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Abstract

In this paper we study certain counting functions which represent the numbers of
solutions of systems of linear inequalities arising in the theory of Diophantine approx-
imation. We develop a method that allows us to explain the random-like behavior that
these functions exhibit and prove a central limit theorem for them. Our approach is
based on a quantitative study of higher-order correlations for functions defined on the
space of lattices and a novel technique for estimating cumulants of Siegel transforms.
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1 Introduction and main results
1.1 Motivation

Many objects which arise in Diophantine Geometry exhibit random-like behavior. For
instance, the classical Khinchin theorem in Diophantine approximation can be inter-
preted as the Borel-Cantelli Property for quasi-independent events, while Schmidt’s
quantitative generalization of Khinchin’s Theorem is analogous to the Law of Large
Numbers. One might ask whether much deeper probabilistic phenomena also take
place.

In this paper, we develop a general framework which allows us to capture certain
independence properties which govern the asymptotic behavior of arithmetic counting
functions. We expect that the new methods will have a wide range of applications in
Diophantine Geometry; here we apply the techniques to study the distribution of a
class of counting functions which we now describe.

A basic problem in Diophantine approximation is to find “good” rational approx-
imants of vectors u = (uy, ..., u,) € R™. More precisely, given positive numbers
wi, ..., Wy, which we shall assume sum to one, and positive constants 1, ..., U,
we consider the system of inequalities

v :
S T forj=1,...,m, (1.1)

q

M'—_
Tg

with (p, q) € Z™ x N. It is well-known that for Lebesgue-almost all u € R™, the
system (1.1) has infinitely many solutions (p, g) € Z™ x N, so it is natural to try to
count solutions in bounded regions, which leads us to the counting function

Ar(u) :=|{(p,q) € Z" xN: 1< q < T and (1.1) holds}|.
Schmidt [15] proved that for Lebesgue-almost all # € [0, 1]™,
A7 (@) = Cpy log T + Oz ¢((log T)'/?*%), foralle > 0, (1.2)

where C,,, := 2" - - - ¥,. One may view this as an analogue of the Law of Large
Numbers, the heuristic for this analogy runs along the following lines. First, note that

Llog T’}
Ar@~ Y AY@),
s=0
where

AY@) = {(P,q) € Z" xN: ¢ < q <! and (1.1) holds}|.

If one could prove that the functions AV (-) and A®?)(.) were “quasi-independent”
random variables on [0, 1]™, at least when sy, 52, and |s; — s»| are sufficiently large,
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then (1.2) would follow by some version of the Law of Large Numbers. Moreover,
the same heuristic further suggests that, in addition to the Law of Large Numbers, a
central limit theorem and perhaps other probabilistic limit laws also hold for A7 (-).

In this paper, we put the above heuristic on firm ground. We do so by represent-
ing A®(.) as a function on the space of unimodular lattices. It turns out that the
“quasi-independence” of the family (A*)) that we are trying to capture can be trans-
lated into the dynamical language of higher-order mixing for a subgroup of linear
transformations acting on the space of lattices.

1.2 Main results

We are not the first to explore central limit theorems for Diophantine approximants.
The one-dimensional case (m = 1) has been thoroughly investigated by Leveque
[11,12], Philipp [13], and Fuchs [6], leading to the following result proved by Fuchs
[6]: there exists an explicit o > 0 such that the counting function

A = ,q) €ZxN: 1< T, - 2loo(l - o)
T () H(P q) q < u=p/ql < qzlog(l—f-q)H

satisfies

A — 29 loglog T
{uE[O,l]' 7 (1) oglog

' N 13
(loglogT~logloglogT)1/2<§H—’ ormg (§)  (1.3)

as T — oo, where

£
Norm, (§) := o)~/ / e=5/Q0) g

—00

denotes the normal distribution with the variance o.

Central limit theorems in higher dimensions when w; = --- = w,, = 1/m have
recently been studied Dolgopyat et al. [3]. In this paper, using very different techniques,
we establish the following CLT for general exponents wi, ..., Wy,.

Theorem 1.1 Let m > 2. Then for every & € R,

Ar(m) — Cp logT
(log 7)172

{ﬁ € [0, 17" : < EH — Normy,, (§) (1.4)

as T — oo, where
Om 1= 2Cm (20 (m)¢(m + 1)™' = 1),

and ¢ denotes Riemann’s ¢ -function.

Our proof of Theorem 1.1, as well as the proof in [3], proceeds by interpreting Az (-)
as a function on a certain subset ) of the space of all unimodular lattices in R+
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and then studies how the sequence a®)), where a is a fixed linear transformation of
R+ distributes inside this space. However, the arguments in the two papers follow
very different routes. The proof in [3] contains a novel refinement of the martingale
method (this approach was initiated in this setting by Le Borgne [10]). Here, one cru-
cially uses the fact that when w; = --- = w,, = 1/m, then the set ) is an unstable
manifold for the action of a on the space of lattices. For general weights, ) has strictly
smaller dimension than the unstable leaves, and it seems challenging to apply martin-
gale approximation techniques. Instead, our method involves a quantitative analysis
of higher-order correlations for functions on the space of lattices. We establish an
asymptotic formula for correlations of arbitrary orders and use this formula to com-
pute limits of all the moments of A7 (-) directly. One of the key innovations of our
approach is an efficient way of estimating sums of cumulants (alternating sums of
moments) developed in our recent work [2].

We also investigate the more general problem of Diophantine approximation for
systems of linear forms. The space M, , (R) of m linear forms in n real variables is
parametrized by real m x n matrices. Given u € M,, ,(R), we consider the family

(L,(j)) of linear forms defined by
n
Lftl)(xl,...,xn)zzuijx]', i=1,...,m.
j=1

Let || - || be a norm on R”. Fix ¢, ..., ¥, > 0and wy, ..., w, > 0 which satisty
wy - Fwy =n,

and consider the system of Diophantine inequalities

pi+ LD, .. o] <0 lgl™, i=1,...,m, (1.5)

with (P, 9) = (P1, .-+, Pmsq1s s qn) € Z™ x (Z™\{0}). The number of solutions
of this system with the norm of the “denominator” g bounded by T is given by

Ar(u) = H(ﬁ, q)eZ" x7Z": 0 < |g|l <T and(1.5) holds}‘. (1.6)
Our main result in this paper is the following generalization of Theorem 1.1.
Theorem 1.2 [fm > 2, then for every & € R,

Ar() = Cpy log T
(log 7)1/

< é” —> Normg,, ,(§)  (1.7)

{u € My ,([0,1]) :
as T — oo, where

@m:%%wm%:/ Izl dz

sn—1
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and
O = 2Cm (20 (m +n — 1Dz (m+n)~" = 1).

The special case w; = --- = w,, = n/m was proved earlier in [3].

1.3 An outline of the proof of Theorem 1.2

We begin by observing that A7 (-) can be interpreted as a function on the space of
lattices in R™ 1", Given u € M, ([0, 1]), we define the unimodular lattice A, in
Rm+n by

n n
Ay, = D1 +Zu1jqj,...,pm +Zuquj,ﬁ (P eZ" x 7"}, (1.8)
j=1 j=1

and we see that
Ar(m) = A, NQ7|+0(), forT >0,
where Q7 denotes the domain
Qr ={E M eR"™ 1< I3 <T, Il <% I¥I™",i=1,....,m}. (19)

The space X of unimodular lattices in R”*" is naturally a homogeneous space of the
group SL,, 4+, (R) equipped with the invariant probability measure w . The set

Yi={A,:ue Mm,n([o» 1D}

is a mn-dimensional torus embedded in X, and we equip ) with the Haar probability
measure (1, interpreted as a Borel measure on X',

We further observe (see Sect. 6 for more details) that each domain Q7 can be
tessellated using a fixed diagonal matrix a in SL,, 4+, (R), so that for a suitable function
¥ : X — R, we have

=
L

IANQr|~ Y $@A) forAeX.

©
Il
=}

Hence we are left with analyzing the distribution of values for the sums Z;VZO x@y)
with y € Y. This will allow us to apply techniques developed in our previous work
[2], as well as in [1] (joint with M. Einsiedler). Intuitively, our arguments will be
guided by the hope that the observables x o a* are “quasi-independent” with respect
to wy. Due to the discontinuity and unboundedness of the function x on &, it gets
quite technical to formulate this quasi-independence directly. Instead, we shall argue
in steps.

@ Springer



M. Bjorklund, A. Gorodnik

We begin in Sect. 2 by establishing quasi-independence for observables of the form
¢ oa®, where ¢ is a smooth and compactly supported function on X'. This amounts to
an asymptotic formula (Corollary 2.4) for the higher-order correlations

/;J@(as'y)--'¢>r(as"y)duy(y) with¢1, ..., ¢ € CO(X). (1.10)

It will be crucial for our arguments later that the error term in this formula is explicit in
terms of the exponents s1, ..., s, and in (certain norms of) the functions ¢y, ..., ¢,.
In Sect. 3, we use these estimates to prove the central limit theorems for sums of the
form

N-1

Fy(y) =Y (¢(@'y) — ny(@)) withg € C(X)andy € V.
s=0

To do this, we use an adaption of the classical Cumulant Method (see Proposition 3.4),
which provides bounds on cumulants (alternating sums of moments) given estimates
on expressions as in (1.10), at least in certain ranges of the parameters (si, ..., s,).
Here we shall exploit the decomposition (3.7) into “separated”/*clustered” tuples. We
stress that the cumulant Cum” (Fy) of order r can be expressed as a sum of O(N")
terms, normalized by N'/2, so that in order to prove that it vanishes asymptotically, we
require more than just square-root cancellation; however, the error term in the asymp-
totic formula for (1.10) is rather weak. Nonetheless, by using intricate combinatorial
cancellations of cumulants, we can establish the required bounds.

In order to extend the method in Sect. 3 to the kind of unbounded functions which
arise in our subsequent approximation arguments we have to investigate possible
escapes of mass for the sequence of tori a*) inside the space X. In Sect. 4, we
prove several results in this direction (see e.g. Proposition 4.5), as well as L”-bounds
(see Propositions 4.6 and 4.8). We stress that the general non-divergence estimates
for unipotent flows developed by Kleinbock—Margulis [8] are not sufficient for our
purposes, and in particular, the exact value of the exponent in Proposition 4.5 will
be crucial for our argument. The proof of the L*-norm bound in Proposition 4.8 is
especially interesting in this regard since it uncovers that the escape of mass is related
to delicate arithmetic questions; our arguments require careful estimates on the number
of solutions of certain Diophantine equations.

To make the technical passages in the final steps of the proof of Theorem 1.2 a bit
more readable, we shall devote Sect. 5 to central limit theorems for sums of the form

N-—1
fa@'y) forye),

©
Il
=)

where f is a smooth and compactly supported function on R”*", and f denotes the
Siegel transform of f (see Sect. 4.3 for definitions). We stress that even though f is
assumed to be bounded, f is unbounded on X'. To prove the central limit theorems in
this setting, we approximate f by compactly supported functions on X" and then use
the estimates from Sect. 3. However, the bounds in these estimates crucially depend
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on the order of approximation, so this step requires a delicate analysis of the error
terms. The non-divergence results established in Sect. 4 play important role here.

Finally, to prove the central limit theorem for the function x (which is the Siegel
transform of an indicator function on a nice bounded domain in R”*"), and thus
establish Theorem 1.2, we need to approximate y with smooth functions, and show
that the arguments in Sect. 5 can be adapted to certain sequences of Siegel transforms
of smooth and compactly supported functions. This will be done in Sect. 6.

2 Estimates on higher-order correlations

Let X denote the space of unimodular lattices in R+, Setting

G :=SLysn(R) and T :=SL,in(Z),

we may consider the space &’ as a homogeneous space under the linear action of the
group G, so that

X ~G/T.

Let py denote the G-invariant probability measure on X
We fix m, n > 1 and denote by U the subgroup

U .= {((I)m I;ﬂ) L uc Mm,n(R)} <G, 2.1)

and set ) := UZ"™" C X. Geometrically, ) can be visualized as a mn-dimensional
torus embedded in the spaces of lattices X'. We denote by .y the probability measure
on ) induced by the Lebesgue probability measure on M,, ,([0, 1]), and we note
that ) corresponds to the collection of unimodular lattices A, for u € M,, ,, ([0, 1)),
introduced earlier in (1.8).

