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H I G H L I G H T S

• Physicochemical particle model for
drying, devolatilization and combus-
tion.

• Highly accurate and stable model
providing good agreement with ex-
perimental data.

• Continuous profiles of temperature
and biomass component during con-
version.

• Computationally efficient model easy
to implement in CFD analysis.
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A B S T R A C T

Development of an accurate and computational efficient biomass particle model to predict particle pyrolysis and
combustion is the focus of this paper. Partial differential equations (PDEs) for heat and mass balance are
transformed into a system of coupled ordinary differential equations (ODEs) with the use of orthogonal collo-
cation as the particle discretization method. The orthogonal collocation method is incorporated with compre-
hensive physicochemical mechanisms to predict the behavior of biomass components during particle pyrolysis
and combustion. Heat adsorption by evaporated gas and water movement by diffusion inside the biomass matrix
are included in the present work, in parallel with the effect of Stefan flow on the heat and mass transfer rates at
the particle surface. Abandoning the classical interface-based modelling approach, the present approach allows
decoupling between biomass components and spatial resolution, and the prediction of continuous intra-particle
profiles.
The new particle model is proven to be accurate and stable through its high degree of agreement with si-

mulation results for particle pyrolysis and combustion experiments using different particle moisture contents and
geometrical shapes. The intra-particle temperature gradient, as well as particle mass and size evolution, can be
predicted accurately, as validated against experimental data. It is shown that six collocation points provide
satisfying resolution. The computational efficiency is confirmed by the short simulation time that was found to
be approximately three orders of magnitude faster than mesh-based simulations. This implies that the current
model can be used for computational fluid dynamic (CFD) analysis through implementation as sub-grid-scale
models to design, for example, biomass furnaces.
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1. Introduction

The rising demand for the worldwide energy and the worldwide
concern for global warming due to CO2 emission has accelerated global
interest in alternative energy conversion from biomass [1,2]. Various
biomass-type conversions into sustainable heat and power, from dedi-
cated crops to solid biomass waste, via the combustion process, are at
the center of scientific and industrial focus today [3].
One of the challenges in this research area is the design of efficient

and low emission furnaces, which calls for the development of com-
putationally efficient mathematical models that accurately describe
complex physicochemical phenomena including biomass drying, de-
volatilization, and combustion. Material properties and particle size
determine whether the particles are thermally thin or thick, and
thereby determine the level of mathematical modelling complexity
needed to accurately describe the phenomena. Significant model sim-
plification is achieved for thermally thin particles due to temperature
uniformity throughout the particle [4,5]. However, for thermally thick
particles, the non-uniform temperature profile inside the particle
cannot be neglected. The temperature non-uniformity also means that
the conversion stages, i.e. drying, devolatilization, and char combus-
tion, occur simultaneously and also change over time. Obviously only

modelling approaches that allow space and time resolution are suitable
under these conditions. The formal classification of particles as either
thick or thin is given by the thermal Biot number as presented in Eq.
(1). A particle with Biot number lower than 0.1 is considered as a
thermally thin particle while a particle with a higher Biot number is
categorized as thermally thick [6,7].

=Bi
h deff

(1)

Two different particle discretization approaches have been used by
researchers to model thermally thick biomass particle combustion, i.e.
mesh-based discretization [8–15] and interface-based discretization
[7,16–22]. Mesh-based models rely on numerical discretization, which
divides each particle into several grid points and directly solves all
governing equations in each grid point, as illustrated in Fig. 1 [23]. In
contrast, the interface-based model relies on a discretization scheme
that divides a particle into layers based on available biomass compo-
nent mass, and how these change in time, as described in Fig. 2. The
layers can be composed of either moist and dry biomass, char, or ash
[16].
Both aforementioned discretization methods have their own ad-

vantages and limitations in terms of numerical efficiency, accuracy, and

Nomenclature

A pre-exponential factor [s−1]; orthogonal collocation
coefficient for first derivative [-]

Ap particle surface area [m2]
B orthogonal collocation coefficient for second derivative [-]
Bi Biot number [-]
BM correction factor for Sherwood number due to Stefan flow

[-]
BT correction factor for Nusselt number due to Stefan flow [-]
Cp specific heat capacity [J kg−1 K−1]
d orthogonal collocation coefficient
dpore particle pore diameter [m]
D diffusivity [m2 s−1]
Dp diameter particle [m]
Ea activation energy [kJ mol−1]
h convective heat transfer coefficient [W m−2 K−1]
hm convective mass transfer coefficient [m s−1]
k reaction rate constant [s−1]
l thickness [m]
L length [m]
Le Lewis number [-]
m mass flow rate [kg m−2 s−1]
M molecular weight [kg kmol−1]
N total collocation points [-]
Nu Nusselt number [-]
Pr Prandtl number [-]
r local radius [m]
r reaction rate [kg m−3 s−1] / [kg m−2 s−1]
R radius [m]

ideal gas constant [kJ mol−1 K−1]
Re Reynold number [-]
Sh Sherwood number [-]
Sc Schmidt number [-]
S mass source term of gas [kg m−3 s−1]
t time [s]
T temperature [K]
u velocity [m s−1]
V volume [m3]
W width [m]
x dimensionless coordinate [-]

Yi gas species mass fraction [-]

Greek letters

H heat of reaction [kJ kg−1]
a geometry coefficient [-]

shrinking and swelling factor [-]
porosity [-]
thermal conductivity [W m−1 K−1]
density or species concentration [kg m−3]
Emissivity [-]
Stefan-Boltzmann constant [W m−2 K−4]

Subscript

0 initial or original
ash ash
b dry biomass
tot cumulative properties for biomass
bulk bulk gas
bw bound water
c char
char char reaction
CO2 carbon monoxide
dev devolatilization
dry drying
eff effective properties
fw free water
g gas
H O2 water vapor
i index for reaction or collocation point location, index of

gas species
j index for Euclidean point
k index for species or reaction
O2 oxygen
p particle
s area based (for reaction)
surf particle surface
v volume based (for reaction)
wall reactor wall
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stability. The mesh-based discretization allows the highest accuracy
since it provides resolution of intra-particle profiles and the simulta-
neous existence of biomass components, which can be maintained. This
discretization method, thereby, allows detailed resolution of the com-
plex phenomena occurring inside single particles, which could not be
handled by the interface discretization model [23].
The accuracy of this model requires the utilization of a fine com-

putational grid. However, this leads to a substantial increase in com-
putational resources as more equations must be solved in each time
step, as shown in Fig. 1. As reported in previous publications, the si-
mulation times can vary from several minutes [10] up to an hour [15]
to simulate the combustion of one single thermally thick particle using
the mesh-based discretization scheme. Therefore, it is not feasible to use
this discretization to simulate a large number of biomass particles in a
real stove or furnace, particularly if it needs to be coupled with external
flow and temperature fields, such as in computational fluid dynamic
(CFD) analysis. A CFD analysis requires the formulation and transfor-
mation of the PDEs into a system of ordinary differential equations.
The interface-based model is superior in terms of computational

