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Irreducible components of extended
eigenvarieties and interpolating
Langlands functoriality

Christian Johansson and James Newton

We study the basic geometry of a class of analytic adic spaces
that arise in the study of the extended (or adic) eigenvarieties con-
structed by Andreatta—Iovita—Pilloni, Gulotta and the authors. We
apply this to prove a general interpolation theorem for Langlands
functoriality, which works for extended eigenvarieties and improves
upon existing results in characteristic 0. As an application, we
show that the characteristic p locus of the extended eigenvariety
for GL,/F, where F/Q is a cyclic extension, contains non-ordinary
components of dimension at least [F : Q] .
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In a previous work [22], we have described a general construction of ‘ex-
tended eigenvarieties’: analytic adic spaces (of mixed characteristic), which
contain the rigid analytic eigenvarieties constructed by Hansen [16] as an
open subspace. This follows work of Andreatta, Iovita and Pilloni [2], who
gave a (different) construction of an extended eigencurve, and there is also
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independent work of Gulotta [14] which constructs extended versions of Ur-
ban’s eigenvarieties [28]. These newly constructed objects appear to be natu-
ral spaces in which to consider families of finite slope automorphic represen-
tations. Moreover, they provide a new perspective on the geometry of rigid
analytic eigenvarieties. We refer to [2, 22] for more remarks and questions
related to these extended eigenvarieties.

One basic question about extended eigenvarieties is: do they contain rigid
analytic eigenvarieties as a proper subset ? Results of Bergdall-Pollack [6] and
Liu—Wan—Xiao [23] show that the extended eigencurve (and an analogue
constructed using definite quaternion algebras over Q) does indeed contain
the Coleman—Mazur eigencurve as a proper subset. More precisely, they show
that the extended eigencurve contains infinitely many non-ordinary points
in characteristic p. One motivation for this article is to bootstrap this result,
using a new result on p-adic interpolation of Langlands functoriality, to show
that other extended eigenvarieties contain their rigid analytic counterpart as
a proper subset, and give lower bounds on the dimension of the characteristic
p locus.

1.2. Contents of this article

In this article, we begin by studying the types of analytic adic spaces that
appear in the construction of extended eigenvarieties. We tentatively call
them pseudorigid spaces, since they generalise rigid spaces (over complete
discretely valued fields) and have the same key features. Our main focus is
to establish some basic results about the geometry of pseudorigid spaces, in-
cluding the existence of a Zariski topology, normalizations, irreducible com-
ponents and a well behaved dimension theory. We refer to [11] for these
notions in the setting of rigid analytic spaces, and our exposition is heavily
influenced by this reference.

We then define a very general and elementary version of an abstract
‘eigenvariety datum’, which is more flexible than existing notions in the
literature. Using it we prove an interpolation theorem (Thm. 3.2.1) which
has the following somewhat imprecise form:

Theorem. Suppose we have two extended eigenvarieties X , Y , a homo-
morphism between appropriate abstract Hecke algebras o : Ty Tx and a
collection of ‘classical points’ X ¢ whose associated systems of Hecke eigen-
values, when composed with o, also appear in Y . Then the associated map
X ¢ Y.interpolates into a canonical morphism from the Zariski closure
of XcinX toY .
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This result gives a substantial and essentially optimal generalisation of
previous interpolation theorems which have been used to study p-adic Lang-
lands functoriality [10, Prop. 3.5], [5, Prop. 7.2.8], [16, Thm. 5.1.6] (see Re-
mark 3.2.2 for more precise comments).

Somewhat surprisingly, both the statement and the proof of our theo-
rem seem to be significantly simpler than existing results, and it seems to
be very well-adapted to interpolating known cases of Langlands functorial-
ity!. In particular, our methods are rather different from those of Chenevier,
Bellaiche—Chenevier and of Hansen, and ultimately rely on a simple trick
that allows us to consider two eigenvarieties as Zariski closed subspaces
inside a common, bigger, eigenvariety. After proving our interpolation theo-
rem, we then briefly review our construction of extended eigenvarieties from
[22]. We address, at the suggestion of a referee, a question not touched upon
in [22] concerning the dependence of our construction on the choice of con-
trolling operator, and we also generalise a result giving a lower bound for
the dimensions of irreducible components of eigenvarieties [ 16, Prop. B.1] to
extended eigenvarieties (Prop. 3.3.2).

Finally, as an example application, we apply the interpolation theorem
to establish the existence of a base change map between the extended eigen-
curve and the extended eigenvarieties for GL. over a cyclic extension F/Q
(Thm. 4.3.1). Combining this with our result on the dimensions of irreducible
components shows that the characteristic p loci of these extended eigen-
varieties contain (non-ordinary) components of dimension at least [F: Q]
(Cor. 4.3.2). In particular, they strictly contain their rigid analytic loci
(where p is invertible). We also outline how the same strategy would al-
low one to give generalisations of this result (Rem 4.3.3).

To conclude this introduction, we remark that recent work of Louren , co
[24] studies the geometry of pseudorigid spaces further, in particular ex-
tending results of Bartenwerfer and Liitkebohmert on extending (bounded)
functions on normal rigid spaces to normal pseudorigid spaces.

"More precisely (but still somewhat imprecisely), Langlands functoriality implies
transfer of systems of Hecke eigenvalues, and our theorem and its predecessors
allow for interpolation of the transfer of systems of Hecke eigenvalues. In general
this information is coarser than the transfer of L-packets.
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2. Irreducible components and normalization
2.1. The Zariski topology for locally Noetherian adic spaces

For basics on adic spaces we refer to [18—20]. Following now common termi-
nology, we will say that an adic space X is locally Noetherian if it is locally
of the form Spa(R, R*), where R has a Noetherian ring of definition over
which R is finitely generated, or locally of the form Spa(S, S*), where S
is strongly Noetherian. To make things slightly easier, we will say that an
affinoid ring (A, A+) is Noetherian if A is strongly Noetherian, or admits a
Noetherian ring of definition over which it is finitely generated. All affinoid
rings in this paper will be assumed complete unless otherwise stated.

Let us start with a general observation. If (R, R*) is any affinoid ring,
then there is a continuous map Spa(R, R*) — Spec(R) sending a valuation
v to its kernel (or support) Ker v. This map is functorial in (R, R*). One
may define the Zariski topology on Spa(R, R*) to be the topology whose
open sets are the preimages of the open sets in Spec(R). It is not obvious
to us how one would extend this construction to arbitrary adic spaces, since
one cannot simply ‘glue’ these topologies (if Spa(S, S*) < Spa(R, R*) is a
rational subset, then the inclusion is continuous for the Zariski topology,
but there is no reason that it should be an open embedding). Our goal
in this section is to give a definition of the Zariski topology for arbitrary
locally Noetherian adic spaces which recovers the definition above in the
affinoid case, and show that this gives a natural notion of irreducibility and
irreducible components.

Let X be a locally Noetherian adic space. By [19, Theorem 2.5], X
has a good theory of coherentgx-modules. If X = Spa(R, R*) is affinoid
with (R, R*) Noetherian, then there is an equivalence of abelian categories
between finitely generated R-modules and coherent Ox-modules, given by
sending a coherent Ox-module F to its global sections F(X), and sending
a finitely generated R-module M to the sheaf M defined by

M(U)=M ®r0Ox(U)

whenever U < X is a rational subset. We say that a coherent Ox-module
| is a coherent Ox-ideal (or coherent ideal for short, if no confusion seems
likely to arise) if it is a sub-Ox-module of Ox. By the construction in [20,
(1.4.1)], any coherent ideal | gives rise to a closed adic subset

V) ={xe X :l«# Oxx}
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of X (in particular, this is a closed subset of X). Locally, if X = Spa(R, R*)
with (R, R*) Noetherian and | =-I, we have V() = Spa(R/L (R/D"),
where (R/D* is defined to be the integral closure of R*/(IN R*) in R/L

Let us return to the case of general locally Noetherian X. We wish
to check that the closed adic subsets of X form the closed subsets of a
topology. To do this, let us define some operations on (if)herent ideals. If
(I)je is a collection of coherent ideals, then we define jeu 17 to be the
sheaf associated with the presheaf

L
Ul— I{U) < Ox(U).

jeJ
It is a subsheaf of Ox by construction. If I, and I» are two coherent ide-
als, we define their intersection |1 N I to be the sheaf U 1— 11(U) N 1x(U).

Note that these constructions commute with restriction to open subsets. We
record the following elementary lemma.

Lemma 2.1.1. Let(R, R*) be Noetherian. If (I)je is a collection of ideals

7

L L, .
ofRandI= ~"c I, thenl = ;. ;I If| and L, are two ideals of R,
then L N L =% N ..

Proof. The second statement is straightforward to deduce from the defi-
nitions, so we content ourselves with proving the first statement. By the
definitions, 7is the sheafification of a presheaf which on rational subsets U
is given by L
Ul- (I ®r Ox(U)).
jeJ

By flatness of R — Ox(U), \y_have L ®rOx(U) = LOX(U) for all j € J,
so it suffices to prove that jea IOX(U) = IOx(U) (since the latter is
equal to I®r O4U), again by flat ngss ). By definition Iis the image of the
thenaturalmap . ;I — R and je; [Ox(U) is the image of the same
map after applying — ®z Ox(U ). The statement now follows from flatness
of R — Ox(U). O

Let us now prove that when X = Spa(R, R*) with (R, R*) Noetherian,
the Zariski closed subsets of Spa(R, R*) (according to our general definition)
are exactly the closed adic subsets.

Proposition 2.1.2. Let (R, R*) be Noetherian and put X = Spa(R, R*).
Let I be an ideal of R. Then V (I)7is the preimage of the closed subset of
Spec(R) corresponding to L
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Proof. Since all ideals of R are closed and R/ I carries the quotient topology
coming from R, this is essentially trivial; any v € X belongs to

Spa(R/L, (R/D)
if and only if I < Ker v. O

Corollary 2.1.3. Let X be a locally Noetherian adic space.
1) V(0) =X, and V(Ox) = &.

L, .
2) If (I)jes is a collection ofycoherent ideals, then | = " ;1 is a
coherentideal, and V() = jes V (1)).
3) Ifli and |, are two coherent ideals, then |1 N |, is a coherent ideal
and V(1 nl2) = V{1) u V(o).

Proof. Tt is enough to prove these statements locally, so we assume that X =
Spa(R, R*) with (R, R*) Noetherian. The Corollary then follows directly
from Lemma 2.1.1 and Proposition 2.1.2. m

It now makes sense to make the following definition.

