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Abstract

We consider the spectral behavior and noncommutative geometry of commutators [P, f], where
P is an operator of order 0 with geometric origin and f a multiplication operator by a function.
When f is Holder continuous, the spectral asymptotics is governed by singularities. We study
precise spectral asymptotics through the computation of Dixmier traces; such computations have
only been considered in less singular settings. Even though a Weyl law fails for these operators,
and no pseudodifferential calculus is available, variations of Connes’ residue trace theorem and
related integral formulas continue to hold. On the circle, a large class of nonmeasurable Hankel
operators is obtained from Holder continuous functions f, displaying a wide range of nonclassical
spectral asymptotics beyond the Weyl law. The results extend from Riemannian manifolds to contact
manifolds and noncommutative tori.

2010 Mathematics Subject Classification: 35P20, 58B34 (primary); 32V20, 47L.20 (secondary)

1. Introduction

Let M be a closed Riemannian manifold and P a classical pseudodifferential
operator of order 0. If f € C*(M), the singular values p; of the commutator
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H. Gimperlein and M. Goffeng 2

[P, f] satisfy a Weyl law, as determined by the Poisson bracket (1/i){c (P), f}
with the principal symbol o (P):

1/n
M/«<[P,fl>=( / I{U(P),f}l"dxdé) YT ok,
nQ2u)" Jsm

as k — o0, (L.1)

where n = dim M. Connes’ residue trace theorem allows to interpret [P, f] as a
noncommutative differential form [14, 15]. Dixmier traces relate to an averaged
form of the Weyl law (1.1). By computing them for operators related to [P, f],
we obtain geometric consequences of non-Weyl behavior.

In this article we find a rich spectral behavior and noncommutative geometry of
operators of the form [P, f], when f is merely Holder continuous. In this case the
spectral asymptotics is governed by the singularities of f. For f from a generic
set, suitable powers or products of operators of the form [P, f] turn out to produce
natural examples of nonmeasurable operators. We explore new phenomena due to
the singularities, and extensions of results for smooth functions to the Holder
classes. Already for the circle M = S! and P the Szegd projection (the projection
onto the closed linear span of the positive Fourier modes), we obtain an analogue
of the residue trace theorem and explicit geometric integral formulas, in spite of
the highly nonclassical behavior of the singular values. Hochschild and cyclic
cocycles defined from the derivation f +— [P, f] and (singular) traces prove
relevant to study the algebras of Holder functions.

These basic results extend from M = S' to Riemannian and contact manifolds
M, as well as to noncommutative tori. The singularities studied in this article are
in keeping with the structures which appear for a singular manifold; they are quite
similar to a manifold with Holder charts.

1.1. Commutators and Dixmier traces in noncommutative geometry. In
recent years, Dixmier traces, and more generally singular traces, have been
studied extensively both in the theory of operator ideals and as a notion of integral
in noncommutative geometry. The book by Lord et al. [32] provides a reference
for this Progress; see also [31, 36, 37, 44, 45]. It is our aim to show how the
ideas from these works apply to highly singular geometric settings, to nonsmooth
commutators.

The view of commutators as noncommutative differential forms goes far back.
It is based on the algebraic principle that a derivation generalizes differentiation.
The approach we take is based on Connes’ noncommutative geometry
[15, Ch. III]. Together with (singular) traces on operators ideals, commutators
and their products provide a natural framework for constructing cyclic and
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Hochschild cocycles—noncommutative analogues of de Rham cycles and
currents, respectively. Examples of their use with relations to this work include
[16, 29] where pairings with relative and algebraic K-theory were considered.
Their application to classical geometry, for example, leads to explicit analytic
formulas for the mapping degree of nonsmooth mappings [26]. In the latter
work, only nonsharp spectral properties of commutators are required; they can be
deduced from a general theorem of Russo [43] for Schatten class properties of
integral operators.

Beyond Riemannian geometry, Dixmier traces have also been studied in sub-
Riemannian settings, for example relating Dixmier traces with certain integrals in
complex analysis [19-21]. For general sub-Riemannian H-manifolds, Ponge [38]
has extended Connes’ residue trace theorem to the Beals—Greiner calculus of
pseudodifferential operators. Some of these results are extended to the nonsmooth
setting in this paper.

Here we combine the above two directions. We use singular traces as a
tool for new constructions in cyclic cohomology rather than their classical
use as integrals. We find that Dixmier traces of nonsmooth commutators and
the associated cyclic cocycles are geometrically relevant and computable. In
noncommutative geometry we define exotic, nontrivial cyclic cocycles on the
algebras C* of Holder functions, spanning an infinite-dimensional subspace of the
cyclic cohomology without a classical counterpart (see more in Proposition 3.15).
In special cases, the cohomology pairings can be computed from geometric
formulas that regularize integral formulas in complex analysis, and the cocycles
detect the Holder exponent of C®. Our techniques extend beyond classical
geometry to noncommutative §-deformations, with the noncommutative torus as
a key example.

Two spaces of functions are central to this paper. We recall their definitions.

DEFINITION 1.1 (Lipschitz and Holder algebras). Let (X, d) be a compact metric
space. We define the Lipschitz algebra of (X, d) by

Lip(X,d) :=={f € C(X) : 3C > 0, s.t. |[f(x) — f(y)| < Cd(x, y) Vx,y € X}.

We define | f|Li, as the optimal constant C in this definition and equip Lip(X)
with the Banach algebra norm || flluip := || fllccxy + | flup. For a € (0, 1), we
define the Holder algebra with exponent « by

C*(X, d) := Lip(X, d*).

If the metric d is understood from context, we simply write Lip(X) := Lip(X, d)
and C*(X) := C*(X, d). If X is a Riemannian manifold, it is tacitly assumed that
d is the geodesic distance.
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DEFINITION 1.2 (Weak Schatten ideals). Let H{ denote an infinite-dimensional
separable Hilbert space and K(H) the C*-algebra of compact operators. For
p € [1, 00), we define the weak Schatten ideal of exponent p by

LPP(H) :={T e K(H) :3C > 0, s.t. ue(T) < C(1 +k)~"? Vk > 0}.

Here (14 (T))ren denotes a decreasing enumeration of the singular values of 7.
The optimal constant C defines a quasi-Banach norm on £7*°(H) (for p > 1 there
is an equivalent norm, see Proposition 2.6). For a singular state w € (£%°/cy)*, see
Definition 2.7 on page 11, we let

tr, : LV°(H) — C,

denote the associated Dixmier trace (for details see Definition 2.9 on page 11).

REMARK 1.3. The computation of Dixmier traces is highly nontrivial in the
absence of a Weyl law. An element G € £*°(H) is called measurable if tr,(G)
is independent of w. In particular, an operator G € £ (H) satisfying a Weyl law
A (G) = ck™' + o(k™!) is measurable and tr,(G) = c.

1.2. Main results. The computation of Dixmier traces hinges on a precise
understanding of the mapping properties in a suitable Sobolev scale. A crucial
technical ingredient of this article therefore says that, if Q is an operator of order
Oand a € C%, [Q, a] shares some properties with an operator of order —«:

THEOREM 14. Leta € (0, 1) and s € (—a, 0). If M is an n-dimensional closed
Riemannian manifold and Q € W°(M), there is a constant C = C(Q, a, s) > 0
such that whenever a € C*(M) then

@) [Q,al: W (M) — W**(M) satisfies ||[Q, alllws an—ws+ean < Cllallcemn,

(b) IO, alll grwoe 2y < Cllallce .

Here W*(M), s € R, denotes the Sobolev scale on the Riemannian manifold M.
Theorem 2.1 (on page 8) proves part (a), and Corollary 2.2 (on page 10) proves
that part (b) follows from part (a) and the Weyl law for elliptic operators. Related
results in the literature and their proofs are not sharp; for example, from [2, 33]
one gains less than « derivatives. We remark that part (b) follows from the stronger
results in [42], even for a in the Besov space B,‘f/uyoo(M) > C*(M).

REMARK 1.5. A consequence of Theorem 1.4 is that whenever oy +- - -+ > n,
Qi,...,0r € ¥°M, E) (for some vector bundle E) and w € (£%°/cy)* is a
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singular state, the linear mapping

fo : BL*(M,E) ® C"(M) ® --- ® C™(M) — C
(Ta ayy, ..., ak) = tra)(T[Qh al] e [Qka ak])’

is continuous. Here & denotes the projective tensor product. Since tr,, is singular,
fo(T,ay,...,a;) = 0if oy + --- 4+ o > n. Explicit formulas for §, and their
geometric interpretations form the main motivation for the paper.

The sharp estimate in Theorem 1.4, part (a), together with a refinement of the
results in [32, Ch. 11.2], allows the computation of Dixmier traces as expectation
values in certain orthonormal bases. The resulting formula relates the spectrally
defined Dixmier trace to a basis dependent expression, analogously to the Lidskii
trace formula; we call it the ordered Lidskii formula. It generalizes the results
of [32, Ch. 11.2], although the proofs are based on the same technical lemma
(see Lemma 2.17 below). The formula can be found in Theorem 2.18 (on page
13). The ordered Lidskii formula is the basis toward explicit computations of
Dixmier traces of products of commutators. In particular, if M = S! we obtain
a bilinear expression of the logarithmic divergence in Brezis’ formula for the
winding number [30] on C'/2(S").

THEOREM 1.6. Let P be the Szegd projection on S'. Fora, b € C'?(S"),

N B
tro(Pla, PIP.bD = lim = > k- ab

k=0

= lim lim a, (O)b_(ky(rz, £)de dz,

N—-or/1 Slxs!
where a, = Pa =a —a_ and

1 1 — (Zé-)N+l

WO = e -z

If a € CV2(8',C*) and b = a™!, tr,(RQP — D[P, a][P,a"']) = 0 by
Remark 3.6. This vanishing result expresses the fact that the logarithmic
divergence in Brezis’ formula for the winding number of a C'/?>-function
vanishes; there is no obstruction in extending the winding number from C*
to C'/2 (it even extends by continuity to all continuous functions). We refer to
Theorem 3.5 and Proposition 3.8 for the formula involving Fourier modes and
the integral formula, respectively.
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A precise study of Dixmier traces for the case of generalized Weierstrass
functions illustrates the rich spectral behavior of nonsmooth commutators. The
generalized Weierstrass function associated with the parameters « € (0, 1),
I <y e Nand c € £*°(N) is given by the Fourier series

Waye(€?) :=2) " y™"c, cos(y"0) € C*(S").

n=0

We consider a set of sequences that defines Hankel measurable operators,
bms, , == {c € L*(N) : [P, Wl/QkJ,,C]Z" e L"°(L*(S")) is measurable}.

Corollary 3.16 gives many natural examples of nonmeasurable operators on S':

COROLLARY L.7. The set hms, ,, equals

N
.1 ) .
bms; , = 1¢ = (Cu)nen € L7(N) : A}grgo I E c, exists

n=0

In particular, the inclusion bms, , C €*(N) is strict and does not depend on y .

The Dixmier traces of products of commutators of the Szegd projection P with
generalized Weierstrass functions W, , . can be computed. The results indicate
a wide range of asymptotic spectral behavior beyond Weyl’s law. See more in
Remark 3.18 and the discussion preceding it.

In higher dimensions, when M is an n-dimensional Riemannian manifold,
refining arguments of [32] we obtain a variant of Connes’ residue trace formula:
for suitable G € L">®°(L*(M))

. (G) = lim 2 / / pe(x, £) dx d
N—w log(N) T*M,|E| <N/
N
= lim ke (x, ¥)¢" px (x, y) dx dy.

N—o IOg(N) Diag,

For details and notation, see Theorem 2.23. When ks admits a polyhomogeneous
expansion in x — y, the limit exists, and therefore G is measurable; for a product of
commutators [P, a] this can be verified from properties of the function a. Using
deep results of Rochberg and Semmes [42], the residue trace formula generalizes,
in Theorem 2.29, the usual expression for commutators with C* functions to
Lipschitz functions.

In the remaining sections, our results are extended to noncommutative tori
and (sub-Riemannian) contact manifolds. The analogue of Theorem 1.4 for
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noncommutative tori is proven in Theorem 4.12. For sub-Riemannian manifolds,
the analogue of Theorem 1.4 was proven in [25, Section 4] for Lipschitz functions
in the Carnot—Carathéodory metric. We note that, as a consequence, most of
the computational tools are available even if they prove difficult to wield to the
perfection that produces explicit formulas. Adapting the results of Rochberg—
Semmes to the sub-Riemannian setting, we also extend geometric formulas of
Englis and Zhang [20] from C* to Lipschitz functions.

1.3. Spectral asymptotics of nonsmooth operators. Spectral properties of
commutators have also been studied from different perspectives, for example, in
the areas of harmonic analysis and partial differential equations. When M = S!,
the spectral properties of Hankel operators Pa(l — P) = P[P, a] have been
extensively explored. The book [35] by Peller contains detailed information about
Schatten and weak Schatten properties. More generally, £74-properties were
studied in [35, Ch. 6.4]. As an example of current work, we refer to [40].

In dimension greater than one, we mention the recent interest in the spectral
behavior of nonsmooth pseudodifferential and Green operators, for example, [27],
from the view of partial differential equations. They extend classical formulas
from the smooth setting to a finite number of derivatives, building on a long
history around the spectral asymptotics of integral operators, combining works
by Birman and Solomyak [5, 6] with precise pseudodifferential techniques.

Unlike in these works, we are interested in the new phenomena under minimal
regularity assumptions below Lipschitz, when the spectral behavior is governed
by singularities rather than semiclassical notions like the Poisson bracket.
The computations of Dixmier traces give meaning to ‘averaged’ asymptotic
properties—finer information than a growth bound on eigenvalues. The study of
such growth bounds in [42] exhausts the latter problem in the Riemannian setting.