efficiency compared to the mesh-based model. The superiority arises in
that the total number of equations that must be solved using the in-
terface-based model are much fewer than the mesh-based model, as
described in Fig. 2. The ability to integrate the interface model in a CFD
environment and couple the solution to an external flow field has been
demonstrated in different studies [7,17,21,22,24].
However, from a numerical solution accuracy point of view, the

interface-based simulation has an issue with discontinuities that occur
when layers disappear. The disappearance of each particle layer has
also been found to lead to numerical instabilities in particle behavior
prediction [21]. Based on the lumped formulation, intra-particle profile
and material properties are described in a few discrete points, which do
not fully represent the real profiles and may lead to a decrease in ac-
curacy [23]. As such, the method is confined by an inherent limitation
in resolution and cannot be enhanced by adding more layers since this
discretization method depends on pre-defined biomass components. A
step-function of the reaction region inside the particle is the main

source of discontinuity at the location of the reaction front [17].
The present study presents a new computationally efficient scheme

for particle discretization that accommodates the accurate prediction of
single-particle biomass pyrolysis and combustion. Orthogonal colloca-
tion is employed, which has been widely used to solve different pro-
blems for heat and mass transfer along with chemical reactions in
various engineering applications [25–33].
The main advantages of the orthogonal collocation approach in-

clude the improved prediction of intra-particle profiles, the ability to
decouple resolution from biomass components, and it also allows par-
allel reactions to be handled as the mesh-based model while main-
taining a sufficiently low computational effort. The utilization of or-
thogonal collocation also allows improvement on heat and mass
transfer prediction inside a particle and at the particle surface. Some
additional important physicochemical phenomena included in the
mathematical formulation in this paper are i.e. the movement of free
and bound water by diffusion, heat exchange between phases, and
correction of heat and mass transfer rates at the particle surface due to
Stefan flow. The transformation of governing PDEs for heat and mass
balance into a system of ODEs with the use of orthogonal collocation
also allows the current model to be implemented further in the CFD
environment using sub-grid-scale modelling due to its computational
efficiency. However the narrow reaction zone moving through the
particle may produce uneven release of pyrolytic gases and water vapor
if the space resolution is not high enough. Since uneven reaction rate
cause challenges to obtain convergence CFD simulations, this study also
focuses on understanding how to achieve even reaction rates while
maintaining computational efficiency. An overview of the different
discretization methods that handle specific physical phenomena and
applications is presented in Table 1.
The present study contributes to the simulation methods for biomass

combustion by introducing a new particle discretization method and by
validating the model with the experimental data presented in the lit-
erature. Additional testing of numerical accuracy, efficiency, and sta-
bility was also conducted to measure how robust the proposed model
was in predicting single biomass particle pyrolysis and combustion
behavior.

2. Model description

2.1. Biomass decomposition

2.1.1. Drying
Water is present as bound water, free water, and water vapor inside

a biomass matrix. Water is first taken up as bound water until all
available adsorption sites have been occupied, and then it becomes free
water that fills biomass pores [34]. The limit on bound water that can

Fig. 1. Mesh-based particle discretization scheme.

Fig. 2. Interface-based particle discretization scheme.
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be present in the biomass matrix, i.e. the fiber saturation point (FSP),
depends on the material, but it has an average value that is around
30 wt% on dry basis [35].
Free and bound water may move inside a particle due to capillary

forces and concentration gradient by diffusion. Upon heating, due to
evaporation, both bound and free water transform into the gas phase as
water vapor [23]. Free and bound water have different characteristics
with respect to transport and evaporation, which implies that these two
different forms of water must be treated carefully [12].
The drying process is modelled with three different approaches in

literatures, i.e. equilibrium, heat sink (thermal drying), and Arrhenius
(kinetic rate) models [23,36]. The equilibrium model is useful for
predicting low-temperature drying conditions, e.g. drying wood for
building materials. The heat sink (thermal drying) model relies on step-
function evaporation, which can lead to numerical instabilities. The
kinetic rate model is used in the present study due to its wide range of
temperature applications and high numerical stability, both of which
can increase simulation robustness and accuracy for fast drying con-
ditions [15].

2.1.2. Devolatilization
Pyrolysis and devolatilization are terms used interchangeably and

refer to the thermochemical degradation process of biomass in absence
of an oxidizer [12]. Up to 90% of solid particle mass is converted into
pyrolytic gas during this process [37]. The different release stages of
pyrolytic volatiles divide the devolatilization process into primary and
secondary devolatilization where various parallel and consecutive re-
actions occur [38]. Biomass is decomposed into volatile gas, primary
tars, and char during the primary devolatilization which is considered
to be an endothermic reaction that is completed at relatively low
temperatures (below 773 K) [39]. While secondary devolatilization
occurs during the outward transport of primary tars. In this period,
primary tars participate in various complex reactions such as cracking,
reforming, dehydration, condensation, polymerization, oxidation, and
gasification [17]. Meanwhile, secondary devolatilization can be ne-
glected due to its insignificant effect on a simulation [40]. This sim-
plification of secondary devolatilization is linked to the assumption that

produced gases exit the biomass particle immediately after it have been
devolatilized [7,16,18,20]. This is valid assumption for combustion and
pyrolysis cases when the ratio between the residence time of the vo-
latile gas and the reaction time of secondary devolatilization is small.
The Arrhenius kinetic rate model is commonly used in particle

modelling to describe the devolatilization process. However, different
reaction schemes have been proposed in the literature with varying
degrees of complexity. The first and the simplest devolatilization model
is referred to as a one-step global model, and it describes biomass de-
composition into volatile gas, char, and tar using a single reaction. The
second model, which has been widely used, includes three independent
competitive reactions. The solid material is converted competitively
into volatile gas, tar, and char [7,9–11,19,34,41,42]. Alternatively,
more complex devolatilization mechanisms may be used, including
mechanisms based on the three main pseudo components in the bio-
mass (cellulose, hemicellulose, and lignin), which are converted into
volatile gas species, tar, and char. Fig. 3 illustrates the differences
among these three models.
Each devolatilization model has its own advantages and dis-

advantages and requires the specification of the pre-exponential coef-
ficients and activation energies for the different reactions. In addition,
compared with the last two schemes, the implementation of the global
model also requires knowledge about the distribution coefficients (α, β
and γ) of each product formed as these are not embedded in the model
as they are in the second scheme. The third model has the advantage of
broad prediction of volatile species, which makes the prediction of the
composition of pyrolytic gas possibly even more accurate [21,43].
Moreover, it can be applied for various types of biomass in which the
composition of the three main pseudo components is known. This
model allows temperature dependent decomposition rates of the lignin,
hemicellulose and cellulose, but it also requires definitions of the share
of gases and char in order to allow improved predictions of the com-
position of pyrolytic gas. However, compared with the first and second
model, the third model must handle more equations to track the evo-
lution of each pseudo components. Increased computational cost is
necessary to utilize the pseudo-components-based-model [23]. How-
ever, the proposed particle simulation method allows arbitrary schemes
to be used.

