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Abstract
The controlled injection of quantized charge excitations from single-electron emitters into nanoscopic conductors sets the basis for many important applications
ranging from metrology to the emerging field of quantum optics with electrons.
Successful implementation of these applications relies not only on achieving control on the precision of the particle emission, but also on the energetic properties
of the injected particles. These fundamental properties are reflected in transport
observables such as time-resolved charge and energy current, as well as the spectral, i.e. energy-resolved current, or the zero-frequency correlators of charge and
energy currents, thereby providing a tool for transport spectroscopy.
This thesis deals with two important aspects of the characterization of different
time-dependently driven single-electron sources (SES): it provides (i) a detailed
analysis of the aforementioned observables and (ii) proposals for the readout of
such transport properties. First, we analyze in detail the transport observables
in three different SESs. The SESs differ by the characteristics of the applied
time-dependent driving voltage and by the degree of particle confinement in the
driven conductor; their common feature is that pulses of quantized charge are
produced going along with a minimal excitation of the Fermi sea. We point out
the impact of the device design and of tunable external parameters, such as temperature, on the transport observables. Second, we theoretically propose ways to
experimentally access the transport observables. Charge transport observables are
standardly detected for different kinds of sources. In contrast, energy transport–
particularly energy-current noise– is more difficult to access experimentally. We
propose a setup for the detection of fluctuating charge and energy currents, as well
as their correlations, generated by a SES, via reading out frequency-dependent
electrochemical-potential and temperature fluctuations in a probe contact. Furthermore, in a second proposal, we investigate how to access the spectral current,
giving access to the particles’ energy distribution, in an energy-selective detector
setup. More specifically, we propose to readout modifications of thermoelectric
response coefficients due to the time-dependent driving as a measure of the spectral current. However, importantly, this type of setup also opens completely novel
routes: we find that SESs can be used as probes to sense until now unexplored
quantum screening effects in thermoelectric transport.
Keywords: single-electron source; charge and heat currents; fluctuations and
noise; energy-selective detector, thermoelectric devices.
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1 Introduction
This thesis deals with charge and heat transport and its theoretical aspects in
the context of mesoscopic electronic devices, in particular when driven by timedependent single-electron sources.
The field of mesoscopic physics focuses on quantum phenomena in systems
whose dimensions fall between the atomic and the macro scale. Specifically, in
order to exhibit typical mesoscopic features, at least one of the dimensions of
a conductor needs to be smaller than the phase relaxation length (also known
as the coherence length). This length is the distance at which an electron wave
(in the quantum regime, the electrons act like waves) travels before its initial
phase is destroyed. Fulfilling this condition guarantees that the conductor shows
non-classical effects. Additionally, on top of the size, the phase relaxation length
depends on other factors, e.g., material and temperature. In other words, the
mesoscopic physics requires clean samples and low temperatures to become accessible with proper modification of these experimentally controllable factors [1].
Such mesoscopic conductors, which behave both classically and quantum-like as
they shrink in size from the macro- to the mesoscale, are the key elements of this
dissertation. They play a significant role in the field of nano-electronics which
focuses on the analysis of the relevant quantum phenomena that arise due to
miniaturization of electronic devices.
A huge advantage of mesoscopic systems is that they are small enough to reveal
quantum-mechanical properties, and still sufficiently large to perform electronic
transport measurement on them. This fact allows one to perform transport spectroscopy of quantum effects. Quantum interference and entanglement are just
two examples of quantum effects that can be addressed, both theoretically and
experimentally, by investigating mesoscopic conductors.
Historically, most of the mesoscopic conductors have been implemented in conductors formed in two-dimensional electron gases (2DEG). Such conductors are
based on a semiconductor heterostructure made for example from gallium arsenide
(GaAs) and aluminum gallium arsenide (AlGaAs) grown on top of that. At the
interface of GaAs/AlGaAs, a conducting layer with low density of electrons builds
up at very low temperatures (< 1 K) which is referred to as 2DEG [2]. Note that,
nowadays many other types of mesoscopic conductors are often used in mesoscopic experiments, such as nanowires, two-dimensional materials and molecular
junctions to mention just a few of them. Exploring the feasibility of such devicerelated application is, however, beyond the scope of this thesis, and we concentrate
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here on studying the transport physics in the mesoscopic systems realized in the
2DEGs.
Experiments, which our theoretical work refers to, are mostly don in 2DEGs;
however, our predictions are not restricted to those types of the system.
In order to investigate the physics of charge transport, the mesoscopic conductor
is typically connected to source and drain ohmic contacts. When applying a voltage between the two contacts (the source and the drain), current flows between
them; the properties of this detectable current heavily depend on the quantum
properties of the contacted conductor. Such a current consists of many electrons
with strong overlap between their wavefunctions, so that it is not possible to distinguish the effect of single electrons. However, for many important applications,
having full control over single particles is required. In order to gain such a control, one needs to complement the ohmic contacts with single-electron sources in
the mesoscopic conductor. This sets the ground for various practical applications
and novel fields of research, ranging from metrology [3] to the emerging field of
quantum optics with electrons [4–10] and quantum information processing [11].
In metrological applications [3], one aims to redefine the standard unit of Ampere with an accurate source emitting one discrete electron-charge e per period at
GHz frequencies in order to guarantee the measurable current with large enough
magnitude. On the other hand, in quantum optics experiments with electrons [9,
12], single-electron sources are often combined with edge states in the quantum
Hall regime, which serve as waveguides for electrons. The possibility of achieving
a tunable synchronization of electrons emitted from such sources was essential
for implementation of fermionic interferometers (such as Mach-Zender interferometer [13] and Hanburry-Brown-Twiss interferometer [4]), in analogy to their
photonic counterparts.
The main scope of this thesis is the characterization of such sources.

