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Abstract In this paper, we get an inequality in terms of holomorphic sectional cur-
vature of complex Finsler metrics. As applications, we prove a Schwarz Lemma from
a complete Riemannian manifold to a complex Finsler manifold. We also show that
a strongly pseudoconvex complex Finsler manifold with semi-positive but not identi-
cally zero holomorphic sectional curvature has negative Kodaira dimension under an
extra condition.
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1 Introduction

In this paper, we study the holomorphic sectional curvature of complex Finsler man-
ifolds (see Definition 2.3). For a general complex manifold, there is a natural and
intrinsic Finsler pseudo-metric, i.e., Kobayashi metric ky; (see Definition 3.6), which
is the maximum pseudo-metric among the pseudo metrics satisfying the decreasing
property. This metric defines a Kobayashi pseudo-distance, and a complex manifold
is called Kobayashi hyperbolic if the Kobayashi pseudo-distance is a distance in com-
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Holomorphic Sectional Curvature of Complex Finsler Manifolds 195

mon sense. It is known that a complex Finsler manifold is Kobayashi hyperbolic if
its holomorphic sectional curvature is bounded from above by a negative constant.
As an application, the moduli space of canonically polarized complex manifolds is
Kobayashi hyperbolic [23,25].

In hyperbolic geometry a conjecture of Kobayashi asserts that the canonical bundle
is ample if the manifold is hyperbolic [19, p. 370]. Wu and Yau [28] proved the
ampleness of the canonical bundle for a projective manifold admitting a Kéhler metric
with negative holomorphic sectional curvature. Later on, Tosatti and Yang [26] proved
this result without projective condition and asked if it still true for a compact Hermitian
manifold. In [33], Yau conjectured that an algebraic manifold is of general type if and
only if it admits a complex Finsler metric with strongly negative holomorphic sectional
curvature which may be degenerate along a subvariety. For the case of quasi-negative
holomorphic sectional curvature, the ampleness of the canonical bundle also had been
proved in [12,29]. In the proofs of above results, they essentially used Yau’s Schwarz
Lemma [31]. This is also a motivation for us to study the Schwarz Lemma in the case
of complex Finsler manifolds.

Proposition 1.1 Let M be a complex manifold of dimension n, G| and G, be two
complex Finsler metrics on M. For any point (z, [v]) € P(T M), one has

2 - G — G
— sup 0ddlog— (X, X); > Kg, — —Kqg,, (1.1)
2 7. (X)=v Gs G>

where ity : T(TM) — T M is the differential of 71 : TM — M.

A simple maximum principle argument immediately gives a direct proof for the
Schwarz Lemma of [24, Theorem 4.1]. For the case of a complete Riemann surface
(M, G1), by using Proposition 1.1, we obtain the following generalization of Yau’s
Schwarz Lemma [31, Theorem 2’].

Theorem 1.2 Let (M, G1) be a complete Riemann surface with curvature bounded
from below by a constant K. Let (N, G2) be another Finsler manifold with holomor-
phic sectional curvature bounded from above by a negative constant K. Then for any
holomorphic map f from M to N,

sk
fG2<ﬁ.
G T K

(1.2)

If (M, G1) is aunit disc with a Poincaré metric (which is complete) and by the defi-
nition of Kobayashi metric, one has 4k12v > —K»G. This implies that N is Kobayashi
hyperbolic by definition.

For a compact Kéhler manifold with positive holomorphic sectional curvature, Yau
[32, Problem 67] asked if the manifold has negative Kodaira dimension. Yang [34]
gave a affirmative answer to this problem. More precisely, if (M, w) is a Hermitian
manifold with semi-positive but not identically zero holomorphic sectional curvature,
then the Kodaira dimension « (M) = —oo. Naturally, one may ask whether this result
holds for a strongly pseudoconvex complex Finsler manifold, namely, whether for a
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196 X. Wan

compact strongly pseudoconvex Finsler manifold (M, G) with semi-positive but not
identically zero holomorphic sectional curvature one has that k (M) = —oo.

For any strongly pseudoconvex complex Finsler metric G, there is a canonical
(Finslerian) tensor

A 902G ) .
G:=———8 @8 e A%(TM)°, V'@ V"). (1.3)
dJvtov/

Here (TM)(’ denotes that the set of all non-zero holomorphic tangent vectors of
M, {5v'}!_, is a local holomorphic frame of V* (for the definitions of §v' and V*

see (2.12)). By taking covariant derivative of the Finslerian tensor G along the anti-

holomorphic direction P =i 8%, we get

0G(P) e A°(TM)°, V* @ V). (1.4)
By using Berndtsson’s curvature formula to the cotangent bundle, we prove that

Theorem 1.3 Let (M, G) be a compact strongly pseudoconvex complex Finsler man-
ifold with semi-positive but not identically zero holomorphic sectional curvature, and

satisfy 0G (P) = 0, then k(M) = —oo.

