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1.  Introduction

In the presence of a sufficiently strong electric field, thermal 
electrons can be accelerated to relativistic energies, and are 
commonly referred to as runaway electrons [1]. In tokamak 
disruptions, when the plasma current changes quickly and a 
strong electric field is induced, these electrons can carry a 
large fraction of the plasma current. If control of the plasma 
is then lost, the runaway electron beam will collide with the 
walls and can inflict severe damage. Therefore, the runaway 
electron phenomenon is regarded as among the greatest 
threats to future fusion reactors [2–6] and the performance of 
ITER relies on the successful mitigation of these relativistic 
particles.

Due to their highly relativistic motion, runaway electrons 
will emit radiation [7, 8] almost entirely along their velocity 
vectors. The strong anisotropy of the radiation means that it 
contains information not only about the energy and radial dis-
tributions, but also about the pitch-angle distribution. Since 
it is emitted mainly at infra-red, and sometimes even visible 
wavelengths, synchrotron radiation is therefore an accessible 
diagnostic allowing indirect measurements of the runaway 
electron distribution function. The wealth of information con-
tained in the synchrotron radiation also makes it an attractive 
candidate for benchmarking models of runaway dynamics.

Synchrotron radiation from runaway electrons was first 
studied on the TEXTOR tokamak [9] and has since been 
applied to many other tokamaks to study the runaway electron 
distribution function [10–23]. Basic interpretation of the syn-
chrotron radiation data obtained in experiments has been done 
ever since the first synchrotron radiation measurements, but in 
1996 the first deeper analysis of the synchrotron radiation spot 
shape seen in camera images was carried out by Pankratov 
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[24], and later in 1999 the effects of the toroidal geometry on 
the synchrotron radiation spectrum were also considered [25]. 
The next major step in the modeling of synchrotron radiation 
came with [26] in 2013, where the validity of the asymptotic 
formulas given in [25] in DIII-D and ITER were analyzed, 
and the importance of taking the full runaway electron dis-
tribution function into account was pointed out. In 2014, the 
theory derived in both [24] and [25] was applied to the EAST 
tokamak in [27], and analysis of the spot shape dependence 
on pitch angle and safety factor was done. Recently, more 
advanced synthetic synchrotron diagnostics have been devel-
oped that take both camera and magnetic field geometry into 
account. These are the Kinetic Orbit Runaway electron Code 
(KORC) [28, 29], which follows the runaway electron par-
ticle orbits and calculates the associated synchrotron radia-
tion emission, and the Synchrotron-detecting Orbit Following 
Toolkit (SOFT) [30] which utilizes the guiding-center approx
imation to rapidly calculate the synchrotron radiation. In [30, 
31], SOFT was applied to a specific Alcator C-Mod scenario 
in order to discern the effect of, among others, the runaway 
electron energy and radial density profile, and it was found 
that both are crucial for interpreting the synchrotron radiation 
spot.

Runaway electron bremsstrahlung is very similar to syn-
chrotron radiation in that it too is directed almost entirely 
along the electron’s velocity vector. Thus, much of the theory 
derived in [30] applies also to the study of bremsstrahlung and 
a synthetic diagnostic for runaway electron bremsstrahlung 
could hence be implemented similarly to synchrotron radia-
tion in SOFT. In this paper, we have extended SOFT with 
bremsstrahlung capabilities and will use it to simulate the 
gamma ray imager (GRI) diagnostic [32, 33], situated at 
DIII-D. The GRI consists of a lead pinhole camera and an array 
of gamma-ray detectors and therefore provides both spatial 
and spectral resolution of runaway electron bremsstrahlung 
emission. The large amount of information provided by 
the GRI gives a unique view into the evolution of runaway 
electrons during experimental scenarios, and may be able to 
provide sufficient data for the first robust calculations of the 
runaway electron distribution function from runaway electron 
radiation measurements.

In this paper we investigate the leading causes behind the 
particular shape of a DIII-D synchrotron radiation image, and 
compare the distribution function predicted by a kinetic model 
for runaways to experimental synchrotron and bremsstrahlung 
measurements for the same experimental discharge. With a 
qualitative model and simulations we identify the sources of 
various features in the image and explain the characteristic 
crescent spot shape of the DIII-D synchrotron image. By 
solving the Fokker–Planck equation  for runaways numer
ically we predict a distribution function for the runaways in 
the investigated DIII-D scenario in order to assess the validity 
of the model. We also present the first SOFT simulations of 
the GRI using which we discuss similarities and differences 
between observed runaway synchrotron and bremsstrahlung 
radiation.

In section 2, a qualitative model is presented and we iden-
tify the most important quantities affecting a synchrotron 

radiation image to be the so called surface-of-visibility, the 
finite spectral range of the camera used and the distribution 
function. In section  3, kinetic simulations of the runaway 
electron distribution function in combination with SOFT 
simulations are conducted for DIII-D discharge 165826. 
The disagreement of these simulations with experiment is 
related to possibly missing physics in the kinetic model 
used. The paper concludes with a discussion in section  4 
about what can be said about runaway electron radiation 
investigations in low-density scenarios similar to DIII-D 
discharge 165826.