1.1 On-demand single-electron sources
Indeed, for all of the aforementioned applications, one needs an accurate ondemand single electron source (SES). One of the main examples which is discussed in this thesis is a time-dependently driven mesoscopic capacitor. This
has first been realized as a high-frequency SES by Fève and co-workers [4, 14].
Importantly, this source is furthermore realized in the quantum Hall regime to
coherently manipulate the emitted particles in fermionic quantum optics. Its
working principle is based on Fermi statistics and a quantum confinement which
results in the emission of single particles. When a strongly confined system with
discrete energy spectrum, a quantum dot (QD), is driven time dependently, the
emission of single electrons is expected. The reason is that the energy cost to add
or remove one electron from the QD ensures the emission of particles one after
the other. In this source, due to the periodically driven QD, single electrons and
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holes are pumped to the conductor through a quantum point contact (QPC). The
mesoscopic capacitor source is studied extensively in Paper I, and it is then used
as an important example in Papers II and IV.
Single electrons can also be emitted without exploiting quantum confinement.
Single-electron excitations can be generated by applying a time-periodic bias voltage across the conductor that minimizes additional excitations of electron-hole
pairs. In this thesis, we consider an ideal case when a so-called Lorentzian-shaped
time-dependent voltage is applied to a coherent conductor [9, 15–17], and as a
result only single electrons are generated on top of the Fermi sea without leaving any trace of holes. Another approach is to use the same conductor as in the
mesoscopic capacitor setup but fully replace the confinement region by an open
conductor element driven by a local time-dependent gate voltage [18]. In this
case, the single particles can be emitted by the modulated edge state while the
potential landscape of the conductor changes time dependently.
These three sources can emit single particles on top of the Fermi sea as a minimal excitation. Such sources are studied in Paper I where their emission properties
are comprehensively compared. There are many other ways to realize SESs [19]
which rely on different effects, such as, Coulomb interaction, superconducting gap
or the introduced confinement. These effects have been made use of in; (i) superconducting turnstiles [20], by connecting a superconductor island to two normal
leads. Single electrons can tunnel from the normal lead to the superconductor if
the charging energy and the energy of the gap, are provided by applying a gate
or bias voltage; (ii) using surface acoustic waves [6, 7, 21], single electrons from a
QD move from one side to the other side of a conductor created by a 2DEG with
the velocity of the surface acoustic wave; (iii) in dynamical QDs [5, 22], single
electrons are extracted from a 2DEG and trapped in a QD by a time-dependent
potential, and then propagated along a channel in the 2DEG, without applying
any bias voltage.
Each of these sources mentioned above has advantages for specific types of
applications. They can all be imagined as a basis for Paper II and IV, when we
propose setups to detect the properties of an arbitrary SES.