2.1.3. Char oxidation and gasification
The last stage of biomass combustion is heterogeneous char reac-

tion, which involves the reaction of remaining solid carbon (char) with
oxidative gases. The simplification of char oxidation and gasification as
used in the present study follows the reaction scheme below: [12]

+C O CO
k

2 2
4

+C CO CO2
k

2
5

+ +C H O CO H
k

2 2
6

The char conversion rate is controlled by a series of transport me-
chanism solid-gas reactions [44]: (1) film diffusion of an oxidizing
agent, (2) diffusion through the ash layer and particle, (3) adsorption
onto the reaction surface, (4) chemical reaction, (5) desorption of
product gas from the surface, (6) diffusion of product gas through the
particle and the ash layer, and (7) film diffusion back into the ambient

Table 1
Conceptual overview of discretization methods with regard to different physical
phenomena.

Physical phenomena Mesh Interface Collocation

Decoupling species and space resolution ++ − ++
Smooth species profile ++ − +
Water transport inside particle due to diffusion ++ − ++
Distinction of bound and free water ++ * ++
Heat exchange between solid and evaporated gas ++ ++ ++
Consecutive gas reaction occurred inside

particle, i.e. secondary devolatilization
++ − ++

Stefan flow effect * * ++
Particle shrinking and swelling during drying,

devolatilization, and char reaction
++ ++ ++

Easy implementation as sub-grid models for CFD
analysis (multi particle and furnace)

− ++ +

(++) high degree of agreement; (+) good agreement; (−) disagreement;
*possible to be implemented.

Fig. 3. Biomass devolatilization schemes (a)
one-step global model (b) three independent
competitive reaction models (c) three main
pseudo components.
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gas. Except for the chemical reaction (step number 4), the remaining
steps are mass transport. Based on the Thiele modulus (the ratio of the
overall reaction rate to diffusion rate) and the effectiveness factor [45],
three different regimes of char conversion can be present in a system,
depending on if the reaction takes place inside the particle, at the
particle surface, or at both locations. The most influential factor de-
termining the reaction location is the balance between mass transfer
and reactions rates, which strongly depends on the temperature [45].

2.2. Model formulation and governing equations

The governing equations and constitutive relationships are sum-
marized in Table 2 and Table 3. The following assumptions were made
in formulating the model for biomass pyrolysis and combustion:

1) 1D-transient simulation is employed to predict the evolution of
particle.

2) Gas phase follows the ideal gas law, and its fluid properties are
pressure and temperature dependent.

3) The transport of evaporated gas from the biomass matrix is fast, and
the second stage of devolatilization does not occur inside the par-
ticle.

4) Gas phase is in thermal equilibrium with the local solid phase while
transported out, because the heat capacity of the gases is high
compared to the heat of devolatilization. This heat transfer has a
significant effect on simulation accuracy [23].

5) Particle shrinking only occurs during char oxidation and gasifica-
tion.

6) Char oxidation occur at the particle surface considering the size of
the simulated particle and the high reaction temperature. This is
supported experimentally by Karlström et al. [46], who used an
8mm diameter wood particle and found that external oxygen dif-
fusion is the limiting step of the reaction.

7) The ash layer has high permeability and does not cause any sig-
nificant mass transfer resistance.

8) The heat capacity of gas in the accumulation term is neglected due
to the insignificant density of gas.

The global energy conservation equation for 1D-transient simula-
tion follows from Eq. (2). In Eq. (2), a depends on particle geometry (0
for planar, 1 for cylinder, and 2 for sphere). The term on the left side of
Eq. (2) corresponds to the accumulated heat. The first term on the right
side in Eq. (2) describes Fourier heat conduction, the second term refers
to local heating of evaporated gas, the third term refers to the heat
exchange due to the mobility of free and bound water, and the last two
terms represent the heat sink due to drying and endothermic devola-
tilization reaction. The boundary condition for heat balance at the
particle surface follows Eq. (3). The heat conduction into a particle is

balanced with heat transfer to or from the particle due to convective
and radiative heat transfer and also due to the exothermic char reaction
that occurs at the particle surface.
The mass evolution of dry biomass, char, free water, and bound

water follows the expressions from Eqs. (4)–(7). The current model
allows the movement of free and bound water inside a biomass matrix
by diffusion, which is represented by the first term on the right-hand
side in Eqs. (6) and (7). While the last term on the right-hand side of
Eqs. (4)–(7) allows control of the density of species due to particle
shrinking or swelling.
The evolution of the particle porosity is given by Eq. (8). This allows

the current model to determine how the macroscopic material proper-
ties, for example the effective thermal conductivity, change at different
locations as function of time due to changes in temperature, biomass
component composition and porosity, as given by Eq. (12).
Evolution of particle volume due to shrinking and swelling that take

place during drying, pyrolysis, and char reaction is expressed in Eq. (9).
In Eq. (9), m and b are the swelling or shrinking factors for drying and
devolatilization, respectively. As mentioned above, it is assumed that
the shrinkage of a particle only occurs due to char oxidation and ga-
sification, hence, the first two terms on the right side of Eq. (9) are
neglected in the present simulation. These two terms are neglected
because of the lack of quantitative information and evidence of particle
evolution during drying and devolatilization in the current experi-
mental data sets [12].
The gas phase continuity equation and gas phase components con-

servation equation, in Eqs. (10)–(11), are important to be included
especially when secondary devolatilization occur in the particle [12].
Gas species conservation equations are derived based on the convective
and diffusive transport inside the biomass matrix and the source term
which allows the reaction that occur inside the particle to be accounted
for. However, Eqs. (10) and (11) were not included in present simula-
tion work due to the third assumption that is stated in the beginning of
this section.

+ =
t r r

r u S1 ( )g
a

a
g g (10)

+ = +
t

Y
r r

r Y u
r r

r D Y
r

S1 ( ) 1 ( )g i a
a

g i a
a

eff i g
i

i, (11)

Additional supporting equations for heat and mass balances are
listed in Table 3. The effective thermal conductivity in Eq. (12), which
is constructed from a theoretical basis [47,48] and with empirical
verification [49], is calculated as the summation of conductive and
radiative components. Moreover, the presented form of effective
thermal conductivity in Eq. (12) has been widely used in biomass
particle combustion modelling and has been found to produce good
agreement with experimental data [12,14,15,37].

Table 2
Governing equations.

