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different cases outside the present work.
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1. Introduction

Alot of research in the field of mathematical logic has been devoted to constructing formal theories intended to capture
various schools of thought in the foundations of mathematics. In particular, the project of Reverse Mathematics [12] has
provided an extremely detailed analysis of many theories in the language of second order arithmetic L;. It has been argued
that the theories studied correspond closely to different foundational schools; in particular, that the classical, predicative
foundation presented by Hermann Weyl in his monograph Das Kontinuum [15] is captured by the theory ACA [8].

The systems of logic known as dependent type theories have also received a lot of attention, and in particular have proven
to offer many practical benefits when used as the basis of the computer systems known as proof checkers or proof assistants.
Type theories divide the world of mathematical objects into types. They offer much more expressive power than second
order arithmetic: we are able to speak, not just of natural numbers and sets of natural numbers, but also about (e.g.) sets of
sets, lists, trees, and functions from any of these types to any of them. However, so far, type theories have been used almost
exclusively to represent constructive mathematics.

More recently, the concept of a logic-enriched type theory has been developed. A logic-enriched type theory is a type
theory augmented with a separate, primitive mechanism for forming and proving propositions. It thus has two components
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or ‘worlds’: a type-theoretic component, consisting of objects collected into types, and a logical component, for reasoning
about these objects. LTTs have been used to investigate the relationships between type theories and set theories [1,9], and
by the present authors [3,2] to formalise the predicative foundation for mathematics presented by Hermann Weyl in Das
Kontinuum [15].

There is reason to believe that LTTs may offer some of the advantages of both traditional logical systems, and type theories.
They share with type theories the rich type structure and inbuilt notion of computation that have proven to be of great
benefit for formalisation in practice. At the same time, they offer the flexibility in choice of axioms that we are used to in
traditional logical systems: it is possible, for example, to add excluded middle to the logical component without changing
the type-theoretic component.

This paper is part of an ongoing research project to construct a hierarchy of LTTs, similar to the hierarchy of second order
systems in Reverse Mathematics. We hope thereby to investigate how LTTs may be used to represent different schools of
thought in the foundations of mathematics, and to understand the effect that changes in the design of an LTT have on its set
of definable objects and provable theorems.

In this paper, we construct two LTTs that capture two second order systems that are closely related to the foundation of
Das Kontinuum: ACAo and ACA. We construct two LTTs, which we name LTT, and LTT;. These are more expressive than a
second order system: the type-theoretic component of each features types of natural numbers, pairs, functions of all orders,
and sets of all orders.

Our aim in this paper is to show that adding this expressive power is ‘safe’; that is, that we have not thereby increased
the proof-theoretic strength of the system. We do this as follows. Let us say that a proposition of LTT is second order iff
it uses no types other than N (the type of natural numbers) and Set (N) (the type of sets of natural numbers). We define a
translation from ACAg onto the second order propositions of LTTy, and prove that the translation is conservative; that is, a
formula of L, is provable in ACA, if and only if its translation is provable in LTTj.

The current authors have previously [3,2] presented a new system intended to capture Weyl’s foundation, which we
named LTTy. We argued there that LTTy, captures Weyl’s foundation very closely, and described how all the definitions and
results in Das Kontinuum have been formalised in LTTy using a proof assistant. The two LTTs that we construct in this paper
are both subsystems of LTTy. As a consequence of the work in this paper, we now know that LTTyy is strictly stronger than
ACAy, and at least as strong as ACA.

We argue that, compared with ACAy and ACA, LTTy, corresponds more closely to the system presented in Das Kontinuum.
This is not a claim that can be proven formally, as there is no formal definition of Weyl’s foundation, but we can advance
evidence for it. In our previous paper, we pointed out the extreme similarity between the presentation in Das Kontinuum
and the definition of LTTy, and described one construction in Das Kontinuum - the construction of K(n) = {X |
X has at least n elements} - that cannot be done ‘as directly’ in any of the second order systems. Here, we strengthen the
justification for this claim: we show that K is expressed by a term in LTTy that cannot be formed in either LTT, or LTTj,.

The majority of this paper is taken up with proving the conservativity results. Our method for proving the conservativity
of LTT, over ACAy is as follows. We first define a subsystem T, of LTTy which has just two types, N and Set (N). and show
that LTTj is conservative over T,.

We then construct infinitely many subsystems of LTT, between T, and LTT,. We prove that, for each of these subsystems
S and T, whenever S is a subsystem of T, then T is conservative over S. We do this by defining an interpretation of the
judgements of T in terms of the expressions of S. Informally, we can think of this as giving a way of reading the judgements
of T as statements about S. We show that this interpretation satisfies two properties:

e Every derivable judgement of T is true.
e Every judgement of S that is true is derivable in S.

It follows that, if a judgement of S is derivable in T, then it is derivable in S.

The proof thus makes use of an original technique which should be of interest in its own right, and which we expect to
be applicable in a wide variety of contexts for proving one LTT or type theory conservative over another. In particular, we
shall show how it can be adapted to provide a direct proof that ACA is conservative over Peano Arithmetic.

1.1. Outline

In Section 2 of this paper, we describe the subsystems of second order arithmetic that we shall consider, and compare
them informally with Weyl’s system. In Section 3, we give the formal definition of LTTy, and its two subsystems, and define
the translation from second order arithmetic into the LTTs. In Section 4, we prove that this translation is conservative in
the case of ACAg and T,. In Section 5, we prove that LTTj is conservative over T,. Finally, in Section 6, we indicate how the
proof can be modified to prove the conservativity of LTT; over ACA, and discuss the possibility of constructing a subsystem
of LTTyy conservative over ACA, and the conservativity of ACAq over Peano Arithmetic.

Notation. We shall stick to the following convention throughout this paper. Capital letters from the beginning of the Latin
alphabet (A, B, C, .. .) shall denote types. Capital letters from the middle (K, L, M, N, .. .) shall denote terms. Capital letters
from just after the middle (P, Q) shall denote names of small propositions. Lower-case letters (x, y, z, .. .) shall denote
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variables, except t, which we reserve for terms of the language of second order arithmetic. Lower-case letters from the
middle of the Greek alphabet (¢, ¥, x, . ..) shall denote propositions.

We shall be dealing with partial functions throughout this paper. We write X >~ Y to denote that the expression X is
defined if and only if Y is defined, in which case they are equal. Given a function v, we write v[x := a] for the function v’
with domain dom v U {x}, such that v'(x) = a, and v'(y) = v(y) fory # x. We write FV (X) for the set of free variables in
the expression X.

2. Background

2.1. Weyl’s Das Kontinuum

In 1918, Herman Weyl wrote the monograph Das Kontinuum [15], which presented a semi-formal system intended to
provide a predicative foundation for mathematics. Weyl’s system consists of a set of ‘principles’ by which sets, functions
and propositions may be introduced. In particular, if we have formed the proposition ¢, we may introduce the set {x | ¢},
provided that ¢ does not involve any quantification over sets. Impredicative definitions are thus impossible in Weyl’s system.
His concern was to show how much of mathematics - in particular, how much of analysis - could still be retained under
such a restriction.

At the time of writing Das Kontinuum in 1918, Weyl agreed with Whitehead and Russell’s opinion [17] that the source of
the famous paradoxes in set theory was the presence of impredicative definitions — definitions that involved a certain kind
of vicious circle. In particular, when we introduce a set R with the definition

R={x|¢} (1)
then the definition is impredicative if either x or any of the bound variables in ¢ ranges over a collection that includes the
set R itself.

In Weyl’s foundation, mathematical objects are divided into categories. A category can be basic or ideal. Given any category
A, there is the ideal category Set (A)! of sets whose members are objects of category A. In a definition of the form (1), we
may only quantify over basic categories. In particular, we may not quantify over any category of the form Set (A). It is in this
manner that impredicative definitions are excluded.

If we bar impredicative definitions, we are unable to define many objects, such as the least upper bound of a bounded
set of reals. We must thus either find an alternative way to introduce these objects, or do without them. Russell and
Whitehead chose the former course, with their Axiom of Reducibility. The monograph Das Kontinuum was Weyl’s attempt
to follow the latter course: to show how much of classical mathematics could be preserved while excluding impredicative
definitions.

2.2. Subsystems of second order arithmetic

We are concerned in this paper with two subsystems of second order arithmetic, ACAy and ACA. The letters ACA stand for
‘arithmetical comprehension axiom’. The system ACAy is investigated in great detail in [ 12]. These two systems are theories
in the language of second order arithmetic, a language for describing natural numbers and sets of natural numbers. We now
introduce this language formally.

Definition 2.1 (Language of Second Order Arithmetic). The language of second order arithmetic L, is defined as follows.
There are two countably infinite, disjoint sets of variables: the number variables x, y, z, . . ., intended to range over natural
numbers; and the set variables X, Y, Z, ..., intended to range over sets of natural numbers.
The terms and propositions of second order arithmetic are given by the following grammar:

Term t=x|0|St|t+t]|t-t
Proposition ¢ t=t=t|teX|L|¢ D¢ |Vxp|VXp.

We define —, A, V, <> and 3 in terms of L, D and V as usual.
A proposition is arithmetic iff no set quantifier VX occurs within it.

2.2.1. ACAy

The system ACAg has been very well studied. In particular, it has played a major role in the project of Reverse Mathematics
[12]. It has often been argued that ACAy is closely related to Weyl's foundation; for example, Feferman [8] calls it ‘a modern
formulation of Weyl's system’, and Brown and Simpson [5] write ‘ACAg isolates the same portion of mathematical practice
which was identified as ‘predicative analysis’ by Herman Weyl in his famous monograph Das Kontinuum’.

It is known that ACAg is conservative over Peano Arithmetic (PA); a model-theoretic proof is given in [12], and a
proof-theoretic proof can be given along the lines of Shoenfield [11]. A novel proof of this result shall be given in
Section 6.2.

1 The notation here is ours, not Weyl's.
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The axioms of ACA, are as follows:

e The Peano axioms — the axioms of Peano Arithmetic, minus the induction axioms:

Sx #0
Sx=SyDOx=y
x+0=x
x+Sy=Skx+y)
x-0=0
X-Sy=x-y+x.

e The arithmetical comprehension axiom schema: for every arithmetic proposition ¢ in which X does not occur free,
IXVx(x € X < ¢).
e The set induction axiom: 0 € X D Vx(x € X D Sx € X) D Vx.x € X.

2.2.2. ACA
The system ACA is formed by extending ACA, with the full induction axiom schema: for every proposition ¢,

[0/x]¢d D Vx(¢ D [Sx/x]p) D Vx¢.

An argument could be made for ACA being a better representation of the foundation in Das Kontinuum than ACAg, because
- as we shall argue in Section 2.3 - Weyl makes use of an induction principle that is stronger than that of ACA,.

The system ACA has not been studied in the literature as much as ACAq. A few facts about ACA are known: its proof-
theoretic ordinal is &, and it can prove the consistency of ACA,. See [4] for the proof of these results and an analysis of the
set of models of ACA.

2.3. Das Kontinuum and subsystems of second order arithmetic compared

There has been quite some argument over how well Weyl's foundation is captured by a subsystem of second order
arithmetic. Feferman [7] has argued strongly in favour of ACAg, or a system very like it, being a modern formulation of
Weyl’s system.

This argument cannot be settled formally, as Weyl did not give a formal definition of his system. However, in the authors’
view, Weyl's system exceeds both ACAy and ACA, for the following reasons:

1. Weyl intended his system to be more than second order. He allowed the category Set (B) to be formed for any category
B, basic or ideal. Thus, for example, we can form the categories Set (Set (N)), Set (Set (Set (N))), and so forth.
2. Weyl intended the principle of induction to apply to all propositions, arithmetic or not.

We justify this by showing a place where Weyl explicitly defines a function of category Set (Set (A)) — Set (Set (A)), and
three places where he proves a non-arithmetic proposition by induction.