1.2 Characterization
In order to exploit the SESs in different applications, the knowledge and understanding of their fundamental properties is essential. Possible methods for the
characterization of the SESs is the main focus of this thesis. More specifically, we
are interested in accessing fundamental properties of SESs through transport observables used as a spectroscopy tool. These observables include the time-resolved
charge and energy current, as well as the spectral, i.e., the energy-resolved current,
and the zero-frequency correlators of charge and energy currents.
The emitted particles carry charge, hence the first obvious quantity to be stud-
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ied is the charge current. In addition, time-dependent properties of the system
— which are induced by the driving SES— imply that one has to study the timeresolved charge current rather than only the time-averaged one. The time-resolved
charge current reveals when and with which precision particles are emitted. However, since the range of emission time is of the order of nanoseconds [4], the
time-resolved charge current is often difficult to access directly in experiments.
For this reason, One needs an alternative approach to gain access to the statistics
of the emitted particles which, in turn, contains information about the precision
of the SES. To do that, one has to resort to the second moment of the statistics, which corresponds to the low-frequency charge-current noise [9, 23–25], and
provides information on the number of injected particles, including the neutral
electron-hole pair excitations.
Information stored in the transport properties is not limited only to the chargerelated properties of the source. In addition to the charge, the emitted particles
carry also energy [26–29]. One way to look at the energy distribution of the emitted particles is to study the spectral currents. An alternative tool can be the heat
current and the corresponding noise, which contain information about the energetic properties. This fact has in recent years motivated theoretical research on
the fluctuations of heat currents, and even mixed correlations of charge and heat
currents as a spectroscopic tool for both static [30–35] and driven systems [36–40].
Finally, the question arises in a realistic experiment how to read out the transport properties, which is studied in Paper I in order to characterize the SESs.
The detection of the charge-current fluctuations has extensively been studied for
different kinds of SESs in Refs. [9, 25, 41, 42]. However, in contrast to the charge
currents, the heat currents —both average and fluctuations— are difficult to access
experimentally. For instance, Battista and co-workers [38] suggested to measure
power fluctuations in order to detect the heat-current noise in the situation when
the SES is realized by employing a time-dependent bias voltage. In Paper II,
another feasible way to access heat- and charge-current fluctuations caused by
SESs is proposed by measuring macroscopic fluctuations of the system [43–45].
To be more precise, we relate the frequency-dependent electrochemical potential
and temperature fluctuations in the probe to the bare charge and energy current
fluctuations emitted from the SES, which are driven by either gate or bias voltage.
Another challenging quantity to be detected is the spectral current which provides access to the energy distribution of the emitted particles. Despite their difficulty, there are several experimental works on the successful readout of the energy
distribution. A highly complex state tomography [46–48] has been developed and
performed to address the quantum state of single particles [49]. Furthermore, in
Refs. [50, 51], the spectral current for a source that emits single particles far above
the Fermi sea, has been measured with the help of an energy-dependent detection
barrier. Another way of reading out the energy distribution, particularly in the
case of SESs where the Fermi sea is only minimally excited, is given in Paper IV.
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In this paper, we propose a setup with an energy-dependent QPC [52–56] to read
out the energy distribution of particle current.
The energy-dependent QPC implies that particles can traverse the QPC depending on their energy. Thus, the probability of electrons being transmitted
differs from the probability of holes being transmitted, meaning that electronhole symmetry is broken. With this property that is, the energy-selective barrier,
the detection of current gives, in principle, access to the energy distribution of
the particles.
However, the energy-selective transmission together with the application of thermal bias is already interesting without SESs, namely it results in thermoelectric
effects of the conductor. In Paper IV, we demonstrate, in the presence of SESs
that the thermoelectric response coefficients are actually the relevant parameters
to directly read out spectral current. To understand this subject, we first study
thermoelectric properties of mesoscopic conductors, independent of the SESs characterization. This leads to Paper III, where we investigate the QPC as a steadystate thermoelectric heat engine by studying power, efficiency [57–63], and
additionally power fluctuations. The last one, in contrast to macroscopic heat
engines, has a significantly large magnitude and impact on the thermoelectric
effects. It is worth mentioning that these three quantities are restricted by a socalled Thermodynamic Uncertainty Relation (TUR) [64–66] which has recently
been widely studied. We suggest to use such a restriction as a performance quantifier. The trade-off between the large power, high efficiency and small power
fluctuations by the TUR is used to analyze the optimization of the performance
of the system.
To sum up, the scope of this work is to theoretically study the characterization
of the on-demand SESs in the context of transport and thermoelectric quantities.
Particularly, we investigate the energetic properties of the SESs by means of heat
transport and energy-resolved transport. In general, studying such fundamental properties of the SESs, sets the basis for a controlled and noiseless injection
of particles into a coherent mesoscopic conductor, which is in interest of both
experimental and theoretical research