2.  Qualitative model of synchrotron radiation

Synchrotron radiation is emitted by highly relativistic charged 
particles in magnetic fields when they undergo circular motion 
[7, 8], and characteristic for this type of emission is the strong 
forward beaming of radiation along the particle’s velocity 
vector. Because of this, electrons will only be visible to the 
observer in the regions of the tokamak where the electrons 
move directly towards the detector, and synchrotron radiation 
images therefore typically show synchrotron radiation ‘spots’ 
appearing on only one side of the tokamak. The angular 
spread of the emission is  ∼γ−1 (considering the average over 
all emitted wavelengths), where γ is the relativistic gamma 
factor, which for high energy runaway electrons means that the 
radiation can be approximated as emitted almost exactly on a 
straight line along the electron’s velocity vector. The model 
in which this approximation is made, henceforth referred to 
as the ‘cone model’ for reasons soon to be explained, was 
implemented in the SOFT code [30] and compared to a model 
taking the full angular spread of the radiation into account. 
The comparison showed that these two models were in good 
agreement with each other. The simulations conducted in this 
paper will all use the cone model due to its superior computa-
tional performance.

The name of the cone model stems from the fact that the 
guiding-center of an electron can be seen as emitting a hollow 
cone of radiation with opening angle θp = arccos(v‖/v) 
around its velocity vector. It is assumed that all radiation is 
emitted uniformly across this cone, and in the cone model 
used in this paper it is further assumed that the synchrotron 
power received in a wavelength interval [λ,λ+ dλ] is given 
by [8]

dP
dλ

=
1√
3

ce2

ε0λ3γ2

∫ ∞

λc/λ

K5/3(l) dl.� (1)

Here, c is the speed of light, e is the elementary charge, ε0 
is the permittivity of free space, γ is the Lorentz factor for 
the electron, λc = 4πmecγ‖/3γ2eB, me is the electron mass, 
γ‖ = (1 − v‖)−1/2 , v‖ is the electron’s speed along the magn
etic field, B is the magnetic field strength and K5/3 is a modi-
fied Bessel function of the second kind.

When analyzing synchrotron radiation from runaway elec-
trons, it turns out that the appearance of synchrotron radiation 
spots as seen by a camera is determined mainly by three dif-
ferent effects:
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	 •	The so called surface-of-visibility (SOV), to be explained 
in section 2.1, which is a geometric feature and results 
from the anisotropy of the synchrotron radiation emis-
sion.

	 •	The amount of radiation emitted and, more importantly, 
detected. The location of the wavelength interval that a 
synchrotron camera operates in can significantly alter the 
appearance of a synchrotron spot depending on how close 
it is to the peak wavelength of the radiation received by 
the camera.

	 •	The momentum-space distribution function of runaway 
electrons, the shape of which determines which particles 
will dominate the emission.

In what follows we will describe the importance of each of 
these effects and show how a synchrotron spot can be built up 
successively by them.

2.1.  Surface-of-visibility

Aside from bringing the computational advantages of not 
having to resolve the full gyro-orbit, the cone model also 
provides a simple framework for qualitative reasoning about 
the region from which synchrotron radiation can be detected. 
Since synchrotron radiation is only detected when the emitting 
particle is moving directly towards the detector, the overall 
shape of the observed synchrotron spot is mainly determined 
by the magnetic field geometry [24, 27]. Neglecting drift 
velocities, the cone model gives a very simple condition for a 
particle to be seen by the detector:

∣∣∣b̂(x) · r̂(x)
∣∣∣ = | cos θp|.� (2)

Here b̂(x) is the magnetic field unit vector in the point x in 
space, r̂ = (x − x0)/|x − x0| is the unit vector pointing from 
the detector, located at x0, to x and θp is the pitch angle at 
x under consideration. For a fixed value of θp, the solution 
to this equation is a surface in real space, which we call the 
surface-of-visibility (SOV). It is clear from equation (2) that 
aside from a strong dependence on the magnetic field and the 
particle’s pitch angle, the shape of the SOV is also strongly 
dependent of the placement of the detector. None of the quanti
ties involved in (2) however depends on the particle’s energy, 
which means that the SOV is independent of the the energy. 
In reality, drift orbits introduce an energy dependence, but 
these effects are neglected in the zeroth order guiding-center 
model we employ. In figure  1, different projections of the 
surface-of-visibility for a given x0 lying in the midplane and 
runaway-electron population with θp = 0.16 rad and beam 
radius r ≈ 50 cm in DIII-D is shown, revealing its cylindrical 
structure. Note that the surface-of-visibility in figure 1 is the 
surface corresponding to particles given an initial pitch angle 
θp = 0.16 rad in the outer midplane. The pitch angle then 
varies together with the magnetic field along the particle orbit.