The former occurs [16, p. 39] with the definition of the cardinality of a set. Weyl defines a function d : Set (Set (A)) —
Set (Set (A)) by

d(7) = {X|Ie XX\ {x} € 7).

This function is then iterated, to form the function d"(7) = {X | n elements may be removed from X to form an element
of 7}. Weyl goes on to argue that d" (%) denotes the set of all sets with at least n elements (where % is the set of all subsets
of A). He defines the proposition a(n, X), ‘X has at least n elements’, by

an,X) =X e d"(%).
Various results about this definition are later proved [ 16, p. 55], such as:
If X has at least n 4+ 1 elements, then X has at least n elements.

This is not an arithmetic proposition (it involves quantification over X), but it is proven by induction on n.

Similarly, the non-arithmetic proposition ‘If X is a subset of E and X consists of at least n elements, then E also consists
of at least n elements’ [16, p. 56] is proven by induction, as is the lemma concerning substitution of elements [16, p. 56]: ‘If a
new object[. . .] is substituted for one of the elements of a set X which consists of at least n elements [. . .], then the modified
set X* also consists of at least n elements.’

Thus, Weyl's method of defining a(n, X) involves third order sets; the application of the Principle of Iteration to third
order sets; and proof by induction of a proposition that quantifies over sets. These are all expressed by primitive constructs
in LTTy, but not in LTT, or LTT; (we discuss this point further in Section 3.2).
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When we have proven the conservativity of LTTy and LTT; over ACA, and ACA respectively, we will have justified our
claim that WeyI's system is stronger than ACAo; and, if our conjecture that LTTyy is stronger than LTTj is correct, that Weyl’s
system is stronger than ACA.

3. Logic-enriched type theories

In this section, we introduce the logic-enriched type theory LTTy and the two subsystems with which we are concerned.

Logic-enriched type theories (LTTs) were introduced by Aczel and Gambino [1,9] to study the relationship between type
theories and set theories. An LTT is a formal system consisting of two parts: the type-theory component, which deals with
terms and types; and the logical component, which deals with propositions.

3.1. LTTw

The system LTTyy is a logic-enriched type theory designed to represent the mathematical foundation given in Das
Kontinuum. It was introduced in [2,3].

3.1.1. Type-theoretic component
Its type-theoretic component has the following types.

e There is a type N of natural numbers. 0 is a natural number; and, for any natural number N, the successor of N, sN, is a
natural number.

e For any types A and B, we may form the type A x B. Its terms are pairs (M, N)axp consisting of a term M of A and a term
N of B. For any term M : A x B, we can construct the term anB(M) denoting its first component, and the term nQXB(M)
denoting its second component.

e For any types A and B, we may form the type A — B of functions from A to B. Its terms have the form Ax : A.M : B,
denoting the function which, given N : A, returns the term [N/x]M : B.Given M : A — Band N : A, we may construct
the term M (N)4_, g to denote the value of the function M when applied to N.

e For any type A, we may form the type Set (A) of sets of terms of A. Its terms have the form {x : A | P}, where P is a name
of a small proposition, denoting the set of all M : A for which the proposition named by [M /x]P is true.

We divide the types into small and large types, reflecting Weyl's division of categories into basic and ideal categories.
When we introduce a set {x : A | P}, the proposition P may quantify over the small types, but not over the large types. The
small types are defined inductively by:

e Nis a small type.
e If A and B are small types, then A x Bis a small type.

We effect this division by introducing a type universe U, whose terms are names of the small types. Thereisa term N : U
which is the name of N; and, if M : U names A and N : U names B, then there is a term M xN : U that names A x B. We write
T (M) for the type named by M.

We can also eliminate N over any family of types; that is, if A[x] is a type depending on x : N, we can define by recursion
a function f such that f (x) : A[x] for all x : N. The term

En([X1A, L, [x, yIM, N)
is intended to denote the value f(N), where f is the function defined by recursion thus:
f() : [n/x]A foralln: N
fo)y=1
f(n+1) = [n/x,f(n)/yIM.

Remark. We choose to label the terms
(M, N)axp, 70B(M), 28*B(M), Ax : AM : Band M(N)axsp

with the types A and B. This is for technical reasons only; it makes the interpretations we introduce in Section 5 easier to
define. We shall often omit these labels when writing terms. We shall also often write MN for M(N).

3.1.2. Logical component
The logical component of LTTyy contains propositions built up as follows:

If M and N are objects of the small type T(L), then M =; N is a proposition.
L is a proposition.

If ¢ and v are propositions, then ¢ D ¥ is a proposition.

If Ais a type and ¢ a proposition, then Vx : A.¢ is a proposition.
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We define the other logical connectives as follows:

¢ =¢DL
pAY = (DY)
pVY =—-¢DY

po>Y =@DY)AW D)
WA = —Vx: A—p.

We call a proposition ¢ small iff, for every quantifier Vx : A that occurs in ¢, the type A is a small type. We wish it to be
the case that, when we introduce a set of type Set (A), the proposition we use to do so must be a small proposition.

We achieve this by introducing a propositional universe ‘prop’, which will be the collection of names of the small
propositions. We shall introduce a new judgement form I" I P prop, denoting that P is the name of a small proposition, and
rules that guarantee:

If M and N are objects of the small type T(L), then M =; N is the name of M =, N.
1 is the name of L.
If P names ¢ and Q names v/, then P 5 Q is the namerf¢> D Y.

If M : U names the small type A and P names ¢, then Vx : M.P names Vx : A.¢.

We denote by V(P) the small proposition named by P. We shall, in the sequel, often write just ‘small proposition’ when we
should strictly write ‘name of small proposition’.

We use ‘expression’ to mean a type, term, small proposition or proposition. We identify expressions up to a-conversion.
We denote by [M /x]X the result of substituting the term M for the variable x in the expression X, avoiding variable capture.

3.1.3. Judgements and rules of deduction
A context in LTT\ has the form x; : A4, ..., x, : Ay, where the x;s are distinct variables and each A; is a type. There are
ten judgement forms in LTTy:

I' = valid, denoting that I" is a valid context.

I' - A type, denoting that A is a well-formed type under the context I".

I' = A = B, denoting that A and B are equal types.

I' = M : A, denoting that M is a term of type A.

I' =M = N : A, denoting that M and N are equal terms of type A.

I' = P prop, denoting that P is a well-formed name of a small proposition.

I' = P = Q, denoting that P and Q are equal names of small propositions.

I’ - ¢ Prop, denoting that ¢ is a well-formed proposition.

I' - ¢ = ¢, denoting that ¢ and i are equal propositions.

'+ ¢1,..., ¢ = ¥, denoting that the propositions ¢1, . . ., ¢, entail the proposition .

The rules of deduction of LTTy, are given in full in Appendix A.1. They consist of the introduction, elimination and
computation rules for the types of LTTyy, the rules for classical predicate logic, and the following rule for performing induction
over N:

I',x: Nk ¢ Prop I'EN:N
(Indy) '@ = [0/x]l¢p I',x:NE D, ¢ = [sx/x]p
I' - ® = [N/x]¢

3.2, LTT, and LTT;

We now construct two subsystems of LTTy, which we shall call LTTy and LTT, that correspond to ACAg and ACA
respectively. These subsystems are formed by changing:

e the class of types over which N may be eliminated (that is, the class of types A that may occur in Ex([X]A, L, [x, yIM, N);
e the class of propositions that may be proved by induction (that is, the class of propositions ¢ that may occur in an instance
of (Indy)).

In LTTw, we may eliminate N over any type, and any proposition may be proved by induction. We form our three subsystems
by weakening these two classes, as shown in Table 1.
This is achieved as follows.

1. We construct LTTy by modifying LTTyy, as follows.
e Whenever a term Ey([X]A, L, [x, yIM, N) is formed, then A must have the form T (K).
e Whenever an instance of the rule (Indy) is used, the proposition ¢ must have the form V (P).
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Table 1
Subsystems of LTTyy.
Types over which N may be eliminated ~ Propositions provable by induction
LTTy Al All
LTTy Small types Small propositions
LTT; Small types Propositions involving quantification

over small types and Set (N)

e Whenever an instance of the rule (subst), (eta, ) or (eta_, ) is used, the proposition ¢ must not contain a quantifier
Vx : A over any type A that contains the symbol U.
e We also add as an axiom that SM # 0 for M : N.
Let us say that a proposition ¢ is analytic iff, for every quantifier Vx : A in ¢, A either has the form T(M) or A = Set (N).
We construct LTT; from LTT, by allowing (Indy) to be used whenever ¢ is an analytic proposition.

The formal definitions of both these systems are given in Appendices A.2 and A.3.

Remarks.

1.

Peano’s fourth axiom, that SM # 0 for any M : N, is provable in LTTw; see [3] for a proof. It is not provable in LTT, or
LTTg. This can be shown by a method similar to Smith [13], by constructing a model of LTT; in which every small type is
interpreted by a set that has exactly one element.

. We can now justify further our claim in Section 2.3 that Weyl's definition of a(n, X) uses the primitive concepts of LTTy

that are not present in either LTT, or LTTg,.
The definitions of d and a are straightforward to formalise in LTTy. Given M : U, we have

dy = A7 : Set(Set (T(M))).
{X : Set (T(M)) | Ix : M.(xEX A X \ {x}€7)}
ay = An:N.AX : Set (T(M)).
X € Ex([x]Set (Set (T(M))), %, [x, Y]du(Y), n).
This is not a term in either of the subsystems of LTTyy, as it involves applying Ey to the type Set (Set (T (M))).

. The universe U contains only the types that can be built up from N and x. Its inclusion in LTTy or LTT§ therefore does

not increase the proof-theoretic strength of the system (this will be proven in Section 5.3). This is a rare situation; in
general, the inclusion of a universe raises the strength of a type theory considerably (see for example [6]). We conjecture
that, if we closed U under — or Set () in LTT, or LTT§, the resulting system would not be conservative over ACAq or ACA
respectively.

. In Aczel and Gambino’s original formulation of LTTs [1,9], the logical component of an LTT could depend on the type-

theoretic component, but not vice versa. We have broken that restriction with the inclusion of typed sets: a canonical
object of Set (A) has the form {x : A | P} and thus depends on a small proposition P.

3.3. Embedding second order systems in logic-enriched type theories

There is a translation that can naturally be defined from the language of second order arithmetic L, into LTT,. We map

the terms of L, to terms of type N, first order quantifiers to quantifiers over N, and second order quantifiers to quantifiers
over Set (N).

Definition 3.1. We define

o for every termt of L,, a term (t|) of LTTw;
o for every arithmetic formula ¢ of L,, a small proposition |¢| of LTTyy;
o for every formula ¢ of L, a proposition (¢| of LTTy.

{x:i) = xi
(o) =0
(t') = sqe)
(s +t) = (sh plus (t)
(s-t) = (s) times (t)
=t| = (s) 2 (t {s=t) = (s) = {tD
foxi= e rexd = ) e X
o1 = =g 16590 = 191 > )
RA DY) = )
eyl = 19121V (Vxp) = Vx: N. (¢}
Vxp| = ¥x:N.|g| (VX$) = VX : Set(N). ()
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where
MplusN = Ey(XIT(N), M, [x,y]sy. N)
M times N = Ey([x]T(N), 0, [x, y]y plus M, N).

It is straightforward to show that this translation is sound, in the following sense:

Theorem 3.2. Let I" be the context x; : N,...,Xn : N,X; : Set(N),..., X, : Set(N). Let FV(t) C {x1,...,Xn}, and
FV(¢) € {x1,....%m, X1, ..., Xn}.

1. ' (t) : Nand I" + (¢| Prop.