Remark 1.4 From the definition of P and G (see (2.15,2.25) in Sect. 2), if G comes
from a Hermitian metric, the Finslerian tensor G is identically trivial, so that any

Hermitian metric satisfies the condition éé(ﬁ) = 0. Moreover, there are also many
non-Hermitian strongly pseudoconvex complex Finsler metrics which satisfy the con-
dition (see Example 2.6).

2 Holomorphic Sectional Curvature of Complex Finsler Manifolds

In this section, we shall fix notation and recall some basic definitions and facts on
complex Finsler manifolds. For more details we refer to [1,4,5,10,13,18,27].

Let M be a complex manifold of dimension n, and let 7 : TM — M be the
holomorphic tangent bundle of M. Let z = (zl, ..., Z"") be alocal coordinate system
in M, and let {3%}15,'5,, denote the corresponding natural frame of 7M. So any
element in 7 M can be written as

U—viieTM
=va ,

where we adopt the summation convention of Einstein. In this way, one gets a local
coordinate system on the complex manifold 7 M:

(z;v)= (..., 7% vl 0. 2.1

Definition 2.1 ([18,19]) A Finsler metric G on the complex manifold M is a contin-
uous function G : TM — R satisfying the following conditions:
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Holomorphic Sectional Curvature of Complex Finsler Manifolds 197

(F1): G issmoothon (TM)° =TM \ O, where O denotes the zero section of T M
(F2): G(z,v) > Oforall (z,v) € TM withz € Mandv € 7~ 1(z),and G(z,v) = 0
if and only if v = 0;
(F3): G(z, 2v) = |A|>G(z, v) forall A € C.
Moreover, G is called strongly pseudoconvex if

(F4): the Levi form ~/—199G on (T M)? is positive-definite along fibers (T M), =
7 Yz) forz € M.

(M, G) is called a (strongly pseudoconvex) complex Finsler manifold if G is a

(strongly pseudoconvex) complex Finsler metric.

Clearly, any Hermitian metric on M is naturally a strongly pseudoconvex complex
Finsler metric on it.

We write
6 96 o _93G . G 5s
T TR T T 22
9°G G
Gi;j = PP Giji= PRTTITE A etc., (2.3)

to denote the differentiation with respect to vi, 97, 71, 77, and we denote (Gj i) the
inverse matrix of (G; j)- In the following lemma we collect some useful identities
related to a Finsler metric G.

Lemma 2.2 ([10,18]) The following identities hold for any (z,v) € E°, A € C:
G;(z, \0) = AG;(z, v), G;i(z,20) = G5(z,0) = Gj;(z, v); 2.4)
Gi(z, v’ = Gil(z, V)l = Gij(z, ') = G(z,v); (2.5)
Gij(z, V' = G;5(z, WV = G;51(z, v)v/ =0. (2.6)

Let A = {w € C||w| < 1} be a unit disc. For any holomorphic map ¢ : A - M,
one can define a conformal metric on the disc A by

ds® = ¢*Gdw ® dw, 2.7

where (¢*G)(u %) = G (g (u %)). The Gaussian curvature K +g of ¢*G is given
by

2 9%log*G
©*G  dwdw

Ky = — 2.8)

Then one can define the holomorphic sectional curvature of (M, G) as follows.

Definition 2.3 ([2,4]) The holomorphic sectional curvature Kg(z,[v]) of G at
(z,[v]) € P(TM) := (T M)°/C* is defined by

Kg(z, [v]) := sup{Ky+G(0)}, (2.9)
¢
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198 X. Wan

where the supremum is taken over all the holomorphic maps ¢ : A — M satisfying
©(0) = z, ¢'(0) = Av for some A € C*.

If G is a strongly pseudoconvex complex Finsler metric on M, then there is a
canonical h-v decomposition of the holomorphic tangent bundle 7' (7 M) of (T M)°
(see [10, §5] or [13, §1]).

T(TM) =H®V. (2.10)
In terms of local coordinates,
H ) 0 6.6k 1<i<
= span — = ——0G:.; ~ o l=st=ng,
panc 87t 07! Jst 3vk
0 .
V:spanc{m,lfzfn}. (2.11)

Moreover, the dual bundle T*(TM)° also has a smooth h-v decomposition
T*(TM)° = H* @ V* with

H* = spang{dz', 1 <i <n},

V* = spang {8vi =dvi+GﬁGi;kdzk, 1<i Sn}. (2.12)

With respect to the h—v decomposition (2.12), the (1, 1)-form %85 log G has the
following decomposition.