Temperature =

+ +

Cp

r r Cp D Cp D Cp H

r H r

( )

k k
T
t

ra r
a eff

T
r v g g

Vp
Ap

T
r fw fw

d fw
dr bw bw

d bw
dr

dT
dr dry

v dry dev v dev

1
,

, ,

(2)

Boundary condition (temperature) = h T T T T H r( ) ( )eff
T
r eff bulk surf surf wall char s char4 4 ,

(3)

Dry biomass density = rb
t v dev

b
V

dV
dt,

(4)

Char density = kc
t w

c
V

dV
dt3

(5)

Free water density
= r D k( )fw

t ra r
a fw

fw
r fw

fw
V

dV
dt

1
4

(6)

Bound water density = r D k( )bw
t ra r

a bw
bw
r bw

bw
V

dV
dt

1
5

(7)

Porosity
= + + + × +t

b
t

c
t

fw
t

bw
t tot V

dV
dt

(1 ) (1 ) (8)

Volume = + ++ r rdV
dt

V m
fw bw

v dry
V b

b
v dev

Aprs char
tot

0 ( 1)

0 0
,

0 ( 1)

0
,

, (9)
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The liquid free water diffusivity (Dfw) is taken from the work by
Souza and Nebra [50], which allows the calculation of effective diffu-
sivity based on free water concentration and local temperature.
Meanwhile, the bound water diffusivity, follows Eq. (13) [51].
The reaction kinetics of drying, devolatilization, and char reactions

in Eqs. (14), (15), and (17) follow the Arrhenius equation in Eq. (18).
The effective reaction rate should be used to calculate the total char
reaction rate and account for the mass transfer limitation of oxygen, as
shown by Eq. (16). The gas formation is due to water evaporation and
the decomposition of dry biomass into tar and volatile gas, as presented
in Eq. (19).
The convective mass transfer coefficient used to calculate the ef-

fective char reaction rate may be corrected from its original form, in
Eqs. (20) to Eq. (21) due to the presence of an ash layer. The thickness
of the ash layer follows Eq. (22). However detailed information on ash
is not available; it is considered to be permeable, causing negligible
transport resistance, and is therefore neglected in the proceeding ana-
lysis.
The effective convective heat transfer coefficient used in the cal-

culation of the boundary condition for heat transfer in Eq. (3) follows
Eq. (23). The Nusselt and Sherwood numbers should be corrected due
to the net flow from the boundary layer, i.e. the effect of the Stefan
flow. The nominal correlations for the Nusselt and Sherwood numbers
prior to correction for the Stefan flow are summarized in Table 4 for
different particle geometries.
The effective Sherwood and Nusselt numbers in the present simu-

lation work, are calculated using Michaelides correlations in Eqs. (30)
and (31) [53].

=
+

Sh Sh
B(1 )eff

M
0.7 (30)

=
+

Nu Nu
B(1 )eff

T
0.7 (31)

BM and BT in Eqs. (30) and (31) are calculated using Eqs. (32) and

(33).

=B exp
m R
D

1M
s g

g g

,

(32)

= +B B(1 ) 1T M

Cpg
Cpbulk Le (33)

2.3. Discretization by orthogonal collocation

Discretization using the orthogonal collocation method was utilized
in order to solve the governing equations in Section 2.2. The method
discretizes the finite-sized biomass particle into several collocation
points and solves the governing equations for each collocation point.
The discretization scheme looks similar to numerical discretization,

which uses the mesh-based model. The main difference between the
methods is in the expansion of differential terms in the governing
equations. The mesh-based model uses a backward, forward, or central
differentiation scheme, which only utilizes the adjacent grid points to
calculate an observed point. Meanwhile, the orthogonal collocation
method uses all values from all collocation points to calculate value at
an observed point. This leads to a significant reduction of employed
points to achieve mesh independence result, as presented in this paper.
In comparison, many more grid points are typically needed by the or-
dinary mesh-based model to solve one-dimensional particle combustion
and pyrolysis problems [15,37,54].
The solution of the dependent variable was expanded using ortho-

gonal polynomials as the trial function, and for this present work the
shifted Legendre orthogonal polynomial was utilized. The expanded
solution of temperature at a collocation point follows Eq. (34), in which
N is the total number of collocation points [55].

=
=

+

T x d x( )j
i

N

i j
i

1

1
2 2

(34)

The first and second derivatives of the polynomial function in Eq.

Table 3
Supporting equations for main heat and mass balance.

Thermal conductivity
= + + + + + +x x x x x(1 )(( ) )eff

T dpore
g b fw bw b c c ash ash

3 (12)

Bound water diffusivity
= ×

+
D 1.05 10 expbw

bw
tot

T
5

4633 3523 (13)

Devolatilization rate = + +r k k k( )v dev b, 1 2 3 (14)
Drying rate = +r k kv dry fw bw, 4 5 (15)

Char oxidation rate = × + × + × ×r k C k C k C M( )s char eff O eff CO eff H O c, 6, 2 7, 2 8, 2 (16)
Effective char reaction rate constant (for reaction index 4–6) = +ki eff

kihm eff i
ki hm eff i

,
_ ,

_ ,

(17)

Kinetic rate constant
=k A expi i

Ea i
Rg T

, (18)

Gas production rate = + +r r k k( )v g v dry b, , 1 2 (19)
Convective mass transfer coefficient =hm i

Dg Sheff
Dp,

(20)

Effective convective mass transfer coefficient =
+

hm eff i
hm iDg ash

lash hm i
Dg

lash

_ ,
,

,

(21)

Ash layer thickness
= × ×+

+ +
lash

ash
tot a

r a ra

r a ra
0
0

1
1

0
1 1

0

(22)

Effective convective heat transfer coefficient =heff
Nueff g

Dp
(23)

Table 4
Supporting equations for main heat and mass balance.

Spherical [14,21] = +Nu Re Pr2 0.6 0.5 1/3 (24) = +Sh Re Sc2 0.6 0.5 1/3 (25)
Cylindrical [52] = +Nu Re Re Pr(0.4 0.6 )0.5 2/3 0.4 (26) = +Sh Re Re Sc(0.4 0.6 )0.5 2/3 0.4 (27)
Planar [12] =Nu Re Pr0.644 0.5 0.343 (28) =Sh Re Sc0.644 0.5 0.343 (29)
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(34) follows Eqs. (35) and (36).

=
=

+dT
dx

x d i x( ) (2 2)j
i

N

i j
i

1

1
2 3

(35)

=
=

+d T
dx

x d i i x( ) (2 3)(2 2)j
i

N

i j
i

2

2
1

1
2 4

(36)

The solution in a particular collocation point can be combined to-
gether with the solution from another points to produce a global so-
lution matrix. By rearranging the matrix form of global solution, the
substitution of the unknowndi at a collocation point can be performed.
This substitution produces +N 1 number of unknown x( )j , which can be
solved using +N 1 number of equations that were contributed from the
N number of Eq. (A.1) in Appendix A and one equation related to the
surface boundary condition. The choice of trial function, Eq. (34), au-
tomatically ensures the symmetry boundary condition that the center of
the particle is fulfilled at each instance in time. The same method was
applied for the first and second derivatives of T , which directly trans-
form the differential equation to algebraic form using the orthogonal

coefficients, Ai j, and Bi j, .
The orthogonal collocation method requires space variable to be

converted into the dimensionless form, which represent 0 as the center
point coordinate and 1 as the surface coordinate. The final form of the
energy balance transformed into a system of ODEs is presented in Eq.
(37).