Let us further fix positive numbers wy, . .., Wy 4, satisfying
m m—+n
Swi= 3w
i=1 i=m+1
and denote by (a,) the one-parameter semi-group
a; = diag (€™, ..., "t eV eT Wil 1 > 0. (2.2)

The aim of this section is to analyze the asymptotic behavior of ;) C X ast — oo,
and investigate “decoupling” of correlations of the form

/y¢1(azly) (@ y)duy(y) forér, ... ¢ € CO(X), (2.3)
for “large” t1, ..., > 0. It will be essential for our subsequent argument that the
error terms in this “decoupling” are explicit in terms of the parameters #1, ..., > 0
and suitable norms of the functions ¢, ..., ¢,, which we now introduce.
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Every Y € Lie(G) defines a first order differential operator Dy on C2°(X) by

d
Dy(¢)(x) := 77 @pY)X)li=o-

If we fix an (ordered) basis {Y7,..., Y} of Lie(G), then every monomial Z =
Yf Lo Y,Z " defines a differential operator by

Dy := D} - Dy, (2.4)

of degree deg(Z) = €1+ --- 4+ {,. Fork > 1 and ¢ € C°(&X), we define the norms

1/2
I8l 2 = D /IG&¢XﬂVdmﬂw , 2.5)
deg(z)<k V¥
and
lollck == Z 1(Dz¢)(x)llco- (2.6)
deg(Z) <k

Note that for every ¢ € G, ¢ € C®°(X) and Y € Lie(G), we have Dy (¢ o g) =
Dad(g)y (¢) o g. This identity readily extends to the universal enveloping algebras
U (Lie(G)) as well, and thus we also have Dz (¢ o g) = Daqg(g)z(¢) o g, for every
monomial Z in {Yq, ..., Y,}, where Ad(g) denotes the extension of the Ad(g) from
Lie(G) to U(Lie(G)). Since Ad(g)~Z can be written as a finite sum of monomials of
degrees not exceeding the degree of Z, we conclude that for every k > 1, there exists
a sub-multiplicative function g — Ci(g) such that

¢ o gllcr < Ck(@l@llcr, forall ¢ € C°(X).

In particular, there a constant &€ = &(m, n, k) (which also depends on our fixed choice
of weights wy, ..., wy4,) such that

¢ oallcx < eét||¢>||ck, forallz € Rand ¢ € C°(X), 2.7)
where the suppressed constants are independent of ¢ and ¢.

The starting point of our discussion is a well-known quantitative estimate on cor-
relations of smooth functions on X’

Theorem 2.1 There exist y > 0 and k > 1 such that for all ¢, ¢ € CX°(X) and

geq,
/ d1(gx)p2(x) dpuy (x) = (/ o1 d,ux) (/ ¢>2dMX>
X X X

+0 (12177 12 1911l 200))
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This theorem has a very long history that we will not attempt to survey here, but only
mention that a result of this form can be found, for instance, in [7, Corollary 2.4.4].

From now on we fix k > 1 so that Theorem 2.1 holds.

Our goal is to decouple the higher-order correlations in (2.3), but in order to state our
results we first need to introduce a family of finer norms on CZ°(X) than (|| - [ .2 () -
Let us denote by || - ||co the uniform norm on C.(X). If we fix a right-invariant
Riemannian metric on G, then it induces a metric d on X ~ G /T, which allows us
to define the norms

P x1) — $ ()]
léllLip := sup {H DXL, X € X, x| # xz} ,
and
Ni@) = max {I9lco, I8llzip: 161 200, ] 2.8)

for ¢ € C2°(X). We shall prove:

Theorem 2.2 There exists 8 > 0 such that for every compact @ C U, f € C°(U)
with supp(f) C Q, ¢1,...,¢, € C(X), xo € X, and t1,...,t > 0, we have

/U F) (1] ¢i(az,-MXO)> du = ( /U ) du) 11 ( fX " dux)

,
+ Oy .r (e‘“’(“ ----- | fllx HNk@i)) ,

i=1
where
D(ty,....tp):==min{t;, |t; —tj| : 1 <i # j <r}

Remark 2.3 The case r = 1 was proved by Kleinbock and Margulis in [9], and our
arguments are inspired by theirs. We stress that the constant § in Theorem 2.2 is
independent of r.

We also record the following corollary of Theorem 2.2.

Corollary 2.4 There exists 8 > 0 such that for every ¢g € C®()), ¢1,...,¢r €
CX(X)andt, ..., t, > 0, we have

f $0(y) (]‘[qsi(a,,.y)) duy(y) = ( / ¢oduy>1_[( / ¢i dﬂX)
Y i=1 Y i=1 A&

+ 0, <e“yD(""“’”) li¢ollcr HM(@)) '

i=1
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Proof of Corollary 2.4 (assuming Theorem 2.2) Let xo denote the identity coset in X' =
G/ T, which corresponds to the standard lattice Z™1", and recall that

Y =Uxo~U/UNT).

Let ¢ € C®(U) denote the lift of the function ¢ to U, and x the characteristic
function of the subset

Up = {((’)'" 2) 1 € My (10, 11)}.

Given ¢ > 0, let x, € C°(U) be a smooth approximation of x with uniformly
bounded support which satisfy

X<xe <1 X —xellpw) <& lxeler <&
We observe that if f; := qso Xe and fp := q~50 X, then

I fo— fellprwy K €lidollco

and

I feller < dollcrlixe e < & F ol e,

which implies that

/y do(») (E¢i(a’iy)> duy(y) = /U fotw) (ilj@(at,.uxo)) du
=/Ufe(u) (iljzbi(aziuxo)) du
+0 (e_]iuqxnco) ,
and

/¢oduy=/ fo(u)du=/ fowy du+ 0 (ellpolco) -
Yy U U

Therefore, Theorem 2.2 implies that

/ Po(y) (H@(%)’)) duy(y) = ( / fg(u)du>
y i=1 v j

[1(/, )

i=

@ Springer



Central limit theorems for Diophantine approximants

+0, (s 1_[ i ll co 4 e 3Pt || £ HNk(¢i)>

i=0 i=1

- </;}¢odﬂy>ilj<f){¢idux)

+o0, ((8 4 gk 0D(. lr)) llo ll o H/\fk(q),-)) .

i=1
The corollary (with 8’ = §/(k + 1)) follows by choosing & = e3P0/t

2.1 Preliminary results

We recall that d is a distance on X = G/ I' induced from a right-invariant Riemannian

metric on G. We denote by B (p) the ball of radius p centered at the identity in G.

For a point x € X, we let ((x) denote the injectivity radius at x, that is to say, the

supremum over p > 0 such that the map Bg(p) — Bg(p)x : g — gx is injective.
Given ¢ > 0, let

Ke={AeX : |v| >e foral ve A\{0}}. 2.9)

By Mahler’s Compactness Criterion, /C, is a compact subset of X'. Furthermore, using
reduction theory, one can show:

Proposition 2.5 [9, Prop. 3.5] t(x) > ™" for any x € K.

An important role in our argument will be played by the one-parameter semi-group
by = diag ('™, ... e MM e ey 1> 0, (2.10)

which coincides with the semi-group (a;) as defined in (2.2) with the special choice
of exponents

1 1
Wy =--=wWy=— and Wyy1 == Wy4y = —.
m n

The submanifold ) C X is an unstable manifold for the flow (b;) which makes
the analysis of the asymptotic behavior of b, significantly easier than that of a,)
for general parameters. Using Theorem 2.1, Kleinbock and Margulis proved in [7]
a quantitative equidistribution result for the family b;) as t — oo, we shall use a
version of this result from their later work [9].

Theorem 2.6 [9, Th. 2.3] There exist po > 0 and c, y > 0 such that for every p €

0, po), f € CXU) satisfying supp(f) C Bg(p), x € X with 1(x) > 2p, ¢ €
CX(X),andt >0,
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/Uf(u)qb(thX)du = (/U f(u)du> (/X¢dﬂx>

+0 (Plf I I9lp + P~ e 1 Flcr Il 2 ) -

Remark 2.7 Although the dependence on ¢ is not stated in [9, Theorem 2.3], the
estimate is explicit in the proof. Indeed, in [9, Section 2, p. 390], the authors show
under the assumptions above that

/Uf(u)¢(szX)du —(f, b—td’)LZ(X)‘ < pligliLipl fllzr @)

where f is an (explicit) smooth function on X’ with compact support constructed from
f. Theorem 2.6 now follows from the decay of matrix coefficients in Theorem 2.1.

We will prove Theorem 2.2 through successive uses of Theorem 2.6. In order to
make things more transparent, it will be convenient to embed the flow (a;) as defined

in (2.2) in a multi-parameter flow as follows. Fors = (s1, ..., Sman) € R we set
a(s) = diag (e‘”, Lo, etm e Sml e_s"””) . (2.11)

We denote by ST the cone in R”™" consisting of those 5 = (sy, ..., Sy+,) Which
satisty

m m-+n

STy -y Smtn >0 and Zsi = Z Si.

i=1 i=m+1

Fors = (s1,...,8min) € ST, we set
Ls] ;= min(sy, ..., Sm+n),

and, with 5; := (wit, ..., Wy4nt), We see that a; = a(sy).

In addition to Theorem 2.6, we shall also need the following quantitative non-
divergence estimate for unipotent flows established by Kleinbock and Margulis in

[9].

Theorem 2.8 [9, Cor. 3.4] There exists 0 = 6(m, n) > 0 such that for every compact
L C X and a Euclidean ball B C U centered at the identity, there exists To > 0 such
that for every e € (0, 1), x € L, and s € S* satisfying |5| > Ty, one has

{u € B:aGux ¢ K:}| < & |B.

2.2 Proof of Theorem 2.2

Let us fix r > 1 and a r-tuple (¢, ..., t,). Upon re-labeling, we may assume that
1 <...<t,sothat
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D :=D(t,...,t;) =min{t;,tp — 11, ..., t, — ,_1}. (2.12)

The next lemma provides an additional parameter 5 € ST, which depends on the
r-tuple (1, ..., t,). This parameter will be used throughout the proof of Theorem 2.2,
and we stress that the accompanying constants c1, ¢z and c3 are independent of r and
the r-tuple (z1, ..., t).

Lemma 2.9 There exist c1, ca, c3 > 0 such that given any t, > t._1 > 0, there exists
5 € ST satisfying:

@) 5] Za —t—1),
(i) [5—5,_,] =ty — tr—1),

(i) 5, —5 = (&,..., 2, 2

T r%)forsomez > cymin(t_1, tr — t_1).

Proof We start the proof by defining 5 by the formula in (iii), where the parameter z
will be chosen later, that is to say, we set

_ z z z Z
s=(wity — —, .., Wty — —, Wiy 1l — —, oo oy Wpanly — — )
m m n n
Then (i) holds provided that
Z z
Altr_; Zci(ty —t,—1) and AZZr_; z 1ty —t—1),

where A; ;= min(w; : 1 <i <m)and Ay :=min(w; :m+ 1 <i <m+n),soif
we set c; = min(Ay, Ap), then (i) holds when

z < cymin(m, n)t,_q. (2.13)

To arrange (ii), we observe that

—_ — Z Z
§ =8, = (wl(tr —t—1) — Z» e Wyt — ) — Zy

z z
X W1t — 1) — =, oo, wm+n(tr —t_1) — _) s
n n
and thus (ii) holds provided that
z z
Aty —tr—1) — E z oty —t—1) and Ax(fy —fr—1) — ITl z oty —t—1).
If we let c; = min(Aq, A2)/2, then (ii) holds when
z < comin(m, n)(t, — t,—1). (2.14)
So far we have arranged so that (i) and (ii) hold provided that z satisfies (2.13) and
(2.14). Let ¢c3 = min(cy, ¢) min(m, n), and note that if we pick z = c3 min(t,_1, t, —

t,—1), then (1), (ii) and (iii) are all satisfied. O
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Let us now continue with the proof of Theorem 2.2. With the parameter s provided
by Lemma 2.9 above, we have

[s] 2 ca D, (2.15)
s =541 = coD foralli=1,...,r -1, (2.16)
a(s;, —s) =b; forsomez > c3 D, (2.17)

where b, is defined as in (2.10) and D as in (2.12) Throughout the rest of the proof
we fix a compact set 2 C U. Our aim now is to estimate integrals of the form

Iy == /U S u) (H ¢i(afiux0)) du,
i=1

where f ranges over CS°(U) with supp(f) C 2. Our proof will proceed by induction
over r, the case r = 0 being trivial.