2. If ¢ is arithmetic, then I & |¢| propand I' = V(|¢]) = (o).
3. IfACAg &, then I' == () in LTT,.

4. IfACAF ¢, then I' = (¢) in LTT;.

Proof. Parts 1 and 2 are proven straightforwardly by induction on t and ¢.
For part 3, it is sufficient to prove the case where ¢ is an axiom of ACAy. The case of the Peano axioms is straightforward.
For the arithmetical comprehension axiom schema, let ¢» be an arithmetic formula in which X does not occur free. We
have

I F=Vx:NWV(¢]) < (o)) (using part 1)
~T'F=>Vx:Nkxe{x:N||pl} < (o))
T F=3X:Set(N).Vx: N(x € X < (o))

as required.

The set induction axiom is shown to be provable using (Indy).

For part 4, it is sufficient to show that every instance of the full induction axiom schema is provable in LTTj. This is easy
to do using (Indy), as (¢ is always an analytic proposition. O

Corollary 3.2.1. LTTyy is strictly stronger than ACA,. In fact, LTT\ can prove the consistency of ACAo.

Proof. As ACA, is conservative over Peano Arithmetic [12], its proof-theoretic ordinal is €q. The proof-theoretic ordinal of
ACA is €, [4,10]. Therefore, ACA can prove the consistency of ACAg; hence, so can LTTg; hence, so can LTTy. O

Our aim in this paper is to prove the converse to Theorem 3.2 parts 3 and 4: that, whenever I == {¢) in LTT, or LTT§,
then ¢ is provable in the corresponding subsystem of second order arithmetic.

4. Conservativity of T, over ACA,

We shall now define the system T,, which is a subsystem of LTT,. We can think of T, as the second order fragment of
LTTy; that is, the part of LTT, that has just the two types N and Set (N).

The translation ( |} given in the previous section is in fact a sound translation of ACAg into T». In this section, we shall
prove that this translation is conservative; that is, if {¢| is provable in T, then ¢ is a theorem of ACA,.

The syntax of T, is given by the following grammar

Type A = N | Set(N)

Term M ::=x|0|sM|RWM, [x,x]M,M) | {x:N|P}
Small Proposition P ::= M=yM | 1 | PSP | Vx: N.P | M&xM
Proposition ¢ =M=M|L|pDp|Vx:A.p|V(P).

The rules of deduction of T, are:

1. the structural rules for LTTs as given in Appendix A.1.1;

2. the rules for predicate logic as given in Appendix A.1.7;

3. the rules for the propositional universe as given in Appendix A.1.8, with the rules for universal quantification replaced
with the rules in Fig. 1;

4. the rules for equality given in Appendix A.1.9, restricted to the type N;

5. the rules for sets given in Appendix A.1.5, restricted to the type N;

6. the rules for natural numbers given in Fig. 2.

Note. T, does not contain the universe U. The symbol N therefore is not a term in Ty, and cannot occur on its own, but only
as part of a small proposition Vx : N.P.
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I',x:NF PProp I'x:NFP=Q

r'+=Vx:NPProp I+ (¥x:RKN.P)= (Vx.N.Q)
I',x:NF PProp

'k V(¥x:N.P) =Vx: N.V(P)

Fig. 1. Rules of deduction for small universal quantification in T,.

I - valid I' - valid '-M:N '+-M=M:N
I'-Ntype I'+O0O:N TI'FsM:N T'FsM=sM:N
I'HL:N ''L=L":N
' x:N,y:NFM:N ' x:Ny:NFM=M:N
I'EN:N I''HEN=N:N
I' =R, [x,yIM,N): N ' =R(L, [x,yIM,N) =R(, [x,yIM',N) : N
I'+-L:N
I'FL:N x:Ny:NFM:N
'x:Ny:NFM:N I'=N:N

I' -R(, [x,yIM,0) =L:N I' = R(L, [x,yIM,sN)
= [N/ R(L, [x. yIM, N)/yIM : N

I',x:NF PProp I'-N:N
(Indy) '@ =V({0/x]P) Ik &,V(P)= V([sx/x]P)

'+ ® = V(N/xIP)

Fig. 2. Rules of deduction for natural numbers in T,.

In LTTy, we could define functions by recursion into any small type; in T,, we can only define by recursion functions
from N to N. This is achieved by the constructor R. The term R(L, [x, y]M, N) is intended to denote the value f(N), where
f : N — Nis defined by recursion thus:

f@©) =1
f+1) = [n/x.f()/yIM.

The system T, may be considered a subsystem of LTT if we identify R(L, [x, y]M, N) with Ex([x]N, L, [x, yY]M, N);:M =y N
with M =g N; and M=yN with M=gN.
The translation given in Section 3.3 is a sound translation from ACAg into Ts.

Theorem 4.1. Let I" and ¢ be as in Theorem 3.2. If ACAg - ¢, then I" == (| in Ts.
Proof. Similar to the proof of Theorem 3.2(3). O

We now wish to show that the converse holds.
We shall do this by defining the following translation @ from T, to ACA,. Let

I'=x;:N,...,x,: N, X; :Set(N), ..., X, :Set(N).
We shall define:
1. whenever I = M : N, an arithmetic formula t "= M~ such that
ACAg - Alx.x™= M.

The intention is that M is interpreted as the unique number x for which x "= M™ is true.
2. whenever I' = M : Set (N), an arithmetic formula t "€ M™ such that

ACAp - IXVx(x € X <> x"e M").

The intention is that M is interpreted as the unique set X whose members are the numbers x such that x"e M™is true.
3. for every small proposition P such that I" - P prop, an arithmetic formula "P™.
4. for every proposition ¢ such that I" - ¢ Prop, a formula "¢™.

The definition is given in Fig. 3.
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Numbers
tr=x"=t=x;
tr=0"=t=0
tr=sM™ = Ix(x"=M" At = SX)
t™=R(, [u, v]M,N)" = dn.3s € Seq(n"= N" A (n,t) €s
AVI((0,) es D IT=1L")
AVuVz((Su,z) € s D v((u,v) € sAz™=M")))
Sets
tre X;"
tre {x:N| P}

t €X;
[t/x]™P7

Small Propositions
TM=xN7T = Ix(x"= M Ax"=N")
1= 1
FPﬁQ"I = P> Q"
r¥x : N.P7 = Vxrp"
TMEyN" = Ix(x"'=M " Ax"€ N7)
Propositions

"™ =y N = Ix(x"=M"AX"=N")
1= 1
r¢ D) wﬂ = rd)ﬂ D) rw‘l
Vx:N.¢7 = Vx" ¢
VX :Set(N).¢7 = VX "¢
!’V(P)“I = rpn

Fig. 3. Interpretation of T, in ACA,.

Remark. To interpret a term of the form R(L, [u, v]M, N), we make use of a standard technique for defining functions by
recursion in ACAy. We are assuming we have defined in ACAq a pairing function (m, n) on the natural numbers, and a coding
of finite sequences of numbers as numbers, with Seq the set of all codes of sequences, and the formulan € s expressing that
n is a member of the sequence coded by s. (For more details, see [12, I1.3].)

Speaking informally, the formula t "= R(L, [u, v]M, N)™ expresses that (N, t) is a member of a sequence s, and that the
members of this sequence s must be

(0, R(L, [u, vIM, 0)), (1, R(L, [u, vIM, 1)), ..., (k,R(L, [u, vIM, k))

up to some k, in some order. It follows that t = R(L, [u, v]M, N).
The following theorem shows that the translation in Fig. 3 is sound.

Theorem 4.2 (Soundness). 1. If ' = M : N then ACAg - Alx.x™= M".
Af =M =M :Nthen ACAg + Ix(x"= M Ax"=M').

IfI'' = M : Set (N) then ACAp F 3!XVx(x € X <> x"e M7).
IfI'EM = N : Set (N) then ACAg = Vx(x"e M <> x"€ N").
fITEP=0Q thenACAg - "P7 < TQ".

AfT ¢ =y thenACAg - "¢ < "y
A=, ...,¢0p = YthenACAg - "p17 D -+ D Ty D TP

No b Wi

Proof. We need the following two results first.
1. For any term M such thatx, y ¢ FV (M),
ACAFx"=M"Dy=M"Dx=y.

This is proven by induction on M.
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2. Given a term N such that x ¢ FV (N), the following are all theorems of ACAy:

X"T=N"D (y™=[N/x]M" <y =M") (2)
X"T=N"D (y"e[N/x]M" < yre M) (3)
Vx(x€eX <> Xx"eN) D (y e [N/XIM" <y e M) (4)
Xx"=N7D (T[N/X]P7 <> TP7) (5)
Vx(x e X < x"e N") D (T[N/X]P" < "P7) (6)
x"=N7D (7[N/x]¢" <> "¢) (7)
Vx(x e X <> x"e N7) D (T[N/x]¢p" <> "¢7). (8)

These are proven by induction on M, P or ¢. Formulas (3)-(6) must be proven simultaneously.

The seven parts of the theorem are now proven simultaneously by induction on derivations. We deal with one case here:
the rule
I'HFL:N I'u:Nyv:NFM:N
I'-N:N

I' - R(, [u, v]M,sN) = [N/u,R(L, [u, v]M, N)/v]M : N

We reason in ACAy. By the induction hypothesis, there exist [ and n such that ["= L7, n"= N™. Further,
YuYvdm.m™= M.

The following formula can be proven by induction on z:

Vz3aw3s € Seq((z, w) € s
AVI((0,) esDIT=LD)
AYuVz((Su,z) € s D Iw((u,v) esAnz™=MD))).
Now, let n be the unique number such that n"= N™. There exist m, p such that (n, m) and (Sn, p) are members of such a
sequence s. It follows that
p™=R(, [u, vIM, sn)", m™=R(, [u, v]M, n)", [n/u, m/v](p ™= M").
Hence, by (2), we have
p™=R(L, [u, v]M, sN)7, p™= [N/u,R(L, [u, vIM, N)/v]M"
asrequired. O

Conservativity shall follow from the following theorem, which states that the mapping ™ "is a left-inverse to the mapping
{ ) from ACA, to T, up to logical equivalence.

Theorem 4.3.

1. For every term t of ACAo, we have ACAg -t "= (it
2. For every arithmetic proposition ¢ of ACAg, we have ACAy - ¢ < "|p|™.
3. For every proposition ¢ of ACAg, we have ACAg - ¢ < " ()™

Proof. The proof of each of these statements is a straightforward induction. We deal with one case here: the case t = t;+t;.
We reason in ACAy. The induction hypothesis gives

t1={t1)", tr"= (&)
and we must show t; + t, "= (t;)) plus (&))7, ie.
dn.dr e Seq(n"= (t)"A(n, t1+t) €T
AVI(0, ) er DIT=(t1)7)
AVXVZ((Sx,z) € r D y((x,¥) € r Az =Sy))).
We prove the following by induction on b:
Va, b.3r € Seq((b,a+b) er
AVI((0,) er Dl=a)
AVx,z((Sx,z) e r D Ay((x,y) e r Az =Sy))).
The desired proposition follows by instantiating a with t; and b with t;. O
Corollary 4.3.1 (Conservativity of T, Over ACAq). For any formula ¢ of ACAy, if I' = {¢|) in T,, then ACAg I ¢.

Proof. By the Soundness Theorem, we have that ACAy - "(¢| ™. By Theorem 4.3, we have ACAg - ¢ <> ™(¢) ™. Therefore,
ACAo+¢. O
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5. Conservativity of LTT, over ACA,

In this section, we shall prove that LTT, is conservative over T,. This shall complete the proof that LTTj is conservative
over ACAg.
We shall do this by defining a number of subsystems of LTT, as shown in the diagram:

Ty, & T, — T,U < LTT,.

For each of these inclusions A < B, we shall prove that A is a conservative subsystem of B; that is, for every judgement
g in the language of A, if ¢ is derivable in B then ¢ is derivable in A. This shall sometimes involve constructing yet more
subsystems in between A and B, and proving that all these inclusions are conservative.

Intuitively, each subsystem deals with a subset of the types of LTTj.

e T, has only two types, N and Set (N).

e The types of T, are all the types that can be built up from N using x, — and Set ().

e The types of T, U are the types of T,,, together with the universe U. (The constructors x, — and Set () may not be applied
toU inT,U.)