1.3 Organization of this thesis
The remaining part of the thesis is divided into six chapters. In the first two
chapters we introduce the theoretical method to derive the transport and the
thermoelectric quantities in an arbitrary time-dependently driven system, as well
as, in a steady state system employed in the thesis and the appended papers. We
begin with outlining a scattering approach, particularly, Floquet scattering theory,
to study transport quantities in both time-dependently driven and steady state
systems. It is followed by Chap. 3 where we study the thermoelectric properties
of the systems under consideration.
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In Chap. 4, we focus on SESs. We describe three different types of single-electron
emitters, as mentioned earlier: a Lorentzian bias voltage, a slowly driven mesoscopic capacitor and a local time-dependent edge-state modulation. In Chap. 5,
we present the characterization tools and detection schemes that were used to obtain information on the precision and spectrum of the emitted particles from the
introduced sources in previous proposals and experiments. Finally, in Chap. 6,
we give a brief overview of the appended papers. The thesis is concluded by
summarizing the overall results in Chap. 7.
The thesis includes two appendices that contain detailed auxiliary calculations
from the main text. The derivation of the scattering matrix related to the slowly
driven mesoscopic capacitor setup is derived as a function of resonant times and
energy in Appendix A. In Appendix B, the thermoelectric coefficients in linearresponse regime for the transmission function of the QPC being a step function
are given.

2 Theoretical description of
time-dependent charge and
energy transport phenomena in
mesoscopic systems
In this chapter, first, we describe a general non-interacting time-dependently
driven mesoscopic system that captures essential features of the setups of interest in this thesis. Then, we introduce observables which are experimentally
accessible and provide information about the system. Observables, or transport
quantities, such as time-resolved charge and energy, as well as spectral currents
and zero-frequency correlators of charge and energy currents, are used as spectroscopy tool to characterize the mesoscopic system. Next, we present a scattering
matrix approach [67, 68] that is utilized to derive the transport quantities in such
a system. In particular, the time-dependent (Floquet) scattering theory [69, 70]
is used to describe a time-dependently driven mesoscopic system. Finally, within
this framework, we derive explicit expressions for all the transport quantities mentioned above.

2.1 General model
The sketch of a two-terminal setup under consideration is shown in Fig. 2.1. It
consists of a coherent conductor (green area) which is connected to left (L) and
right (R) contacts. These contacts correspond to electronic reservoirs of effectively
non-interacting electrons with well-defined temperature Tα and electrochemical
potential µα , where α = L, R. The electronic distribution in each contact is
described by the Fermi-Dirac distribution function,
fα (E) =

1
1+

e(E−µα )/kB Tα

.

(2.1)

In the scatterer area of the conductor, denoted by red-dashed line, there are
two key elements : a generic time-dependently driven source, denoted by S (this
is the case in Paper I, II and IV, but not in Paper III); and a quantum point
contact, denoted by QPC with a possibly energy-dependent transmission (this is
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the case in Paper III and IV) 1 .
The system is forced out of equilibrium time-dependently by driving either a
gate voltage or modulated bias voltage in the region S, see Chap. 4 for a detailed
description of distinctive types of setups. However, note that the system can
be in a non-equilibrium state also in the absence of the external time-dependent
driving which can be achieved by means of a thermal bias or a dc bias voltage,
see Chap. 3. As a result of the dc bias or time-dependent driving, particles
traverse the conductor ballistically which means that we can in principle learn
about properties of the scatterer by studying the flow of these particles.
Since the particles injected into the conductor carry charge and energy, we can
study transport quantities such as charge and energy current as well as their
corresponding fluctuations and noise. However, when assuming a noiseless timedependently driven source as the one mentioned in Chap. 4, the latter ones can
only be accessed if particles are randomly scattered in the conductor either to
the reservoir R or reservoir L. For this purpose, one needs to add e.g. the QP,C
which acts as a beam splitter. We can also investigate thermoelectric effects
in the system by breaking electron-hole symmetry together with thermal bias,
which is the focus of Chap. 3. This becomes possible by employing the QPC as
an energy filter which corresponds to the situation when the energy-dependence
of transmission probability is relevant.
In the following, we introduce transport quantities as a key tool to characterize
the scatterer. Later on, we explain the method, the non-interacting scattering
theory, which will be used to derive these observables.