Lemma 2.4 ([5,18]) Let G be a strongly pseudoconvex complex Finsler metric on M.
One has

A 7
—0d0logG = —— + wrs, (2.13)
2 2

where we denote

vl V=19%logG _;
v = V_lRikal_TdZ ANdZ, wps= 7 0907 v’ A SV, (2.14)
with
2 _ _
R-r— — 9 i Géﬂ@%
kT g7k g7 azk 3zl

For the holomorphic vector bundle T7(TM)° — (T M)°, there are two special
smooth vector fields

ﬁ—v"ieH P—viiev (2.15)
T8 ’ T ’ ’
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Holomorphic Sectional Curvature of Complex Finsler Manifolds 199

which are We_:ll defined. Indeed, for two local coordinate neighborhoods (U,
{zi ), Ug, {zp)) of M with Uy N Ug # @, one has

R I, aza
v, = Zg,—. i (2.16)

Bz/ 8z, 32 (Szﬂ

For a strongly pseudoconvex complex Finsler metric G, one can also define the
holomorphic sectional curvature by
vl ookt

Ko =2Rjii—cr—

— —%(aélogG)(f’,F), 2.17)

(see [18, Formula (6.7)]), which is a function on projective bundle P(7 M). In this
case, the two kinds of definitions for holomorphic sectional curvature coincide. More
precisely, one has

Proposition 2.5 ([1, Corollary 2.5.4, 3, Proposition 7.2]) If G is a strongly pseudo-
convex complex Finsler metric on M, then
vl g vk !

— (2.18)

sup{Ky+g(0)} = 2Ri]kl_
4

where the supremum is taken over all the holomorphic maps ¢ : A — M satisfying
©(0) = z, ¢’ (0) = Av for some A € C*.
Proof For reader’s convenient, we give a direct proof here. For any holomorphic

¢ : A — M with ¢(0) = z, ¢’(0) = Av for some A € C*, it induces a holomorphic
map

0 dg' 9 dg!
0 ' TA > TM @u(w,u) =@y (u—) = ul—i = (@(Z); ust ), (2.19)
w z Jw
which satisfies
9«(0, 1) = (z, Av). (2.20)

Similarly, the holomorphic map ¢, also induces a holomorphic map (¢4 )« : T(T A) —
T(TM) and

82§0i

T3 5l 2:21)

0 0
(@)« a_w|(0,l) = ' _l(zkv)“r
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200 X. Wan

Therefore, one has

2 92
K, (0)) = - log¢*G ) (0
Sl;p{ oG (0)} szp G ) (Bwau_) ogy )( )}
2 (o) @310g6) | |0y,
=supj — ) o )
& | Gy TS O 5w |1y
2 _
—supl——" (33log G
gp G(Z’M)( gG)
3 3
X ((90*)* <£|(O,1)) s (@4) 4 <ﬁ|(0,1)>>} (2.22)
{ 2 (33 1og G)
= Su _—— 0
il BCTEa T R
8 32k it 3
)va-i- 3 2+GlzG )\U vk

32<pk

8 Tk
XXU’F-{—( 2+Gl_;iG )»v) .

By Lemma 2.4 and the property that wr g is positive along the fiber of P (T M), taking
the holomorphic map ¢ : A — M with
32 k -
9(0) =0, ¢'0) =dv, —5(0) = —1Gy,; G, (2.23)

one gets that

(Kypr(0)) 2 931086 (v 2o wi D\ — g KV
su x =— 0 VW— vi— | =2R, ;i ———. .
(pp VG G(z,v) & svi’ T ol kG2

]
For a given strongly pseudoconvex complex Finsler metric G, there is a canonical
(Finslerian) tensor G,

G := G0 @ 8v/ € A°(TM)°, V* @ V). (2.25)

From (2.16), it is easy to see that G is well defined. Moreover, G = 0 if and only if
the strongly pseudoconvex complex Finsler metric G comes from a Hermitian metric.
In fact, if G comes from Hermitian metric 2 on M, i.e., G = hijv(z)v’ v/, then

G 3G
YT duigud

So G = 0. Conversely, if G = 0, then
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Holomorphic Sectional Curvature of Complex Finsler Manifolds 201

0°Gyj
By taking conjugation, one gets G, = 0. So G; ]v(z, v) is independent of the fiber,
i.e., G;3(z, v) = G,;3(2). Therefore, G = Gi;(z)viﬁj comes from a Hermitian metric.

Note that V* ® V* - (T M)? is a holomorphic vector bundle with a local holo-
morphic frame {6v' ® dv/}1<; j<u. SO

3G € A% (TM)°, V@ V). (2.26)

In applications, one may consider a class of strongly pseudoconvex complex Finsler
metrics G, which satisfies

~

IG(P) =0. (2.27)
In terms of local coordinates, Eq. (2.27) is equivalent to

8

ol 53 Gij = 0. (2.28)

Example 2.6 There are many non-Hermitian strongly pseudoconvex complex Finsler
metrics which satisfy condition (2.27). For example, any complex Finsler manifold
(M, G) modeled on a complex Minkowski space satisfies the condition (2.27). In fact,

in this case, one has %(Gl-;iGl_k) = 0 (see [4, Definition 2.7, Proposition 2.10] or
[15]). Then

=1 § = kt
vz G =0 (Gij;l = Gy,iG Gz;t)
0 ik
. (Gk.l-G ) G (2.29)
v/ ’
_; 0 kt
=557 (6r/G¥")Gi =0

Inparticular, any flat or projectively flat Finsler metric G veriﬁes_that % (G, G’ ky=0

(see [4, Corollary 2.2, Proposition 2.18]), and so one has 5@(}3) =0.