The importance of the magnetic field geometry for deter-
mining the synchrotron spot shape was emphasized already 
by Pankratov in 1996 [24], but the realization that what is 
perceived as a ‘spot’ in synchrotron images is in fact the 

projection of a surface of finite toroidal extent could be even 
more important when considering momentum-space distrib-
uted populations of runaway electrons. The reason for this 
is that SOVs for particles with small pitch angles (typically 
θp � 0.20 rad) close on themselves, and the line-integrated 
contribution from a line-of-sight passing through the edge of 
such a surface will be greater due to that the line-of-sight tan-
gents the surface. The edges of the projected SOV therefore 
tend to be significantly brighter than other parts of the SOV, as 
is exemplified in figure 1. Because of this the edges of single-
particle synchrotron spots (i.e. spots corresponding to a spe-
cific set of pitch angle θp and momentum p) tend to dominate 
synchrotron spots from momentum-space distributed runaway 
electron populations and ‘fill in’ different parts of the overall 
spot.

2.2.  Synchrotron emission and camera spectral range

The amount of radiation emitted by a particle is another 
important quantity affecting the appearance of a synchrotron 
spot. Since the total synchrotron power emitted by an electron 
in a magnetic field is given by [7]

P =
e4

6πε0m2
ec

p2
⊥B2 ∝ p2

⊥B2 ∝ p2B3,� (3)

where p is momentum and p⊥ = p sin θp ∝ p
√

B is the comp
onent of p perpendicular to the magnetic field B, we expect 
a particle to emit more radiation when it passes through the 
high-field side of a tokamak, both because the magnetic field 
is stronger there, and because of the larger pitch angle the 
particle will have due to the stronger magnetic field. It turns 
out however, that while the synchrotron emission from the 
high-field side is typically stronger than that from the low-
field side, the amount of synchrotron radiation received by a 
camera from the high-field side can scale much more strongly 
with magnetic field than B3. In fact, as we will now show, the 
ratio between emission from the HFS to the emission from the 
LFS can be on the order of 106 in DIII-D.

The reason for the strong scaling of the detected radiation 
stems from the finite spectral range of the camera. In most pre-
sent-day tokamaks, the runaway electrons emit most of their 
radiation at wavelengths around a few micrometers, while vis-
ible light cameras seeing wavelengths up to around 900 nm are 
used. In this case it can be shown that the short-wavelength 
(λ � λc) asymptotic expansion of equation (1) is [34]

dP
dλ

∼ exp

(
−λc

λ

)
.� (4)

By introducing the critical radius

Rc =
B0R0

2me

(
3γeλ

√
µ

πc2

)2/3

,� (5)

with µ = p2
⊥/2meB being the magnetic moment, and assuming 

the magnetic field strength as a function of major radius to 
be B(R) = B0R0/R, where B0 and R0 are the magnetic field 
strength and major radial location respectively of the magn
etic axis, we can write the detected synchrotron power as
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P ∼ exp

[
−
(

R
Rc

)3/2
]

.� (6)

We can also express the ratio between maximum emission of 
a particle (at the innermost point of its orbit) to its minimum 
emission (at the outermost point of its orbit) as

Pmax

Pmin
= exp

[
(R0 +∆R/2)3/2 − (R0 −∆R/2)3/2

R3/2
c

]
� (7)

≈ exp

[
3
2
∆R
R0

(
R0

Rc

)3/2
]

� (8)

where ∆R is the distance between the inner- and outermost 
points of the particle orbit. The critical radius, Rc = Rc(λ), 
can be interpreted as the major radius at which λc = λ, i.e. 
where the particle emits most of its radiation near the wave-
length λ.

The exponential scaling with particle position equation (6) 
is the result of observing radiation in only a narrow range of 
wavelengths far from the wavelengths at which synchrotron 
emission peaks. In a typical DIII-D scenario, where λ ≈ 900 
nm and γ ≈ 30, we find that Rc ≈ 0.1R0. A DIII-D runaway 
electron which moves a distance ∆R = 1 m in major radius 
during its orbit therefore emits more on the high-field side 
compared to the low-field side by a factor Pmax/Pmin ∼ 106, 
i.e. a six orders of magnitude difference. Had we instead been 
able to observe at a wavelength λ closer to λc, or even all radi-
ation, the difference would merely have been about a factor 
of six. This shows that synchrotron radiation can appear sig-
nificantly brighter in a region of space, without the number of 
runaways necessarily being higher in that region.

2.3.  Runaway electron distribution function

In many previous studies, synchrotron spectra and spot shapes 
from single particles have been used to model experimentally 
observed spectra [11, 18] and spot shapes [27]. As was shown 
in [26] however, aside from the difficulties of interpreting the 
results (runaway electrons are rarely homogeneous enough for 

a single particle to satisfactorily approximate the population), 
taking the distribution function of runaway electrons into 
account can significantly alter the simulated spectra. For the 
synchrotron spot, the difference can be even more dramatic, 
as the brightest features of a number of single particle-spot 
shapes will come together and create an overall pattern which 
does not necessarily resemble any of the single particle spot 
shapes.

