 and 200 GeV.
For this model, we assume 150 nuclear recoil events (in an ideal experiment with { = 1, see Sec. IV). By increasing mpy; envelopes
move towards the bottom right corner in the M,,,.q — Qpyh> plane. The right panel, shows the impact of decreasing y5 on our results.
Here we focus on model @4(h4,/14), but the results illustrated in the figure are general: decreasing the number of signal events at
XENONRT/LZ moves the Qpy/? envelopes towards larger values of Qpy /2, since the larger is g the smaller must be M.

results illustrated in Fig. 1 are general: decreasing the

number

Qpyh? envelopes towards larger values of Qpy k%, since
the larger is ug the smaller must be M. In the specific case

of signal events at XENONnT/LZ moves the

of model @4(h4,ﬂ4), this can broaden the range of M4

values for which thermal production and direct detection
are compatible.

The nucleon form factors given in Eq. (4) can have
large uncertainties. While the vector couplings are deter-
mined by gauge invariance, the other couplings can carry
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uncertainties of up to 30% [54-56]. This corresponds to
uncertainties in the benchmarks listed in Table III of up to
15%. Varying the input of our numerical simulations for
several of the previously discussed models accordingly, we
find that these uncertainties will only lead to minor shifts of
the predicted regions for DM relic density (less than 1 order
of magnitude).

VII. CONCLUSION

We determined under what circumstances the detection
of O(100) signal events at XENONnT/LZ can be com-
patible with the DM thermal production mechanism. The
relic density calculation was performed within the most
general set of renormalizable models that preserve Lorentz
and gauge symmetry, and that extend the standard model by
one DM candidate and one particle mediating DM-quark
interactions. In this calculation, the detection of O(100)
signal events at XENONNT/LZ was used as an input
constraining the underlying model parameters.

Agreement between DM thermal production and
detection of O(100) signal events at XENONnT/LZ was
translated into compatibility regions in the M,.q — Qpyh?
plane. Deriving these compatibility regions, we also
required that the coupling constants gpy and g, were

perturbative, i.e. < v/4x, and that the mediator decay width
was smaller than the mediator mass. For spin 0 DM,
we found that DM thermal production and detection
at XENONnT/LZ can be compatible only for models
Oy(hy.g) and O,(hs,g4) in the case of O(100) signal
events. For spin 1/2 DM, there are five models that can
reconcile detection and production, namely: @l(hl,/ll),
Oy(h3.43),  Oy(ha,4a),  Og(hs, Ay) and Oy (hy, 4p).
Finally, for spin 1 DM, there are five models that can
make DM direct detection and thermal production com-
patible, namely: O, (hy,by), O,(hs.bs), O4(hs, R(b7)),
Og(hs, R (by)) and Oy, (h3, 3(b7)).

By increasing the DM particles mass, compatibility
regions move towards the bottom right corner in the
M eq — Qpyh? plane. In the same plane, they move
upwards if the number of signal events decreases.
Interestingly, for thermal DM models yielding a correct
DM relic density only at resonance, direct detection
experiments will be able to simultaneously reconstruct
DM and mediator mass, in case of signal detection. For
these models, M .4 =~ 2mpy;. Whether or not this value for
the mediator mass is excluded by the LHC searches for
new physics beyond the standard models is a model-
dependent question, which crucially depends on the UV
completion of the simplified models discussed in this work.
To address this question goes beyond the scope of the
present analysis. However, in the large mediator mass limit,
M eq > mpy, the impact of a XENONnT/LZ signal on
future LHC mono-jet searches has recently been studied in

[32] for the same set of simplified models considered in
this work.

We complemented this analysis by providing analytic
expressions for annihilation cross sections and mediator
decay widths for all models considered in this study (see
Appendix B).
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APPENDIX A: LAGRANGIANS
OF SIMPLIFIED MODELS

In this appendix, we list the Lagrangians considered in
our analysis [29].

1. Scalar dark matter

Scalar and pseudoscalar mediator:

_ re As o
Lspg = 0,5T0"S —m}Sts — 2 (87S)?

