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Abstract For a given form F € Z[x, ..., x;] we apply the circle method in order to give
an asymptotic estimate of the number of m-tuples X1, .. ., X, spanning a linear space on the
hypersurface F(X) = 0 with the property that det((xy, ..., X»)" (X1, ..., X)) = b. This
allows us in some measure to count rational linear spaces on hypersurfaces whose underlying
integer lattice is primitive.
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1 Introduction

Let F € Z[xy, ..., xs] be a form of degree d. In previous work [2,4] we investigated the
number of rational linear spaces of dimension m contained in the hypersurface given by
F(x) = 0. Let N, (P) denote the number of Xy, ..., X, € Z°, |x;;| < P (1 <i <m, 1<
j < s), satistying

F(xit1 4+ -+ -+ Xptyy) = 0 identically in 11, ..., t,, (1.1)

and set r = ( . Theorem 1.1 of [2] and Theorem 1.3 of [4] show that there exists a
positive parameter é such that
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804 J. Brandes

Nu(P)=P™ " yos T xp+ 0@ (12)

p prime

for some non-negative constants .o and y, characterising the density of solutions over the
local fields R and Q),,, respectively, provided that

s —dimSing F > 29r(d — 1).

It is, however, apparent that the strategy of counting linear spaces by analysing Eq. (1.1)
is susceptible to double-counting in several ways. Rational linear spaces can be viewed as
integer lattices, but in order to count lattices via counting sets of generators, we need tools
both to identify primitive lattices and to account for the multiplicity factor by which each
individual lattice is counted. The objective of this memoir is to make a step in this direction by
counting integer lattices contained in hypersurfaces that have a fixed lattice discriminant. If
L’ C L isasublattice, then the discriminant of L will divide the discriminant of L. It follows
that the m-dimensional sublattices of Z° counted by N,, (P) with prime discriminant will be
primitive unless they are oriented along coordinate axes, in which case they are primitive if
and only if they are unimodular.

Suppose that (x1, .. ., X;;) isasolution to (1.1), then we may consider the lattice X spanned
by Xj, ..., X,. This is a sublattice of Z* of dimension at most m and with lattice discriminant
D(X) = /det((X1, - - -, Xm) (X1, ..., Xm)). Write D(xq, ..., Xn) = D(X)2, so that D is a
homogeneous polynomial of degree 2m in the ms variables (xi, ..., X;;) € Z™*, and denote
by N, (P; b) the number of (X, ..., X,) € Z™* counted by N,, (P) that additionally satisfy
the equation

Dy, ..., Xm) =D. (1.3)
The main result of this paper is an asymptotic estimate for N, (P; b).

Theorem 1.1 Let F € Z[x, ..., xs] be a smooth form of degree d > 2, and let m > 2 be a
positive integer. Furthermore, suppose that

s > max [2d—1(6m F3r 42— 1) +2%"m, 297N d — 1)Br + 2+ 2m(r + 3)/d)]
ifd > 2m, and
s > 297 rd + 22712 4 rd)(2m — 1)
if d < 2m. Then there exists a § > 0 such that
Nu(P;b) = P™ 742"y (b, P) [ xp(b) + O(P™ 7747270 (1.4)
p prime
with non-negative factors Xoo(b, P) and x,(b) that characterise the density of solutions of

the system over the local fields R and Q , respectively.

More general versions of each of the cases of Theorem 1.1 are available below (see Theo-
rems 4.1, 7.1) that somewhat relax the requirement that F' should be smooth. The glaring
omission here is of course the case d = 2m; while the analytical aspects of the treatment of
this case are in fact more conventional than in the situation when d # 2m and largely follow
the arguments of [1,2], the geometry creates additional difficulties when the singularities of
F interfere with the discriminant equation. We plan to resolve this issue in future work.

We will prove Theorem 1.1 by the circle method via a combination of the ideas presented
in our own work [2] and recent work by Browning and Heath-Brown [5]. Observe that the
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latter can be applied directly to the simultaneous Egs. (1.1) and (1.3), yielding conditions of
the shape s > so(d, m), where so(d, m) < 2%r2d ford > m and so(d, m) < 2*"r>m when
2m > d. In particular, these bounds grow quadratically in the parameter r, which is itself of
size m¥. In contrast, Theorem 1.1 exhibits linear growth in r.

It is an obvious question whether or not, and in what circumstances, the local factors in
Theorem 1.1 are positive, so that the formula in (1.4) provides an honest asymptotic estimate.
Ideally, one might be tempted to speculate that there might be a way of relating each factor
Xp(D) in (1.4) with the corresponding factor x, in (1.2), but unfortunately it seems highly
unlikely for such a relation to hold in general. Nonetheless, we are able to say something
about the factors. An argument by Schmidt [12, Sect. 2] shows that xo (b, P) > 0, provided
that the variety described by (1.1) and (1.3) has a positive (ms — r — 1)-dimensional volume
inside [—1, 1]™*. Similarly, one can show by arguments due to Schmidt (see [11, Lemma 2
and Sect. 11] and [12, Sect. 2]) in combination with a bound of Wooley on p-adic solubility
[13, Corollary 1.1] that x,(b) is positive whenever

s > max{27'd — D + D((r + l)dz)zd_l,
221 Qm — 1)(r + D((r + DEmHF" ),

though we note that for generic forms F' this bound may be improved somewhat by earlier
work of the author (see [3, Corollary 1]).

In the context of Theorem 1.1, the choice of b = 0 is somewhat distinguished, as it corre-
sponds to the number of choices for xy, . . ., X, satisfying (1.1) that have a linear dependence
relation between them. Such solutions span linear spaces of dimension at most m — 1, and
thus represent the ‘degenerate’ solutions to (1.1). As might be expected, results controlling
the number of such degenerate solutions can be obtained by much simpler means. Lewis
and Schulze-Pillot [9, p. 283] addressed the issue perfunctorily by showing that the set of
linear spaces of dimension at most m /2 has itself dimension smaller than ms — rd whenever
s > m/2 + 2rd/m, which is sufficient for applications requiring only an asymptotic depen-
dence on m (see e.g. Lewis and Schulze-Pillot [9, Theorems 1, 3], Dietmann [7, Theorem 2],
and Brandes [2, Theorem 1.3]). However, even a precise statement can easily be established
by observing that the main term of N,, (P) exceeds thatof N,,_1(P) assoonass > (dyfl_z)d ,
a much weaker condition than what is required in Theorem 1.1. Nonetheless, one could ask
even in this setting how Theorem 1.1 compares with other analytic methods in showing that
Ny (P; 0) = o(N;,;, (P)). The conclusion of Theorem 1.1 is stronger than necessary in that it
saves an additional amount of P2 over what is needed for a non-trivial result. Marmon [10]
recently showed that non-trivial upper bounds can be established even when the number of
variables is smaller than what is required for an asymptotic formula. However, in order to
save the required amount, his methods still yield bounds on the number of variables that grow
quadratically in r, though one can potentially improve on this by optimising his treatment
for situations involving linear spaces.