The pitch angle and energy of a particle, together with the 
flux surface on which the particle moves (radial position), 
together determine the shape of the SOV and at which wave-
length most of the synchrotron radiation is emitted. In figure 2 
the effect of each of these parameters on the synchrotron 
spot is sketched and the arrows indicate how the spot shape 
changes with increasing pitch angle, energy and radial loca-
tion. Figure 2(a) indicates that the pitch angle mainly deter-
mines the vertical extent of the SOV, while the radial location 
of the particle mainly affects the horizontal extent of the SOV, 
as shown in figure 2(c). The particle energy is mainly tied to 
the finite spectral range effect described in section 2.2, as is 
illustrated in figure 2(b). As the particle energy is increased, 
the peak of the emitted spectrum increases as well, meaning 
that the critical radius Rc also increases. For the synchrotron 
radiation spot this means that the low-field side part of the spot 
(right side of image) gains intensity relative to the high-field 
side part (left side of the image) giving a more even distribu-
tion of radiation horizontally across the SOV. A more in-depth 
description of how the spot shape varies with different param
eters can be found in [30, 31].

The synchrotron spot of a certain population of runaway 
electrons will be the weighted average of several synchrotron 
spots, each corresponding to a unique set of runaway electron 
energy, pitch angle and radial location, i.e. individual parti-
cles. The weight is the distribution function which determines 
the relative importance of different particles in accordance 
with how likely they are to be found in the population and 
determines the overall spot shape.

A useful quantity that provides much information about the 
radiation from a distribution of runaway electrons is the den-
sity of radiation in momentum space,

F( p‖, p⊥) = Î( p‖, p⊥) f ( p‖, p⊥),� (9)

Figure 1.  Different views of the surface-of-visibility corresponding to runaways with θp = 0.16 rad in DIII-D. Between each of the 
figures (a)–(c) the SOV is rotated clockwise, and in (d) a top–down view of the tokamak and SOV is shown. The blue arrow in (d) indicates 
the location and direction of the camera.
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where f ( p‖, p⊥) is the runaway electron distribution func-

tion and Î( p‖, p⊥) is the amount of radiation emitted by a 
particle with the given momentum, henceforth referred to 
as weight function (different for synchrotron or bremsstrah-
lung). Due to the p2

⊥ scaling (or even stronger, as explained 
above) of the synchrotron emission, i.e. Îs, the most numerous 
particle type is not necessarily the one that emits the most 
synchrotron radiation. While Î tends to grow monotonically 
with momentum p, and f tends to decrease with p‖ and p⊥, 
the radiation density F generally has a global maximum in 
momentum space different from p‖ = p⊥ = 0. The maximum 
of F can be considered a ‘super’-particle which will dominate 
emission of a particular radiation type from a given distribu-
tion of runaway electrons. Often, the single particle spectrum 
that best matches the distribution averaged spectrum is that 
of the super particle, and the observed spot shape from the 
distribution has often many similarities to the spot shape of 
the super particle. It should be noted though that the only sig-
nificance of the super particle is that it is the maximum of F. 
It is not (necessarily) the particle with the highest energy or 
pitch angle, and no general statement about the most common 
electron momentum can be made.

2.4.  Similarities to runaway bremsstrahlung emission

Just like synchrotron radiation, bremsstrahlung is highly 
anisotropic and directed mainly in the particle’s direction of 
motion for highly relativistic particles. The average angular 
spread of bremsstrahlung is the same γ−1 as for synchro-
tron radiation, which means that bremsstrahlung also gives 
rise to a surface-of-visibility as discussed above, that is the 
same as that of synchrotron radiation. The cone model used 
in SOFT for synchrotron radiation can thus also be used for 
bremsstrahlung, but with the formula for received synchrotron 
radiation power replaced with the formula for the number of 
bremsstrahlung photons dNγ emitted per unit photon energy 
dk (using the Born-approximation cross-section for a fully 
ionized plasma [35] summed over all ion species)

dNγ

dk
=

αneZeffe4vp′

(4πε0mec2)2kp

{
4
3
− 2γ′γ

p2 + p′2

p′2p2 + ε
γ′

p3 + ε′
γ

p′3
− εε′

p′p
+ L

[
8
3
γ′γ

p′p

+k2 γ
′2γ2 + p′2p2

p′3p3 +
k

2p′p

(
ε
γ′γ + p2

p3 − ε′
γ′γ + p′2

p′3
+ 2k

γ′γ

p′2p2

)]}
,

ε = ln
γ + p
γ − p

ε′ = ln
γ′ + p′

γ′ − p′

L = 2 ln
γ′γ + p′p − 1

k
,

�

(10)

where α = e2/4πε0�c ≈ 1/137 is the fine-structure con-
stant, the photon energy k is defined in units of mec2, and 
the normalized ingoing and outgoing electron momenta 
p = γv/c and p′  are related through p′ =