2.2 Definition of transport quantities
Let us introduce the transport quantities, which are the main tools in this thesis
to study mesoscopic systems. The derivation of these quantities has been widely
studied in my Licentiate Thesis [71], and here, we only introduce them briefly.
Particles that are injected to the conductor carry charges. Therefore, the first
quantity to be studied is the charge current. Using the second quantization operators, the charge current operator in the reservoir α is defined by the operators
of incoming and outgoing particles from the scatterer and is given by
e
Iˆα (t) = −
h

ZZ

0 i(E−E 0 )t/~

dE dE e



b̂†α (E)b̂α (E 0 )

−

â†α (E)âα (E 0 )



.

(2.2)

In the equation above, âα (E) [â†α (E)] denotes the annihilation [creation] operator
corresponding to an incoming electron from a reservoir α at energy E. Whereas,
b̂α (E) [b̂†α (E)] refers to the annihilation [creation] operator corresponding to an
outgoing electron to a reservoir α at energy E. Note that throughout this thesis
1

An energy-independent transmission of the QPC is considered in Paper I and II.
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Figure 2.1: Illustration of a two-terminal mesoscopic system. The coherent conductor (green area) is attached to two electronic reservoirs, left (L) and right (R).
The key components of the setup are the time-dependently driven source (S) and an
energy-dependent (or independent) quantum point contact (QPC) with transparency
D. The QPC is realized by capacitively coupled gates to the conductor (indicated in
yellow). The system is brought out of equilibrium either time-dependently with the
help of the driven source, S, or in the absence of the source and applying voltage and
thermal biases. In both case, particles are injected into the conductor and they are
either transmitted through or reflected from the QPC.

the electron charge is −e while e > 0, and the direction of the flowing current is
into a reservoir α.
Here, the observable quantities of interest are the time-dependent charge current
and the time-averaged charge current. The time-dependent charge current gives
information about the type of emitted particles, electrons and holes, in time.
This quantity is obtained by evaluating the quantum average of Eq. (2.2), Iα (t) =
hIˆα (t)i. We assume that the quantum average hâ†α (E)âα (E 0 )i is determined by
the equilibrium statistical properties of the reservoirs,
hâ†α (E)âβ (E 0 )i = δαβ δ(E − E 0 )fα (E),

(2.3)

and hb̂†α (E)b̂α (E 0 )i is obtained from the scattering approach introduced in Sec. 2.3
and 2.4. Moreover, the time-averaged charge current is defined as the time integral
of the time-dependent charge current over one driving period T ,
I¯α =

Z T
0

dt ˆ
hIα (t)i.
T

(2.4)

However, by measuring this quantity, one loses some information about the emitted charge which results from the fact that the contributions from electrons (negative charge) and holes (positive charge) cancel each other out due to time averaging
of the current.
Independent of their charge, particles carry also energy. Thus, the energy distribution of the emitted particle constitutes another relevant quantity characterizing
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features of the system. Specifically, the key quantity to be studied here is the spectral current. The corresponding spectral current operator is obtained from the
energy-resolved, time-integrated particle current operator,
îα (E) =

Z T
0



dt Z
0 i(E−E 0 )t/~
†
0
†
0
dE e
b̂α (E)b̂α (E ) − âα (E)âα (E ) .
T

(2.5)

Then, the spectral current is given by the quantum average of this expression,
and it can be calculated by employing the scattering approach, see Sec. 2.5. Still,
this quantity can hardly be directly accessed in experiments. Another way to
acquire information about energetic properties of the particles is to study the
energy current. The energy current operator is defined by
0
n
o
0
1 ZZ
0 E +E
E
ˆ
dE dE
ei(E−E )t/~ b̂†α (E)b̂α (E 0 ) − â†α (E)âα (E 0 ) .
Iα (t) =
h
2

(2.6)