1
z /4
> +28,,¢6 ¢

1 myp H . ~
—ymyd® = =5 =L+ iabg —mdq
9 o _
—gimsS'S¢ =SSP — aqgp
— ihyqr’qe. (A1)

Vector and axial-vector mediator:

A 1
Ly = 0,ST"S —m}S'S — ES (S75)2 - 7"

1 A . _
+ EmZGG”G” -2 (G,G*)* + ighq — m,qq

g: .
- iSTSG#G” — ig,(579,8 - 0,885)G*

— h3(qy,q)G* — ha(qy,r° q)G*. (A2)
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2. Fermionic dark matter

Scalar and pseudoscalar mediator:

Mypy
3

Y24 . _ _ . _
— fcb“ +igBPq — myGq — iy — iadir’x

. _ 1 1
L,pg =By —mjy + 58,,(]56"415 - Emé(/ﬁz - P’

Vector and axial-vector mediator:

L _ 1 1 N
L,cq = 1yPy —mjy— Zg,wg’”’ + Em%}GﬂGﬂ +igPq

—myq — 23r" %G, — 2jr*r’xG, — h3qr,9G*

. — "4y’ 4G*. (A4)
— hi¢aq — ihy¢qy°q. (A3)
|
3. Vector dark matter
Scalar and pseudoscalar mediator:
_ 1 T yu 2 viyu j'x Tyu)2 1 2
‘CXt/)q = —EXW,X +mXX/4X _T(X”X ) +§(5ﬂ¢)
1 mgpy H . _ + b + _ . —
—5myd? - /T¢3 - ft/)“ +igBq — my4q — bimyp XL X" — 72¢2X)4X" — hpqq — ihapgr’q.  (AS)
Vector and axial-vector mediator:
S Y I AX vty DL e 2 4 iz 7
Lxc, = —EX,WX” + my X, X+ — 5 (XuXH)* — ZQ,,,,Q” EmGGu - (G,G")* + ighq — m,qq
b b
- ?3 G2 (X} X") - 34 (G*G")(X}X,) — [ibsX}0,X*G" + beX,0"X,G*
+ b7€,,,0 (X" XP)G° + H.c.] — h3G,qr"q — haG,qr* v q. (A6)

APPENDIX B: AMPLITUDES

The differential decay width, dI", of a particle at rest with
mass M into two particles with identical mass m is given by

d3P1 d3P2

(27)*2E, (27°)2E, (2m)*(k = p1 = p2).

(B1)

where M is the corresponding amplitude, k is the sum of
the incoming four-momenta, and p; and E;, i = 1, 2, are the
final state four-momenta and energies, respectively. If M is
isotropic, one can integrate Eq. (B1) over d*p,d’p, and

obtain
M\ ?
<2> —mz.

The relation between DM annihilation cross section in the
center-of-mass frame times lab frame relative velocity and
the corresponding Feynman amplitude is given in Eq. (10).

For all simplified models in Appendix A, we list the
modulus squared of the amplitudes for mediator decay and
DM annihilation. Expressions can be found in different

M
- 8zM?

(B2)

subsections depending on the DM spin. Results presented
in this appendix were cross-checked analytically using
FeynCalc [67,68] and through numerical calculations
performed with our modified version of WHIZARD
[69]. In the amplitudes, we included the averaging over
initial state spin and polarization, where applicable. The
amplitudes including quarks are for one flavor and without
color factors.

1. Scalar dark matter
a. Scalar and pseudoscalar mediator

In the case of scalar DM and scalar or pseudoscalar
mediator, the relevant terms in the Lagrangian are
—g1mgST S, —h,§q¢p and —ih,Gysqeg. Assuming that only
the coupling constants (g;, i) are different from zero, we
obtain

IM(¢p — STS)* = gimpy. (B3)

IM(¢p — qq)* = h1(2M* —8m3), (B4)
2s — 8m?2\m?>

IM(STS = Gq)? = h?g?ﬁ—q)DMz, (BS)

s — M? +iMT
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and when only the coupling constants (g;, h,) are different
from zero, we find

IM(¢p = STS)|* = gimpy. (B6)

IM(¢p — qq)* = 2h3M>, (B7)
2sm?

TS - gq)? = h2gp————BPM (B8

IM(S'S = gq)|* = hag; S0 1 iMTT (B8)

b. Vector and axial-vector mediator
In this case, the relevant terms in the Lagrangian
are  —ig,(870,8-9,5'S)G*,  —hs3(qy,q)G*  and
—hy(qy,y°q)G*. For the decay of vector mediators, we

have to average over the initial polarization states, which
requires the identity

1 1 kH kY
52(5’3)*85 = 3 <9’w Ve )

When only the coupling constants (%3, g4) are different
from zero, we obtain

(B9)

IM(G = STS)]? = gi(M? — 4mpy), (B10)

. h3
|M(G—)qq)|2:?3(4M2+8m§), (B11)

(s —4mby)[s — (s —4m32)cos6)]
|s —M?* +iMT)?

|M(STS = qq)|* =2h3g;
(B12)

When only the coupling constants (/y,g,) are different
from zero, we find

IM(G = S'S)]? = gi(M? — 4mpy) (B13)