3 Schwarz Lemma for Complex Finsler Manifolds

In this section, we get an inequality for complex Finsler manifolds which only contains
holomorphic sectional curvature terms. By using this inequality and the Almost Max-

imum Principle of Omori and Yau for complete manifolds, we obtain a generalization
of the Yau’s Schwarz Lemma.
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202 X. Wan

Proposition 3.1 Let M be a complex manifold of dimension n. Let G| and G be two
complex Finsler metrics on M. For any point (z, [v]) € P(T M), then

2 Gy — G
—— sup {33105’—1(?(, X)} > Kg, — _1Kle 3.1
2 7.(X)=v G> G2

where ity : T(TM) — T M is the differential of 1 : TM — M.

Proof From Definition 2.3, one has at the point (z, [v]) € P(TM),

G
<KG2 — G2 ) (z, [vD)

G1(v)
Sl(;p{ @ Gz( )} G2(U)

sup { K4+, (0)}
@

= SUp(Ky2G,(0)) {GIE ; m(O)}

Gi(v)
< sup Kyp+G,(0) — Gz(v)K“’*G‘(O)} (3.2)

2 92 go*Gl}
" — log
¢ l9*Goowow ©0*Go

. 2 _2 43 G d 0
= SI;P G2(h) Og (04) <_w> s (044 (E)

_ G —
sup {Balog Z1(x, X)},
Gz(v) T (X)=v G2

where the supremum is taken over all the holomorphicmap ¢ : A — M withp(0) = z,
¢'(0) = Lv for some A € C*. O

Remark 3.2 From the proof of above proposition, if G1and G only satisfy (F1), (F3),
and non-negative, then (3.1) also holds outside the zero points of G| G».

Remark 3.3 If G and G, are strongly pseudoconvex complex Finsler metrics on M,

then there is another upper-bound for K¢, — % K¢, . Denote by (%) the horizontal
o

lifting of 811 with respect to Gy, @ = 1, 2. For any smooth function f on T M, the
horizontal Laplacian is defined by

Vi - 8 8
AR F= (33 — ) , | = .
6 =g ¢ f)((&l)z <621)2>
From (2.17), one has
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Holomorphic Sectional Curvature of Complex Finsler Manifolds 203

G 2 (8 ay;
2AH Jog — = K = (3310g G =) ,vi—
G, 10g Gy G2+G2( 0gGy) <v (&,)2 v (&’)2
Ko, + —@31ogGy) (v () +0f
= —_— (0] v — v
G2 G2 gt 8Zl 1

vl (i> + vl
(SZZ 1

G 2 -
= K¢, — G_ZKGI + G—z(aalog G1)

(60,62 ((2).-(2))

G
> KGz - G_ZKGI’

where the last inequality holds since G is strongly pseudoconvex.

As an application of the above proposition, we give a direct proof of the following
Schwarz Lemma.

Corollary 3.4 ([24, Theorem 4.1]) Let f be a holomorphic map between two complex

Finsler manifolds (M, G) and (N, G1) with M compact. If K, < —A, K > —B
for A >0, B >0, then

Gy < EG 3.3)
=406 .
Proof Set
Gy
u= ,
G

which is a smooth function on P(T M). If max; [v))ep(Tm) u(z, [v]) = 0, then (3.3)
holds obviously. Now we assume that

max  u(z, [v]) = u(zo, [vo]) > 0.
(z,[v)eP(TM)

By Remark 3.2, one has

0> G0 n*(sxu>p=u0 {801ogu(X, X)} = (K6 — uK +G,)(z0, [vo)). 34

Note that
K¢+ ([v]) = sup {Kyx G, (0)} < sup {Kyxg,(0)}
¢'=rv Y'=rfe(v)

= K, ([f:()D) = (f*GDvl. (3.5
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204 X. Wan

So
(KG —uf*Kg,)(zo, [vol) < 0. (3.6)
By the assumptions for K, and K¢,, one obtains
" B
G = ZG' (3.7)

m}

Next we consider the case of a holomorphic map from a complete Riemann surface
to a Finsler manifold with negative holomorphic sectional curvature. We assume that
(M, G) is a complete Riemann surface, the fundamental form is