From a different point of view, harmonic analysts have long studied the
boundedness of nonsmooth commutators, rather than their spectral behavior,
going back to Calderon [9] and Coifman and Meyer [13]. See [48, Ch. 3.6] for a
recent overview of results. As noted in [25], the stronger, sharp Theorem 1.4, part
(a) is needed for the investigation of Dixmier traces. Moreover, the approach using
operator norm bounds to study spectral behavior in [25] automatically gives rise
to spectral properties similar to Theorem 1.4, part (b), though not to computations
of Dixmier traces.

Contents of the paper. This paper is organized as follows. In Section 2, we
introduce Dixmier traces and the ingredients to compute them for commutators,
especially on Riemannian manifolds. The Sobolev mapping properties of

https://doi.org/10.1017/fms.2016.33 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2016.33

H. Gimperlein and M. Goffeng 8

commutators and weak Schatten estimates in Theorem 1.4 are established.
They lead to a V-ordered Lidskii formula for these operators in Theorem 2.18
and Proposition 2.26. Also the residue trace formula is derived. For M = § L
Section 3.1 uses these tools to prove the Fourier and geometric integral formulas
of Theorem 1.6, while Section 3.2 analyzes the Dixmier traces of commutators
with Weierstrass functions in detail, including explicit formulas, exotic geometric
cocycles and the characterization of measurable operators from Corollary 1.7.
Section 4 extends the computational tools to higher dimensional tori and
0-deformations. The final Section 5 generalizes the analysis to sub-Riemannian
H-manifolds, with contact manifolds as a key example. The main results are a
Connes-type formula on the Hardy space in Theorem 5.4 and the extension of
Dixmier trace formulas from smooth to Lipschitz functions in Theorem 5.17.

2. Dixmier traces of nonsmooth operators on Riemannian manifolds

In this section we address commutators of operators appearing on the
Riemannian manifolds. The aim is to study the spectral theory of nonsmooth
pseudodifferential operators by means of computing Dixmier traces: we focus
on products of commutators as motivated, in particular, by Theorem 1.6 and
Remark 1.5 on page 5.

In this special case, several results can be obtained by combining and refining
theorems from the literature; in Section 2.1, we combine results of Taylor [48—50].
The technical framework for computing Dixmier traces is presented in
Section 2.2; it is an adapted variant of the results by Lord et al. [32] and
the preceding work by Kalton ef al. [31].

2.1. Sobolev mapping properties. A crucial technical tool are, as in the later
sections of the paper, sharp mapping properties in the Sobolev scale W*(M),
s € R, of a closed Riemannian manifold M.

THEOREM 2.1. Let @ € (0,1) and s € (—a, 0). If M is a Riemannian manifold
and Q € WO(M), there is a constant C = C(Q, «, s) > 0 such that whenever
a € C*(M) then
[0,a]: W (M) =Wt (M) is continuous with
IO, alllwsmy—wsreny < Cllallcem-
From related results in the literature and their proofs, for example, [2, 33],

one gains less than « derivatives. We prove the theorem using Littlewood—Paley
theory. For details regarding Littlewood and Paley theory, see [49]. Let us recall

https://doi.org/10.1017/fms.2016.33 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2016.33

Nonclassical spectral asymptotics and Dixmier traces 9

the basic idea. Locally, the n-dimensional manifold M is modeled on R". Choose
a positive function ¢ € C*(R") with supp(p) contained in the ball B(0, 2) of
radius 2 and centered at 0, such that ¢ = 1 on B(0, 1). We define the functions

pij(x) = 77x), jeN.

We also define ¢y := ¢ = ¢ and ¢; := ¢; — ¢;_; for j > 1. Since ¢; — 1
uniformly on compacts, (¢;) ey is a locally finite partition of unity for R". We
call such a partition of unity a Littlewood—Paley partition of unity. We consider
the smoothing operators

®; = ¢;(D) := Op(¢;).

For a Schwartz function f € S(R™), these operators are defined from the Fourier
transform f by

@ f(x) = / ¢, () f(E)e™ dE = fx;(x),
]Rn

where g(x) := g(—&); they may be considered as functions of the differential
operator D = (—i(d/9xy), ..., —i(d/0x,)).

We call (®@;);en a Littlewood—Paley decomposition associated to (¢;) jen.
Littlewood—Paley theory characterizes the scale of Besov spaces completely, see
for instance [1], and therefore provides a natural tool to study Holder and Sobolev
spaces.

Proof of Theorem 2.1. The statement of the theorem is of a local nature. Indeed,
we can, after an argument involving a partition of unity, assume that we
are dealing with Q and a compactly supported in a neighborhood U € M
diffeomorphic to an open subset of R". Since Sobolev spaces on closed manifolds
are independent of choice of Laplacian, we can even assume that Q and a are
compactly supported in R". We let (¢;);-,, denote a Littlewood—Paley partition
of unity of R” for the remainder of the proof. Associated with this Littlewood—
Paley decomposition there are operators Ty := Y -, fivx(D), where f; =
S v (DY(f).and Ry = 3 o ¥ (D)(f) V(D) for a function f. Tt follows
from [49, Proposition 7.3, Ch. I] that [Q, T,] : W*(M) — W*t*(M) is continuous
for a € C*(M), and norm continuously depending on a, for any s € R. The
operator

o(a) : W*(M) — Wt (M), o(a)u:=Ru+ T,a
is continuous for s € (—«, 0) by [48, Proposition 3.2.A]. In summary, because Q
acts continuously on all Sobolev spaces, we have that the operator

[0,a]l =[Q, T.] + Qo(a) — o(@)Q : W' (M) — W' (M)

is continuous for s € (—a, 0). O
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COROLLARY 2.2. For an n-dimensional Riemannian manifold M, Q € ¥°(M)
and a € C*“(M) we can estimate

ILQ, alll crracer2myy < Cllalicomy-
Proof. Take a Laplacian A on M. We can write
[0, al = (14 4) *2(1 4 A)*2[Q, al(1 4+ 4) (1 4 4).

The operator (1 + A)“*9/2[Q, a](1 + A)~*/* has a bounded extension to L*(M)
by Theorem 2.1. Therefore, the Weyl law implies that

I[Q, alll creoo2myy < CII(L + )10, al(l + A)7S/2”B(L2(M))‘
X 11+ A) 72 pusrore 2y 11+ A7 [ st 12y
< Cllallcem- 0

REMARK 2.3. Estimates of the type in Corollary 2.2 were studied for Heisenberg
operators on contact manifolds in [25]. In practice, the estimates in Corollary 2.2
are used to estimate singular values:

([0, al) < C||a||ca(M)k_(a/"),

where n = dim(M).

REMARK 2.4. In the limit cases s = —« or s = 0, the statement of Theorem 2.1
does not hold. It is however known to hold also in the limit cases for Lipschitz
functions, that is, for any Q € W%(M), there is a C(Q) > 0 such that
IQ, alllwsmy—»wsriany < C(Q)llallLipen) for any s € [—1, 0]. This is the content
of [48, Proposition 3.6.B].

REMARK 2.5. The proof of Theorem 2.1 is a to a large extent inspired by the
content of the unpublished manuscript [50].

2.2. Dixmier traces of products. In this subsection, we will study how some
Sobolev regularity gives a formula for Dixmier traces that we call the ordered
Lidskii formula. This formula was first obtained in [31] and studied further in the
book [32]. Combining the ordered Lidskii formula with Theorem 2.1 will provide
us with explicit formulas for the Dixmier traces of products of commutators.
First we recall some well-known notions that can be found in for instance [32].
The weak Schatten class £7-°°(H) was defined in Definition 1.2 (see page 4).
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The following result follows from [46, Ch. 1.7 and Theorem 2.5].

PROPOSITION 2.6. The function T +> sup,.yk'/?ui(T) defines a quasinorm
making LP°°(H) into complete metric space. For p > 1, there is an equivalent
norm making L7-°°(H) into a Banach space.

DEFINITION 2.7. A functional ¢ on £*°(N) is called singular if it factors through
£°(N)/co(N), thatis, ¢ € £>°(N)* and ¢|., v = 0. An extended limit is a singular
state w on £*°(N).

REMARK 2.8. If w is an extended limit, thatis, > 0, w|,,vy = 0, and w(1) =1,
then w(c) = lim,_, o, ¢, whenever c is a convergent sequence. This fact motivates
the terminology ‘extended limit’ as any singular state is an extension of the limit
functional defined on the closed subspace of convergent sequences. The space of
singular functionals (¢*°(N)/co(N))* is a Banach space and existence of extended
limits follows from the Hahn-Banach theorem (the nonseparable case). For a
sequence ¢ = (¢,)en € £*°(N) we use the suggestive notation:
lim ¢, := w(c).

n—w

DEFINITION 2.9. The Dixmier trace tr, : £"*(H) — C associated with a
singular state w is constructed as the linear extension of

N
tr,(G) = lim 20D

, defined for G > 0. 2.1
N=w  log(N)

REMARK 2.10. The reader should beware of the following technical pitfall:
the expression (2.1) is defined for G in the Lorentz ideal M, = {G :
Z/I(V:o wi(G) = O(log(N))}. However, for the expression (2.1) to be linear
on M, ., it is necessary that w is dilation Invariant; for details regarding this
distinction, see [32, Lemma 9.7.4].

REMARK 2.11. A proper subset of the Dixmier traces is given by the Connes—
Dixmier traces (cf. [15, 36, 45]). A Connes—Dixmier trace is defined from an
extended limit of the form w = M*¢, where ¢ is a singular state and

oo o Y, (/A + D)xy
M LP°(N) - £L2°(N), (Mx); = log(k +2) .

For computational purposes, one introduces the notion of V-modulated
operators. This notion was used in [31] for the computation of Dixmier traces;
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it can also be found in [32, Definition 11.2.1]. We will make use of a minor
generalization that we call ‘weakly V-modulated operators’. We say that a
bounded operator V € B(H) is strictly positive if V is positive and VH C H is
dense.

DEFINITION 2.12. Assume that V is a positive operator on a Hilbert space H and
let G € B(H) be a bounded operator.

o We say that G € B(H) is V-modulated if sup,_o t'/?|G(1 +1 V)7 || r23) < 00,
where £2(H) denotes the Hilbert—-Schmidt ideal of operators.

e Assume also that V is strictly positive and belongs to £7*°(H) for some
p € [1,00). If the densely defined operator GV~! extends to a bounded
operator in £7/(?P=1->(H{), we say that G is weakly V-modulated.

The condition to be a V-modulated operator is as the name suggests stronger
than that of being a weakly V-modulated operator. This fact follows from the
following result. We refer its proof to [32].

PROPOSITION 2.13 [32, Lemma 11.2.9]. IfV e LP*(H), for p > 2, is strictly
positive and G is VP-modulated then GV~ € LP/P=D-2(H). In particular, under
said assumptions, G is weakly V -modulated if it is V?-modulated.

DEFINITION 2.14. Let V € L£'*(H) be strictly positive and let (¢;);cny denote
the ON-basis associated with V ordered according to decreasing size of the
eigenvalues. For Q € B(H) we define the sequence Res(Q) = (Res(Q)n)nen
by
N
Res(Q)y = —lelz()(Gel’ ) .
og(N +2)

The residue sequence Res(G) can be used to compute Dixmier traces assuming
G is modulated. The proof of the following theorem is found in [32].

THEOREM 2.15 [32, Corollary 11.2.4]. If V € LY*°(H) and G is V-modulated
then Res(G) € €*°(N) and the Dixmier trace can be computed by means of the
V -ordered Lidskii formula

N
tr,(G) = 0(Res(G)) = lim 2==0{F€1-€1)

. 2.2)
N-o log(N + 2)

REMARK 2.16. The terminology ‘V-ordered Lidskii formula’ comes from the
fact that for a positive trace class operator G, the Lidskii theorem relates the
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expectation values Z;’io(Ge,, e;) with the spectral expression Zfio ui(G).
It should not be confused with the Lidskii formula for Dixmier traces
[44, Theorem 1].

We will need to use the full power in the proofs of the results in [32, Ch. 11]
to obtain an ordered Lidskii formula as in (2.2) for the larger class of operators
that we are interested in—the weakly modulated operators. We use the full
strength in [32, Lemma 11.2.10]. For the convenience of the reader, we recall
this result here. Following the notation of [32], for a compact operator G, we let
(M (G))iken € C denote an enumeration of the nonzero eigenvalues of G ordered
so that (|Ax(G)|)ren 18 a decreasing sequence.

LEMMA 2.17 [32, Lemma 11.2.10]. Let V € LP*(H) be a strictly positive
operator for some p € [1, 00) with associated O N-basis (e;)en. If G is weakly
V -modulated, then

Zkk(ReG) = ZRe(Gel, e)+0() asn— oo.

k=0 =0

We refer the proof of Lemma 2.17 to [32]. From it, we deduce the following
theorem.

THEOREM 2.18 (The V-ordered Lidskii formula). Let V € LP*®(H) be strictly
positive for some p € [1,00). If G € LY*(H) is weakly V-modulated (see
Definition 2.12), then the V -ordered Lidskii formula (2.2) holds.

Proof. For any self-adjoint G € £"*(H), the following Lidskii type formula for
Dixmier traces follows from the definition of Dixmier traces:

N
M(G
6, (G) = lim 2= *+(G) 2.3)
N—o  log(N)
Using that G = Re(G) — iRe(i G), the theorem follows once noting that
tr,(G) = tr,(Re(G)) — itr,(Re(iG))
i ¥ M(ReG) — in(Rei G)
= lim
N—ow ]og(N)
N . . N
~ lim Y _oRe(Ge, e;) —iRe(iGey, ¢) — lim Y o(Gey,ep)
N—w IOg(N) N-w log(N)
We used Lemma 2.17 in the second equality. O
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REMARK 2.19. The Lidskii type formula for Dixmier traces (2.3) was proven
in [32, Theorem 7.3.1] (cf. [44, Theorem 1]) for any operator in the larger Lorentz
ideal.