√
γ′2 − 1 , and 

γ′ = γ − k .
Measurements of bremsstrahlung from runaway electrons 

is today a standard diagnostic at most larger tokamak experi-
ments, and the data acquired is often used to study the tem-
poral evolution of runaway electrons and sometimes even to 
measure the runaway electron energy distribution function 
[36, 37]. Bremsstrahlung from runaways has also previously 
been modeled, for example in the Tore Supra tokamak [38, 
39]. At DIII-D, a novel technique for measuring not only the 
bremsstrahlung spectrum, but also its spatial distribution, has 
been developed and is called the GRI [32, 33]. The GRI com-
bines a lead pinhole camera with gamma-ray detectors, thus 
functioning as a camera for gamma rays with energies in the 
range 1–60 MeV. From a theoretical point-of-view, the GRI 
is an ideal tool for studying runaways since the spectrum is 
also measured by each gamma-ray detector, thus providing 
a set of images at different photon-energies rather than just 
one single image. The weak pitch angle dependence in the 
bremsstrahlung emission is also advantageous, as it avoids 
the finite spectral range effect experienced with synchrotron 
radiation, which tends to obscure large parts of the spatial 
information.

Figure 2.  An illustration of how the three parameters of the runaway electron distribution function affect the shape of the synchrotron spot. 
The synchrotron radiation spot appears on the right side of the tokamak, i.e. to the right of the axis of symmetry. (a) A larger pitch angle 
implies greater vertical extent of the synchrotron spot and mainly affects the SOV. (b) Due to the finite spectral range effect of section 2.2, 
increasing the runaway electron energy causes radiation intensity to increase on the LFS relative to the HFS. (c) A larger runaway electron 
beam causes the synchrotron spot to be larger in the horizontal direction. Each of the slices of the spot in (c) comes from particles initiated 
at one radius, and they converge towards the magnetic axis in the center of the spot.

Nucl. Fusion 58 (2018) 082001



M. Hoppe et al

6

3.  Runaway electron radiation images in DIII-D

Comparing and validating models of runaway electron 
dynamics against experiments is of crucial importance in order 
for any confidence to put in the models. The strong depend
ence on the distribution function seen in both synchrotron and 
bremsstrahlung emission, as discussed in the previous sec-
tion, makes both types of radiation attractive diagnostics for 
this purpose. In this section we start by solving the spatially 
homogeneous kinetic equation  numerically, taking plasma 
parameters from a DIII-D discharge as input, and use SOFT to 
compute the corresponding synchrotron and bremsstrahlung 
images. As the synthetic synchrotron images are found to dis-
agree with the experimental images, we assess the properties 
required by the distribution function for agreement. We con-
clude the section with an analysis of bremsstrahlung images, 
which we compare to experimental data and discuss similari-
ties and differences to synchrotron images.

We will analyze DIII-D discharge 165826 [36], a quies-
cent flattop runaway discharge [20] which is carried out in 
two phases. In the first, low-density phase the runaway elec-
tron population is steadily built up through mainly primary 
(Dreicer) generation. When the runaway electrons have 
reached a critical density, nitrogen and deuterium is injected 
to initiate the dissipation phase, during which primary run-
away electron generation ceases and effects such as avalanche 
generation and synchrotron/bremsstrahlung damping play a 
key role in the evolution of the runaway electron distribution 
function.

The fast synchrotron camera diagnostic used during the 
discharge was directed tangentially towards the plasma and 
detected all radiation emitted in a narrow band near wave-
length 890 nm. It shows a characteristic crescent synchrotron 

radiation spot shape, mainly originating from the HFS, with 
a maximum that is approximately vertically aligned with the 
magnetic axis, similar to what has been observed in other 
DIII-D low-density discharges [20].

For the following discussion we pick the synchrotron image 
corresponding to t  =  6.0732 s, which is shown in figure 3 and 
is representative for the discharge. The image reveals that most 
of the synchrotron radiation is seen on the HFS, which based 
on our discussion in section 2.2 suggests that the dominating 
runaway electrons emit most of their radiation at a wave-
length λc � 890 nm. The relatively large vertical extent of 
the radiation also suggests that the dominating particles have 
pitch angles above θp ∼ 0.25 rad, an estimate that is arrived 
at through simulation of single-particle synchrotron radiation 
images.

(a)

(b)

Figure 3.  Synchrotron radiation from runaway electrons observed at t  =  6.0732 s during DIII-D discharge 165826. (a) Synchrotron 
radiation mapped to the tangency plane with a wall cross-section and separatrix curve overlaid. The red marker indicates the location of the 
magnetic axis. (b) Synchrotron radiation in the pixel plane.