Before we can start the induction, we need some notation. Let py and k be as in
Theorem 2.6, and pick for 0 < p < pp, a non-negative w, € C°(X) such that

supp(wp) C Bg(p), llwplier < p™7, / wp(v)dv =1, (2.18)
U

for some fixed 0 = o (m, n, k) > 0. The integral I, can now be rewritten as follows:

I, =1 - (/ wp (V) dv> :/ fww,(v) <H¢i(aliuxo)) dudv
U UxU i

= fa(=s)va(s)u)w,(v) (1_[ bi (a,l.a(—E)va(E)uxo)> dudv.
U

U x i=1
If we set

Ssu) = fla(=s)va®u)w,(v) and xs, = a(s)uxo,

then

I = / ( f Fra@ [i1aG, —f)vxs,u>dv) du.
U\U i=1

We observe that if f5 ,(v) # 0, then

v € supp(w,) C Bg(p) and a(—s)va(s)u € supp(f),

so that
u € a(=5)v"'a@)supp(f) C a(=5)supp(w,) 'a(®)Q.
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Since s € ST, the linear map v — a(—s)va(s), forv e U = R"™, is non-expanding,
and thus we can conclude that there exists a fixed Euclidean ball B in U (depending
only on €2 and pp), and centered at the identity, such that if f; ,(v) # 0, thenu € B.
This implies that the integral I, can be written as

=/ (/ fsu@) [ ] ¢itaG, —E)vxx,u)dv> du, (2.19)
B U i=1

and

I fsuller < N fllex lwplicr < o™ 1 fll k- (2.20)

Furthermore,

/ I sl 1y due = / | f (@(=5)va@u)w, )| dvdu

(/ If(u)ldu> </ wp(v)dv) =Iflew) 221

We decompose the integral I, in (2.19) as
I = I/(e) + I/ (&),
where I/(¢) is the integral over
= {u € B : xE,M ¢ ICE}:
and I/ (¢) is the integral over B\ B.
To estimate 1/ (¢), we first recall that 5 > ¢; D by (2.15), so if D > Ty/c;, where
Tp is as in Theorem 2.8 applied to £ = K, and B, then the same theorem implies that
there exists 6 > 0 such that

|B:| < €°|B| (2.22)

for every ¢ € (0, 1), and thus

r r
1(e) <q & 1BIl £l co (/ 0o (v) dv) [THgillco < el £llco [T gillco.
v i=1 i=1
(2.23)
Let us now turn to the problem of estimating 1, (¢). Since the Riemannian distance d

on G, restricted to U, and the Euclidean distance on U are equivalent on a small open
identity neighborhood, we see that

d (a(—?)va(?), 6) el d(v,e).
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for v € Bg(pg) and any 7 € ST. Hence, using (2.16), we obtain that for all i =
1,...,r—1,

Bi(aGy — 5.0 = 4@, — D5 + 0 (P IdillLip)

and thus, for all v € Bg(p9),

r—1 r—1 r—1
[[¢iaG, —svxs) =[] dilaG, —$xsu) + O (e“ﬂ’ [T ||’zi,,> :

i=1 i=1 i=1

(2.24)
where ||¢||zip :=max(||@|lco, l¢llLip). This leads to the estimate
r—1
1/ (e) = . l_[¢i(a(§z,~ = 5)Xs5.u) </ Fsu)r(alsy, —E)vxs,u)dv> du
B\B: ;_| U

r—1
+0, (e—szl"[n@nzi,, ( / Il du) lprllco ) -
i B\B;

Hence, using (2.21), we obtain that

r—1
I/'(e) = /B [ ]G, — x50 </U F5uW)y (a1, —5)vxs.4) dv> du

\Be i

p
+ O, <€_CZD||f||Ll(U) 1_[ l| i ||>zip> .

i=1

Since by (2.17),

/[]fi,u(v)¢r (G(EZV - E)vxf,u) dv = /;j fE,u(v)¢r (bzvxf,u)dlh

we apply Theorem 2.6 to estimate this integral. We recall that supp(f5..) C Bg(p).
For u € B\B;, we have x5, € K, so that ((x5,) > "% by Proposition 2.5. In
particular, we may take

£> pl/(m-i-n)

to arrange that ¢(x5,,) > 2p. Hence, by applying Theorem 2.6, we deduce that there
exist ¢, y > 0 such that

/ fs,u<v>¢r(bzvxs,u)dv=( / fy,uw)dv) ( / q»dm)
U U X

+ 0 <p||f§,u||L1(U)||¢r”Lip + p—ce—yz ”f?,u”ck ”¢f”L£(X)) s
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for all u € B\ B;. Using (2.20) and (2.21) and z > ¢3 D, we deduce that

r—1
I/(e) = (/ [[iaG, — x50 </ fs,u(v)dv> du) (/ ér dux)
B\Bs ;_ U X

r—1
+0rp (]"[ i ll co (p||f||L1<U) lrliip + o~ T3P flicr ||¢r||L%(X)>>

i=1

)
+0, (fle’nfnm) I ||z,-,,> .

i=1

Since [ fll 1wy <o [Ifllck,

r—1
1) = ( | @6, - ( | fs,uw)dv) du) ( | & dux)
B\B: ;_; U X

+ Or. ((P + p—(c+a)e_)’c3D + e‘czD) 1Nl o l_[./\/k((f),)> . (225

i=1

Applying (2.24) one more time (in the backward direction), we get

r—1
f [ [ i@, —)xs.0) ( / fs,u<v)dv> du
B\B: ;_ U
r—1
= 5.0 i(a(s, —S)vxs ) dv | d
/B\Bs (/Uf (v)i]}p (@@, — 5)vxs.) v) u
r—1
+ 0, (e—cz’) < /B I f5ullLr o) du) I ||¢l~||’zl-,,> :
i=1
It follows from (2.22) that
r—1
fB " ( /U fru(v) Ed»(a(sti —E)vxx,u)dv> du
r—1
:/ (/ Ssu(v) 1_[¢i(a(§t,- —E)vxs,u)dv) du
B U i=1

r—1
+0, (59 ( fB Il du) I1 ||¢i||co> ,
i=l

where we recognize the first term as 1. Using (2.19) and (2.21), we now conclude
that
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/ l—[‘f’z(a(st $)X5,u) (/ fs u(v)dv) du
B\B: i,
r—1
=I_1+0, ((59 + e—czD> Ifll 1_[ ||¢,-||’£ip> .
i=1

Hence, combining this estimate with (2.25), we deduce that

1) = Iy ( / ¢r dw«)
X

+ Or,SZ ((8 +p+p (C+C’)g Vc3D —czD) ||f||Ck HNk(¢z ) ,

i=1

and thus, in view of (2.23),
L = 1/(&) + I'(e) = Iy ( /X ¢ dux)

+ 0,0 ((86 +p+ p—(c—i-a) Vc3D —czD) Nl cx HNk(¢z ) .

i=1

This estimate holds whenever p < pp and & >> p!/("*") Taking p = e~ P for
sufficiently small ¢4 > 0 and ¢ K pl/ (m+n) we conclude that there exists § > 0 such

that for all sufficiently large D,

I =1 ( /X b, dux) + 0r.0 (e”’ £ 1l cx HNk(q»)) . (26)
i=1

The exponent § depends on the constants ¢» and c3 given by Lemma 2.9 and the
parameters 6, ¢, o, y. In particular, § is independent of r. By possibly enlarging the
implicit constants we can ensure that the estimate (2.26) also holds for all r-tuples
(t1, ..., t;), and not just the ones with sufficiently large D(#1, ..., t,). By iterating the
estimate (2.26), using that [ is a constant, the proof of Theorem 2.2 is finished.

3 CLT for functions with compact support

Let a = diag(ay, ..., an,n) be a diagonal linear map of R”™" with
ay,...,am>1, 0<apst,...,an+n <1, and ay---auqn = 1.

The map a defines a continuous self-map of the space X, which preserves py. We

recall that the torus ) = UZ™*™ C X is equipped with the probability measure 1.
In this section, we shall prove a central limit theorem for the averages
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=

Fy = (poa® — pny(poa)), 3.1)

1
JN

Il
=}

N

restricted to Y, for a fixed function ¢ € C2°(X'). We stress that this result is not needed
in the proof of Theorem 1.2, but we nevertheless include it here because we feel that
its proof might be instructive before entering the proof of the similar, but far more
technical, Theorem 6.1.

Theorem 3.1 Forevery &€ € R,

ny {y € ¥V: Fn(y) <&} — Normg,(§)
as N — oo, where
o5 = ) <fx<¢ oa')pdpx — m(¢)2> :

Remark 3.2 1t follows from Theorem 2.1 that the variance oy is finite.

Our main tool in the proof of Theorem 3.1 will be the estimates on higher-order cor-
relations established in Sect. 2. To make notations less heavy, we shall use a simplified
version of Corollary 2.4 stated in terms of C k_norms (note that N} < || - Il )

Corollary 3.3 There exists § > 0 such that for every ¢o, ..., ¢, € C(X) and
t1, ..., tr >0, we have

f $o(y) <1‘[¢i(at,.y>) duy(y) = < / ¢oduy>1_[( f ¢ duX)
Y i=1 Y i=1 WA

,
+0; (e“’“'w”r) [Tl ||ck> :

i=0
3.1 The method of cumulants

Let (X, n) be a probability space. Given bounded measurable functions ¢y, ..., ¢,
on X, we define their joint cumulant as

Com(¢1, ..., ¢) =y (=D qPI— D] /X (]‘[qx-) du,
P IeP iel

where the sum is taken over all partitions P of the set {1, ..., r}. When it is clear from
the context, we skip the subscript u. For a bounded measurable function ¢ on X', we
also set

Cum”(¢) = Cum (9, ..., ¢).
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We shall use the following classical CLT-criterion (see, for instance, [5]).

Proposition 3.4 Let (Fr) be a sequence of real-valued bounded measurable functions
such that

/ Frdu=0 and o*:= lim | F}du < oo (3.2)
X T—o0 X
and
[im Cum ™ (Fp) =0, forallr > 3. (3.3)
—00

Then for every & € R,
w{Fr < &}) — Normy (&) as T — oo.

Since all the moments of a random variable can be expressed in terms of its cuamu-
lants, this criterion is equivalent to the more widely known “Method of Moments”.
However, the cumulants have curious, and very convenient, cancellation properties
that will play an important role in our proof of Theorem 3.1.

Fora partition Q of {1, . . ., r}, we define the conditional joint cumulant with respect
to Q as
Cum (@1, ..., ¢,1Q) =Y (D7 (P = D! ] 1"[/ ( I ¢,~> du,
P I1eP JeQ X ielnJ

In what follows, we shall make frequent use of the following proposition.

Proposition 3.5 [2, Prop. 8.1] For any partition Q with |Q| > 2,
Cum (@1, ..., ¢,1Q) =0, (3.4)

forall ¢y, ..., ¢, € L=(X, ).

3.2 Estimating cumulants

Fix ¢ € C°(X). It will be convenient to write ¥ (y) 1= ¢(a®y) — uy(¢ o a®), so
that

| Nl
Fy = — . and / d =0.
N x/ﬁ g Yy N 2 ny

In this section, we shall estimate cumulants of the form

1 N

Nr/2

-1
Cum) (Fy) = Cum() (Y5, -, ¥s,) 3.5)
,sr=0
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for r > 3. Since we shall later need to apply these estimate in cases when the function
¢ is allowed to vary with N, it will be important to keep track of the dependence on
¢ in our estimates.

We shall decompose (3.5) into sub-sums where the parameters s1, . . ., s, are either
“separated” or “clustered”, and it will also be important to control their sizes. For this
purpose, it will be convenient to consider the set {0, ..., N — 1}" as a subset of Rfl
via the embedding (s, ...,s;) — (0,s1,...,s,). Following the ideas developed
in the paper [2], we define for non-empty subsets / and J of {0,...,r} and 5 =
(50, ...,87) € Rf‘l,

pI(E) :=max{ls; —s;| : i,j €I} and p;y(5) :=minfls; —s;| : i €l, jeJ},
and if Q is a partition of {0, ..., r}, we set
pQ(E) :=max{p’ () : [ € Q} and po(s) ==min{p; j(5) : I #J, 1,J € Q}.
For 0 < o < B, we define
Ag(, B) =5 e R : p9() <, and pgo(5) > B)
and
Ala) :={s € Rfl D lsi — sl < aforalli, j).

The following decomposition of Rf] was established in our paper [2, Prop. 6.2]:

given

O=ap<Br<a=@+npr<bfo<--<Br<a=0C+rp <Pri1,

(3.6)
we have
-
R =A@ 0| U sal). 8 |- 3.7
Jj=01Q|>2
where the union is taken over the partitions Q of {0, ..., r} with |Q| > 2. Intersecting

with {0, 1, ..., N — 1}, we see that

r

0. N-1y=26:NMU[lJ | 2@.p:N]. 38
j=01Q[>2
for all N > 2, where

QBr+1: N) :={0,.... N = 1} N A(Br11),
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Qo@j, Bjs1s N) == 1{0,.... N — 1 N Ag(ej, Bj+1).
In order to estimate the cumulant (3.5), we shall separately estimate the sums over

Q(Bry1; N) and Qg (aj, Bjt1; N), the exact choices of the sequences («;) and (8;)
will be fixed at the very end of our argument.

3.2.1 Case 0: Summing over Q(B,4+1; N)
In this case, s; < B4 for all i, and thus
QBra1: N < Brir + 1)

Hence,

3 cum() Wy ¥s) € Brst + D 19100, (B.9)

(81,...5-)€Q(Br1:N)

where the implied constants may depend on r, but we shall henceforth omit this
subscript to simplify notations.