We now reformulate Theorem 2.18 in a context fitting better with products
on a closed Riemannian manifold M. We will formulate the result in a slightly
more general setting. We need some terminology first. Let D be an unbounded
self-adjoint operator on H with resolvent in L£7*°(H) for some p. Define
W}, :== Dom(|DJ*) for s > 0. For s < 0 we define W}, by duality.

DEFINITION 2.20. Lete € (0, p) and s € (—&, 0). We say that G € L*°(H) is
(&, s)-factorizable with respect to D if we can write G = G'G” where

(1) G” extends to a continuous operator W3 — Wp™;

(2) G' e Lr/tr=o)22 ().

LEMMA 221. If G € L"®(H) is (s, s)-factorizable with respect to D, G is
weakly V -modulated for V := |i + D|’.

The structure of the proof is similar to that of [25, Lemma 5.11].

Proof. Since G’ € LP/(P=9:2(H), it follows that G'|i + D|~¢+®) e LP/(PF9:20(H),
It follows from this observation that

GD™ =G'li + D|""* |i + DI""*G"|i + D|™* € LV <(H).

eB(H)

Since V e LP/1s1°(H), it follows that G is weakly modulated. O

The next theorem contains a Connes-type residue formula in the context of
weakly Laplacian modulated operators. Its proof is heavily based on the methods
of [32, Ch. 11.6]. We also re-express the Dixmier trace by means of the operator’s
L?-kernel. First we need some notations and terminology.

DEFINITION 2.22. An operator G € B(L?*(M)) is said to be localizable if
xGyx' € L'(L*(M)) whenever yx, x' € C®(M) have disjoint support.

We use the notation kg € L*(M x M) for the L>-kernel associated with a
Hilbert—Schmidt operator G € £*(L?*(M)). For an ¢ > 0, we let

Diag, :={(x,y) e M x M : d(x, y) < ¢},
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where d denotes the geodesic distance. We choose a cutoff function y €
C2°(Diag,), which is 1 near the diagonal Diag € M x M, and a diffeomorphism
¢ : Diag, — TM. It exists for small enough &, since TM is isomorphic to
the normal bundle of the inclusion M = Diag € M x M. The L*-symbol
pc € C*(T*M) of G is defined as the Fourier transform of ¢*(x -k¢g) € Lg(TM),
that is

po.&) = | (ko) (@ (x, v)e W dv.

M

We define the smooth density p € C*(T M, 7*S2) by
p(x,v) = / €W de. (2.4)
511

We also set py (x, v) 1= p(x, N/"0)x (¢~ (x, v)).

THEOREM 2.23 (Connes’ residue trace formula). Let M be a Riemannian n-
dimensional manifold and A a Laplace type operator on M. If G € LV (L*(M))
is localizable, weakly modulated with respect to a negative power of 1 + A and
satisfies the condition that

SUP/ f |pg(x, &) dx d§ < oo, (2.5)
keN J M JTFM 2k <|g|<2k+!
then
tr,(G) = li (2n)‘"// (x,§)dx d§ (2.6)
T, = lim pe(x, X .
N—>wl()g(N) M JTEM g <NV G
=1 ko (x, * ,y)dxdy. 2.7
lim o2 (V) Jone c(x, y)¢*pn(x,y)dxdy 2.7

REMARK 2.24. It follows from the proof of [32, Proposition 11.3.18] that
condition (2.5) is automatically satisfied if G is (1 + A)~/?-modulated.
Moreover, the conclusion (2.6) for (1 + A)~"/>-modulated is stated and proved as
[32, Theorem 11.6.14]. We emphasize that the operators of interest in this paper
(as in Remark 1.5 on page 4) are generally not Laplacian modulated but we have
not been able to prove that they satisfy the condition (2.5).

Proof of Theorem 2.23. The proof of Formula (2.6) under the assumptions

of Theorem 2.23 is proven in [32, Ch. 11.6] once replacing the usage of
[32, Proposition 11.3.18] by the assumption (2.5). Note that the smooth density
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p from equation (2.4) satisfies that Npo(N'/"z) = f\$|<N‘/" €'“* d&. Hence, after

going to local coordinates, Plancherel’s theorem implies that

1
tr,(G) = lim ,E)dx d
(G) N—>w10g(N)/M./T;M,|5<N1/npa(x &)dxdg

ke (x, Y)x (x, Wp(N'"¢(x, y)) dx dy

lim
N—oo 1Og(N) Diag,

li k , , dxdy. O
lim 02V Jong c(x, Y)on(@(x,y))dxdy

DEFINITION 2.25. We say that an operator 7 € B(L?(M)) is finitely localizable
if for any x, x’ € C®(M) with disjoint support, xTx' - L'*°(L*(M)) C
LY(L*(M)).

For instance, any operator in the algebra generated by C(M) and ¥°(M) is
finitely localizable.

PROPOSITION 2.26. Assume that

(D) B, B2, ..., Br € (0, 1] are numbers such that

BitpB+-+h=mn

Q) Ty, ..., T € ¥'(M);
B) f; € CHM), for j =1,2,... k;
4) Ty € B(L*(M)).

Then the operator G = T[Ty, fil-- [T, fi] € LV°LA2(M)) is (e, s)-
factorizable, for e = B and s € (— By, 0). Furthermore, ifn > 1 or 1, B2, . .., Bk
€ (0, 1), then G is localizable if T, is finitely localizable.

Proof. Tt is clear that G satisfies the conditions of Lemma (e, s)-modulated
factorizable after applying Theorem 2.1 to G’ := T[Ty, fillTs, fo]---
[Ti_1, fiorl and G” = [T, fi]. To prove that G is localizable under the
assumptions above, we note that for x € C*(M), the Leibniz rule implies
that G := [T}, fil--- [T, fil € LY®°(L2(M)) satisfies

k
[G.x1= D ITi. fil- [Ty x). il [T fil.
j=1
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Since T; € ¥O(M), [T}, x] € ¥~'(M) and Russo’s theorem [43] implies that
([T}, xI, f;] € LP(L*(M)) for any j and p > max(n, 2). If B; < 1,then B;/n <
1/n so Zk#j Be/n + 1/n > 1. It follows that the property [T}, x] € ¥~ (M) <
L"°(L*(M)), independently of n, implies that

[Ty, fil---UT;, x1, f;1-- - [T, fil € LB | palproo | pnoo | pn/fco
C LYL*(M)).

Hence forn > 1 or By, B2,..., B € (0, 1), G commutes with C*®(M) up to
L'(L*(M)). Under these assumptions, we conclude that G is localizable if T, is
finitely localizable. O

REMARK 2.27. It is a straightforward consequence of Theorem 2.1 that in
the setup of Proposition 2.26, any Dixmier trace of T[T, fi]--- [T, fi] only
depends on:

(1) the classes of f; in the Banach space CPi(M)/U,-oCFite (M), for
j=12,...k;

(2) the principal symbols o((T}), 0o(T2), . .., 00(T}) € C*(S*M);
(3) the class of Ty in B(H)/ U,-o L7 (L*(M)).

REMARK 2.28. Despite having Theorem 2.23 at hand for the operators appearing
in Proposition 2.26, we do not know of any explicit asymptotics of the right
hand side of (2.6) in terms of the given geometric data unless we assume that
fis.oos fu € CY(M). For C'-functions, k = n produces the only nontrivial
Dixmier traces. By continuity, Proposition 2.26 shows that for n > 1, Dixmier
traces for C'-functions fi, ..., fi can be computed by a formula resembling the
Wodzicki residue.

We can say more about Dixmier traces in the particular case of an operator
G = TlT,ai]--[T,,a,], where T; are pseudodifferential operators and
a; € Lip(M) on an n-dimensional manifold M.

THEOREM 2.29. Let w be an extended limit and M an n-dimensional closed
Riemannian manifold. Assume that Ty, Ty,...,T, € W°(M) are classical
pseudodifferential operators. Consider the two n-linear mappings

CEM)®*" 5a,® - ®a, — nn)"tt,(L[Ti, ail- - - [T, a,]), (2.8)
C*M)®*" 34, ® - Qa, — / o(T){o (1)), a1} -{o(T,),a,}, (2.9)
S*M
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where {-, -} denotes the Poisson bracket. The two n-linear functionals in (2.8)
and (2.9) coincide and are both continuous in the W'"-topology. Moreover, for

ay,...,a, € WH(M)

tr,(Tol Ty, a1]- - - [Ty, an]) =

n@ry" /S*M"(TO){“(TO’ @) {o(T), a,).

In particular, Ty[T,, a\] - - - [T,, a,] is measurable for ay, . .., a, € Lip(M).

Proof. Tt is immediate from the construction that the functional in (2.9) is
continuous in the W!"-topology. The functional in (2.8) is continuous in the
W' topology because of the following reasons. For Q € (M), a — [Q, a]
€ L"®(L*(M)) is continuous in the Osc™*-topology (see [42, Corollary 2.8])
and Osc”™ = W!" by [18, Appendix]. Since C*(M) is dense in W' (M),
we can extend both functionals (2.8) and (2.9) to W!'"(M) by continuity. The
two functionals (2.8) and (2.9) coincide on C*°(M) using Connes residue trace
formula (see Theorem 2.23). I

REMARK 2.30. What Theorem 2.29 shows is that classicality at the level of
Dixmier traces still holds for Ty[Ty, a] - - - [T, a,] withay, ..., a, € Lip(M). We
shall see below in Section 3.2 that this need not hold in C# for 8 < 1.

3. Hankel operators and commutators on S’

In this section, we restrict our attention to M = S! and T = P—the Szegd
projection. To simplify notation we normalize the volume of S' to 1. Recall that
the Szegd projection P € WO(S') is the orthogonal projection onto the Hardy
space—the closed subspace H?(S') C L2?(S') consisting of functions with a
holomorphic extension to the interior of ' € C. In terms of the Fourier basis
e(z) := 7', 1 € Z, the Szegd projection P is determined by Pe; = ¢; for [ € N
and Pe; =0forl € Z\ N.

3.1. Computations for C'2,  We will in this subsection compute Dixmier
traces for operators of the form

G = P[P, a][P,b] fora,be CY*S").

PROPOSITION 3.1. Any a € C(S") satisfies
[P,a]= Pa(l—P)— (1 —P)aP=Pa,(1-—P)—(1—P)a_P,

where a, = P(a) anda_ =a —a, = (1 — P)(a).
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The proof of Proposition 3.1 is based on simple algebra and is left to the reader.
We will refer to both Pa(1 — P) and (1 — P)a P as Hankel operators with symbol
a. Hankel operators have been extensively studied in the literature. We mention
the standard reference [35] as a source for further details.

LEMMA 3.2. Let a,b € C(S") have Fourier expansions a = Y ,_, are; and
b=Y",., brey (in L*-sense). It holds that

- b, 1=0

(P[P, al[P, ble,, &) 251 = 21 kb and 3.1
0, 1<0
— Zk lakb_k, [ 2 0

P,al[P, ble, = g 32

<[ a][ ]61 el)LZ(S) {_Zkgl Clkbfk, [ <O. ( )

Proof. We only prove the identity (3.1). The identity (3.2) is computed in a similar
manner. It follows from Proposition 3.1 that

P[P,a][P,b] = —Pa.(1 — P)b_P.

Hence (P[P, a]lP, ble;, ;) 251y = 0 for I < 0. We also note that a;. = (a)_ +ao,
where the bar denotes complex conjugation. For simplicity we assume ay = 0
which does not alter the operator P[P, a][ P, b] nor the right hand side of equation
(3.1). Forl > 0,

(P[P, allP,ble, e)2sy = —{((1 — P)b_e;, (@)_e;) 1251y
= - <(1 - P) bekelflw Za_kelk>
k=1 k=1 L2(Sl)
= — Zakb,k. O

k>1

Due to the structures appearing in Lemma 3.2 we often restrict our attention
to computing Dixmier traces of the product of Hankel operators P[P, a][P, b] =
—Pa(1—P)bP = —Pa,(1— P)b_P. The next Proposition shows that it suffices
for describing the general picture.

PROPOSITION 3.3. Foral,...,a%* e CV*(SY,

tr,([P,a']---[P,a*]) =(—Dtr,(Pa,(1 — P)--- (1 — P)a*P)
+ (=D*tr,((1 = P)a' Pa>(1 — P)--- Pa’*(1 — P)),
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so in particular, for a, b € C'*(SY),

tr, (P[P, a][P, b]) = tr,((1 — P)[P, b][P,a]), and
tr, ([P, al*) = 2tr, (P[P, al*) = —2tr,(Pa,(1 — P)a_P).

Foral, e a2k+l c Cl/(2k+1)(51),

tr, ((P,a'l---[P,a*™]) =, (P[P,a']---[P,a*"]) =0.

Proof. The first statement follows from the tracial property of tr,, and that for any
a', ...,a* eC(ShH
[P,a'l---[P,a*] = (=1D)*Pa'(1 — P)a’P ---(1 — P)a*P
+ (=D = P)a' Pa*(1 — P)--- Pa*(1 — P)
= (—=D'Pal(1—P)a’P---(1 — P)a*P
+ (=D*(1 = P)a' Pa>(1 — P)--- Pa’*(1 — P).
The second statement follows from the tracial property of tr, and that for any
a',...,a®" e C(SH
[P,a'l---[P,a*] = (=D'Pa'd — P)a*P--- (1 — P)a* Pa**'(1 — P)
—(=D*(1 = P)a' Pa*(1 — P)--- Pa**(1 — P)a™*'P
= (—D)*Pa,(1 — P)a’P--- (1 — P)a* Pa>**'(1 — P)
—(-D*(1 = P)ya' Pa>(1 — P)--- Pa*(1 — P)a®*'P.

O

REMARK 3.4. The identities of Proposition 3.3 are standard when studying
Connes—Chern characters from finitely summable K-homology to cyclic
cohomology; see more in [15, Ch. III].

