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Abstract

The aim of this licentiate thesis is to evaluate the normal-ordered two-body (NO2B)-
approximation as a computationally promising way to incorporate realistic three-
nucleon forces (3NFs) in nuclear many-body simulations using the no-core-shell-
model. The existence and importance of 3NFs is predicted in chiral effective field
theories of the strong-nuclear force. However, the inclusion of 3NFs renders simula-
tions computationally demanding and this severely limits the size of nuclei that can
be studied. Clearly, approximation schemes are needed. In the specific version of the
NO2B-approximation that is studied here, the 3NF is normal-ordered with respect
to a single Slater-determinant reference state constructed from harmonic-oscillator
states, yielding an expansion with zero-, one-, two- and three-nucleon terms. The
irreducible three-nucleon part of the original 3NF is assumed to be small and there-
fore discarded, thus leaving an effective two-nucleon potential. It is found that the
predicted ground-state energy of 4He in the NO2B-approximation depends strongly
on the choice of many-body basis. The NO2B-approximation breaks the transla-
tional symmetry of the Hamiltonian and therefore introduces strong center-of-mass
(CM)-mixing in the 4He ground-state. This CM-mixing is shown to be an important
reason for the observed basis dependence. Thus, the NO2B approximation is most
likely more useful for studies of heavier nuclei. Indeed, the approximation error for
the ground-state energy of 16O is observed to be smaller and the results exhibit a
weaker dependence on the choice of many-body basis. Finally, it is recommended
that CM mixing should be used as a diagnostic to assess the reliability of the NO2B
approximation.

Keywords: nuclear physics, three-nucleon forces, normal ordering, configuration
interaction, many-body physics
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Chapter 1

Introduction

One of the great scientific milestones of the 20:th century was the discovery of the
atomic nucleus in 1913 [1]. Later, it was found that the nucleus consists of protons
and neutrons. Since only two fundamental forces, gravity and electromagnetism,
were known at the time, it was not understood how the nucleus could hold together.
The electrically charged protons repel each other, which would rip the atomic nuc-
leus apart, and gravity is too weak to counteract this repulsion and keep the nucleus
together. Therefore, a new fundamental force was needed; one that is strong enough
to overcome the electromagnetic repulsion but short ranged enough to not be observ-
able outside the nucleus. In addition, the previous observation of β-decay in 1899
posed another problem. β−-decay changes neutrons into protons while emitting elec-
trons and antineutrinos, and β+-decay changes protons into neutrons while emitting
positrons and neutrinos, called β+. Neither the electromagnetic force nor gravity
can turn protons into neutrons or vice versa. Therefore, the discovery of β-decay too
called for a new force. These two new forces were named the strong nuclear force
and the weak nuclear force.

Currently, the Standard Model of particle physics is the best known theory for
the strong nuclear force, the weak nuclear force and the electromagnetic force, but
not gravity. In the standard model, the strong nuclear force is described by quantum-
chromodynamics (QCD), where quarks form tightly bound composite particles, such
as protons and neutrons, held together by gauge-bosons, called gluons. The weak
nuclear force is mediated byW±- and Z-bosons between quarks and leptons (electron
like particles and neutrinos) [2].

Despite the tremendous success of the Standard Model when it comes to describ-
ing and predicting high-energy phenomena, the low-energy regime of the strong and
weak nuclear forces are still not well understood. It is currently not clear how atomic
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nuclei are formed from a theory of interacting quarks and gluons. Computing nuclear
observables directly from QCD can in principle be done via the lattice-QCD-method
[3]. However, this approach is extremely computationally demanding, yielding un-
physical results, and is currently only applicable for the lightest nuclei. The weak
nuclear force is also not well understood, one example is the neutron half-life anom-
aly, i.e the observation that the neutron half-life, when measured in different ways
gives different results [4]. For the rest of this work I will, only focus on the strong
nuclear force.

QCD is non-perturbative at the low energies relevant to nuclear physics. To
handle this problem, one can introduce effective-field-theories (EFTs) [5, 6, 7]. An
EFT is a general description of a physical system in terms of some relevant degrees
of freedom, that repsects some underlying symmetries [5]. An EFT description in-
troduces new parameters that must be determined from data so that it reproduces
the physics of the system. A commonly used class of EFTs is the chiral-effective-
field-theories (χEFTs). The degrees of freedom of the χEFTs are no longer quarks
and gluons, instead it is expressed with heavier particles, such as protons, neutrons
and pions, that are more relevant for the low momentum scale at which nuclei reside
[6, 7].

Although χEFTs can be used to derive a description of the strong inter-nucleon
interaction, one still needs to solve the many-body Schrödinger equation (MBSE).
There are many computational methods to solve the MBSE [8, 9, 10, 11]. One
such method is the NCSM [8], where the full nuclear Hamiltonian is expressed in a
finite dimensional many-body basis, turning the MBSE to a finite matrix-eigenvalue
problem that can be solved numerically. The NCSM-basis is often constructed from
a harmonic-oscillator (HO)-basis. A more exhaustive presentation of the NCSM used
in this work can be found in chapter 2.

Employing χEFT-derived potentials in the NCSM method, and other methods, is
no trivial matter. χEFTs predict the existence of many-nucleon forces that can not be
ignored [6, 7]. The number of non-zero matrix-elements in the Hamiltonian increases
roughly exponentially with the number of particles interacting via the many-body
force. For this reason, the first nuclear simulations with chiral interactions were
limited to only involve two-nucleon forces (2NFs). Full three-nucleon forces (3NFs)
have been included only in the last two decades [9, 12, 13].

Although it is straightforward to algebraically include 3NFs, and other many-
nucleon forces, in the NCSM, the computational complexity is huge and severely
limits which atomic nuclei that can be studied with them. To remedy the situation an
approximation scheme is needed. One such scheme is the normal-ordering-two-body
(NO2B)-approximation [14], which can also be used in other many-body methods
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than the NCSM. In the NO2B-approximation the 3NF potential is normal ordered
relative some many-body state, called the reference state, yielding an expansion of
three-, two-, one- and zero-body potentials. This expansion is an exact representa-
tion of the 3NF and is not an approximation. However, the remaining three-body
potential is approximated to have a small contribution to the ground-state energy
compared to the other potentials and can therefore be discarded [14].

The reference state of the NO2B-approximation can be chosen in many ways.
It is common to choose a single Slater determinant as the reference state, this
is called the single-reference-normal-ordering-two-body (SR-NO2B)-approximation
[14]. However, a general many-body state, composed of many Slater determin-
ants, can also be chosen which is called the multi-reference-normal-ordering-two-
body (MR-NO2B)-approximation [15]. In this work I explore a version of the SR-
NO2B-approximation where the Slater determinant is constructed from the same
HO-eigenstates as the NCSM-basis. Throughout this work the term NO2B will be
used to mean this particular version of SR-NO2B unless something else is explicitly
stated. The NO2B-approximation used in this work is described in more detail in
chapter 3.

Introducing an approximation comes with some cost. It is therefore the specific
aim of this work to explore some consequences of the NO2B-approximation. First, the
NO2B-approximation breaks the translational invariance of the 3NF. This is because
the reference state is only a Slater determinant in one frame of reference, and must be
constructed from multiple ones in all other frames. Since the NO2B procedure breaks
the translational symmetry of the interaction, an exact separation with respect to
Center-of-Mass (CM)- and intrinsic excitaitons is no longer guaranteed and CM-
mixing must be expected in the resulting description of nuclear ground states. This
CM-problem is discussed in detail in chapter 4 where I also discuss two metrics to
quantify the level of CM-mixing.

Physical observables should not depend on the choice of many-body basis. How-
ever, the HO Slater determinant used as reference state in this version of the NO2B-
approximation depends strongly on the HO-frequency of the NCSM-basis. Since,
the NO2B-potential inherit the frequency dependence from the reference state it is
not guaranteed that observables are independent of the basis any more. In chapter
5 this basis dependence is explored, and a connection to the CM-mixing problem is
investigated.

In chapter 6, I discuss the consequences of the results in chapter 5, for the SR-
NO2B-approximation in a HO-basis. I also suggest, as a best practice, to always
quantify the amount of CM-mixing when using the NO2B-approximation.
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Chapter 2

Solving the many-body
Schrödinger equation

In this work I aim to study the effect of 3NFs in light atomic nuclei. To do this the
internal dynamics of the atomic nucleus must be determined, which is governed by
the many-body-Schrödinger-equation (MBSE)

Ĥ |Ψ〉 = E |Ψ〉 . (2.1)

In this work the Hamiltonian includes up to three-nucleon forces,

Ĥ = T̂int + V̂2NF + V̂3NF, (2.2)

where T̂int is the intrinsic kinetic energy, V̂2NF and V̂3NF are the 2NFs and 3NFs, that
depend only on intrinsic coordinates. In particular there is no dependence on the
CM-coordinates.

To solve the MBSE I use the NCSM [16]. This chapter intends to describe this
many-body method, present some useful properties and finally discuss the problem
with increased computational complexity introduced by 3NFs.

2.1 The No Core Shell Model
The way the NCSM solves the MBSE is in principle quite simple. The MBSE is
expanded in a finite dimensional many-body basis

{|Φi〉}Di=1, (2.3)
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Solving the many-body Schrödinger equation

where D is the dimension. In this basis the MBSE becomes a finite matrix eigenvalue
problem

D∑
j=1
〈Φi|Ĥ|Φj〉 cj = Eci. (2.4)

The coefficients ci are the amplitudes in the expansion of the eigenstate

∣∣∣ΨNCSM
〉

=
D∑
i=1

ci |Φi〉 . (2.5)

The matrix eigenvalue problem in equation (2.4) can be solved numerically. With
increasing dimension, the size of the matrix becomes so large that iterative algorithms
such as Lanczos are preferred.

The distinguishing feature of the NCSM is the choice of the total-energy-truncated
many-body HO-basis. In particular, the states |Φi〉 are chosen to be antisymmeter-
ized eigenstates to the Hamiltonian

ĤHO =
A∑
i=1

(
p̂2
i

2m + mω2

2 r̂2
i

)
, (2.6)

with frequency ~ω and where p̂i and r̂i are the momentum and position of nucleon i
in three-dimensions. In addition to the HO-states, the states are also equipped with
spin and isospin quantum numbers. Due to the symmetries of ĤHO it is possible to
either use relative (Jacobi)-coordinates or lab-coordinates. In this work I choose the
latter since the basis states become easier to antisymmeterize. The single-particle
degrees of freedom are spanned by states on the form

|α〉 = |n, l, j,m, tz〉 . (2.7)

The antisymmetrization, due to the fermionic nature of the nucleons, is, in this
work, imposed by requiring that the many-body states are Slater-determinants of
the single-nucleon states in equation (2.7),

|Φi〉 = 1√
A!