1
@ =/—Irdz AdZ, )= 561 (3.8)

and ds? = 2Adz ® dz. The holomorphic sectional curvature of G is
82

Kg=——
G~ "X az0z

log A, 3.9)

which is exactly the Gaussian curvature.
Now we have the following generalization of Yau’s Schwarz Lemma [31, Theorem
2’]

Theorem 3.5 Let (M, G) be a complete Riemann surface with curvature bounded
from below by a constant K. Let (N, G1) be another Finsler manifold with holomor-
phic sectional curvature bounded from above by a negative constant K. Then for any
holomorphic map f from M to N,

*G, K
76 _ K (3.10)
G K>
Proof Set
G,
u = .
G

Since dim M = 1, one has that P(T M) >~ M and hence u is a smooth function on
M. For the case of max ¢y u(z) = 0, the inequality (3.10) is obvious. So one may
assume that max,cp u(z) = u(zp) > 0 for some zg € M.

Letp(t) = (1 +1)""2, ¢t > 0, then

/

1 3
Pt)y=——5<0, ¢"t)=——= >0. (3.11)
2(1+1)2 4(1+1)2

Then applying the Almost Maximum Principle of Omori and Yau ([22,30], [16, §6.2])
to —¢ o u, there exists a sequence {p, € M|v = 1,2, ...} such that
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infoou= lim pou(p,), lim V(pou)l, =0, liminf A(pou)|,, > 0.
M V—>00 V—>00 V—>00

(3.12)
The first equation of (3.12) implies that
supu = lim u(py). (3.13)
M V—>00

From (3.5) and Proposition 3.1, one has

ou |
u —= — - = — —_—
Adzdz A a9z
(3.14)
> 2u(Kg —uKpg,) > 2u(Kg —uf*Kg,)
> 2u(Ky —uky).

29% 2 3%logu 1
u — + -
020z u

Using the fact that
liminf A(p 0 1)y, = liminf (¢” (P ) Vulp, I? + ¢ @(p)Auly, ) . (3.15)
V—00 V—>00

and combining (3.12), (3.14), and ¢'(r) < 0, one gets for any € > 0, there exists
N > 0 such that at each p, withv > N,

2u(Ky — uK2)g' () + ¢" @) |Vull> > —€, (¢ @) IVull> = |V(p ow)||* < €.
(3.16)

Therefore,

Ki—uky < ( € +€2‘p”(“)> (3.17)
— U _— . .
R VAN PITIPIOTE

So sup,, u is bounded because the left-hand side is O (#(p,)) and right-hand side is
O(E(M(pu))% + €%u(p,)) as v — oo. Taking v — oo and € — 0, one gets

<K (3.18)
sup u —. .
Mp K

For a complex manifold, there is a canonical Kobayashi metric k.

Definition 3.6 ([4,19]) The Kobayashi metric ky; : T M — R of a complex manifold
M is defined by

ky(z,v) == ir;)f {% 3f € Hom(A(r), M), f(0) =z, f'(0) = v}
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206 X. Wan

for any (z, v) € TM, where the infinimum is taken for all holomorphic map f from
disc A(r) of radius r to M with f£(0) = z and f/(0) = v.

For any tangent vector V on M, there exists a (1, 0)-type vector X such that V =
X + X = 2ReX, ky (V) := 2kp(X). The Kobayashi pseudo-distance dA’fI (p,q) is
defined by

1
diy(p.q) = inf fo ke (e(0). ¢/ (0)d,

where infinimum is taken all curve of C!-class on M.
A complex manifold M is said to be Kobayashi hyperbolic if the pseudo-distance
d AI/(I is the distance in the strict sense.

As a simple application, we have the following interesting result.

Corollary 3.7 ([4,18]) Let (N, G1) be a complex Finsler manifold with holomorphic
sectional curvature bounded from above by a negative constant K. Then we have

4k2N > —KyGy, (3.19)

where ky is the Kobayashi metric of N. In particular, N is Kobayashi hyperbolic.
Proof We equip the r-disc A(r) with the complete Poincaré metric G = 2Adz ® dz,

_ r
h= 20r2—z%) "
Theorem 3.5, one has

It is well known that its Gaussian curvature is K¢ = —4 < 0. By

! K ) ’
Therefore,

4r2 4
—K2G1(f(0), f'(0) < muzo =5

By the definition of ky, one has
4k, > —K>G. (3.20)

From (3.20) and K» < 0, d ]{,( is a distance in the strict sense. By Definition 3.6, N is
Kobayashi hyperbolic. O

4 Semi-positive Holomorphic Sectional Curvature

In this section, we assume that the holomorphic sectional curvature of a strongly pseu-
doconvex complex Finsler manifold (M, G) is semi-positive but not identically zero,
i.e., Kg > 0 and there exists a point (zq, [vg]) € P(T M) such that K5 (zo, [vo]) > 0.
Firstly, we review Berndtsson’s curvature formula of direct image bundles (cf. [7—
9,20,21]).
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Holomorphic Sectional Curvature of Complex Finsler Manifolds 207