= +

+ +

+ +

=

+

=

+

=

+

=

+

=

+

=

+

Cp T
t

x R
ax A T x B T r Cp

V
RA

A T D Cp A D Cp A

A T H r H r

k j k j

eff j
a

i

N

j i i
a

i

N

j i i v gas j g j
p

p

i

N

j i i fw j fw j
i

N

j i fwi bw j bw j
i

N

j i bwi

i

N

j i i dry j v dry j dev j v dev j

, ,

,
2

1

1

,
1

1

, , , ,

1

1

, , ,
1

1

, , ,
1

1

,

1

1

, , , , , , ,
(37)

The transformation of the other equations must follow the trans-
formation presented above, i.e. the space variable is dimensionless and
replaces the derivative term with the orthogonal collocation coeffi-
cients. The coordinate of orthogonal collocation points is generated
from the roots of the shifted Legendre orthogonal polynomial, which
are summarized in Table B.1 in Appendix B.

2.4. Source term calculation

Biomass decomposition is a continuous process that proceeds from
the particle surface towards the particle center at a rate determined by
the propagation of the heat wave. The utilization of the orthogonal
collocation method can be further improved to allow for the

Table 5
Experimental conditions from Lu et al. [12]

Experiment condition Case A Case B Case C Case D

Wall temperature (K) 1276 1276 1276 1276
Gas temperature (K) 1050 1050 1050 1050
Initial moisture content (wt%) 6 6 40 40
Gas material Nitrogen Nitrogen Nitrogen Air
Particle shape Sphere Cylinder Cylinder Sphere
Particle material Poplar Poplar Poplar Poplar
Particle diameter (mm) 9.5 9.5 9.5 9.5

Fig. 4. Mesh independency test for simulation using 9.5mm diameter spherical particle, (a) temperature profile (b) normalized mass loss profile for different
collocation point simulations (c) simulation of temperature history comparison through particle radius between PDE solver and six collocation points.
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propagation of the reactions throughout the biomass particle at and in
between the collocation points. This relies on expanding the coverage of
source term calculation from only a collocation point to also account for
the reaction that occur between collocation points. The calculation of
the local reaction rate at each collocation point i( ) is performed using
the mass weighted averaging reaction rate on the expansion points over
adjacent Euclidean points, +j( 1) and j( 1). The mass weighting
average of a reaction rate follows Eq. (38). (k =reaction and compo-
nents index, i = collocation points index, j = Euclidean points index,
and l=expansion points index)

=
× ×

×
×

+

+

( )
r

A A dr

A dr
¯

exp
v k i

r
r

k l
E
R T k l layer l

r
r

k l layer l
i, ,

, , ,

, ,

j
j ak l

g l

j
j

1
1 ,

1
1

(38)

where Alayer j, is the perpendicular area of the specific layer (for sphe-
rical geometry, Alayer j, = r4 2, while for cylindrical and planar it is
calculated as rL2 p and ×L W )p p . The properties of each expansion
point, i.e. temperature and density, are calculated to determine a high
resolution profile for the reaction rates. The temperature at each ex-
pansion point is easily determined from the orthogonal collocation
coefficients that are obtained at each time step, while the local density
is interpolated using piecewise cubic hermite polynomials, which has
been proven to provide a good solution in the sub-grid-scale inter-
polation of reaction source terms [56].

3. Model assessment

MATLAB 2016b ® was used to simulate the resulting system of
coupled algebraic-differential equations, specifically the built-in ODE
solver (ode15s). For the purpose of validating the accuracy of the or-
thogonal collocation method, the partial differential equations were
solved directly with the built-in PDE solver (pdepe). This allowed the
validation of the numerical discretization method with respect to the
essential physicochemical phenomena, including drying, propagation of
heat wave, and reaction source terms. The numerical accuracy test was
performed by comparing the simulation results at conditions relevant to
the experimental results performed by other researchers. The list of
experiments and corresponding operating conditions is summarized in
Table 5.
The biomass material data and characteristics used in the present

experimental work were the main criteria for the selection of the cor-
rect properties. The data in Table C1 in Appendix C was used for the
biomass particle simulations herein.
Two different devolatilization kinetic schemes were employed in

this study for different purposes. The one-step global mechanism, which
has no competitive reactions, was used to confirm mesh independence,

i.e. to validate the number of colocation points needed for the solution
to converge with the high resolution mesh-based method. Meanwhile, a
kinetic scheme with three independent competitive reactions was used
to validate the model with pyrolysis and combustion experiments. The
utilization of that scheme followed the recommendation from the ori-
ginal experiment paper [12] even though the employed kinetic was
originally derived from pine wood instead of poplar wood [57]. The
activation energies, pre-exponential factors, and the heat of reaction
used in the present study are summarized in Table C2 in Appendix C.

3.1. Grid independence

A grid-independent study was necessary to assess the accuracy of
the numerical discretization scheme and to determine the optimal use
of collocation points. Finding an optimal number of collocation points is
crucial in order to avoid unnecessary and excessive usage that produce
no significant improvements. The grid-independent study herein was
performed by comparing the simulation results of surface temperature,
center temperature, and mass evolution, using different numbers of
collocation points, i.e. from two to six points, as presented in Fig. 4a
and b. The results obtained from the PDE solver are also presented here
as a benchmark of the true solution, as it relies on employing 200
computational grid points.
Significant improvements were obtained with the addition of more

collocation points up to 4 points, while 5–6 points produced almost
similar results, as shown in Fig. 4a and b. The more colocation points
employed, the closer agreement result obtained with the PDE solver.
Utilization of six collocation points produced the highest degree of
agreement with the PDE results in terms of spatial temperature history
at the center point, as presented in Fig. 4c. It can be concluded that four
collocation points is the optimum number to produce the mesh in-
dependent result for 9.5mm diameter spherical particle simulation, as
used in model validation cases. However, six collocation points were
used for the rest of the analysis, which gives a margin for simulating
kinetics with higher activation energies that cause narrower reaction
zones inside the particle. Efficiency was maintained since the compu-
tational time did not increase drastically using six collocation points.