∣∣∣∣∣∣∣∣∣∣
|αi,1〉1 |αi,1〉2 · · · |αi,1〉A
|αi,2〉1 |αi,2〉2 · · · |αi,2〉A... ... . . . ...
|αi,A〉1 |αi,A〉2 · · · |αi,A〉A

∣∣∣∣∣∣∣∣∣∣
=

A∏
j=1

ĉ†αi,j |〉 , (2.8)

where ĉ†α is a second-quantization fermionic creation operator.
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2.1. THE NO CORE SHELL MODEL

In practice, the many-body basis must be truncated. In the NCSM, the total
number of HO-excitations above the A-fermionic HO-ground state is limited, yielding
the inequality

A∑
j=1

(2ni,j + li,j)−Nmin ≤ Nmax. (2.9)

Nmin is obtained by filling the Z lowest proton states and the A− Z lowest neutron
states. This is illustrated in figure 2.1 where the minimal configuration for 16O is
shown.

Protons Neutrons

N = 0

N = 1

N = 2

N = 3

Figure 2.1: The lowest possible HO-configuration for 16O. Here N = 2n + l is
the single nucleon HO-energy excitation. In this case Nmin = 12 since there are 12
nucleons in the first excited HO-shell.

Nmax in inequality (2.9) is the NCSM-truncation parameter. The NCSM is a
variational method in Nmax and thus fulfils that ENCSM

gs ≥ Egs for Nmax <∞, where
Egs is the ground-state energy in the untruncated Hilbert-space. This is visualized
in figure 2.2 where the ground-state energy of 4He is computed with NCSM using
the 2NF-part of the NNLO-sat interaction [17]. The NCSM-basis frequency ~ω is
set to 20 MeV for this calculation.

The curve traced out by ENCSM
gs as a function of Nmax in figure 2.2 is close to be

a shifted exponential of the form ENCSM
gs ≈ Egs + ae−bNmax . It is therefore common

to extrapolate NCSM results using such function [18, 19, 20]. However, recently
more sophisticated methods for extrapolation have been developed. A more accurate
extrapolation technique exploits the similarity between the NCSM-basis and that of
a hyper-spherical infinite well with an IR cutoff radius. The ground-state energy is
then desribed by ENCSM

gs ≈ Egs + ae−bLeff where Leff is the IR-length scale [21].
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Figure 2.2: The ground-state energy of 4He computed with NCSM for ~ω = 20 in
increasing model space with a 2NF interaction based on NNLO-sat [17]. The results
illustrate the variational nature of NCSM.

2.2 Three-nucleon forces in the No Core Shell Model
3NFs are fairly straight-forward to implement in the NCSM. The same theoretical
framework as for 2NFs can be used to treat 3NFs. The technical details of imple-
menting 3NFs in NCSM is, however, not relevant for the further discussion.

There is, however, a problem with implementing 3NFs in NCSM that deserves to
be mentioned. That is the increase in number of non-zero matrix-element (NZME)
compared to 2NFs. This makes simulations with 3NFs orders of magnitude more com-
putationally heavy than with only 2NFs. In figure 2.3 this is illustrated by plotting
the number of NZME of V3NF and V2NF in an 16O NCSM-basis. The number of NZME
are approximate estimates where #NZME(3NF) = D3/2 and #NZME(2NF) = D5/4

[22, 23], and therefore not computed directly from the method. On the left axis is
the number of NZME, the bottom axis is the NCSM-basis dimension, the top axis is

8



2.2. THREE-NUCLEON FORCES IN THE NO CORE SHELL MODEL

Nmax and on the right axis is the required memory space needed to explicitly store
the matrices as double precision IEEE floating-point numbers. Note the logarithmic
scale on three of the axes.

It is clear in figure 2.3 that the number of NZME of the 3NFs increase much faster
with increasing truncation Nmax compared to the 2NFs. For instance, at Nmax = 2
there are about 6 times more 3NF than 2NF elements and at Nmax = 4 there are 22
times as many 3NF than 2NF elements.

With the NCSM code pAntoine [24], a parallelized version of Antoine [25] I am
able to compute the 16O ground-state energy with only 2NF up to Nmax = 8. If
the Hamiltonian was to be stored explicitly, which it is not, it would take roughly
680 GB of memory. If 3NFs would be included the Hamiltonian would require 157
times more memory, roughly 107 TB. The calculation with pAntoine for 16O and
only 2NF takes roughly 8 hours to perform on one node with a 32 core Intel Xeon Gold
6130 processor and 96 GB of RAM. Note that pAntoine uses the Lanczos algorithm
to diagonalize the Hamiltonian, where matrix-vector multiplications are repeatedly
performed. The time complexity of a matrix-vector multiplication is linear in the
number of NZME. Assuming that the same number of Lanczos iterations are needed
it would take approximately 2 months to do the same calculation with the inclusion
of 3NF. Furthermore, the ground-state energy for 16O computed with NCSM is far
from fully converged at Nmax = 8. It is thus clear that including 3NF in NCSM
severely limits the size of the nuclei that can be studied.
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101 103 105 107 109 1011

Many-body basis dimensions D

102

105

108

1011

1014

1017

N
u

m
b

er
of

N
Z

M
E

10−12

10−9

10−6

10−3

100

103

106

S
to

ra
ge

si
ze

in
T

B

#{〈Φi|V̂2NF|Φj〉 6= 0}
#{〈Φi|V̂3NF|Φj〉 6= 0}

0 2 4 6 8 10 12
Nmax

Figure 2.3: The number of non-trivial zero matrix elements of 2NFs (green dashed
line) and 3NFs (blue solid line) for the 16O system.

10



Chapter 3

The Normal-Ordering
approximation

I discussed the need for 3NFs in chapter 1, where I pressented the theoretical motiv-
ation for them in ab initio nuclear physics. In section 2.2 I discussed the additional
computational complexity by including 3NFs in the NCSM and how it severely lim-
its the size of nuclei that can be studied. These two facts, the need for 3NFs and
the computational complexity they cause, is a dilemma that needs to be solved. In
this chapter I present a possible solution, the SR-NO2B-approximation [14]. The
SR-NO2B-approximation, approximates the 3NF as an effective 2NF and thus incor-
porates some physics from 3NFs at the computational cost of 2NFs. This is done by
normal ordering the 3NF relative a single Slater determinant, yielding an expansion
of three-, two-, one- and zero-body terms. If the reference state is similar to the
ground state the contribution of the remaining three-body term will be small and
can thus be discarded. The normal-ordering procedure is explained in more detail
in section 3.1. In section 3.2 I discuss the limitation to closed-core nuclei. Section
3.3 presents a 4He benchmark of the NO2B approximation. The last section, 3.4,
discusses the C-code, cNO2B, that implements the NO2B-approximation and is a
product of this work.

3.1 Derivation of the approximation
The NO2B approximation approximates a 3NF,

V̂3NF = 1
36

∑
α,β,γ
α′,β′,γ′

〈α, β, γ|V3NF|α′, β′, γ′〉 ĉ†αĉ†β ĉ†γ ĉγ′ ĉβ′ ĉα′ (3.1)
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The Normal-Ordering approximation

as an effective 2NF,

V̂ NO2B
3NF = 1

4
∑
α,β
α′,β′

〈α, β|V NO2B
3NF |α′, β′〉 ĉ†αĉ†β ĉβ′ ĉα′ , (3.2)

where ĉ†α and ĉα are second-quatization creation and annihilation operators. This
is achieved by normal-ordering the 3NF in equation (3.1) relative a single Slater
determinant,

|Ψref〉 = ĉ†α1
ĉ†α2
· · · ĉ†αA |〉 , R = {α1, . . . , αA} (3.3)

where |〉 is the vacuum state and R will be referred to as the reference set. It is pos-
sible to generalize this method to reference states that cannot be written as a single
Slater determinant, this is called multi-reference normal-ordering [15]. However, this
generalization will not be covered in this work.

3.1.1 The normal-ordering expansion
I will apply Wick’s theorem [26] to do the normal ordering of the 3NF in equation
(3.1). However, before I can do that I have to define what is meant by normal
ordering, and I have to introduce the concept of Wick contractions of two second-
quantization operators.

In this work I notate a normal-ordered product, relative |Ψref〉, as
{
ĉ†αĉ
†
β ĉ†γ ĉγ′ ĉβ′ ĉα′

}
.

The normal ordering of a product of creation and annihilation operators, for instance
ĉ†αĉ
†
β ĉ†γ ĉγ′ ĉβ′ ĉα′ , can now be defined (similarly to the definition by W.H.Dickhoff and

Neck [26]) with the two following rules:

• All creation operators ĉ†α such that α ∈ R and all annihilation operators ĉβ
such that β 6∈ R are moved to the right.

• All creation operators ĉ†α such that α 6∈ R and all annihilation operators ĉβ
such that β ∈ R are moved to the left.

These two rules give the property that {A} |Ψref〉 = 0 and 〈Ψref | {A} = 0, where A
as an arbitrary product of creation and annihilation operators.

As mentioned before it is also necessary to introduce the Wick contraction of a
pair of creation and annihilation operators. Assuming that I have the product âb̂
where â and b̂ are creation or annihilation operators then a contraction, âb̂, is defined
as a complex number such that

âb̂ = âb̂−
{
âb̂
}
. (3.4)
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3.1. DERIVATION OF THE APPROXIMATION

The value of the contraction can be evaluated by using that the normal-ordered
term has a zero expectation value with the reference state and thus I get that

âb̂ = 〈Ψref | âb̂ |Ψref〉 . (3.5)

In my case, with a single Slater-determinant as reference state, I can evaluate
some specific contractions by exploiting equation (3.5),

ĉ†αĉβ =
{
δα,β if α, β ∈ R
0 otherwise = δα,β∈R (3.6)

ĉαĉ
†
β =

{
δα,β if α, β 6∈ R
0 otherwise = δα,β 6∈R (3.7)

where I have introduced δα,β∈R and δα,β 6∈R as shorthand notation for the conditional
statements. This can be interpreted in the particle-hole formalism: ĉ†α for α 6∈ R
creates a particle while ĉα for α ∈ R creates a hole. Contraction (3.6) is then a con-
traction between hole creation and annihilation operators, while (3.7) is a contraction
between particle creation and annihilation operators.