Figure 4.  Temporal evolution during DIII-D discharge 165826 of 
the electron temperature Te, electron density ne (upper plot), toroidal 
electric field normalized to the critical electric field Ec, the effective 
charge of the plasma Zeff  and ratio of the collision to synchrotron 
damping time τ̂r  (lower plot).
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3.1.  Kinetic modeling of the discharge

The temporal evolution of the 2D runaway electron momentum-
space distribution function during DIII-D discharge 165826 
was simulated using CODE [40, 41] by solving the spatially 
homogeneous kinetic equation, including electric-field accel-
eration, collisions modeled by a linearized Fokker–Planck 
operator, avalanche source and synchrotron-radiation reaction 
losses. Temporal profiles of electron temperature, density, 
toroidal electric field and plasma effective charge used in the 
calculation are shown in figure 4. All parameter profiles were 
measured at the magnetic axis, except for the electric field 
which was measured at the plasma edge. Because of this, the 
calculated momentum-space distribution function is formally 
only valid on the magnetic axis, but since the pitch-angles of 
most runaways in the resulting distribution are very small, 
so that trapping effects are negligible, we can use the same 
momentum-space distribution at all radii. We therefore take 
the obtained distribution function to be the distribution of run-
aways in the outer midplane. The electric field relaxation time 
is expected to be much shorter than the discharge time though, 

so that the radial profile of the electric field is expected to be 
approximately uniform.

In figure  5, the resulting distribution function and corre
sponding synchrotron emission in momentum-space are 
shown. The relatively large number of runaway electrons with 
high energies causes the synchrotron emission to be dominated 
by runaway electrons with  ∼30 MeV energies and  ∼0.13 rad 
pitch angles. With bremsstrahlung we instead observe a dif-
ferent part of momentum-space, as the dominant runaways 
have energies around  ∼22 MeV and pitch-angles  ∼0.13 rad, 
as illustrated in figure 5(c).

3.2.  Synchrotron radiation

The synthetic synchrotron image resulting from the distribu-
tion function in figure  5 is shown in figure  6 with four dif-
ferent radial density profiles applied to it, with the additional 
assumption that the momentum-space distribution is the same 
at all radii. As is seen in figure  6, the radiation originates 
mainly from the HFS, which should be due to the finite spectral 
range effect described in section 2.2. It is clear from figure 6 

(a) log10 f(p‖, p⊥) (b)

Synchrotron emission

(c) Bremsstrahlung

Figure 5.  Plot of (a) the simulated distribution function described in section 3.1, (b) the synchrotron radiation emission in momentum-
space from the distribution function Fs in the wavelength interval λ ∈ [880, 900] nm and (c) the bremsstrahlung emission in momentum-
space from the distribution function Fb at photon energy 9 MeV, with Fs and Fb defined in equation (9).

(a) (b) (c) (d)

0 20 40
r (cm)

(e)

0 20 40
r (cm)

(f)

0 20 40
r (cm)

(g)

0 20 40
r (cm)

(h)

Figure 6.  Synthetic synchrotron image resulting from the simulated distribution function figure 5(a). Four different radial density profiles 
have been applied to this image to discern the possible shape of the actual radial density profile. (a/e) Uniform/constant profile, cut off at 
r  =  50 cm. (b/f) Eighth-degree polynomial. (c/g) Linearly decreasing profile. (d/h) Exponentially decreasing profile. All profiles are plotted 
against minor radius, so that r  =  0 corresponds to the magnetic axis.
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that none of the assumed radial density profiles is suitable to 
reproduce all the details of the experimental image. Due to the 
smooth decrease in intensity towards the HFS in the exper
imental image figure 3, the radial density profile should have to 
decrease smoothly to zero at larger radii, as in figures 6(b)–(d).

The rather wide spot obtained with a linearly decreasing 
profile, and the significant contribution from near the magn
etic axis with the exponentially decreasing profile, suggests 
that such a rapidly decreasing profile is unlikely to explain the 
experimental image, at least with the momentum-space distri-
bution used here. An off-axis peak in the radial density profile 
would provide even better agreement between simulation and 
experiment, however the two distinct, bright patches seen in 
the simulations would not go away with just a change in the 
radial distribution. Instead, the most plausible explanation is 
that the experimental runaway electron momentum-space dis-
tribution is different from the one predicted by solutions of the 
spatially homogeneous kinetic equation. There are important 
effects missing from this model, such as the effect of magn
etic trapping, radial transport and drift-orbit losses that may 
be relevant to this DIII-D scenario. One further indication that 
it is the kinetic physics utilized that is not complete is, as men-
tioned, the appearance of two distinct, bright, vertically sepa-
rated patches in the synthetic images. These bright patches 
should stem from the edges of the dominating SOV, and thus 
be the result of the line-integration effects described in sec-
tion 1. The absence of these bright patches in experiment sug-
gest that the experimentally observed SOV does not close on 
itself, which means that the dominating pitch angle must be 
much larger than the dominating pitch angle of the simulation.