4.1 Curvature of Direct Image Bundles

Let 7 : X — M be a holomorphic fibration with compact fibers, L a relative ample

line bundle over X', i.e., there exists a metric (weight) ¢ of L such that /— 109¢| x, >0

forany z € M, X, := n~'(z). We denote by (z; w) = (z',..., 2% w!, ..., w") a
local admissible holomorphic coordinate system of & with 7 (z; w) = z, where m

denotes the dimension of fibers. For any smooth function ¢ on X, we denote

_ 09 __ 99 _ 99 __ 99
- 8Zi’ ¢,/ - 82-], ¢C{ - 8wav ¢)‘3 - 812)/3’

¢;i

where | <i,j <n,l <a,B <m. B
For any smooth metric ¢ of L with v/—193¢|x, > 0, set

9
57 = aa 989

d
owe’

pa

.1

where (¢B %) is the inverse matrix of (¢, 3). By aroutine computation, one shows easily
that {6%,}1 <i<n spans a well-defined horizontal subbundle of TX. Let {dz'; w®}

denote the dual frame of {5%; 33)0, }. One has

sw® = dw® + ¢*P gz, dz.
Denote

s .
Qsw?, 9 = 7 ®d7. 4.2)

¥ =

dw¥

Clearly, the operators 8" and 37 are well defined.
The geodesic curvature c(¢) of ¢ ([11, Definition 2.1]) is defined by

¢(@) = c(@);;v/~1dz' NdZ = (6,5 — 85, 6°P ¢, ;) V=TdZ ndZl,  @43)
which is clearly a horizontal real (1, 1)-form on X'. By a direct computation, one has
V=100¢ = c(§) + V=1, gow* A s (4.4)
We consider the direct image sheaf
E:=m(Kyx/m+ L).

Then E is a holomorphic vector bundle. In fact, for any point p € M, taking a local
coordinate neighborhood (U; {z'}) of p,then¢ + B Y ", |2’ |2 is a metric on the line
bundle L — X|y, whose curvature is
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V=100¢ + BV/—1) _dz' ndZ.
i=1

By taking B large enough, the curvature of ¢ + 8 |z'|? is positive. By the same
argument as in [7, §4, p. 542], there exists a local holomorphic frame for E. So E is
a holomorphic vector bundle.

Following Berndtsson (cf. [7-9]), we define the following L?-metric on the direct
image bundle E := 7. (Kx/y + L). Let {uA}lfAfrankE be a local frame of E. Set

RAB — (A yB) =/ uAuBe9. (4.5)
X,

Note that u“ can be written locally as
4= fldw®s, (4.6)
where s7 is a local holomorphic frame of L with e~® = |s7|?, and so locally
utuBe? .= (V=" fAFISLIZdw ANdw = (\/—_l)mzfAFe_¢dw Adw,

where dw = dw' A --- A dw™ is the fiber volume.
The following theorem actually was proved by Berndtsson [9, Theorem 1.2].
Theorem 4.1 ([9, Theorem 1.2]) Denote by OF = @All?j.,u AQup ®dz Adzl the

Chern curvature of the L*>-metric (4.5) on E, where {uy € E*} is the dual frame of
{(u?}. Then at the point z € M,

OB — | (@), utwBe® +{(1+00)" lvauA iy s uB). (4.7)
ij x. ij 9 Lyv i
Here (I = V'V'* +V'*V denotes the Laplacian on X, associated with the (1, 0)-part
)
of the Chern connection on L|x,, aV 5’; = LS Y ® Bw"‘
Moreover,

8z/

=<(1+D’)‘ (iév,s A ;,) <i5va B l’,)>zo (4.8)
87! 82/

for any element a = aA ® = € E® TM, and the equality holds if and only if

<(1 + D’)_liév%uA, i3v¢u3>axa{3

2 (¢,§;,~¢ﬁ°‘)ani .

dwY A
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Proof For the proof of (4.7), one also can refer to the proof of [14, Theorem 3.1]. The
equality of (4.8) holds if and only if

. A _
lavs%u a, =0.

(s . P .
From (4.1) and (4.2), the above equation is equivalent to % f Aa’A =0. O

4.2 Application on Cotangent Bundles

In this subsection, we will apply Theorem 4.1 to the cotangent bundle £ = T*M. In
this case, X = P(T M),

E=m.Oprm(1)) = m(L + Kx/m) 4.9

where
L:=O0parmy(1) — Kx/p =+ DOprmy(1) + 7" det TM (4.10)
(see [17, Proposition 2.2]). In this case, rank E = dim M = n, the dimension of fibers

m=dimX;, =n—1forany z € M.
Recall that (z; v) is a local coordinate system of 7'M with respect to the natural

frame {diz, "_,» it gives a local holomorphic frame of Op () (—1) by
1 : i__% 0
SOprn (-2 [V]) = ok v P (4.11)

i=1

on Uy = {(z, [v]) € P(T M)|vF £ 0}.
Moreover, the natural projection

q:(TM)° = P(TM) (z;v) = (z;[v]) = (2", ....2% [v', ..., v"]), (4.12)

gives a local coordinate system of P(7T M) by

. | . vl vk—l vk+1 o i1
(z; w) = Z,--qZ,F,--.,T,T,u-,U—k (4.13)

on Uy.