To rewrite the 3NF in equation (3.1) I apply Wick’s theorem [26], which states
that a product of creation and annihilation operators can be rewritten as the sum of
the normal-ordered product and all possible contractions. In the 3NF I have therefore

ĉ†αĉ
†
β ĉ
†
γ ĉγ′ ĉβ′ ĉα′ =

{
ĉ†αĉ
†
β ĉ
†
γ ĉγ′ ĉβ′ ĉα′

}
+
{
ĉ†αĉ
†
β ĉ
†
γ ĉγ′ ĉβ′ ĉα′

}
+
{
ĉ†αĉ
†
β ĉ
†
γ ĉγ′ ĉβ′ ĉα′

}
+
{
ĉ†αĉ
†
β ĉ
†
γ ĉγ′ ĉβ′ ĉα′

}
+ · · · 6 more single contractions · · ·

+

ĉ†αĉ†β ĉ†γ ĉγ′ ĉβ′ ĉα′
+

ĉ†αĉ†β ĉ†γ ĉγ′ ĉβ′ ĉα′
+

ĉ†αĉ†β ĉ†γ ĉγ′ ĉβ′ ĉα′


+ · · · 15 more double contractions · · ·

+

ĉ†αĉ†β ĉ†γ ĉγ′ ĉβ′ ĉα′
+

ĉ†αĉ†β ĉ†γ ĉγ′ ĉβ′ ĉα′
+

ĉ†αĉ†β ĉ†γ ĉγ′ ĉβ′ ĉα′


+

ĉ†αĉ†β ĉ†γ ĉγ′ ĉβ′ ĉα′
+

ĉ†αĉ†β ĉ†γ ĉγ′ ĉβ′ ĉα′
+

ĉ†αĉ†β ĉ†γ ĉγ′ ĉβ′ ĉα′
 .

(3.8)
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The Normal-Ordering approximation

After some algebra the 3NF in equation (3.1) can be written as

V̂3NF =

Ŵ 3b
3NF︷ ︸︸ ︷

1
36

∑
α,β,γ
α′,β′,γ′

〈α, β, γ|V3NF|α′, β′, γ′〉
{
ĉ†αĉ
†
β ĉ
†
γ ĉγ′ ĉβ′ ĉα′

}

+

Ŵ 2b
3NF︷ ︸︸ ︷

1
4

∑
α,β,γ
α′,β′,γ′

〈α, β, γ|V3NF|α′, β′, γ′〉 δγ,γ′∈R
{
ĉ†αĉ
†
β ĉβ′ ĉα′

}

+

Ŵ 1b
3NF︷ ︸︸ ︷

1
2

∑
α,β,γ
α′,β′,γ′

〈α, β, γ|V3NF|α′, β′, γ′〉 δβ,β′∈Rδγ,γ′∈R
{
ĉ†αĉα′

}

+

W 0b
3NF︷ ︸︸ ︷

1
6

∑
α,β,γ
α′,β′,γ′

〈α, β, γ|V3NF|α′, β′, γ′〉 δα,α′∈Rδβ,β′∈Rδγ,γ′∈R .

(3.9)

The normal-ordered products,
{
ĉ†αĉα′

}
,
{
ĉ†αĉ
†
β ĉβ′ ĉα′

}
, and

{
ĉ†αĉ
†
β ĉ†γ ĉγ′ ĉβ′ ĉα′

}
ensures

that at least one-, two- and three-particle-hole exciations can have non-zero expect-
ation values with the one, two and three-body terms. This has the implicit con-
sequence that the sum over the indices connected to these products are only over
indices outside the reference state.

3.1.2 Approximating the three-nucleon force
To this point no approximation has been made; the expansion in equation (3.9) is an
exact representation of the full 3NF. To introduce the approximation I will consider
three cases:

i. the reference state |Ψref〉, is the dominant component of the ground state.

ii. the reference state, and some one-particle one-hole states dominate the ground
state.

iii. the reference state, some one-particle one-hole states and some two-particle
two-hole states dominate the ground state.

14



3.1. DERIVATION OF THE APPROXIMATION

For case i., the ground state can be written as

|Ψgs〉 = N
(
|Ψref〉+ ε |Ψrest〉

)
(3.10)

where N = 1√
1+ε2 is a normalization constant, ε > 0 is much smaller than one and

〈Ψref |Ψrest〉 = 0. The ground-state expectation value of the 3NF is

〈Ψgs|V̂3NF|Ψgs〉 =W 0b
3NF

+N2ε2
(
〈Ψrest|Ŵ 3b

3NF|Ψrest〉

+ 〈Ψrest|Ŵ 2b
3NF|Ψrest〉

+ 〈Ψrest|Ŵ 1b
3NF|Ψrest〉

)
.

(3.11)

The W 0b
3NF term gets contributions from all parts of |Ψgs〉 which is normalized to

one and thus the prefactor is one. The dominant contribution from the 3NF to the
ground-state energy comes in this case from the W 0b

3NF term of the 3NF. The 3NF
could therefore be approximated as

V̂3NF ≈ W 0b
3NF ≡ V̂ NO0B

3NF . (3.12)

This will be referred to as the normal-ordering-zero-body (NO0B)-approximation of
the 3NF.

In case ii. the ground-state is dominated by contributions from the reference
state and one-particle one-hole configurations,

|Ψgs〉 = N
(
|Ψref〉+ c |Ψ1p−1h〉+ ε |Ψrest〉

)
, (3.13)

where N = 1√
1+|c|2+ε2

is the normalization constant,

|Ψ1p−1h〉 =
∑

p 6∈R,h∈R
ξp,hĉ

†
pĉh |Ψref〉 (3.14)

is a normalized sum over one-particle one-hole excitations, ε > 0 is still assumed to
be small, and c is a complex number with absolute magnitude of order one. The
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The Normal-Ordering approximation

ground-state expectation of the 3NF is in this case

〈Ψgs|V̂3NF|Ψgs〉 =W 0b
3NF

+N2|c|2 〈Ψ1p−1h|Ŵ 1b
3NF|Ψ1p−1h〉

+N2ε2
(
〈Ψrest|Ŵ 1b

3NF|Ψrest〉

+ 〈Ψrest|Ŵ 2b
3NF|Ψrest〉

+ 〈Ψrest|Ŵ 3b
3NF|Ψrest〉

)
.

(3.15)

In this case there are significant contributions from both the zero- and one-body
terms, while the two- and three-body terms are suppressed by a factor ε2. Because
of this it is possible to approximate the 3NF as

V̂3NF ≈ W 0b
3nf + Ŵ 1b

3nf ≡ V̂ NO1B
3NF . (3.16)

This is what will be called the normal-ordering-one-body (NO1B)-approximation.
In case iii. the ground state can be written as

|Ψgs〉 = N
(
|Ψref〉+ c1p−1h |Ψ1p−1h〉+ c2p−2h |Ψ2p−2h〉+ ε |Ψrest〉

)
, (3.17)

where N = 1√
1+|c1p−1h|2+|c2p−2h|2+ε2

,

|Ψ2p−2h〉 =
∑

p1,p2 6∈R

∑
h1,h2∈R

ξp1,p2,h1,h2 ĉ
†
p1
ĉ†p2 ĉh2

ĉh1
|Ψref〉 (3.18)

is a normalized sum over 2p − 2h excitations, c1p−1h and c2p−2h are of absolut mag-
nitude of order one and ε > 0 is small. The ground-state expectation value becomes

〈Ψgs|V̂3NF|Ψgs〉 =W 0b
3NF

+N2|c1p−1h|2 〈Ψ1p−1h|Ŵ 1b
3NF|Ψ1p−1h〉

+N2|c2p−2h|2 〈Ψ2p−2h|Ŵ 1b
3NF + Ŵ 2b

3NF|Ψ2p−2h〉

+N2ε2
(
〈Ψrest|Ŵ 1b

3NF|Ψrest〉

+ 〈Ψrest|Ŵ 2b
3NF|Ψrest〉

+ 〈Ψrest|Ŵ 3b
3NF|Ψrest〉

)
.

(3.19)

The only term that is suppressed by ε2 is the three-body term, all the zero-, one-
and two-body term have all a significant contribution to the ground-state expectation
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3.1. DERIVATION OF THE APPROXIMATION

value of the 3NF. Therefore, the NO2B-approximation of the 3NF can be written as

V̂3NF ≈ W 0b
3nf + Ŵ 1b

3nf + Ŵ 2b
3nf ≡ V̂ NO2B

3NF . (3.20)

In figure 3.1 the different many-body configurations are illustrated by showing the
|Ψref〉, one-particle one-hole, two-particle two-hole and three-particle three-hole ex-
citations of 4He.

Protons Neutrons

N = 0

N = 1

N = 2

N = 3

(a) |Ψref〉

Protons Neutrons

N = 0

N = 1

N = 2

N = 3

(b) 1p− 1h-excitations
Protons Neutrons

N = 0

N = 1

N = 2

N = 3

(c) 2p− 2h-excitations

Protons Neutrons

N = 0

N = 1

N = 2

N = 3

(d) 3p− 3h-excitations

Figure 3.1: Reference state (panel a), one-particle one-hole (panel b), two-particle
two-hole (panel c) and three-particle three-hole (panel d) excitations of the reference
state of 4He. In the NO2B-approximation it is assumed that the contributions of
three-particle three-hole excitations to the ground state expectation value of the 3NF
potential are significantly smaller than the contributions of the other three.
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The Normal-Ordering approximation

3.1.3 Vacuum normal ordering

In order to use these approximate potentials, V̂ NOkB
3NF for k = 0, 1, 2, in the NCSM

it is necessary to express them in a vacuum normal-ordered form. Vacuum normal-
ordering implies that the reference state is the Fock state with no particles |〉. This
means that all creation operators, ĉ†α, are moved to the left and all the annihilation
operators, ĉα, are moved to the right. The constant W 0b

3NF is already in vacuum-
normal ordered form, for this reason, I can focus on Ŵ 1b

3NF and Ŵ 2b
3NF.

The one-body part, as defined in equation (3.9), is written as

Ŵ 1b
3NF = 1

2
∑
α,α′

∑
β,γ∈R

〈α, β, γ|V̂3NF|α′, β, γ〉
{
ĉ†αĉα′

}
. (3.21)

The normal-ordered factor
{
ĉ†αĉα′

}
is related to ĉ†αĉα′ through the definition of con-

tractions in equation 3.4. Thus, I have that
{
ĉ†αĉα′

}
= ĉ†αĉα′ − δα,α′∈R. The one-body

part is therefore

Ŵ 1b
3NF =1

2
∑
α,α′

∑
β,γ∈R

〈α, β, γ|V̂3NF|α′, β, γ〉 ĉ†αĉα′

− 1
2

∑
α,β,γ∈R

〈α, β, γ|V̂3NF|α, β, γ〉 .
(3.22)

The two-body part, found in equation (3.9) is written as

Ŵ 2b
3NF =1

4
∑
α,β
α′,β′

∑
γ∈R
〈α, β, γ|V̂3NF|α′, β′, γ〉

{
ĉ†αĉ
†
β ĉβ′ ĉα′

}
. (3.23)

In this case the normal-ordered part,
{
ĉ†αĉ
†
β ĉβ′ ĉα′

}
, is related to ĉ†αĉ

†
β ĉβ′ ĉα′ through

Wick’s theorem,

ĉ†αĉ
†
β ĉβ′ ĉα′ =

{
ĉ†αĉ
†
β ĉβ′ ĉα′

}
+ δα,α′∈R

{
ĉ†β ĉβ′

}
+ δβ,β′∈R

{
ĉ†αĉα′

}
− δα,β′∈R

{
ĉ†β ĉα′

}
− δβ,α′∈R

{
ĉ†αĉβ′

}
+ δα,α′∈Rδβ,β′∈R − δα,β′∈Rδβ,α′∈R.