Definition 2.1.4. Let X be alocally Noetherian adic space. We define the
Zariski topology of X to be the topology on X whose closed sets are the
closed adic subsets of X.

In light of this definition we will refer to closed adic subsets of X as
Zariski closed subsets of X. Next, we will discuss more general coherent
sheaves. Let X be a locally Noetherian adic space and let F be a coherent
Ox-module. We define its support Supp(F) by {x € X | F. # o}. Note that
V() = Supp(Ox/1).

We now show that Supp(F ) is closed (in the usual topology). It is enough
to verify this locally so assume X = Spa(R, R*) with (R, R*) Noetherian
and F = M= Suppose x & Supp(F). We have M, = 1imer M ®rOx(U) =
0 where U is rational. If my, ..., m, are generators of M, we see that there
isa U such that the m; vanish in M ®r Ox(U). It follows that F(U) =
M ®r Ox(U) = 0, and we deduce that Supp(F) is closed. Our next goal is
to show that it is Zariski closed. We define the annihilator Ann(F) of F by

(Ann(R)(U) ={f € O U) | fFx=0 Vx € U}.

This is an Ox-subsheaf of Ox. Since F is coherent, we have that Ann(F), =
Ann(F,), where the right hand side is the annihilator of the Ox.-module F..
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Lemma 2.1.5. Let(R, R*) be Noetherian and let M be a finitely generated
R-module. Then Ann(#) = Ann(M).

Proof. Recall that the formation of annihilators of finitely generated modules
commute with flat base change [26, Tag 07T8]. Let Ube a rational subset of

X = Spa(R, R*). First note that Ann(M )Ox(U) = Ann(M ®r Ox(U)) <
Ann(# )(U ), where we have used the above fact for the first equality. We
need to prove the opposite inclusion. Let f € Ann(#)(U) and let x € U.
fkills M, = limxengM ®r Ox(V), and hence (by finite generation) has
to kill M ®xOx(U,) for some rational sub sgt Uec U containing x. It

follows that we may find an open cover U = v Ux of rational subsets
such that f € Ann(M ®z Ox(Uy) = Ann(M)OX( Ux) This implies that
f€ Ann(M)Ox(U), as desired. O

Corollary 2.1.6. Let X be a locally Noetherian adic space and F a coher-
ent Ox-module. Then Ann(F) is coherent Ox-ideal and

Supp(F) = V(Ann(F)),

so Supp(F) is Zariski closed. If f: Xt — X is a morphism of locally Noethe-
rian adic spaces and Z < X is Zariski closed, then f-1(Z) < Xt is Zariski
closed. If f'is finite and Z* < Xt is Zariski closed, then f(Z) < X is Zariski
closed.

Proof. Ann(F) is a coherent ideal by Lemma 2.1.5. To see that Supp(F) =
V (Ann(F)), note that, for any x € X, Ann(F).=Ann(F.) and that Ann(F.)
= Ox  if and only if F . = 0. For the second statement, choose a coherent
Ox-ideal I such that Z= V (l). Then f-1(Z) = Supp(f*(Ox/1)) is Zariski
closed by the first statement of the corollary.

It remains to prove the final statement. Replacing Xt by Zt (choosing
some coherent Ox-ideal ] with Z = V(J)) we may assume that Xt = Z.
We wish to prove that f(X) = Supp(£iOx). Since fis finite, f{X) is
closed, so we must have Supp(fxOx) < f(X). If the inclusion is proper, we
can find an open affinoid set U < X which intersects f(Xt) but is disjoint
from Supp(fiOx), since Supp(fiOx) is closed. But then we must have
(f«Ox)|uv = 0, but also (fxOx)(U) = Ox(f~1(U)) # o since f~1(U) £ O,
a contradiction. This finishes the proof. m

In particular, if f: X — Y is a morphism of locally Noetherian adic
spaces, then it is continuous with respect to the Zariski topologies on X and
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Y. Let us record a few basic general topology facts about the Zariski topol-
ogy. Recall that a topological space Z is said to be Noetherian if it satisfies
the descending chain condition for closed subsets. We say that a topological
space is locally Noetherian if it has an open cover by Noetherian spaces. Note
that if a topological space is quasicompact and locally Noetherian, then it
is Noetherian.

Lemma 2.1.7. Let X be a locally Noetherian adic space.

1) If X =Spa(R, R*) is affinoid with (R, R*) Noetherian, then X is
Noetherian for the Zariski topology.

2) X is locally Noetherian for the Zariski topology, and hence if X is
quasicompact then X is Noetherian for the Zariski topology.

Proof. For (1), note that if (R, R*) is Noetherian then R is a Noetherian
ring, so the statement follows from Proposition 2.1.2 and the fact that
Spec(R) is Noetherian. For (2), note that if U = Spa(S, S*)c Xis an open
affinoid with (S, S*) Noetherian, then the subspace topology on U coming
from the Zariski topology on X is coarser than the Zariski topology on U'. It
follows from (1) that Uis Noetherian with respect to the subspace topology,
which proves that X is locally Noetherian. m

Let us start to discuss irreducible components, by making the following
standard definition:

Definition 2.1.8. Let X be a locally Noetherian adic space. A Zariski
closed subset Zis said be irreducible if, for any Zariski closed subsets Z:, Z,
of X, Z< Z, U Z, implies Z < Z, or Z < Z,. Z is said to be an irreducible
component of X if it is irreducible and not properly contained in any other
irreducible Zariski closed set.

There are a number of things we would expect from a satisfactory theory
of irreducible components. In particular, we would like to be able to write
X as the union of its irreducible components (and that the union of any
proper subset of irreducible components is not the whole of X), and we
would like to be able to give any Zariski closed subset a canonical structure
of a reduced locally Noetherian adic space. For now, we will not say so
much about the first question, except to note that if X is quasicompact,
then the Zariski topology is Noetherian by above and we have a satisfactory
notion of irreducible components. Our intended applications, however, are
to eigenvarieties, which are not quasicompact.
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2.2, Pseudorigid spaces

Let K be a complete discretely valued field with ring of integers Ok, a

uniformizer mx and residue field k. We start by giving a name to the family
of Tate rings over ok that we will be working with in this paper. Whenever

we drop R* from the notation, it is assumed that R* = R°. Accordingly,
we will often conflate an f-adic ring R with the affinoid ring (R, R°).

Definition 2.2.1. Let R be a Tate Ox-algebra. We say that R is a Tate
ring formally of finite type over Ox? if R has a ring of definition R, which
is formally of finite type over Ok in the usual sense (i.e. has a radical ideal
of definition I such that Ry/I1is a finitely generated k-algebra).

Remark 2.2.2. The topology on a ring of definition Ry for a Tate Ox-
algebra Ris the (w)-adic topology for some topologically nilpotent unit w &
R. We obtain a map Ox[[X]] — Ro defined by X 1— w and Ry is formally
of finite type over Ok if and only if it is topologically of finite type over
Ok[[X]], i.e. if and only if it is (topologically) isomorphic to a quotient of
OA[X]I(Y, ..., Yy, for some n.

We note that any ideal I of a Tate ring R formally of finite type over
Ok is closed, and that if S is an f-adic ring which is topologically of finite

type over R then Sis a Tate ring formally of finite type over Ox as well.
In particular, all quotients and all rational localizations of R are Tate rings
formally of finite type over Ox. Let us recall a few results about Tate rings

formally of finite type over Ok from [22, Appendix A].

Proposition 2.2.3. Let R and S be Tate rings formally of finite type over
Ok, and let f: R — S be a continuous homomorphism which induces an

open immersion Spa(S, S*) — Spa(R) for some ring S+ of integral elements
in S. Then the following hold:

1) R is Jacobson and excellent.
2) St = Se.

3) If mis a maximal ideal of S, then f-1(m) is a maximal ideal of R,
and the natural map Rf-1 (m — Sm induces an isomorphism on com-
pletions.

%In [24], these are called pseudoaffinoid Ox-algebras.
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4) If R —. T is finite and (R, R°) —. (T, T*) is the corresponding finite
morphism of affinoid rings, then T+ = T°.

5) If R is reduced, then S is reduced.

Proof. This consists of collecting well known results together with results
from [22] (which in turn are deduced mostly from well known results and
results from [1]). We start with part (1). R is Jacobson by [22, Lemma
A.1]. If Ry is a ring of definition of R which is formally of finite type over
Ok, then Ry is excellent by [29, Proposition 7] and [30, Theorem 9], and
hence R is excellent since it is finitely generated over Ro. Part (2) follows
from [22, Theorem A.7] in the reduced case, but the argument to show that
S+ = S° works without the reducedness assumption. Part (3) follows from
[22, Proposition A.15(2)]. Part (4) follows from [22, Lemma A.3]. Part (5)
follows from parts (1) and (2) together with standard properties reducedness
and excellence, cf. the first paragraph of [11, §1.2], or alternatively from [22,
Theorem A.7]. o

Next, we make a global definition.

Definition 2.2.4. Let X be an adic space over Ox. We say that X is a
pseudorigid space over Ok if it is locally of the form Spa(R), for R a Tate
ring formally of finite type over Ox.

We remark that any rigid space over K is a pseudorigid space over Ok,
where by rigid space over K we mean an adic space X over K which is
locally of the form Spa(R), for R topologically of finite type over K. We will
say that X is an affinoid pseudorigid space over Ok if it is equal to Spa(R)
for some R which is a Tate ring formally of finite type over Ox. Our next
goal is to single out the points on a pseudorigid space that locally come from
maximal ideals.

Lemma 2.2.5. Let R be a Tate ring formally of finite type over Ok,
and letm < R be a maximal ideal. Then there exists a unique v € Spa(R)
with Ker v = m. This gives a canonical embedding of the spectrum Max(R)
of maximal ideals into Spa(R), compatible with the morphism Spa(R) —
Spec(R).

Proof. The locus of v € Spa(R) with Ker v = m is equal to Spa(R/m) (here
we use Prop. 2.2.3(4)), so we have to prove that this is a singleton. Let Ry
be a ring of definition formally of finite type over Ok, and let w € Rbe a

topologically nilpotent unit, which we assume lies in Ro. Let p = Ro N m.
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The quotient ring R/m carries the topology where Ro/p is open and carries
the w-adic topology, where v is the reduction of w. Since p is closed point in
Spec(Ro) \ {w = 0} = Spec(R), Ro/p is a 1-valuative order. Here we refer to
[1, Definition 1.11.1] or [22, Definition A.11] for the definition of a 1-valuative
order (at least in the Noetherian setting), and [1, Proposition 1.11.8] for the
implication (which is an equivalence). As a result, R/m = (Ro/p)[1/™0] is
a complete discretely valued field, with valuation ring the integral closure
of Ro/p, and Ro/p is open in the valuation topology. It follows that the
valuation topology is equal to the quotient topology coming from R, and
hence that Spa R/m is a singleton, as desired. This proves the first statement,
and the remaining statements are immediate. m

Proposition 2.2.6. Let R and S be Tate rings formally of finite type over
Ok, and let f: R — S be a continuous Ox-homomorphism. Then f is topo-
logically of finite type, and preimages of maximal ideals are maximal ideals.
Hence the induced map ¢ : Spa(S) — Spa(R) maps Max(S) into Max(R).
Moreover, Max(R) is dense in Spa(R).