This question can be interpreted in somewhat different terms in the context of counting
matrices with a fixed determinant. Whilst the determinant is in many ways the most natural
measure of the size of a matrix, its hyperbolic nature renders it unsuitable as a height function.
Hence in settings that require a finite-volume height function one typically resorts to height
functions that increase with the size of the coefficients, and this raises the question of whether
the two can be related. Duke et al. [8, Example 1.6] provide a count of matrices of bounded
euclidean height with a given non-zero determinant. Our Theorem 1.1 can be viewed as a
generalisation of their result in the sense that we count matrices whose constituting columns
lie not in the affine space but on a hypersurface. Obviously, such a question can sensibly be
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asked only if the dimension of the linear space is smaller than the dimension of the embedding
variety, and in practice we require the much more stringent condition that the variety contain
a sufficiently high-dimensional linear space on which to perform such a count.

As a result of the methods applied, the proof of Theorem 1.1 naturally consists of two
essentially self-contained parts, as the cases d > 2m and d < 2m need separate treatment.
We will consider the situation when d < 2m in Sects. 2, 3 and 4, and turn to the structurally
similar but technically slightly more demanding case d > 2m in Sects. 5, 6 and 7.

Throughout the paper, the following conventions will be observed. Every statement involv-
ing the letter ¢ is true for all ¢ > 0, and consequently no effort will be made to trace the ‘value’
of . Statements involving vectors should be read entry-wise, so x| < P means |x;| < P
for all components x; of x. Similarly, we write (a, b) for the greatest common divisor of all
entries a; and b. Expressions like > _; f(n), where x may or may not be an integer, are
always to be interpreted as Z1<n< + f(n). We will commonly write T = R/Z. Finally, we
write e(x) = €2™* and use the Landau and Vinogradov notation extensively. All implied
constants are allowed to depend on s, d, m and the coefficients of F, but are independent of
P, which is always taken to be a large integer.

2 The case 2m > d: Weyl’s inequality

Let ® be the symmetric d-linear form associated to F, and write J for the set of d-tuples

jefl, ..., m}d neglecting order, so that Card J = r. Then we have
Fxitp + -+ xpty) = ZA(j)tjl S tjdq)(le, L. ,de)
jeJ
with suitable combinatorial factors A(j) € Z/d!. Writing X = (x1,...,X,) and
®;(X) = A()P(xjy, ..., Xj,), we see that (1.1) holds for precisely those X that satisfy

o;x)=0 (GelJ).
Let a = (j)jes and & = (@, ag) € T" x T, and write
FXo) =) oj@i(X) and FoX: ) = F(X: @) + g D(X),
jeJ
then we may define the exponential sum as

Tp@) = ) e ).

x|<P
Recalling the standard orthogonality relations from Fourier analysis, the counting function

N, (P; b) is now given by

Nm(P;b) :/

Tr+

Tr(@e(—aob) da.

Our first task is to bound T'p (e¢) from above. Define the discrete differencing operator via
its action on a test polynomial G € Z[x, ..., X;;] as

AinGX)=GX1,....x+h, ... x,) —GXp, ..., X, .., X)) 2.1)

The following is an easy modification of Lemma 3.1 of [2].
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Lemma 2.1 Let 1 < k < 2m and j;, 1 <1 <k, be integers with 1 < j; < m. Then

k k_ _ _
ITp@)|* < PE Dm0 NN e (A Ay Fo(X; @),
hy,..., hy X

where all sums range over suitable boxes of sidelength at most 2 P.
This auxiliary lemma allows us to establish a tripartite Weyl inequality in terms of «o,

but first we need to acquire a better understanding of the action of A on D. Observe
that every vector X; occurs quadratically within D(X). It follows that the expression

Ajihy - Ajyy_ i hon_y D(X; @) vanishes whenever an entry of (ji, ..., jam—1) occurs atleast
thrice, and otherwise depends only on xj,,, where ja;, is the unique parameter occurring
only once in (ji, ..., jam—1). Let o be a permutation of (1,2, ...,m) and suppose that

j=@),...,om),c(1),...,0(m)).Let further 7 C S,,, denote the group generated by
the transpositions (k, m + k), and write

detz ((hr, ... 0p) (B, -, o))
= Z det ((heqry, - hegm)” Begnanys - he@my))
teT
then for fixed hy, ..., hy,,_; we have

Ajiny - Dy b D& =detg ((hy, ..o b)) (g, ho— 1, Xo(m)))
+ terms independent of X.

Define the (2m — 1)-linear forms d,, for 1 < n < s via
dyxV, L x @0y = detr (0, x0T xOD e)22)
where e, denotes the nth unit vector in Z*. In this notation, the Weyl-type lemma is as follows.

Lemma 2.2 Suppose that| > 0 and 0 < 1 < 1 are parameters and o € T" !, then one of
the following holds.

(A) We have |Tp(@)| < P™ ", or

(B) there are integers 0 < ap < qo < PP~V satisfying |agqo — ap| < P~2m+@m=bn,
or

(C) the number of integer vectors hy, ..., hoy—1 € [=P", PV]" satisfying

dp(hy, ... ) =0 (1<n<ys) (2.3)

is asymptotically larger than (P")(Z’”’l)s’zzmill’a‘

Proof This is only a slight modification of Lemma 2.5 of Birch [1]. Applying Lemma 2.1
with k = 2m — 1 yields

2m—1 2m—1,, —
ITp (ﬁ)|2 < pETmmImtDs Z Z e (Ajuhl Ayt gy SO g)) :
hy,...hy, 1 X

Since every application of the difference operator reduces the degree by one, the argument
of the exponential is linear in X, and since we had d < 2m, the dependence on the form F
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808 J. Brandes

has disappeared up to at most a constant twist. Write for brevity H = (hy, ..., hy,—1). In
this notation we obtain

Z ¢ (A.flahl AV N SR\ [C E))

X

< PN e (apdetr ((hrs by (gt o 1. Xp,))

Xj2m

and therefore

S
2m—1 2m—1, . _
ITp@*" <« P m=2ms N [T min{P, leod,(H)] 7'}

hy,...hp,—1 n=1

The remainder of the proof follows precisely by the argument of Birch [1, Sect. 2]. O

Birch proceeds by interpreting the third case in Lemma 2.2 geometrically. In our setting,
however, we encounter a delicacy when embedding the discriminant function into the com-
plex numbers. In fact, the complex embedding of the discriminant is det(X™* X), where X*
denotes the adjoint of the matrix X, but since this operation is not polynomial, the complex
discriminant function is not amenable to the methods of classical algebraic geometry. It turns
out, however, that in our specific case the same ideas underlying the usual arguments from
algebraic geometry may still be made to work over the real numbers.