The formal definitions of these systems shall be given in the sections to come.

5.1. Digression — informal explanation of proof technique

Before proceeding with the technical details of the proof, we shall explain the informal ideas behind the technique we
use to prove LTT, conservative over T,. The system LTT) is formed from T, by adding products, function types, types of sets,
and the universe U. Intuitively, none of these should increase the power of the system.

We can see this most clearly in the case of products. Speaking generally, let S be any type system, and let T be formed
by adding product types to S. Then T should have no more expressive power than S, because we can envisage a translation
fromT to S:

e wherever a variable z : A x B occurs, replace it with two variables x : A, y : B;
e wherever a term of type A x B occurs, replace it with two terms, one of type A and one of type B.

As long as the only way of introducing terms of type A x B is the constructor (, ), we should always be able to find the two
S-terms of types A and B that correspond to any T-term of type A x B. (This would however not be possible if (say) we could
eliminate NoverA x BinT.)

In brief:

e the terms of type A x B can be interpreted as pairs (M, N) where M : Aand N : B.
Similarly,

e the terms of type A — B can be interpreted as pairs (x, M) wherex : A+~ M : B;
e the terms of type Set (A) can be interpreted as pairs (x, P) where x : A -+ P prop.

Our proof relies on making these intuitive ideas formal.

These ideas show us how we might be able to remove types A — B that involve only one use of the arrow, but they do
not show us how to handle types of the form (A — B) — C. Let us take another example: let S be a typing system without
function types, and let T be formed from S by adding function types. Let us define the depth of a type A, d(A) by:

e the depth of each type in S is 0;
e d(A — B) = max(d(A), d(B)) + 1.

Then we have seen how to interpret types of depth 1 in terms of types of depth 0. More generally, we can interpret types of
depth n + 1 in terms of types of depth n.
This shows us how to complete the proof. We introduce an infinite sequence of subsystems of T:

S=Ag—> A1 > Ay —> ---T

where, in 4, only types of depth < n may occur. We build an interpretation of +,1 out of the terms of 4,: every type of
Ay is interpreted as itself; the types A — B of depth n + 1 are interpreted as the set of pairs (x, M) wherex : A- M : Bin
An.

Using these interpretations, we can prove each ;. conservative over +,, and hence T conservative over S. With these
intuitive ideas to guide us, we return to the proof development.
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5.2. T, is conservative over T,

We shall now define the system T, to be T, extended with pairs, functions and sets over all types, and prove that T, is
conservative over T,.

Definition 5.1 (T, ). The LTT T, is defined as follows.
The grammar of T,, is the grammar of T, extended with

Type Aui=---|AXA|A— A|Set(A)

Term M = - | (M, M)axa | 774 M) | 7574 (M) |
MIAM :A|MM)sp | {x:A| P}

Small Proposition P ::= --- | M&,M.

The rules of deduction of T, are the rules of deduction of T,, together with the rules for pairs (Appendix A.1.3), function
types (Appendix A.1.4) and typed sets (Appendix A.1.5).

Note that the type-theory component T,, is non-dependent: a term can never occur in a type. As a consequence, we have

Lemma5.2. f T -A=BinT, thenA =B.
Proof. Induction on derivations. O

To prove that T, is conservative over T,, we shall define an infinite sequence of subsystems of T,,, and prove that each is
conservative over the previous subsystem, and that the smallest is conservative over T,.

T, > Ay > Ay > Ty,
We define the depth of a type of T, as follows.
Definition 5.3. Define the depth d(A) < w of a type A of T,, by
dN) =0
d(A x B) = max(d(A),d(B)) + 1
d(A — B) = max(d(A),d(B)) + 1
dSet(N)) =0
d(Set (A)) = d(A) + 1. (A#£N)
Note that the types of T, are exactly the types of depth 0.
For n > 1, we shall define 4, to be the fragment of T, that deals only with types of depth < n.

Definition 5.4 (4,). Let n > 0. By a type (term, small proposition, proposition, context, judgement) of +A,, we mean a type
(term, small proposition, proposition, context, judgement) of T,, that does not contain, as a subexpression, any type of depth
> 1.

We say a judgement ¢ of A, is derivable in 4, iff there exists a derivation of ¢ in T,, consisting solely of judgements of
Ay; that is, a derivation of g in which no type of depth > n occurs. We write I" -, ¢ iff the judgement I" - ¢ is derivable
in A;,.

Note that the types of 4, are exactly the types of depth < n. Note also that #A is just the system T.
We shall prove that 4,1 is conservative over +,. The proof shall involve defining an interpretation of 4,1 in terms of
the expressions of «#4,. For the rest of this section, fix n > 0, and fix a context A of A, such that A -, valid.

Definition 5.5 (Interpretation of Types). For the purposes of this definition, an ‘object’ is either a term of 4, or a pair of

terms of A,.
For every type A of 4,1, we define the set of objects [[A] 4, and an equivalence relation ~’Z on this set, as follows.
If d(A) < n, then

[Al, = M| Ay M:A}
M~AN & A, M=N:A.
Otherwise,
[AxBl, = {{(M,N)| Ay M :A, A, N : B}
(M,N) ~*B (M N) & Ab-yM=M :AANAF,N=N':B
[A— B, = {(x,M) | A,x: A, M : B}
(x, M) ~47B (x M') & A, x:A-,M=M":B
[Set @0, = {(x,P)|A,x:Al, P prop}
X%, P) ~X'N (X, Py & A x:AF,P =P
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We identify the elements of [A — B], and [Set (A)] , up to a-conversion; that is, we identify (x, M) with (y, [y/x]M) if y
is not free in M.
We define the operations Iy, [T, and @ on these objects as follows.
ILH((M,N)) =M
IL((M,N)) =N
(x, M)@N = [N/x]M
(x, PY@N = [N/x]P.
IT{(X) and IT,(X) are undefined if X is not a pair. X@Y is undefined if X does not have the form (x, Z), or if Y is not a term.

The intention is that we will interpret the terms of type A as members of the set [A] 4, with equal terms being interpreted
as ~A -equivalent members

Definition 5.6 (Valuation). Let I’ = x; : Ay, ...,X, : A, be a context of A,,1. A A-valuation of I" is a function v on
{x1, ..., xp} such that

vix) efAll, (G=1,...,n).

Definition 5.7 (Interpretation of Terms). Given a term M of 4,1 and a function v whose domain includes FV (M), we define
the object (M)} as follows.

(x)* = v(x)
(o)’ =0
(sM)¥ =~ s(M)*

R(LDY, [x, yI(M)"*=5¥=Y1 (N )?)
(AMD?, (N)")axp ifd(Ax B) <n
((M]?, (NDV) ifd(AxB) =n+1
> B(M)?) ifd(AxB) <n
(MDY  ifdAxB) =n+1

(R(L, [x, y]M, N))*

1

((M, N)axp)’ = {
(P Emy))Y ~ {

AxB .

AxB v o Jm P MDY) ifd(Ax B) <n
(G2 MID™ =0 M)y ifdA x B) = n+1
Ax A (M)*¥=¥ B ifd(A— B) <n
(x, (M])Vx=x1y ifdA— B)=n+1
(MD*((ND*)a—p ifd(A— B) <n
(M) @(N])® ifdA—> B =n+1
{x:A|(P)'™=4} ifd(Set(A)) <n
(x, (P)Vx=x]y ifd(Set (A)) = n + 1.

(Ax:AM : B)¥ =~

(M(N)a-g)" =~

({x:A|P})" ~

Note that this is a partial definition; (M|, will sometimes be undefined.

Definition 5.8 (Interpretation of Small Propositions). If P is a small +,1-proposition, we define the small proposition (P))"
of A,.

(M=yN)" =~ (M)"=xn(ND"
(]il)” =1
(P5Q)" =~ (P)'S(Q)"
(Vx: N.P)" = Vx: N.(P)"*=
(M)"Ea(N]D" ifd(A) <n

(MEN)" =~ {GNDU@GMDv ifd(A) =n+1.

Definition 5.9 (Depth of a Proposition). We define the depth of a proposition ¢, d(¢), to be

0 if ¢ is quantifier-free
max{d(A) | ¢ contains a quantifier Vx : A} otherwise.

d(¢) = {
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Definition 5.10 (Interpretation of Propositions). If ¢ is an 4, 1-proposition of depth < n, we define the +4,-proposition
(¢)? as follows

(M =y N)* = (M)* =y (ND"

(L) =1
16D ¥)" = ($)" D (¥)"
(VX : A9’ =~ Vx:A.(p)"*=
(V(P))® >~ V((P)?).

We have defined a sound interpretation of all the judgement forms of 4,1 except one: the judgement form I" - & = ¢.
To interpret these judgements, we shall define a notion of satisfaction. Intuitively, we define what it is for a proposition ¢ of
Jnt1 to be ‘true’ under a context A, valuation v and sequence of propositions @ of .

Definition 5.11 (Satisfaction). Let ® = ¢4, ..., ¢ be a sequence of propositions of 4, such that A +, ¢ Prop, ...,
A b, ¢ Prop. Let v be a A-valuation of I'. Suppose I' = ¢ Prop. We define what it means for (A, @, v) to satisfy ¢,
(A, @, v) = ¢, as follows.

Ifd(¢) < n,then ((4A, D, v) E¢) & (A, @ = (P)Y).
Otherwise,

o (A, ®,v) =¢ D yiffforall A” D Aand @' D @,if (A, @', v) = ¢ then (A, D', v) E ¥.
e (A, &,v) =EVx:Agiff forall A’ O Aanda € [A],/, we have
(A, @, v[x :=a)) = ¢.

Definition 5.12 (Satisfaction and Truth). Let I' ¢ be a judgement of 4,1, and let v be a A-valuation of I". We define
what it means for A and v to satisfy ¢, written (A, v) &= ¢, as follows:

e (A, v) =M :Aiff (M) € [A],4.

e (4A,v) =M = N : Aiff (M)* ~4 (N)°.

e (A,v) = Ppropiff A, (P)” prop.

e (A, v) EP=QiffAl, (P)' = (Q)°.

o Ifd(¢) < n,then (A, v) &= ¢ Propiff A F, (@) Prop.

e (A, v) =@ =viffforall @, (A, &,v) =@ & (A, P,v) = .

o (A, V) =Y, ..., ¥, = xiff, forall @,if (A, @, v) = ¢;for1 <i<nthen (A4, ,v) E x.
e For all other judgement bodies g, we have (A, v) = ¢ forall A, v.

We say a judgement I" F g of 4,1 is true iff, for every context A of 4, such that A I, valid and every A-valuation v of I,
(A,v) E §.

The following theorem shows that this interpretation is sound.
Theorem 5.13 (Soundness). Every derivable judgement of A1 is true.
The proof is given in Appendix B.1.
Theorem 5.14 (Completeness).

1. Let I' - & be a judgement of 4y, and suppose g does not have the form ® = . If the judgement is true, and I" +, valid,
then the judgement is derivable in A,,.

2. LetI' & ¢pq, ..., 0m = Y be ajudgement of A,. If the judgement is true, and we have I"' \,, valid and I" +, ¢; Prop for
i=1,...,m, then the judgement is derivable in A,.

Proof.

1. Let 1 be the identity function on dom I'. Then 1 is a I"-valuation of I" and, for every expression X of 4, such that
FV(X) Cdom T,

X)ir =X.
So, suppose I = M : Ais a judgement of 4, and is true. Then
(', 1r) EM:A

andso I" -, (M) : A.But (M)'" = M,andso I" -, M : A as required.
The proof for the other judgement forms is similar.
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2. Suppose I' = @ = 1 is true, where @ = ¢4, ..., ¢p,. We have that
r-o=¢; (i=1,....,m
and so (I", @, 1) satisfies each ¢;. Therefore, (I", @, 1) satisfies i, that is
r=o=vy

as required. O
Corollary 5.14.1. If § is a judgement of 4, derivable in A, 1, then g is derivable in A,.