Proof. The first part is [22, Corollary A.14] (the statement is only for K =

Qp, but the proof works the same). The second part follows immediately. For
the third part, note that if U < Spa(R) is a rational subset, then the first
part implies that Max(Ox(U)) = U N Max(R). It follows that U N Max(R)
is non-empty if U is, and hence that Max(R) is dense. o

Armed with this we may generalize the notion of ‘classical points’ on a
rigid space to pseudorigid spaces.

Definition 2.2.7. Let X be a pseudorigid space. We say that a point
x € Xis maximal if there exists an open affinoid pseudorigid neighbourhood
U = Spa(R) of x such that x € Max(R) < U. We denote the set of maximal
points by Max(X).

If x € Max(X) and V = Spa(S) < X is an open affinoid pseudorigid
neighbourhood, then by Proposition 2.2.6 x € Max(S). Moreover, it also
follows that Max(X) is dense, that Max(X) = Max(R) if X = Spa(R) is affi-
noid pseudorigid, and that any morphism f: X — Y of pseudorigid spaces
maps Max(X) into Max(Y).

Let us now discuss the Zariski topology for pseudorigid spaces. To do
this, we need the radical of a coherent ideal, following [7, (9.5.1)]. Let X be
a pseudorigid space and let | be a coherent Ox-ideal. We define the radical
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T of | to be the sheaf on X associated with the presheaf

v
Ul- I(U),

where, if A is any ring and J € A is an ideal, = J denotes the radical of J.
This construction commutes with restriction to open subsets, and defines an
Ox-ideal, which we would like to be coherent. One checks, using that the
formation of the (usual) radical commutes with filtered direct limits, that
[7, §9.5.1 Proposjtion 1] goes through in our setting, with, /fthe same proof.
In particular, if | is¢pherent, then V(I) = V( Dand ||v is the sheaf
attached to the ideal  I(U) for any /affinoid open U= Spa(S, S*) with

(S, S) Noetherian. So, to prove that | is coherent, we may reduce to the
affinoid case.

Proposition 2.2.8. Let X = Spa(R) be, /an affinoid pseudorigid space. Let

Ic R/be anideal and put | = I. Then | is a coherent ideal, associated
with L

Proof. The argument in the proof of [7, §9.5.1 Propositjon 2] goes through,
if we can verify that, for any rat ;p nal subset US X, IOx(U) is a radi-
cal ideal in Ox(U). But Ox(U)/ IOx(U) is a rational localization of the
reduced Tate ring R/ I, so it is reduced by Proposition 2.2.3(5), which is
what we wanted to prove. m

We also have the following familiar property of the radical.

Proposition 2.2.9. Let X be a pseudorigid space, jover Qx and letl,] be
two coherent Ox-ideals with V()= V(). Then 1 = ]J.

Proof. 1t suffices to prove this locally, so we may reduce to the case X =
Spa(R) and | = £ J = J-with [ J ideals of R If Spa(R/D) =V (l) =
V (J ) =Spa(R/J) as subsets of Spa(R), it follows that Max(R/I) =
Max(R/J) as subsets of Spec(R). Since R/I and R/J are Jacobson (by
Proposition 2.2.3(1)), Max(R/]) is dense in Spec(R/I) and similarLy _for
R/ J,s0 we we deduce that Spec(R/]) = Spec(R/J) and hence that I =

J, which finishes the proof. m

We formulate the upshot of the previous two propositions in the following
Corollary.

Corollary 2.2.10. Let X be a pseudorigid space over Og. Then any Zariski
closed subset Z = V(l) of X has a canonical structure of a reduced locally
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Noetherian adic space, with structure sheaf Ox/ |. We call this the reduced
structure on Z.

Vo Vo
Proof. 1 is coherent q}ﬂ Z = V( |) by Proposition 2.2.8 and the discus-

sion preceding it, and | only depends on Z (and not on the choice of I)
by Proposition 2.2.9. m

2.3. Normalizations of pseudorigid spaces

The goal of this subsection is to construct a theory of normalizations for
pseudorigid spaces over Ox.

Definition 2.3.1. Let X be a pseudorigid space over Ox. We say that X
is normal if X is locally of the form Spa(R), where R is a normal Tate ring
formally of finite type over Ox.

This definition is well behaved, in the following sense.

Lemma 2.3.2. Let X = Spa(R) be an affinoid pseudorigid space over Ok.

1) IfRis normal and U < X is a rational subset, then Ox(U) is normal.

2) If X is normal, then R is normal.

Proof. This follows from Proposition 2.2.3 by standard arguments. We start
with (1). Put S = Ox(U) and let n be any maximal ideal of S. It suffices to
prove that S, is normal. Let m be the preimage of n in R. This is a maximal
ideal and the map R, — S, induces an isomorphism on completions. Since
Ris normal and excellent, so is R, and hence its completion. By excellence
of S, S, is therefore normal as well, which finishes the proof. The same
argument, but reversed, proves (2). o

We will need the following lemma, which is a partial generalization of
[11, Lemma 2.1.4].

Lemma 2.3.3. Let X be a normal connected pseudorigid space over Og

and let Z < X be a Zariski closed subset. If Z contains a nonempty open
subset of X, then Z = X.

Proof. Let us first assume that X = Spa(R) is affinoid pseudorigid, in which
case Ris normal by Lemma 2.3.2. Since X is connected, R is in fact a normal
domain. Let Z= V (I) for some ideal I of R and assume that it contains
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an open subset U < X, which we may assume to be a connected rational
subset. Set S = Ox(U); S is a normal domain. Pick f € I, we want to show
that f = 0. Since f vanishes on Z, it must map to 0 in S, so it suffices to
prove that the map R — Sis injective. Pick any maximal ideal n of S and let
m be its preimage in R. Composing R — S with the natural map S — S,
it suffices to prove that R — S, is injective. This morphism factors as

so it suffices to prove that these three maps are injective. The first is injective
since R is a domain, the second is injective by Krull’s intersection theorem,
and the third is an isomorphism by Proposition 2.2.3(3). This finishes the
proof in the affinoid case.

We now do the general case. Let | be a coherent ideal such that Z =
V (I); we wish to show that | = 0. Define X to be the set of open nonempty
affinoid pseudorigid subspaces V < X such that || v = 0, and define A to
be the set of open nonempty affinoid pseudorigid subspaces W < X such
that I|w £ 0. Clearly 2N A =@, and we claim that if V€ X and W
Athen VN W = . Assume not, and let G € V N W be nonempty open
affinoid pseudorigid. Since G = V we must have ||s = 0. But this means
that Z N W, which is Zariski closed in W but not equal to W, contains a
nonempty open subset G = W, which contradigts the Lemma in tig affinoid

case. It followsthat VN W = &. Nowset U = yex Vand Uy =  wea W-
These are disjoint open subsets and X = Uz U U,. By assumption we know

that Us £ O, so by connectedness of X we must have A = @, and hence
l=0and Z=X. o

Note that Lemma 2.3.3 implies that a normal connected quasicompact
pseudorigid space X is irreducible. Indeed, normality implies that it is re-
duced, and if we write X as union X = Z; U Z, of two Zariski closed subsets
with Z; £ X, then Z, contains the nonempty open subset X \ Z; and there-
fore has to equal X.

Let R be a Tate ring formally of finite type over Ox. We denote by
R the normalization of R, i.e. the integral closure of R in its total ring
of fractions. Since R is excellent, R is finite over R and hence a Tate ring
formally of finite type over Ox. If X = Spa(R), we put X = Spa(R) and
call it, together with its canonical map p : X — X, the normalization of X.
The morphism p : X — X s finite and surjective (to see that it is surjective,
use for example that p is closed since it is finite, and maps Max(X) onto
Max(X)). Next we show this construction glues, for which we need to verify
that it commutes with rational localization.
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Lemma 2.3.4. Let R be a Tate ring formally of finite type and S a rational

localization of R. Then there is a natural isomorphism R®r S = S, which
is unique over S.

Proof. Let I be the nilradical of R (which is also the kernel of R — R). By
the theory of the radical of coherent Ospam-ideals developed above, IS is

the nilradical of S. One then checks that R®r S= R ®g/; S/IS and that
S/IS = S, so we may reduce to the case when R, and hence S, is reduced.
It then suffices to show that S — R®z S is a normalization, since a

normalization of S is unique up to unique isomorphism over S. To do this we
will verify that conditions of [11, Theorem 1.2.2] are satisfied. R is Japanese
since it is excellent, and S is flat over R since it is a rational localization
of R. Note that R ®& S is normal by Lemma 2.3.2 since it is a rational
localization of R. The last thing to verify is that if p is a minimal prime of
R, then S/pSis reduced, which follows from Proposition 2.2.3(5) since it is
arational localization of R/p. o

We may then globalize the construction.

Definition 2.3.5. Let X be a pseudorigid space over Ok. Then we may
construct the normalization X — X by gluing together the normalizations of

the open affinoid pseudorigid subspaces of X. The canonical map p : X — X
is finite and surjective.

Using normalizations, we can deduce the following strengthening of
Lemma 2.3.3.

Lemma 2.3.6. Let X be an irreducible pseudorigid space over Og. Then 3~

connected. Let Z < X be a Zariski closed subset. If Z contains a nonempty
open subset of X, then Z = X.

Proof. Let p: X — X be the normalization. Assume that X = U v V with
U, Vopen. We claim that p-1(p(U)) — Uis nowhere dense in X (i.e. contains
no nonempty open subset). For now we assume the claim. Observe that
U and V are Zariski open and closed. Since X = p(U) U p(V) and X is
irreducible we have X = p(U) or X = p(V). We may as well assume X =
p(U).Since p-1(p(U)) — U= X — Uis nowhere dense, we deduce that V is
empty. We now check the claim. It suffices to do this locally on X, so we
assume that X = Spa(R) is an affinoid pseudorigid space (not necessarily
irreducible). U is a union of connected (hence irreducible) components of
X =Spa(R). Taking intersections with Max(R) reduces the claim to the
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same statement for the map of Jacobson schemes p : Spec(R) — Spec(R),
where the claim follows from the fact that p-1(p(U)) — U is a union of
intersections of distinct irreducible components.