Lemma 2.3 Case (C) of Lemma 2.2 does not occur when
s > 221y (2.4)
Proof The set of all hy, ..., hy,_; € R satisfying (2.3) forms a real manifold .# inside

R@n=Ds Fyrthermore, Lemma 3.1 of Birch [1] shows that whenever case (C) of Lemma 2.2
applies, then one has

dim .4 > (2m — 1)s — 22"~1]. (2.5)

Observe that for any fixed choice of xi,...,X;;—1 and yi,...,¥n—1 the polynomial
det ((xl, X)) (Y1, ym)) is homogeneous in x,, and y,,, and by Euler’s theorem
on homogeneous functions one has

det(Chy, ..., hy)" (g1, oo o1, hy)) =0

forall hy, ..., hy,_; satisfying (2.3). Observe further that the value of det(X' y) is invariant
under the action of the symmetric group S, on the indices. Let

My =1{X,§ e R™ : det(x' y) = 0},

and for 1 < k < m define recursively .#y = #x—1 N Yy, where & < R2"s denotes the
diagonal given by x; = yi. It is now clear that .#Z C .#.

For a given integer k satisfying 1 < k < m — 1, suppose that some tuples X1, ..., X;;—]
andyy,...,ym—1 wWithx; =y; forall 1 < i < k satisty

dim(xy, ..., Xp—1) = dim{y1, ..., ¥m—1) =m — 1,
then the function det(X' y) vanishes precisely if either x,, € (X1, ..., Xy,_1) and y,, is arbi-

trary, orif y,, € (y1,...,Ym—1) and x,, is arbitrary, so the equation det(X' y) = 0, interpreted
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as an equation in x,,, and y,,, defines an (m — 14 s)-dimensional manifold inside R2. Accord-
ingly, the restriction of det(X' ¥) to %, vanishes precisely for those vectors x,, lying in the
(m — 1)-dimensional manifold (x1, ..., X;u—1) U (¥1,...,¥m—1). Recalling the invariance
under S,,, we thus obtain the recursive relationship

dim A4 = dim A — s, (2.6)
and it is clear that after applying (2.6) iteratively m — 1 times we obtain

dim.#Z < dim.#, = dim 4, + (m — 1)s
=dim{xX e R™ : DX) =0} + (m — 1)s =2(m — 1)s.

Under the hypotheses of the lemma this leads to a contradiction with (2.5). O

If @p has an approximation as in case (B) of Lemma 2.2, we may in a second step establish
a result similar to that of Lemma 2.2 in order to find a rational approximation for e. An
application of Lemma 2.1 with k = d — 2 yields

d—2 d—2_ (d_ —
ITp@* " « P02 N e (A - Ay a2 S0(X; @)
hy,..., hyj_» X
and thus with Cauchy’s inequality

2

d—1 d—1_ (] —
ITp@]* < PO 72 @25 R S "o (A Ay B0 @)
X

hy,...hg—2

2.7
We perform a van der Corput step similar to Sect. 4 in [5]. Let go be as in Lemma 2.2 (B),
write v = (2m — 1)n, and observe that

2
p2(-v)s Z e (Ajl.hl Ay hyaB0(X g))

X

2
< Z Z e (Ajlshl T Ajd—27hd—2§0(xl’ s Xj T gou, ., X g))
X JulgP!7v
2
KP™Y YT e (Ajimy A by B0(KE L Xy GO - X @)
X ||ulgPl-Y

The square expression can be expanded and is then

Z €<Ajl,h1 Ay g (Fo(Xas o X qou L X @)
lul,|v|<P1=v

—So(X1, ... Xj,; + 40V, .. X g)))

< pU=v Z ¢ (Ajl~hl RRRAVEN VIERAY RN {6 g)) ’
|W\<<P]’“
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810 J. Brandes

where we made a change of variables X, | — X, , +gov and w = u — v. It follows that
2

Z e(Ajin By So(X: @)

X
< promd=s Z Ze (Ajl,ln Db D i gewSo (X g)) : 2.8)
lwl«P!=v X

Observe that

Ajlahl ERRAV VPN Ajd—l,qowg(i; 3]
m
=q0 Z M@, ..oy Ja—1, R)ag,. e o @& by, oo hg o, W)
k=1

+ terms independent of X, 2.9)

where M (j) is a combinatorial factor. On the other hand, it follows from the assumption on
o that

dx-'e (aOAjlshl '”A,id—2~hd—2A./d—l,qOWD(i)) < ||€70a0||P2m717U <« P!
i
forall1 <i <m,1 < j <s,soamulti-dimensional summation by parts shows that the
contribution to (2.8) stemming from D is negligible.
For the sake of notational conciseness write H for the tuple (hy, ..., hy_5). Define the
(d — 1)-linear forms B,, 1 <n < s, via

N
ox, . x D) ="k B, xD, .. x4,

n=1

then a combination of (2.7), (2.8) and (2.9) together with a familiar bound on linear expo-
nential sums yields

Tp(@)? < PO Dms=@=1=0s pn=Ds SN IS 6 (g0 M (e (H, W, X))

H W de

<P Q4 Vm—d+v)s Tj

for every j € J, where Yj is given by

Yi=)_ > []min(P.1MGqoe;B.(H. W)™}

H |wlPI=v n=1
Define
Ni(X,Y; Z) = Card{|hy|, ..., [hg_a] < X, |w| < Y :
IMG)goajBy(hy,....hg 2, W) < Z (1 <n<s)},

then standard arguments from the geometry of numbers (cf. Sect. 4 in [5] or Lemma 3.4 in
[4]) show that for any 0 < & < 1 — v one has the estimate

T < PPTENj(P, PV P
< PS+€P(d_1)(1_9)S_Uij(P9, PG; P_d+(d_1)0+v).

@ Springer



On the number of linear spaces on hypersurfaces. . . 811

It follows that, if | Tp ()| > P™ % for some k > 0and 0 < § < 1 — v, then

Nj(P9 po. P7d+(d71)0+(2m71)n) > (PO)(dfl)fo‘l’lkfa
and we may conclude as follows.

Lemma 2.4 Suppose that ag has an approximation as in case (B) of Lemma 2.3 with denom-
inator qo, andletk > 0and 0 < 6 < 1— (2m — 1)n be parameters. Then one of the following
is true.

(A) Either |Tp(@)] < P" 7, or
(B) foranyj € J one finds g; < P~V and 0 < aj < qoqj satisfying

|£1061j01j _aj| < P—d+(d—])9+(2m—])n,

or
(C) the number of (d — 1)-tuples (hy, ..., hg_1) with |h;| K€ PP1<i<d=1 satisfying

By(hy,....,h;_1) =0 (A <n<ys)

is asymptotically greater than (PO)(d’l)s’zd_lk’a.

This follows as in the proof of Lemma 3.4 in [2], and as in Lemma 3.5 of the same work
the third case may be excluded by demanding that

s —dim Sing F > 2971k, (2.10)

The next step is to combine Lemmas 2.2 and 2.4 in order to bound 7p (&) on the minor arcs.