THEOREM 3.5. Fora, b € C'/?(S") the following computations hold:

N

tr,(Pa(l = P)bP) = lim logiN) Zk.akb,k (3.3)
k=0
N
tro ([P, allP. b)) = — lim ;= > Ikl agb_y. (3.4)
k=—N

To prove this theorem, we make use of the Littlewood—Paley description of the
Hoélder continuous functions. We follow the approach to Besov-type spaces on
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S! in [35]. We introduce a natural number ¥ > 1 in the definition to simplify
some computations below in Section 3.2. Consider the discrete Littlewood—Paley
decomposition (w, ).z defined as follows. We set wy, (z) = z~' 4+ 1 + z. For
n > 0, the Fourier coefficients (W, , (k))iez of w, , are defined by w, , (y") = 1,
Wy, (k) = 0 for k notin (y"!, ") and defined as the piecewise linear extension
of these properties. Forn < 0, we set w, , :== w_, ,,. The norm || - || ce(s1) is given
by

\nlal

Il f llcexsty := supy W,y * fllzoo(sty-
nez

By standard arguments, the norm || - ||c«x(s1) is equivalent to the usual norm on
C%(S") for a € (0, 1) (cf. [1, Theorem 6.1]).

Proof of Theorem 3.5. By Proposition 3.3, the identity (3.4) follows from the
identity (3.3). It follows from Theorem 2.18 and Proposition 2.26, using the
computation of Lemma 3.2, that

N mm(k I.N)
b- b
tr,(Pa(l — P)b) = lim Dm0 2okt Wbk _ Zk 1 aib_y
N>w log(N) N—m) 10g(N)
= lim Z’]‘V:I kagb— + (N +1) 355 v yy @b
Nz log(N) ‘

The theorem follows once proving that Y\, axb_ = O(N~') as N — oo.
Cauchy—Schwarz inequality implies that

o0 2 o0 o0
Z agb_;| < ( Z |ak|2) : ( Z |bk|2> ;
k=N+1 k=N+1

k=N+1
hence we can assume that a = b and b_; = a,. We can also restrict to showing
Yooy lar> =02 ) as j — oo.

Note that ) W, (k) = 1 for any k, so

e <2 by 2 (k)ar .

We conclude from this estimate and Parseval’s identity that

00 nt+l_1

Mlal <2y > |wn2<k)ak|2—Zannz*anml)

k=2J n=j k=2""141
2 - 2
< 22 w2 * all}o s, < 222 "NalZize s
n=j n=j
202 —j
=27/ ||a||(j1/2-*(sl) =02 J)- O
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REMARK 3.6. If a, b € H'/?(S"), the operator [P, a][ P, b] is trace class and the
Lidskii formula for operator traces implies that

tr((PaP, PbP]) = tr(2P — D[P, allP.b)) = — Y k-ayb_; = (Da, Tb),

k=—00

where D = id/df is the Dirac operator on S!, (-,-) denotes the bilinear
pairing H~"?(S") x H'?(§') — C and 7(z) = Z. An interesting fact is that if
a=b""e H*(S', S") thentr(2P —1)[P, a][P,a""]) = —deg;12(a) € Z—the
H'/?-mapping degree. Hence, the computations of Theorem 3.5 can be considered
as a Dixmier regularization of the H'!/>-mapping degree. In [7], motivated by
VMO-mapping degrees, it was proven thatif f € VMO(S', S') then Pf € H*(S')
for an s € (0, 1) implies that f € H*(S!). For an interesting overview of similar
problems, see [30]. We note that if @ € C'?(S', C*), an argument using the
periodicity operator in cyclic cohomology shows that

tr, (2P — D[P, a][P,a"']) = 0. (3.5)

One might ask if the vanishing of ‘Dixmier regularized mapping degrees’ (3.5)
has any consequences on questions similar to those in [30] for Holder spaces.

PROPOSITION 3.7. Let w be a singular state on £°(N). We define
co(a, b) :=tr,(2QP — 1)[P,al[P,b]), a,be C"*(Sh.

The functional c,, defines a continuous cyclic 1-cocycle on C'/*(S").

The proof of Proposition 3.7 is a short algebraic manipulation which we
leave to the reader. We will in Proposition 3.15 see that the cohomology class
[c,] € HC'(CY2(SY)) is in general nonvanishing and highly dependent on the
choice of extended limit w. We end this subsection with an integral formula for
the Dixmier trace of the product of two commutators or Hankel operators; it can
be seen as a variation of Theorem 2.23.

PROPOSITION 3.8. Fora,b € C/2(SY),

tr,(P[P,al[P, b]) = — lim lim/ a, (O)b_(Dky(rz, 0)de dz, and
Six st

N—or /1

tr, ([P, al[P, b])

= — lim lim {ap(©)b_(2) + b (D)a_(2)} ky(rz, 0) dt dz,

N—owr/1 Slxs!
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where

1 . 1 — (Z{)N+1
log(N) (1 —-z20)?

kN(Z’ ;) =

Proof. Assume for simplicity that @ = a, and b = b_, we can also assume
a;(0) = 0. For!l > 0, we let P, denote the ON-projection onto the closed linear
span of (e;).-;. We have that

d
f P(@@b@) T = Y ab-i.
N

k>1

The function P;(a) admits a holomorphic extension to |z| < 1 where

1 [+1 5 —1—1 [l -
Pz(a)(z)=l—./ b4 4“{ az(s“)ds“ =iz/ Zf;la({z){dé_
S1 - St -

Hence, for |z] < 1,

N _
. (1= )" Ma(g)de
IZO:Pz(a)(Z)—ZZ/Sl e .

In particular, for |z| = 1, Pi(a)(z) = lim, -, P;(a)(rz). We conclude that

iZakb , = lim (1 — (rz)Na(Q)b(z) d¢ dz
== s s (1 —rzc)? .

The second formula follows from the first using Proposition 3.3. O

REMARK 3.9. In fact, the proof of Proposition 3.8 only depends on Lemma 3.2
and the results of Section 2. The integral formula of Proposition 3.8, together with
a simple Fourier series calculation, implies Theorem 3.5, avoiding any usage of
Littlewood—Paley decompositions.

REMARK 3.10. In [19], Dixmier traces of Hankel operators on the Bergman
space were considered. The spectral behavior of Hankel operators on the Bergman
space differs from that of Hankel operators on the Hardy space. For instance, a
smooth function produces a Hankel operator on the Bergman space that need not
be more than of weak trace class. A Hankel operator with smooth symbol on the
Hardy space has rapid decay in its singular values, so it is of trace class and all its
Dixmier traces vanish.
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REMARK 3.11. Following [29], a numerical invariant D,, : K;ﬂg(Cl/z(Sl)) - C
on the second algebraic K -group of C'/2(S!) can be constructed from the Dixmier
determinant in K-theory, det,, : K"8(L > (H2(SY)), B(H*(S"))) — C, and the
short exact sequence of Banach algebras:

0— LM(H(SH) = Tip(Sh — C2(SY) — 0, (3.6)

where 7;,(S") := PCY2(S")P + L1*(H?*(S")) € B(H?*(S")). This relates to
our computations through the identity

D,{a, b} =tr,[PaP, PbP] = c,(a,b),

where {a,b} € KJ*(C'2(S')) is the Steinberg symbol associated with
a,b € C'?(8") and ¢, is the cyclic 1-cocycle from Proposition 3.7.

3.2. Generalized Weierstrass functions and nonclassicality. Our focus in
this subsection will be on certain generalized Weierstrass functions and the
Dixmier traces of the associated Hankel operators. The main goal is to provide
a large set of examples for which the Dixmier traces display a rich behavior. For
a € (0, 1), y € N, and a bounded sequence ¢ = (¢,),en € £°(N), we define the
generalized Weierstrass function

Waye@ =Dy ™ ea@ +27") =2) y "¢ cos(y"0) forz=e".
=0 n=0

3.7
Since W, , . is defined from an absolutely convergent Fourier series, W, , . is
continuous. The (nongeneralized) Weierstrass function W, , is obtained by

Way = Wy a1

The function W, , was studied, for instance, in [54, Ch. II].

PROPOSITION 3.12. For any p € [1,00], the construction of generalized
Weierstrass functions W, ,, . gives rise to a continuous linear injective mapping

g, : L°(N) = CU(S)NBY (SHNFL (SH, ¢ Woye

Moreover, if c is an invertible element of £>(N), the inclusion W, ,, . € B q(S D,
as well as We,,, . € F), (SY), holds if and only if ¢ = oo for any p € [1, 0o).

The proof that W, . € C*(S") is an adaptation of the proof of [54, Theorem
4.9, Ch. II], where the Weierstrass function W, , was considered. Recall the
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definition of the Besov space B7 (S 1) and the Triebel-Lizorkin space F g (S D)
from [35]. We use the notation of the paragraph succeeding Theorem 3.5. The
norm on the Besov space is defined for p € [1, o], g € [1, oo] by

I flls, st i= ||( 1w, * f||u><sl))nez ”N(Z)‘

The norm on the Triebel-Lizorkin space is defined for p € [1, 00), g € [1, oc] by

I f e, s = H H (V‘nltwn.,y * f('))nez ||eq(z)

LP(Sh) ’

For p = co and g € [1, oo] the norm on the Triebel-Lizorkin space is given by

1/q

Ifll,  sm == sup Z/ Y™ w,, * f(e)]7do ]
BCS!,|B|=2"* |B| .y

where the supremum is over all k and all intervals B in S! of length |B| = 27*.

Proof. Leth > 0 be small and take N = N (h) such that y¥h < 1and y"¥*'h > 1.

With z = €%, it holds that

Wey o (2€™) = Wayo(2) = =2 "y ™"c, sin(y" (0 + h/2)) sin(y"h/2)

1

—2 )" y e, sin(y"(0 + h/2)) sin(y"h/2)

n=N+1
Vs
We estimate
N : _ yN(l—a) |
I 7/101 nh_h n(l—a) _ —:h-OhOH = 0 (h*).
ns Xy Zy = () =00
—(N+l)0t

| < Z y" == = = O(h").

n=N+1

From these estimates, it follows that W, ,, . € C*(§ .
It holds that w,., % W,,.(z) = y~*"lc,z5™7" Hence

” Wa,y,c ”B’pq = ” (lcn |V|n‘(t7“))nez ”N(Z)-
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It follows that for p € [1, 0], Wy, € B}, (S)ift <aandg € [l,00) ort =«
and g = oo. If ¢ is invertible in £*°(N), there is a § > 0 such that |c,| > § for all
n so the converse holds: W, , . € B;yq(Sl) implies that f < o and g € [1, o0) or
t = «a and g = oo. In the same manner, for p € [1, 00),

1/q
Waycllry, = (Z |cn|y“'<’—“) ~ ey N nez ez

" L (Sh

It follows that for p € [1, 00), Wy € F) (S")ift <aandg € [1,00) ort =«
and g = oo. If c is invertible, W, , . € F,t;,q(Sl) implies that t < o and ¢ € [1, 00)
ort =aoand g = oo. For p = oo and g € [1, o]

1/q
”Wa,V,L'”FéQ,q = sup (Z cnyqln(ts)> — ||Cn3/‘n|(r4)||eq(2),
k

Jj>k

which is finite if # < o and ¢ € [1, 00) or t = « and ¢ = 00, and for ¢ invertible
the converse holds. O

Let us turn to a computation of the Dixmier trace of the product of two Hankel
operators whose symbol is a generalized Weierstrass function. We use the notation
C : £*(N) — £*°(N) for the Cesaro mean defined on x = (x,,),cn by

N

1
C(X)N = N——H an.

n=0
The following proposition follows directly from Theorem 3.5. For y € N, we
define w, (¢) := lim,~_,,, cy. Itis clear from the construction that w — w, defines
an injective mapping on (£*°(N)/co(N))*.
PROPOSITION 3.13. Fory € N, and c,d € £*(N) it holds that

N

. (P[P, W I[P, W D w, 0C(c-d) i 1 Z c,d,
r, ’ Jre, =——"— " =— lim .
1/2.y. 1/2,y.d log(y) N=w, N + 1 = log(y)
In particular,
C(c?)
t, (P[P, Wiy o]?) = tr, (1 — P)[P, Wy, ) = — 2220
to(PLP, Wipsc 1) = 0, (1 = P)LP, Wipp,, 1) log(y)

REMARK 3.14. We note that Proposition 3.13 implies that Dixmier traces of
products of two Hankel operators with symbol being a generalized Weierstrass
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function can be as wild as the extended limit w applied to the image of the
Cesaro mean im(C : £*(N) — ¢*°(N)). Similarly, Connes—Dixmier traces
(cf. discussion in the beginning of Section 2.2) can be as wild as any singular
state on im(M o C : £*°(N) — £°°(N)). This observation follows from the fact
that the product £*°(N) x £*(N) 3 (¢, d) > ¢ - d € £*°(N) is surjective.

For a Banach algebra A we let HC*(A) and HC,(A) denote its cyclic
cohomology and cyclic homology, respectively. For details on cyclic theories,
see [15, Ch. III].

PROPOSITION 3.15. For any nonzero w € (L*(N)/co(N))*, the class [c,] €
HC'(CY?(SY)) (see Proposition 3.7) is nonvanishing. Moreover,

{lco] : @ € (E*(N)/ey(N))*} € HC'(C2(SY)), (3.8)
is an infinite-dimensional subspace.

Proof. Take c,d € €*°(N) and define the cyclic homology class x., :=
W, @W,]e HC,(C"*(S")). Proposition 3.13 shows that

w, oC(c-d)

3.9
log(y) 9

[Ca)]-xc,d = -

Hence, if ® # 0, then w, # 0 and [c,] - x. 4 7# O for instance when ¢ = d = 1.
Injectivity of w — w, and equation (3.9) shows that if {w;};=; . is a collection of
singular functionals on £*°(N) such that {w;, o C},—,__,, are linearly independent,
then the set {[c,,1}i=1....» Will also be linearly independent in HC'(C*(S')).
Therefore, the space in (3.8) is infinite-dimensional. ]

It is of interest to consider the class of bounded sequences that do not produce
a measurable operator. Recall that G € L£''*°(H) is called measurable if tr,(G) is
independent of w. For y € N_, k € N_, we set

bms, , := {c € L°(N) : [P, Wyjopp o[ € L1°(L*(S")) is measurable]}.