2
IM(G = Gq) = % (4M2 — 16m2). (B14)
(s —4mpy) (s —4m2) (1 — cos?6)

M(STS = gq)|* =2h3g2
IM(S'S = gq)| 394 s — M2 1 iMT 2

(B15)

2. Fermionic dark matter
a. Scalar and pseudoscalar mediator

In the case of fermionic DM and scalar or pseudoscalar
mediator, the relevant terms in the Lagrangian are —4¢yy,
—ila iy’ y, —hipGgq and —ih,¢pgy’q. When only the
coupling constants (4;, i) are different from zero, we find

(M(p = 20 =223 (M? = dmpy). (B16)

(s —4mpp) (s — 4m§)

|s — M? +iMT|?

Mgy = qq9)|> = n343 (B17)

If only the coupling constants (4,, h,) are different from
zero, we obtain

(M(¢ = Jx)|> = 23M2, (B18)

2

_ _ S
(Mzx = aq)|* = h343 s

_— B19
- M?* +iMT|? (B19)

When only the coupling constants (4;, h,) are different
from zero, we find

s(s —4mpyy)

¥ qq)|> = WA ———— B20
and for 4, # 0 and h; # 0 we obtain
—4m?
M(zx = qq)I> = hi25 sls — dmy) (B21)

Amplitudes for the process ¢ — gg with h; #0 and
h, #0, and for the process ¢ — yy with 1; #0 and
A, # 0 can be found in Egs. (B4), (B7), (B16) and (B18),
respectively.

b. Vector and axial-vector mediator

In the case of vector or axial-vector mediator, the
relevant terms in the Lagrangian are —A37y"xG,,
A4 27"r’xG,, —h3qr,9G*, and —hyqy,y° qG*. When only
the coupling constants (43, h;) are different from zero, we
find

12
IM(G = jx)? =7 (4M° + 8mpyy),

B22
: (522
[(M(zx = §q)I* = 513 {s? + 4s(mby + m])

+ (s — 4mfy,) (s — 4m?)cos?6}

x 1/|s — M* + iMT . (B23)

If only the coupling constants (44, h4) are different from
zero, we obtain

_ 2
IM(G = x)|* = g“ (4M? — 16mipyy), (B24)

IM(zx = qq) = A3hi{s® — 4s(mpy + m7)
+ (s — 4mfy,) (s — 4m?)cos?6
+ 64mpymi} x 1/]s — M? + iMT|>.
(B25)
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Finally, for 43 # 0 and A4 # 0 we find

(Mx = aq) = Bhi{s” + 4s(mip — mg)
+ (s — 4mby) (s — 4m?)cos?60
— 16mpym2} x 1/|s — M* 4+ iMT|.
(B26)

and for 44 # 0 and &3 # 0 we obtain

IMZx = qq)* = A3h3{s* — 4s(mpy — mj)
+ (s — 4mfy,) (s — 4m?)cos?d
— 16mpym2} x 1/|s — M* 4+ iMT|.
(B27)

Amplitudes for the decay of G into gg can be found in
Sec. B 1.

3. Vector dark matter
a. Scalar and pseudoscalar mediator

In the case of fermionic DM and scalar or pseudoscalar
mediator, the relevant terms in the Lagrangian are
—bymydX; X", —hipgq and —ih,pgy>q. When only the
coupling constants (b, h;) are different from zero, we find

iy bt (M 2 2
IM(G->XTX)|*== —M*+3mpy |, (B28)

3 4m2DM
_ b2h?
|M(XTX - ‘1‘1)|2 = 181 21 (S2 _4sm2DM + 12m4]5M)
Mpm
X (s —4m3)/|s — M?* +iMT|?,
(B29)

If only the coupling constants (b, h,) are different from
zero, we obtain

252

_ bih
IM(XTX - gq)|* = 181 5
mMpm

x s/|s — M* +iMT|2.