To show the second part, we consider-l& p-1(Z) < X. By the first part
and Lemma 2.3.3, p~1(2) = X, and hence Z = X. ]

When X is quasicompact, the normalization relates to the irreducible
components in the following way.

Proposition 2.3.7. Let X be a quasicompact pseudorigid space over Ok.

Then the irreducible components of X are exactly the images of the connected
components of X.

Proof. Let X4, . . ., X, denote the connected components of X and let X; =
p(Xy). By Corollary 2.1.6 the X; are Zariski closed, and they cover X since

pis surjective. If Z1, Z, < X are Zariski closed subsets such that X; c Z; U
Z», then, considering the map X; — X, we may take their preimages to
get Zariski closed subsets Zt, Zt < X; with X; = Zt U Zt It follows from
Lemma 2.3.3 that X; = Z4; for some j € {1, 2}, and hence that X; < Z, so
Xiisirreducible. It remains to show that X; € Xxonlyif i=k. If US X
is open quasicompact, then X; N U and Xi N U are closed and open subsets
of U, so one sees that it suffices to verify this statement locally on X. We
may therefore reduce to the case of an affinoid pseudorigid space, where it

follows from the analogous statement for spectra of maximal ideals. O

For non-quasicompact spaces we do not have a decomposition into irre-
ducible components a priori, but we will now show that Proposition 2.3.7
holds in this case as well. Recall that we have defined irreducible components
as maximal irreducible Zariski closed sets (with respect to inclusion).

Proposition 2.3.8. Let X be a pseudorigid space over Ox with normal-

ization p: X — X. Let ( X i)ic1 be the set of connected components of X
(here I is some index set) and let X; = p(Xi). Then the X; are exactly the
irreducible components of X, and their union is X.

Proof. That the X; are irreducible, distinct and cover X follows as in the
proof of Proposition 2.3.7; it remains to show that they are maximal irre-
ducible sets. Let Z < X be a nonempty irreducible Zariski closed set. Let
U < X be a quasicompact open set with intersects Z.| By quasicompact-
ness pf p we can find a finite set S C I'such that US s X;, and hence

U< isX.Since UN Z < Z is open and contained in the Zariski closed
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U
subset ,.5Z N X; of the irreducible set Z, we must have Z < X; for some
i€ S, as desired. o

2.4. Dimension theory

If X = Spa(A, A*) is an affinoid adic space, then it is natural to define its
dimension as the Krull dimension of the spectral space X. This definition
globalizes in a natural way. However, for our purposes it will be more con-
venient to use a more algebraic definition for the dimension of a pseudorigid
space. Before we define the dimension we make an ad hoc definition which
is somewhat overdue.

Definition 2.4.1. Let X be a pseudorigid space over Ok and let x €

Max(X). Then we define the completed local ring @ x,x of X at x to be
the ring A, where U = Spa(A) < X is any open affinoid pseudorigid space
containing x and m is the maximal ideal in A corresponding to x. Note that
this is independent of the choice of U by Proposition 2.2.3(3), hence well
defined.

In this section we will freely make use of the fact that a Noetherian local
ring has the same Krull dimension as its completion.

Definition 2.4.2. Let X be a pseudorigid space over Ox. We define the
dimension of X to be

dimX= sup dim®@x
xeEMax(X)

(taken to be +co if the supremum does not exist). We say that X is equidi-
mensional if dinlOx , is independent of x € Max(X).

A few remarks are in order. First, we could also have defined dim X
using open affinoid pseudorigid spaces; one has

dim X = sup dimqx(U),
Uex

where U runs through the open affinoid pseudorigid subspaces of X. When
X = Spa(R) is an affinoid pseudorigid space, we have dim X = dim R. Sec-
ond, we would expect this definition to agree with the Krull dimension of
the locally spectral space X (for rigid analytic varieties this was proved by
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Huber, cf. [20, Lemma 1.8.6, Proposition 1.8.11]), but we have not tried to
prove this and we will not need it3.

The main result we will need on dimensions is that if X is irreducible,
then X is equidimensional.

Lemma 2.4.3. Letm be a maximal ideal of
A=0([X1, ..., Xnl(Ty, ..., Ty.
ThendimAn=m+n+1.

Proof. This is probably well known, but we sketch a proof for the conve-
nience of the reader. Let I < A be the ideal generated by mx, Xi, . .., Xm;

this is an ideal of definition of A, and A is complete with respect to [, so I
is in the Jacobson radical of A (in fact it is the Jacobson radical). The max-
imal ideals of A are therefore in bijection with those of A/I= K[ T3, ..., Tul,
hence parametrised by elements in X (where k is an algebraic closure of k).
Making a finite unramified extension of K if necessary, we may assume that
m is defined by a tuple in kn, and applying a translation we may assume

that this tuple is 0. In other words, m = (w, Xi, ..., Xm, T1, ..., Tn). Then
An = OK[X1,...,Xm, T4, ..., Tn]], which has dimension m+ n +1. O

Corollary 2.4.4. Let R be a Tate ring topologically of finite type over
Ok, and let X = Spa(R). Assume that R is an integral domain. Then X is
equidimensional.

Proof. Let Ro & Rbe aring of definition which is formally of finite type over

Ok, and choose a surjection A = Og[[X]I(T, . .., Tn) --» Ro. The kernel of
this surjection is a prime ideal which we will call P. Let m be a maximal
idealin Rand put p = m N Ro. Recall that Ro/p is local of dimension 1, and
let g = Ro denote the unique maximal ideal of Ry above p. Let Q denote the
preimage of 4 in A. We have

dim R, = dim(Ro),.
Since Ry is catenary, we have

dim(RO)p = dim(RO)q — 1.

3This has now been proved to be true by Louren, co, see [24, Corollary 4.13].
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Since A is catenary we have
dim(Ro)q = dim AQ — dim Ap=n+2 — dim Ap;

where we have used Lemma 2.4.3 in the last equality. Therefore dim R, =
n+1— dim Ap is independent of 1, as desired. m

We can now globalize this.

Theorem 2.4.5. Let X be an irreducible pseudorigid space over Ok. Then
X is equidimensional, and dim X = dim X.

Proof. First assume that X is normal. Let U = Spa(R) < X be an open con-
nected affinoid pseudorigid space. Then R is a normal domain, and therefore
U is equidimensional by Corollary 2.4.4. By connectedness of X it follows
that X is equidimensional.

We now do the general case. By the above we know that X is equidi-
mensional. Let x € Max(X). Choose an open affinoid pseudorigid space
U = Spa(R) < X containing x and let m < R be the maximal ideal cor-
responding to x. We want to show that dim R, = dimX. Let R be the
normalization of R. ¥ = Spa(R) is the preimage of U in X by construction.
By the going-up theorem, we know that

dim R, = maxdim R+, ;
m

where m ranges over the maximal ideals of R lying over m. Since X, and
therefore U, is equidimensional, the right hand side is equal to dim X, as
desired. O

We end this subsection by recording the relation between the irreducible
components passing through a maximal point x € X and the minimal primes

of the completed local ring Ox .

Proposition 2.4.6. Let X be a pseudorigid space over Ok and let x €
Max(X). There is canonical surjective map ¥ from the minimal primes p

of O x, x to the irreducible components of X containing x, and dim W(p) =
dim Gx./p.

Proof. If Y is a pseudorigid space, let Irr(Y ) denote the set of irreducible
components of Y, and if y € Y is a maximal point, we let Irn{Y, y) < Irr(Y)
be the set of irreducible components containing y. Choose an open affinoid
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pseudorigid U = Spa(R) < X containing x. Then the morphism ¥/ — X in-
duces a map Ir{U) = rl{U) — Ir(X) = Irr(X), which restricts to a sur-
jection Irr(U, x) --» Irr(X, x), and preserves dimensions.

By our definitions, Irr(U, x) can be identified with Ir{Max(R), m) of ir-
reducible components of Max(R) containing the maximal ideal m < R corre-
sponding to x, and this identification preserves dimensions. Irr{Max(R), 1)
can in turn be identified with the minimal primes of R.. Since Rn — Rn
is faithfully flat, it follows from the going down property and the invariance
of dimension on completion that there is a dimension-preserving surjection
from the minimal primes oflOx, = Rn to IrfMax(R), m), given by pull-
back along R — Ry. Finally, one takes the composition with the map above
to get a map to Irr(X, x), and check that this is independent of the choice
of U. O

2.5. Factoriality of normalized weight space

The theory of Fredholm series and hypersurfaces is fundamental to the the-
ory of eigenvarieties, which is our intended application. The study of ir-
reducible components of Fredholm hypersurfaces provided motivation for
developing the general theory of irreducible components of rigid spaces. It
is based upon the notion of a rigid space X being locally relatively facto-
rial (in m variables), which means that X has a cover by open affinoids
Ui = Sp(A) such that the relative Tate algebras A{Xi, ... Xn) are fac-
torial (i.e. are unique factorization domains). When one moves away from
eigenvarieties that are equidimensional over weight space, the role of Fred-
holm hypersurfaces becomes less important. For this reason, we have not
pursued the generalization of the results of [11, §4] to the setting of pseudo-
rigid spaces (we believe that this should be mostly straightforward, but we
have not checked the details). One thing, however, that is perhaps not so
clear, is that the weight spaces that occur for the extended eigenvarieties in
[22] are relatively factorial. While we will not need this fact in this paper,
it seems worth recording. Our proof is based upon the following criterion
for factoriality. Recall that an integral domain R is locally factorial if the
localizations R, are factorial for all prime ideals p of R (it suffices to check
this for maximal ideals).

Lemma 2.5.1. Let R be a locally factorial Noetherian ring. Suppose R is
an integral domain and that there is an element x of the Jacobson radical of
R such that R/ xR is factorial. Then R is factorial.
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Proof. This is [25, Ch. 2, Lemma 2.2]; we sketch the proof for the convenience
of the reader. It suffices to show that every height one prime ideal in R is
principal. Let I C R be a height one prime ideal. By the locally factorial
assumption, /is locally principal and is therefore projective as an R-module.
Note that since R/ xR is a domain, xR is a prime ideal.