(3.24)
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3.1. DERIVATION OF THE APPROXIMATION

Using the definition of contraction I now get that{
ĉ†αĉ
†
β ĉβ′ ĉα′

}
=ĉ†αĉ†β ĉβ′ ĉα′
− δα,α′∈Rĉ†β ĉβ′ − δβ,β′∈Rĉ†αĉα′
+ δα,β′∈Rĉ

†
β ĉα′ + δβ,α′∈Rĉ

†
αĉβ′

+ δα,α′∈Rδβ,β′∈R − δα,β′∈Rδβ,α′∈R.

(3.25)

The two-body part in vacuum-normal-ordered form is therefore

Ŵ 2b
3NF =1

4
∑
α,β
α′,β′

∑
γ∈R
〈α, β, γ|V̂3NF|α′, β′, γ〉 ĉ†αĉ†β ĉβ′ ĉα′

−
∑
α,α′

∑
β,γ∈R

〈α, β, γ|V̂3NF|α′, β, γ〉 ĉ†αĉα′

+ 1
2

∑
α,β,γ∈R

〈α, β, γ|V̂3NF|α, β, γ〉 .

(3.26)

I can now combine these results and set up the three approximate potentials in
vacuum-normal-ordered form, and get

V̂ NO0B
3NF = 1

6
∑

α,β,γ∈R
〈α, β, γ|V3NF|α, β, γ〉 , (3.27)

V̂ NO1B
3NF =1

2
∑
α,α′

∑
β,γ∈R

〈α, β, γ|V̂3NF|α′, β, γ〉 ĉ†αĉα′

− 1
3

∑
α,β,γ∈R

〈α, β, γ|V̂3NF|α, β, γ〉 ,
(3.28)

V̂ NO2B
3NF =1

4
∑
α,β
α′,β′

∑
γ∈R
〈α, β, γ|V̂3NF|α′, β′, γ〉 ĉ†αĉ†β ĉβ′ ĉα′

− 1
2
∑
α,α′

∑
β,γ∈R

〈α, β, γ|V̂3NF|α′, β, γ〉 ĉ†αĉα′

+ 1
6

∑
α,β,γ∈R

〈α, β, γ|V̂3NF|α, β, γ〉 .

(3.29)

In conclusion, the NO2B-Hamiltonian is

ĤNO2B = T̂int + V̂2NF + V̂ NO2B
3NF . (3.30)
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The Normal-Ordering approximation

3.2 Closed-core reference state
Every approximation comes with some cost. The SR-NO2B-approximation has sev-
eral costs, of which the breaking of translational symmetry and the limitation to
closed-core nuclei are the most severe ones. In this section I will focus on the latter,
the limitation to closed-core nuclei, while chapter 4 focuses on the former.

There is nothing in the definition of the single-reference NO2B-approximation
that prohibits its use for any nucleus with A ≥ 3. However, if the nucleus is not
closed-core, there exists multiple Slater-determinants that all have the lowest possible
HO-energy. Take the 3He nucleus as an example. It has three nucleons, two protons
and one neutron, that all can be placed in the lowest HO-shell. However, there
are two possible neutron states,

∣∣∣n = 0, l = 0, j = 1
2 ,m = ±1

2

〉
, which gives us two

possible Slater-determinants, with the same HO-energy, that can be chosen as a
reference state. For larger nuclei the number of possible reference states can be
much greater, for instance, for 6Li there are 36 equally valid configurations and
none of them can be preferred over the others as a reference state.

Closed-core nuclei on the other hand do only have one Slater-determinant with
the lowest possible HO-excitation. Therefore, there is no ambiguity in the choice of
reference state. In this work I will only apply the NO2B-approximation to the two
lowest closed-core nuclei: 4He and 16O.

3.3 Benchmarking the approximated three-nucleon
force

Up to this point I have derived three different approximation schemes of 3NFs:
NO0B, NO1B and NO2B. However, so far little or no legitimacy of these approxim-
ations has been presented. In this section I intend to determine if all, any or none
of these approximation-schemes can be useful in real calculations. For this reason I
have chosen to benchmark the three schemes by computing the ground-state energy
of the 4He nucleus using a state-of-the-art nuclear interaction from χEFT.

The 4He is the lightest closed-core nucleus and is therefore a good candidate for
a benchmark. The choice of reference state is not ambiguous, I simply fill the lowest
HO-shell (n = l = 0 for all four nucleons). Furthermore, the 4He nucleus is also
small enough for full inclusion of 3NFs up to very large NCSM-model spaces. It is
therefore possible to compare the approximate calculations with exact ones.

To benchmark the NO0B, NO1B and NO2B-approximations, I computed the
ground-state energy of 4He for each of them and compared the results to the ground-
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3.3. BENCHMARKING THE APPROXIMATED THREE-NUCLEON FORCE

state energy computed with the full 3NF using NCSM with a basis frequency ~ω =
20 MeV. In all cases 2NFs and 3NFs derived from the NNLO-sat interaction [17]
has been used. The result of these calculations can be viewed in figure 3.2. The
green dotted curve corresponds to the NO0B-approximated 3NFs, the orange dashed
curve corresponds to the NO1B-approximated 3NFs and the blue dash-dotted curve
corresponds to the NO2B-approximated 3NFs, the black solid curve is computed
with full inclusion of 3NFs. The pAntoine code [24] has been used for the NCSM-
calculations for each of the three approximations, while the ns-opt code [27], an
implementation of Jacobi-NCSM [28], has been utilized for the NCSM-calculations
with full inclusion of 3NFs and the fully converged ground-state energy.

0 2 4 6 8 10
Nmax

−27.5

−25.0

−22.5

−20.0

−17.5

−15.0

E
gs

[M
eV

]

V̂ NO0B
3NF

V̂ NO1B
3NF

V̂ NO2B
3NF

V̂3NF

Fully converged

Figure 3.2: Benchmark plot of the NO0B-, NO1B and NO2B-approximations. The
ground-state energy of 4He for each level of approximation and with full inclusion of
3NFs. The 2NFs and 3NFs used for these calculations are derived from the NNLO-sat
interaction [17].

As can be seen in figure 3.2 neither the NO0B nor the NO1B curves are close to
the full 3NF result, indicating that kp− kh-excitations out of the reference state for
k > 1 are a significant part of the full ground-state. However, the NO2B curve is very
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The Normal-Ordering approximation

close to the full 3NF result indicating that inclusion of up to 2p−2h-excitations gives
a sufficient description of the 4He ground-state energy, at least for this particular
choice of many-body basis.

I therefore conclude that the NO0B and NO1B approximations are not sufficient
to describe the physics of 3NFs in light atomic nuclei. For this reason I will henceforth
only consider the NO2B approximation.

3.4 The computer implementation - cNO2B
A product of this work is an implementation of the NOkB-approximations presented
in section 3.1 as a C program. This is a rewrite of a prototype Python code that was
developed as part of a master thesis written by Fahlin Strömberg [29].

The program, called cNO2B, reads 3NFs in M-scheme and computes an effective
2NF using either the NO0B-, NO1B- or NO2B-approximation. The resulting matrix
elements are JT-coupled [30], and added to a preexisting file with JT-coupled 2NF
matrix elements. The generated 2NF elements are stored to file and can be directly
used by pAntoine [24].

Note that the NO0B, NO1B, and NO2B potentials do not correspond to pure
two-body operators. Therefore, the one- and zero-body terms, in equations (3.27),
(3.28) and (3.29), are transformed to equivalent two-body operators for the given
A-body system by insertion of sufficiently many identity operators. For example,
the one body terms has the form∑

α,α′

∑
β,γ∈R

〈α, β, γ|V̂3NF|α′, β, γ〉 ĉ†αĉα′ . (3.31)

Assuming that the nucleus has A nucleons, then by inserting

IA−1 = 1
A− 1

∑
δ

ĉ†δ ĉδ, (3.32)

which is an identity operator for the A−1 nucleon system, between the two creation
and annihilation operators the one-body term is

∑
α,α′,δ

∑
β,γ∈R

〈α, β, γ|V̂3NF|α′, β, γ〉
A− 1 ĉ†αĉ

†
δ ĉδĉα′ , (3.33)

which is a two-nucleon force.
The main reason I want to approximate 3NFs is to reduce the computational cost

of performing calculations with realistic interactions in the NCSM. In section 2.2
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3.4. THE COMPUTER IMPLEMENTATION - CNO2B

I established the enormous difference in computational cost between only including
2NFs and including both 2NFs and 3NFs in the NCSM. From hours in the 2NF case to
predicted months in the 3NF case. The NO2B procedure might be computationally
heavy, however, and thus reduce the time benefit of doing NCSM with only 2NFs. I
have therefore plotted the wall time of cNO2B as a function of Nmax in figure 3.3 for
both 4He and 16O. These speed measurements have been performed on the same
type of computer as used in 2.2.

While the wall time of cNO2B increases roughly exponentially for both nuclei the
maximum execution times are still relatively low. The maximum wall time for 16O
at Nmax = 8 is about three minutes. This can be compared to the eight hours that
pAntoine needed to solve the MBSE with 2NFs in this model space, and the predicted
two months if including a 3NF1. Thus, I conclude that the NO2B-approximation does
not add significant computational complexity.

0 2 4 6 8 10
Nmax

10−1

100

101

102

t
[s

]

4He
16O

Figure 3.3: Wall time for performing the NO2B-approximation with the cNO2B
code for 4He core and 16O core reference state.

1As mentioned earlier, pAntoine can not include 3NFs. This prediction is about a hypotetical
NCSM code that works similarly to pAntoine but can include 3NFs.
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In figure 3.4 I have plotted the maximum RAM memory usage for cNO2B for
both 4He and 16O as a function of Nmax. For all Nmax = 0, 2, 4, 6, 8, (10), where
Nmax = 10 is only included for 4He, the peak memory usage is lower than 60 GB,
which is well within the RAM size of a single node on the computer I used.
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Figure 3.4: Peak RAM usage of cNO2B for a 4He core and 16O core reference state.

The cNO2B code requires the 3NF matrix elements to be expressed in the M -
scheme format, meaning that the angular momentum of each particle is not coupled
to a collective angular momentum. While it is certainly possible to express the
NO2B approximation in J-scheme [31], I choose not to do so as a first proof of
concept implementation. However, implementing NO2B in M -scheme comes with
a penalty in memory usage. The number of matrix elements can be significantly
reduced in J-scheme since the 3NF-operator is a scalar one and can be rewritten
using the Wigner-Eckart theorem.

