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1

Introduction

A ubiquitous phenomenon in physical systems with free charge carriers is plasma oscillations. These collective modes arise when the charge density fluctuates and induces a
polarization which in turn backreacts on the charge density, trying to restore it to its original configuration. If perturbed by the resonant frequency, a self-sustained propagating
wave of charge transport is created. The quanta of these collective excitations, sometimes
also the excitations themselves, are called plasmons.
These plasmons have many technical applications. Already in Roman times cups
were colored via plasmonic effects, though a more well-known application is probably the
staining of church windows during the Middle Ages. Modern applications in the field of
plasmonics [1] include extremely sensitive devices for biosensing and using plasmons for
communication within circuits. One key feature in plasmonics is that plasmons have a
shorter wavelength compared to an electromagnetic wave of the same frequency, up to a
factor of α−1 ∼ 100 for graphene [2], where α is the fine structure constant. This phenomenon, called wave localization, could, among other things, allow for the miniaturization
of circuits based on plasmonics compared to other technologies [3, 4].
The relevant quantity to consider when studying plasmons is the dielectric function
ε(ω, k) as it takes into account the dynamical polarization of the medium. Plasmons are
then obtained as longitudinal solutions to the equation ε(ω, k) = 0, which we will refer
to as the plasmon condition. When studying plasmons using standard QFT methods, one
has to resort to various approximations, e.g. the random phase approximation (RPA), to
extract the relevant parts of the higher loop contributions to the dielectric function. One
important feature of holographic duality is that it yields the exact expressions for the
dielectric function, i.e. including loop contributions to all orders. This makes holographic
duality a powerful framework to use in order to analyze the dynamical response of a system,
and in particular for studying plasmons.
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An additional motivation to study plasmons via holographic duality is recent advances
in experimental techniques targeting ‘strange metals’ [5], a phase existing above the critical temperature, Tc , in many high-temperature superconductors. As superconductivity is
suppressed in this phase, having a better understanding of it is crucial to develop methods to increase Tc . Furthermore, it has been linked to strongly coupled quantum critical behaviour [6, 7] and displays the absence of long-lived quasi-particle excitations in
spectral probe studies. These features makes the strange metal phase a prime target to
study using holographic duality. With the new method of momentum-resolved electron
energy-loss spectroscopy (M-EELS) the dynamical charge response of the strange metal
Bi2,1 Sr1,9 CaCu2 O8+x (BSCCO) has been successfully measured, in particular the plasmon
energy and lineshape for small momenta [5]. This opens up a novel way to compare holographic results on strange metals, in particular those concerning plasmons, to experiments.
We will comment on the agreement between the experimental results and a holographic
model in section 4.
During the last decades holographic duality has been established as a valuable tool that
provides a new perspective on strongly coupled phenomena in condensed matter physics
— for an introduction to the subject see e.g. [8–10]. In a quantum field theory (QFT) describing a condensed matter system, the renormalization group scale can be geometrized,
adding an extra “energy” dimension to the theory. The highly non-trivial claim of holographic duality is that the dynamics of this extended spacetime is governed by a gravity
theory. The dual QFT can be viewed as living on the boundary of the extended spacetime,
which is called the bulk spacetime. What makes holographic duality so useful is that it
maps strongly coupled physics in the QFT to weakly coupled physics in the gravity theory,
and vice versa, thus providing a new method to analyze and understand strongly coupled
phenomena, e.g. in condensed matter physics.
The original motivation for the duality came from string theory [11–13], but it is now
believed to hold much more generally and can e.g. be derived purely within ordinary gravity
theories [14]. Furthermore, when additional symmetries are present, allowing computations
on both sides of the duality to be performed and compared, the duality has so far passed
all tests, see e.g. [8].
The main result of this paper is to demonstrate how the holographic approach can
be employed to establish a consistent description of plasmons for strongly correlated systems. With the holographic dictionary, electromagnetic response in the boundary QFT
is expressed in terms of solutions to a set of coupled PDEs, describing combined metric
and gauge field fluctuations in the bulk. The crucial ingredient is to identify the proper
boundary conditions at spatial infinity that correspond to plasmons, i.e. charge density
fluctuations. This is explained in section 3. It turns out that the plasmon boundary
conditions reduce to a particular choice of Robin boundary conditions, making it rather
straightforward to apply the well-established techniques that have been developed in holographic duality. This type of mixed boundary conditions can also be seen as a double trace
deformation in the QFT [15, 16], corresponding to an RPA form of the Green’s function [9],
meaning that our approach is consistent with conventional CMT.1 In addition, it also needs