Suppose x € I Then xR C I'and since I has height one we have xR =
I and therefore Iis principal. Now suppose x & I Then IN xR = xI, so
I/xI=1/IN xR = (I+ xR)/xR. Since I is projective over R, (I + xR)/xR
is a projective ideal in R/xR, and by factoriality of R/ xR it is therefore a
principal ideal. By Nakayama’s lemma, I is principal. m

The weight spaces that occur in [22] have the form Spa(Z,[[ S]])e, where
S= F X Zr, as p-adic analytic groups for some finite group F. It might
happen that F has p-torsion, in which case Spa(Z,[[S]])* may fail to be
a domain locally. One can take the normalization, in which case it will be
locally of the form Spa(Z,[[ T3, . . . , Tn]])e». We will sketch a proof that these
spaces are locally relatively factorial. Let K be a discrete valued field.

Definition 2.5.2. Let X = Spa(A) be an affinoid pseudorigid space over
Ok. We say that X is relatively factorial (in m variables) if A(Xy, . .., X»)

is factorial. If X is a general pseudorigid space, we say that X is locally
relatively factorial (in m variables) if there is an open cover of X by affinoid
pseudorigid spaces U; = Spa(A;) such that A; is relatively factorial in m
variables.

Now consider the pseudorigid space Spa(Ox«[[Ti, ..., Tn]])e~ It has an
open cover given by the affinoid pseudorigid space Uy ={|Til, ..., |Ta| <

lpl # 0} and
Ui ={lpl,IT1l,...,|Tal < ITi £ 0},

fori=1,...,n Uis the adic spectrum of a Tate algebra in n variables over
K, and hence relatively factorial (in any number of variables) by [7, 5.2.6/1].

Theorem 2.5.3. Let m € Z-o and let1 < i < n. Then U; is relatively fac-
torial in m variables.

Proof. We will content ourselves with a sketch, since this result will not
be used in the rest of the paper. By symmetry, it suffices to do the case

i=1.Set U:= U =Spa(R) and A = R(Xy, ..., Xmn). A has a ring of defi-
nition Ao = R°(Xy, ..., Xm) which carries the T := Ti-adic topology; these
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are Noetherian rings. We may define an increasing filtration on A by F; =
T-JiAo, and one may compute the corresponding graded ring gr( A); we have

gr(A) =Kuo,u=w,u, ug,...,Un V1,...,Un

where k is the residue field of K, uo is the symbol of p and has degree 1, w;
is the symbol of T; and has degree 1, and v; is the symbol of X; and has
degree 0. In particular, gr(A) is a domain, so A and Ao are domains. We
have

gr(Ao) = Klu, uou1, upu1,. .., un=4, v1, . . ., Unl
SO
Ao/ TAo = Kuou 1, upu-t, ..., unl"1, v1, ..., Unl.

We now wish to apply Lemma 2.5.1 to show that Ao, and hence A, is fac-
torial. We have verified that Ao is a Noetherian domain and that Ao/ TAo
is factorial, and that T is in the Jacobson radical of Ao (since Ao is T -
adically complete). It remains to show that Ay is locally factorial. Let m be
a maximal ideal of Ao; it contains T'. By above the ring Ao/ TAo is regular,
S0 (Ao/TAo)m = (Ao)m/ T (Ao)m is regular. Since T is a non-zerodivisor, it
follows that (Ao)n is a regular local ring [26, Tag 00ONU] and hence facto-
rial. ]

3. An interpolation theorem

In [10], Chenevier introduced an abstract interpolation theorem that allows
one to show that a set-theoretic map between subsets of two eigenvarieties,
in certain circumstances, extends to a rigid analytic morphism of reduced
eigenvarieties. Chenevier’s interpolation theorem was formulated in terms
of the input datum of the general eigenvariety construction of Buzzard [8].
In [16], Hansen proved a generalization of Chenevier’s theorem for the ab-
stract eigenvariety construction considered in that paper, and gave some
applications. In this section we prove a generalization of Hansen’s theorem
that we believe is close to optimal, and also applies to the extended eigen-
varieties constructed in [22].

3.1. Eigenvariety data
We abstract the ingredients of the construction of extended eigenvarieties

in [22, §4], generalizing [16, Definition 4.2.1]. We fix a complete discretely
valued field K with ring of integers Ox and a uniformizer .
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Definition 3.1.1. An eigenvariety datumisatuple O =(Z,H, T, ) con-
sisting of a pseudorigid space Z over Ok, H a coherent Oz -module, T a
commutative Z,-algebra, and v : T — Endo, (H ) a Z,-algebra homomor-
phism.

We remark that in practice, an eigenvariety datum as above is the penul-
timate step in the construction of an eigenvariety. In these situations, Z
is typically (isomorphic to) Ay for some n > 1 (or G%,y ), where W is the
‘weight space’. In fact, in most eigenvariety constructions one will have n = 1
and Z can alternatively be taken to be a Fredholm hypersurface in A}, ; this
is where the use of the letter ‘Z’ comes from. Let us recall that a Fredholm
series over W is an entire power series F(X) € O% (A}ly) with F(o) =1,
and a Fredholm hypersurface is a Zariski closed subspace of A}, defined by
{F = 0}, where F is a Fredholm series.

As in [16, Theorem 4.2.2], an eigenvariety datum O has an associated
eigenvariety. Before giving the construction, we record the following com-
mutative algebra result (cf. [27, Lemma 2.2(1)]).

Lemma 3.1.2. Let A, B and T be rings with A and B Noetherian and let
M be a finitely generated A-module. Assume that we have ring homomor-
phisms f: A— B and wa: T — Enda(M) and let ys be the composition
of wa with the natural map Enda(M) — Ends(M ® 4 B) coming from f.

Let Ta (resp. Ts) be the A-subalgebra (resp. B-subalgebra) generated by the
image of wa (resp. ws). Then the natural B-linear map Ta®a B — Ts is
a surjection with nilpotent kernel in general, and if f is flat then it is an
isomorphism.

Proof. We have B-linear maps
T®; B— El’ldA(M) ®as B — El’ldB(M ®a B)

induced by wa and frespectively. The left map factors through T4 ®4 B and
Tp is the image of the composition of the two maps. This gives the natural
map and shows its surjectivity since T ®z B — Ta ®a B is surjective. To
prove that the kernel is nilpotent, it suffices to show that the support of
the Ta ® 4 B-module M ®4 B is all of Spec(T4x ®a B), since M ®4 B is
a faithful Ts-module by construction. Since M ®4 B= M ®1, (Ta ®a B),
the support of M ®4 B is the preimage of the support of M under the
natural map Spec(Ta ®4 B) — Spec(Ta). But M is a faithful Ta-module
by construction, so we get what we want.
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Now assume that f is flat. Then the natural map Enda(M ) ®4 B —
Ends(M ®4 B) is an isomorphism and T4 ®4 B is the image of T ®, B —
Enda(M) ®4 B, which gives that Ta ®4 B — T is an isomorphism. O

Let us now record the construction of the eigenvariety of an eigenvariety
datum.

Proposition 3.1.3. Given an eigenvariety datum O =(Z , H, T, y), there
is a pseudorigid space X = X (O) over Ok, together with a finite morphism
n: X — Z, aZy-algebra homomorphism @x : T — O(X), and a faithful
coherent Ox -module H t. There is a canonical isomorphism m«:H t = H,
which is compatible with the actions of T on both sides (via px and y,
respectively).

The space X is characterized by the following local description: for U C
Z a pseudorigid affinoid open we have Xy = Spa(Tv) where Ty is the
Oz (U)-subalgebra of Endo, )(H (U)) generated by the image of T. Note
that H (U) is canonically a Ty-module, and this gives H t over Xu.

Proof. The proof is (essentially) the same as the proof of [16, Theorem 4.2.2],
we sketch it for completeness. For U < Z affinoid open pseudorigid, Ty is

commutative and finite over Oz (U), and hence is a Tate ring formally of
finite type over Ok. The space Xv = Spa(Tv) carries a canonical finite map
Xu— Uand H (U) is a finitely generated Ty -module. By Lemma 3.1.2 and

flatness of rational localization for affinoid pseudorigid spaces over Ok, these
constructions glue together and satisfy the assertions of the theorem. o

From Lemma 3.1.2 we get the following compatibility of the eigenvariety
construction with base change.

Proposition 3.1.4. Let O =(Z , H, T, p) be an eigenvariety datum with
eigenvariety X . Letf: Zt — Z be a map of pseudorigid spaces over Ok.
Form the eigenvariety datum

Ot = (Zt,Ht :f*H )T)wt))
where yt is the composition of y with the natural map
Endo,(H ) — Endo,.(H Y).

Let X t be the eigenvariety attached to Ot. Then there is a natural map
Xt — X overZ, and the induced map Xt — X Xz Zt induces an iso-
morphism (X )red — (X Xz ZYred, If f is flat, then Xt — X Xz Zt is
an isomorphism.
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Proof. By the local nature of the construction of eigenvarieties in Proposi-
tion 3.1.3, the assertion is local both on Zt and Z, so we may assume that

they are both affinoid pseudorigid spaces over Ox. Then the proposition
follows directly from Lemma 3.1.2. m

We single out a special case of Proposition 3.1.4 which characterises the
points of eigenvarieties.

Corollary 3.1.5. Let O =(Z ,H, T, p) be an eigenvariety datum with
eigenvariety m: X — Z . Fix z € Max(Z ). Then the set m-1(z) < Max(X)

is in natural bijection with the systems of Hecke eigenvalues appearing in the
fibre H (2), i.e. the maximal ideals lying above the kernel of the natural map
T ®z, K(z) — Endyz(H (2)).

Proof. This follows from applying Proposition 3.1.4 with fthe closed im-
mersionZt=z'- Z. m

We finish with a simple reconstruction theorem for eigenvariety data.

Proposition 3.1.6. Let t: X Z be a finite morphism of pseudorigid
spaces and let'T be a Zy-algebra. Assume that there is a ring homomor-
phism @ : T — O(X) such that Ox is generated by the image of ¢ over
Oz, and assume that H t is a faithful coherent Ox -module. We may form
an eigenvariety datum

O:(Z:H:T:I.U);

where H = H 't and y is the composition T e 0o(X) — Endo, (H ).
Thenm: X — Z is the eigenvariety attached to O, and ¢ = @x .

Proof. The assertion is local on Z, so we may assume that Z = Spa(A),
X = Spa(T), that H t is the coherent sheaf attached to a finitely gener-
ated faithful T-module H, and that the map T ®2, A — T induced by ¢ is
surjective. The eigenvariety attached to O is then the adic spectrum of the
image of the map T ®z, A — Enda(H). This map factors as

T®z, A— T — Endr(H) — Enda(H)
and the first map is surjective and the second and third are injective (using

that H is a faithful T-module), so this image is (canonically isomorphic to)
T and the identifications of = and ¢@x follow easily. m
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We remark that, as a result of this, any Zariski closed subset X't of the
eigenvariety X of an eigenvariety datum is naturally the eigenvariety of an
eigenvariety datum.