Figure 3.5 illustrates how fast the M-scheme 3NF matrix grows in size. The disk
space needed to store the matrix elements as a HDF5 file is plotted for different
truncations. Here Nmax refers to the model size of the three-body NCSM basis used
to span the 3NFs. Note that the vertical axis is in logarithmic scale and that the
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3.4. THE COMPUTER IMPLEMENTATION - CNO2B

curve is close to be linear, hence the storage size increases almost exponentially with
Nmax. Since the size increases more than a decade between Nmax = 8 and Nmax = 10
(from 7.9 GB to 96 GB), and that it is likely to continue to do so, a Nmax = 12 file
would require approximately 1.14 TB. For this reason I limit this work to Nmax = 10
for 4He and Nmax = 8 for 16O.
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Figure 3.5: File size for explicitly storing the 3NFs in M -scheme on disk in HDF5
format. The blue solid curve corresponds to actual data files produced and used
in this work while the orange doted curve is an exponential extrapolation to larger
model spaces. Observe the logarithmic scale on the disk space axis.
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Chapter 4

The Center of Mass Problem

Nuclear structure does not depend on where the nucleus is located in space since the
nucleus is a self-bound system. This is characterized by the Hamiltonian considered
in this work, equation (2.2), through its translational symmetry. When the exact
Hamiltonian is used in the NCSM-method this translational symmetry yields eigen-
states that are product states of intrinsic excitations and CM-excitations. Thus, the
method is able to separate internal from external dynamics.

However, when using the NO2B Hamiltonian, equation (3.30), the approximated
3NF is no longer translation invariant and it is not guaranteed that the NCSM-
eigenstates separate CM- from intrinsic-excitations. The goal of this chapter is to
discuss the origin of the CM-problem in the NO2B-approximation, and to explore
two ways to measure its consequences.

In section 4.1, the separation of CM and intrinsic excitations in the NCSM given
a translationally symmetric Hamiltonian is discussed. The translational symmetry
breaking of the NO2B-approximation is demonstrated in section 4.2. Finally, Section
4.3 introduces two metrics to measure CM-contamination in the ground state.

4.1 The Center of Mass separation in the No Core
Shell Model

The Hamiltonian considered in this work, equation (2.2), has both translational and
rotational symmetry. When solving the MBSE approximately, using some truncated
many-body basis, there is no guarantee in general that these symmetries will be
conserved. Rotational symmetry can be maintained by using an eigenbasis to the
total angular-momentum operator. However, to correctly deal with translational
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symmetry for a general basis, relative (Jacobi)-coordinates are needed [8]. Unfortu-
nately, since nucleons are fermions this basis must be constructed with antisymmetry
under particle permutations, which makes it unpractical for large systems [8].

As described in chapter 2 the NCSM utilizes a finite HO eigenbasis, which is
truncated on the total number of HO-excitations above the lowest possible config-
uration. It can be shown that the NCSM-basis respects the translational symmetry
of the Hamiltonian by yielding eigenstates that separates into an intrinsic and CM
part1 [32]. This is expressed as

〈~r1, · · · , ~rA, σ1, · · · , σA, τ1, · · · , τA|ΨNCSM〉 =
〈~η1, · · · , ~ηA−1, σ1, · · · , σA, τ1, · · · , τA|ΨNCSM〉φN ,L,M(~RCM),

(4.1)

where ~rk, σk and τk are the lab-coordinate position, spin and isospin of particle k,
~ηk is the kth intrinsic Jacobi coordinate, ~RCM is the CM coordinate and φN ,L,M(~r)
is a HO-state wave function [8]. Through this separation, it is possible to study the
intrinsic state although working in a lab-coordinate basis.

4.2 The Center of Mass problem in the NO2B-
approximation

The NO2B-approximation of 3NFs was introduced in chapter 3. However, there is
a serious problem needed to be discussed. The NO2B-approximation breaks the
translational symmetry of the Hamiltonian.

While the 3NF potential only depends on intrinsic coordinates, the reference
state has a Gaussian dependence on the CM-coordinate, see equation (4.1). This
CM-dependence will propagate into the approximate potentials, V̂ NOkB

3NF for k = 1, 2,
which will therefore break the translational symmetry.

Let us consider a specific example, namely the 4He nucleus. The reference state
has all four nucleons in the lowest harmonic oscillator state since there are four
degenerate spin and isospin states in this case. Therefore, the spatial part of the
reference wave function is

〈~r1, ~r2, ~r3, ~r4|Ψref〉spat = Ne−
mω
2~ (~r2

1+~r2
2+~r2

3+~r2
4), (4.2)

where ~r1 through ~r4 are the lab coordinates of the four nucleons and N is a nor-
malization constant. The antisymmetry of the Slater determinant is manifest in the

1This property is related to the total-energy truncated sums that appear in the Brody-Moshinsky
transfromation between laboratory and relative coordinates
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spin isospin part of the state, excluded above. We can introduce a set of Jacobi-
coordinates,

~RCM =1
4 (~r1 + ~r2 + ~r3 + ~r4) (4.3)

~η1 =~r2 − ~r1 (4.4)

~η2 =~r3 −
1
2 (~r1 + ~r2) (4.5)

~η3 =~r4 −
1
3 (~r1 + ~r2 + ~r3) , (4.6)

where ~ηk for k = 1, 2, 3 are relative coordinates and ~RCM is the CM-coordinate.
Transforming the spatial part of the reference wave function (4.2) to Jacobi coordin-
ates yields 〈

~η1, ~η2, ~η3, ~RCM

∣∣∣Ψref
〉

spat
= Ne−

mω
2~ (4~R2

CM+ 1
2~η

2
1+ 2

3~η
2
2+ 3

4~η
2
3), (4.7)

where the fractions arise from the corresponding reduced masses. Therefore, the
reference state clearly depends on the CM-coordinate of the whole system.

Assuming that I were to translate the system along ~d, as illustrated in figure
4.1, the reference state would move relative the CM of the nucleus along −~d. This
would be equivalent with normal ordering the 3NF relative a new reference state
with spatial wave function〈

~η1, ~η2, ~η3, ~RCM

∣∣∣Ψ′ref

〉
spat

= Ne−
mω
2~ (4~R2

CM+ 1
2~η

2
1+ 2

3~η
2
2+ 3

4~η
2
3)e−

mω
2~ (4~d2−8~RCM·~d). (4.8)

This new reference state |Ψ′ref〉 can not be expressed as a single Slater determinant
in a HO-basis centred around origo but would rather require multi-reference normal-
ordering.

Each of the one-, two- and three-body terms in the normal-ordered expansion
of the 3NF, in equation (3.9), breaks the translational symmetry. However, since
the full force is translationally invariant the symmetry breaking of each term can-
cel. However, when the three-body term, Ŵ 3b

3NF, is discarded, there is no longer a
cancellation, and the approximated force breaks the symmetry.

It is clear from the example that translating the normal ordered 3NF is equivalent
of normal ordering relative a different state, which in general is not a single HO Slater
determinant. This proves that the NO2B-approximation is not translation invariant.
As a consequence it is no longer guaranteed that the NCSM ground-state separates
into a CM and an intrinsic state.
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Figure 4.1: Translation of a normal ordered 4He nucleus. The blue shadowed area
represents the 4He reference state in equation (4.2), the vector ~d represents the
distance that the system has been translated.

4.3 Measuring Center of Mass mixing
As demonstrated, the NO2B-approximation breaks the translational symmetry of
the Hamiltonian, and it is no longer guaranteed that the NCSM-method yields CM-
separable eigenstates. Thus, we must expect a mixing between the CM- and the
intrinsic-part of the eigenstates. In this section I will introduced two metrics that
can be used to study such mixing.

When the NCSM eigenstate is separable, as in equation 4.1 it is a product state
of an intrinsic and a CM-state expressed as

|ΨNCSM〉 = |Ψint〉 ⊗ |ΨCM〉 . (4.9)

In this case the CM can be said to be in a single quantum state |ΨCM〉, which will
be referred to as a pure quantum state [33]. The intrinsic-state is also a pure state
|Ψint〉.

If the NCSM eigenstate is not separable, it is an entangled state and can be
written as a superposition of product states

|ΨNCSM〉 =
∑
i,j

ci,j
∣∣∣Ψi

int

〉
⊗
∣∣∣Ψj

CM

〉
(4.10)

30



4.3. MEASURING CENTER OF MASS MIXING

where |Ψi
int〉 and

∣∣∣Ψj
CM

〉
form two orthonormal bases, for intrinsic- and CM-excitations

respectively. It is not possible to construct pure quantum states for either the CM-
nor the intrinsic-state in this case. Instead, there exists a range of quantum states,∣∣∣Ψj

CM

〉
, that the CM can be in with a probability pj, and similar for the intrinsic

system. This will be referred to as a mixed quantum state and is best described with
density matrices [33]. Assuming that the state in equation (4.10) is normalized, the
corresponding density matrix for the whole system is

ρ̂NCSM = |ΨNCSM〉 〈ΨNCSM| . (4.11)

By a partial trace of ρ̂NCSM over the intrinsic Hilbert space the CM density matrix
can be determined to be

ρ̂CM =
∑
i,j,k

ci,jc
∗
i,k

∣∣∣Ψj
CM

〉 〈
Ψk

CM

∣∣∣ . (4.12)

Similarly the intrinsic density matrix can be shown to be

ρ̂int =
∑
i,j,k

cj,ic
∗
k,i

∣∣∣Ψj
int

〉 〈
Ψk

int

∣∣∣ . (4.13)

Density matrices can also be used in the separable case. If the NCSM-eigenstate
is separable, that is the CM state is a pure quantum state, it can be shown that
tr{ρ̂2

CM} = 1. In fact tr{ρ̂2
CM} = 1 if and only if the CM-state is a pure quantum

state, see appendix section B.2 for proof. Therefore, the quantity tr{ρ̂2
CM} could be

used as a measure of how much CM mixing there is in the eigenstate. Unfortunately,
computing the CM density matrix is extremely demanding and is not practical for
larger systems. This suggests a need for alternatives. In this section I will present
two different methods to measure to the CM-mixing: The NCM measure (section
4.3.1) and the ξCM measure (section 4.3.2).

4.3.1 The NCM measure
This method has been previously discussed in the context of the Coupled-Cluster
(CC) method by Hagen, Papenbrock and Dean [34]. In their case the translational
symmetry is not necessarily broken by the Hamiltonian, but rather broken by the
choice of the Hartree-Fock basis. Despite this difference in origin of the symmetry
breaking, their method can be used to analyse the CM-mixing from the NO2B-
approximation.