3.2. Source term evaluation

This section presents comparisons of simulation results with and
without improved resolution of reaction rate using the mass weighted
average method in Eq. (38). Two different kinetics schemes and kinetics
parameters were employed. Fig. 5a shows the results for calculations
with and without improved resolution using the global kinetic scheme
or the reaction index 0 in Table C2, using 9.5 mm diameter spherical
particle. Fig. 5b shows three independent parallel reaction schemes, or

Fig. 5. Normalized mass loss results with and without improved resolution of reaction rate using Eq. (38) (a) with global kinetic scheme (low activation energy) and
(b) three parallel independent reaction schemes (high activation energy).
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reaction indexes 1 to 3, with 5mm diameter spherical particle.
The mass evolution results without improved resolution simulation

are observed to be less smooth profile, as presented in Fig. 5a and even
worse in Fig. 5b. This was due to the much higher activation energy.
Less smooth behaviors are observed due to the wide distance of each
collocation point to cover a very narrow reaction rate band. The less
smooth profile became very prominent when the devolatilization
reached the inner collocation points where the distance between the
points was wider.
Discretization by orthogonal collocation does not automatically

calculate the reaction that occurs between collocation points. This may
produce sudden changes in mass loss derivative when the reaction oc-
curs very fast at one collocation point but the temperature is not suf-
ficient to start the reaction at the next inner point. This effect was found
to be more prominent in higher activation energy. The problem can be
solved by employing more collocation points, which would conse-
quently increase the computational effort.
An alternative used in this work with an insignificant increase in

computational effort expands the coverage of reaction area and calcu-
lates the mass weighted reaction rate following Eq. (38). Based on
Fig. 5, the results without improved resolution provide worse agree-
ment with the results from PDE solver compared to the results with
improved resolution. This method was proven to diminish the less
smooth profile in the mass loss profile and simultaneously improve the
accuracy of the prediction, by better agreement with the results from
PDE solver. This analysis also shows the applicability of the combina-
tion of the orthogonal collocation method with the current improved
resolution method for any arbitrary kinetic reaction, i.e. for the com-
plete range of activation energy found in the literature.

3.3. Influence of moving coordinates

The accumulation term on the left side of Eq. (2) should be revised
due the transformation of the space variable into the dimensionless
form. The revision of the accumulation term was needed during particle
shrinking since the space variable is bounded between 0 and 1, even
when the physical dimension changes in time due to char reaction, i.e.
particle radius, =R f t( ). This adjustment was necessary otherwise the
interpretation of local temperature in the updated coordinate became
inaccurate. The revision of the accumulation term follows Eq. (39), and
in the discretized form by orthogonal collocation follows Eq. (40).

+Cp T
t R

T
x

R
t

1
k k (39)

+
=

Cp T
t R

A T R
t

1
k k

j

N

i j j
1

,
(40)

The importance of including the moving coordinate term in

shrinking particle modelling is presented in Fig. 6. This figure sum-
marizes the simulation result for the particle combustion with and
without a moving coordinate. The inclusion of a moving coordinate
term produced a slightly faster prediction of mass loss, as expected.
Without the inclusion of a moving coordinate, the fix coordinate would
receive the wrong properties, which would slightly underestimate heat
transport and, consequently, predict slower particle combustion.
The difference is insignificant considering the very minor difference

in predicted mass and radius evolution, as shown in Fig. 6a. This
finding is due to the small temperature gradient seen when the particle
started to shrink. In Eq. (39), the T x/ term cancelled the R t/ term,
which produced an insignificant change in temperature and the pre-
diction of mass evolution for simulations with and without a moving
coordinate. This effect was neglected in the present study.
In a larger particle and/or faster heating rate in combustion simu-

lation, the effect of a moving coordinate is small but not negligible, as
reflected in Fig. 6b for the case of simulation of a 20mm diameter
particle. The larger temperature gradient was seen when shrinking
started to occur in the bigger particle, which caused the effect of
moving coordinate term inclusion become prominent.

3.4. Effect of Stefan flow

The Stefan flow adds a convective transport to or from the surface
depending on the net molar flow at the surface. As a consequence of
this, both convective mass and heat transport should be corrected by
considering the net outflow of the Stefan flow and penetrating bulk gas.
It is assumed the material is isotropic allowing an even flow of gas
through the boundary layer, while in reality the flow can be larger in
the fiber direction and also effected by intermittent bursts due to cracks
in the material. The gases emitted from the particle, the Stefan flow,
had a large effect on mass and heat transfer. As presented in Fig. 7, the
Stefan flow had a significant effect on the global prediction of mass and
radius evolution.
The effect of Stefan flow on convective heat flux was found to be

very minor during the first five seconds of simulation, before any major
char reaction had occurred. During this period, a high amount of gas
emitted from the particle surface was found. The difference is small
because the radiative heat transport from wall to particle is not affected
by Stefan flow. The influence of Stefan flow is not significant since 95%
of the total heat transfer to the particle is due to radiative heat transfer
and only 5% is due to convective heat transfer.
A major discrepancy began when the particle surface reached the

char reaction temperature (about 800 K). At this point, t greater
than 5 s, the effect of the Stefan flow hindered the oxidative gas from
penetrating into the particle surface boundary layer. This obstacle re-
duced the mass transfer rate, thereby lowering the char reaction rate.
Since the exothermic char reaction has almost the same contribution as

Fig. 6. Comparison of normalized mass loss and radius evolution results between simulation with and without moving coordinate term (a) using 9.5mm diameter (b)
using 20mm diameter.
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radiation heat for heat flux in particle surface, the reduction in char
reaction rate has a major impact on the total heat and mass balances.
This occurred until the Stefan flow diminished at around 40 s, as shown
in Fig. 7. In terms of global prediction, the Stefan flow caused a sig-
nificant effect during an intermediate time interval and cannot be
omitted from the analysis.

4. Results and discussion

This section discusses the results of validations of simulations of
inert and reactive conditions that qualitatively and quantitatively de-
scribe the advantage of orthogonal collocation for particle modelling
purposes, in terms of numerical accuracy and efficiency. The accuracy
of the orthogonal collocation method was evaluated by comparisons

with the pyrolysis and combustion experiments for single biomass
particles reported by Lu et al. [12]. The comparisons with previous
simulations that rely on both mesh-based models (Lu et al. [12] and
Haberle et al. [15]) and interface-based models (Ström & Thunnman
[17], Mehrabian et al. [21], and Gomez et al. [24]) is also presented.

4.1. Biomass pyrolysis

A comparison of the present simulation results with the pyrolysis
experiment is shown in Fig. 8a–d. Particle surface temperature, particle
center temperature, and mass evolution during conversion were se-
lected as the criteria to determine the agreement between simulation
and experimental findings. The three validation cases (A to C) have
different features in terms of shapes and initial moisture content, which
allows a test of the stability and accuracy of the physicochemical model
and discretization scheme in simulating various conditions of biomass
pyrolysis.
Fig. 8a shows the simulation results of mass evolution, which pro-

duced overall good agreement with the experimental data. The mass
loss evolution of different particle characteristics, including geometry
and moisture content, were predicted in a correct manner. The dry
spherical particle displayed a faster mass reduction than the dry cy-
lindrical particle and the wet cylindrical particle. Both dry particles
leveled out at a lower value of mass loss than the moist particle, as
expected.
The predicted particle center and surface temperatures were also in

good agreement with the experimental data, as shown in Fig. 8b, c, and
d. The different stages of particle decomposition can be seen in the
temperature profiles. The drying phase, which occurred around 373 K,
is clearly seen in the wet particle simulation in Fig. 8d. The center
temperature plateau is obtained for about half period of experiment
when the endothermic drying occurred. After that, the center

Fig. 7. Comparison of normalized mass loss and radius evolution results be-
tween simulations with and without the Stefan flow effect for 9.5mm diameter
spherical particle combustion.