Here hms stands for hankel measurable. Proposition 3.3 implies that [P,
Wi ak.y.c]** is measurable if and only if P[P, Wy 5., ]* is measurable. We only
consider even powers 2k because Proposition 3.3 implies that [P, Wl/<2k+1),y,c]2k+1
is measurable for any y and c. The following corollary describing hms, , follows
from Proposition 3.13.
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COROLLARY 3.16. The set hms, ,, does not depend on y and equals

hms, , = {C = (¢)neny € LP(N) : Ad € C such that

N
Zcﬁ:d-N—l—o(N) as N — oo}.
n=0

In particular, the inclusion hmﬁw C £°°(N) is strict.

REMARK 3.17. Corollary 3.16 implies that although Pa(l — P)aP is a
nonsmooth pseudodifferential operator, there need not be any classicality in
its spectrum.

In the case that " ¢ = d-N+o(N) for some d € C, tr,,(P[P, W12, J*) =
n=0“n /2.v,

—d/log(y) by Proposition 3.13. To be a bit more specific about Corollary 3.16,
the following sequences are examples making P[P, W, /2,},,(.]2 nonmeasurable:

(Viteoslogtm)) — and (ot (),

ne

where xX\uyouiy.,2+1) denotes the characteristic function of N\ Ugen[y %, y* 1),
The first example above is similar to that in [32, Corollary 11.5.3].

REMARK 3.18. There are sequences ¢ that produce Hankel operators Hy,, .
for which the Connes-Dixmier traces of |Hy,, .|* depend on the choice
of extended limit w = M*¢ (cf. Remark 2.11). By [15, Proposition 6,
Ch. TIV.2.8], this assertion is equivalent to the failure of convergence of
M, (%) = 1/1og(%) [ 011 (|Hw, .. ") (dt/1) as & — 0o, where

1 N Llog, (N)]
o (1, ) = (o 2o melB s, ) = (o D el +o(1).
k=1 k=1

We are using the ideas appearing in the proof of Theorem 3.5 in the last step.
In particular, if the sequence c satisfies that M,(1) converges, then C?(|c|*)x =
M (y®) + o(1) converges as R — oc.

There are many sequences ¢ such that C?(|c|*) does not converge. We now
show that ¢, := /14 cos(log(k)) is one such sequence. We define C.y, :
LYR>;) — L*Ry;) by Ceoncf(x) = 1/x flx f()dt. Let L°(Rs;) denote
the C.on-invariant closed subspace of functions converging to O at infinity. Take
f(x) := 2cos(log(x)) — 1 and fy(x) := 2cos(log(|x])) — 1. Since fy(x) =
2|cy|* — 2, we have that C%_ fo(x) = 2C*(|c|*) ) — 2 + o(1). The facts that

con
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f e LP(R3) and fo(x) = f(lx]) imply that f — fy € LF(R,). Therefore,
C*(|c|*) does not converge at infinity if CZ_ f does not converge at infinity.
Differentiation shows that if g is a function satisfying C.,,g(x) = sin(log(x)),
then g(x) = sin(log(x)) + cos(log(x)). In the same way, we have that C.o, f =
sin(log(x))+cos(log(x))—1 and Cgomf(x) = sin(log(x))—1+x~'. In conclusion,

C2 . f does not converge at infinity because sin(log(x)) does not.
A constructive consequence of Proposition 3.13 is as follows.

COROLLARY 3.19. It holds that

tr, (P[P, Wiy, ) = log(y)’

4. Computations on higher dimensional tori and 0-deformations

The computations in the previous section are based on the structure of
the circle; it is a one-dimensional compact Lie group. In this section, we
will generalize these computations to higher dimensional manifolds, still
in the presence of symmetries, and noncommutative 6-deformations. The
noncommutative geometry of noncommutative tori has been well studied; see for
instance [8, 15, 17, 53]. In recent years, also more analytic aspects have been
studied. In [11, 52] several tools from classical harmonic analysis are extended
to noncommutative tori. It is an interesting open problem to find an approach to
harmonic analysis that would work in more general noncommutative geometries,
already for general 6-deformations.

Most of the computational tools are present in the general context of higher
dimensional manifolds and noncommutative tori, but produce notably more
complicated objects. We start by extending some results from Section 2 to
0-deformations in Section 4.1. We compute Dixmier traces in Section 4.2.

4.1. Sobolev regularity and #-deformations. 6-Deformation is a standard
procedure to deform the algebra of functions on a manifold with a torus action.
It preserves the spectrum of equivariant operators, and thereby ensures that the
underlying noncommutative geometry, whenever equivariant, deforms well.

4.1.1. The noncommutative torus. We fix an antisymmetric matrix 6 € M, (R)
and identify 6 with a 2-form on R". The matrix 6 = (6;x)’; ,_, is identified with
the 2-cocycle on Z" given by

7" x 7" > (ky, ky) > €%k ¢ y(1).
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The 6-deformation of T" is denoted by C(T}) and can be defined as the twisted
group C*-algebra C*(Z", 8). Alternatively, C(T}) can be defined as the universal
C*-algebra generated by n unitaries Uy, ..., U, satisfying the commutation
relations

UjUy =" UU;, jk=1,...,n.
Fork = (ki,...,k,) € 7", we write U* := U{' ... U* e C(T%). Clearly, the
linear span of {U* : k € Z"} is dense in C(T%).

REMARK 4.1. The notation C (TY}) suggests that T} is an object in its own right—
a ‘noncommutative manifold’. This point of view is supported by the geometry
that survives in a 0-deformation; see [17, 53].

Since T" is an abelian Lie group, there is a strongly continuous action of T" on
C(T}), defined on the generators by

U :=z;U;, z=(z1,...,z,) € T" CC".
Moreover, a tracial state 7p € C(T}) is defined by
o(U%) == 8op, ke Z"
We denote the GNS-representation of 7o by L*(T%). The set {U* : k € Z"} is an

orthonormal basis for L?(T?%).

4.1.2. General 0-deformations. Using the noncommutative torus T, we can
deform more general C*-algebras.

DEFINITION 4.2. Let A be a T" — C*-algebra, ‘H a T"-equivariant Hilbert space
and D a T"-equivariant unbounded closed operator which is densely defined on

H.

e We define the 6-deformation A, as the T"-invariant C*-subalgebra (A ®
C(Ti)™ € A ® C(T}). Here A ® C(T%) is equipped with the diagonal
T"-action. The inclusion defines a *-monomorphism

i:Ap — AR C(TY),
and we equip A, with the T"-action defined from A under i.

e We define the #-deformation H, as the T"-invariant subspace (H®L> (']I‘g))w C
H® L*(T}). Here, the latter space carries the diagonal T"-action. The inclusion
defines an isometry

V:iHy > HQL(T)).
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We equip Hy with the T"-action defined from H under the isometry V. If
7w : A — B(H) is a T"-equivariant representation, we define its 6-deformation
as the T"-equivariant representation

ot Ag = B(Hp), ar> V((r @idea)((@)V.

e Let D denote the T"-equivariant unbounded closed operator D ® id2 (). The
¢-deformation of D is defined as the T"-equivariant unbounded closed operator
V*DV.

The definition above of a 6-deformation differs slightly from the standard
definition found in the literature. We refer the reader to [53, Proposition 6] for
the isomorphism with the standard construction.

The Hilbert spaces we consider are often defined from GNS-representations.
Any T"-invariant trace T € A* gives rise to a deformed trace 7y := (T ®71y)0i € A}.
From the definition of 7, we have the identity

T(a) = / (Tt ®a)(a)dt, a € Ay,
(0,17

where «; (a) := ¢*" -a for t € R". The following proposition follows from a short
computation:

PROPOSITION 4.3. Let Tt € A* be a T"-invariant tracial state and let L*(Ay, Ty)
denote the GNS-representation of the tracial state ty. Then the equivariant
mapping i : Ag — A ® C(T}) induces a unitary isomorphism L*(Aq, T9) —
L?*(A, 1)y compatible with the Ag-action, that is, for &,& € Ay we have the
equality

(€1, 62) 12(ag.1) = (1(51), 1(82)) 2(a. mysL2 (T -

The spaces L”(Ay, 74) are the noncommutative L”-spaces defined from the
tracial state t, and satisfy the usual interpolation properties of L”-spaces. We
note that L*°(Ay, 1y) coincides with Aj C B(L*(Ay, 15)). Recall the following
well-known fact about 8-deformations:

PROPOSITION 4.4. Let H be a T"-equivariant Hilbert space and D a
T"-equivariant unbounded closed operator which is densely defined on H.
Define the unitary Uy : H — Hy by Usé := & @ U™* for any & which is
homogeneous of degree k € Z". Then

Dy = Uy DU .

In particular, 0-deformations of T"-equivariant unbounded closed operators are
‘isospectral’: they preserve the spectra o (D) = o (Dy) (including multiplicities).
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4.1.3. Geometric constructions. The 6-deformation of the relevant operators
allows us to study the Lipschitz functions on a 8-deformed manifold. Let M be
a closed Riemannian manifold, and fix a Dirac operator D acting on a Clifford
bundle S — M. We consider D as a self-adjoint operator with domain W!(M, S).
A short computation shows that

Lip(M) = {a € C(M) : aDom(D) € Dom(D) and
[D, a] is bounded in L2-operator norm}.
On the left hand side of this equation, we use Definition 1.1 (see page 3).
Henceforth, we assume that M admits a smooth isometric T"-action that lifts
to S. We also assume that D is T"-equivariant. Since the T"-action is isometric,

any Dirac operator on § is a zeroth-order perturbation of an equivariant Dirac
operator.

PROPOSITION 4.5. We define the subspace Lip(My) € C(My) := C(M)y as
Lip(M,) := {a € C(My) : i(a) € Lip(M, C(M,))}.
It holds that
Lip(My) = {a € C(My) : aDom(Dy) € Dom(Dy) and [ Dy, a] is bounded}.

Proof. It is~easily yeriﬁed that a € Lip(My) if and only if i(a) preserves the
domain of D and [D, i (a)] extends to a bounded operator on L?(M, ) ® L*(T?).
It follows that {a € C(My) : aDom(Dy) C Dom(Dy) and [ Dy, a] is bounded} C
Lip(My). The converse follows from the fact that, locally, the operator D, is

implemented by Y ¢(X;)X; up to lower order terms, where X; are generators
of a local R*-action on L*(M, S),. O

REMARK 4.6. We remark that if a € A is smooth for the T"-action, then we can
write @ = ), _,. ax, Where a; € A is of degree k and defined by

ay = f o (a)e ™ gt
[0,1]"

When a is smooth, the norms (||ay || 4)kez» form a Schwartz sequence. In this case
the element L(a) := >, ;. ax ® U™* € Ay is well defined, and the following
identity holds on a core for Dy:

L([D, a]) = [Dy, L(a)].

We remark that this identity is analytically unwieldy when relating the
boundedness of the commutators [D, a] and [Dy, L(a)]; L does not extend
to a bounded operator from bounded operators in H to bounded operators in H,.
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REMARK 4.7. The convergence of the ‘Fourier series’ a = ), _,. a; was studied
in detail in [51]. For M = T", it was shown that the Fourier series converges
in Cesaro mean, if a € C(Tj) [51, Theorem 22]. It converges in norm, if
a € Lip(T}) [51, Theorem 23]. More refined convergence results were obtained
in [11].

4.1.4. Littlewood—Paley theory on the noncommutative torus. The Littlewood—
Paley theory on the noncommutative tori uses Fourier theory similarly to the
approach on page 21 (found in [35]). The details can be found in [52]. We
pick a Littlewood—Paley partition of unity (¢;) jen < c.(Z") as on page 21, that

is, supp(¢;) C {k € Z" : 277" < |k| < 2/} for j > 0. We call such a partition
of unity a discrete Littlewood—Paley partition of unity.

DEFINITION 4.8. The Littlewood-Paley decomposition (@) jex € B(L*(T})) is
defined by

PIU* = ¢; (k) U™
Fors € Rand p, g € [1, oc], we consider partially defined norms || - |5, (rz) on
fe Cx(Ty),

I lls, = NV NP] fllrcry) jenllen -
We define the Banach space B,  (Tp) := {f € C*(Tp)" : ||f||B;;,q(T§) < oo}.

In addition, there is a natural Sobolev space scale on Tj. Let (;)_, denote the
generators of the T"-action. The Laplacian on T}, is defined by

Ay = — Xn:(sf
j=1

Fors > 0and p € [1, 00), we define W*7(T%) as the domain of | Ay|*/* on L (T%).
Alternatively, for k € N

WHP(Ty) := {f € L'(T}) : Agf € L"(Ty))},
and one recovers W*?(T}) by complex interpolation. The space W*?(T}) for

s < 0is defined by duality in the 7o-pairing. We set W*(T%) := W*2(T%).

PROPOSITION 4.9. The Besov spaces satisfy the following properties
(1) Fors € R, B;,(Ty) = W*(T}).
(2) Foranys € (0, 1),

BS, (T} = [C(T}), Lip(T) ], = C'(T", C(TI)™"
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Proof. Since AgU* = |k|*U¥, the identity Bj,(T;) = W*(T}) follows in the
classical way from the case s = 0.

To prove the second identity, we note that [C(T}), Lip(T})]; . equals the
invariant subspace of [C(T", C(T%)), Lip(T", C(T}))]s.co- Standard methods of
interpolation show

[C(T", C(Tg)), Lip(T", C(T§))]s .0
= {f € C(T", C(TY)) : 12V}~ @ idcery) fllecen.carp) jenllemqny < 00}

From this identity, the second assertion follows. O

DEFINITION 4.10. For « € (0, 1), we define

C*(Tp) := C*(T", C(Ty)™ = [C(T}), Lip(T§)lac0 = B, oo (T5).