Let us assume that the ground state is separable according to equation (4.9),

|Ψgs〉 = |Ψgs−int〉 ⊗ |Ψgs−CM〉 (4.14)
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where |Ψgs−CM〉 is the ground state of a shifted HO-Hamiltonian

ĤCM(ω̃) = ĤHO−CM −
3~ω̃

2 = T̂CM + Amω̃2

2 R̂2
CM −

3~ω̃
2 (4.15)

for some frequency ω̃ that is not necessarily equal to the basis-frequency ω. It can
be noted that

ĤCM(ω) + 3
2~ω − T̂CM = ω2

ω̃2

(
ĤCM(ω̃) + 3

2~ω̃ − T̂CM

)
. (4.16)

Taking the expectation value with respect to |Ψgs〉 gives that

〈ĤCM(ω)〉+ 3
2~ω −

3~ω̃
4 = ω2

ω̃2

(
〈ĤCM(ω̃)〉+ 3

2~ω̃ −
3~ω̃

4

)
, (4.17)

where I have exploited that 〈TCM〉 = 3~ω̃
4 by my assumption. The expectation value

〈ĤCM(ω̃)〉 is zero since |Ψgs−CM〉 is the ground state of ĤCM(ω̃) by assumption. Solv-
ing for ~ω̃ yields

~ω̃± = ~ω + 2
3〈ĤCM(ω)〉 ±

√
4
9〈ĤCM(ω)〉2 + 4

3~ω〈ĤCM(ω)〉. (4.18)

To test the assumption in equation (4.14) I compute 〈ĤCM(ω̃±)〉 for each of the
two solutions in equation (4.18) yielding E±CM. If E+

CM > E−CM I let ω̃ = ω̃+ otherwise
ω̃ = ω̃−. I will henceforth refer to ω̃ obtained by this method as ω̃N .

The quantity NCM = 〈ĤCM(ω̃N )〉
~ω̃N

can now be considered a measure of how well the
assumption in (4.14) holds. If NCM = 0, the assumption holds exactly. For large
NCM I will consider the assumption broken.

4.3.2 The ξCM measure
The second method has previously been used in the context of the in-medium
similarity-renomalization group (IM-SRG) method [35]. In IM-SRG the breaking
of the translational symmetry arises due to the choice of a different truncation of
the HO-basis than in the NCSM. Instead of limiting the total HO-excitation, the
single-particle HO-excitation is limited. Therefore, there is no guarantee that the
eigenstates of a translation-invariant Hamiltonian separates the CM- and intrinsic-
excitations.
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The central idea behind the ξCM method is to compute the quantity

ξCM =

√
〈P̂ 2

CM〉〈R̂2
CM〉

~
− 3

2 , (4.19)

where P̂CM is CM-momentum and R̂CM is the CM-position.
If the CM-part of the ground state is a HO-state with HO-length b =

√
~

Amω̃
,

radial quantum number N and angular momentum quantum number L then the
expectation values are

〈P̂ 2
CM〉 =~2

b2

(
2N + L+ 3

2

)
, (4.20)

〈R̂2
CM〉 =b2

(
2N + L+ 3

2

)
, (4.21)

and therefore
ξCM = 2N + L. (4.22)

It is, therefore, clear that if the CM-part of the ground state is a HO-ground-state
then ξCM = 0. Furthermore, the HO-frequency of the CM-part in a HO-ground-state
can be computed by

~ω̃ξ = 4
3〈TCM〉. (4.23)

The metric ξCM is always positive, as proven in appendix B.1. I will, therefore,
consider the situation ξCM � 1 to be a sign that |Ψgs〉 separates into an intrinsic
state and a CM-HO ground-state.

4.3.3 Limitations of the measures
None of the measures, introduced previously, can measure the CM-mixing in every
situation. In this subsection I intend to explore in which circumstances, if any, it is
possible to determine a separation with these two metrics and when it is indeterm-
inable.

In the investigation in appendix A, I establish that the only case when it is
possible to say something about whether the NCSM-ground state |Ψgs〉 separates or
mixes CM- and intrinsic excitations, is if NCM = 0 and ξCM = 0. If these measures
are zero the CM-state is a pure HO-ground state, in all other cases it really is not
possible to make conclusive claims. Therefore, I will only consider close to zero values
as signs of CM-separation.
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A different limitation has to do with representing a HO-ground state with a
frequency ω̃ in a finite HO-basis with a different frequency ω. In an infinite HO-
basis the ground state of any HO-operator with any frequency ω̃ > 0 is exactly
representable. However, a HO state with frequency ω̃ can not be exactly represented
in a truncated HO-basis with a frequency ω such that ω̃ 6= ω.

To illustrate this limitation, I have computed the ground state of

HHO−CM = P 2
CM

2Am + Amω̃

2 R2
CM (4.24)

in a 4He NCSM basis with a frequency ω for different values of Nmax.
The NCM meauser computed for the ground state of HHO−CM as a function of ω̃

ω

is plotted in figure 4.2. In figure 4.3 the measure ξCM computed for the same state is
plotted, also as a function of ω̃

ω
. Both measures are non-zero when ω̃

ω
6= 1 and grows

significantly as the frequency quotient diverges from one. However, as Nmax grows
the interval where both measures are close to zero broadens.
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Figure 4.2: NCM computed for the ground state of HHO−CM in a NCSM basis with
frequency ω and truncation Nmax.
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Figure 4.3: ξCM computed for the ground state of HHO−CM in a NCSM basis with
frequency ω and truncation Nmax.

The measures show a very different behaviour for large or small values of ω̃
ω
. In

the limits ω̃
ω
→ 0 and ω̃

ω
→∞ the metric NCM grows to infinity. However, as seen in

figure 4.3, ξCM grows to a finite value in the same limits. Since ξCM has a bounded
growth pattern, unlike NCM, it is a better choice when the estimated CM frequency,
either ω̃N or ω̃ξ, differs greatly from the basis frequency ω.
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Chapter 5

Error analysis of NO2B

In chapter 3 I introduced the SR-NO2B-approximation of 3NFs in a HO-basis. I
showed that it is able to capture the physics of 3NFs in 4He for a NCSM basis with
frequency ~ω = 20 MeV and Nmax ≤ 10. The fact that this particular choice of
NCSM basis yields a good approximation of the 3NF could be just a coincidence. Is
the approximation still valid when other frequencies are used?

Two complete HO bases with different frequencies span the same Hilbert space.
For this reason, the results of two NCSM calculations using the same Hamiltonian,
but at different frequencies, should converge to the same ground state as Nmax
increases.

The reference state used in the NO2B-approximation, introduced in chapter 3, de-
pends on the basis frequency, ~ω. Therefore, the NO2B-approximated 3NF depends
on ~ω in a non-trivial way. Despite starting from the same Hamiltonian the NO2B-
approximated Hamiltonian, HNO2B will be different for each frequency. Therefore,
the convergence property described in the previous paragraph, is not guaranteed for
the NO2B-approximation.

In section 5.1 I will explore this possible frequency dependence of the approxima-
tion error. The ground-state energy of 4He is computed for different basis frequencies
with exact 3NF and with approximated ones. To see if the number of nucleons is im-
portant, the study is repeated for 16O. For simplicity the SR-NO2B-approximation
of 3NFs in a HO-basis will be referred to simply as the NO2B-approximation.

Part of an approximation error for the ground-state energy in the NO2B-approximation
could potentially be explained by the translational symmetry breaking and CM-
mixing, as discussed in chapter 4. In Section 5.2 I investigate the connection between
the approximation error and the CM-mixing.
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5.1 The ~ω dependence of NO2B results
The consequences of the frequency dependence ofHNO2B is explored in this section by
comparing the ground-state energy for 4He with exact 3NF and NO2B-approximated
ones, computed with NCSM at different frequencies. To see if the frequency depend-
ence is affected by the number of nucleons I also perform the same procedure for
16O.

Figure 5.1 compares the ground-state energy, Egs, of 4He calculated for ~ω ∈
{4, 8, . . . , 32, 36} MeV. The solid curves correspond to results (E3NF

gs ) with the full
NNLO-sat interaction [17] including both 2NF and 3NF. The dashed curves are
results (ENO2B

gs ) obtained with 2NF and NO2B-approximated 3NF.
As can be seen in figure 5.1, ENO2B

gs (Nmax, ~ω) ≈ E3NF
gs for low frequencies, ~ω ≤

20 MeV. There are only minor differences at these frequencies, |E3NF
gs − ENO2B

gs | ≡
|∆Egs| ≤ 1 MeV. However, for ~ω > 20 MeV the difference between ENO2B

gs and
E3NF

gs gets increasingly larger with increasing HO frequency, |∆Egs| ≈ 8 MeV for
~ω = 36 MeV.

The difference, E3NF
gs − ENO2B

gs is plotted in figure 5.2 as a function of ~ω. The
different curves correspond to Nmax = 0, 4, and 10.

The difference seems to increase with Nmax for ~ω > 20 MeV. At Nmax = 0 the
difference between the full 3NF and NO2B is equal to zero, which is to expect since
there is only one Slater determinant in the NCSM-basis, and it happens to be the
reference state. There seems to exist a critical frequency, close to ~ω = 20 MeV,
where the difference is minimal for all model spaces.

It is now clear that the NO2B-approximated 3NF depends strongly on the basis
frequency. I have demonstrated that this dependence strongly affects the ground-
state energy in 4He, but that there seems to exist a critical frequency where the
difference between the NO2B-approximated 3NF and the exact one is very small. In
the case studied here the critical frequency is close to 20 MeV, which explains why
the benchmark presented in section 3.3 worked so well.

So far I have only looked at one, very small nucleus, 4He, and observed a strong
basis dependence in the NO2B-approximation error. Does this observation hold for
other nuclei? The normal-ordering approximation is intended primarily for larger
nuclei, where 3NFs are difficult to include exactly. In order to answer this question
I have computed the ground-state energy for 16O, both with an exact 3NF and an
approximated one. In this case the NCSD code [36] has been used to perform the
full 3NF-calculations.

The results of the 16O calculations are shown in figure 5.3, as a function of
~ω. The solid curves correspond to the NO2B-approximated 3NF, while the blue
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Figure 5.1: The ground-state energy of 4He computed with the NNLO-sat inter-
action for different ~ω. The solid lines are computed with 2NF and full inclusion of
3NF, while the dashed lines are computed with 2NF and NO2B-approximated 3NF.
The dotted black line indicates the fully converged NNLO-sat 4He [17]. Notice that
while the full 3NF results seem to converge towards the same energy, the dotted line,
the NO2B-approximated curves do not.

dotted circles corresponds to the full 3NF. Due to the extreme computational cost
of including 3NFs in the NCSM for large A I have only been able to compute results
with full 3NF up to Nmax = 6, and have limited the runs to four frequencies.

There is no visible difference between the binding-energy results with exact 3NF
and the NO2B-approximated 3NF for the frequencies being studied. To illustrate
this further, figure 5.4 shows the absolute difference between NO2B-approximated
3NFs and exact ones for the four frequencies where I have computed both of them.
It is clear that the absolute difference is in the order of 1 MeV, which is much smaller
than the absolute magnitude of the computed ground-state energies. These results
suggest that the NO2B-approximation error for large nuclei such as 16O is relatively
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Figure 5.2: The difference between the NO2B-approximated 4He-ground-state en-
ergy and the 4He-ground-state energy computed with full inclusion of 3NF. The
grey pluses are computed at Nmax = 0, the red y:s are computed at Nmax = 4 and
the blue circles are computed at Nmax = 10.

small and does not depend strongly on the basis frequency.