Proof. This follows almost immediately from the Soundness Theorem and the Completeness Theorem. There are just two
facts that need to be verified:

1. If I' is a context of Ay, and I" 11 &, then I |, valid.
2. If I' is a context of #Ap; ¢1, ..., ¢y are propositions of A,; and I' 41 ¢1,...,¢0m = ¥; then I' +, valid and
I’ -, ¢; Prop.

These are proven fairly easily by induction on derivations, using the Soundness and Completeness Theorems. O
Corollary 5.14.2 (Conservativity of T,, over T,). If  is a judgement of T,, and ¢ is derivable in T, then g is derivable in T,.

Proof. Suppose g is derivable in T,,. Let n be the largest depth of type or proposition that occurs in the derivation. Then g is
derivable in 4,. Applying Corollary 5.14.1, we have that ¢ is derivable in #A,_1, #An—2, . .., %¢. But derivability in 4, is the
same as derivability in T,. O

5.3. T,U is conservative over T,

The system T, U is the fragment of LTT, that includes all the types of T,,, and the universe U, but does not include types
suchas U x U,N — U, or Set (U). It is defined in a similar manner to the systems 4, of the previous section, but using a
new notion of depth.

Definition 5.15 (T, U). A type A of LTTj is a type of T, U, iff either A = U or the symbol U does not occur in A.

By a term (small proposition, proposition, context, judgement) of T,,U, we mean a term (small proposition, proposition,
context, judgement) of LTTy in which every type that occurs as a subexpression is a type of T, U

We say a judgement ¢ of T,,U is derivable in T, U iff there exists a derivation of  in LTT, consisting solely of judgements
of T, U; that is, a derivation of ¢ in which every type that occurs is a type of T, U.

We write I" =T ¢ iff the judgement I" - ¢ is derivable in T, U, and I +~ ¢ iff the judgement I" I ¢ is derivable in T,,.

Note. The types of T,,U are not closed under x, — or Set (). For example, the types U x U and U — U are not types of T, U.
In order to prove T, U conservative over T,, we must find an interpretation of U and of the types T(M). We do this by
interpreting the objects of T(M) as binary trees with leaves labelled by natural numbers. For example, the object ((1, 2), 3)

AAAAA

1 2
We interpret U as the set of all shapes of binary tree. We begin by inventing a syntax for the set of all shapes of binary trees:

Definition 5.16 (Shape). The set of shapes is defined inductively by:

e eisashape.
e If Sand T are shapes, soisS A T.

We write . for the set of all shapes.

The example tree above has shape (e A o) Ao,
We must thus associate each shape with a small type. This association is done formally by the following function:
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Definition 5.17. For every shape S € .7, define the type .7 (S) of T,, as follows:
7(e) = N
TS AT) = 7() x 7(T).

There are two other gaps between T,U and T, to be bridged. In T,,, we can only eliminate N over N; in T, U, we can
eliminate over any small type. Likewise, in T,,, a small proposition may only involve quantification over N; in T, U, a small
proposition may involve quantification over any small type.

We bridge these gaps by using the fact that every binary tree can be coded as a natural number. Given a bijection

P : N> — N, we can assign a code number to every binary tree. The binary tree above, for example, would be assigned
the code number P(P(1, 2), 3). We shall define, for every shape S, mutually inverse functions

codes : 7(S) > N
decodes : N — 7(S).
Using these functions, we can interpret recursion over small types by recursion over N, and quantification over small types
by quantification over N.

We turn now to the formal details. The first step is to construct in T, the bijection P above, and the coding and decoding
functions.

Lemma 5.18 (Pairing Function). There exist T,,-terms
P:NxXxN—>N
Q :N—-N
Q :N—-N
such that the following are theorems of T,,:

Vx :N.Vy: N.Q;(P(x,y)) =n X
Vx:NVy :N.Q(P(X,¥)) =n V¢ .
Vx : Nx =y P(Q1(x), Q2(%))

Proof. Consider the three primitive recursive functions
p(m,n) = 2"2n+1)
q(n) = the greatest m such that 2™ divides n
r(n) = 1/2(n/29™ — 1).
It is straightforward to define terms P, Q; and Q- in T,, that express p, g and r and prove the three formulas (9). O

Fix three such terms P, Q; and Q,, for the sequel.
We shall also need a notion of equality on every small type in T,,, not just N. This is defined as follows.

Definition 5.19. Given T,-terms M and N and a T, -type A, define the T, -proposition M =4 N as follows.
M=yN=M=yN
M =4xp N = m1(M) =4 w1(N) A 72(M) =p m2(N)
M =45 N = Vx:AM(x) =g N(x)
M =setay N = Vx:A.(x ea M <> x €4 N).
Definition 5.20 (Coding Functions). For each shape S € .7, define the T, -terms
codes : 7(S) > N
decodes : N — .7(S)
as follows.

code, = Ax: N.x
decode, = Ax: N.x

codes,r = Ap : 7(S) x 7(T).P(codes(1(p)), coder(m2(p)))
decodes,t = An : N.(decodes(Q;(n)), decoder(Q2(n))).

Lemma 5.21. For every shape S, the following are theorems of T,,:
Vp : 7(S).decodes(codes(p)) =) P
Vn : N.codes(decodes(n)) =y n.

Proof. The proof is by induction on S, using the properties of P, Q; and Q, from Lemma 5.18. O
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We can now proceed to define our interpretation of T,U in terms of T,. The definition is more complex than the
interpretation in the previous section, because the type-theoretic component of T, U is dependent, so we must define our
interpretations of terms and types simultaneously.

Definition 5.22. Let A be a context of T, and v a function. We define the following simultaneously.

e Given a T,U-term M and a function v, define the object (M)" as follows.

(x)* ~ v(x)
(o) =0
(sM)? >~ s(M)*

(M, N)axgD® = ((MD”, (ND")qap xsp
(P DY = ™ (M)
(g ) = 7 (M)
(Ax 1AM :B)® =~ ix: (A)U.(M)D'™= . (B])®
(M(N)asgD" 2= (MD"(AND) ape— (Bp»
(N)” = o
(MXN)® =~ (M])® A (N)?
(fx: ATPIDY = (x: GAD" | (P)"™=)
(En([XIT(K), L, [x, yIM, N)])* =~ decodesnpv)(R(codes)((L)"),
[x, ylcodes (s ((MD®), (ND?))

where S(N) = (K)"™=M and v’ = v[x := x, y := decodes, (y)].
e Givenatype A # U of T, U, define a type (A" of T,,.

(N)" =N
(A x B)" ~ (A)” x (B)"®
(A — B)” >~ (A)" — (B)"
(T(M)* >~ T(M)")

(Set (A))" ~ Set ((A)").

e Given a T, U-type A, define a set [A]", and an equivalence relation ~4  on [A], as follows.
IfA #£ U, then

[AI" = (M| AT M: (A)")
M N/Zu N & A }_+=> M =(A)? N.

Otherwise,
Wy = »
s~ T&Ss=T.
o Let ' =Xx; : Ay, ..., Xn : An be a context of T,,U. We say that v is a A-valuation of I iff v(x;) € [Ai]} fori=1,...,n.

e Given a small proposition P of T,,U, define a small proposition (P))" of T,, as follows.
(M1=yM2)Y =~ codegnyy ((Mq)")=ncodegy> ((M2)")
(1) =1
(P2Q)D" = (P)*"D(Q)D"
(Vx : M.P)" ~ Vx : N.(P|=decodequyr (9]
(MEaNDY =~ (M)"Egapr (N]".

1

e Given a proposition ¢ of T, U that does not include a quantifier over U, define a proposition (¢ of T,, as follows.

(My =y Ma)? = (M1)? =g npry (M2)?
(L)' = L
(¢ D¥D" = (o) D (¥)*

(Vx : A.p)” >~ Vx: (|A|)v_(]¢|)lezzx1
P’ = VP)").

2
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Recall that we write A -~ g iff A - ¢ is derivable in T,,.
Definition 5.23 (Satisfaction). Let ® = ¢y, ..., ¢, be a sequence of propositions of T,, such that A == ¢; Prop. Let v be a
A-valuation of I". Suppose I" I ¢ Prop. We define what it means for (A, @, v) to satisfy ¢, (A, @, v) = ¢, as follows.
If ¢ does not involve quantification over U, then
(4,2, V) F¢) & (AF @ = (P)").
Otherwise,

o (A, D,v) =¢ D iff forallA” D Aand @' D @,if (A, &', v) &= ¢ then (A", D', v) = .
o (A, @,v) EVx:Agiff,forall A” O Aanda € [A]}, we have (&', @, v[x := a]) = ¢.

Definition 5.24 (Satisfaction and Truth). Let I' - ¢ be a judgement of T, U. Let A I~ valid, and let v be a A-valuation of I".
We define what it means for A and v to satisfy ¢, (A, v) = ¢, as follows.

e IfA = U, then (A, v) = Atypeiff (A)V is defined.

e IfA =£ U # B, then (4, v) = A = Biff (A)* = (B)".

e (A, v) EM :Aiff (M)® € [ALY.

o (A,v) EM =N : Aiff (M)¥ ~4, (N]*.

e (A,v) = Ppropiff A == (P)" prop.

e (A, v) EP=Qiff AF"= V((P)Y) < V((QDY).

o If ¢ does not include a quantifier over U, then (A, v) = ¢ Propiff A =~ (¢]) Prop.

e (A,v) = ¢ = iff, for all @, we have (A, @, v) = ¢ iff (A, @, v) = .

o (A V) =Ed,...,0m = Yiff forall @,if (A, @, v) E¢ifori=1,...,mthen (A, &,v) = ¢.
e For all other judgement forms, we have (A, v) = g forall A, v.

We say a judgement I" - g of T, U is true iff, for all A such that A -~ valid and all A-valuations v of I, (A, v) = 4.

Remark. This interpretation uses the propositional equality defined in Definition 5.19, whereas our interpretation in the
previous section used judgemental equality. This is because the properties of our coding and decoding functions can be
shown to hold up to propositional equality (as in Lemma 5.21), but not up to judgemental equality.

We now prove that the interpretation is sound.

Theorem 5.25 (Soundness). Every derivable judgement in T, U is true.
The proof is given in Appendix B.2.
Theorem 5.26 (Completeness). If I' = g is a judgement of T,, that is true, and I" =~ valid, then I" & ¢ is derivable in T,,.
Proof. Exactly as in Theorem 5.14. O
Corollary 5.26.1. If ¢ is a judgement of T, derivable in T, U, then ¢ is derivable in T,,.
Proof. Similar to Corollary 5.14.1. O

5.4. LTTy is conservative over T, U

The next step in our proof is to apply the same method to show that LTT is conservative over T,U. The proof is very
similar to Section 5.2, but the details are more complicated, because we are now dealing with LTTs whose type-theoretic
components use dependent types.

Once again, we introduce an infinite sequence of subsystems between T, U and LTTj:

T,U = B9 — By — By < ---LTT,.

We do this using a new definition of the depth of a type:

Definition 5.27 (Depth). Define the depth D(A) of a type A of LTT, by

D(N) =0
o if D(A) =D(B) =0
DA x B) = max(D(A), D(B)) + 1 otherwise
(o if D(A) =D(B) =0
DA — B) = max(D(A), D(B)) + 1 otherwise
_ o ifD(A) =0
D(Set (A)) = D(A) + 1 otherwise
DWU) =1
D(T(M)) = 0.

We define the depth of a proposition ¢, D(¢), to be the largest depth of a type A such that the quantifier Vx : A occurs in ¢,
or D(¢) = 0if ¢ is quantifier-free.
Note that the types of T,,U are exactly the types A such that D(A) < 1.
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The subsystems B, are defined as follows.

Definition 5.28 (B,). Let n > 0. By a type (term, small proposition, proposition, context, judgement) of $B,, , we mean a
type (term, small proposition, proposition, context, judgement) of LTT, that does not contain, as a subexpression, any type
A such that D(A) > n.