3.2.2 Case 1: Summing over Qo (aj, Bj+1; N) with @ = {{0}, {1, ..., r}}
In this case, we have

lsiy —si,| <oy foralliy,ip,
so that it follows that

1Q0o(a), Bj+1; N)| < N(14a;) L

Hence,

1 _ _

YE3 > ICum(D), (Y, -, Y5 )l < N2 11 .
(5150-,57)€Q (@), Bj+1;N)
(3.10)

3.2.3 Case 2: Summing over Qo (aj, Bj+1; N) with |Q] > 2and

Q#{{0}, {1,...,r}}
In this case, the partition Q defines a non-trivial partition Q" = {ly, ..., Iy} of

{1,...,r}such that forall (s1,...,s,) € Qo(aj, Bj+1; N), we have
[si — sip| <o ifip ~g iz and sy —si,| > Bjq1 ifip #gr iz,  (3.11)
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and
si <ajforalli € Ip, and s; > B4 foralli ¢ Io.
In particular,

D(siyy ..y 8i) 2 Bjy1- (3.12)

Let I be an arbitrary subset of {1, ..., r}. In what follows, we shall show a precise
version of the “decoupling”:

4
/y <1‘[ws,.) amy~ 1| [ | TT v ) dur . (.13)

il n=0 \"Y \icrni,
where we henceforth shall use the convention that the product is equal to one when

1IN, =40.
Let us estimate the left hand side of (3.13). We begin by setting

= [ v

ielnly
By (2.7), there exists & = &(m, n, k) > 0 such that

IPollcr < [ llgoa® —pny@oa)len < ek g MO0 (3.14)

ielNly
To prove (3.13), we expand ¥, = ¢ o a’ — uy(¢ o a®) fori € I\ and get

A(n Ws,-) duy = Z (_1)|I\(Ju10)|.

iel JCI\Iy

~</y<bo<]—[¢>oa”>dw> I (/y(qﬁoas")duy). (3.15)

iel iel\(JUIp)

We recall that when i ¢ Iy, we have s; > B;11, and thus it follows from Corollary 3.3
with r = 1 that

/y @ oa™) duy = (@ + 0 (¢ |plls), withi ¢ lo.  (3.16)

To estimate the other integrals in (3.15), we also apply Corollary 3.3. Let us first fix a
subset J C I\Ip and for each 1 < h < [, we pick i, € Iy, and set

Dy = 1_[ ¢ oa’ i,

ieJnl),
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Then
/ [oN) <H¢om1) dpy :/ dg (1_[ ®j 0a’ ) dpy.
y icl h=1

We note that for i € I, we have |s; — si,| < «;, and thus, by (2.7), there exists
& =&(@m,n, k) > 0 such that

— ; JNlI
IPnllee < [T N6 oa Sl < el ) 700 (3.17)
ieJNIy

Using (3.12), Corollary 3.3 implies that

[ o0 (ﬁ o, ) any = ([ ooauy)

h=1

4

I1 ( /X @), dux)

h=1
4
+0 (eSﬁj-H 1_[ ”(Dh”c‘k) )
h=0

Using (3.14) and (3.17) and invariance of the measure u y, we deduce that
I1 / [T ¢oa" | dux

¢
/ [oX (1_[ [OF8 oasih) duy = </ q)oduy)
Y h=1 y h=1 ieJnl,

+0 (o7 g P

14

Hence, we conclude that

/d>0<1_[¢oa >d,uy=(f <I>0d,uy>1i[ /X [] ¢oa | dux

iel ieJNIy
+0 (e Ohmren g ([HIOVTT) (3.18)
We shall choose the parameters o; and ;41 so that
8Bj+1 —réa; > 0. (3.19)
Substituting (3.16) and (3.18) in (3.15), we deduce that
Y \ier
¢
Z (_l)ll\(lul())l (/ ‘Dodﬂy> 1_[ / 1_[ poa | dux
JCiNl y n=1 \V* \iesni,
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X (@) U014 0 (OBt L] (3.20)

Next, we estimate the right hand side of (3.13). Let us fix I < & < [/ and for a
subset J C I N Iy, we define

D, = Hqﬁ oa’ i,
iel
Asin (3.17), for some & > 0,
g . J
10 ller < [T 0@ lce < e ip)) 7.
iel

Applying Corollary 3.3 to the function ®, and using that s;, > B8;+1, we get
/ l_[qﬁoasf duy:/(QJoa‘Yih)duy
y y

iel

— /X ® dpy + 0 (e Do)

= / <n¢ oa“") dux + 0O (e“sﬁf“erwf ||</>|ng'),
X

ieJ

(3.21)

where we have used a-invariance of t y. Combining (3.16) and (3.21), we deduce that

/ [T vs|dny= 2 nlnmi (/ (l_[¢7oas") du/\e)ux((ﬁ)(ml”)v
y Jcini, x

ielNly ieJ

+0 (7t ) M)

/ [1 @oa —nx(¢) dux
X

ielniy

+0 (om0 g i) (322)

which implies

ﬁ / [T ¥ | dny

h=o0 \"Y \icrni,

=</y®°d’“‘3’>lﬁ /X [T @oa” —pnx@) dux

ielnly,

+0 (e OFmrEe g, ).
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Furthermore, multiplying out the products over / N Ij,, we get

ITATIRSER

= (/ (D()dpcy) Z (=) \oUD) 1_[ / l_[ boa dux | wa (@)U

Y JC\ o ielnJ

+0 (e g ) (3.23)
Comparing (3.20) and (3.23), we finally conclude that

/y(]_[%,-) dﬂyzﬁ / [T v | dny

iel n=0 \"Y \icIni,
(8Bt —rEq )i
+0 (e Ohrse g 1)

when (s1, ..., ) € Qglaj, Bj+1; N). This establishes (3.13) with an explicit error
term. This estimate implies that for the partition Q" = {Iy, ..., I¢},

Cum(r) (W?l s Wg,) = Cum(’) (%1 e 1//sr|Q/) + 0 (e—(!sﬁjﬂ—fs“j) ”(p”zk)
By Proposition 3.5,
Cum(]) (Yy, - 5, 1Q) =0,

so it follows that for all (s, ..., s,) € Qg(a;, Bjt1; N),

Cum) (g, ., W5, )| K e OPit=rseD g e, (3.24)

3.2.4 Final estimates on the cumulants
Let us now return to (3.5). Upon decomposing this sum into the regions discussed

above, and applying the estimates (3.9), (3.10) and (3.24) to respective region, we get
the bound

Cum(Z(Fi)| < (B + 17N~ 4 (max; o~ ) N'2) gl
+N"/% (max; e~ 175y |7, (3.25)

This estimate holds provided that (3.6) and (3.19) hold, namely when
=@+r)Bj <Bj+1 and 88j41 —réa; >0 forj=1,...,r. (3.26)
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Given any y > 0, we define the parameters 8; inductively by the formula
pr=y and B4 =max(y + G+r)B;.y +8 'rG+nrEp). (327
It easily follows by induction that 8,1 < ¥, and we deduce from (3.25) that
[Cum) (FV)I < (v + D' N2 4y 7 INT2) Ml + N72e ™ I
Taking y = (r/§) log N, we conclude that when r > 3,

Cumg;(FN) — 0 as N — oo. (3.28)

3.3 Estimating the variance

In this section, we wish to compute the limit

N—-1N-1

1
2
1y = 3 30 /y Yoy Uy dity.
s1=052=0
Setting s1 = s + ¢ and 5o = ¢, we rewrite the above sums as
N-1
IFN 1720, = ONO) +2 ) On(s), (3.29)
s=1

where

N—1-s

1
one) =5 Y /y Vssith dity.
=1
Since ¥, = ¢ oa’ — py(¢p oa),

/y Vot dity = /y (6 0a™ ) (@ o) diny — iy(@d o a* Yy (e o a).
(3.30)

It follows from Corollary 3.3 that for fixed s and as t — oo,

/y(¢ oa’™)(poa)duy — /X(¢ oa')pduy, and py(poa’) — ux(e).
We conclude that

/y%w% diy = Ou(s) i= /X(¢ oapdux — nx (@),
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as t — 00, and for fixed s,
On(s) > Og(s) as N — oo.

If one carelessly interchange limits above, one expects that as N — oo,

IEN 172 = O () +2) " Oo(s) = ) Ono(s). (3.31)

s=1 §=—00

To prove this limit rigorously, we need to say a bit more to ensure, say, dominated
convergence.
It follows from Corollary 3.3 that

/y @oa)(poa)duy = nx@)? + 0 (™0 g 2,),
/ @ oa™*)duy = (@) + 0 (7 gt
Yy
[ @oardny = nx@)+ 0 (1),

and thus, in combination with (3.30),
‘ fy VstV duy‘ LMD g2, (3.32)

This integral can also be estimated in a different way. If we set ¢, = ¢ o a, then we
deduce from Corollary 3.3 that

[ @eah@oardany = [ @oa iy
Yy Yy

= ny@onx(@) + 0 (e o).
and

1y @ oa ™) = puy(d oa®) = ux(g) + 0 (e7% llgyllcx) -

By (2.7), there exists &€ = &(m, n, k) > 0, such that

I ller < e plice and |y (@)l < liglcx,

and thus
' /y VstV duy‘ L e e ]I (3.33)
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Let us now combine (3.32) and (3.33): When # < §/(2§) s, we use (3.33), and when
t>8/(28) s, we use (3.32). If we set 8’ = min(8/2, 82/(2£)) > 0, then

‘ /y Vst duy‘ < e 1%

for all s > 0, whence

N—1-s
1

OO < ;

/y Vst duy‘ < e Ik

uniformly in N. Hence, the Dominated Convergence Theorem applied to (3.29) yields
(3.31).

3.4 Proof of Theorem 3.1

In this subsection we shall check that the conditions of Proposition 3.4 hold for the
sequence (Fy) defined in (3.1). First, by construction, it is easy to check that

/ Frdupy =0,
y

and by (3.31),

o0
/ny,duye Z Ooo(s) as N — oo.

§S=—00
Furthermore, by (3.28),
Cuml(fl)}(FN) — 0 asN — oo,

for every r > 3, which finishes the proof.

4 Non-divergence estimates for Siegel transforms
4.1 Siegel transforms

We recall that the space X of unimodular lattices in R”*" can be identified with the
quotient space G/ I', where G = SL,,+,(R) and I' = SL,,+,,(Z), which is endowed
with the G-invariant probability measures py. We denote by mg a bi-G-invariant
Radon measure on G. Given a bounded measurable function f : R"*" — R with
compact support, we define its Siegel transform f : X - Rby
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fa) = Z f(z) forA e X.

zeA\{0}

We stress that f is unbounded on X, its growth is controlled by an explicit function
a which we now introduce. Given a lattice A in R™*", we say that a subspace V of
R™+7 is A-rational if the intersection V N A is a lattice in V. If V is A-rational, we
denote by dx (V) the volume of V /(V N A), and define

a(A) := sup {dA(V)_1 : V is a A-rational subspace of R”H'"} )

It follows from the Mahler Compactness Criterion that « is a proper function on &’

Proposition 4.1 [16, Lem. 2] If f : R"*" — R is a bounded function with compact
support, then

|f (M) Lsuppir) I fllcoa(A) forall A € X.

Using reduction theory, it is not hard to derive the following integrability of «,
which is well-known in Geometry of Numbers (see e.g. [4, Lemma 3.10]).

Proposition4.2 o € LP(X) for 1 < p < m + n. In particular,
ux (e > L}) <, L™F forall p <m+n.

In what follows, dZ denotes the volume element on R”*"* which assigns volume
one to the unit cube. In our arguments below, we will make heavy use of the following
two integral formulas:

Proposition 4.3 (Siegel Mean Value Theorem; [17]) If f : R — R is a bounded
Riemann integrable function with compact support, then

/ fdpx = f@dz.
X Rm+n

Proposition 4.4 (Rogers Formula; [14, Theorem 5]) If F : R"*™ x R"*" — Risa
non-negative measurable function, then

Y. F(gZ1, %) | dux(gl)

Z1.22€ P(Z" ™)

=¢(m+n)2 / F(Z1,72) dZ1dZ,

Rm+n Rm+n

+§(m+n)_1/ F(Z,7)dz

Rm +n

+§(m+n)*‘/ F(Z, —7)dz,

Rm+n
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where P(Z"™ ") denotes the set of primitive integral vectors in Z"", and ¢ denotes
Riemann’s ¢ -function.

4.2 Non-divergence estimates
We retain the notation from Sect. 2. Given
O<wi,...,wy<n and w; +---4+w, =n,

we denote by a the self-map on X induced by

w1

a = diag(e™, ..., e", el ... e h. 4.1

Our goal in this subsection is to analyze the escape of mass for the submanifolds a*)
and bound the Siegel transforms f(a®y) for y € ). The following proposition will

play a very important role in our arguments.

Proposition 4.5 There exists k > 0 such that for every L > 1 and s > « log L,
py({yeY:a@y >L}) <, L forallp<m-+n.
Proof Let x; be the characteristic function of the subset {&¢ < L} of X'. By Mahler’s
Compactness Criterion, x; has a compact support. We further pick a non-negative
p € CX(G) with [ pdmg = 1. Let
L) = (0% X)) = / p@xL(g” M) dmG(g), xeX.
G
Since py is G-invariant,
/ nLdpx =/ xrdpx = px (o < L}).
X X

It follows from invariance of m that if Dy is a differential operator as defined as in
(2.4), then Dznr = (Dzp) * xr- Hence, n, € C°(X), and |[nLllcx < llpll k-

Note that there exists ¢ > 1 such that for every g € supp(p) and all x € X, we

have a(g~'x) > ¢ ' a(x), and thus {¢ 0 g7! < L} C {& < cL} and n; < xer. This
implies the lower bound

ny (ly €Y : ala’y) <cL}) = /;}XCL(‘ZSY) duy(y) = /ym(asy) dpy(y).