That the difference between full the 3NF and NO2B-approximated one is not
zero for Nmax = 0 is unexpected. However, it seems likely that this discrepancy
comes from sligtly different definitions of fundamental constants, such as the nucleon
masses, in the input to pAntoine and NCSD.

From the study above it is clear that the NO2B-approximation introduces an
error with a strong dependence on ~ω in the ground-state energy for 4He. However,
the relative error is much smaller in 16O suggesting that the larger the nucleus is
the less of a problem this ~ω dependence becomes.
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Figure 5.3: The ground-state energy of 16O computed with NO2B-approximated
3NF (symbols connected with solid lines) and full inclusion of 3NF (open circles).
The black dashed line is the 16O NNLO-sat ground-state energy computed with CC
[17].

5.2 The Center-of-Mass mixing from NO2B

The NO2B-approximation breaks the translational symmetry of the 3NF which can
cause CM and intrinsic states to mix, as established in chapter 4. The failure of the
NO2B-approximation to reproduce the ground-state energy of 4He for some basis
frequencies but works well for other, as seen in the previous section, could potentially
be explained by this CM-mixing. Since the total mass of 16O is larger than that
of 4He, exciting its CM requires more energy which could then explain why the
approximation error is smaller for 16O than for 4He. In this section these two
hypotheses are explored by computing the CM-mixing for the two nuclei when using
the NO2B Hamiltonian.

The CM-mixing metrics, ~ω̃N and ~ω̃ξ, of the 4He ground-state with a NO2B-
approximated 3NF are shown in figure 5.5. In the bottom panels the two CM-metrics,
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Figure 5.4: The difference in ground-state energy for 16O between the NO2B-
approximated 3NF and the exact one.

NCM and ξCM are plotted with solid lines as functions of ~ω. The CM-HO frequencies,
~ω̃N and ~ω̃ξ, are plotted in the two top panels. I have added a dashed curve in the
lower left panel illustrating what NCM would be if the CM-part really is a HO-ground
state with frequency ~ω̃N . It is computed for the ground state of the Hamiltonian
in equation (4.24) for ω̃ = ω̃N , in accordance with the second limitation in section
4.3.3.

The solid curve in the (lower left) NCM panel is close to zero for basis frequencies
less than 20 MeV, and grows to 0.6 for larger frequencies. Since the solid curve
differs from the dashed one this growth can not be explained by representing a HO-
ground state with frequency ~ω̃N in a NCSM basis with frequency ~ω. Instead, this
difference between the solid and dashed curves indicates strong CM-mixing.

The two different CM-metrics, NCM and ξCM, show a very similar behaviour.
Both are very low for ~ω ≤ 20 MeV but increase significantly for higher frequencies.
In the previous section, the frequency ~ω = 20 MeV turned out to be critical, where
the NO2B-approximation error is positive above this frequency and negative below it.
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Furthermore, for basis frequencies below (above) this critical value the approximation
error was relatively small (very large). Since theNCM and ξCM metrics are large above
20 MeV, it seems as if an NO2B-induced attractive energy contribution comes from
CM-excitations in this region. The repulsive error, however, remains unexplained. I
can speculate that its origin is the neglected Ŵ 3b

3nf term.
In figure 5.6, the CM-mixing metrics for 16O with a NO2B-approximated 3NF

is plotted as a function of basis frequency. The figure is organized in the same way
as figure 5.5 for 4He.

In this case, the size of theNCM and ξCM metrics are between one and two orders of
magnitude smaller compared to their 4He counterparts. Furthermore, the extracted
frequencies, ~ω̃N and ~ω̃ξ, are very close to the basis frequency. Therefore, it seems
as the CM-mixing is much smaller in 16O than in 4He. As seen in the previous
section, the absolute difference between the 16O ground-state energy computed with
NO2B-approximated 3NFs and with exact ones is very small. Because of these three
observations, the NO2B-approximation seems to capture most of the physics of the
3NF in 16O.

Since the NO2B-approximation is more relevant for larger nuclei than 4He this
last observation is promising. The fact that the CM-mixing is low for large nuclei
over a large range of frequencies means that it can be used with some confidence in
conjunction with, for instance, NCSM extrapolation methods as was briefly discussed
in section 2.1.

Before, ending this chapter I want to give a word of caution concerning con-
vergence. While the 4He results are close to fully converged, the 16O ones are
not. For both nuclei the general trend is that the CM-mixing metrics increases with
Nmax. Therefore, it is not unreasonable to assume that this trend continues bey-
ond Nmax = 8 for 16O, that has been the computational limit in this study. It
could therefore be the case that a stronger CM-mixing might emerge if the 16O
calculations were to be performed in larger NCSM bases. For this reason I strongly
recommend to check that the CM-mixing is small before trusting any NCSM result
with a SR-NO2B-approximated 3NF in a HO basis. In fact, this caution of checking
CM-mixing can be seen as a general recommendation when using a Hamiltonian or
many-body method that breaks the translational symmetry.
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Figure 5.5: The two CM-metrics, introduced in section 4.3, computed for 4He with
a NO2B-approximated 3NF. The upper panels display the CM HO-frequencies ~ω̃N
and ~ω̃ξ, respectively, and the lower panels contain the measures ~ω̃N and ~ω̃ξ. The
dashed curve in the lower left panel indicates what NCM would be if the CM-part of
the ground state really was a HO-ground state with frequency ~ω̃N .

44



5.2. THE CENTER-OF-MASS MIXING FROM NO2B

10

20

30

40
h̄
ω̃
N

[M
eV

]
Nmax = 0

Nmax = 2

Nmax = 4

Nmax = 6

Nmax = 8

10

20

30

h̄
ω̃
ξ

4 8 12 16 20 24 28 32 36
h̄ω [MeV]

0.000

0.002

0.004

0.006

0.008

0.010

N
C

M
(ω̃

N
)

4 8 12 16 20 24 28 32 36
h̄ω [MeV]

0.000

0.002

0.004

0.006

ξ C
M

Figure 5.6: The two CM-metrics, introduced in section 4.3, computed for 16O with
a NO2B-approximated 3NF. The upper panels display the CM HO-frequencies, ~ω̃N
and ~ω̃ξ, respectively, and the lower panels contain the measures NCM and ξCM. The
dashed curves in the lower left panel indicates what NCM would be if the CM-part of
the ground state really was a HO-ground state with frequency ~ω̃N . Note that the
dashed curves are all zero.

45



Error analysis of NO2B

46



Chapter 6

Discussion and outlook

The purpose of this work was to contribute to the understanding of how atomic nuclei
emerge from the fundamental forces of nature, i.e. the ab initio approach to nuclear
structure. At a fundamental level the strong nuclear force is described by QCD.
However, at the low momentum scale of atomic nuclei it is non-perturbative and
χEFTs should provide a more practical description. χEFTs predict the existence of
many-nucleon forces and it is not possible to get rid of them. Due to combinatorial
reasons, many-nucleon forces are computationally demanding and require rapidly
increasing computational resources the more particles they involve. For this reason,
most nuclear calculations have only included 2NFs. However, for the last two decades
calculations including 3NFs have become more common.

The dynamics of a many-body quantum system, such as the atomic nucleus, is
governed by the MBSE. To solve the MBSE, in this work, the NCSM has been em-
ployed. In this ab initio method all the nucleons are dynamical particles. The MBSE
is expanded in a finite HO many-body basis truncated on the total HO excitation
energy, yielding a finite matrix eigenvalue problem. With this basis truncation, the
NCSM eigenstates separate in CM and intrinsic parts, given that the Hamiltonian is
translationally symmetric. This makes it possible to study the internal dynamics of
the nucleus without having to worry about spurious CM-mixing.

In the NCSM, 3NFs are straightforward to implement but they make simulations
extremely computationally demanding. Therefore, an approximation scheme is called
for. In this work a version of the NO2B-approximation, described in chapter 3, has
been evaluated for use in the NCSM. The reference state is chosen to be a Slater
determinant constructed from HO-states. This choice of reference state makes the
implementation of the NO2B-approximation relatively simple, although it limits the
method to closed-core nuclei.
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In section 4.2, I showed that the NO2B-approximation breaks the translational
symmetry of the 3NF, since the frame of reference is fixed by the reference state. This
has the consequence that the energy eigenstates, computed by the NCSM, are no
longer guaranteed to separate CM-motion from internal-dynamics. Two diagnostics,
NCM and ξCM were introduced in section 4.3, in order to study the effect of CM-
mixing.

Physical observables should not depend on the choice of the NCSM-basis. How-
ever, the NO2B-approximation introduces a basis dependence in the approximate
3NFs. The consequence of this basis dependence was investigated in section 5.1.
The frequency, ~ω, of the basis was varied while the ground-state energies of 4He
and 16O was computed with a NO2B-approximated 3NF and then compared to
corresponding values with exact inclusion of 3NFs.

As was presented in figure 5.1 the NO2B-approximated ground-state energy of
4He depends strongly on the basis frequency. For frequencies below 20 MeV the
NO2B-approximation underbinds the nucleus. However, the approximated 3NF de-
viated less than 1 MeV from full 3NF for these basis frequencies. For frequencies
above 20 MeV, the approximated 3NF overbinds the nucleus, with a large deviation
of several MeV. The smallest approximation error is observed at ~ω = 20 MeV.

In section 5.2, I investigated if the CM-problem can explain the frequency de-
pendence of the NO2B-approximated 4He ground-state energy. In figure 5.5 the
two metrics, NCM and ξCM, computed for 4He with a NO2B-approximated 3NF was
plotted. This figure showed that there were almost no CM-mixing for basis frequen-
cies less than 20 MeV, while for larger frequencies there were significant CM-mixing
in the ground-state. This could likely explain the observed change in behaviour of
the ground-state energy at ~ω = 20 MeV. There seem to be two competing ap-
proximation errors, one that is due to the CM-mixing and is strongly attractive and
a different one, from the discarded three-nucleon potential, that is weakly repuls-
ive. Exact mechanism for the second error is currently unknown. At the frequency
20 MeV these two errors cancel each other and therefore gives an apparent good
approximation.

When 16O was subjected to the same investigation, I observed that the NO2B-
approximated ground-state energy, figure 5.3, has a very small approximation error.
The difference in ground-state energy between the approximated 3NF and the exact
one was found to be very small. The absolute error in energy was on the order of
1 MeV which corresponds to a relative error of . 1 MeV. The CM-mixing in 16O
was shown in figure 5.6, to be almost two orders of magnitude smaller than the
corresponding 4He values. This suggests that the CM-mixing might be less of a
problem for heavier nuclei. This result is not entirely unexpected. Because of the
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larger total mass of the system, it requires more energy, than for light nuclei, to
excite the CM-degree of freedom.