We say a judgement ¢ of B, is derivable in B, iff there exists a derivation of ¢ in LTT, consisting solely of judgements of
By; thatis, a derivation of ¢ in which no type A occurs such that D(A) > n.In this section, we write I" -, ¢ iff the judgement
I' = g is derivable in 8;.

We define an interpretation of 8,1 in terms of B,:
Definition 5.29. Fix n > 1. Let A be a context of B,, and v a function. We define the following simultaneously.
e Given a term M of 8,1, define the object (B))".
(xD" =~ v(x)
(o)’ =0
(sM)* =~ s(M]"
(Ex(IXIT(K), L, [x, yIM, N)D? =~ Ex(IXIT((K )™=, (L)”,
[x, yIAMD == N

(MD®, AND*)qapr xqgyr ifD(A x B) <n
((MD", (ND") ifDAxB) =n+1

e R

12

(M, N)axgD®

1

(MDY DA X B) <

AxB v
(™" (MDD T, (M) ifD(A x B) = n + 1

1

I (M) ifDA x B) <n

AXB [
("MD"= 1 vy ifD(A x B) = n + 1

Ax : (ADU.(M DX . (B)Y

(Ax:AM :B)’ ~ ifDA— B) <n
(x, (M=) ifDAA - B) =n+1
v~ JAMDPCAND®) qapr—qppr DA — B) < n
(M(N)a—sD" = (M) @(N)V ifDAA—B)=n+1
(]IQI)U =N

(MXN)® =~ (M)*X(N)?®

) o o [ 0ADY | (P)*™=Y) if D(Set (A)) <n
({x:A| P}’ ~ {(X, (|P|)v[x:=X]> if D(Set (A)) = n + 1.

e Given a type A of 8,1 such that D(A) < n, define the type (A)" of B,.

(N)” = N
(A x B)? >~ (A)* x (B)”
(A — B)" ~ (A)” — (B)"
Wy’ =u
(TMVH)Y =~ T((M)D")
(Set (A))” =~ Set ((A)Y).

e Given a small proposition P of 8,1, define the small proposition (P))" as follows.
(Mi=xM,))" = (M1)"=qnpe (M2])"
1y =1
(P2Q)" = (P)*"S(Q)"
(Vx : M.P)" = Vx : (M)".(P)**=
(ME&sNDY =~ (M)'Egapr (N)".

e Given a type A of 8,1, define a set [A], and an equivalence relation N’Zv on this set.
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If D(A) < n, then
[AlY = (M| A, M: (A)"}
M~AN & A, M =N: (A)".
Otherwise,

[Ax B[, = {(M,N)| At M: (A)", Aty N : (B)"}

(M,N) ~4B(M',N') & A, M =M : (A)"

AAF, N=N'":(B)’
[A— BI% = {(x, M) | A,x:(A)" - M : (B)"}
(x, M) ~=B (x M) & A,x:(A)" M =M : (B)"

[Set Ay = {(x,P) | A,x:(A)" - P prop}
X P) ~D (x Py & Ax:(A)'FP=P.

e Givenacontext I' = x; : Ay, ..., Xy : Am of Byy1, we say that v is a A-valuation of I' iff v(x;) € [A;]"} for eachi.
e Given a proposition ¢ of 8,1 such that D(¢) < n, define the proposition (¢|" as follows.

(M1 =y My])" ~ (M;)"® =N (My))"
(Lp* =L
(6 > ¥D” = (¢)" D (¥)"
(VX :A.p)” >~ Vx: (IADU-(I(PDU[X::x]
(V(P))" =~ V((P)").

We define what the notion of satisfaction (A, @, v) &= ¥ similarly to Definition 5.11:

Definition 5.30 (Satisfaction). Let ® = ¢q, ..., ¢, be a sequence of propositions of A, such that A +, ¢ Prop, ...,
A b, ¢m Prop. Let v be a A-valuation of I'. Suppose I F,.1 ¢ Prop. We define what it means for (A, @, v) to satisfy
¢, (A, D, v) = ¢, as follows.

If D(¢) < n,then ((4A, P,v) E¢) & (Alp @ = (P)Y).

Otherwise,

o (A, ®,v) =¢ D yiffforallA” O Aand @' D @,if (A, @', v) = ¢ then (A, D', v) | ¥.
o (A, ®,v) =EVx:Agiff forall A” © Aanda € [A]Y, we have (4", @, v[x :=a]) = ¢.

Definition 5.31 (Satisfaction and Truth). Let I" - & be a judgement of $B,.1. Let A I, valid and v be a A-valuation of I".
We define what it means for A and v to satisfy &, (4, v) = ¢, as follows.

e IfD(A) < n, then (A, v) = A type iff [A]}} is defined and A F, (A) type.
IfD(A) = n+ 1, then (4, v) = Atypeiff [A]} is defined.
e If D(A), D(B) < n, then (A, v) = A = Biff [A], = [B]", and
(~A ) = (~8,) and A -, (A)Y = (B)".
IfD(A) = D(B) = n + 1,then (A, v) = A = Biff [A]', = [B]Y and (~4,) = (~&,).
o (A, v) =M :Aiff (MY € [A]Y.
o (A,v) EM =N : Aiff (M)? ~4, (N)®
e (A, v) = Ppropiff A -, (P)" prop.
o (A, v) EP=QiffA, (P)” = (Q)"
e If D(¢p) < n,then (A, v) = ¢ Propiff A -, (¢|? Prop.
o (A,v) = ¢ = yiff, for all @, we have (A, @, v) = ¢ iff (A, @, v) = V.
o (A, v) =, ..., ¥m = yxiff, forall @,if (A, @, v) satisfies y; for all i, then (A, @, v) satisfies x.
e For any other g, we have (A, v) = ¢ forall A, v.

We say I' F ¢ is true iff, whenever A F, valid and v is a A-valuation of I', then (A4, v) = .
Theorem 5.32 (Soundness). Every derivable judgement in B, is true.
Proof. Similar to Theorems 5.13 and 5.25. O

Theorem 5.33.

1. Let I' - & be a judgement of B,, and suppose g does not have the form ® = . If the judgement is true, and I" +, valid,
then the judgement is derivable in B,,.
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2. Let I' &+ ¢, ..., ¢m = ¥ be ajudgement of By,. If the judgement is true, and we have I' -, valid and I" , ¢; Prop for
i=1,...,m, then the judgement is derivable in B,.
Proof. Similar to Theorem 5.14. O
Corollary 5.33.1. If ¢ is a judgement of 8B, derivable in 8,1, then ¢ is derivable in B,
Corollary 5.33.2. If ¢ is a judgement of T,,U derivable in LTT, then § is derivable in T, U.
With this final step, we have now completed the proof of the conservativity of LTTy over ACAg:
Corollary 5.33.3. Let ¢ be a formula of second order arithmetic with free variables x4, ..., Xy, X1, ..., Xp. If
X1 N, X N, X s Set(N), ..., X, - Set (N) F= (o)
in LTT, then ACAg + ¢.

Proof. Let ¢ be the judgementx; : N, ..., X, : N, X; : Set (N), ..., X, : Set(N) F= (¢).
Suppose ¢ is derivable in LTT,. Then

g is derivable in T, U (Corollary 5.33.2)
. & is derivableinT, (Corollary 5.26.1)
-. g isderivablein T, (Corollary 5.14.2)
- ACAg - ¢ (Corollary 4.3.1). O

6. Other conservativity results

6.1. Conservativity of LTT; over ACA

Our proof method can be adapted quite straightforwardly to prove the conservativity of LTT; over ACA. We shall present
these proofs briefly, giving only the details that need to be changed.
We define subsystems of LTTj:

T; — T, — T,U* — LTT;.
T is formed from T, by allowing the rule (Indy) to be applied with any analytic proposition ¢. In the same manner, T}, is

formed from T, T,,U* is formed from T,,U, and LTTj, is formed from LTT,.
The proof of the conservativity of LTT; over T; follows exactly the same pattern as in Section 5.

Theorem 6.1. Theorem 4.2 holds for T and ACA.
Proof. Similar to the proof of Theorem 4.2. O

Similarly, Corollary 5.14.2 holds for T}, and T, Corollary 5.26.1 holds for T,U* and T}, and Corollary 5.33.2 holds for LTT;
and T, U*. This completes the proof that LTT; is conservative over ACA.

6.2. Conservativity of ACAg over PA

As a side-benefit of this work, we can easily produce as a corollary another proof that ACA is conservative over Peano
Arithmetic (PA). We can define a system T; with just one type, N, in its type-theoretic component. We can apply our method
to show that T is conservative over Ty, and that T; is conservative over PA; we omit the details.

Combining all these proofs, we can produce the following elementary proof that ACAq is conservative over PA, which
proceeds by interpreting the formulas of ACAg as statements about PA. To the best of the authors’ knowledge, this proof has
not appeared in print before.

Theorem 6.2. ACA, is conservative over PA.

Proof. Define a PA-formula to be a formula in which no set variables (bound or free) occur.
Let 'V be a set of variables of L,. A valuation of 'V is a function v on V such that:

o for every number variable x € V, v(x) is a term of PA;
e for every set variable X € V, v(X) is an expression of the form {y | ¢} where ¢ is a PA-formula.

For t a term, let v(t) be the result of substituting v(x) for each variable x in t.
For ¢ a formula of L,, let v(¢) be the PA-formula that results from making the following replacements throughout ¢.

e Replace each atomic formula s = t with v(s) = v(t).
e For each atomic formulat € X, let v(X) = {y | ¥'}. Replace t € X with [v(t)/y]¥.
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Define what it is for a valuation v and PA-formula 1 to satisfy an L,-formula ¢, (v, ¥) = ¢, as follows.

e If ¢ is arithmetic, (v, V) = ¢ iff D v(¢) is a theorem of PA. Otherwise:

e (v,¥) | ¢ D x iff, for any PA-formula v, if (v, ¥ A ¥') = ¢ then (v, ¥ A Y') E x.
o (v, V) = Vx¢ iff, for every term t, (v[x :=t], V) = ¢.

o (v, V) = VX¢ iff, for every PA-formula x, (v[X :={y | x}], ¥) E ¢.

Let us say that a formula ¢ of L, is true iff (v, x = x) |= ¢ for every valuation v.
We prove the following two claims:

1. Every theorem of ACAy is true.
2. Every PA-formula that is true is a theorem of PA.

The first claim is proven by induction on derivations in ACAq. As an example, consider the axiom

VX(¢ DY) D (¢ DVXY)
where X ¢ FV (¢). Fix v and yx, and suppose

(v, x) = VX(9 D ¥).

We must show that (v, x) &= ¢ D VX
Let x’ be any PA-formula, and suppose (v, x A x') | ¢. Let T be any PA-formula; we must show that (v[X := {y |
t}], x A x) = ¢.Since X ¢ FV (¢), we have that

WX =yt xAx) E ¢

We also have (WX :={y | t}], x A x)) E® D ¥,andso (v[X :={y | t}], x A x') = ¥ as required.
The second claim is proven using the valuation that is the identity on FV (¢).
It follows that, if a formula of PA is a theorem of ACAg, then it is a theorem of PA. O

Remarks.

1. The same method could be used to show that Gédel-Bernays set theory is conservative over ZF set theory.

2. Another proof-theoretic method of proving this results is given in [11]. That proof relies on some quite strong results
about classical theories; our proof is more elementary. However, Shoenfield’s proof is constructive (giving an algorithm
that would produce a proof of _L in PA from a proof of L in ACAg) and can be formalised in PRA; ours has neither of these
properties.

6.3. ACAS

An argument has been made that the system ACASr corresponds to Weyl'’s foundation [5, p. 135], claiming that its axiom
schema of w-iterated arithmetical comprehension ‘occurs in the formal systems defined by Weyl and Zahn’, presumably a
reference to Weyl’s Principle of Iteration [ 16, p. 38].