By Corollary 3.3, there exists § > 0 and k > 1 such that

fy nL(@y) duy(y) = [X nedux + 0 (e InLlle)

= px (fa <L +0 (™),
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and by Proposition 4.2,

ux ({a > L}) <, L7 forall p <m+n.

Combining these bounds, we get
py(yed:a@y <cl) zpx(fa <L+ 0 () =1+ 0, (L7 +e%),
and thus
vy eV: al@y) > cL)) <p LF +e
By taking s > k log L where k = %, the proof is finished. O

Proposition 4.6 Let f be a bounded measurable function on R™" with compact
support contained in the open set {(Xm+1, - .., Xm+n) 7 0}. Then, with a as in (4.1),

sup/ |foas|d,uy < 00.
s=>0JY

Remark 4.7 In [4, Theorem 3.2], the authors (implicitly) show a similar uniform esti-
mate for integrals of smooth Siegel transforms over SO(m + n)-orbits of a lattice.
Their proof is quite different from ours.

Proof We note that there exist 0 < v; < vy and ¥ > 0 such that the support of f is
contained in the set

{E D eR"™ vy <P <va, I <OPITY, i=1,....n}, (4.2

and without loss of generality we may assume that f is the characteristic function of
this set. We recall that )’ can be identified with the collection of lattices

{Aw:u=(wj:i=1,...m j=1,...,n)el0, )" "}.

We set u; = (#j1, ..., Uin). Then by the definition of the Siegel transform,
f@ry=" Y (i @G, € (At (s G)) 7).
(ﬁ,E)GZ"H'”\{O}

Denoting by Xz @ the characteristic function of the interval [—19 lgll =", 9 |lg|l—™ ],

we rewrite thls sum as

fany= Y Z]‘[x;)(p, (. 7))

vies gl Sve’ peZ i=1

= Z 1_[ ZX()(p: (ui.q)) | - 4.3)

vies<lgll<vze’ i=1 \ pieZ
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Hence,
m .
[Goarany= > T E [ a+@anas
Y vie<lgl<ume i=1 \pez 01"
We observe that for each i and p; € Z, the volume of the set
{elo.11": |p+@q) | <o lgl™"}
is estimated from above by

29 ||g|I™

— < g,
man |qj|

and we note that the set is empty whenever |p| > > j lgjl + @ llgll~*". In particular,
it is non-empty for at most O (||¢]) choices of p € Z. Hence, we deduce that

m
[Goariny< X [lm= ¥ @<t
Y vie<[gl<ves i=1 vies <7l <vaes
uniformly in s. This completes the proof. O

Proposition 4.8 Let f be a bounded measurable function on R™" with compact
support contained in the open set {(Xmy+1, - - s Xm+n) 7# 0}. Then

sup(1 + s)™" f oa’

s>0

)

<
L2(Y)
where vi = 1 and v, = 0 when m > 2.

Proof As in the proof of Proposition 4.6, it is sufficient to consider the case when f'is
the characteristic function of the set (4.2). Then f(a®y) is given by (4.3), and we get

Hfoas

= 2 1_[( > /[O . D i+ @) 1 (i + (7, 7)) dui).

v &GN IEI vy e i=1 \piri€Z

2 £e.S £0,S
2oy = [yf(a Vf@ y) duy(y)

For fixed ¢, [ € 7", we wish to estimate

LG 0=Y Xqi” (p + (1, q) Xg) (r + (@, 7)) da.
p,reZ (0,17
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First, we consider the case when g and ¢ are linearly independent. Then there exist
indices j,k =1,...,nsuchthatg;¢; —qil; # 0. Let us consider the function ¥ on

R? defined by w(xl, X)) = x(')(xl) X(')(xz) as well as the periodized function i on
R?/7Z? defined by ¥ (x) = ZzeZz w(z + x). If we set

W= Z qcuy and p = Z Leug,

¢#J .k CH#) .k
then we denote by S the affine map

S (x1,x2) = (gjx1 + qrxa + o, £jx1 + €exo + p),

which induces an affine endomorphism of the torus R?/Z?. We note that

>,

& o+ @) 1 (- + (7. 7) dujduk==‘/' F(Sx) du(x),
p.re’ R?/22

0,172

where  denotes the Lebesgue probability measure on the torus R?/Z2. Since the
endomorphism § preserves p, we see that

/, &(Sx)du<x)==/ﬁ &(x>du<x)==/ﬁ W) dx = 497 71" T
R2/72 R2/72 R2

Therefore, we conclude that in this case,
L@, 0) < llg e =" (4.4)

Let us now we consider the second case when g and  are linearly dependent. Upon
re-arranging indices if needed, we may assume that

|91| = max(|Ql|, L] |(In|, Igllv R |En|) (45)

In particular, g; # 0, and thus £; # 0, since 7 and ¢ are linearly dependent, so we
can define the new variables

n n
vi =) (gj/qu; =) (€;/e0u; and v) =z ... vy =y,
j=1 j=1
and thus
17, 0) < J; (@, 0)

where

5@ 0= X [ 2w+ awn 10 ¢+ o du,
p.rez
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We note that the last integral is non-zero only when |p| < |gq1| and |r| < |£1]. We
set g1 = q’d and €| = €'d where d = gcd(qy, £1). Then qr — £;p = jd for some
J € Z. We observe that when j is fixed, then the integers p and r satisfy the equation
q'r —€'p = j.Since gcd(q’, £') = 1, all the solutions of this equation are of the form
p = po+kq',r =ro+ke fork € Z. In particular, it follows that the number of such
solutions satisfying | p| < |q1] and |r| < |€1] is at most O (d). We write

1@, 0=1"q0+1%70,

where the first sum is taken over those p, r with g1 — £ p # 0, and the second sum
is taken over those p, r with g;r — £1p = 0.
Upon applying a linear change of variables, we obtain

_ n+plqr . .
110G 0 = Z / qu)(‘hvl) X}l) ((qir = t1p)/q1 + €1v1) dvy
poriqur—t p£0” TP/
00 . .
<d Y f qu)(QIUI)X;) (jd/q1 + £ivy) dvy.
jEZN0}

Let us consider the function

oo . .
pi(x) = / a2 g 1 (xd /g1 + o) doi.

We note that the integrand equals the indicator function of the intersection of the
intervals

(=2 lar ™ 1707 9 111~ g~ ]
and
d —1 7 —wi —1y7—wi
[—xd/@@ien = 2 17 2, —xd /g + 0 161712

and thus it follows that p; is non-increasing when x > 0, and non-decreasing when
x < 0. This implies that

> o< [ mwds,

JEZ\{0} e

Since

* ) G 5
/ pi(x) dx = ( / x¢ <q1v1>dv1) ( / x& (xd/q1) dx) <™ gl e
—00 —0oQ —0Q
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we conclude that

),— 7 . e —Wi 1T — W
IVN@ O <d Y pi(h) < gl
JEZ\{0}

Next, we proceed with estimation of Ji(z) (@, 0). Let ¢o := min{||g]| : g € Z"\{0}}.
We set

N(gi. €)= |{(p.r) € Z* : qir = t1p with [p| < (c;"? +n)lq1]}|

and obtain

ntplqr . .

.

@ = X [ G @ du
priqr—tp=0" P/

w . .
< N(C]l,ﬁl)/ qu)(CIIUI)Xg) (£1v1) dvy
—0Q

—1yyzy—wi —o iy (W)
< N1, )l g™ <« N(q1, €1) max (llg]l, l€]) v

3

where we used that g is chosen according to (4.5). Combining the obtained estimates
for Ji(l) (7., ¢) and Ji(z) (. £), we conclude that when g and ¢ are linearly dependent,

_ = W 1T — W — 7\~ (Hw;)
Ji(@. O < g~ 1€~ 4+ N(g1. €1) max (Ig]l, €] o (4.6)

where g is chosen according to (4.5).
Now we proceed to estimate

2

L2Q)) < Z l_[ L, 0). 4.7)

v &<, 18 Sz €8 =1

A

foad’

Using (4.4), the sum in (4.7) over linearly independent g and £ can be estimated as

m
< > [Tzn— e < > g~ 1en =" < 1.

v @<L ISy o8 1=1 v e <IN 1EISv2 e

For a subset 7 of {1, ..., m}, we set w(l) := Zie] w;. Then using (4.6), we deduce
that the sum in (4.7) over linearly dependent g and ¢ is bounded by

¥ 17O =D N (g )
S DN cno {IZ gl =" e (g1, £1)

cfl,..., m}

— sy =L Hw(I©)
> max (||, 1€1))
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$y= (I ) §F N(ar. )] 48
< IC{IX:m}(e) Zme%llml,ulnswes (@ )7 @48)

The star indicates that the sum is taken over linearly dependent g and £.

When I¢ = @, then w(I) = n. Since the number of (7, £) satisfying vj ¢* <
171, 1€l < vy e® is estimated as 0 (e¥™), it is clear that the corresponding term in
the above sum is uniformly bounded.

Now we suppose that /¢ # . Since g and ¢ are linearly dependent, the vector ¢ is
uniquely determined given £; and g, and we obtain that for some v}, v; > 0,

*

_ N(gp, e syn=1 N(q1, )"

) (IR AR N G > Y. Nt
vy e$<q1 1<) ef 1< g1l

We shall use the following lemma:

Lemma 4.9 Foreveryk > 1,

> > N0 <17 (log T)™

1<g<T 1<0<q
where vi = 1 and vy, = 0 when k > 2.

Proof We observe that the sum of N (g, £)¥ over 1 < £ < ¢ is equal to the number of

solutions (p1, ..., Pk, "1, -- -, I'k, £) of the system of equations
qr1 —€p1=0,...,qrx —€pr =0 4.9
satisfying
Ipil, o Pkl < (cg"9 +n)g and 1< € <q.

We order these solutions according to d := gcd(q, £). Letq = ¢’d and £ = ¢'d. Then
q' and ¢’ are coprime, and the system (4.9) is equivalent to

gri—0p1=0,....,q9'rk —t'pr =0. (4.10)
Because of coprimality, each p; have to be divisible by ¢’, so that the number of such
pi’sisatmost O(q/q’) = O(d). We note that given d the number of possible choices

for € is at most ¢ /d, and (py, ..., pk, £) uniquely determine (71, ..., r¢). Hence, the
number of solutions of (4.9) is estimated by

<Y (q/dyd" = qor-1(q),
dlq

@ Springer



M. Bjorklund, A. Gorodnik

where o—1(q) = 3y, d*=1. Writing g = ¢'d, we conclude that

LT/q')
YD N@O < Y qoui@<T Y, Y d!
1<q<T 1<0<q I<q<T I<g'ST g=1
« Tk+1 Z (q/)—k « Tk+1(log T)vk.
NN
This proves the lemma. O

Remark 4.10 A similar estimate in the case k = 1 was proved by Schmidt in [16].

A simple modification of this argument also gives that

Y > N@.OF < T (log T)™.

IR NN

Hence, it follows that

*
> N(gi, )" < (@)1 4 5)" D,
vi e <[], €l <vz e

where v(I) = 1 when |I¢| = 1 and v(I) = 0 otherwise. Thus, the sum (4.8) is
estimated as

<1+ Y DA 45D,
IC{L,...m)

The terms in this sum are uniformly bounded unless / = Jand |/¢| = 1, namely, when
m > 1. When m = 1, we obtain the bound O(1 + s). This proves the proposition. O

4.3 Truncated Siegel transform

The Siegel transform of a compactly supported function is typically unbounded on &’;
to deal with this complication, it is natural to approximate f by compactly supported
functions on X, the so called truncated Siegel transforms, which we shall denote by
f (L), They will be constructed using a smooth cut-off function 7, which will be
defined in the following lemma.

Lemma4.11 For every c > 1, there exists a family (nr) in C2°(X) satisfying:

0<ne <L n=1 onfe<c 'L}, n=0 onfa>cL}, [nrlex < 1.
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Proof Let y; denote the indicator function of the subset {& < L} C X, and pick a
non-negative ¢ € C2°(G) with |, ¢ ® dmg = 1 and with support in a sufficiently small
neighbourhood of identity in G to ensure that for all g € supp(¢) and x € X,

clax) <a(g®'x) <ca®).

We now define 1, as
nL(x) == (¢ * x1)(x) = /G¢(g)XL(g_IX)de(g)-

Since ¢ > 0 and fG ¢dmg = 1,itisclearthat0 < ny < 1. Ifa(x) < ¢~ ! L, then for
g € supp(¢), we have oz(g_lx) < L, so that ny (x) = de)de =1Ifalx)>cL,
then for g € supp(¢), we have oz(g_lx) > L, sothat ny (x) = 0.

To prove the last property, we observe that it follows from invariance of m¢ that
for a differential operator Dz as in (2.4), we have Dznp = (Dz¢) * xr. Therefore,
supp(DznL) C{a < cL}and [[Dznplico < [1Dz@llL1 () whencee [[nLllcr < 1. O

For a bounded function f : R™*" — R with compact support, we define the
truncated Siegel transform of f as

[P =7 e

We record some basic properties of this transform that will be used later in the proofs.