2

Boundary electrodynamics

The holographic dictionary identifies a field strength F and a conserved electric current J
for the boundary QFT from bulk quantities,
1
F=√ F
λ

,
∂M

J =

√

λ ın W

∂M

,

(2.1)

where F and W are the bulk electromagnetic field strength and induction tensor and n
the normal direction on the boundary. We have also introduced λ, which we will identify
with the parameter that relates the coupling strength for electromagnetism in the boundary
theory with the one in the bulk as they do not have to be equal. The relative scaling in λ for
F and J is determined due to them being related via conjugate quantities. The coupling
strength for electromagnetism in the boundary theory has been absorbed in the fields, and
can easily be reinstated by rescaling J → eJ and ρ → eρ, where e is the boundary coupling
strength. Note, however, that the boundary physics is independent of e; it only depends
on the relative strength of the bulk and the boundary coupling parameterized by λ as we
will elaborate on below.
The boundary induction tensor W is then identified through
J = −hρi dt + j = ⋆−1 d ⋆ (F − W) .

(2.2)

This leads to the generic equations of motion for electromagnetism on the boundary,
dF = 0 ,

d ⋆ W = ⋆Jext ,
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to be stressed the holographic computation of the conductivity, and hence the dielectric
function, includes the full ω and k dependence. Thus, it corresponds to what is sometimes
called the non-local response, see e.g. [17], which takes into account the internal spreading
of energy via the moving charge carriers.
The reader familiar with holography may notice some similarity with the procedure
of computing quasi-normal modes (QNM), i.e. how perturbations of the bulk fields decay
in time. The crucial difference to keep in mind here is that while the system of PDEs in
both cases originate from perturbing around a fixed background, the boundary conditions
imposed at spatial infinity are fundamentally different. The QNMs are identified with
poles in holographic correlation functions and as such correspond to a situation where
all sources have to vanish, which is synonymous with imposing Dirichlet conditions for
all bulk fluctuations. Plasmons are, however, not caracterized by poles in a holographic
correlation function, since they depend in an essential way on the dynamical polarization
of the material — they are poles of a density-density response function to an external
field [18], and correspond to a situation where the response in the displacement current
vanishes despite a non-zero electric field strength. Thus, they always need a non-vanishing
source to be present, which is why the corresponding boundary conditions are so different
to those found in QNM calculations. Note that these sources are to be viewed as internal,
being a consequence of the dynamical polarization.

where Jext is the current from external sources. These equations are standard for a U(1)
gauge theory, independent of details of interaction or coupling with other fields. Therefore,
the standard decomposition of electromagnetic quantities — see e.g. [18] — can be applied
to the boundary field theory,
F = E ∧dt + ⋆−1 (B∧dt) , W = D∧dt + ⋆−1 (H∧dt).

(2.4)

From this, conductivity and dielectric functions, which both, in general, are tensorial quantities, are defined via the response to an electric field,
D =ε·E.

(2.5)

In a Minkowski background, the Maxwell equations (2.3) can be cast into the ‘classical’ form,
div B = 0 ,

div D = ρext ,

curl E = −Ḃ ,

curl H = jext + Ḋ .

(2.6)

Finding relations between various material constants is now a simple consequence of the
respective definition and the equations of motion — see e.g. [18]. After inserting (2.5)
into (2.6), Fourier-transforming and projecting onto k, it is a straightforward calculation
to find,

σ
· E = 0.
k· ε−1+
iω

(2.7)

Thus, for the longitudinal mode, chosen in x direction,
εxx = 1 −

σxx
.
iω

(2.8)

This allows to connect the dielectric function to the conductivity, which can easily be
obtained from the Green’s functions using the Kubo formula, i.e.
σxx =

iω
hρ ρi .
k2

(2.9)

In this paper, we will only consider backgrounds with no magnetic flux, but for completeness, we also mention that the other components of the dielectric function could be found
from the more general relation,


ε−1+

k×M
σ
,
·E =
iω
ω

(2.10)

with the magnetization M = B −H. This is also valid for general dimensions when setting
k × M := ⋆ k ∧ M.
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j =σ·E,

3

Dielectric function and plasmon condition from holography

Ė x + jx = 0 .