3.2. The interpolation theorem

We are now ready to prove our interpolation theorem (which could also be
considered as a rigidity theorem). If U is a pseudorigid space over Ox and

M is a coherent Oy -module, then we continue to write M (w) for the fibre

of M at any u € Max(U ), which is a vector space over the residue field
K(w).

Theorem 3.2.1. Let O; = (Z;, H;, Ty, vy, fori= 1, 2, be eigenvariety data.
Assume that we have the following data:

+ A morphism j:Z, — Z> of adic spaces;
+ AZp-algebra homomorphism o:T> — Ty;

+ A subset X ¢ < Max(X1) such that the T2-eigensystem of x (by which

we mean the T-eigensystem of x composed with o) appears in
Ha(j(mi(x))) forall x € X .

Let X denote the Zariski closure of X < in X1, with its induced reduced
structure. Then there is a canonical morphism

i Z? i X 2
lying overj:Z\ — Z; such that oy ° 0= i* o @x , The morphism i inher-
its the following properties from j:

- Ifj is (partially) proper (resp. finite), then i is (partially) proper (resp.
finite);

- Ifj is a closed immersion and o is a surjection, then i is a closed
immersion.

Proof. We start with a series of reduction steps. First, we form the eigenva-
riety datum

Of = (Zl: Hl:TQ: l/)l o 0)
with corresponding eigenvariety o X1 o - Z.If U< Z is an open affi-
o -1 -1
noid, we have a natural inclusion Ox¢((rr;) (U)) < Ox,(m; (U)) directly
from the definitions, and they glue together to a finite dominant (in fact
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surjective) map f: X1 — X ¢ over Z;. Note that if o is a surjection, then
the inclusion in the previous sentence is an equality, and fis an equality.
Form the analogue X ° of X for X. One checks easily that AAX) < X °,
so it suffices to prove the theorem after replacing O, by Oy. In other words,
we may assume that T; =T, =: T.

Next, we pull back the eigenvariety datum O along j : Z; — Z to
reduce to the case Z, =2, =: Z, j = id, by Proposition 3.1.4. To check
that this reduction works, note that if x ¢ X <, then the T-eigensystem of
x appears in Hx(j(m(x)) if and only if it appears in (j*H2)(mi(x)), since
U*HQ)(E1(X)) = HQ(j(nl(x)) R k(e () k(i (x)).

Having done these reductions, we form the eigenvariety datum

Os =(Z,Hs = H1 & H2, T, w3 = (w1, y2)).

Let w3 : X5 — Z be the associated eigenvariety; it has both X; and X»
appearing as Zariski closed subspaces in it since the coherent O -algebra
m3,«Ox, has both m «Ox, and m «Ox, naturally as quotients (this follows
by examining the construction in Proposition 3.1.3). We need to show that
X o © Xo; if so then X < X, since X» is Zariski closed in X3. Let x € X ¢
and set z = m3(x) = m(x). By Corollary 3.1.5, we need to show that theT-
eigensystem of x appears in H(z). But this is exactly our assumption.
This establishes the existence of i. For uniqueness, we can reduce to the
case when Z; and Z, are both affinoid (since equality of morphisms can be
checked locally on the source), and then the requirement gy 0 0= i* o @x ,
uniquely determines i*, and hence i, since the image of gy generates O(X')

over O(Z1).
It remains to prove that i inherits properties from j. If we summarize the

construction, iis a composition of a finite map X — 7' a closed immer-
sion X — (X Xz, Z1)*d and the canonical morphism (Xg Xz, Z1)ed —

X> coming frgelgl the projection. If j is (partially) proper (resp. finite), then
(X2 Xz, Z1)  — X,is(partially) proper (resp. finite), and hence the com-
position is (partially) proper (resp. finite, since these properties are stable
under base change ang composition), proving the first assertion. If ¢ is sur-
jective,then X — X isan isrce)glorphism (as noted above), so if j is a closed

immersion, then (X2 Xz, Z1) — X» is a closed immersion and hence iis
a closed immersion. o

Remark 3.2.2. We should note that this theorem is not, strictly speaking,
a generalization of [16, Theorem 5.1.6]. That theorem assumes a certain
divisiblity of determinants instead of the assumption on eigensystems in our
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theorem. This divisibility is a weaker assumption; from such a result one
typically deduces a result about eigensystems by a separation of eigenvalues
argument. In practice (e.g. attempts to interpolate known cases of Langlands
functoriality) this separation of eigenvalues has been done, so we think that
our slightly stronger assumption is natural.

With this caveat, our theorem appears to be essentially optimal, and
the (rather elementary) method of proof appears to be new. We note in
particular that the use of the global geometry of the eigenvariety instead of
areduction to affinoids eliminates the need for X < to be very Zariski dense.
It should be noted, however, that the only technique currently known (to
the authors) to control the Zariski closure of interesting sets X < occurring
in practice is to show that they are very Zariski dense inside a union of
irreducible components of X .

3.3. Extended eigenvarieties for overconvergent cohomology

In this section we briefly recall the extended eigenvarieties constructed in
[22]. We refer to [22, §3.3, §4] for precise definitions and any undefined nota-

tion. Let F be a number field and let H/F be a connected reductive group

which is split at all places above p. We set G = ResfH. Choosing split mod-
els Ho,, of H over Op, for all v[p and max1|rf:1al tori and Borel subgroups

T, < By € Ho,,, we obtain a model Gz, = |, ResZOF” Ho of GoverZ,

p Fu

I
and closed subgroup schemesT= " Res¢”T,cB = | Res9“B.,Gz ,.

Set To =T(Z,) and let I be the preimage of f}(Fp) under the map Gz,(Z,) —
Gz,(Fp). We define X to be the kernel of a choice of splitting of the inclu-
sion Tp < T(Q,). Inside X, we have a certain submonoid X+ and a subset
Yert < 3+, Fix compact open subgroups Ke & G(Qg) for all f # p such that
K¢ = G(Zg) for all but finitely many f, wheﬁ G is a reductive model of G
over Z[1/M] for some M € Z-1. Set Ko =  g/-pKe and K= Krl. Let Z
denote the center of G, put Z(K) = Z(Q) N K and let Z(K) < T, be the p-
adic closure. Finally let K. < G(R) be a maximal compact and connected
subgroup and let Z;, < Z. = Z(R) be the identity component.

If Ris a Banach—Tate Z,-algebra [22, §3.1] and «: To/Z(K) — R is
a continuous character, then (under the assumption that the norm of Ris
adapted to x [22, Def. 3.3.2]) we defined distribution modules O for r <1
that are close enough to 1. D] has actions of I and £+, and elements of
Yept act as compact operators. D'xmay be considered as a local system on
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the locally symmetric space Xx = G(Q) \ G(A)/KK«~Z°,, A choice of tri-
angulation of the Borel-Serre compactification of Xk and choices of homo-
topies between the corresponding simplicial chain complex and the singular
chain complex gives a complex C'(K, D7) that computes the cohomology
H#(Xk, D). Let T¢ be the spherical Hecke al ggbra with respect to Ke for
any f_# p such that K¢=G(Zg) and set T=  ¢Te Choosing an element
t € Tert, one may define an eigenvariety datum

(Z)H:T)w)

when Ris a Tate ring formally of finite type over Z,, using the method of [22,
§4]. Roughly speaking, the coherent sheaf H is constructed out of the finite
slope part of H*(Xk, D) with respect to the Hecke operator U; = [KtK].
Z C Algs the Fredholm hypersurface for the Hecke operator U; acting on
the complex C-(K, D) (this action depends on the choices of homotopies
we made above, and in particular will only commute up to homotopy with
Uz for a different choice of #t € Zert). The homomorphism p comes from the
action of T on H*(Xk, D™). The eigenvariety datum is independent of the
choice of rand the choice of norm on R, and is compatible with open immer-
sions Spa(S) — Spa(R). If we replace Z by AL, and H by its pushforward
under the closed immersion Z C Akwe obtain an eigenvariety datum (with
the same associated eigenvariety) which is moreover independent of our cho-
sen triangulation of the Borel-Serre compactification of Xx and the choices
of homotopies between the corresponding simplicial chain complex and the
singular chain complex. However, the associated eigenvariety will in general
depend on the choice of controlling operator U, since we have not incorpo-
rated any other Hecke operators at p into the eigenvariety datum. We refer
to section 3.4 for more discussion of this issue.

Fix R and « as above and put W = Spa(R). Let w € Max(W ) with
residue field &(w) and write x,, for the induced character To/Z(K) — k(w)*.
Consider the eigenvariety datum (Z ,H, T, ) and let z = (w, A) € Max(Z2).
The following proposition is a simple corollary of [22, Corollary 4.2.3], and
will be used in the next section to interpolate some known cases of Langlands
functoriality.

Proposition 3.3.1. The systems of eigenvalues for T occurring in the fibre
H (2) are the same as the systems of eigenvalues of T occurring in the
generalized A-'-eigenspace of U; on H*(K, D") (for any allowed choice of
7).
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Proof. Choosing a slope datum (U, h) for Z with z € Zy (see [22, Def. 2.3.1]
for the notion of a slope datum for a Fredholm hypersurface), then by con-
struction H (Zuy) = H*(K, D" )<x (and this is independent of r). Set

Twn=Im T®z, k(w) — Endk(w)(H*(K; Dzj)sh) ;
Tun=Im T ®z, O(U) — Endow)(H*(K, Dp)=n) .

By [22, Corollary 4.2.3] we have (Tu» ®ow) k(w))red = Tred, so the systems
of eigenvalues for T occurring in the spaces

H+(K,D")<»n and H*(K, D})<r ®ou Mw)

agree. Let m < O(Zy,») be the maximal ideal corresponding to z.

Now H (2) = H*(K,D)<n ®0(z,,) k(2) and the system of eigenval-
ues of T occurring in H (2) are the maximal ideals of Tux ®o(z,,) k(2),
by Lemma 3.1.2. By the same lemma, these are the same as the systems
of eigenvalues occurring in Tyx ®oz,,) O(Zun)/m , for any n> 1. By
the above, these systems of eigenvalues are the same as those occurring in
H+(K,D})<n ®0(z,,) O(Zun)/mn, and for n» 1 this is the generalized
A-1-eigenspace of U, 0

To finish this subsection, we note that the second author’s result [16,
Proposition B.1] giving a lower bound for the dimensions of irreducible com-
ponents of eigenvarieties (see also [28, Prop. 5.7.4]) holds for extended eigen-
varieties. We retain the notation from above, and write  : X, Z for the
eigenvariety attached to (Z,H ,T, ).