The idea that kinetic processes not covered by the model 
employed are present in this DIII-D discharge was also suggested 
by [36], where radial transport or a kinetic instability was given as 
possible explanations. The evidence for this provided by [36] was 
an energy distribution function inverted from measurements with 
the GRI diagnostic, which did not match the distribution function 

obtained from kinetic simulations. The inverted distribution func-
tion in [36] was characterized by much lower maximum energies 
than the corresponding simulated distribution function. This should 
make the difference between the high- and low-field side contrib
utions more distinct in figure 6 and more consistent with figure 3.

To test the hypothesis that figure 3 is consistent with the 
dominating particle having a lower energy and larger pitch 
angle, a toy distribution function where all particles have the 
same energy E  =  25 MeV but are distributed in pitch-angle 
so that the dominating particle has a pitch angle θp ∼ 0.35 
rad. The distribution function is shown in figure 7(e), and in 
figure  7( f ) the distribution function has been weighed with 
the synchrotron radiation weight function Îs (see section 2.3) 
to reveal from where in pitch-angle space that most synchro-
tron radiation will be emitted. In figures 7(a)–(d) the resulting 
synthetic synchrotron image is shown, with the radial density 
profiles of figures 6(e)–(h) applied in order.

Of the synthetic images resulting from the toy distribu-
tion function in figure 7, it is figures 7(a) and (b) that most 
resemble the experimental image in figure 7. They all have 
a crescent shape with only one bright patch, and in both fig-
ures 3 and 7(a), (b) the bottom end of the spot extends slightly 
further to the LFS than the upper end. This provides further 
evidence for the conclusion that additional kinetic effects 
beyond those included in the spatially-homogeneous model 
need to be invoked in order to understand the measurements. 
An additional energy-limiting mechanism could shift the dis-
tribution to lower energies, where the higher rate of pitch-
angle scattering could plausibly produce the required shape of 
the runaway distribution.

3.3.  Bremsstrahlung

In figure 8, synthetic GRI images from mono-energetic and 
mono-pitch distributions simulated with SOFT are shown. 
Detectors are projected onto the poloidal plane orthogonal 

(a) (b)

(c) (d)

(e)Distribution function f(θp)

(f)Synchrotron
emission ÎSRf(θp)

Figure 7.  Synchrotron images resulting from simulations with the toy distribution function shown in (e) with one runaway electron energy, 
E  =  25 MeV. In (a)–(d) the radial density profiles in figures 6(e)–(h) have been applied. Part ( f ) shows the distribution function weighed 
with the synchrotron emission in pitch angle-space, which reveals that the dominating particle should have a pitch angle θp ∼ 0.35 rad.
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Figure 8.  Synthetic GRI images resulting from particles with parallel momentum p‖ = 20 MeV c−1 and perpendicular momentum (a) 
p⊥ = 1 MeV c−1 and (b) p⊥ = 3 MeV c−1 respectively. The runaway electron beam radius was set to 50 cm and the detectors see photons 
in the range 1–60 MeV uniformly. The colors indicate photon counts, normalized to the maximum number of photon counts seen by any 
detector.

Figure 9.  Comparison of (a) a GRI image reconstructed from experimental measurements to (b) a synthetic GRI image. The images show 
only radiation from the 9 MeV photon channel. All numbers correspond to detector indices. The colors indicate photon counts, normalized 
to the maximum number of photon counts seen by any detector.
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to the viewing direction of a central detector (no. 43 in 
figure  9, not considering the z component of the viewing 
vector). In figure  8(a), a runaway electron beam with a 
50 cm radius was initialized with parallel and perpendicular 
momentum p‖ = 20 MeV c−1 and p⊥ = 1 MeV c−1, while 
in figure 8(b) the particles were given p‖ = 20 MeV c−1 and 
p⊥ = 3  MeV  c−1. The overall shape of the bremsstrahlung 
‘spot’ is the characteristic projection of a twisted cylinder, 
which results from the same SOV as synchrotron radiation, 
and in contrast to what we see in the synchrotron radiation 
images, the amount of radiation coming from the HFS and 
LFS seem to be roughly the same, due to the lack of a pitch 
angle dependence in the emitted bremsstrahlung spectrum 
equation  (10). The pitch angle does affect the spatial distri-
bution of the bremsstrahlung though, since it determines the 
size and shape of the SOV. The effect of the runaway electron 
distribution function parameters on a bremsstrahlung image 
is therefore the same as shown for synchrotron radiation in 
figure 2, except for the camera finite spectral range effect in 
figure 2(b) which is completely absent.

The GRI was also used to determine the spatial distribu-
tion of bremsstrahlung during DIII-D discharge 165826, 
and the resulting measurement is shown in figure  9(a). In 
figure 9(b), the synthetic GRI image resulting from a SOFT 
simulation with the distribution function shown in figure 5(a) 
is displayed. Due to the few detector channels available in the 
measured GRI data, a quantitative comparison is not possible 
at this time and further analysis is left for the future when 
more detector channels are available.