(3.1)

Interestingly, this condition can be entirely expressed in terms of the quantities defined
directly via the holographic correspondence (2.1), without the need to explicitly compute
the displacement field D. In a homogeneous background, using the gauge choice At =
0, (3.1) can also be written as
ω 2 Ax + J x = 0 .

(3.2)

In such a background, also the dielectric function ε can be defined, and (3.2) can be shown
to be equivalent to
ε(ω, k) = 0 .

(3.3)

It is worth mentioning that this condition has more modes as solutions than what is commonly referred to as the plasmon mode, i.e. a self-sourcing propagating oscillation. If this
condition was not fulfilled, then D x = 0 would imply
E x = hρi = 0 ,

(3.4)

meaning there would be no electric field present.
To calculate the holographic plasmon mode it is imperative to translate the condition (3.1), respectively (3.3), into a boundary condition for bulk fluctuations. By construction, plasmons are found by studying response to a change in the electric field. Thus, we
fix boundary conditions such that only the perturbation δAx has a non-zero value at spatial
infinity, to avoid overlap with response from fluctuations from other modes or channels.
In particular, having non-zero metric perturbations at the boundary would also, in analogy with the discussion below for the photon, potentially lead to a dynamical graviton on
the boundary. Formulating the boundary condition for plasmons would in general involve
the bulk induction tensor, which makes writing down an explicit expression in terms of
δA somewhat intricate due to the model-dependence. However, with the advantage of the
holographic approach being that it can describe complicated strongly correlated systems
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The longitudinal dielectric function εxx has previously been studied holographically, for
example in the context of holographic optics [19], strongly coupled neutral plasmas [20] and
the wake potential in strongly coupled plasmas [21]. These works generally employed (2.8)
to relate εxx to the longitudinal conductivity σxx .
As shown in the previous section, this relation is a mere consequence of the definition
of the holographic induction tensor via (2.2). This makes it straightforward to identify
plasmons by focusing on the longitudinal direction — transverse collective modes do not
give rise to charge density fluctuations and have therefore no relevance here. By definition,
charge density fluctuations are characterized by having vanishing displacement field D x
but non-zero electric field E x when external sources are absent, i.e. Jext = 0. From equations (2.2) and (2.4) follows that for plasmons,

by relatively simple gravitational models, we will focus on cases which are commonly used
in the literature, where the bulk kinetic term for the U(1) gauge field is usually such that
δJx ∝ δA′x

∂M

,

(3.5)

where prime denotes the normal derivative at the boundary. In this case, it is a direct
consequence of the above discussion that the plasmon boundary condition is of the form,


ω 2 δAx + p(ω, k) λ δA′x
=0.
(3.6)
∂M

4

Holographic plasmons in the Reissner-Nordström metal

We now apply the concept outlined in section 3 to the RN metal, i.e. the field theory dual
of an electrically charged Reissner-Nordström black hole spacetime in (3 + 1)-dimensional
anti-de Sitter space (AdS), which is a solution that extremizes the Einstein-Maxwell action,
Z
Z
F ∧ ∗F .
(4.1)
∗(R − 2Λ) −
S=
M

M

Note that, as the dual field theory lives on the conformal asymptotic boundary of the
AdS bulk spacetime, the RN metal we consider is effectively (2 + 1)-dimensional. The RN
solution can be parametrized as,
 z 2
 z 2
dz 2
0
0
L−2 ds2 = −f (z)dt2 +
(4.2)
dx2 +
dy 2 + g(z) 2 ,
z
z
z0
with
f (z) =

 z 2
0

z

−M



z
z0



1
+ Q2
2



z
z0
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2

,

g(z) =

 z 4
0

z

1
.
f (z)