Proposition 3.3.2. Let x € Max(X ) and put(w, A) = (x). Let h € Qso
be such that H*(K, ) )<nx # 0. Set

I(x) = sup{i | H(K,D})<nx £ 0} — inf{i | H(K, D7) <nx £ o}.

Note that I(x) is independent of the choice of h. Assume that Oy ,, is Cohen-

Macaulay and, for simplicity, that W is equidimensional. Then the dimen-
sion of any irreducible component containing x is greater than or equal to

dim W — U(x).

Proof. Choose a slope datum (U, h) such that (x)e Zuyxr and set Xuyn =
-1(Zu,n). By Proposition 2.4.6, it suffices to show that any minimal prime
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of Ox  has coheight > dim W — I(x). From the construction of the eigen-
variety datum, we get a complex C-(K, D7)<n of finite projective O(U)-
modules that computes

H (Zur) = H*(K, D) <h.

Applying — ®ox,,,) ¥ x , we get a complex C- gf finite projective Gy ;-
modules that computes Hx = H (Zu,n) ®ox,,) ¥ x x Since H is a finite
faithful ¥ x x-module, it suffices to show that any minimal prime in the
support of Hy in @v . has height <I(x). This follows from [15, Theorem
2.1.1(1)], upon noting that I(x) is equal to the amplitude of C;, in the
notation of loc. cit. m

3.4. Independence of the choice of controlling operator

The eigenvariety construction of the previous subsection involve making a
choice of ‘controlling operator’ U;, depending on a choice of t € Xert, In this
subsection, we describe a variant construction which incorporates all Atkin—
Lehner Hecke operators at p into the eigenvariety construction. We then
show that this construction gives an eigenvariety which is independent of
the choice of t¢ Zert,

We retain all the notations of the previous subsection?, and begin by
defining some additional notation. We have a commutative subalgebra of
the Iwahori—Hecke algebra at p

A C ZG(Qp//1]

generated by the characteristic functions 15 for all s € Z+ (see [5, Propo-
sition 6.4.1]).
Now choosing an element ¢t € X<, one may define an eigenvariety datum

(Z4H LT @z A, y)

and associated eigenvariety X4t with ¢t: T®z, A — O(XA»%) as in
the previous section (we now explicitly record the dependence on tin the
notation), by incorporating the action of 4 + on H*(Xx, D).

4In particular, our weight space W is affinoid, but everything discussed in this
section glues to handle the general situation.
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Lemma 3.4.1. For all s € ¥* the action of [IsI] on H t is invertible.
Equivalently, ¢[Is]]) is a unit in O(X # 9.

Proof. This follows from the two following claims: the action of U; = [It]] on
H tisinvertible and for any s € X+ there exists k > 0 and st € X+ such that
s¢ = t " The first claim is an immediate consequence of the construction of
H t using slope decompositions for U. For the second claim we use the
notation in [22§ 3.3]: there is an integer>r1 such that s- IN,s ¢ Ni,and
for k sufficiently large we have t<N:t& N,. This implies that s-1tke
2. O

Now we denote by £ = Hom(2, Gmw ) the pseudorigid space over W

representing S 1 — Hom(Z, S*) for affinoid pseudorigid R-algebras S. If we
fix a Z-basis for X we get an isomorphism £ = G rkz(z.)
For each s € X we write s = st(stt)-1 for st, st € 3+ and obtain an ele-
ment
P([IsDp([IstD])-1 € O(X A-x.

This defines a map 45t XA — B which is finite because the finite
map 1 XA L7 A}y is a composition of n%-t and the separated

map B —. A} glven by evaluation at t-!. Applying Proposition 3.1.6, we
see that X “» 4 t can be identified with the eigenvariety associated to the

eigenvariety datum

(g T[,;,< tTT@Z Ap)l/)A t)
where /7t is the composition of ¢t with the map

oXAH — Endm(n* H .

We can now show that the nilreduction of X At is independent of the
choice of t € Zert. In particular, J-! induces a flnlte map (X 4 »fred — Al
and we will use this consequence to show that X %t itself is 1ndependent

of the choice of .

Lemma 3.4.2. Let t, tt € Svt. There is a canonical E-isomorphism
(XA *,t)red ~ (XA *,tt)red
which is compatible with the maps ¢t: T ® A * - 0( XA "tyred

P

t,
and @ :
T ®, Ay — O(X At )red,
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Proof. We apply Theorem 3.2.1 to the two eigenvariety data
At . ANE ot .t
(8, m? Het, T®zAB w0, (8, m? Htt, Tz A, g t),

with j and o (in the notation of Theorem 3.2.1) the identity maps and the
subset X < of ‘classical points’ equal to all the maximal points. A simple
variant of Proposition 3.3.1 gives a canonical bijection between the maximal
points of the two eigenvarieties being considered. m]

Finally, we show that the eigenvariety X “»-t (not just the nilreduction)
is independent of the choice of t € Zrt. We will need a basic lemma about
finite maps of pseudorigid spaces:

Lemma 3.4.3. Let f: X — Y be a map of pseudorigid spaces. Suppose
that the induced map fred : X red — Y is finite. Then f is finite.

Proof. Maps of pseudorigid spaces are necessarily locally of finite type (by
Proposition 2.2.3(4) and Proposition 2.2.6). So we may apply [20, Prop. 1.5.5]
which says that (for locally of finite type maps of analytic adic spaces) finite
is equivalent to quasi-finite and proper. Since fand fred are the same on
underlying topological spaces, it is easy to see that the quasi-finiteness and
properness of fred implies these properties for f. O

Proposition 3.4.4. Lett, t € Sot. There is a canonical £-isomorphism

XAt = XA
which is compatible with the maps ¢t:T® A+ — O(XA +t t

Z p p)and(pt:

T ®z, Ay — OX4-0).

+ Ut
Proo_é First we note that Lemma 3.4.1 implies that there is.a map X # »* =
Abv. y Lemma 3.4.2, this induces a finite map (X4 >red — A}/V which

factors through the spectral variety Z t. It follows from Lemma 3.4.3 that

the map Ur! is finite and factors through a closed adic subspace Z* of Al
with the same underlying topological space as Z t.

Now we consider the finite map p: X4t — A3, given by (U1, Uz)),
which factors through the fibre product Z := Z t xyy Z.

By Proposition 3.1.6, it now suffices to show that the coherent sheaf
p«H ¢t has a description which is symmetric in ¢t and #. We can cover
Z t by affinoid opens Z b with (U, h) running over slope data (for the

. . . . . t . t .
characteristic power series of U/ ), and similarly for Z ¢. Since Z ¢ — Zisa
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nilpotent thickening this gives a cover of Z by affinoid opens Z, . We have
thjk = Spa(O(V)[X]/Ivk ) with Iy an ideal of O(V)[X] with (Q«(X)V) C
Ivi C (QU(X)) where Q(X) is the multiplicative polynomial in the slope
factorisation of the characteristic power series of Ux corresponding to the
slope datum (V, k).

We obtain an open cover of Z by the fibre products Z 5, Xw fo . which
are finite over UN V C W . Since W is quasi-separated, we can cover Z by
affinoid opens Z yp x = Zn Xw Z}t «» finite over affinoid opens U'in W such
that (U, h) is a slope datum for U; and (U, k) is a slope datum for Uk.

We claim that the restriction of p«H tt to Zynx is the coherent sheaf
associated to

H*(Xk, D')u = N H*(Xk, DY o<k
where the subscripts denote taking the slope decompositions for U; and Uz,
which exist since (U, h) and (U, k) are slope data for the respective charac-
teristic power series. In particular, we can take Z ¢ = Z ¢ and the symmetry
between tand # in our description of p«H ¢t implies the Proposition. So it
remains to justify our claim.

By definition H |, ¢, is the coherent sheaf associated to

H*(XK, DrU)Utsh-
Recall that we have multiplicative polynomials Q and Qt over O(U) such

that H*(Xx, D" )v <p = ker(Q*(U)) and Q*(U) is an isomorphism on
H*(Xx, D’)}U >hs anah similarly for the slope < k decomposition with re-

* [ &3
spect to Uz. Since U; and Ux commute (hence Q (Uy) and Q (Ux) also
commute) on H*(Xk, D) the idempotent projectors

(Q (W) mo+(wy) ' o Q(U), (O(U) limos () ! o OF (Ur)
giving their slope decompositions commute and we have a decomposition
H*(Xk, DrU)Utsh = H*()*{K, DrU)[; <h N H*(-fK, Drl)ifttsk

® H (Xk, Dv)us<n N H (Xk, Du)u, k.
The restriction of p«H ¢t to Zyr corresponds to the module
H*(Xk, D)u,<n ®ow)x O(WIX]/ Iy,k

where X acts by Uy 1. Since Q(Uy!) is an isomorphism on H*(Xx, D])u .k
and Q(Ug1) is zero on H*(Xk, D'))u «, this tensor product can be iden-
tified with H*(Xx, D] ))u,<» N H*(Xk, D7) v <k, as claimed. O
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4. Application

We give a sample application of our interpolation theorem Thm. 3.2.1, in-
terpolating cyclic base change and using Prop. 3.3.2 to show that there exist
large characteristic p loci in the extended eigenvarieties for GL, over number
fields.

4.1. Cyclic base change

The following theorem is a consequence of [3], see [4, Lem. 5.1.1].

Theorem 4.1.1. Suppose L/ K is a cyclic extension of number fields. Let
T be a cuspidal automorphic representation of GL.(Ax), and suppose that

L 7 ® (x o Artk o det) for any character x of Gal(L/K). Then there is a
cuspidal automorphic representation I1 of GL,A 1) such that for all places

w of L lying over a place v of K we have rec(Il,) = rec(m)|w,, .

4.2. Examples of eigenvariety data

4.2.1. The extended Coleman—Mazur eigencurve. With the nota-
tion of Section 3.3 , we consider the case G = GLy/q. We fix an integer

N > 5 which is prime to p. We let W denote the analytic adic weight space
parametrising continuous characters r = (1, 1) of

(see [22, Defn. 4.1.1]) and let Wy, C W denote the closed subspace where
Ko = 1.
We let K» C GL2(Ar) be the compact open subgroup given by
( )
Ko ={g e GL(RP) | g = *O 1* mod N}

let I C GL2(Qp) be the upper triangular Iwahori subgroup and set K =
Kr] C GLQ(Af).