Lemma4.12 For f € C°(R™™"), the truncated Siegel transform FL s in CX(X),
and it satisfies

” FO ) < ||f||LP(X) Lsupp(f)p I fllco forall p <m+n, (4.11)
|79, <saoncy LIS lco, (4.12)

H f(L)‘ o Lsupp(f) LI fllck, (4.13)

=70,y Comprne L7 I f o Jorallt <m-n—1. (4.14)

|f =7 L, St LTV o forall t <m+n—1. @415

Moreover, the implied constants are uniform when supp(f) is contained in a fixed
compact set.

Proof 1t follows from Proposition 4.1 that

)f(L)’ Lsupp(f) 1 f o amr.

Since 0 < 1z < 1, (4.11) follows from Proposition 4.2, and the upper bound in (4.12)
holds since supp(n7,) C {o < cL}.
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We observe that for a differential operator Dz as in (2.4), we have Dz ( f ) = 227
Hence, we deduce from Proposition 4.1 that

‘Dz(f)‘ Lsupp(f) ||f||Ck .

Since supp(nr) C {o < cL} and ||ng||c« < 1, we deduce that

proving (4.13).
To prove (4.14), we observe that since 0 <y, < landny = 1 on {0 < c_lL}, it
follows from Proposition 4.1 that

ok Lsupp(r) LN fllck

= [ 1111 = el dpr <sappir | ||o/ wdiiy,
Lix) /Xf neldix <supp(r) Iflle sy

Hence, applying the Holder inequality with 1 < p <m +nandg = (1 — 1/p)~,
we deduce that

|7 = 7P <) Il Nl e > ' L))o,

LX)
Now it follows from Proposition 4.2 that

L*(p*l)’

Hf - f(L) H <<supp(f),p ”f”CO

LX)

which proves (4.14). The proof of (4.15) is similar, and we omit the details. m]

5 CLT for smooth Siegel transforms

Assume that f € C2°(R™*") satisfies f > 0 and supp(f) C {(Xm+1, - - - » Xmtn) 7
0}. We shall in this section analyze the asymptotic behavior of the averages

N—-1

Fi () = ﬁ Y (fa@y —uy(foa)) withy ey,

s=0
and prove the following result:

Theorem 5.1 Ifm > 2 (and thus m + n > 3) and f is as above, then the variance

o} = (/ (Foa)fdu — i)
= ¢m+n)""! Z > ( / L fwa D fandz+ /R f(pafz)f(—qz)dz).
§=—00 p,g>1
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is finite, and for every & € R,

ny ({y€Y: Fn(y) <&} — Normg,(§) (5.1

as N — oc.

The proof of Theorem 5.1 follows the same plan as the proof of Theorem 3.1, but
we need to develop an additional approximation argument which involves truncations
of the Siegel transform f . This can potentially change the behaviour of the averages
Fy, so we will have to take into account possible escapes of masses for the sequences
of submanifolds ¢*) in X.

Throughout the proof, we shall frequently make use of the basic observation that if
we approximate Fy by I:"N in such a way that || Fy — FN iy — 0, then Fy and FN
will have the same convergence in distribution. Each time we apply this observation, the
new approximation will depend on some sequence which depend on N; ultimately, we
will end up with three different, but interrelated, sequences K (N), L(N) and M(N),
which need to be matched. In Sect. 5.3, we will provide explicit choices for these
sequences.

Let

~ 1 N—1 R R
Fy = J_Ns;; (foas —uy(foas)> (5.2)

for some M = M (N) — oo that will be chosen later. We observe that

M—1
~ 1 ~ A
Fy—F <—§ |foa - :

< —sup/ If oa’ldpy. (5.3)
3>O

and thus, by Proposition 4.6 we see that
IFy — Fyllpiyy — 0 as N — oo.
provided
M =o(N'?). (5.4)

It particular, it follows that if (5.1) holds for F v, then it also holds for Fy, we shall
prove the former. In order to simplify notation, let us drop the tilde, and assume from
now on that Fy is given by (5.2).

Given a sequence L = L(N), which shall be chosen later, we consider the average

N—

(L) Z (f(L) oa® — l/«y(f(L) o as)>

s=M
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defined for the truncated Siegel transforms f (L) introduced in Sect. 4.3. We have

HF - (L)Hym f%”(foas—f(””f) THY (foaS _'f(L)oax) )le

2

<

2
Z AL

oa — o a .
VN =, H / ! L)

We recall that f(L) = f ne,0 < np < 1,and np(x) = 1 when a(x) < c 'L, so
that

F0 6 g8

- Ji7=s

L)
<(/ F@ ) duy(y)
{a(asy)=c 1 L)

L'Q)

Hence, by the Cauchy—Schwarz inequality,

A

foa’

‘ ‘ _ 172
oy M ([ eyia@y = L])

Hfoas—f(moas

<
Ly

Let us now additionally assume that
M > logL, (5.5)
so that the assumption of Proposition 4.5 is satisfied when s > M. This implies that
N ({y €Y:al@'y) > c—‘L}) <, L7 forall p <m +n.

We also recall that by Proposition 4.8 when m > 2,

sup || f o a® < 00,
S;; ”f L2(Y)
whence, fors > M,
F(L) o CZS < L_P/Z
! Ly
and thus
H Fy — F;]L)‘ Loy <p N'2L=P2 forall p < m + n. (5.6)

If we now choose L = L(N) — o0 so that

N =o0(LP) forsome p <m +n, 5.7
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then it follows that

— 0 as N — oo.

(L)
HFN —Fy ‘Ll(y)

Hence, if we can show Theorem 5.1 for the averages F IE,L) with the parameter con-
straints above, then it would also hold for Fy. In order to prove CLT for (F ](\,L)),

we follow the route of Proposition 3.4 and estimate cumulants and L2-norms of the
sequence.

5.1 Estimating cumulants

We set

U0 =P @y - uy(F o a).

Our aim is to estimate

1
Cum®) (F(L)) i Z ch<r>( gf),...,ws(f)) (5.8)

.....

when r > 3. The argument proceeds as in Sect. 3.2, but we have to refine the previous
estimates to take into account the dependence on the parameters L and M. Using the
notation from Sect. 3.2, we have the decomposition

,

M. N1 =@M MU U Q@ 8+ M.N) ], (59)
J=01Q1>2

where

QBrr1: MU N) == (M, ..., N — 1} N A(Br11),
Qolaj, Bjt1; M, N) :=(M,...,N — 1) N Ag(aj, Bj+1)-

We decompose the sum into the sums over Q(B,4+1; M, N) and Qg(«a;, Bj+1; M, N).
Let us choose M so that

M > By (5.10)

Then Q2(B,+1; M, N) = (J, and does not contribute to our estimates.

5.1.1 Case 1: Summing over (s1, ..., s,) € Qg (aj, Bj+1; M, N) with
Q= {{0}9“’-"7’}}

In this case, we shall show that
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Cum{}) (w“) .,1//},L>) ~ Cum(), (¢<L> oa't, ... W oa3r> (5.11)

5] o0

where ¢ := FL) — (L)), This reduces to estimating the integrals

/y (]_[ 1//5,4”) duy

iel
= Z(—l)u\” (/ (l_[f(l‘)oas’) d,uy) H </ (f(l‘)oas")duy>.
Jcli y ieJ iel\J y
(5.12)

If (s1,...,5) € Qolaj, Bj+1; N), and thus
Isiy —si,| <oa; and s; > B4 forall 1 <iy,ip <r,

it follows from Corollary 3.3 with r = 1 that there exists 6 > 0 such that

FO Hck) . G513

[ P oaydny = (7V) + 0 (50
Yy

For a fixed J C I, we define

o®) =[] f® 0a,

ieJ

and note that for some & = &(m, n, k) > 0, we have

L <K 1_[ H f(L) oqa’i ™5
¢ ieJ

[1

f(L)

ck’

”q,(m‘ < eMEa;
ck

If we again apply Corollary 3.3 to the function ®X), we obtain

/ (Hf(l‘)oas") du,y:/(d)(”oasl)d,uy
y y

ieJ
_ f oD dpy + 0 (E—Bﬁjﬂ )
X c

— / <l_[ f(L) ° a5i> diy + O (e5ﬁ,f+1er$ o)
X

ieJ

oL

FO H;) (514

where we used that p y is invariant under the transformation a. Let us now choose
the exponents «; and 841 so that 6841 — réa; > 0. Combining (5.12), (5.13) and

(5.14), we deduce that
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/ (]_[ w“)) duy =) (=" (f (H FD) g g ) dux) iy (f(L))II\JI

iel Jcl iel
1)

/ [1(/®oa ,ux(f(”)) dux

iel
1]
), (5.15)

+o (e

and thus, for any partition P,

14 (1) - T 10)

IeP iel IeP iel
1o ( ~(8Bj 417 )
Cck

+0< 5ﬁ/+1 réa/

and consequently,

Cum(r) (1//<L) .. w(L)> = Cum,(f; (¢>(L) oa',...,pP o a"")

51

~ r
+0 (e-imrten | fu Hck) (5.16)

whenever (s1,...,s) € Qg(uj, Bj+1; M, N) with Q@ = {{0}, {1, ..., r}}, from
which (5.11) follows.
We now claim that
(r) (L) (L) r
‘Cumlfx (¢ od®,...,¢ oas)

(r—(m+n—1)7*

f(L) A(L) min(r,m-+n—1) , (5.17)

Lm+n—1 (X)

where we use the notation x™ = max(x, 0). The implied constant in (5.17) and below
in the proof depend only on supp(f). By the definition of the cumulant, to prove

(5.17), it suffices to show that for every z > 1 and indices iy, ..., i,
[0 ) )
X
(z—(m+n—1))T min(z,m+n—1)

FL) (5.18)

A(L) ‘

co Lm+n—1 (X)

Using the generalized Holder inequality, we deduce that when z <m +n — 1,
i o) (o200
X
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S H¢(L) o asiz

Lm+n—1 (X) Lm+n—1 (X)

Lm+n—l(X) :

Alsowhenz >m+n —1,

/X ‘<¢(L) o as"l) e (¢(L) o as’i)’ duy

—(m+n—1
< H¢(L) ¢ O(m b / ‘((p(L) ° asil) .. (¢(L) o g im+n-1 )‘ duy
c X
~ —(m+n—1) || m+n—1
w|* (L)
<<f f co Lm+n—l(X) !

This implies (5.18) and (5.17).
Finally, we recall that if (si,...,s.) € Qo(aj,Bj+1; M, N) with Q =
{{0}, {1, ..., r}}, then we have |s;; — s;,| < ; for all iy # i, and thus

R0(;. Bjst: M. N)| < Noi ™!, (5.19)

Combining (5.17) and (5.19), we conclude that

1 N
NT/2 Z ’Cuml(fg( (¢(L) oa', ..., ¢(L) ° a&)‘
($1,eees sr)€Qo (), Bj+1;M,N)
N (r—(m+n—1)"% || . min(r,m+n—1)
NI=r2g7=1 | AL (L)‘
<<f a] ‘f co f Lm+n—1 X)
Hence, it follows from (5.16) that
1
R )3 cum, (8. ... yi0)
(51,--,87)€QQ (i, Bj+1:M,N)
A r
&f N2 e=@Bin—ra;f) f<L)‘ .
N (r—(m4n—1)% | . min(r,m+n—1)
LNt (L)‘
aj f CO f Lm+n=1(X)

and using Lemma 4.12, we deduce that

1 L L
N2 Z Cum% <Ws(1 L 1//s(, ))

(5150055-)EQQ(aj, Bj+1;M,N)

&f N2 @Bri=rai®) ) £l 4 Nl—r/ZO[;flL(r—(m-‘rn—]))*”f”VCO.
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5.1.2 Case 2: Summing over (s1, ..., s;) € Qo(aj, Bj+1; M, N) with |Q] > 2 and
Q#{o0},{1,...,r}}

In this case, the estimate (3.24) gives for (s1,...,s,) € Qo(aj, Bj+1; M, N),

51 0

‘Cum% ™ ~--7W§,L)>‘ « e~ OBjr1—ra;

and

3 ‘Cum% W, ... <L>)‘ & N'/2e=CBji—rEa))
(51,..,57)€QQ (i, Bj+1: M ,N)

Ck
K NP CPra=rEe) r | £17,,

where we used Lemma 4.12.
Finally, we combine the established bounds to estimate Cum(r) (Fy (L)) We choose
the parameters «; and B asin (3.27). Then B, 41 <, y.In partlcular we may choose

M >,y (5.20)

to guarantee that (5.10) is satisfied. With these choices of «; and ;, we obtain the
estimate

Cum(r) (F(L)) <<f Nr/2 78]/Lr”f”r +N1 r/2 r— lL(r (m+n 1))+||f||r
(5.21)

We observe that since m > 2,

(r—(m-+n—1)"
<
m+n

r/2—1 forallr > 3,

Hence, we can choose g > 1/(m + n) such that
qor—m+n—1)" <r/2—1 forallr > 3.
Then we select
L= N1,
so that, in particular, the condition (5.7) is satisfied. Now (5.21) can be rewritten as

Cumff;(F](\,L)) <<f Nr/2+rqe—5y ”f”er 4 Nq(r—(m—i—n—l))Jr—(r/Z—l)yr—l ”f”rc()
(5.22)
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Choosing y of the form
y = cr(logN)
with sufficiently large ¢, > 0, we conclude that
Cum(’) (F(L)) -0 asN —

forall r > 3.