3 The minor arcs in the case 2m > d

The goal of this section is to define our sets of major and minor arcs, and to show that under
certain conditions the former set can be taken arbitrarily small. Throughout this section we
will always assume the inequalities (2.4) and (2.10) to hold.

For non-negative coprime integers a < g denote by My (g, a) the set of « € T satisfying
lga —a| < P~2m+Cm=Dn_and define further

p@m—Dn q—1
moP;m= | U Mg a
q=1 a=0
(a,q)=1

and mo(P; n) = T\M(P; n), where the parameter P will be suppressed whenever there is
no danger of confusion. Lemma 2.2 then implies that whenever g ¢ 9o(n), then we have
|Tp ()| < P™~Int€ This allows us to establish our first pruning lemma.

Lemma 3.1 Suppose that the parameters | > 0 and n, € (0, 1] satisfy
[ >2m+rd 3.1)
and

(=22m —1)ny > rd. (3.2)
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812 J. Brandes

Then there exists some & > 0 for which one has
/ ITp ()] dag & P™s—2m=rd ="
mo (1«)

uniformly for all ¢ € T".

Proof Let [ and n, be given according to (3.1) and (3.2). We can find a sequence (n;) with
the property
L=no>m>->np =0« (3.3)
and subject to the condition
i1 =)l < =2C2m — D) —rd (1 <i <T). (3.4
This is always possible with 71 = O(1). It follows from Lemma 2.2 and (3.1) that for some
8 > 0 we have

/ |TP@)| dOl() << PmAYfszrdf(S'
mo(170)

Furthermore, a straightforward calculation shows that
vol My (n) « p~2m+2@m=bn, (3.5)

We may therefore decompose the remaining set mg(7,)\mo(7n9) according to (3.3). With
(3.5) and Lemma 2.2 (A), this yields

T
|Tp ()| deg = Z/ |Tp ()] deg
i=1

/n"lo(n*)\mo(no) Mo (i —1)\ Mo (1:)

< max vol9Mo(ni—1) sup [Tp(e)]
ISIST l apEmMQ (1)
<« max P—2m+2(2m—1)n,~,1 me—ln,--&-e
1<i<Ty ’
and the exponent on the right hand side is
ms —2m +1(ni—1 —ni) — A —2C2m — 1))ni—1 +e& <ms —2m — rd
by (3.4), provided ¢ has been taken sufficiently small. This proves the lemma. O

The second pruning step involves the major arcs associated to the vector «. Write
IM(P; 6, n) for the set of & € T+ with ag = ag/q0 + Bo € Mo(y) for which there
exist entrywise coprime integer vectors a, q satisfying

ljgoq; — ajl < PHE@DIHCm=Dn 4ng g pUE-DO e gy,

andletm(P; 0, n) = T"H\DM(P; 0, n), where the parameter P will typically be suppressed.
Again, Lemma 2.4 implies that we have |Tp ()| < PMs=k0+e for all @ € m(6, ) having
ap € NMo(n).

It is desirable to have a unique parameter for measuring the size of 7p(a) on the minor
arcs, and in fact it will transpire in the course of the argument that no generality is lost by
setting

ko = In. (3.6)
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On the number of linear spaces on hypersurfaces. . . 813

Thus the width of 91(6, n) can be measured in terms of € alone, and we will suppress the
redundant parameter 1 in the future. With this convention we have |Tp(a)| < P™S —ko+e
for all @ € m(0), so it respects both the respective case distinctions of Lemmas 2.2 and 2.4
simultaneously.

Lemma 3.2 Let . be the parameter obtained in Lemma 3.1, and suppose that the conditions
@Cm—1+1/kn, <1 3.7

and
2rd—1)  (r+2)2m—1)
_l’_
k [
are satisfied. Then for any 0 € (0,1 — 2m — 1)n,] there exists a § > O such that

<1 (3.8)

/ |Tp ()| dae  P™MS—7d=2m=3
m(o)

Proof A standard computation shows that

PemUngo—1 1, o PU8 qogi—=1 41 g _
P m+Q2m—1)n P d+(d—1)6+2m—1)n
wme < ¥ 5 Py |
qo=1ap=0 jes \ gi=1 =0 490

« pim—rd+2r(d=DO+r+2)2m—1)k/ 1o

where we used (3.6). We now fix a sequence (6;) satisfying
1K) =0 =6 >0 > >6p, =0 >0,
and having the property that
k(Gic1 —6;) < (k—2r(d—1)—(r+2)2m — 1)(k/1))0 (3.9)
for each i. This is possible by (3.8), and (3.7) ensures via (3.6) that Lemma 2.4 is applicable.

In fact, from the definition of m(6) above we have

/ |Tp(g)|dg<</f ITp(@)] dao da + vol Mo(ns) sup |Tp(@)).
m,) r Jmo ()

aem(by)

where the first term is O (P ~"4—2m=%) by Lemma 3.1 and the second term can be bounded
above by p~2n+2Q2m=Dn. pms—kb.+e Op recalling (3.6) and (3.2) we see that for sufficiently
small ¢ the exponent is smaller than ms — rd — 2m.

We now argue as before and find that

/ Tp(@) de < max volM@G_1) sup |Tp(@)|
m(@)\m(6y) ISiT:

St 2 aem(b;)

<« max P—2n1—rd+(2r(d—1)+(r+2)(2m—])(k/l))9,-,1Pms—k9i+£
1<i<h ’

and the exponent is
ms —rd —2m+k@_1 —0;) —(k=2r(d—1)— (r +2)2m — 1)(k/1) 0;_1 + &,

which is smaller than ms — rd — 2m by (3.9) whenever ¢ is sufficiently small. O
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Observe that Lemmas 3.1 and 3.2 are compatible only if one can find a value for 7,
satisfying both (3.2) and (3.7). This is possible if and only if
rd  24+rd)2m—1)
rA D

This condition fully encompasses (3.1). It follows that, if the conditions (3.8) and (3.10) are
satisfied, we may choose 6 (and thereby also 7) arbitrarily small.

1. (3.10)

4 The major arcs bound for 2m > d

For the analysis of the contribution from our narrow set of major arcs it is desirable to have
approximations of the components of e that use the same denominator. We therefore set

g = lem(qo, q) < PU@=D+Em=Dk/)8.