Fig. 8. Comparison between simulated and measured (a) normalized mass loss of Case A, B and C, (b) temperature for Case A experimental data with error bars, (c)
temperature for Case B, and (d) temperature for Case C (red : orthogonal collocation based-model, blue: interface-based model, green: mesh-based model).
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temperature started to increase up to the devolatilization temperature
around 500 K before decreasing. The endothermic devolatilization
hindered the temperature from increasing during this period until all
dry biomass had converted into volatile gas, tar, and solid char. The
devolatilization was completely finished at about 900 K, at which point
the center temperature slope started to increase again and leveled out
slightly below the wall temperature, i.e. higher than the bulk gas
temperature due to the effect of the transfer of radiative heat transfer
from the walls.
A discrepancy was found in the prediction of the center temperature

in the dry spherical particle simulation in Fig. 8b. The center tem-
perature in Fig. 8b is increased faster than in Fig. 8c–d, which is not
reasonable. The center temperature increase must also be limited by the
time constant for heat diffusivity from a theoretical point of view. The
original experimental study [12] also described the issue of measuring
the center temperature of a spherical particle in an accurate way. Lat-
eral heat conduction from the outer parts of the thermocouple is be-
lieved to have caused the faster increase in the temperature at the
center.
Another discrepancy was found in the simulation of the surface

temperature of wet cylindrical particle, in Fig. 8d. The surface tem-
perature of all simulations works, i.e. collocation, mesh-based and in-
terface-based models, are increased faster during the first 10 s com-
pared to the experimental result. In the later phase from 10 s until the
final stage, the collocation method provided best agreement which
might be related to inclusion of different physical phenomena in the
model. The evolution of the surface temperature was smooth in all cases
except for the case with high moisture content which showed minor
fluctuations. However the interior points and the center point showed
smooth temperature profiles for all cases. The stability was also proven
by the smooth particle conversion profiles for all validation cases in
Fig. 8a. This confirmed stable temperature evolution in the zones where
evaporation and devolatilization reactions occurred. Moreover, the
particle conversion was observed to be very stable as presented by
stable reaction rates over the entire simulation time in Fig. 9.
The mesh-based model is the most sophisticated model and is ex-

pected to produce more accurate results because it uses many more
computational grids than the orthogonal collocation-based model and
the interface-based model. However, the comparison provided in
Fig. 8b to d indicates that simulation accuracy can be maintained by
using the orthogonal collocation method. The comparison with pre-
vious simulations lead to the conclusion that the current simulation
produced almost similar temperature prediction with the mesh-based
and the interface-based simulation works. These results are promising
considering that the present study does not rely on tuning parameters,
nor does it require the specification of surface boundary conditions as in
studies that rely on the interfaced-based model. Notably, the experi-
mental uncertainties for temperature measurements were fairly large as
indicated by the large error bars which makes it difficult to judge which
of the models agrees best.
Analysis of the reaction rate distribution inside the particle reveals

that reactions occur in a narrow region. Fig. 9 shows that the reaction
zones are distributed initially around 5% and, at later stages, up to 20%
of the particle radius. This wide range of devolatilization reaction zones
was found especially in the early phase of the devolatilization stage
when the temperature had not exceeded 700 K. The Pyrolysis number at
this stage was found to be much more than 1, which physically in-
dicates that the reaction proceeded slower than the temperature wave
[58]. In the higher temperature region, the Pyrolysis number shifted to
lower than 1, which implies the applicability of sharp interface models
in that region.

4.2. Biomass combustion

The simulation results from the particle combustion case are pre-
sented in Fig. 10a and b. The results of surface temperature, center

temperature, and normalized mass loss as a function of time are shown
as a comparison with experimental data in Fig. 10. Normalized mass
loss prediction from simulation, produces a very good agreement with
the experimental data.
Similar to previous findings, discrepancies were found for the center

and surface temperatures, as shown in Fig. 10a. As discussed in the
original paper [12], the surface thermocouple did not measure the
correct temperature because the particle had started to shrink while the
thermocouple remained in its fixed position. The surface thermocouple
measured the gases around the particle instead of the particle surface
when the particle started to shrink and it was influenced by the transfer
of radiative heat from the walls.
Both experimental data and simulation results displayed the same

phenomena during the final period of char reaction. Particle tempera-
ture increased gradually up to the peak point and sharply declined as no
char was left in the particle. This is explained by the effective kinetic
rate for char reaction, which increases sharply during particle radius
reduction. The reduction of particle diameter influence on the in-
creasing of convective mass transport coefficient in Eq. (20). Once the
char had been consumed completely, the temperature cooled down
because the bulk gas cooled since no particle remained. This final
temperature fell quickly when the particle was completely burnt at
around 85 s, which is consistent with the mass evolution in Fig. 10b.
Comparison with previous simulations revealed that the mesh-based

simulation results from Lu et al, which exclude the effect of the flame in
the gas phase, produced similar results as the collocation method si-
mulation which also exclude the presence of flame (red line in Fig. 10).
Meanwhile, the interface-based model simulation by Mehrabian et al.
and Gomez et al., which include the flame due to combustion in the gas
phase using CFD simulation, predicted higher temperature closer to
experimental data in the later phase. It is noted that experimental errors
are larger for temperature compared to mass evolution due to the ex-
perimental setup. It is clear that the measured surface temperature is
higher than all simulations in the early phase which is probably due to
that thermocouple detached from the particle surface when particle
started to shrink, as explained by Lu et al. [12]. It is likely that he
surface thermocouple was measuring gas combustion temperature in-
stead of surface temperature. Better prediction of global mass and
temperature prediction was observed in Fig. 10 (purple line) by the
inclusion of radiation from flame due to combustion in the gas phase.
The radiative heat source was added in the heat balance at boundary
condition in Eq. (3) by assuming the flame temperature to be 2000 K
and gas emissivity was about 0.2. This illustrates the importance of
handling the boundary condition carefully and that it has a significant
effect on the thermochemical degradation of the biomass particle [14].