5.2 Estimating variances

We now turn to the analysis of the variances of the average F’ }E,L) which are given by

N—-1 N-1

=M s,=M

(L)
|

We proceed as in Sect. 3.3 taking into account dependence on parameters M and L. We
observe that this expression is symmetric with respect to s; and s, writing s; = s + ¢
ands) =rwithO<s < N—M—1land M <t <N — s — 1, we obtain that

2
(L) (L) N— M 1 o)
F =0,"0)+2 ® , 5.23
|70y, = ON @ 225 O ) (5.23)
where
1 N—1-s
L L) , (L
o=y > [ whu® duy.
=m Y
We have

fy v duy / (fP oa™)(f P oayduy — uy(f " o apuy(f* o a).

To estimate @5\%) (s), we introduce an additional parameter K = K(N) — oo such
that K < M (to be specified later) and consider separately the cases when s < K and
whens > K.
First, we consider the case when s > K. By Corollary 3.3, we have
2
ck> '
(5.24)

/ (f(L) OaS_H)(f(L) Oat)d/l,y — MX(f(L))Z +0 (E—Smin(s,t)
y

Also, by Corollary 3.3,

[ earany = w7 v o (| 0] ). 529
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Hence, combining (5.24) and (5.25), we deduce that

L) (L —5mi
/y‘/fs(+31ﬂt( )duy -0 (e 8 min(s, 1)

FO ‘

2
ck)

Since

N—M—1 /N—l—s A N—1N-1

> ( > e“smm“*’)> <Y Y@ e < Ne T,
s=K t=M

we conclude that

> o« 1)

N

N—M-—1 2
o K eI (5.26)
=K

where we used Lemma 4.12. The implied constants here and below in the proof depend

only on supp(f).
Let us now consider the case s < K. We observe that Corollary 3.3 (for r = 1)

applied to the function ¢S(L) = (f(L) o as)f(L) yields,

/y (F® 0 a1 (D o a'yduy = fy @M 0 a')ydpy

= [ ans o [0,
Furthermore, for some & = &£(m, n, k) > 0, we have
2
(L) F(L) s F(L) Es | A(L)
2 ‘ck<<Hf R P f ”ck<<e f ‘Ck'

Therefore, we deduce that

/;}(f(L) oaS+t)(f(L) oat)dp,y — /X(f(L) Oas)f(L) duy

+0 (e—(stefs 2 )
Cck

f(L)

Combining this estimate with (5.25), we conclude that

fyws(iiz/ff” dpy = fX (f P o0a) [P dpr — pa(f )

2
—dt Es (L)
+0 (e &5 | 7 ‘ Ck) .
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Hence, setting

oL = [ (7o) f W dpy (7O
X

PO ‘ 2 )
Ck

2 LN lemM s
L2(X)

we obtain that

N-M-—
ey (s) = —SGEQ(S) +0 (N“e“we?‘

N

oL (s)+0 (N‘ M +5) | 7

FO ‘

2
ck )’

Therefore, using Lemma 4.12, we deduce that

K-1 K—1
oy +2> 0y ) =0l 0 +2Y 6L

s=1 s=1

+0; (N—‘(M KK ([ fl12 + N7l MK 12 ||f||2Ck> (527

Combining (5.26) and (5.27), we conclude that

M—-N-1
oVm+2 Y e

s=1
K—1

= 0L 0 +2) 0l

s=1

+0y (N—‘ (M + KK || Iz + (N e ®MeEK 4 070Ky 2 ||f||2ck) . (5.28)

We choose the parameters K = K(N), M = M(N), and L = L(N) so that

e KL% 0, (5.29)
N le™MEK 2, 0, (5.30)
N ' M+ KK -0 (5.31)

as N — oo. Then

2

(L)
£
H N 2o

K—1
=L 0 +2) 0L )+ o).
s=1

Next, we shall show that with a suitable choice of parameters,

2

(L)
Al
H N ol

K—1
= 00(0) +2 > Ono(s) + o(1). (5.32)
s=1
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where
One(s) = /X (Foa®)fdux — (P

We recall that by Lemma 4.12, forallt <m +n — 1,

<se L7721 £l co,
(5.33)

[F =70,y €rr LT IfNco and | f = 7O

L\(X L2(X)

where the implied constant depends only on supp(f). It follows from these estimates
that

pa(f ) = pa(f)+ 0y (L7 1 fllco),
fX (fPoa®y fPdpy = /X (foa)fdux+ 05 (L™ V2| fII20),
so that
OL () = One(s) + 07« (LI 112,). (5.34)
We choose the parameters K = K(N) — oo and L = L(N) — o0 so that
KL™""D/2 50 forsomer <m+n—1. (5.35)
Then (5.32) follows. We conclude that

2

(L) ‘
F
H N 2y

— Ouo(0) +2 Z Ooo(s) (5.36)
s=1

as N — oo.
Finally, we compute ®(s) by using Rogers formula (Proposition 4.4) applied to
the function

F@,7) = ) f(pa'T)f(qZ), (@1,72) € R x R™.
p.q=1

Since

/X(foax)fdux =/ Y. Fi(gZ1, %) | dux (g,

z1.226€(P(Z"m+m))

we deduce that

@ Springer



M. Bjorklund, A. Gorodnik

2
f (fod®) fdux = ( / f(Z)dZ>
X Rn1+n

+Hem+mt Y ( /R Fpa'D R dz+ /R m+nf(pa“2)f(—q2)d2>.

p.q=1

Since by the Siegel Mean Value Theorem (Proposition 4.3),

/ fdM;v:/ f@dz,
X Rm+n

we conclude that

Ocols) =¢m+m~" Y </an+n f(pa’z) f(qz)dz + /RM f(pa’?) f(—q2) dZ).

p.q=1
Finally, we show that the sum in (5.36) is finite. We represent points 7 € R"*" as
7z = (x,y) withx € R" and y € R". Since f is bounded, and its compact support

is contained in {y # 0}, we may assume without loss of generality that f is the
characteristic function of the set

(@M eR™ vy <Y< v, Il <OV, i=1,...,m)}

with 0 < v; < vy and ¥ > 0. Let

(p) = {(ﬂ) eR™" “‘;S <7l < ”zpes PIEITI < B,i =1, m}
Then

/Rmﬂ f(pa’?) f(£q7) dZ = vol (25(p) N Qo (q)) .
Setting

Iw):={yeR": vju <[y <vau},

we obtain that

vol (€5(p) N Qo(q)) = /

(e p~HnI@g™h

m
(1’[ 29 max(p, ¢) "' ||y||wl‘) dy

i=1

< max(p,q)""™" / Iy~ dy.
(e p~HnI(g—")
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We note that 1(e*p~") N I(g~") = & unless (vivy )e qg < p < (n Des q, and
also that

w/q :
/ IyI~"dy <</ rldr « 1.
1(qg™") vi/q

Hence, it follows that

ZG)OO(s) < Z > max(p, )"+

$.4= 1(U1U2 )esq<p<(v2v1 )esq

< Z @q) "D < oo,
s,g=1

because m +n > 3.
5.3 Proof of Theorem 5.1

As we already remarked above, it is sufficient to show that the sequence of averages
F ,(VL) converges in distribution to the normal law. To verify this, we use the Method of
Cumulants (Proposition 3.4). It is easy to see that

f F\Fdpy = 0.
y

Moreover, with a suitable choice of parameters, we have shown in Sect. 5.1 that for
r =3,

Cum(r) (F(L)) — 0 as N — oo,
and in Sect. 5.2 that

” (L)‘ 0%<oo as N — oo.

LX)

Hence, Proposition 3.4 applies, and it remains to verify that we can choose our param-
eters that satisfy the stated assumptions. We recall that

L=N? and y =c,(logN).

The parameters M = M(N) > K = K(N) need to satisfy the seven conditions (5.4),
(5.5), (5.20), (5.29), (5.30), (5.31), (5.35). We take

K(N) =ci1(logN)
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with sufficiently large ¢; > 0 so that (5.29) is satisfied. Then taking

M(N) = (log N)(loglog N),
we arrange that (5.5), (5.20), and (5.30) hold for all N > Ny(r). We note that the
constant ¢, and the implicit constant in (5.20) depends on r, and the (log log N)-factor
here is added to guarantee that the parameter M is independent of r. Finally, the
conditions (5.4), (5.31), (5.35) are immediate from our choices.
6 CLT for counting functions and the proof of Theorem 1.2
We recall from Sect. 1.3 that

Ar(u) = |A, N Q7|+ O0(1),

where A, is defined in (1.8) and the domains Q7 are defined in (1.9). We
shall decompose this domain into smaller pieces using the linear map a =

diag(e™1, ..., e"m, el ., e‘l). We note that for any integer N > 1,
N—1
Qv =|]a.,
s=0
and thus

N-—1
AN Q| = R(@ Ay).
s=0

where x denotes the characteristic function of the set €2.. Hence the proof of Theo-
rem 1.2 reduces to analyzing sums of the form ZéVQOI x(a’y) with y € ). For this
purpose, we define

1 N-—1
=7 Z (% 0a® — ny(x 0a")). (6.1)
s=0

Our main result in this section now reads as follows.

Theorem 6.1 Ifm > 2, then for every § € R,

ny ({y € Y: Fn(y) <§}) — Norms (§)

as N — oo, where

— (T fraz) (Bmtn=b
e ([1on) ([ ) (S 1)
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We approximate x by a family of non-negative functions f; € C2°(R"*") whose
supports are contained in an e-neighbourhood of the set €2., and

X< Lo <L fo— xlpigminy <& I fe— xl2@min < 72 I feller < 675

This approximation allows us to construct smooth approximations of the Siegel trans-
form yx in the following sense.

Proposition 6.2 For every s > 0,

)

Proof We observe that there exists 9;(¢) > % such that ¥;(¢) = ¥; + O(g) and
fe < s, Where x. denotes the characteristic function of the set

fo0oa® — xoa® duy < e+e .

{5 eR"": <yl <e+e |xil < i) [yI™™ fori=1,...,m}.
Then it follows that

fe@A) =R @M= > (fel@v) = x@v) < D (xe(a'v) — x(@v)).

veA\{0} veA\{0}

It is clear that x, — x is bounded by the sum x1 . 4+ x2.. + x3.e of the characteristic
functions of the sets

[@) eR™ 1 —e <|TI <1, || < 0i(e) [T fori =1,....m},
(@) eR™ e < [Tl <ete |xl <o) 717 fori=1,...,m},
[@5) eR™ 1<l <e |xil < 9(e) T

foralli, |x;| > 9, ||y]I”*/ for some j}
respectively. In particular, we obtain that

fe@A) = (@A) < 3160 A) + $2.6(@A) + 3.0(a° A).

Hence, it remains to show that for j =1, 2, 3,
/ (Xjeoa)duy <e+e.
y

As in (4.3), we compute that

/;}()%m oa“)duy = Z 1_[ (Z / Xou o))~ (Pi + (u; )duz) (6.2)

(1-g)es<gl|<e’ i=1 \ pieZ
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where xg denotes the characteristic function of the interval [—6, 6]. We observe that
/0 e (14 ) < il 71 < g1
[0, 17"

and moreover this integral is non-zero only when |p;| = O(||¢]|). Hence,

Z / X, eig—wi (Pi + (Wi @) dup < gl ™™,
. [0,11"
Di€L

and

m
/y (Rieoayduy < Y J]lgl™

(I-g)e*<igli<e’ i=1
<e™[{gez": 1—e)e' < gl <e'}].
The number of integral points in the region {(1 — &)e® < ||y|| < €°} can be estimated
in terms of its volume. Namely, there exist r > 0 (depending only on the norm) such
that

HgeZ': -9 <|gl <} < |{FeR: (1—g)e' —r <[V < +r}|.

Hence,

/y(’z“ oa')duy < e ((€ +r)" = (1 =) —r)")

LU +re®'—(1—g—re ¥
Le+e .
The integral for x2 . o a® can be estimated similarly.