Write (r(d — 1) + 2m — 1)(k/1))0 = w, and for fixed ¢, a let 91(g, a) denote the set of all
a € T ! satisfying

ltg — ao/gq| < P72+ and |y —aj/q| < P70 (e ).
Define further

1
no = U N a.

a=0
(a,q)=1

P(D q7
g=1 a

Then MM (H) < D1(H). One computes

VOl m(e) < P—2m—rd+(2r+3)w (4'1)
Define
q
Sy@) = eFo: g 'a) (42)
x=1
and
vp(B) = / ¢Go(E: B)) dE. 43)
[—P,P]ms
then a standard argument reveals that
Tp(@) — g "™ Sy@vp(B)l < P™ g | Y I8P+ Bol PP + 1] . (4.4)
jeJ
Werite further
P® q—1
Sp(P)=) g™ Y Sy@e(—aob/q) 4.5)
g=1 a=0
(a,9)=1
and
3(P) = / / vp(B)e(~bfo) dB “6)
“glgp—der |/30‘<P—2m+m
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for the truncated singular series and integral. It then follows from (4.4) and (4.1) that
/ Tp(@e(—apb) da = &} (P)Jp(P) + O (P~ r4-2mt@riseoly = 47)
NB)

where the error is acceptable if 6 has been chosen small enough. By a change of variables
one has

vp(B) = P™ v (PR, PP By), (4.8)
and thus
Jp(P) = prs—rd=am f vi(B)e(bBo/P™™) dB. (4.9)
IBI< P

It remains to show that &, (P) and the integral in the expression for J,(P) converge as
P — oo and reproduce the expected main term.

Lemma 4.1 The terms of the singular series are bounded by

L —1
2m—1 2m—1 , d—1
Iq_'”sSq(a)|<<q£min:<( 1 )> ,q( ) ]
q, ao

Proof We imitate the argument of Browning and Heath-Brown [5, Lemma 8.2]. Observe that
the statement of the lemma is satisfied when ¢ = 1, so we can, without loss of generality,
suppose thatg > 1.Equally, if agp = 0, the first term in the minimum returns the trivial bound,
allowing us to assume that ag > 0 and therefore (¢, ag) < ¢. Fix Q = ¢* for some large A
to be determined later. Applying (4.4) and (4.8) with 8 = 0 and observing that v{ (0) =< 1, it
follows that B

g™ S, @) < Q7" To(g ™ ) + ¢/ 0. (4.10)
Fix n such that

q/(q.ap) = Q¥ (4.11)

so that ap/q € Mp(Q; n). Note that by taking A sufficiently large we may ensure that
n < m/(2m—1), so that these major arcs are disjoint. It follows that ag /g is best approximated
by itself. Furthermore, in the g-aspect it lies just on the edge of the major arcs. Since by
continuity the minor arcs bound applies on the closure of the minor arcs, we have additionally
that [Tp (g 'a)| « @™ ~+e Solving this for Q" and inserting into (4.11) yields after

1
rearranging |Tp (g 'a)| « Q™ (q/(g,a0))” 7T, and on substituting this into (4.10),
one sees that

q )) 2m—1 +q/Q

—mSS &
q (@) K< 0 ((q!ao

Recalling that Q = ¢*, it is clear that for A sufficiently large the first term dominates. This
establishes the first bound in the lemma.
Fix now 6 via

g = Q((mel)(k/l)Jr(dfl))@7 4.12)

so that g ~'a € 9U(Q; 0). As before, we are free to take A large enough that the major
arcs M(q, a) are disjoint, and we deduce that in the g-aspect, ¢~ 'a lies on the bound-

ary of 9M(Q; 0), so the minor arcs estimate of Lemma 2.4 (A) still applies and yields
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0% <« (Q7™*8To(g'a))~1/k. Together with (4.12) this produces a non-trivial bound on
To (¢~ 'a) which in turn may be inserted into (4.10), yielding

d—1_ 2m=1\"

1
g7 S, @) < 0t P g0

As before, we see that for A large enough the first term dominates. This establishes the second
statement of the lemma. O

Lemma 4.1 implies that the singular series may be extended to infinity. In fact, we have

>

q=1

a-1 d—1

q "8 @ < iqrf(H)(#*T)il*E Z(q/d)l’A(@y1
(a,qz)o=1 = dlg

1%

for each A € [0, 1]. This series converges if, for some A, one has

2m — 1 DE2m—1 Hd -1
m <3 ang T HDCm )+(r+)( )<1_)\,
l k
and these inequalities can be simultaneously satisfied if and only if
Cm—-Dr+2) d-D@r+1)
I * k =

It remains to complete the singular integral

1. (4.13)

Xoolbs P, R) = /
[,R’R]r+

This follows the argument of [5, Lemma 8.3].

1 vi(B)e(—bBo/ P*™) dB. (4.14)

Lemma 4.2 We have

—1
/ _(2m=1 4 d-1
'”1(ﬂ)|<<min{l,lﬁol_2mI“,Iﬂl (ot +et) +8}.

Proof We start by observing that the bound |v1(B)| < 1 is trivial, so in what follows we
do not lose any generality by assuming that || > 1 and |B] > 1. Choose O = |8 |4 for

some large parameter A to be fixed later, and write y = (Q_dﬁ , Q7 Bo). Takinga = 0
and ¢ = 1, we have from (4.4) and (4.8) that

wIB)] = 0 ()| < Q" |To()| + 0 'IBI. (4.15)

Determine 7 such that |8y| = Q@"~1". Observe that when A is suffficiently large one has
n< m/(2m — 1), so we can assume that the major arcs are disjoint. Hence y is best approx-
imated by go = 1 and ap = 0, and thus lies just on the edge of the major arcs My (Q; n).
By continuity, the minor arcs estimate extends to the closure of the minor arcs, so we have
0" « (Q_””_5|TQ(y)|)_l/ !, On the other hand, exploiting the major arcs information
about yp, we obtain o

_2m—1
1

ol < Q@1 < (@7 | To (1)

Solving this for [T (y)| and inserting into (4.15) yields

v1(B)] < OF o~ 7T + 0 'BI.
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Recalling that O = |B |4, this yields the first estimate whenever A is large enough.
For the second estimate, we fix 6 such that, recalling (3.6), we have

max{Q ™~ VIm =l gl g=Gn=b| gy = 1.

As in the previous lemma, by choosing A large enough, we may assume that the major arcs
are disjoint. The unique best approximation to y is therefore given by a = 0 and ¢ = 1. In
particular, y lies on the boundary of 9(Q; 6). Again, by extending the minor arcs estimate

~1/k
from Lemma 2.4 (A) to the boundary, we deduce that 0 < (Q*"”*HTQ (Z)|) . On
the other hand, our choice of 6 implies that

2m—1 , d—1
_ _ —ms— -t
1Bl < 0@ =D&/ D=1 (Q ms £|TQ(Z)|) ( )

for every j € J. This inequality is easily rearranged to yield a bound on |Tg ()], and as
before, it follows that

—1

_(2m=1 d=1
v (B) < Q°IBjl (P +4) +181'4,

which returns the desired bound if A is large enough. O

Now write pg = |Bo| and p = |B], and note that the set of f satisfying |B| = p has
measure O(,o’_l). Thus, the expression from (4.14) is bounded above by

R R 1 (2=t d-1)7"
Xoo(b, P, R) <</ f min{l,po mre (et +€}pr*1 dp dpo
o Jo
R —A(Z'”,—")_l-s—s
< 1+/ Py dpo
1