(4.3)
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Here, p is a function that will depend on details of the bulk kinetic term of the gauge
field. For clarity, we have also explicitly mentioned how the scale λ from the holographic
identifications (2.1) enters the boundary condition. This also makes manifest how plasmons
are related to a double trace-deformation of the boundary theory, since adding the doubletrace potential W (O) ∼ λO2 to the boundary field theory leads to a linear relation between
the source (δAx ) and the expectation value (δA′x ) of the form (3.6), whereby the new
coupling λ has been introduced — see [9] for further details. Note how the condition (3.6)
is explicitly related to the introduction of a new scale, λ, while the Dirichlet condition for
QNMs would be entirely unaffected.
In most commonly considered models the function p is likely to be bounded, if not even
entirely independent of ω and k. This in general implies that for very small ω, the second
term dominates and one has roughly a Neumann boundary condition, but for large ω the
first term dominates and one instead has a Dirichlet boundary condition. This interpolation
is physically reasonable since in the limit of large ω the rapid oscillations means that the
dynamical polarization can be neglected, and hence Dirichlet boundary conditions are
appropriate. In the opposite limit of small ω, the photon mediated dynamical polarization
is key and it has been argued [22] that imposing Neumann boundary conditions leads to a
dynamical photon in the boundary QFT.

Besides the AdS length scale L this spacetime is determined by two parameters, the
horizon radius z0 and the charge of the black hole Q. The latter is bounded by 0 ≤ Q2 ≤ 6,
the limits correspond to the Schwarzschild and the extremal solution, respectively. As
mentioned in the discussion following (2.1), we have to keep in mind that the boundary
field strength F = dA is, in principle, only fixed up to a choice of scale in terms of
F |∂M . With the boundary current J being, by construction, the canonical conjugate to
A in the grand canonical ensemble with potential given by the Euclidean on-shell action,
Ω = T S Eucl,on−shell , and F = W in the bulk, we thus have,

∂M

,

J =

√

λ A′

∂M

,

(4.4)

For our two-parameter family of solutions we can then define temperature, chemical potential and charge density in the dual field theory [8–10],
√
6 − Q2
Q
λQ
T =
, n= 2 2 .
(4.5)
, µ= √
8πLz0
L z0
λ Lz0
To analyze the dielectric function, we use linear response, i.e. we perturb the system around
the above mentioned background, considering longitudinal excitations and working in radial
gauge. This results in a system of six coupled differential equations, involving four metric
and two gauge field perturbations. This system is similar to the one obtained when studying
QNMs — see e.g. [23], which is also how we chose conventions, up to reparametrizing
√
the charge Q → 2Q and RG flow parameter r0 /r → z/z0 . The crucial difference to
QNM calculations is the choice of boundary conditions at asymptotic infinity which define
the holographic dictionary. For plasmons, this condition has to be the one discussed in
section 3, i.e. that all perturbations except δAx vanish at the boundary. In order to obtain
a well-posed boundary value problem we also need to supplement boundary conditions at
the event horizon, which will be the usual physical requirement that no modes will be
emitted by the black hole. This entails two modes satisfying infalling boundary conditions,
as well as four pure gauge modes, analogous to calculating QNMs in a non-gauge-invariant
parametrization — see e.g. [24].
Finding the plasmon mode requires to find the dispersion relation defined by the plasmon condition ε(ω, k) = 0. This is equivalent to finding the values of ω and k where (3.6)
is satisfied. With the identification (4.4) we have p ≡ 1 and plasmons in this model are
thus characterized by


=0.
(4.6)
ω 2 δAx + λ δA′x
∂M

The points (ω, k) where non-trivial solutions exist define the plasmon dispersion relation
ω(k). Our numerical investigations have revealed that the qualitative behavior of the
dispersion curves is hardly affected by the choice of λ, when keeping µ/T fixed, so we will
only present data with λ = 1. Note however, that the gap for plasmon dispersion, and
other quantitative features do depend on the value of λ. In particular we found that the
gap scales linearly with λ for λ ≪ 1 and levels off to a constant with λ ≫ 1. Further
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Figure 2. The crossover between the diffusive and gapped mode at different µ/T . The
black line is k/µ, and the dashed orange line
is Im[ω]/µ, at crossover where the two modes
are equally long-lived. The solid orange line
shows Re[ω]/µ of the gapped plasmon mode
at the crossover.