The axioms of ACA(J,r are the axioms of ACA, together with the following axiom schema of w-iterated arithmetical
comprehension. Assume we have defined a pairing function (x, y) in ACAy. We put

X)j={n: 1)) X}, XY ={m,i): (m,i) e X Ai<j).
Then, for every arithmetical formula ¢[n, Y] in which X does not occur free, the following is an axiom:
AXVjVn(n € (X); < ¢ln, X)]).

The translation we gave in Section 3.3 is a sound translation from ACA(‘)L into LTTy. It is difficult to construct a subsystem
of LTTy that is conservative over ACASr , however. A natural suggestion would be to extend LTT, by allowing Ey to take
either a small type, or the type Set (N); let us call the system produced LTT . Then LTT, is indeed conservative over T , the
extension of T, with a new constructor

I'HL:Set(N) I',x:N,Y:Set(N)F M : Set(N)
I'-N:N
I'=RY(L, [x, YIM, N) : Set (N)
and appropriate equality rules.
However, it seems unlikely that Tz+ is conservative over ACA(T. In particular, there seems to be no way to interpret terms

that involve two or more applications of R*. In LTT., we may iterate any definable function Set (N) — Set (N). In ACAT,
we may only iterate those functions that are defined by an arithmetic proposition; and not every such function definable in
ACA(J)r is defined by an arithmetic proposition.
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7. Conclusion

We have constructed two subsystems of LTTy, and proved that these are conservative over ACAy and ACA respectively.
We have thus shown how, using LTTs, we can take a system like ACAg or ACA and add to it the ability to speak of pairs,
functions of all orders, sets of all orders, and a universe of types, without increasing the proof-theoretic strength of the
system.

We have also begun the proof-theoretic analysis of LTTy. We now know that LTTyy is strictly stronger than LTT,, and
hence ACAy. The subsystem LTTj; is quite a small fragment of LTTy, and so we conjecture that LTTyy is strictly stronger than
LTT;, and hence strictly stronger than ACA. Once this conjecture is proven, we will have quite strong evidence for our claim
that Weyl’s foundation exceeds both ACAg and ACA.

The method of proof we have given is quite a general one, and should be applicable in many other situations. It does
not rely on any reduction properties of the type system, and so could be applied to type systems that are not strongly
normalising, or do not satisfy Church-Rosser (or are not known to be strongly normalising or to satisfy Church-Rosser). It
provides a uniform method for proving types redundant; we were able to remove products, function types, types of sets,
and the universe from LTTj.

Furthermore, the method allowed us to separate these tasks. We were able to remove U separately from the other types,
and to use a different interpretation to do so. In Sections 5.2 and 5.4, for example, we interpreted judgemental equality by
judgemental equality; in Section 5.3, we interpreted judgemental equality by propositional equality. Our method is thus
quite powerful; we did not have to find a single interpretation that would perform all these tasks.

A proof of our conjecture that LTTyy is stronger than LTT; has very recently been discovered, by the first author and Anton
Setzer. The proof-theoretic strength of LTTy is in fact ¢, (0). A paper presenting the proof of this result is in preparation.

For future work, we should investigate more generally how adding features to an LTT changes its proof-theoretic strength.
This will be a more difficult task, as we will need to investigate what effect induction and recursion have when they are
no longer confined to the small types and propositions. We are particularly interested in the differences between LTTs
and systems of predicate logic; for example, in how the strength of an LTT changes when we modify the type-theoretic
component but not the logical component.

Finally, we note that there are striking superficial similarities between our work and Streicher [14], who also gave
interpretations to type theories. Like our interpretations, his were first defined as partial functions on the syntax, then
proven to be total on the typable terms by induction on derivations. He also made use of a ‘depth’ function on types. Our
work is not a direct application of his, but it remains to be seen whether there are formal connections that can be exploited.

Appendix A. Formal definition of systems

We present here the definition of LTTy and the two principal subsystems used in this paper.

Al. LTTw

The syntax of LTTy is given by the following grammar:
Type A:=N|AxA|A—=A|U|TM) | Set(A)
Term M = x|0|sM|Ex([x]A, M, [x, x]M, M) |
(M, M)axa | 774 (M) | 713 (M) |
MIAM:A|MM)ga | N|MXM |

{x:A|P}
small Proposition P ::= MZyM | L | POP | Vx : M.P | MéM
Formula ¢ =M=yM|L|pDo|Vx:Ap|V(P).

We write —¢ for ¢ D L, and M €4 N for V(Mé&zN).
The rules of deduction of LTTyy are as follows:

A.1.1. Structural rules

I' - Atype Fl—valid( Aer)
Fvalid T x:AbFvalid Trx:A 0
r-M:A I'FM=N:A I'M=N:A I'bEN=P:A
rHM=M:A I''EFN=M:A rM=P:A

F'HAtype T'FA=B T'+A=B I'FB=C
A=A TFB=A FT'FA=C
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'-M:A I'HFA=B I'-M=N:A I''+A=B
I'-M:B I''M=N:B

I' = P prop r=rP=qQ rP=Q I'HQ=R
r=p=P r-Q=°P I'-P=R

I' = ¢ Prop r-eo=vy 'te=v I'Hy=x

rt¢=4¢ 'ty =¢ 'E¢=y
'-¢,Prop --- I'k¢yProp 'Fd=¢ I'Fop=1yY
'E¢q,...,¢00 = ¢ r-o =y

Natural numbers

I + valid I' - valid ''M:N '-M=M:N
I'-Ntype TI'+FO0:N T'FsM:N ['+sM=sM:N

I',x:NF Ctype ' =L:[0/x]C
(Ey) I',x:N,y:CEFM:[sx/x]C I'=N:N

I' - En([x]C, L, [x, yIM, N) : [N/x]C

F'x:NFC=C(C r+=L=1"r:[0/x]C
(Exy =) ' x:N,y:C-M=M:[sx/x]C I''N=N:N

I = Ex(IxIC, L, [x, yIM, N) = Ex([x]C', L, [x, y]M’, N') : [N/x]C

' x:NFCtype I'FL:[0/x]C
(Ex0) ' x:Nyy:CHM: [sx/x]C
I' = En(IXIC, L, [x, yIM, 0) = L : [0/X]C

I',x:NF Ctype rr+=1L:[0/x]C
' x:N,y:CkFM: [sx/x]C I'EN:N
I' = En([XIC, L, [x, yIM, s N)
= [N/x, Ex([XIC, L, [x, yIM, N) /yIM : [s N /x]C

(Ex s)

I',x:NF ¢ Prop I'EN:N
(Indy) '@ = [0/x]l¢ TI',x:NF &, ¢ = [sx/x]¢
I'-® = [N/x]¢

. Pairs

I'Atype I'Btype TI'+A=A TI'+HB=F

I' - A x Btype I'FAxB) = (A xB)

A=A '+B=F

'M:A I''EN:B I'-M=M:A I'EN=N:B

r=aPtm):A

P MM AXE 0 Ny = (M N A X B

I'A=A I''B=FB
'FM=M:AxB

rEaftmy =z m) ;A

I'-M:AxB

1339
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. A=A T'+B=F§
FEM:AXB r~M=M:AxB

=z =7’ : B

I'-M:A I''-N:B I'-M:A I'=N:B

TEaP®(M,N)pwg) =M :A T F aP(M, N)as) = N : B

I'z:AxBtF¢Prop "'M:AxB
(etay) I'H® = (@ M), 7 P (M) /219
I'-® = [M/z]¢

. Functions

I'-Atype I Btype I'A=A TI'+B=F
I' -A — Btype '-A— B =@A —B)

I'A=A I''B=FH
' x:AFM:B ' x:A-M=M":B
I'(Ax:AM:B):A— B I'(x:AM :B)
=x:AM :B):A—>B

F'HFA=A '-B=F
'FM=M:A—B I'EN=N:A
I'=M(N)asp=M(N)y_p :B

I'M:A—B I'EN:A
Fl_M(N)A_”;B

I''x:AFM:B I'EN:A
' (x:AM :B)(N)asp = [N/x]M : [N/x]B

ryz:A—-B+F¢Prop 'M:A— B
(eta_,) I'® = [Ax:AM(x):B/z]¢

I'-® = [M/z]p

Typed sets

I' - Atype FT'FA=A
I Set(A) type I I Set(A) = Set (A')

I',x:AF Pprop A=A I, x:AFP=P
F'H{x:A|P}:Set(A) I'k{x:A|P}={x:A"|P}:Set(A)

FrFA=A
FT'M=M:A I'N=N":Set(A)
I'F (M&N) = (M'EéxN))

I'M:A I'FN:Set(A)
I' = Mé&yN prop

I'+M:A I',x:AF Pprop
' (ME&plx : A| P}) = [M/x]P
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The type universe

I' F valid '-M:U '+-M=M:U

F'-Utype T'FTM)type T©'FTM)=TM)

I' +valid I' +valid

recN:u TFTR) =N

I'=M:U I''=N:U '-M=M:U ''EN=N:U

T'EMXN:U 't (MxM') = (NxN'):U

I'-M:U I''=N:U

' T(MxN) = T(M) x T(N)

. Classical predicate logic

I +valid I'¢Prop 'Fod =1

I + 1 Prop r-oe=¢

I''=¢Prop I'F 1 Prop Fr'F¢g=¢ T'Fy=vy

I't=¢ D v Prop r'=@>oy)=(@>vy)
rco.¢=>v TFd=¢>y I'Fd=6¢
TrCcd=¢>oy o=y

I'E® = —(—¢)

(BN r-o=¢

I'x:AF¢Prop T'HFA=A Ix:Ab¢p=¢

I' - Vx: A.¢ Prop ' (Vx:A.¢) = (Vx:A.¢)

I'-¢;Prop --- I'F ¢,Prop

o =Vx:Adp I'FM:A
FoX:AF .. by= = Vx:A¢

F'E¢r ... .¢n=V¥x:AY r'-o=[M/xl¢

. The propositional universe

I' = P prop r=rP=qQ

T'FV(P)Prop T FV(EP)=V@Q)

I’ + valid I’ +valid

r-1lpop rrvd)=1

F'=Pprop '=Qprop [HP=P I'+Q=0Q

I - P5Q prop '+ (PHQ) = (P'DQ)

I'=Pprop I+ Q prop

'+ VEP3Q) = (V(P) DV(Q))

I',x:T(M) F P prop r-M=M:U TIx:TM)FP=F

I+ Vx : M.P prop ' (¥x:M.P) = (Yx: M'.P")

I',x:T(M) & P prop

I'FV(¥x:M.P) = (Vx: T(M).V(P))

1341
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A.1.9. Equality

'N=N:U
F'FM;:T(N) T'M,:T(N) M =M, :T(N)
'+ (My =y M,) Prop r-M=M:T@
I'E My =y My) = (M} =y M)
I'-¢:Prop --- I F ¢,Prop
'+ M :T(N)

'te¢,....0h=>M=yM

I',x:T(N)F ¢ Prop
(substy '@ =My =yM, I'lF® = [M/x]¢

' o = [My/x]¢

I'-M, =M, : T(N)
I+ M, =M, : T(N)
I'E (Mi=yM) = (Mj=yM3)

I''-M;:T(N) I'=M,:T(N)
I' F (M;=yM,) prop

M :T(N) T'FM,:T(N)
I'EV(Mi=yMy) = (M; =y M3)

A.1.10. Differences from previous presentation

The above presentation differs from the one in [3] in a few respects. In that paper, we constructed LTTy within the logical
framework LF'. Here, we have presented LTTyy as a separate, stand-alone formal system. The constant Peirce in [3] has been
replaced with the rule (DN), the constant I, has been replaced with the rule (eta_, ), and the constant I has been replaced
with (etay ).

It is not difficult to show that the two presentations are equivalent. These changes have been made in order to simplify
the definition of the interpretations in Section 5.

In [3], we introduced a proposition ‘prop’, and used the proofs of ‘prop’ as the names of the small propositions. We also
discussed the possibility of making ‘prop’ a type. In this paper, we have taken a neutral option: we have used a separate
judgement form I" F P prop. The system we present here can be embedded in both the system that has ‘prop’ a proposition,
and the system that has ‘prop’ a type. It can be shown that these two embeddings are conservative.