R m—1 , d=1\""

o <1+f p—(l—x)( 7 +T) +r—l+4e dp)
1

for any A € [0, 1]. As in the situation regarding the singular series, the limit yoo (b, P) =
limg_ 00 X0 (b, P, R) exists if the inequalities

2m — 1 2m — 1 d—1
" <A and rm )+r( )<1—A
l k
can simultaneously be satisfied, which is possible if and only if
2m — 1 1 d—1
@m-De+D  @-Dr (4.16)

/ k

Both (4.13) and (4.16) are a consequence of (3.8), so on combining our estimates we obtain
Nu(P;b) = P™ 972G,y oo (b, P) + O(P™ 77472175, (4.17)

provided that the conditions (2.4), (2.10), (3.8) and (3.10) are all satisfied. In fact, we may
restate the case 2m > d of Theorem 1.1 in a more general fashion.
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Theorem 4.1 Let F, m and d be as in Theorem 1.1 with 2m > d, and suppose that the
conditions

29 (d — 1) 22—l 4 2)2m — 1)

o <1 and
s —dim Sing F s
20-1;q 2212 4 rd)y2m — 1) .
<
s —dim Sing F s

are both satisfied. Then for some § > 0 one has

Nu(P3b) = P™ 2y b, P) [T xp®) + 0(P™ 77472170,

p prime

where the factors are given by

Xoolb, P) = fR L DBe(=bo/ PP 4B

and
b — 1 —ims 7; —1 _ —lb .
xp(b) = lim p ;;e(ﬁo(x p~'a) — p~'bap)

The only thing that still remains to be shown is that one has indeed an Euler product
representation of the singular series as advertised. This is, however, standard and follows
from arguments analogous to those given in Chapter 5 of Davenport’s book [6]. We also
remark that the second statement of Theorem 1.1 follows upon assuming dim Sing F = 0
and observing that under this assumption the hypotheses of Theorem 4.1 reduce to

s >max{2%rd — D)+ 27" r +2)2m — 1), 277 rd + 27712 4 rd)2m — 1)).

A modicum of computation confirms that for 2m > d the second term dominates.

5 Weyl differencing in the case d > 2m

In our second case, the procedure is structurally very similar to the treatment of the case
d < 2m. The following is a straightforward modification of Lemma 5.3 of [2].

Lemma 5.1 Suppose that k satisfies (2.10) and we have

d
0<l < —-——. 5.1
d—-1D@+3)
Then for a € T+ one of the following holds.
(A) We have |Tp(a)| < P50 or
(B) there are integers 1 < § < P24~V and 0 < aj < q (j € J) such that

|qaj _aJ| « P_d+3(d_])6.

Proof This follows by the same proof as in [2, Lemma 5.3]. Observe that, since the degree
of D is strictly smaller than that of F, all the terms involving D disappear in the course of
the proof. O
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Let now 6 and g be fixed, suppose that a satisfies the condition of Lemma 5.1 (B), and
write v = 3(d — 1)6. Recall the definition of the discrete differencing operator from (2.1),
then Lemma 2.1 implies that

2m—2 2m-2.,
ITp@) "~ < PO 3mE25 TN e (A e Ay a2 S0(K; @)
hy,...hyy2 X
where the variablesX and hy, .. ., hy,,_» run over boxes contained in [— P, P]*. By Cauchy’s
inequality we have therefore
2
2m—1 2m—1,, —
|Tp (E)|2 & pE i Amt s Z Z € (Ajl,h1 “ A g 2 S0(X; ﬁ))
hy,..., hy, 2| X
We abbreviate H = (hy, ..., hy;—). By an argument mirroring the treatment of the case

2m > d leading to (2.8), we observe that
2

Z ¢ (Ajlth “ Ay 2 80X g))
X

< Pms_(l_‘))s Z Z € (Ajlahl U AJ.meZathfQAerlzfl’éWS’O(i; g)) ’
X |wlgPl=Y

whence we conclude that

2m—1 2m—1,, _
Tp(@)*" < PET 3mSR "N N e (A g+ Ay, gwS0E @) . (5.2)
H X

Similar to before, we observe that forall j € J andall 1 <i <m, 1 < n < s one has
d

dx ¢ (Ajihy Ao a b2 B, 1 gwS (X @) < ”‘j‘xj”Pd_l_v < P!
in

from our assumption on «, so it follows from partial summation that the dominating contri-
bution in (5.2) stems from D(X). Recall our notation (2.2), then we find

2m— 2m—1 .
ITp@)" <« P = *"’“*”SZZ Z (@0l jim Ay, gwD®)

< AT Im=2mins §RN ]_[ min [P, |Gaod, (K, W 7'} (5.3)

H W n=1
Let
N
Y=Y > []min{P. lIgaod.(H. W'},
H |w|gP!-vn=1
and define

N(X,Y; Z) = Card{|hy|, ..., |hy, 2| < X, |W| <Y : |lgaod,(H, w)| < Z},

then arguments from the geometry of numbers (see [5, Sect. 4] or [4, Lemma 3.4]) show that
for every n € (0, 1 — v] one has

T « PS+8N(P,P1_U; P—l)
< Ps+8P(Zm_l)(l_”)s_sz(Pn, Prz; P—2m+(2m—1)r1+v). (5'4)
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Suppose now that |Tp ()| > P™s=In_then substituting (5.4) into (5.3) yields

N(P", P P—2m+(2m—1)n+v) > P(2m—l)sn—22’"_lln—£

and as before, the argument of the proof of Lemma 3.4 of [2] leads us to the following Weyl
type dissection.

Lemma 5.2 Suppose that g and 0 are as in Lemma 5.1, and let | and n be fixed positive
parameters satisfying 0 < n < 1 —3(d — 1)0. Then for every a € T" ! one of the following
holds.

(A) We have |Tp(a)| < P’”-Y*lﬂ’ or
(B) there are integers 1 < qo < P~V and 1 < ag < qog satisfying

|(¥0(}C]0 —ag] < P72m+(2m71)n+3(d71)0’

or
(C) the number of integral hy, ... hy, 1 € [—P", P"]* satisfying

dp(hy, ... ) =0 (1<n<ys)

is asymptotically larger than (P")(zm’l)s’zzm_ll’a.

Lemma 2.3 above allows us to exclude the third case by demanding that (2.4) holds. As
before, under certain conditions we may combine Lemmas 5.1 and 5.2 to show that on a large
set of minor arcs the contribution is smaller than the expected main term.

6 The minor arcs in the case d > 2m

Throughout this section we make the assumptions (2.4) and (2.10). The treatment of the
minor arcs is similar to that of Sect. 3. However, without further measures the constraint
imposed upon € in Lemma 5.1 would lead to unnecessarily large bounds. Fortunately, this
can be avoided by pruning instead a different set of major arcs that can be defined for any
positive 6 < 1. We record here Lemma 3.5 of [2], which serves as starting point for our first
pruning step.