Let sop (1) denote the dual local holomorphic section of 50, auy(—1)- By (4.10),
there exist local frame s; of L and local frame s+ get 74 Of w* det T M on Uy, such
that

—(n+1
SOpuy() =dwW s, sL = Sgp((:ﬁz()—l) ® Sx*det TM- (4.14)
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Let G be a strongly pseudoconvex complex Finsler metric on M, it induces a metric
on Op(rm)(—1) by

G(z,v)

G (Z U)UU]_W

1
1SOprany (- 1)| | k|2

on Uy. Let g = (g; /-.) be a Hermitian metric on M. From (4.14), there exists a metric
¢r on L by

¢L = _2(n+l)|sn*detTM|2 — |vk|2(n+l)G—(n+l) detg,

(4.15)

IsL1> = 150 pqan (-1

where det g := det(gi]f).

Lemma 4.2 On U, = {(z,[v]) € P(TM)lvk =% 0}, one has

821 G k2n
det og_ = Ll det G,
dw*dwh G"

where det G .= det(Gi]v).

Proof Without loss of generality, we may assume that k = 1. For any point p € Uy,
one has from (4.13),

a—i”i ! V=L 0 hsa @
T\ o1 ) = p (vHZ gwi—1’ T\ gk ) = Vlgph—10 == '

Here ¢, : T(TM)° — T P(T M) denotes the differential of the natural projection
q: (TM)° — P(TM).

Denote
— k9
T = VR and
(%’%> = 1G”—, one has (T,T) = 1. With respect to the basis
(T, Bivi’ e d‘z,, }, the matrix of (-, -) is
~RT

where
vl v? "
01...0

B = .

00...1

Denote( ot = S T,
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For any i, j > 2, we have from (4.16)

1 1
1 1 - -
<(W) (—) > GG G2G iGj
_ 0%logG 1 9%logG
oviavs T )2 dwiw/

So with respect to the basis {7, (342)l’ o 9 )l}, the matrix of (-, -) is

agr

(1 9%logG
(]
12 0w dwh ) g 5oy

Since {T, ( 32)1_ . (21} and {T, %, ..., ==} differ by an unitary matrix,

" ’ 3v"
SO
1 3% log G 1 - 1, det(G;5)
TG det (Bw“SIIJﬁ) = det <B(5Gif)B > =|v| G
which completes the proof. O

Combining (4.15) with Lemma 4.2, one has

s V12 det(ye 95 log G)
" G(det G)(det g)~!

4.17)

on Uyg.

Itis known that HO(P"~!, Opn-1(k)) can be identified as the space of homogeneous
polynomials of degree k in n variables. Therefore, the sections of
HO(X., Oprm ()| x.) are of the form

. ) . a9 \* Vi
u' =t (Ujﬂ*g) = FSOP(TM)(U = v—kdw ® sr.. (418)
On the other hand, there is a canonical element
®8 i *®"8 cEQTM (4.19)
a=u'Q® —=[(vr"— v — , .
07! a9zt 07!

which is well defined since v' and % are covariant to each other.
By (4.18), (4.19), and Theorem 4.1, we obtain

o' = / (¢>>,,| k|2 eI ndip

ij

szl 82/

+<(1+D/) i5v s u' izv s uf'>. (4.20)
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Now let us compute the first term in the right-hand side of (4.20). By (4.15), (4.17),
and setting ¢ = log G, one has

/ ((PL)”' k|2 _¢L(\/_)(" D2 dw A di

vl@(r)(n 1)? dw A di
viv/ detg (/=109 1log G)"~!
G detG (n—1)!
. 1)/ likl_viﬁkaﬁl detg (v/—19d1log G)"!
G2 detG (n —1)!
viv/ detg (v/—1091log G)"~!
G detG (n—1)!

/ ((n + 1)C(¢G)z] 0; 8 logdet g)

= fX ((n+ De(@g), 7 — 0,07 log det g)

- 8,~3]f10gdetg/
x;

4.21)
Now the induced Hermitian metric on 7*M is
- i = 3 —1
Bii :/ v'v/ detg (V—1001log G)" . 422)
x. G detG (n—1)!