Fig. 9. Simulation history of devolatilization reaction rate over particle radius
(indexes 1, 2, and 3 refer to kinetics in Fig. 3b).
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4.3. Computational efficiency

The simulation time was recorded and compared with other simu-
lation works to give guidance on the cost of implementing the new
particle model. The recording of simulation time is an important factor
in judging if the particle model can be implemented as sub-grid func-
tions in a CFD analysis. The simulation time in the present study de-
pends on the number of collocation points and is currently in the order
of seconds, but the time can be further improved by code optimization
and compilation.
A previous study using the mesh-based discretization method re-

ported that at least 2930 s (48min) were required to simulate experi-
mental Case C [15]. The results indicate approximately three orders of
magnitude faster simulations, while similar accuracy was maintained.
The simulation time for the combustion case (Case D) increased only
20% compared to the simulation time for particle pyrolysis with the
same level of initial moisture content (Case C). It is challenging to
compare the efficiency of different simulation methods, due to differ-
ences in model formulation, hardware and software used. However it is
not controversial to conclude the current simulation method is more
efficient compared to mesh-based simulations methods as it has been
demonstrated to predict both combustion and pyrolysis accurately with
six collocation points. Optimization of the code allows even more ef-
ficient simulation. For example the computational efficiency can be
improved by utilizing MEX-files in the Matlab solver which are dyna-
mically loaded after being compiled. The authors showed that for sys-
tems of differential equations, the simulation time can be reduced by
more than 80% by using MEX-files [59]. Another option is utilization of
a more efficient ODE solver, for example CVODE. Studies by Gonnet
et al. [60] showed this allows significant reduction of simulation time
compared to the Matlab solver. The aforementioned solver was proven
to work accurately and efficiently in the biomass particle pyrolysis
application [61]. The short simulation time needed in the present study
is very promising in that a single particle can be implemented in CFD
analysis to describe a bed of particles, which allows full coupling with
local gas flow and the temperature surrounding the particles.

5. Conclusion and recommendations

A new model for single particle pyrolysis and combustion was de-
veloped using the orthogonal colocation method. By abandoning the
classical formulation for lumped models, i.e. interface-based models,

the current approach allows decoupling between biomass components
and spatial resolution and also the prediction of continuous intra-par-
ticle profiles. The discretization scheme combined with a comprehen-
sive physicochemical particle model provides improvement in heat and
mass transfer rates inside and at the particle surface. The model for-
mulation also provides great flexibility, including the incorporation of
(i) arbitrary reaction kinetics, (ii) local varying properties, (iii) heat
adsorption by evaporated gas, (iv) gradient-driven transport mechan-
isms, such as water movement caused by diffusion inside the biomass
matrix, and (v) inclusion of the effect of Stefan flow on the heat and
mass transfer rates at the particle surface.
Model validation using data from particle pyrolysis and combustion

experiments for different particle moisture contents and shapes con-
firmed that the intra-particle temperature gradient, as well as particle
mass and size evolution, can be predicted accurately. Some minor dis-
crepancies were found, and these are believed to be due to uncertainties
in the experimental measurements. Good results were related to accu-
rate intra-particle resolution i.e. the prediction of continuous profiles
including temperature and the finite reaction zones. The reaction zone
was found to be approximately 5% of the particle radius in the early
stage, whereas it increased up to 20% of the radius later in the process.
Six collocation points were found to be sufficient to provide enough
resolution for the particles used in pyrolysis and combustion experi-
ments. However, a few more collocation points might be required to
provide the same high degree of accuracy if the model is used for much
larger particles.
The importance of including different physical phenomena in the

model was examined. Results showed that Stefan flow has a significant
influence on predicted mass loss and radius evolution but only for a
limited time. The largest effect of Stefan flow was found in an inter-
mediate time window. This is because radiation dominates the rate of
convective heat transfer in the early phase, while the rate of oxygen
mass transfer is less influenced when the counter-current flow of the
devolatilization gas is negligible when only char remains in the later
phase of combustion. It was found that the inclusion of a moving co-
ordinate term is not important for the systems studied. However, this
term might need to be included in the combustion of very large parti-
cles or processes with much faster heating.
The comparisons with previous simulation studies, including mesh-

based and interface-based ones, are also provided. It was found that the
model allows equally good results as mesh-based simulation, however
with the advantage of being computationally more efficient and

Fig. 10. Comparison between simulation results and experimental data from Case D, (a) temperature profiles (b) normalized mass loss and radius evolution (red &
purple: orthogonal collocation based-model, blue & cyan: interface-based model, green: mesh-based model).
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possible to implement as sub-grid models in CFD as a system of coupled
ordinary differential equations. The present results were equally as
good as those obtained using interface-based models. The present
model is considered to be a significant contribution, as it requires
neither tunable model parameters nor the specification of particle
surface boundary conditions from experiments. These are instead cal-
culated explicitly from the balance equations at the particle interface.
The proposed discretization method also allows implementation of
more complex reaction scheme and inclusion of char gasification re-

action inside the particle by modeling the transport of the pyrolytic gas
inside the particle. These results, thereby, confirm the ability of current
particle model to accurately and efficiently simulate particle pyrolysis
and combustion.
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Appendix A. – Derivation of orthogonal collocation equation

Solving for all collocation points for Eq. (34) produces a matrix that can be represented as:

=T Qd

The solution of d follows:

=d Q T1

Substituting the d value into the expanded solution at each collocation point in Eq. (34) gives :

=
=

+
T x x Q T( )j

i

N

j
i

1

1
2 2 1

(A.1)

The same derivation can be applied for the first and second derivative equation, which gives the matrix form solution for all collocation points as
follows:
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2

Solving for d and substitution into the expansion solution at each collocation point produced:

= =dT
dx

x AT d T
dx

x BT( ) and ( )j j
2

2

The orthogonal collocation solution requires that the space variable is converted into dimensionless space, as presented in these expressions:

= = =r xR T
r R

T
x

d T
dr R

d T
dx

; 1 ; 12

2 2

2

2

Appendix B. – Collocation points coordinate

(See Table B1)

Table B.1
The collocation point locations for different geometries (planar, cylindrical, and spherical).

N Geometry

Planar Cylindrical Spherical

1 0.57735 02692 0.70710 67812 0.77459 66692
2 0.33998 10436 0.45970 08434 0.53846 93101

0.86113 63116 0.88807 38340 0.90617 93459
3 0.23861 91861 0.33571 06870 0.40584 51514

0.66120 93865 0.70710 67812 0.74153 11856
0.93246 95142 0.94196 51451 0.94910 79123

4 0.18343 46425 0.26349 92300 0.32425 34234
0.52553 24099 0.57446 45143 0.61337 14327
0.79666 64774 0.81852 94874 0.83603 11073
0.96028 98565 0.96465 96062 0.96816 02395

5 0.14887 43390 0.21658 73427 0.26954 31560
0.43339 53941 0.48038 04169 0.51909 61292
0.67940 95683 0.70710 67812 0.73015 20056
0.86506 33667 0.87706 02346 0.88706 25998
0.97390 65285 0.97626 32447 0.97822 86581
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Appendix C. – Supporting data for simulation

(See Tables C1 and C2)
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