Taking the quantum average of the energy-current operator, we obtain the timedependent energy current.
So far, we have focused on the expectation value of the charge and the energy
current. However, these currents can also fluctuate due to the presence of the
scatterer. We analyze these fluctuations through their correlator in order to find
additional information about the scatterer. Along the same line as Ref. [72], by
employing current operators and calculating the quantum statistical expectation
value of the correlator between the current fluctuations, we can determine the
XY
spectral density of the current noise, Pαβ
(ω),
o
1 n
XY
(ω) = h ∆X̂α (ω), ∆Ŷβ (ω 0 ) i,
2πδ(ω + ω 0 )Pαβ
2

(2.7)

where ∆X̂ = X̂ − hX̂i stands for the fluctuation of the operator X̂. Our main
focus is on the zero-frequency current noise can be in general derived as follows
XY
Pαβ
(ω

= 0) =

Z T
0

dt Z ∞ 0
dt h∆X̂α (t) ∆Ŷβ (t + t0 )i.
T −∞

(2.8)

II
The charge-current noise Pαβ
is then obtained by replacing operators X̂α and
Ŷα with the charge current operator, Iˆα . More importantly, by substituting X̂α
EE
and Ŷα with IˆαE , energy-current noise Pαβ
is defined. This until today much
less studied quantity is of central interest in this thesis, as it allows for obtaining information about energy properties of the time-dependently driven source.
The mixed-current noise, which is the consequence of the fact that the emitted
particles carry both charge and energy, is given by the correlation between the
charge-current operator X̂ = Iˆα and the energy-current operator Ŷα = IˆE . The
current noise can be calculated as a correlator of the current fluctuation in different reservoirs, (α 6= β) or in the same reservoirs (α = β), where α, β = L, R.
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Next, in order to calculate the transport quantities of the mesoscopic system
including the scatterer, we need to obtain relatiosn between the outgoing particles
and the incoming ones by utilizing the scattering approach. When the system is
brought out of the equilibrium by a dc voltage or a thermal bias, rather than an
ac voltage, the stationary scattering matrix, Sec. 2.3, is employed. However, in
the presence of the time-dependently driven source or ac bias voltage, the system
is described by so-called Floquet scattering matrix, Sec. 2.4.

2.3 Energy-dependent stationary scattering matrix
In this section, we consider a simplified scatterer (compared to what is shown
in Fig. 2.1), namely when the time-dependent source is not operating, but the
QPC transmission is assumed to be energy-dependent. This case is addressed
in Paper III and discussed in more detail in Chap. 3. Here, we review only the
crucial properties of an energy-dependent stationary scattering matrix [73, 74]
which is the framework for studying transport quantities of a system with an
energy-dependent QPC.
By applying a voltage or thermal bias between the two reservoirs, particles
flow to the conductor and impinge on the QPC. Depending on the shape of the
energy-dependent transmission function, particles with a probability amplitude
that depends on their energy can be either transmitted or reflected.
Within the stationary scattering approach and second quantization, one can calculate the relation between annihilation [creation] operator of outgoing particles,
b̂α (E) [b̂†α (E)], and incoming particles, âβ (E) [â†β (E)], with
b̂α (E) =

X

Sαβ (E)âβ (E),

(2.9)

∗
(E)â†β (E).
Sαβ

(2.10)

β=L,R

b̂†α (E)

=

X
β=L,R

These operators, âβ (E) and b̂α (E), are fermionic operators, reflecting the fact
that we are dealing with electrons, so that they obey the anti-commutation rules,
n

o

â†α (E), âβ (E 0 ) = δαβ δ(E − E 0 ),

â†α (E), â†β (E 0 ) = 0,

n

o

(2.11)

{âα (E), âβ (E 0 )} = 0,
and analogous relations hold for b̂α (E).
In the stationary scattering process the energy is conserved and the conservation
of particles requires the unitarity of the scattering matrix, i.e.,
X
β

∗
Sαβ (E)Sγβ
(E) = δαγ .

(2.12)
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As it has been seen in Sec. 2.2, in order to derive currents and their fluctuations,
we need to evaluate the quantum statistical average of the products of operators,
hâ†α (E)âβ (E 0 )i and hb̂†α (E)b̂β (E 0 )i. Assuming that the reservoirs are at local equilibrium, the statistics of the incoming operators can be determined by Eq. (2.3).
The statistics of the outgoing operators, derived using Eq. (2.9) and Eq. (2.10),
is thus given by
hb̂†α (E)b̂β (E 0 )i =

X

Sαα0 (E)Sββ 0 (E 0 )hâ†α0 (E)âβ 0 (E 0 )i.