The integral over x3 . o a® asin (6.2) can be written as a sum of the products of the
integral

/[o,l]n (Xa,-(wllmrw_/ (P + (- aD = Xy, gy~ (P + (ﬁj,zl))) di
< 2(maxk|(]k|)_1(19]'({3) — l?j)”q“_w./ < 8||c_1||_1_w!',

and the integrals
/O Xos(ey g1 (Pi + (Wi @) dit; < 20;(e)(maxg|ge )™ lg ]| < ligl ="~
[0,1]"

with i # j. We observe that these integrals are non-zero only when |p;| = O(llg|)
and |p;| = O(Jlq|]). Hence, we conclude that
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m
/y%"“”d“ﬁ’ < Y e[l =e > @™ <e

eslgisett =l ' <[gl<est!
which completes the proof of the proposition. O

Now we start with the proof of Theorem 6.1. As in Sect. 5, we modify Fy and
consider instead

N-1

Y (Rod’ —uy(xoa®) (6.3)
s=M

~ 1
FN:Z—
VN

for a parameter M = M(N) — oo that will be chosen later. As in (5.3) we obtain
that

IFy — Fyllpiyy — 0 as N — oo
provided that
M = o(N'?). (6.4)
Hence, if we can prove the CLT for (f’ ~), then the CLT for (Fy) would follow. From

now on, to simplify notations, we assume that Fy is given by (6.3).
Our next step is to exploit the approximation x ~ f;, so we introduce

N—-1
1 ~ o
(&) .__ ( s s
Fy' = — E oa’ — (feoa )),
N N = fe ny(fe

where the parameter ¢ = ¢(N) — 0 will be specified later. We observe that it follows
from Proposition 6.2 that

HFISIE)—FN” fgoas—ﬁoas

N—1

2
< — K N +e™).
L'Q)  JN S:ZM L'(Y) ( )

We choose € = ¢(N) and M = M (N) so that

N'2¢ 50 and N'2e™ 0. (6.5)
Then
(&)
Fy —F ‘ — 0 as N — oo.
H N MLy

Hence, it remains to prove convergence in distribution for the sequence F 183 ),
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We observe that the sequence F 15]8 ) fits into the framework of Sect. 5. However,
we need to take into account the dependence on the new parameter ¢ and refine the
previous estimates. It will be important for our argument that the supports of the
functions f; are uniformly bounded, || f;||co < 1, and || f¢ |l cx < ek,

As in Sect. 5, we consider the truncation

N—-1
1 A N
(e,L) .__ (L) s (L) s
F = — E (f oa’ — uy(f,” oa )) .
N vN ¢ ViJe

defined for a parameter L = L(N) — oo. We assume that
M > logL, (6.6)

so that Proposition 4.8 applies when s > M. Since the family of functions f; is
majorized by a fixed bounded function with compact support, Proposition 4.8 implies
that when m > 2,

N

feoa®

)<<l forall s > 0,

L2y
uniformly on ¢. Hence, the bound (5.6) can be proved exactly as before, and we obtain

Hinf) - Fyt HL <p NV2L7P2 forall p < m +n.

ey

We choose the parameter L as before so that
N:o(Lp) for some p < m +n (6.7)
to guarantee that

— 0 as N — oo.

(&) (e,L) ‘
Fy’ —F
H N Ny

Now it remains to show that the family F' 1(\,8 ‘L) satisfies the CLT with a suitable choice
of parameters M, L, €. As in Sect. 5 we will show that for » > 3,

Cumf[;} (Fls,g’l“)> — 0 as N — oo, (6.8)
and
”F(E’L)‘2 -0 asN — o0 (6.9)
A PG

with an explicit o € (0, 00).
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Under the condition
M >y, (6.10)

the estimate (5.21) gives the bound

Cum(r) (F(é‘ L)) << Nr/2 75)/Lr||f ” k Nl r/2 r— lL(r (m+n 1))+||f ”C

< Nr/Ze—S)/Lrs—rk + Nl—r/2yr—1L(r—(m+n—l))+.

We note that the implicit constant in (5.21) depends only on supp(f;) so that it is
uniform on &. We choose L = N7 as in Sect. 5 and y = ¢, (log N), where ¢, > 0 will
be specified later. In particular, then N1=7/2y =1 L0=m+n=1)" _, 0 and assuming
that

N2L 678 = (%), 6.11)

it follows that (6.8) holds.
To prove (6.9), we have to estimate

N—-1 N-1
1

2
L (y) _3]=MA2=M Y

H (sL)‘ I/I(SL) (sL)dMy

where
Vo) = [P @ y) = uy(fP o a).

As in (5.23), we obtain that

(e.L)
|7

‘EL)(0)+2 Z @“L)()

Lz(y)

where

N—1-s

1
SECES DI AT

Our estimate proceeds as in Sect. 5, and we shall show that with a suitable choice of
parameters,

|7 L)‘ —0EP 0 + 2510 (5) + o)), (6.12)

L2
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where
Q&L (s) := f (fP oa®) fP duxy — ua(fP)>%
X

Indeed, arguing as in (5.28), we deduce that

M—N-—1
e 0) +2 > 0L (s)

s=1

K—1
=0EP0) +2) 0% (s
s=1

10 (N—l(M + K)K + Nl dM 6K 12,2 +e—aKL25—2k)_

Hence, (6.12) holds provided that

e K272k 0, (6.13)
Nl dMEK 2,72k _, 0, (6.14)
N~ (M + K)K — 0. (6.15)

Next, we set
0% (s) = /X (feod®) fedpx — nx(fe)?
and observe that as in (5.34),
el (5) = 0% (s) + 0, (L_(’_”/2> forallt <m+n— 1,
uniformly on €. Hence, choosing K so that
KL™""D/2 50 forsomer <m+n—1, (6.16)

we conclude that

2
(e,L)
|73

K—1
_o® ()
oy = 0¥ (0) +2 2; 0 (s) + o(1).
s=

The terms ) (s) can be computed using Propositions 4.3 and 4.4, and we obtain that

LW =¢m+m™" ) ( [R e pa' D oD dz+ /R  fepaD fo(—4D) dz).

p.qg=1
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We also set

Oco(s) 1= ¢m+m)~" Y~ <f]R+ x(pa’?)x(qz) dz + /RW x(pa’2)x(—qz) dE)

p.q=1

=2m+n" Y /RM x(pa’2)x(q7) dz.

P.q=1

We claim that
10K (5) = Ooc(s)] < &'/2e™ =282, (6.17)

This reduces to the estimation of

/I‘Qmﬁ—n fE (pavz) f€ (qz) dz - /I‘Qm-f—n X (paYZ)X (QZ) dz

<

/ (fe — x)(pa’z) fe(g2) dz
Rm+n

+ ' /RW x(pa*D)(x — fe)(q2)dz|. (6.18)

We observe that there exists 0 < v; < v, such that

/ (fe = x)(pa’z) fe(q0)dz =0
Rm+n

unless v efq < p < vyeq, and by the Cauchy—Schwarz inequality under these
restrictions,

o e =l el g!/?
S
/Rm+n (fe — x)(pa’2) fe(q2) dz‘ < p(m+n)/2 q(m+n)/2 < qm+ne(m+n)s/2'

Sincem +n > 3,

2

pq=1

=) 2

qg=lviefq<pLuvefq

/ (fe = x)(pa’z) fe(q2) dz
Rm+n

/ (fe — x)(pa’?) fe(q2) dz
Rm+n

1/2 s

ereq 1/2 —(m+n—2)s/2

< qm+ne(m+n)‘v/2 Le've '
g=1

The sum of the other integral appearing in (6.18) is estimated similarly. This proves
(6.17).
Provided that ¢ = ¢(N) — 0, the estimate (6.17) implies that

2
LX)

(e.L)
N

K—1
= O0(0) +2 ) Oco(s) + o(1).
s=1
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Hence,

2

i
LX)

N

_»a%zc&ﬂ»+2§:®w@)
s=1

as N — oo.
Finally, we compute the limit

2 _ _ —1 S= =\ J=
ot= Y On@)=2m+m" Y " /wa(pa Dx(q2) dz.

§==00 §==00p,g=1

We note that the sum

o
E:= E xoa’

s=—00
is equal to the characteristic function of the set
{@E Y eR™ 71 >0, |l <9Iy1™", i=1,....,m},

and

m

E(pZ)X(qZ)dZ=/ (
/Rm+n 1/g<llyli<e/q l_[

i=1
m
= 2 ([To1 ) maxcp. " 151" d
; 1/q<yli<e/q
m eq Iz~
= 2" (T ] ) max(p, ¢ / Iz~ / rldr ) dz
. sn=1 g izt

m
= m <H ﬁi) w, max(p,q) """,

209; max(p, q) % wnw") dy

where w, 1= [q1 7] 7" dZ. We also see that

Z max(p,q)—m—n — ip—m—n +2 Z q—m—n
p=1

p.q=1 1<p<q
q—1
Com+n)+2) e =20(m+n—1) = L(m +n),
=1
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and thus

- P . 2;(m+n—1)_>
02 = ) Onls) =2 (Eﬂ,)wn <—§(m+n) 1).

§=—00

6.1 Proof of Theorem 6.1

As we already remarked above, it is sufficient to show that the average F’ IE,F L) converge

in distribution to the normal law. According to Proposition 3.4, it is sufficient to check
that

Cumfg (ka’”) —-0 asN — ©

when r > 3, and

— 0% as N — oo.

(e,L)
E)
H N L2())

These properties have been established above provided that the parameters

M=M(N), e=¢(N), L=NI y=c(logN), K=K(N)<MN)
satisfy the ten conditions (6.4)—(6.7), (6.10), (6.11), (6.13)—(6.16). It remains to show
that such choice of parameters is possible. The condition (6.7) is guaranteed by the
choice of L. First, we take

e(N) =1/N.

Then the first part of (6.5) holds. Then we select sufficiently large ¢, in y = ¢, (log N)
so that (6.11) holds. After that we choose

K(N) =ci1(logN)

with sufficiently large ¢; > 0 so that (6.13) holds. Then it is clear that (6.16) also
holds. Given these ¢, L, y, and K, we choose

M(N) = (log N)(loglog N)
so that the second part of (6.5), (6.6), (6.10), and (6.14) hold for all N > Ny(r). With

these choices, it is clear that (6.4) and (6.15) also hold. Hence, Theorem 6.1 follows
from Proposition 3.4.

6.2 Proof of Theorem 1.2

For u e M,,, », ([0, 1]), we set
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A7 (u) — Cipp logT
(log T)!/2

Dr(u) =

’

where Cpy p = 2"91 - - - Uy wWith @, 1= fS"—l IZII~" dz. We shall show that Dy (u)
can be approximated by the averages Fy defined in (6.1). This will allow us deduce
convergence in distribution for D7. We observe that:

Lemma 6.3
N—1
3 fy 2@ ) diiy(y) = CuuN + O(1),
s=0

where Cy, , is defined above.

Proof We observe that

N-1
Z/ X(@y)duy(y) = / Ev() duy(y).
s=0 Y Y
where Ep denotes the characteristic function of the set
[EDermm 1<zl <e, il <oilF1™ i=1,....m].

Using notation as in the proof of Proposition 4.6, we obtain

XTI A+ @) di

1<I7ll<eV pezm i=1 7 101"

= > T X i+ @) du

1<gll<eN i=1 \prez” 101"

f Ev () duy(y)
%

We claim that

> Xy (p + (@, q)) dit = 205 |g)| ™" (6.19)
pEZ [0)1]/}1

To prove this, let us consider more generally a bounded measurable functions x on R
with compact support, the function ¢ (x) = x(x;) on R™, and the function &(x) =
» pez X (p + x1) on the torus R™/Z™. We suppose without loss of generality that
q1 # 0 and consider a non-degenerate linear map

S:R" >R":uw ((U,q),un,...,um)

which induced a linear epimorphism of the torus R /Z"™. Using that S preserves the
Lebesgue probability measure n on R™ /Z™, we deduce that
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|

ez /10,11

x (p+ (@, q)) du—/ U (Sx)dpu(x)

Rm /Zm

:/ &(x)dﬂ(x):/x(-xl)d)(:l’
R™ /7 R

which yields (6.19).
In turn, (6.19) implies that

m
/ Enduy =2" (]‘[m) > gl
Y i=1 / 1<gl<eV

Using that |3, |7 = |37 + O (7, I7"~") when ||y}, — 3, |l < 1, we deduce that

DG = figyeen ¥ dY + OCD),
IN7/ES2

and expressing the integral in polar coordinates, we obtain

Iz~ e 1
/ ||§||‘”di=/ / 7zl ¥ 'drdz = w, N + O(1).
1|5l <eN sn=1 J )zt

This implies the lemma. O

Now we return to the proof of Theorem 1.2. Since

N-1
An@) =Y F(@ A+ 0(),
s=0
Lemma 6.3 implies that

ID,y — Fyllco = 0 as N — oo,

where (Fy) is defined as in (6.1). Therefore, it follows from Theorem 6.1 that for
every £ € R,

[{§ € My o ([0, 1]) © Don(u) < &})| — Normgy (§) as N — oo.
Let us take Ny = |log T |. Then
N < T < N and Nr <logT < Nt +1,

so that

AN+t — Cyn N1
(log 7172

Dr < =ar D,ny+1 + bt
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with ayr — 1 and by — 0 as T — oo. Hence, we deduce that
{u € Mp,n ([0, 1)+ D7 (u) < &} = [{u € Myy,n ([0, 11) : Dony+1 () < (§ — br)/ar}l.
It follows that for any ¢ > 0 and sufficiently large T,
Hu € My n ([0, 1] = Dr(u) < &} = {u € My n ([0, 1D = Dovp+1(u) < § — e}
Therefore,

liminf [{u € My ([0, 1]) = D7 (u) < £}| > Normg (§ — &)

for all € > 0. This implies that

lim inf {u € M(10, 1]) = Dr(u) < )| > Normg (£).

A similar argument also implies the upper bound

lim sup [{u € My, ([0, 1]) : Dr(u) < &} < Normg (£).

T—o00

This completes the proof of Theorem 1.2.
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