REMARK 4.11. It seems possible to extend the Littlewood—Paley theory from Tj
to 8-deformations of smooth free T"-actions on manifolds. This is a consequence
of the fact that smooth free T"-actions on manifolds correspond to smooth
principal T"-bundles; therefore, we can localize to a product situation. A
challenging problem would be to develop Littlewood—Paley theory for arbitrary
smooth T"-actions on manifolds.

4.1.5. Sobolev regularity on the noncommutative torus. We are now ready
to prove that certain commutators on the noncommutative torus have Sobolev
mapping properties similar to those in Theorem 2.1. The commutators that we are
interested in are those between the phase of the Dirac operator and elements of
ce(T}).

On T" there is an obvious choice of spin structure coming from the trivialization
of the tangent bundle 7" T", as defined by the Lie algebra R". Concretely, the
spinor bundle is given by a trivial bundle § = T" x S, — T", and the Dirac
operator takes the form D = Z:’:l v;0,. Here y; = ¢(9,) and ¢ : R" — End(S,)
denotes Clifford multiplication. Now note that S, = C>"” as a vector space;
the Clifford structure is determined by the Clifford multiplication ¢. We identify
the sections of the spinor bundle with C*(T") ® S,. In the Fourier basis
ex(t) 1= e we have

D, ®v) =, ®c(k)v, veS,.

Define F := D|D|~'. We use the convention that |D|~! acts as 0 on ker(D).
The operators D and F are T"-equivariant and induce 6-deformed operators
Dy, respectively Fy = Dy|Dy|™"', on L*(T%, S). The Sobolev spaces satisfy
W (T2, S) = Dom(|Dg|*) for s > 0, because | Dy|> = Ay ® ids, .
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THEOREM 4.12. Let Fy denote the phase of the 6-deformed Dirac operator Dy.
For any a € C*(T}) the operator [ Fy, a] extends to a bounded operator

[Fy,al: W (T2, S) — WHT(T2, S) foranys € (—a, 0).

REMARK 4.13. Theorem 4.12 holds for arbitrary smooth free T"-actions on
manifolds. This can again be shown by localizing to a product situation.

REMARK 4.14. Results relating to Theorem 4.12 are the subject of a forthcoming
article by E. McDonald, F. Sukochev and D. Zanin.

The proof of Theorem 4.12 is divided into several lemmas. For an element
a € C(T}), we write

k=2
a“ =Y o). 4.1
j=0

Associated with the Littlewood—Paley decomposition and a € C*(T}), there are
operators T, 1=y~ a*®] and R, = 3, ., P (a)®]. Foru € L*(T}, S), we
decompose

au =T,u + T,a + R,u.

We set o(a)u := R,u + T,a. From these computations, we see that
[Fy,al = [Fy, T.] + Fyo(a) — o(a) Fy.

The three terms will be studied separately. The last two terms have the desired
mapping property by the next lemma.

LEMMA 4.15. Fora € C*(T}) and s € (—a,0), o(a) extends to a continuous
operator
o(a) : W¥(T2, S) — W't (T7%, S).

Proof. We write u =Y ,° u;, where

u; = <D19u. “4.2)
By Proposition 4.9(1) it suffices to prove that p(a) is continuous as a map
B3, (Ty, S) — B35*(T%, S). When s +a > 0, we have 3,13 226+@k ~ 26+,

Note that whenever |j — | < 2, an argument using the support of the sequence of
Fourier coefficients implies

D@V (@)D () =0, k>1+3.
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For s + o > 0, we can estimate

2

[o¢]
2 — 2(s+a)k 0 0
| Ratelye = 22074 @ (D] (@) - )
k=0 1j—11<2 12
143
2( k~—2j 2 2
< ) Y 2R g, il
1j—11<2 k=0
2sj 2 2 2 2
S Y 2Vlaly Malis S llal el -
li=l<2

It follows that R, has the desired mapping properties for s +« > 0. Following the
argument of [28, Theorem 5.1], one observes that By , x BY, , > (u,a) — T,a €
B;%* is a continuous bilinear mapping for s < 0. O

It therefore suffices to prove the Sobolev mapping properties for [Fy, T,].
Recall the notation a* from equation (4.1) and u; from equation (4.2).
LEMMA 4.16. Theorem 4.12 is true provided there is a constant C > 0 such that
foranya € (0, 1), a € C*(T}y) and k € N
2!\ [Fy, a* 19 | s2cen.sn < Cllall e,

Proof. Assume that the constant C > 0 in the statement of the lemma exists. We
may then estimate

(o] [e¢] 2
2 2(: k 0 k
I, Tolullpse 5 = D 22| F D L Fo. alu
‘ 1=0 k=0

L2(T}.S)
2(s+a)k [ k 2
5 Z 2 (s+a) ||¢l [Fg,a ]uk”LZ(T;;,S)
[1—kl<2
2(s+a)k k156112 2
S D 2O NE, a10] Iz s 0kl 2 s,
[I—kI<2
2 2 2
<C ”a”C"‘(TZ)”u”Bévz(TZYS)’
In the last estimate we use the assumption of the lemma. O

LEMMA 4.17. Theorem 4.12 is true if there is a constant C > 0 such that for any
aeC®(Ty)andk € N

k 0
2Y||[Fp, al® NI cry.sy < Cllalluiper)-
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Proof. By Lemma 4.16, it suffices to prove that the mapping
C*(Ty) 3 a > 2*[Fy, a" 19 )ien € € (N, B(L*(T}, S)))

is well defined and bounded. By interpolation, it suffices to prove that this
mapping is continuous for « = 0 and @ = 1. At @« = 0 the continuity is clear.
At «a = 1, the assumption of the lemma guarantees that

k k15,0 k
2[[Fo, a”1P; B2 r.sy < Clla™luiperny < Cllallipery - 0

PROPOSITION 4.18. Let M be a closed manifold with a smooth T"-action. If Q
is a first-order classical T"-equivariant pseudodifferential operator acting on a
T"-equivariant vector bundle E, then there is a constant C > 0 such that any
a € Lip(My) preserves Dom(Qy) and

I[Qo, a]”B(LZ(M,E)g) < C”a”Lip(Mg)-

The proposition follows immediately from the next theorem and
Proposition 4.4.

THEOREM 4.19. Let A be a C*-algebra represented by m : A — B(H), M a
closed manifold and Q a first-order classical pseudodifferential operator on M.
There exists a C > 0 such that for any a € Lip(M, A),

I[Q ®idy, (dewy @ m) (@]l Brzw )y < CllallLipm, a)-

The theorem is proven by standard techniques in harmonic analysis, for
instance using a 7 (1)-theorem. The proof is omitted. We are now ready to prove
Theorem 4.12.

Proof of Theorem 4.12. By Lemma 4.17, it suffices to show that there exists C >
0 such that for any a € C*(T}) and k € N the estimate 2" || [Fy, al®} || 32 rs.s) <
CllallLipery) holds. For a € C*(Ty), we write

[Fy, al = ([Dy, al + Fy[|Dyl, al)| Dy| ™.

By Proposition 4.18 we can estimate [|[|Dyl, allls2cr2.s) < lallLipery). We can
therefore estimate

I[Fy, al® | sazm.sy < (I[Dg, all Dol @} I s2crn.s))
+ IlIDsl, al| Dy |~ @ | Bc2crs.s))
< (IDy. alll sy + Dol alll sy ) 11 Dol ™ @l s2ms.s))
S ||a||Lip(Tg)2_k-

This completes the proof of the theorem. O
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4.2, Computations on higher dimensional tori. The ideas in Section 2 and
Theorem 4.12 allow us to compute Dixmier traces on the noncommutative
torus. The case & = 0 will provide us with higher dimensional analogues of
the computations in Section 3. We begin with a corollary of Theorem 2.18,
Lemma 2.21 and Theorem 4.12.

COROLLARY 4.20. Let Fy denote the phase of the deformed Dirac operator,
a,...,a; a collection of elements a; € C*(Ty), for a; € (0,1) satisfying
that lef:l a;=n,and T € B(L*(T%, S)). The operator T[Fy,a]---[Fy, a;] €
LV®(L2(T?, S)) is (o, s)-modulated with respect to D, for any s € (—ay, 0).
In particular, if (v1)2 """is an ON-basis for S, and w € (£*°(N)/co(N))* is an
extended limit then

tr, (T[Fy, ai]-- - [Fy, ax])

Ln/2]
i 1 Yenn{TIFo.ai] -+ [Fy, al(ex ® v). e ® v)
N—o log(2 + N) '

With this corollary, we now turn to compute Dixmier traces. Fix Fy and
ai, ..., a; asin Corollary 4.20, as well as a T"-equivariant operator T € B (L?(T2,
S)). We let (a;x)kezr and (T (k))kez» denote the Fourier coefficients of a; and T,
respectively. The former are defined as in Remark 4.6 and the latter as the matrixes
T (k) € End(S,) defined by

(T(k)v, w)s, = (T(ex ®V), e @ W), v, w € S,.

Any sequence in £°°(Z",End(S,)) arises as the Fourier coefficients of a
T"-equivariant operator on L*(T%, S). We write K = (ky,...,k;) € (Z")*
for a k-tuple of Fourier indices in Z". For a k-tuple K of Fourier indices and
kii1 € Z", we define the matrix

k 1 k+1
cQuj k) Qo k
Ck ks 1_[ ( k+1 Th lzkﬂj kll € End(S,).

I=j+1

Define I C (Z")* as the set of K for which Z_’;zl k; =0¢e 7"

THEOREM 4.21. Under the assumptions in the preceding paragraph,
tr,(T[Fy, ail- - - [Fo, ar])

; D [NV Der (Hljzl a,-,k,) trs, (T (k1) Cr g, )
s log(2 + N) ‘
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We note the slightly surprising fact that tr,(T[Fy, ai]---[Fy,ar]) 1is
independent of 6 and only depends on the Fourier coefficients of 7 and the
elements ay, ..., ax.

Proof. We compute that for v € S, and k4, € Z",

T[F91 al] e [F99 ak](ekkH ® U)

k k
_ Z (1—[ aﬂ(j) Uk ... Ukkeuw, QT <Z k,«) Ck i V
K \j=I

j=0
k k+1 k+1

=y (1‘[ aj, exp (ie (kj, > k,))) ey, ®T (Z k,-) Ci g, V-
K \j=1 I=j+1 j=1

From this computation and Corollary 4.20, we arrive at the expression
tr, (T [Fg, ai] - - - [Fg, ar])

00k, Sk
. Dl <NV DKel (1_[1;21 ajx;e 0k i k')> trg, (T(kk+l)CK,kk+])
= l1m .
N—>o log(2+ N)

It remains to prove that for K € I, Zl;:l Zf;‘ +10(k;, k) = 0. This identity
follows from the following computations:

ko k+1 ko k+1 k k
DD 0k k) =D 0k k) = 0k k)
j=11=j+1 j=1 I=j j=1 I=j
k k k k
==Y Y 0ki.k) ==Y Y 0(k;k).
j=1 I=j j=1 I=j

In the first identity, we use 6(k;,k;) = 0, in the second identity Z];-:1 0(k;,
ki+1) = 0 because K € I, in the third identity the antisymmetry of 6 and in the
last identity we change the order of summation. We conclude Z’;zl Zf:jl 1 0k;,

k) = 0 from the fact that 3 S 0(k;. k) = — Y Y 0k, k). O

REMARK 4.22. The cases of interest in Theorem 4.21 would be those related to
cyclic cocycles as in Proposition 3.7. In this case, T = Fj, for n odd and k even
and T = y Fy for n even and k odd (here y denotes the grading on S,). For n and
k simultaneously odd or even there is no obvious candidate for a cyclic cocycle.

Computations along the lines of Theorem 4.21 easily grow to unmanageable
expressions. Traces of products of Clifford matrixes can in principle be
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evaluated, but the dependence on (K, k;,;) might be intricate. We illustrate
some computations in the case that n = 2, k = 3 and T = y F,, where y
denotes the grading on S,. The spinor space satisfies S, = C2. We identify
7? = 7.+ iZ < C. Under the isomorphism S, = C?,

k
I 4 (10
Fo(k) = K and y = 0-1]
Ik|
We apply the convention that |0]~! = 0. Note that for w, z, u € T, the following
elementary identity holds:
ww —2)(z —u)(@ —w) = 2i(Im(uw) + Im(wz)). 4.3)

We compute that for a 3-tuple K € I C (Z?)® and k, € Z*

trg, (V C]K,]k4)

i [ B (e Rtktk (kz+k3+]k4 B k3+k4>
lkal \ [kal  Tka + k3 + Ky ko + ks +ka| ks + ky

« ks + k4 B E
ks + kil [kyl
ks + ks ky ke k +k;s +k
— g B S ) (B et
ks + Kka |kl ksl ks + k3 + Ky
=_4( k3Xk4 n k]Xk4 )
ks + kallke| — |kg — ky|lKky]
Here x denotes the crossed product defined on k = (k, ky), k' = (k}, k) € Z*
by k x k' = kok| — kik,.

We consider functions ay, a,, a3 € C*3(T2). Theorem 4.21 implies that for any
extended limit w,

tr, (¥ Fol Fo, a1l Fo, a2][Fy. as])
— lim —4 Z Z ayk, a2k, 43 ks ( ]](3 X ]](4 n k] X k4 )
N—olog(2 + N) i<z kel IKkq] ks + kel ki — Kyl
— lim —4 Z Z al,_klag,kza&k} ( kg, X k4 _ k] X k4 )
N—olog(2 + N) Ikq] ks + ksl [ky + Kyl

|kq| <N1/2 ki=ko+k3
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Z Z kl X k4
N*“’ 10g(2—|—N) AN

|kq| <N1/2 ki=ko+ks3

X (al,—k1a2,k2a3,k3 - al,—kgaz,kgaiﬁ,kl)-

5. Dixmier trace computations on contact manifolds

In this section we consider Dixmier traces on higher dimensional contact
manifolds. We recall the geometric setup of contact manifolds in Section 5.1.
In Section 5.2, we find an integral formula for Dixmier traces, in the style of
a Connes-type residue trace formula. Section 5.3 computes Dixmier traces for
operators of the form Ty[T, a1] - - - [T,,+1, a,+1] when a; is Lipschitz in the Carnot—
Carathéodory metric: in this case a Connes-type residue trace formula holds
and the spectral behavior of Ty[T}, a1] - - - [T,41, ans1] is classical. We first recall
relevant facts about the underlying sub-Riemannian geometry.