α0 ,β 0

(2.13)
Note that in the non-equilibrium state, namly large bias voltage and thermal bias,
the potential of the conductor can be shifted due to the screening effect that is
caused by the accumulation of charge and energy in the conductor. Therefore,
the properties of the energy-dependent scattering matrix become dependent on
the screening effect, which is further discussed in Chap. 3.
Here, except for Paper III, other appended papers and the main focus of the
thesis are about studying on-demand single-electron sources. We even use the
QPC with an energy-dependent transmission to characterize the properties of
these sources. Thereby, we need to define the framework, within which the timedependent sources are described.

2.4 Scattering formalism for time-dependent
transport
In this thesis, we are interested in the investigation of the generic properties of
three distinctive single-electron sources that are based on a time-dependent gate
or bias driving of a conductor, see Chap. 4. These sources can be described
mathematically with the help of the Floquet scattering matrix. In this section,
we explain this method and show how to utilize it to derive transport quantities.
The single-electron source is periodically driven with a frequency Ω = 2π/T ,
where T represents the period of the driving. Such a source, together with the
QPC, is depicted schematically in Fig. 2.2 as the scatterer (red rectangle), see
also the part of the setup in Fig. 2.1 enclosed by the red-dashed line. While being
scattered at the time-dependent scatterer, electrons can absorb or emit n energy
quanta ~Ω (Floquet quanta), as schematically indicated with the red arrows in
Fig. 2.2. According to the Floquet scattering theory [70, 75, 76], a relation between
the incoming and outgoing operators can be described by the Floquet scattering
matrix. In the following, we present this approach which is described with more
detail in my Licentiate Thesis [71] and also in Ref. [77].
Using the Floquet theory, the states that are solutions to the Schrödinger equation for a periodic time-dependent Hamiltonian can be found. Among these states,
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Figure 2.2: Schematic representation of the system under consideration: A scattering
region (red box) is periodically driven with frequency Ω and connected to two electronic
reservoirs via leads. Particles with energy E emitted from a reservoir can be reflected
or transmitted by the scatterer while absorbing or emitting n Floquet quanta of energy
(red arrows).

we can formally distinguish states impinging onto the scatterer and states outgoing
from the scatterer. Here, by using the second quantization representation, these
incoming and outgoing states are replaced by relevant annihilation and creation
operators. Furthermore, if we assume that the incoming operators are known, the
outgoing operators are found from the following relations
b̂α (Eq ) =
b̂†α (Eq ) =

X

∞
X

β=L,R m=−∞
∞
X
X

SF,αβ (Eq , Em )âβ (Em ),

(2.14)

∗
SF,αβ
(Eq , Em )â†β (Em ).

(2.15)

β=L,R m=−∞

Here SF,αβ (Eq , Em ) denotes the Floquet scattering matrix, where Eq = E + q~Ω.
All information about the transport properties of the conductor are encoded in
this matrix. Noticeably, the amplitudes of this matrix depend on two energies:
the incident energy Eq from a reservoir β, and the scattered energy Em to a
reservoir α. As a result, the number q − m can be understood as the amount of
absorbed or emitted energy quanta, which implies that energy is not conserved
during the scattering process. However, conservation of the number of particles
during the scattering process only after time average leads to unitarity of the
Floquet scattering matrix, i.e.,
XX
n

α

∗
SF,αβ
(En , Em )SF,αγ (En , E) = δm0 δβγ .

(2.16)

As it has been mentioned in the previous section, to derive currents and their
fluctuations, one needs to calculate the statistics of the outgoing operators which
is given by
hb̂†α (E)b̂β (E 0 )i =

X

∞
X

†
∗
0
0
0
SF,αα
0 (E, En )SF,ββ 0 (E , Em )hâα0 (En )âβ 0 (Em )i,

α0 ,β 0 n,m=−∞

with, hâ†α (E)âβ (E 0 )i given in Eq. (2.3).