The relation between the bremsstrahlung and synchrotron 
radiation images becomes more apparent by using a more ide-
alized synthetic camera for the bremsstrahlung simulation, as 
done in figure 10. Both types of radiation give rise to exactly the 
same SOV, with the same bright edges, and the radial depend
ence must therefore also be the same. Bremsstrahlung, in con-
trast to synchrotron radiation, has a more uniform radiation 
intensity distribution across the SOV since it is independent of 
magnetic field-strength, which means that bremsstrahlung is 
seen roughly equally strongly on both the HFS and LFS. Based 
on figure  5(c), where the distribution function was weighed 

with the bremsstrahlung emission, we expect a wide range 
of pitch angles to contribute significantly to the emission. In 
the image, this appears as a very bright, S-shaped band in the 
center of the image, with gradually decreasing intensity in both 
vertical directions. This is the behavior seen in the simulated 
GRI image in figure 9(b), and becomes even more apparent in 
the high-resolution bremsstrahlung camera image figure 10(c).

4.  Conclusions

The synchrotron spot observed in runaway electron experi-
ments is described in terms of the surface-of-visibility (SOV), 
the camera spectral range effect and the distribution function. 
The SOV determines the shape of the spot, while the camera 
spectral range determines the ratio of radiation seen on the 
HFS and LFS of the tokamak. The distribution function brings 
the individual synchrotron radiation spots from several classes 
of particles together and creates an overall spot shape, which 
combines the SOV and finite spectral range effect. Similar 
logic applies to bremsstrahlung, but due to the lack of pitch 
angle dependence in the bremsstrahlung emission, camera 
spectral range does not have the same dramatic effect on 
bremsstrahlung images, and its spatial localization depends 
only on the SOV.

An analysis of the formula for the synchrotron radiation 
spectrum in the limit of short wavelengths showed that the 
camera spectral range effect is very important in DIII-D, as 
the ratio between the intensity of synchrotron radiation on 
the HFS and LFS can be as high as 106 using a visible light 
camera. In a synchrotron image this causes the radiation from 
the HFS part of the image to completely dominate, and should 
in most cases appear as a crescent.

Based on the synchrotron radiation simulations conducted 
in section 3, we were able to conclude that the spatially homo-
geneous linear Fokker–Planck simulations of the runaway 
electron distribution function did not satisfactorily reproduce 
the synchrotron measurements. If the dominant particle how-
ever had lower energy and associated larger pitch angle, the 
pattern was more accurately reproduced. The same conclu-
sion was reached in [36] for the same discharge and with a 

Figure 10.  Bremsstrahlung images simulated with a synthetic high-resolution gamma-ray camera. Parts (a) and (b) result from single-
particle simulations and correspond to the synthetic GRI images in figure 8, where p‖ = 20 MeV c−1 and (a) p⊥ = 1 MeV c−1 and (b) 
p⊥ = 3 MeV c−1. Part (c) results from a simulation with the distribution function in figure 5(a), and corresponds to the GRI image in 
figure 9.
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similar kinetic model, but based on bremsstrahlung measure-
ments, reinforcing the suspicion of the kinetic model being 
insufficient. Effects not considered by our kinetic model that 
could play an important role in this DIII-D scenario include 
magnetic trapping, radial transport and drift-orbit losses. To 
further test this hypothesis, a drift-kinetic solver that includes 
one spatial dimension such as LUKE [42–44] or CQL3D [45, 
46] could be applied in order to also consider orbit effects.

Four different radial density profiles were applied to the 
simulated synchrotron images and compared to the exper
imental image. A smooth decrease to zero at the runaway 
electron beam edge is necessary to reproduce the observed 
synchrotron spot, and the best matching radial density pro-
files were those with a constant or almost constant behavior. 
There is great uncertainty about the shape of the radial density 
profile closer to the magnetic axis however, since the finite 
camera spectral range effect hides all but the radiation furthest 
out on the HFS, so that no data points are available there.

Simulations of the GRI were also conducted and compared 
to simulations of synchrotron radiation. While the spot shape 
seen with bremsstrahlung is still determined by the SOV, 
synchrotron and bremsstrahlung spots will generally look 
different and reveal different parts of momentum-space. The 
amount of information that could potentially be gained from 
GRI measurements in the future is however enormous, due to 
the availability of both spatial and spectral information from 
the diagnostic. The spatial information should be sufficient to 
constrain both the pitch angle and radial distribution functions, 
while the spectral data can be used to constrain the runaway 
electron energy. The independence on pitch angle and magn
etic field strength of the bremsstrahlung emission also avoids 
the camera spectral range effect experienced with synchrotron 
radiation, which can conceal the distribution function near the 
magnetic axis. Thus the GRI is a promising diagnostic that, 
combined with simulations of the bremsstrahlung emission 
using SOFT, may be capable of finding more robust solutions 
to the inverse problem for the runaway electron distribution 
function.
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