(s> —dsmby, + 12mby,)

(B30)

b. Vector and axial-vector mediator
In the case of vector or axial-vector mediator, the relevant
terms in the Lagrangian are —(ibsxlﬁﬂX”G" +H.c.),
—(b6X;8"XUG" +H.c.), —(b7e,wpz,(X""‘0”XP)G" +H.c.),
—h3qy,qG*, and —h4c'1yﬂy5qG". When only the coupling
constants (b5, h3) are different from zero, we find

b2
G- XX)P=—2
MG = X)) 12mby,

+ 28M%miy, — 48my),

(M8 — 8M*m,,

(B31)

MK > gg)ft = 235
18my,

(s = 4mpy)
x (82 — dsmby + 12mby,)
X (s = (s —4m2)cos?)

x 1/|s = M? +iMT|>. (B32)

When only (bs, hy) are different from zero, we find

MK > gg)P =25 (s amp
18miby, DM
x (82 — dsmby, + 12mby,)

X (s —4m? — (s — 4m2)cos?0)

x 1/|s — M? +iMT|*. (B33)
For (M(bg), h3) different from zero, we find
2
IM(G - XTX)]? = m(bj) (M* —4M*mdy,),  (B34)
3mpy
N (be)*h?
MO = ag) =S s - amy)
Imipm

X [(1 4 cos?@)s + 4mg(1 — cos®0)]
X s/|s — M? +iMT|>. (B35)

For (N (bg), hy) different from zero, we obtain

 9(be)2H3

IMXX = gq)] = (s — 4mpy)

9m2DM
X [(1 + cos?0) (s — 4m2)mdy,
+ 2m2(s - 4m2DM)}

X s/|s — M? +iMT|%. (B36)

When only (3J(bg), h3) are different from zero, we have

, N(be)?
IM(G = XTX)]? = %(m — 16M?mdy,).  (B37)
DM
(be)*h
IM(XTX > qq)|* = 9;2 > (s — dmiy)
DM

X [(s = 2mpy) (s —4m2)(1 = cos?0)
+4s(mpy +mj)]

x 5/|s = M? + iMT|2. (B38)
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If only (J(bg), hy) are different from zero, we obtain

S(be)*h3
18m4DM

x (s — 4m%1)[s + 2mdy,

IM(XTX = gq)? = (s — 4miy)
— (s = 2m}y)cos?6)
X s/|s — M?* +iMT|?. (B39)

For (N (D), hs) different from zero, we find

N(b
IM(G - XTX)]? = 3r<n 1) (M* = 8M>m3,, + 16miy,),
DM
(B40)
L Si(b )2
(MXTX > gg) = =52 (s = 4mpy)’
DM

X [(1 4 cos?@)s + 4mg(1 — cos®0)]

x 1/|s = M? +iMT . (B41)
For (N (b7), hy) different from zero, we have
R(b7)?h3

Imy,

x {[s? — 4s(mpy; + m2)](1 4 cos?6)
+ 16mym2(2 + cos?0)}
x 1/|s — M?* +iMT|*.

IM(XTX = gq)* = (s — 4mpy)

(B42)
When only (J(b;), h3) are different from zero, we find

S(b7)?

M(G = XX =37
Mpm

(M* +2M*m3,,), (B43)

MO = ag) = PO (2 sy + )
Mpm

+ (s — 4mfy) (s — 4m?)cos?6)]

X 5/|s — M* +iMT|2. (B44)

Finally, for (3(b;), hy) different from zero, we obtain

MK > gg)2 = S22 ()
D

S(b7
Om
X [s + dmby + (s — 4mpy,)cos?6)

X s/|s — M* +iMT|*. (B45)

APPENDIX C: NONRELATIVISTIC
APPROXIMATION

For the freeze out point and the relic abundance the
approximations

x;=In <0.038

MleDMUO> ) (Cl)
eff

and

y,=379- Y9 Y (C2)
hegi (T) Mpimpyog

are commonly used, where o is the first term in the
expansion of ov in powers of v. The approximated blue
regions in Fig. 3 use o, (middle panels) as well as Eq. (C1)
(upper panels) and Eq. (C2) together with Eq. (17) (lower
panels), where in the latter two cases the correct value for
(ovpg) Was used as input instead of oy

If DM annihilates into a gg pair through a resonance
of narrow width, Eq. (10) can be approximated as
follows [12]

872 2J+1
5 YrO(€ — €

mpy (28 + 1)2 )br(er), (C3)

OVpap =

where yg = mgli/(4m?), ex = (m% —4m?)/(4m?) and
br = Br(1 = Br)V/T + er/(\/€r(1 + 2¢eg)), with mg, I'g
and J mass, decay width and spin of the resonance,
respectively. In Eq. (C3), S is the DM particle spin, and
Bp is the branching ratio for the resonance decay into a
pair of DM particles. Combining Eq. (C3) with Eq. (8),
one finds

(o UM¢1> =

167> 2J +1 X
K (2 J1+ )
miy (28 + 12 K3(x) '\ er | Ver

X yrbg(er)0(er). (C4)

The nonrelativistic limit of Eq. (C4) yields

l6r 2041 .
<GUM¢1> = mTDNIW X2 \/S_R
X yrbr(er)0(eR). (Cs)
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