5.1. Preliminaries on contact manifolds. In this subsection we will introduce
notation and provide context for the geometry of contact manifolds. For a more
detailed presentation, see for instance [4, 10] or [39, Ch. 2].

5.1.1. Heisenberg groups. Consider a nondegenerate antisymmetric form
L = (L)%, on R?. A group structure on R**', with coordinates x = (z,z) €
R x R? = R?*!, is obtained from the Lie algebra structure

[, 2), (¢, )] = (L(z, 2, 0).
The corresponding 2-step nilpotent Lie group H,,, with product
(t,2)-(t',2)=(t+1' +3L(z,2), 2+ 7),
is called a Heisenberg group. It admits a Lie group action by R,
o (t,2) = (W1, 22), (5.1)
which turns H,,,, into a homogeneous Lie group.

In the coordinates of R“*!, we obtain a d-dimensional subbundle H of TH,,,
given by the horizontal vector fields

X; = 8z + = Z ,kzk j=12....d. (5.2)
J
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The horizontal vector fields are left invariant and homogeneous of degree 1 with
respect to the R -action. We let X, := 9/d¢ denote the vertical vector field. The
vector fields are constructed to satisfy the commutation relation

[X;, Xi] = L Xo.
Together with the vertical vector field, the horizontal vector fields span TH,, .

Notation. We keep using the notation n = d + 1 for the total dimension of a
Heisenberg group or a contact manifold. We use d to denote the dimension of the
horizontal subbundle H of the tangent bundle.

The Koranyi gauge

x|y =

4 2
2 2
x; + E x; for x = (xg, X1, ...,,Xq),
Jj=1

defines a natural length function. It satisfies |A.x|y = A|x|y. For x € H,,, and
r > 0 we define the balls By (x,r) :={y € Hyy, : |[x'y|y < r}.

5.1.2.  Sub-Riemannian H- and contact manifolds. A Heisenberg structure on a
manifold M is a hyperplane bundle H C T M. We say that M is a sub-Riemannian
H -manifold provided that H is bracket generating, in the sense that C*(M, H)
locally generates C*°(M, T M) as a Lie algebra. The Lie bracket on H defines a
vector bundle morphism L : H A H — TM/H, called the Levi form. We often
assume that we have chosen a trivialization of the line bundle 7 M/ H. In this case
the Levi form becomes a 2-form on H. L endows the tangent space above every
point with the structure of G := RY™2" x H,,,,if dim M =d + 1.

Contact manifolds provide a rich class of examples: here M is of dimension
2n — 1, and H = ker 7, the kernel of a one-form n € C*(M, T*M) with
n A (dn)"~! nondegenerate. Note that dn is nondegenerate on H = kern € TM,
and recall Cartan’s formula,

dn(X,Y) =Xn(Y)) - Y((X)) — (X, Y]

for any vector fields X, Y. As dn is nondegenerate, for any X € H there is a
Y € H with n([X, Y]) # 0. Hence, the Heisenberg structure associated with a
contact structure is bracket generating. Locally, at a point x, the Heisenberg group
structure on the tangent bundle is defined from the Levi form (dn), restricted
to H,.
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In complex analysis, contact manifolds arise as the boundary M = 92 of a
strictly pseudoconvex domain §2 in a complex manifold of complex dimension 7.
The 1-form n = d°p is obtained from a boundary defining function p.

If M is a sub-Riemannian H-manifold, a theorem by Chow assures that for any
X,y € M there is a piecewise smooth path y : [0, 1] — M such that y(0) = x,
y(1) =yand y(t) € H,(, for almost all # € [0, 1]. After a choice of Riemannian
metric on H, we define the Carnot—Carathéodory metric as follows:

dec(x,y)
| 1/2
= inf{(/ IIy(t)IliIdt) :y0)=x, y()) =yand y(t) € H,y ae.g.
0
(5.3)
In a coordinate chart adapted to a local frame X, Xy, ..., X4, where X, ...,

X, span H, the Carnot—Carathéodory metric is equivalent to the Koranyi gauge
[25, Lemma 2.6]. We define

Lip.(M) := Lip(M, dcc).

Associated with the sub-Riemannian geometry and a choice of metric on H,
we obtain geometrically relevant differential operators. We define a sub-Laplacian
Ay by the differential expression

AH = dj-[st

where dy : C*(M) — C*(M, H*) denotes the exterior differential composed
with the fiberwise restriction C*(M,T*M) — C*(M, H*). In a local
orthonormal frame X,,...,X,; for H, Ay = — Z?:l Xf plus lower order
terms in X, ..., Xy. If M is closed, the closure of the densely defined operator
Ay is a self-adjoint nonnegative operator with compact resolvent.

The horizontal Sobolev spaces on a sub-Riemannian manifold are defined from
the sub-Laplacian Ay. For s > 0 and p € [1,00), we define W,;” (M) :=
(1 + Ay)~*2LP(M). For s < 0 and p € (1, c0), the Sobolev scale is defined
using duality in the pairing between L? and L”, (1/p) + (1/p") = 1. Itis a
well-known fact that the Sobolev spaces can be localized, that is, defined from
sub-Laplacians in local charts. Moreover,

WLP(M) = {f € L"(M): Xf € L"(M)¥X € C*(M, H)}.  (5.4)

5.1.3. Heisenberg pseudodifferential operators. We briefly review a
pseudodifferential calculus adapted to a Heisenberg structure, referring to [3, 39]
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for a more detailed account. Let M be a d+ 1-dimensional closed sub-Riemannian
H-manifold and U a local coordinate chart adapted to a local frame X, ..., Xy
for H. Pseudodifferential operators arise as quantizations of symbols from the
following class; see [39, Definitions 3.1.4 and 3.1.5].

DEFINITION 5.1. Let m € C. The symbol space S"(U x R*!) is defined as
the space of all p € C®(U x RY*!) that admit a polyhomogeneous asymptotic
expansion of order m: for all k € N there exists p, € C*°(U x R?*!\ {0}), with
pi(x, A - E) = A" Kp(x, &) when A > 0, such that for all N € N and compact
K C U we have for some Cy g g v > 0:

N

9y of (p - Zpk) (x,6)
k=0

Vaaﬂ € Nd+la-x € K? |§|H > 1.

Here (B) := 280 + Y_i_, Bi for B = (Bo, B, ..., Bu) € N1,

N — —N
< CoprnlElGPN,

We denote the classical symbols of the differential operators Xg, X1, ..., X4
by o;(x,&) :=0(X;), and let 0 = (09, 01, ..., 04). Using the formula

Pf(x) = Qm)~"" /ei"‘fp(x,d(x,é))f(é)d&

a symbol p € §"(U x R**!") induces an operator P := p(x, —iX) : C®(U) —
C>®(U). Wesay that P € ¥7(U), or PisaW¥yDO, provided P = p(x, —iX)+R
for p € $"(U x R¥*!) and R an integral operator with smooth integral kernel.

By [39, Proposition 3.1.18], ¥7(U) is invariant under changes of Heisenberg
charts. This allows to define the space W7 (M) of Heisenberg pseudodifferential
operators of order m on M. A fundamental theorem is:

THEOREM 5.2. IfP € 11113 (M), then P extends to a bounded operator on L*(M).

REMARK 5.3. There is a kernel characterization of operators P € ¥,/ (M) by
[3, Proposition 3.1.16]. The Schwartz kernel kp of an operator P € ¥ (M)
satisfies estimates similar to a Calderén—Zygmund kernel. In a local frame, kp
can be written as

kp(x,y) = e |Kp(x, —&c(y)) + R(x, y),

where ¢, denotes privileged coordinates depending smoothly on x, R is smoothing
and K p admits a homogeneous expansion as in [3, Definitions 3.1.11 and 3.1.13].
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The Schwartz kernel kp is smooth away from the diagonal and satisfies

|kp(x, _Sx(y))l S dCC(X, y)*(d+l+m)
Ve Vi (x, —£. (0] S dec (e, y)~@HHm0,

for x # y and any products V, and V, of horizontal differential operators acting
on x and y, respectively, with total order k.

5.2. A Connes-type formula on the Hardy space. We will now turn to a
computation of Dixmier traces of weak trace class operators acting on the image
of a Szegd projection. We focus on the 2m — 1-dimensional sphere which is given
the contact structure coming from its realization as the boundary of the open unit
ball in C™". Any contact manifold is locally modeled on a sphere, by Darboux’
theorem. The Szegd projection P € ¥}, (S*"~!) on the 2m — 1-dimensional sphere
is given by

_ 1 fw)dS(w)
Pf(Z) T (27.”)111 /Sz’”] (1 — - II))m .

The right hand side should be interpreted as an interior limit.

THEOREM 5.4. Assume that G € LY°(H?*(S*"Y)) is a weakly sub-Laplacian
modulated operator with kernel k. Then

tr,(G) = Ii
T(G) = M e S o

ko(z,w)hy(1 —z-w)dV(z)dV(w),

where
1 d* 11— (1 =Nt

hv(®) = n! dem=1 t

REMARK 5.5. Let 6 denote the contact form on S*"~!. If exp : TS*"! —
S2m=1  §2m=1 " we note that |1 — zw — (|v|* + i6(v))| = O(dcc(z, w)?) and
||v|2 + i9(v)| ~ dce(z, w)? whenever exp(z, v) = (z, w) is close enough to the
diagonal. These facts raise the question of whether Theorem 5.4 holds true for
localizable sub-Laplacian modulated operators on a Hardy space for a general
contact manifold when replacing 1 — zw with |v|? + i6(v) (for the contact form
0). We note that under these assumptions on G, a formula similar to that in
Theorem 5.4 can be written up on a general contact manifold once a covering
of contact coordinate charts has been made.

https://doi.org/10.1017/fms.2016.33 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2016.33

H. Gimperlein and M. Goffeng 46

Proof of Theorem 5.4. Define an ON-basis for H>(S*"!) by e,(z) = c,z* for

o € N where
o [ntlel =D
“ (m— D!

We consider the Kohn sub-Laplacian
] 0 d
Ag = Y MM+ MyM; where My :=Z;— S By

1< j<k<m <k 9z;

The operator Ag is H-elliptic of order 2 and a computation shows that
Age, = (m — 1)|a|e,. We can by Theorem 2.18 write

1
tr,(G) = N»wml—(N) Z (Gea, €q)

lo| <N

1
= lim —— 2220 | kg(z, w)dV(2) dV (w).
ngi)mlog(N) Sy 521 |:Z CeZ W :| ¢z, w)dV(z)dV(w)

le|<N
(5.5)
The binomial theorem implies the identity
Z(m+|o¢|—1)' XN:(m+k—1)(m+k—2)--~(k+1)(za))k
o (m—1)la! P (m— 1!
A geometric series computation shows
XN:(m+k—1)(m+k—2)---(k+1)tk_ 1 dml 1 — Vi
— (m —1)! (m—Dldrm=1t 1 —¢
=mhy(l —1).

These computations show » c2z°w® = mhy (1 —zw) and the lemma follows
from equation (5.5). O

REMARK 5.6. It follows from the proof of Theorem 5.4 that the horizontal
Sobolev scale on $*"~! satisfies that

W5 (527 0 HA(S™ ) { = Y duee : (P an)uerm € CON")

aeNm
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Here e,(z) := z%/112%||r2(s2n-1y. We note that an element computation with
($2m=1) ary p
partial derivatives shows the analogous equality in the interior of §2"~!

W‘Y(B2m) N O(BZm) = f = Z aaéa : (|O[|saa)aeN’” € Zz(Nm) s

aeNm

where €, (z) := z%/|1z%| 2(8,,)- By using polar coordinates, one sees that
olsm1 = Q2la| + 2m)e,.
Therefore, the trace mapping induces a unitary isomorphism

W (Bow) N O(Byy) — W™ (S™ )N H*($™") foralls > 1.

In general, if §2 is a relatively compact strictly pseudoconvex domain in an m-
dimensional complex manifold, £2 is near the boundary locally biholomorphically
equivalent to a neighborhood of a point on $*"~! in B,,,. From the localizability
of Sobolev spaces we deduce the following proposition.

PROPOSITION 5.7. Assume that S2 is a relatively compact strictly pseudoconvex
domain in a complex manifold of complex dimension m. The trace mapping
induces an isomorphism
W(2)NOWR) - Wi ' (02) N H*(982) foralls > 1.

5.3. Approximation of Lipschitz functions and Wodzicki residues. In this
subsection we study Dixmier traces of operators of the form Ty[Ti, fi]---
[T, fi] when the spectral asymptotics is not governed by singularities. Here T
is a bounded operator and T, ..., T; € ¥3(M). By showing that the Dixmier
traces are continuous in slightly weaker norms than the Holder norm, we extend
formulas for Dixmier traces from smooth functions by continuity to larger spaces.
In the particular case when fi, ..., f; are Lipschitz, the smooth functions are
dense in Lip.. (M) with respect to these weaker norms, and Dixmier traces can
be computed using Ponge’s Wodzicki residue in the Heisenberg calculus [38],
analogously to Theorem 2.29.

The basic idea in this subsection is to use techniques of Rochberg and
Semmes [42] to estimate singular values, and we generalize these to the sub-
Riemannian setting. The work of Feldman and Rochberg [22] extended the results
of [42] to the Szego projection on the unit sphere—the results in this subsection
go even further.