Lemma 6.1 Let 6 € (0, 1] and k > 0 be parameters, where k satisfies (2.10). Then one of
the following is true.

(A) We have | Tp(@)| < P™, or

(B) for each j € J there are integers 0 < aj < gj < P9 satisfying lajgy — ajl <K
p—d+@-1_

As in the case of Lemma 5.1, the contribution of D disappears in the course of the proof
as D is of strictly smaller degree than F.

Denote by M, (P; 0) the set of « € T" with the property that one can find entrywise
coprime vectors 0 < a < q < PY=D? satisfying lejgj — aj| < P~d+@d=D? for each
j € J. Write further my(P;0) = T"\9M4(P;0), then Lemma 6.1 shows that we have
|Tp ()| < P™ %0+ for all @ € mg(P; 6). As usual, we will suppress the parameter P in
most cases.
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Lemma 6.2 Suppose that k > 0 and 0, € (0, 1] satisfy
k> dr+2m 6.1)
and
(k —2r(d — 1))6, > 2m. (6.2)

Then there exists a parameter § > O such that uniformly for all oy € T one has
/ |TP(Q)| da << Pms—rd—2m—5.
myg (9*)

Proof Fix a sequence (¢;) with 73 = O (1) terms satisfying
1=0y>6>-->0r =0
and having the property
k(i1 —6;) < (k=2r(d = 1))0x —2m (1 <i<T3). (6.3)

From (6.1) we infer that there exists a § > 0 such that
/ |TP (g)| da < Pms—rd—2m—8'
mg (6o)

Furthermore, one computes
vol M, (9) « p—rd+2rd=1e (6.4)

(see e.g. Eq. (4.2) in [2]), so on the difference set one has

|Tp(e)| de < max volMy(B;—1) sup |Tp(e)l
1<i<T

SIS aemy(6;)

/‘;ld (B)\ma (6o)
&« max P —rd+2r(d—1)6;_ Pms—k@,- +e
1<i<Ts
by (6.4) and Lemmas 6.1 (A), and (6.3) ensures that the exponent is smaller than ms —rd —2m
whenever ¢ is small enough. O

This set 91, (6) of major arcs has inhomogeneous denominators, so in order to be able to
define major arcs for o9 as well we first need to define a second set of homogenised major
arcs. Suppose that 07 is small enough so that (5.1) holds, then we define 931;1 (g, a) to be the

set of all o € T" satisfying |ejg — aj| < pd+3d=10 and
prd-10 G| )
myro=J U Mma@a.
g=1 a=0
(a,g)=1

Again, we let m; ®) =T \SDT; () and note that this dissection into major and minor arcs

respects the case distinction of Lemma 5.1. Lemma 5.3 of [2] shows that 01,;(0) C 93?:‘1 )
for all 6 satisfying (5.1).

Define now 90t(P; 6, ) as the set of those o € T"*! havingee = G 'a+ B € SIRZ(P; 0)
and for which there are coprime integers go < P@"~D7 and 0 < ag < §qo satisfying

|aoqq0 _a0| g P—2m+3(d—1)0+(2m—1)71
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where, as customary, the parameter P will usually be suppressed. Then

pa—1o —1 poas3@-ne \ P @il pooma3@-ne+em—ny
Vol MO, ) < Y ]_[Z e
G=1 \jeJ aj= do=1  ap=0 909
< Pfrd72m+(31+5)(1171)9+2(2m71)77. (65)
Write further m(P;60,n) = ']I"*l\DJT(P;Q,n), and observe that, again, one has

|Tp(a)| « P™s~Inte whenever o € m(P; 6, n) with et € DJTZ(P; 0). As in the treatment of
Sect. 3, it is convenient to make the assumption (3.6), so we will suppress the parameter 6
in what follows.

Lemma 6.3 Suppose that k and | are positive numbers satisfying
@Br+5d-1) 22m-1)
k + [

Let further 6, be the value of 0 obtained in Lemma 6.2, and suppose that 0, satisfies (5.1) as
well as the inequalities

< 1. (6.6)

(k—@r+2)d—1))0« >2m (6.7)
and
(Bd—-1)+(k/1))o, < 1. (6.8)
Then for any n € (0, (k/1)04] there exists a 5§ > O such that

/ |TP@)| dg << Pmsfrd72m78.
m(n)

Proof The contribution from m(7,) can be computed as

aem(ny)

/ ITP(g)Idg<</f, Tp(@)| de dorg + vol M (6,)  sup | Tp (@)
m(p) T Jm), 6.

< mefrd72m78 + Pfrd+(3r+2)(d71)9*Pmsfln*Jra

where we used the fact that mg (6) € my(0), and the exponent is smaller than ms —rd — 2m
by (3.6) and (6.7).

Now in order to bound the contribution from m(n)\m(n,) we fix a sequence (1;) with
Ty = O(1) terms satistying

k/DOsx =nx =m0 >m1 > -+ >n1, =1
and
I(ni—1 —ni) < (L = Br+5)d — 1){I/k) —2@2m — 1))n. (6.9)
This is possible by (6.6), and (6.8) ensures via (3.6) that n, < 1 —3(d — 1)0,. Then, arguing

as before, we arrive at the bound

/ |Tp(e)| de <« max volM(ni—1) sup [Tp(e)l
m(m)\m() ISISTy aem(n)
& max P rd-2mH(Gr5)d=1(/k)+2@m=1))ni-1 pms—Ini+e
1<i<Ty ’
where we used (6.5) and Lemma 5.2 (A). Again, by (6.9), the exponent is smaller than
ms — rd — 2m whenever ¢ is sufficiently small. O
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A straightforward computation shows that the conditions (6.7) and (6.8) can be simulta-
neously satisfied only if

2ﬁ+(6m+3r+2)(d—1) <1

6.10
; 3 (6.10)
Similarly, the conditions (5.1) and (6.7) are compatible if
2m(d — 1 3
k> Gr2)d— 14 d D+ 6.11)

d

and these constraints imply (6.1) and (6.2). Hence it follows from combining Lemmata 6.2
and 6.3 that for every n > 0 there is a > 0 such that

/ |Tp(a)| dae  P™MS—7d=2m=3
m(n)

provided the conditions (6.6), (6.10) and (6.11) are satisfied.

7 Major arcs analysis in the case d > 2m

This is very similar to the treatment in Sect. 4. Write = ((2m — 1) +3(d — 1)(I/k))n, then
after setting ¢ = lem(g, ¢o), we denote by (g, a) the set of all o € T"+! satisfying

o — aj/q] < P74 (e, lotg — ag/q| < P72mF,
and
PY  gq-1
nm= U Ng a.
g=1 a=0

(a,9)=1
As in Sect. 4, this definition implies that 2t(n) < H(n), and the volume of these extended
major arcs is still estimated by (4.1) with w given as above. Recall the definitions (4.2), (4.3),
(4.5) and (4.6), then (4.4) and (4.7) continue to hold with adapted parameters and the error
is acceptable if n has been chosen small enough.
As in Sect. 4, we show that the singular integral and the singular series can be extended
to infinity. This analysis is in fact very similar to that of the case d < 2m.