The 4He results were relatively close to fully converged NCSM results. Therefore,
the strong basis dependence of the NO2B-approximated 4He ground-state is quite
certain. However, the 16O results were far from fully converged. The CM-mixing
of 16O, while low, is in fact growing with increasing Nmax. Therefore, it is not
certain that CM-mixing remains low in the limit of converged results. Because of
this observation I issue a decree of caution, to always observe the CM-mixing before
trusting any results computed with SR-NO2B-approximated 3NF in a HO-basis.

To mitigate the problems, discussed above, it could be preferable to carry out
the NO2B-approximation in a different basis [37]. As a prelude to the discussion
about the continuation of this project, I will briefly discuss benefits and downsides
of alternatives to formulating the SR-NO2B-approximation in a HO-basis.

An alternative choice of reference state in the SR-NO2B-approximation is to
choose the Hartree-Fock (HF) state for the nucleus of interest. The HF state is
a Slater-determinant constructed from a single particle basis in such a way that
it approximates the energy-ground state through the variational principle. The HF
state is independent of the basis, the HO frequency dependence that we have observed
in this work would probably not emerge to the same extent if a HF-state was used
as a reference state.

The use of a HF-state as a reference state would not get rid of the CM-mixing
entirely, for two reasons. The first reason is that this too would fixate the frame of
reference and thus induce explicit translational symmetry breaking in the Hamilto-
nian. Secondly, the truncation of the HO-basis used in the HF-method is on the
single-particle energy, while in the NCSM it is on the total HO-energy. Therefore,
the NCSM can not guarantee a separation between CM- and intrinsic excitations
in the ground state. However, HF-normal-ordered Hamiltonians have been used
without inducing large CM-mixing in other methods, such as the CC-method [34],
therefore, this might not be a big problem.

A different alternative could be to use a NCSM-ground state for a smaller Nmax as
reference state. In this case the application of the MR-NO2B-approximation would
be required. In the MR-NO2B-approximation, a general many-body state, consisting
of many Slater determinants, is used as a reference state. An obvious advantage is
that the MR-NO2B-approximation is not limited to closed-core systems and can
be applied to many different nuclei. However, there are a few modifications to the
NO2B-approximation that would be necessary to be able to use MR-NO2B. For
instance, it would be required to introduce many-body contractions on top of the
single-particle ones discussed in section 3.1.1. Therefore, it would not be possible to
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use the code that I have already developed for SR-NO2B.
The MR-NO2B-approximation does not eliminate the CM-mixing problem. Just

as the other methods any choice of reference state would fix the frame of reference
and thus explicitly break the translational symmetry. Therefore, I suggest that CM-
mixing should always be measured when a NO2B-approximation, of any kind, is
used.

Since the NO2B-approximation could be useful for the study of larger nuclei,
increasing the capabilities of the cNO2B program could be of future interest. For
instance, currently cNO2B needs the 3NFs in M -scheme format. Rewriting the code
to use J-scheme elements directly would make it possible to use it in larger model
spaces.

Because of the limitations to the NO2B-approximation discussed above, it is clear
that the use of exact 3NFs is preferable for light nuclei, A < 16. For this reason, a
natural next step is to develop a NCSM-code with the capabilities to use both 2NF
and full-3NF.
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Appendix A

When can NCM and ξCM show
Center-of-Mass separation?

In section 4.3 I introduced two metrics: NCM and ξCM, to measure to what degree
the NCSM state, computed with NO2B-approximated 3NFs, separates the CM and
intrinsic dynamics. However, the two metrics can not do so in every situation. In
this appendix one such situation is explored in detail.

Idealy I want to be able to distinguish the two situations:

a) The CM-state is a pure quantum state

|Ψgs−CM〉 =
∑
N ,L

φN ,L |N ,L〉 . (A.1)

b) The CM-state is a mixed quantum state and must be represented by a density
matrix

ρ̂CM =
∑
N ,L
N ′,L′

ρN ,L,N ′,L′ |N ,L〉 〈N ′,L′| . (A.2)

In both a) and b) |N ,L〉 where N , L ≥ 0 are HO eigenstates in the CM-coordinate
for the optimal frequency ω̃. I note that case a) is a special case of b) where
ρN ,L,N ′,L′ = φN ,LφN ′,L′ .

I compute the NCM metric in both cases and obtain

a)
NCM =

∑
N ,L
|φN ,L|2 (2N + L) (A.3)
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b)
NCM =

∑
N ,L

ρN ,L,N ,L(2N + L) (A.4)

The coefficients |φN ,L|2 ≥ 0 for all N ,L. If I assume that not only |φ0,0|2 > 0 then
NCM > 0. The coefficients ρN ,L,N ,L must also be larger than or equal to zero. This
can be seen by relating equation (A.2) with equation (4.13) yielding the equation

ρN ,L,N ,L =
∑
i

ci,jc
∗
i,j =

∑
i

|ci,j|2 (A.5)

assuming that |N ,L〉 =
∣∣∣Ψj

CM

〉
. Therefore, it follows that NCM > 0 for case b) unless

only ρ0,0,0,0 is non-zero. This proves the first part of the statement, that NCM = 0
implies that |Ψgs−CM〉 is a HO-ground state.

The equations (A.3) and (A.4) are indistinguishable in the sense that given a value
of NCM > 0 it is impossible to determine which case it is. Therefore, the second part
of the statement, that NCM can not distinguish between a general separable ground
state and a general entangled ground state, is proven for NCM.

Let us turn to the ξCM metric. To simplify the calculation of ξCM in both cases I
introduce the quantities A and B such that

a)

A =
∑
N ,L
|φN ,L|2

(
2N + L+ 3

2

)
(A.6)

B =
∑
N ,L

√
(N + 1)

(
N + L+ 3

2

) (
φ∗N ,LφN+1,L + φ∗N+1,LφN ,L

)
(A.7)

b)

A =
∑
N ,L

ρN ,L,N ,L

(
2N + L+ 3

2

)
(A.8)

B =
∑
N ,L

√
(N + 1)

(
N + L+ 3

2

)
(ρN ,L,N+1,L + ρN+1,L,N ,L) (A.9)

In both a) and b) the expectation values of R̂2
CM and P̂ 2

CM can be written as

〈R̂2
CM〉 =b2 (A−B) (A.10)

〈P̂ 2
CM〉 =~2

b2 (A+B) (A.11)
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which gives that
ξCM =

√
A2 −B2 − 3

2 . (A.12)

Given a value of ξCM > 0 it is clear that either case, a) or b), could have been
the starting point. Therefore, ξCM can not distinguish a) from b) if ξCM > 0.1

It is now clear that a separation can only be conclusively when |ΨCM〉 is a HO-
ground state since this is the only case when both measurs are zero. In all other cases,
both NCM and ξCM are greater than zero and CM-separation is indistinguishable from
CM-mixing.

1That ξCM = 0 implies that the CM state is a HO ground state is not clear from this. It is not
obvious that there does not exists some exotic state forwhich B2 > 0 and B2 = A2. Therefore, I
have decided to not investigate this in the scope of this project.
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Appendix B

Useful proofs

In this appendix chapter I prove some usefull statements. Any quantumstate used
in the proofs are assumed to be normalized.

B.1 Proof that the ξCM measure is positive
In section 4.3.2 I introduced the quantity ξCM as

ξCM =

√
〈P̂ 2

CM〉〈R̂2
CM〉

~
− 3

2 . (B.1)

In this section I will prove that ξCM ≥ 0.
Let us focus on the nominator in equation B.1,√

〈P̂CM〉〈R̂CM〉. (B.2)

This quantity can be estimated from below by using the Cauchy-Schwarz inequality,
which states that for two vectors u, v in a Hilbert space the inequality ‖u‖2‖v‖2 ≥
| 〈u|v〉 |2 holds true. Therefore,

√
〈P̂CM〉〈R̂CM〉 ≥

1
2

(∣∣∣∣〈Ψgs| ~̂PCM ~̂RCM |Ψgs〉
∣∣∣∣+ ∣∣∣∣〈Ψgs| ~̂RCM ~̂PCM |Ψgs〉

∣∣∣∣) (B.3)

By application of the triangle inequality the right hand side in the inequality
above we can be estimated from below as√

〈P̂CM〉〈R̂CM〉 ≥
1
2

(∣∣∣∣〈Ψgs| ~̂PCM ~̂RCM |Ψgs〉 − 〈Ψgs| ~̂RCM ~̂PCM |Ψgs〉
∣∣∣∣) . (B.4)
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Useful proofs

The right-hand side is clearly the expectation value of the commutator of the CM
position and momentum operator, and thus by the canonical commutation rules can
be replaced by 3i~.1 Therefore, I get that

√
〈P̂CM〉〈R̂CM〉 ≥

3~
2 . (B.5)

Inserting this is in equation B.1 it is clear that ξCM ≥ 0. �

B.2 Proof that tr{ρ̂2} = 1 only for pure quantum
states

A quantum system that is a subsystem of a larger one, can either be in a pure
quantum state or a mixed quantum state [33]. If the system is in a pure quantum
state, |Ψ〉, the corresponding density matrix can be written as ρ̂ = |Ψ〉 〈Ψ|. If, on
the other hand, the system is in a mixed state it can be in any of N ortho-normal
states |Ψi〉 with probability pi > 0 for i = 1, · · · , N , such that ∑N

i=1 pi = 1. The
corresponding density matrix for a mixed quantum state is ρ̂ = ∑N

i=1 pi |Ψi〉 〈Ψi|.
From this it is obvious that tr{ρ̂} = 1 for both mixed and pure quantum states.

However, in this section I intend to prove that tr{ρ̂2} < 1 for mixed quantum states
and tr{ρ̂} = 1 for pure quantum states.

I will start with the pure case. The square of the density matrix is

ρ̂2 = |Ψ〉 〈Ψ|Ψ〉 〈Ψ| = |Ψ〉 〈Ψ| = ρ̂. (B.6)

Since the trace of the density matrix is one, the trace of the square of the density
matrix must also be one.

For mixed quantum states, the square of the density matrix is

ρ̂2 = ρ̂ρ̂ =
N∑
i=1

p2
i |Ψi〉 〈Ψi| , (B.7)

Taking the trace of this we get that

tr
{
ρ̂2
}

=
N∑
i=1

p2
i . (B.8)

1The three comes from the fact that I am working in three dimensions.
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B.2. PROOF THAT tr{ρ̂2} = 1 ONLY FOR PURE QUANTUM STATES

I complete the square and get that

tr
{
ρ̂2
}

=
(

N∑
i=1

pi

)2

− 2
N−1∑
i=1

N∑
j=i+1

pipj. (B.9)

The first term is 1 since it is the trace of the density matrix. The second term

2
N−1∑
i=1

N∑
j=i+1

pipj > 0, (B.10)

since pipj > 0 for all i and j and therefore we have that

tr
{
ρ̂2
}

= 1− 2
N−1∑
i=1

N∑
j=i+1

pipj︸ ︷︷ ︸
>0

< 1. (B.11)

From this it is clear that tr{ρ̂2} = 1 if and only if the system is in a pure quantum
state. �
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