Denote by h = (h; ;) the dual Hermitian metric of (h/*), and det h := (det(h/"))~".
Consider the induced metric on 7*M given by (4.22). We claim that by an appropriate
rescaling of g one can always reduce to the case in which det g = (det 4)~!. Indeed,
in place of g one can always consider the Hermitian metric

_ (deth\imm
i = (G % (4.23)

So there induces a Hermitian metric /# on 7*M associated with the Hermitian metric
g=(g s which is given by (4.22). Moreover,

ipJ detg (v/—1001logG)" !
det(hjl) — det / vv et g ( 0g )
x, G detG n—1)

det b\ 71
=<e ) (det 7)~!
det g

(4.24)
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For a Hermitian metric h = (h; ]) on M, the two scalar curvatures are defined by

— @ KR s @ iRk
sh= O 5qh" " h™,  Sp = 0,5 :h"h™/ (4.25)
9h dh,5 dhig
l 9 qp_"pi tq
where ®1]klh —5mar TIPSR

From the chosen of Hermitian metric g and (4.25), (4.21) reduces to

viv/ 2 _
fX c(¢L),-;—|vk|2e—¢L =D""Ddw A dw

1 detg (v/—1991log G)"~!
__nt / Ko dets | 08T (4.26)
2 Jy. " YdetG (n—1)!

Now we deal with the second term in the RHS of (4.20). By Theorem (4.1),

<(1 +0) gy s o, iavé_uj> >0
8z/

8zt

and ((1 + 0" Yigy 5 u',i5y s u/) = 0if and only if

N .
8zt 8zJ

0((Pr).; ($L)PY)
OL)pi @™ i . 4.27)
owY
From the definition of ¢; (4.15) and det g = (det g)(z), (4.27) is equivalent to
d z z 0
_ Bay _ B ¢ o
v aW((log G)g.;(log G) ) = (log G)P*v' S_Zi(IOg G)g; =0, (4.28)

Where 2% is defined by (4.1). On the other hand, by definition of G, P,and Lemma2.2,
one has

ﬁl

8 ; j
Es—zl(G”)Sv ® Sv

1 -~ =
E(BG)(P)
. 8 i j

=7 Tl((log G)ij)év' @ sv/

=0 —((log G)l])5U ® sv’ (4.29)

_ _18_¢<8210gG dw* dwf  dlogG 9w

- — — ) 6v' ® §v/
dwrawd avi avl T due 8v’8v1> v e

5
= 7' <5 ((log G)ap)du @ Su’,
Z

where the third equality holds since g, ( 5 2y = azl
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Combining (4.28) and (4.29), ((1+ D’)_liéviui, igv L_uj) = 0 if and only if the
8zt 8z/

complex Finsler metric G satisfies (2.27). The curvature term ®i";,]7 in (4.20) is

0. _—®kl-,-hkfh” —$n. (4.30)

ij

Combining (4.20) and (4.26) with (4.30), one obtains

Proposition 4.3 Let G be a strongly pseudoconvex complex Finsler metric on complex
manifold M. There exist Hermitian metrics h and g on M such that the sum of two
scalar curvatures satisfies

1 detg (v/—1091og G)"~!
ooy < L[ g dets g G 4.31)
2 Jx. TdetG (n—1)!

Moreover, the equality holds if and only if the Finsler metric satisfies (2.27).
Let

wp = \/—lhi/rdzi Ad7!

be the fundamental form associated with the Hermitian metric h = (h; Jv) on M. The
first application of (4.3) is as follows.

Corollary 4.4 If Kg < 0 and M is compact, then there exists a Hermitian metric h
such that

/ S < 0. (4.32)
M

Proof There is a relation between the two scalar curvatures of a Hermitian metric (see
eg. [34, Formula (3.3)])

Sp = Sp + (00% wp, o). (4.33)

Integrating both sides of above equation, one gets

/ Spay 5/ Showy + f 10*wn |? w)y —/ ShQ), . (4.34)
M

Combining Proposition 4.3 with the assumption K < 0, one has

I | . "
Spwp, < 3 (Sn + sp)awy,
M M

_ntl / detg (v/—1ddlogG)"~!
P(TM)

<0. (435
=73 Gdet G n—1)! N = (4.35)
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Theorem 4.5 Let (M, G) be a strongly pseudoconvex complex Finsler metric which
satisfies (2.27). If K = 0 and Kg(p) > 0 for some p € P(T M), then the Kodaira
dimension k(M) = —o0, i.e., HO(M, IKy) =0forl > 1.

Proof By Proposition 4.3 and (2.27), so there exist Hermitian metrics 4 and g on M
such that

sp+ 8, = (4.36)

n—i—l/ © detg (v/—10dlog G)*~!
v CdetG n— 1) '

By the assumption of Kg, so s, + § is also semi-positive and strict positive at
some point in M. The same proof as in [6, Theorem 1, 34, Theorem 3.1], one has
HO(M, 1K) =0forl > 1. o
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