Let S be a finite set of primes, containing all the primes dividing pN,
and let

ToL,o = ®1sT(GL2(Q1), GLa(Z)

be the product of spherical Hecke algebras over Z, for places away from S.
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Let f € Z-1. Using the construction recalled in Section 3.3, and gluing
over a pseudorigid affinoid open cover of W, we obtain an eigenvariety datum

f S
(ZGL2/Q ) HGLQ/Q ’ TGL2/Q 1 anGL2/Q)

and associated eigenvariety £ S/ whose maximal points cotrlespgld to sys-
tems of Hecke eigenvalues for TS and Uy, where U, = [K o p K], with
non-zero Uj-eigenvalue, appearing in the overconvergent cohomology spaces

H\(K, D).
Remark 4.2.1. For any f > 1 there is a natural finite map ES! — E S/,

We now define some notation: if X is a pseudorigid space over Ok we
denote by X rig C X the Zariski open subspace of X given by the locus

where x # 0. We have X9 = X Xspaox,0,) Spa(K, Ox) and X 79 is
(the adic space associated to) a rigid space over K.

Lemma 4.2.2. The subspace (E Sf)r9 is Zariski dense in E Sf. In partic-
ular, any Zariski dense subset of (E Sf)rig is Zariski dense in E S/.

Proof. Let (U, h) be a slope datum for E S/. We recall (the discussion after
[22, Lem. 6.1.3] gives more detailse that E S/ has an open cover by affinoid
pseudorigid subspaces Lf] S};f where (U, h) is a slope datum, and EU,}J: is finite

over a Fredholm hypersﬁrface ZaL,,o,u,n for a Fredholm polynoinial with
coefficients in Q(U). Now U is Zariski dense in U, so it follows from [9,

Lem. 6.2.8] (irreducible components of £ 5/ have dimension 1, so they surject
onto irreducible components of U and this lemma aspfplies) that its inverse
image (E 5}11‘ )rig is Zariski dense in E 5}11’ . Since the EU)h cover E Sf it follows
that (E S’f’) rig is Zariski dense in E S, ’ O

We now denote by Eg{, the Zariski closure of the classical cuspidal
points of (E S/)rig, with its induced reduced structure. The preceding lemma
implies that £ is equal to the Zariski closure of (E Sf)g4,, the Zariski
closure in (E Sf)ri9 of the classical cuspidal points, which is a union of ir-
reducible components of (£ Sf)rg. This furthermore implies that £, is a
union of irreducible components of £ S/. Finally, if F is a number field we
denote by ch[é;, r-nem the Zariski closure of the classical cuspidal points of
(E sf)rig which do not have CM by an imaginary quadratic subfield of F.
This is again a union of irreducible components of £ S/ and contains all the
non-ordinary components.
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4.2.2. Eigenvarieties for GL2,r. We now allow F to be an arbitrary
number field and, with the notation of Section 3.3, we consider the case
%;I = GLy/r. We let Kz C GLQ(AFZC) be the compact open subgroup given
Yy
(>I< >I<)
Kr={ge GL(O%) | g= "y ; mod N}
let Ir C I;r\p GL2(F,) be the upper triangular Iwahori subgroup and set
Kr = Kpidr C GL2(Ars). We let Wr denote the analytic adic weight space
parametrising continuous characters « of
IT « !
Tro = vlp OF,v 0

IT %
O up OFv

which are trivial on (the closure of) the image of Z(K) = F* A Kin Trpo.
The dimension of Wr is equal to the difference between 2[ F : Q] and the

Zy-rank of the closure of Of in Of,. This latter rank is r1 + 72 — 1 — dg,

where drp, by definition, measures the defect in Leopoldt’s conjecture for

F and p and ri, > denote the number of real and complex places of F.
Again we have an eigenvariety datum

(ZaLryr HoLy s Tng/F » WGLy,r)
where
TSL,/r = ®uzsT(GL2(F,), GLa(OF,))

is a tensor product over finite places v which do not divide any of the
primes in S. We denote the associated eigenvariety by X S whose points

. F
correspond to sy%tems of)Hecke eigenvalues for "fGIQ spand Upr = |Tv‘p U,
1 . . o
where U, = [Kr o u(ju Kr], with non-zero U, r-eigenvalue, appearing in

the overconvergent cohomology spaces H*(Kr, D), defined using the locally
symmetric spaces Xk, appearing in 3.3. Note that the dimension of Xk,
(as a real manifold) is 21, + 3.

4.3. Base change
For F,/Q: we have a map of spherical Hecke algebras

T(GL2(Fy), GL2(Or,)) — T(GL2(Qn), GL2(Z)
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induced by unramified local Langlands and the map p 1— p|w;, on the Galois

ide, Wi ke thi licit
St eWe ewl}‘]i%eeT?éngz?ﬁ),e&;((‘lZD) =Zp[T1, T2], where T! and T2 corre-

( ) uw(,r ) z z

spond to the double cosets of 10 ZO and (Z) ZO respectively. If

A: T(GLx(Q), GLa(Z)) — Q,

is a homomorphism we associate to it the semisimple unramified Weil group
representation where Frob; (a geometric Frobenius element) has character-

istic polynomial X2 — A(T1)X + IA(T?). Likewise, if

Ay 1 T(GL2(Fy), GL2(Ofr,)) — 610

we associate the unramified representation where Frob, has characteristic
polynomial X2 — A(T))X + g.A(T2) where g, = I* is the cardinality of the
residue field of F;, and [is the rational prime under v.

It follows that the map T(GL2(Fy), Glo( @) — T(GL2(Q)), GL2(Z1)
takes T1 to tr(Frobfl”) (a homogeneous degree f, polynomial in T} and ZT%)

U

and Tv2 to (7;2)fv.
We thereby obtain the map of Hecke algebras of : TG, /Fr — T8, 0-
We denote by j: Wy — Wr the map of weight spaces induced by the
norm map Tro — To.

Theorem 4.3.1. Let F/Q be a cyclic extension of number fields. Let g be
the number of places of F dividing p, let e, f be the inertial and residual
degrees of a place dividing p. There is a canonical finite morphism

it ES — Xg°

cusp,F-ncm

lying over j : Wo — Wr and compatible with the map 0% : TS5, ;5 — T3y, jo-

Proof. First we apply the finite map E S SJ9 So it suffices

. . _ cusp,F-ncm - Ecusp,F -ncm*
to show that there is a canonical finite morphism

i ESS9 — XS

cusp,F-ncm

with the properties specified by the theorem. The subset X ¢ C E S/ is

defined to be the points arising from_classical cusp forms of weight k>
2, level K and Uf9-slope < k-1 and which moreover do not have CM by
p e
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an imaginary quadratic subfield of F. Note that X < is Zariski dense in
(E Cﬁ{g} F-nem )79 and hence it is Zariski dense in £ S Fonem:

By Thm. 4.1.1 (we excluded CM points so the condition of the theorem
is satisfied), for each point x € X < we have a cuspidal automorphic repre-
sentation . of GL2(Ar ) which is regular algebraic of weight (k — 2, 0)zr —c
and whose Hecke eigenvalues are giving by pulling back the Hecke eigenval-
ues for x by the map oS, Moreover, for each v|p one of the U,-eigenvalues on
the Iwahori invariants of ., has p-adic valuation equal to f, times the slope

of the classical form givin]g rise to x, so there is a Uy, r-eigenvalue of r
with p-adic valuation < &-1"= p,(wk-1). Now we can apply [16, Thm. 3.2.5T,
v

e
together with [16, Thm. 4.3.3] and Prop. 3.3.1 to show that the system of
Hecke eigenvalues arising from . appears in X 2. Finally, we conclude by
applying Thm. 3.2.1 to the eigenvariety data

S S
01 = (AbVO)HGLz/Q )TGLQ/Q > l)UGLz/Q)) D2 = (A}/VF)HGIQ/F ;TGLZ/F) wGLQ/F)

where the map j: Al . A}, isinduced by j: Wo — Wr and we have al-
ready defined the map of : T r — T8&L, 0. O

Corollary 4.3.2. Let F/Q be a cyclic extension of number fields. Then
(X §rg C X S ig a strict inclusion. Moreover, the same is true if we restrict
to the non-ordinary locus (i.e. where the U, r-eigenvalue is not a unit),
and the dimension of the Zariski closed subset X S\(X S)9 (and its non-
ordinary locus) is at least [F : Q]. Note that the Leopoldt conjecture is known
for F, p, so Wr has dimension 1+ [F: Q] + r.

Proof. It follows from [6, Cor. A1] that there is a non-ordinary irreducible
component of E§d, which has a characteristic p point. Since the component is

non-ordinary, the non-CM points are Zariski dense. Applying Theorem 4.3.1,
we deduce that there is an irreducible component of X5 which contains a
characteristic p point. We also see (from the proof of Theorem 4.3.1), that
this component contains a classical point x arising from a cuspidal auto-

morphic representation © with a U, r-eigenvalue of 17" with p-adic valu-

ation < v(wk-1). The representation m contributes to the cohomology of
Xk, precisely in degrees r1 + 12, ..., 1 + 21> (see [17, 3.6]) — moreover
this contribution accounts for the entire generalised eigenspace for the as-

sociated system of Hecke eigenvalues at places away from S, by (for ex-
ample) the Jacquet—Shalika classification theorem [21, Thm. 4.4]. It follows
from [16, Thm. 3.2.5] that we have I(x) = r» and Proposition 3.3.2 therefore
implies that the irreducible component under consideration has dimension
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> 1+ [F: Q] and so the characteristic p locus in this irreducible component
has dimension > [F: Q]. o

Remark 4.3.3. Using other known cases of Langlands functoriality it is
possible to produce more examples of p-adic functoriality which show the
existence of a large characteristic p locus in extended eigenvarieties. For
example, using solvable base change and Dieulefait’s results on base change
for GL, [12, 13], one can extend the above corollary to eigenvarieties for GL.
over a solvable extension F't of a totally real field F'. One could also consider
the symmetric square lifting and show the existence of large characteristic
ploci in extended eigenvarieties for GL3/Q.

The reader may also wonder, in view of §.4, whether Corollary 4.3.2
remains true if we had included A * in the construction of the eigenvariety.
Thiss As+ true; it follows from the fact that, if we denote this eigenvariety by
X *,thenbythe consgruction of these eigenvarieties there is a canonical

>'p

finite surjective map X - X If Similar remarks apply if one adds or
removes other Hecke operators (using Proposition 3.4.4 if one wishes to
change controlling operator). One can also prove a version of Theorem 4.3.1
using the eigenvarieties incorporating the full Atkin—Lehner algebra 4, + —
the norm map between tori induces a map between the Atkin—Lehner Hecke
algebras for F and for Q, which is easily seen to be compatible with base
change functoriality for automorphic representations which are unramified
principal series or unramified twist of Steinberg at p.
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