A2. LTTy

The subsystem LTT is formed from LTT\y by making the following changes.

. Whenever the rules (Ey), (Ey =), (Ex0) or (Ey s) are used, the type A must have the form T (K).

. Whenever the rule (Indy) is used, the proposition ¢ must have the form V (P).

3. Whenever the rule (subst), (eta, ) or (eta_, ) is used, then for every quantifier Vx : A in the proposition ¢, the type A must
not contain the symbol U.

4. The following rule of deduction is added:

I'¢;Prop --- I'kF¢pProp 'EM:N
¢, ....¢n = —(0=5sM)

N =

(P3)

A3. LTT

We say a proposition ¢ is analytic iff, for every quantifier Vx : A in ¢, either A = T(M) for some M, or A = Set (N).
The subsystem LTT is formed from LTT\y by making the following changes.

. Whenever the rules (Ey), (Ey =), (Exy0) or (Ey s) are used, the type A must have the form T (K).

. Whenever the rule (Indy) is used, the proposition ¢ must be analytic.

. Whenever the rule (subst), (eta,) or (eta_,) is used, the proposition ¢ must have the form V (P).
. The rule of deduction (P3) is added.

AW N =

Appendix B. Proof of the soundness theorems

We present here the proofs of two of the Soundness Theorems in this paper.
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B.1. Proof of Theorem 5.13

We begin by proving the following properties of our interpretation:

LemmaB.1. If A C A, then [Al, € [Aly and (~4) € (~4)).

Proof. The proofis by inductiononA. O

Lemma B.2.

1.

AU WN

Let M be a term and X an expression of 4,1 1. Let v/ = v[x := (M)"]. If (M )" is defined, and (]X[)”/ is defined, then ([M /x]X )"
is defined, and ([M /x]X])* = (X)".

. Given a term M of A, and expression X of 41, we have [M/x](X )" >~ (X )" where, for ally € dom v, u(y) = [M/x]v(y).
IfF(M)? and (X)'™=X are defined, then ([M /x]X)" is defined, and ([M /x]X)* = [(M]?/x](X ) *=X]

. Ifv(x) = v'(x) for all x € FV (M), then (X))* = (]XD”/.

. Suppose (A, @, v) = ¢.IfAC A, d C &', and v(x) = v'(x) for all x € FV (¢), then (A, @', V') = ¢.

(A, 2,v) = [M/XI$ iff (A, @, [M/x]v) E ¢.

Proof. Part 1 is proven by induction on X, and part 2 by induction on N. Part 3 follows simply from the first two. The
remaining parts are proven by inductionon X or ¢. O

1.

Theorem 5.13 is now proven by induction on derivations. We deal with five cases here.
Consider the case of the rule of deduction
I'x:AFM:B I''N:A
' (Ax:A(M :B))(N)a—p = [N/x]M : B
By the induction hypothesis, we have
Ax:Ab, (MPP™ =X B, AL, (N)":A

and we must show A F,; ((Ax : AM)(N))" = ([N/x]M)" : B.
Suppose d(A — B) < n.Then we have

Ay (s AMD =D ((NDY) = [AND®/x1(M Y= 2 B.

By the two claims above, we have [(N])*/x](M)**=* = ([N/x]M)"® and the required judgement follows.
Suppose now d(A — B) = n + 1. We must show A F ((Ax : AM)(N))*" = ([M/x]N)" : BBut

(Ox : AMY(N))Y = (Ax : AM) @(N)®
= (x. (M) )@(N)®
= [(N)" /x)(M)"P=
= ([M/xIN)*
and so the required judgement is
A F[AND* /1M = = [(ND"/x1qM)" = - B

which is derivable in 4.

. Consider the rule of deduction

¥ =Vx:Ay T'FM:A
T'Ew = [M/x]y

Suppose (@, A, v) satisfies each member of ¥. Then (@, A, v) = Vx : A.yy. We also have (M)” € [A]l}.

Ifd(¥x : Ay) < n,thenwehave A - ® = Vx : A.(y¥)? and A - (M)? : A hence A - & = [(M)?/x](¥)*®=, and
this is the judgement required by Lemma B.2.3.

Ifd(Vx : Aiyr) = n+ 1, then we have (&, A, v[x := (M)"]) & ¢.Hence (&, A, v) = [M/x]¥ by Lemma B.2.6 as
required.

. Consider the rule of deduction

I' + + Prop r-v =91
r-v=y

For this case, we need the result:

IfAF @ = 1 then (A, @, v) =  for every proposition v of A, 1.

This is proven by induction on .
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4. Consider the rule of deduction
(ON) v = ——y
r-v=y
For this case, we need the result:
If (A, @,v) = ——¢ then (A, ,v) = ¢.
Ifd(¢) < n, we have

A F o= ——(y)

LA D= (Y] (DN)
Ifd(¢) =n+ 1and ¢ =y D x, we have that
(A4, 2,v) E—=(¥ D x). (B.1)
Suppose Ay 2 A, @1 D @, and
(A1, @1,v) E V. (B.2)

We must show (Aq, @1, v) = x. By the induction hypothesis, it is sufficient to prove (Aq, &1, v) &= ——x. So suppose
Ay 2 Ay, P, 2 &y, and

(42, D2, v) E —x. (B.3)
We must show (A,, @,, v) = L.By (B.1), itis sufficient to prove that (A, @,, v) = = (¥ D x).So suppose Az O Ay,
D3 O Py, and

(43, P3,v) E¥ D x. (B.4)

We have (A3, @3, v) = ¥ by Lemma B.2.5, so (A3, @3, v) = x, and hence (A3, @3, v) = L by (B.3), as required.
The case d(¢p) = n+ 1and ¢ = Vx : A.¢ is similar.
5. Consider the case of the rule of deduction (Indy):

I',x:NF V(P) Prop I'-N:N
r'+e = V(0/x]P) I',x:NF @, V()= V([sx/x]P)
I'-® = V([N/x]P)
This follows by applying (Indy) in +,. Note that it is important here that V (P) must be a small proposition.

B.2. Proof of Theorem 5.25

We begin by proving
LemmaB.3. If A C A/, then [A]Y}, C [A]Y and (~%,) S (~4,).
Proof. Similar to Lemma B.1. O

We prove that Lemma B.2 holds for our new translation. The proof is similar.
Theorem 5.25 is now proven by induction on derivations. We deal with one case here: the rule of deduction

I',x:NFT(K) type I'=L:T(0/x]K)
F,x:N,y: T(K) =M : T([sx/x]K) I'EN:N

I' F Ex(IX]IT(K), L, [x, yIM, sN)
= [N/x, Ex([X]T (K), L, [x, yIM, N)/yIM : T([s N /x]K)

Let v be a A-valuation of I'. Inverting, the derivation includes I, x : N = K : U, and so the induction hypothesis gives us
(K)*™ =1 e . whenever A I J : N. Let us define

S¢) = (kP!
D; = decodes)
G = codes
F(J) = Ex(IXIT(K), L, [x, yIM, J).
We have the following chain of equalities provable in T,,:
(F(SN)D® = Dsgnp (R(Co((LD), X, YICsx (M= =PxWT) [s(N)™))
— Ds(|N|) (quND ((]MDU[XZZ(INDM:(IF(N)D]))
— (]MDU[X:=GND.y:=GF(N)I)]

= ([N/x, E(N)/yIM)"

(Ex's)

as required.



R. Adams, Z. Luo / Annals of Pure and Applied Logic 161 (2010) 1315-1345 1345

References

[1] P.Aczel, N. Gambino, Collection principles in dependent type theory, in: P. Callaghan, Z. Luo, ]. McKinna, R. Pollack (Eds.), Types for Proofs and Programs:
International Workshop, TYPES 2000, Durham, UK, December 8-12, 2000, in: LNCS, vol. 2277, Springer-Verlag, 2002, pp. 1-23 (Selected papers).
[2] R. Adams, Z. Luo, Weyl!’s predicative classical mathematics as a logic-enriched type theory, in: T. Altenkirch, C. McBride (Eds.), Types for Proofs and
Programs: International Workshop, TYPES 2006, in: LNCS, vol. 4502, Springer, 2007, pp. 1-17 (Revised selected papers).
[3] R. Adams, Z. Luo, Weyl's predicative classical mathematics as a logic-enriched type theory, ACM Transactions on Computational Logic 11 (2) (2010)
1-29.
[4] J. Avigad, R. Sommer, The model-theoretic ordinal analysis of predicative theories, Journal of Symbolic Logic 64 (1999) 327-349.
[5] D.K. Brown, S.G. Simpson, Which set existence axioms are needed to prove the separable Hahn-Banach theorem? Annals of Pure and Applied Logic
31(1986) 123-144.
[6] S. Feferman, Iterated inductive fixed-point theories: Application to Hancock’s conjecture, in: G. Metakides (Ed.), Patras Logic Symposium, North-
Holland, 1982, pp. 171-196.
[7] S. Feferman, Weyl vindicated, in: In the Light of Logic, Logic and Computation in Philosophy, Oxford University Press, New York, 1998, pp. 249-283
(Chapter 13).
[8] S. Feferman, The significance of Hermann Weyl's Das Kontinuum, in: V. Hendricks, S.A. Pedersen, K.F. Jergensen (Eds.), Proof Theory — Historical and
Philosophical Significance, in: Synthese Library, vol. 292, Kluwer Academic Publishers, Dordrecht, 2000, pp. 179-194 (Chapter 7).
[9] N. Gambino, P. Aczel, The generalised type-theoretic interpretation of constructive set theory, Journal of Symbolic Logic 71 (1) (2006) 67-103.
[10] K. Schiitte, Proof Theory, Springer, 1977.
[11] J. Shoenfield, A relative consistency proof, Journal of Symbolic Logic 19 (1954) 21-28.
[12] S.G. Simpson, Subsystems of Second-Order Arithmetic, Springer-Verlag, 1999.
[13] J.Smith, The independence of peano’s fourth axiom from Martin-L6f’s type theory without universes, Journal of Symbolic Logic 53 (3) (1988) 840-845.
[14] T. Streicher, Semantics of type theory: correctness, completeness and independence results, in: Progress in Theoretical Computer Science, Birkhduser,
Boston, 1991.
[15] H. Weyl, Das Kontinuum, 1918, (Translated as [16]).
[16] H. Weyl, The Continuum: A Critical Examination of the Foundation of Analysis, Dover, Kirksville, Missouri, 1994 (Translated by Stephen Pollard and
Thomas Bole).
[17] A.N. Whitehead, B. Russell, Principia Mathematica, 3 vols, Cambridge University Press, 1925-1927.



	Classical predicative logic-enriched type theories
	Introduction
	Outline

	Background
	Weyl's Das Kontinuum
	Subsystems of second order arithmetic
	ACA0
	ACA

	Das Kontinuum and subsystems of second order arithmetic compared

	Logic-enriched type theories
	LTTW
	Type-theoretic component
	Logical component
	Judgements and rules of deduction

	LTT0 and LTT0*
	Embedding second order systems in logic-enriched type theories

	Conservativity of T2 over ACA0
	Conservativity of LTT0 over ACA0
	Digression --- informal explanation of proof technique
	TÉ is conservative over T2
	TÉ U is conservative over TÉ
	LTT0 is conservative over TÉ U

	Other conservativity results
	Conservativity of LTT0* over ACA
	Conservativity of ACA0 over PA
	ACA0+

	Conclusion
	Formal definition of systems
	LTTW
	Structural rules
	Natural numbers
	Pairs
	Functions
	Typed sets
	The type universe
	Classical predicate logic
	The propositional universe
	Equality
	Differences from previous presentation

	LTT0
	LTT0*

	Proof of the soundness theorems
	Proof of Theorem 5.13
	Proof of Theorem 5.25

	References