investigation of the quantitative implications of the choice of λ will be left for a future
publication.
The results are presented in figures 1 and 2. There are a number of important features
to note here. Firstly, consider figure 1. For uncharged systems, we see the standard sound
mode. When turning on a charge, this mode becomes gapped and can be identified with
the plasmon. The gap at k = 0 has no simple scaling with λ. For small k, we see that the
most stable ε = 0 mode, is a purely diffusive one. The imaginary part of this mode grows
quickly, so for slightly larger k the gapped plasmon mode is the most stable one. This
is consistent with the expectation that the strongly coupled plasmon mode, at non-zero
temperature, does not dominate in the hydrodynamic regime close to k/µ = 0.
Furthermore, while relatively stable for small k, the imaginary part of the gapped
plasmon mode starts to grow for larger k. This result seems to be in qualitative agreement
with experimental results [5] where the plasmon mode is only seen for small values of
k. It should be stressed, however, that the holographic system is of codimension zero,
i.e. charge and electric field live in the same number of dimensions, as opposed to e.g. surface
excitations, where the electric fields permeate one additional dimension, which corresponds
to codimension one. As a matter of fact, it is the codimension which is the important
quantity to be considered, and codimension zero systems in two or three dimensions have
similar dispersion relations for plasmons — this is a direct consequence of the Fourier
transform of the Coulomb potential in the appropriate number of dimensions. Thus, even
though we use a (2 + 1)-dimensional boundary, the plasmons are expected to disperse as
physical three-dimensional plasmons (sometimes called bulk plasmons, not to be confused
with the bulk spacetime in holography). Despite the effective number of dimensions in
which the Coulomb potential acts being different in the two systems the decreasing lifetime
of the plasmon for larger values of k is expected to be a generic feature of plasmons at
strong coupling.

–8–

JHEP11(2018)176

Figure 1. The lowest ε = 0 modes for the
RN background at µ/T = 0 and µ/T =
5. Imaginary parts are dashed. Note the
sound mode whose imaginary part vanishes
as k/T approaches zero and the gapped propagating plasmon mode (Pr.) with initially
larger imaginary part than the purely diffusive mode (Dif.).

5

Conclusions and outlook

In this paper we perform the first holographic computation of the dispersion relation for
plasmons. The key steps are to first note that the standard definition of the dielectric
function [18] holds even at strong coupling, and in the absence of quasiparticles. The
plasmon condition ε(ω, k) = 0 in the boundary field theory can then be translated into
boundary conditions for bulk fluctuations.
We use this method to compute the plasmon dispersion for the standard holographic
toy model of an RN metal and obtain a gapped plasmon dispersion as expected for codimension zero systems, i.e. where the extension of the system and the electromagnetic field
are the same — a brief description of plasmons in different number of dimensions can be
found in [27]. The application of this formalism to more physically realistic holographic
models is a natural next step.2
An interesting open question is how to model systems with a non-trivial plasmon
dispersion in a top-down approach. Note that tuning down the chemical potential on the
boundary to zero, the gravitational and electromagnetic differential equations decouple,
2

U. Gran, M. Tornsö and T. Zingg, in preparation.
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In figure 2 we give the value of k/µ above which the plasmon mode outlives the diffusion
mode, as a function of µ/T . This crossover is identified by equal values of Im[ω]/µ. As
expected, at lower temperatures and fixed chemical potential, the plasmon mode is more
long-lived for a larger range of k/µ, and it becomes increasingly stable at crossover. The
real part of ω/µ at crossover is included for completeness. The result in figure 2 can be
viewed as a holographic prediction, to be addressed in future experiments.
Furthermore, for small ω and k one can compare the holographic results to those
following from hydrodynamics. Combining equation (2.8) and (2.9), and using the hydrodynamical form of the longitudinal correlator from [25], for finite density and momentum,
one finds that the real part of the plasmon dispersion in figure 1 agrees to lowest non-trivial
order in k/T . However, the imaginary part of the plasmon dispersion is qualitatively different as it goes to zero as k/T → 0 from hydrodynamics, while it instead approaches a
constant, non-zero, value from holography.
Note however that the plasmon mode is not a hydrodynamic mode since it is gapped,
and the hydrodynamic data we have used, in the form of series expansions around ω = k =
0, might be applied outside its radius of convergence in the comparison above.
Finally, the data from our numerical results also allows for an important consistency
check, which is to verify the sum rules for the dielectric function, cf. [26]. Note that the sum
rules probe more information regarding the dielectric function than the dispersion relations
displayed in the figures above, which we get from just the poles of ǫ(ω, k)−1 . Indeed we
find (up to numerical precision)
Z ∞
dω
lim
Im [ǫ(ω, k)−1 ] = −π/2 .
(4.7)
k→0 0
ω
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