To rephrase the results of Rochberg—Semmes for sub-Riemannian H-
manifolds, we need some further notation. Recall from Section 5.1 that a
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sub-Riemannian H-manifold is locally modeled on G = RY=2" x H,,,;. We let
I = 7% x I}, denote the standard lattice in G, that is, I" is identified with
Z4*! under a suitable identification of G with R?*!. The lattice I, is denoted
by I'1 = I.1,...1) in [23]. The anisotropic scalings by A > 0 (from equation (5.1))
will be denoted by §, : G — G.

We decompose G using Christ cubes; see [12]. We follow the construction
in [34, Section 2.C1]; there the construction is carried out for the Heisenberg
group but the generalization to G = RY™>" x H,,, is straightforward. The
technical details are found in [12, Section 3]. Let O denote a Christ cube
centered at 0 € G, written Q(0, «) in the notation of [34, Section 2.C1]. The
set Q¢ is open and precompact. For a suitable re-scaling, that we suppress for
notational simplicity, the family {y Q¢ : y € I'} partitions G up to a set of
measure 0.

For y € I and B8 € Z we define

Q,p:=38x(y -Qc) CG.

Forany B, G\ U, < Q, s has measure zero. We write Z = {Q,, s : y € I', p € Z}.
We often identify Z with I” x Z, and sometimes with the subset {(8,sy, 2f) :
yeTl, BeZ} €G x R,. The set Z has the property that if Q;, Q, € T satisfy

QiNQ, #, then Q) € Q; or @ © Q. Moreover, for any (yy, B1) and f, > By
there is a unique y, such that Q,, 4 € Q,, 4,. For O = Q, 4 € T we write

E(Q):=8yy €G and n(Q):=2" eR,.

We also write |Q| for the euclidean volume of Q. Note that |Q| ~ n(Q)*+2.
Motivated by Rochberg—Semmes, we make the following definition.

DEFINITION 5.8. A sequence (eg)ger € L*(G) is called an HNWO-sequence
(Heisenberg Nearly Weakly Orthogonal) if there is a C = C((eg)g) > 0 such
that for any f € L*(G), we have

I e < Cll fllzes
where

FH0) = sup {% L QeTst xEQ)y < n(Q)} .

We call C the HNWO-constant of (eg)o.

The analogous definition in the euclidean case was called an NWO-sequence
in [42]. The reader is referred to the discussion in [42] regarding the uses of
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NWO-sequences. In [22], the holomorphic extension of the kernel of the Szego
projection gave rise to the HNWO-sequence needed to prove estimates of singular
values.

PROPOSITION 5.9 ([42], bottom of page 239). Let (eg)ocr S L*(G) be a
sequence of functions such that supp eg C 83(Q) for each Q and such that there
isa p > 2with |legllr < c|Q|YP~V2 for each Q. Then (eg)oer  L*(G) is an
HNWO-sequence.

Proof. For Q € T and h € L*(G), we estimate for [x'£(Q)|y < n(Q)

—1/2 -1
1Q17"21(h, eo)| < clQI"" ™ Ih x5yl oo

(p—D/p
< C|Q|f((pfl)/p) (/ |h|p/(p1))
53(Q)

< C/M(|h|p/(pfl))(pfl)/p’

where M is the maximal function defined by

Mf(x) = sup {IQI_l /Q 1f1: 76Dl < U(Q)}-

It follows from [24, Theorem 2.4.b] (or a classical ball counting argument) that M
is bounded on L? for ¢ > 1. Hence ||h*| ;> < || M| 2-eime |l 12, and (eg) oez
is an HNWO-sequence. O

LEMMA 5.10 [42]. Let K be an integral operator on L*(G) with kernel
k=k(x,y)and p,q € [1, co].

(1) Suppose that there are two HNWO-sequences (eg)ocz and (fo)oer Such
that

k(x,y) =D hoeo(®) fo(y). (5.6)

Qel

Then ||K|lzre < Cll(Ag)ollerax), where C depends only on the HNWO-
sequences {eg}oez and { fo}ger-

(2) Suppose that k =), v ki, where each ki decomposes as in equation (5.6)
for sequences (Loyx)ocz and two HNWO-sequences (egx)o and (fox)o
with uniformly bounded HNWO-constants. Then there is a constant C > 0
only depending on the HNWO-sequences such that for a large enough a > 0,

1Kl zre < Csup [K[*l|(Aai))lleraz)-
k
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The proof of part (1) of the lemma can be found on [42, page 241] and part (2)
follows from part (1) and [42, Lemma 1.16].

LEMMA 5.11 [42, Proposition 4.1]. Let f € Ll (G), p,q € [1,00], B > 0 and

loc

assume that {eg}ocr is an HNWO-sequence. For Q € I, we define

1
= — dy.
Je |Q|/Qf(y) Y

Forr > 1, we set

1 1/r
Osc(f.r, Q) = [@ /Q If(x)—fgl’dx] .

The following statements are equivalent:
(1) The sequence (Osc(f,r, Q))g belongs to £1(L) forallr > 1.
(2) The sequence (Osc(f, r, Q))g belongs to £1(L) forr = 1.

(3) There exists a function F € C'(G x R,) with lim,_,o F(x,s) = f(x) and
F* e LP9(G x Ry, s~ ds dx) where

F*(x,s) := sup{vl@HF(u, V)| lux"y < Bs,v e (s/2, s)}.

Here Vy denotes the horizontal gradient on G x R..

In particular, for any r > 1, there exists a constant C > 0 such that

1(Osc(f, r, D)) ollera
< Cinf{||F*||va‘7((GxR+,s*d*3 dsdvy - F € Cl(G x Ry) with Fl— = f}.

The proof proceeds identically to the one of [42, Proposition 4.1], apart from
the fact that |Q| ~ n(Q)“*2, which explains the different weight appearing in
the L?-9-space of Condition (3). Motivated by Lemma 5.11, we drop r from the
notation and write simply Osc(f, Q).

DEFINITION 5.12. We define
Oscii?(G) :={f € L, .(G) : (Osc(f, Q) ger € 7).
If M is a closed sub-Riemannian H-manifold, we write

Osch'(M) := {f € LL (M) : f belongs to Osc?;? in each coordinate chart}.

loc
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It is immediate from the construction that Osc?? (G) and Osc};? (M) are Banach
spaces in the norm defined from the embedding into £7¢(Z). We now come to the
main technical result of this subsection.

THEOREM 5.13. If M is a closed sub-Riemannian H-manifold and Q € lI/f, (M)
there is a constant Cy > 0 such that for a € Oscy;? (M) we can estimate

[Q.al € LP(LX (M) and |I[Q, alllere < Collallogns -

For the proof, one argues mutatis mutandis as in [42, Ch. I.A]. We only
recall its outline. The main difference is that the Calderén—Zygmund kernel kg
of Q satisfies different estimates (see Remark 5.3) than in the Riemannian case
(see [42, Equation (2.2)]). This does not alter the structure of the proof, since the
diagonal growth behavior is dampened by the size of the cubes in [42, Lemma
2.9], as captured in the next lemma.

We form a Whitney decomposition P of G x G\ Diag using Heisenberg dyadic
cubes. Here Diag := {(x,x) : x € G} denotes the diagonal. The construction
of the Whitney decomposition goes as in [47, Ch. VIL.1] using the dyadic
decomposition of G x G defined from the lattice I" x I' € G x G and its Christ
cube Q¢ x Q¢ € G x G. Its main properties are that a cube @ = Q; x O, € P
satisfies that Q,, @, € 7 and

diam(Q;) = diam(Q,) ~ n(Q;) ~ disty, (Q, Diag), i=1,2.

Moreover, we can guarantee that there is a number N, such that for a point
x € G x G\ Diag there are at most N, cubes Q € P with x € (_;:Q.

The characteristic function of a cube Q will be denoted by xo. Let k denote
the integral kernel of Q and decompose k = Y ,_p ko, Where kg = kxo.

LEMMA 5.14. Let k denote the Calderon—Zygmund kernel of an operator in

ll’fl(M). There exists an ay > 0 such that for a > 0 there is a constant
C = C(k) > 0 such that for any cube Q = Q| x Q, € P there exists:

(1) a sequence of numbers (Ag x)xezzw+v for which |k||Ao x| < C,

(2) sequences of functions (f; ok, )xezs+1 on G, fori = 1,2 such that supp f; ok,
€ Qiand | fiowll~ <1,

and this data relates to the kernel kg via the identity

ko, y) = D houlQl™" fiom ()™ fr0k ().

k=(ki.k2)
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The decomposition of kg follows the idea in the proof of [42, Lemma 2.9]:
extend kg to a smooth compactly supported function ];Q on a 2¢-neighborhood
of Q (for ¢ ~ n(Q;)/3 so small that {x : dcc(x, Q) < 3¢} does not intersect the
diagonal) by truncating k using a smooth cutoff ¢o. The smooth cutoff ¢ has to
satisfy g € CX({x : dec(x, Q) < 2e}), pglo = 1 and that |07 o] < n(Q1)~ 7.
As above, (B) := 28, + Zle Bi for B = (Bo, i, ..., Ba) € NI+,

We expand ];Q in a double Fourier series on a large enough euclidean cube,

kote, )= Y 2oulQil™ 0, ()|l equ (),

k=(k1.k2)

where e, o, and e, o, are complex exponentials for k;, k, € Z2. Since ko is
smooth, standard estimates show that the coefficients (Ag x)kerxs Of IEQ in this
expansion satisfy that for @ > 0 there is a constant C > 0 (depending on k and a)
such that |k|*|Ag k| < C. We arrive at the conclusion of the lemma once setting

fiok =€k Xg;-

Note that by Proposition 5.9, the sequences (|Q;|™"? fi.ox) o, form HNWO-
sequences with uniformly bounded HNWO-constant. The argument to prove
Theorem 5.13 now proceeds as in [42, page 252-253]. We can write the integral
kernel of [Q, a] as

D0 roulQITax) — ag) fi.ox(x) frox(y)

QeP kezd+!

+ 33 20ulQ ™ fror)(@o, — a(y) fr.ox ().

QeP kezd+!

The HNWO-constants of the sequences appearing compare to the oscillation
numbers of a as in [42, page 252], and the cubes in the Whitney decomposition
‘P compare with the cubes in the dyadic decomposition Z as in [42, page 253].

REMARK 5.15. In [42], there are also sufficient conditions on the integral kernel
of an operator Q which guarantee that [Q,a] € LP9(L*(M)) implies that
a € Osc”?(M) (in the Riemannian setting). We note that since £7+7 is an operator
ideal, the space {a : [Q, a] € L"9(L*(M))} forms a Banach *-algebra. Therefore,
Osc”7(M) is a Banach x-algebra. As this line of questions is not relevant for the
computation of Dixmier traces, we do not pursue it here.

To apply Theorem 5.13, of course, the main issue is to identify the spaces

Osch?(M) and understand their topology. Based on the discussion in [42, Ch. 4],
one is lead to suspect that Osch? (M) coincides with asub-Riemannian Besov-type
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space if p > d 42 or ¢ < co. However, it is unclear what the correct definition of
Besov spaces is in the sub-Riemannian setting. We will be interested in the case
p =d+2and g = oco. Here the results of [18, Appendix] lead one to believe that
Osc‘f’,“‘m(M ) coincides with WF],‘””Z(M ). We only require one of these inclusions.

PROPOSITION 5.16. There is a bounded inclusion W,',’dJ’Z(M) — Osc‘,lfz’oo(M).

The horizontal Sobolev spaces were defined on page 43 and the space W,l,”’ (M)
in equation (5.4). The Riemannian analogue of Proposition 5.16 was proved
in [41, page 228].

Proof. By localizing and using a density argument, we may reduce the proof to
showing the following; for f € W},’“Q(G) N C!(G), an estimate of the form
1 f otz < C||f||W[1i.d+z holds. We define

F(x,s):= f(x)

and estimate F*(x,s) < s|Vy f(x)|, where Vy denotes the horizontal gradient
on G. We compute that

m{(x,s) : s|Vy f(xX)] > u) =/ /S—H ds dx
Vi f(xX)|>u

s

1 —a Ve flllp 4
_ \V d+2,,-d-2 g, _ WYHJ L2 —q—
d+2/|Hf(x)| u x ir2
I lyson
S od+2
Therefore || F*|| ra@xr, 53 dsax) < CIl £l w2 and the proposition follows from
the concluding remark of Lemma 5.11. O

THEOREM 5.17. Let M be an n-dimensional sub-Riemannian H-manifold and
Ty, T\, ..., T, € W,S (M). Consider the two n + 1-linear mappings

COM)® ' 54, Q - Q@ ant > dQr) ' tr,(To[ Ty, 1] [Try1, @i )y (5.7)
COM)® ' 34, Q- @ a1 > WResy (T[T, arl- - [Ths1, Gny1]). (5.3)

The two n + l1-linear functionals in (5.7) and (5.8) coincide and are both
continuous in the W;I’"“—topology. Moreover, for ay, ..., ay41 € W;I‘"“(M)

tr, (To[T1, ar] - - - [Ty, Gnr]) = WResy (To[ Ty, ar] - - - [Ty, Gngr D
In particular, To[Ty, a1]---[T,41, anr1] is measurable for ay,...,a,;; €

Lip.(M).
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Here WResy denotes Ponge’s Wodzicki residue in the Heisenberg calculus
(see [38]). The proof proceeds exactly as the one of Theorem 2.29 and is left
to the reader. Using Theorem 5.17, we can extend a computation of Englis and
Zhang [20] to a larger class of functions.

COROLLARY 5.18. Suppose that M is an n-dimensional contact manifold and
that Py € WY (M) is a Szegd projection. For any ay, ..., a,y € Wy (M) we
have the equality

tr,, ([PMdlpM, Pya; Py - - - [Pya, Py, Pya,ii Pyl)

/ L (31;611, 3h612) L (3han, 3ban+1)dV9,
n'(27r)” :

where 3, denotes the boundary d-operator, L* the dual Levi form and dV, the
volume form associated with the contact structure.
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