Lemma 7.1 We have the bound

k. 4
T  _(3@=D , 2m-1
|q’"ssq@|<<q8min{< 1 ) gt }

(g,a)

Proof We imitate the proof of Lemma 4.1. Since the lemma is trivially true for g = 1, we
may suppose without loss of generality that ¢ > 1, and by a similar argument the claim is
trivially true if a = 0, allowing us to assume that (¢, a) < ¢. Let Q = ¢* for some large A
to be determined later, and fix 0 such that

1 _ g-ne 7.1
7.2 Q ; (7.1)

sothata/q € M, (Q; 0). Furthermore, note that by taking A sufficiently large we may ensure
that & < d/(2(d — 1)). Under this assumption, the major arcs are disjoint, so a/q is best
approximated by itself. Furthermore, in the g-aspect it lies just on the edge of the major arcs.
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As in Sect. 4, the minor arcs bound continues to apply on the closure of the minor arcs, so
together with (7.1) we find

__k

T —1 ms+e q ) ﬂ’
Tolg~ @l K Q0 (7(%3)

and on substituting this into (4.10), we see that

k

—d-1
+ )
(q,a)> 4/Q

Recalling that Q = ¢*, it is clear that for A sufficiently large the first term dominates. This
establishes the first bound in the lemma.
Fix now 7 via

lg™" S @)] < Q° <

g = Q(3(d*1)(l/k)+(2m*1))n’ (7.2)

so that g~ 'a € M(Q: n). By choosing A large enough, we may assume that the major arcs
are disjoint. Hence ¢ ~'a is best approximated by itself, and in the g-aspect it lies on the

boundary of the major arcs. Using the corresponding minor arcs bound

—1
3d-1) | 2m—1
*( ; +f)

ITo(q~'a)l < Q"™ *q
together with (7.2) within (4.10) yields

2m—1Y\"

) +4q/0,

and we see that for A large enough the first term dominates. This establishes the second
statement of the lemma. O

3d-1

+

lg™"™ Sq(@)| < quf(

We may now extend & (P) to infinity. In fact, we have

i Z _'"SSq(g) <<iql—(1—)h)(2m[1 ) +£Z( /d) (%)

a=0 q=1 dlq
(a q)=1

z(d 1 -1

for each A € [0, 1]. This series converges if, for some A, one has

d—1 22m — 1 6(d—1
u<)L and (2m )—l—( )<1—A,
k [ k

and these inequalities can be simultaneously satisfied if and only if

22m—1) (r+6)d—1)
+

[ k

For the treatment of the singular integral we remark that Eqs. (4.8) and (4.9) remain valid
with adapted parameters, so it remains to establish an analogous version of Lemma 4.2.

<1 (7.3)

Lemma 7.2 We have

k _(3@d=1) , 2m=1)""
'”103)'<<min{1,|ﬂ|‘d—l+8,|5o| (et 2) +8}.
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Proof We imitate again our treatment of the case 2m > d. The bound |v; (B)| < 1 is trivial,
so we may assume that || > 1, and also that || > 1. Choose Q = |B|* for some large
parameter A to be fixed later, and write y = (Q ™8, 02" Bo), then Egs. (4.4) and (4.8) with
a = 0and g = 1 imply that relation (4.15) holds true. Determine 6 such that || = Q@—1D?,
Since for 0 < d/(2(d — 1)) the major arcs M, (Q; 0) are disjoint, by choosing A sufficiently
large we may ensure that this approximation is the only one, so f lies just on the edge of the
major arcs. As before, the minor arcs estimate extends to the closure, so by Lemma 6.1 (A)
we have 07 « (Q7™%To (»)])~/%. On the other hand, our choice of 6 implies

1Bl < QU™ <« (O T T (e,

which gives [To(p)| < Q”’S+5|ﬂ|_ﬁ. Inserting this into (4.15) and recalling Q = |E|A
yields

01 (B)] < QFIBITTT + (B,

which is acceptable if A is large enough.
On the other hand, if we fix 1 such that, with (3.6), we have

maX{Q73(dfl)9|ﬂ|’ Q7(2m71);773(d71)9|/30|} —1,

then by choosing A sufficiently large, we can force 1 to be small enough that the major arcs
M(q, a) are disjoint, so p lies on the edge of M(Q; n), and it follows from extending the
minor arcs estimate to the boundary that Q" <« (Q~"~*|Ty )~ VL. As before, we also
have the major arcs information B

2m—1 +3(d—l))

1Bo] < Q(@m=D+3E=Da/om _ <Q7ms78|TQ(Z)|) ( 7 T

This produces an upper bound for [Ty (Z)| which can be substituted into (4.15) and then
yields the desired result, provided that A has been chosen large enough. O

The analysis of the major arcs is now swiftly completed. Again, we define x~, (b, P, R)
as in (4.14) and see that

R (aa\ ',
Xoo(b, P, R) K <1+/ 0 X( z ) +r—1te dp)
1

R 3d=1) , 2m—1)""

—(1-p (3D 2oty

x(H—/ P ( ' 1) dpo)
1

for any A € [0, 1]. The limit xo0 (b, P) = limg_ o0 Xoo (b, P, R) exists if A can be chosen to
satisfy

—1 — —
r(d—1) -5 and 2m —1) n 3d—-1) -
k l
which is possible precisely if
2m—-1) (@+3)d-1)
T k =

Observe that both (7.3) and (7.4) are implied in (6.6). Combining all estimates, we may
thus conclude that the asymptotic formula given in (4.17) holds for d > 2m, provided the

1 -2,

1. 7.4
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conditions (2.4), (2.10), (6.6), (6.10) and (6.11) are all satisfied. Again, we may formulate a
theorem that is more general than what has been stated in the introduction.

Theorem 7.1 Suppose that the conditions
24V 6m + 3r +2)(d — 1) N 22

- - <1,
s — dim Sing F s
29713r 4 5)d - 1) 22"Q2m — 1)
— + <1
s — dim Sing F s

and
s —dim Sing F > 297 — )(3r 4+ 24 2m(r + 3)/d)
are all satisfied. Then for some § > 0 one has

Nu(P3b) = P20, P) [T xp(®) + O™ 7472170,

p prime

where the factors x,(b) and Yo (b, P) are as in Theorem 4.1.

Again, the only thing that remains to show is the Euler product representation of the
singular series, which follows in a straightforward manner from standard references such as
[6, Chapter 5]. Remark that for smooth forms F' the conditions of Theorem 7.1 simplify to

s > max{2¢"V(6m + 3r +2)(d — 1) + 2%"m,
2971 3r +5)d — 1) + 22" 2m — 1),
2971 d — )Br + 24 2m(r +3)/d))}

and a modicum of computation confirms that for d > 2m the first term dominates the second
one.
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