(2.17)
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So far, we have introduced the Floquet scattering matrix in the energy representation which will be used to describe time-dependently driven sources in Chap. 4.
However, it is often also appropriate to introduce the mixed time-energy representation of the scattering matrix which will be proven in Chap. 4, to be particularly
convenient for describing the mesoscopic capacitor source. The scattering matrix
in the mixed time-energy form can be expressed by means of a partial Fourier
transform,
S(t, E) =

∞
X

e−inΩt S(En , E),

(2.18)

dt inΩt
e
S(t, E).
T

(2.19)

n=−∞

and
S(En , E) =

Z T
0

In such a case, the scattering matrix S(t, E) depends on the energy of the incident particle E and the time t when the particle leaves the scatterer. Inserting
the definition of S(t, E), Eq. (2.19), into Eq. (2.16) and making the inverse transformation, the unitarity condition is expressed as follows:
Z T
0

dt inΩt
e
S(t, En ) S(t, E) = δn0 .
T

(2.20)

In this section, we have presented the properties of the Floquet scattering matrix
which is employed to describe the time-dependently driven sources. Particularly,
one of the key examples of this thesis which is based on a mesoscopic capacitor can
be fully described with the mixed energy-time representation S(t, E). However, in
the thesis and Papers I, II and IV, the mesoscopic capacitor source is restricted to
be driven slowly. In this limit, the scattering matrix is simplified to the stationary
scattering matrix with parameters which are dependent on time. This particular
type of scattering matrix, so-called frozen scattering matrix, is explained in the
next subsection.

2.4.1 Frozen scattering matrix
When the dynamical properties of the scatterer vary slowly as compared to the
time which a particle spends in the scatterer, the frozen scattering matrix approximation [70] can be used instead. In such an approximation, a stationary
scattering matrix is obtained by freezing the dynamic system at time t, and it is
denoted by S (0) (t, E). This matrix which is called the frozen scattering matrix,
can characterize the slowly time-dependent scatterer. By Fourier expanding of
the scattering matrix, we have:
S (0) (t, E) =

∞
X
n=−∞

e−inΩt Sn (E).

(2.21)
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Because the Fourier coefficients, Sn (E), of the frozen scattering matrix are determined only by the incident energy E and the transfered energy n~Ω, we can
introduce a shorthand notation
S(E, En ) ≡ Sn (E).

(2.22)

The frozen scattering matrix and its properties are used to describe the slowly
time-dependently driven mesoscopic capacitor, as the most important given example in Papers I, II and IV.
So far, we have studied the Floquet scattering matrix for systems which are
driven time-dependently by a gate voltage. However, as we mentioned before, the
system in the presence of the time-dependent bias voltage can also be described
by the Floquet scattering approach which is the purpose of the next subsection.

2.4.2 Scattering amplitude for time-dependent bias voltage
Following the appendix of Ref. [38], In our general model, Fig. 2.1, the timedependent bias voltages is modulated in the area S and can be treated as timedependent scattering phases that are picked up when electrons leave or enter the
reservoirs in . Then, the reservoirs can still be treated time-independently in
the local equilibrium. In other words, by applying a bias voltage Vα,b (t) to the
reservoir α, the incoming operator âα (E), which contributes to the current and
noise operators, is related to the operators â0α (E) injected by the reservoir α with
equilibrium statistical properties as
âα (E) =

+∞
X

cα,k â0α (E−k ).

(2.23)

k=−∞

The quantum average of â0α (E) obeys the Fermi-Dirac statistics, i.e.,
0
0
0
hâ0†
α (E)âβ (E )i = δαβ δ(E − E )fα (E),

(2.24)

while the statistics of the operator âα (E) is modified into
+∞
X

hâ†α (E)âβ (E 0 )i = δαβ

δ(Eq − E 0 )Fα,q (E),

(2.25)

q=−∞

with the auxiliary function Fα,q (E) is defined as
Fαq (E) =

∞
X

c∗α,n cα,n+q fα (E−n ),

(2.26)

n=−∞

which is the nonequilibrium distribution function due to the time-dependent driving. In the equation above, cα,n is the Floquet scattering amplitude which is
defined by
cα,n =

Z T
0

R
0
0
e t
dt −inΩt
e
cα (t) with cα (t) = ei ~ 0 dt (Vα,b (t )−V α,b ) .
T

(2.27)
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Notice that the coefficient cα (t) depends only on the ac-component of the bias
voltage. We use this amplitude to describe the transport quantities in our particular source, that is, the Lorentzian bias voltage studied in detail in Paper I.

2.5 Transport quantities in terms of the scattering
matrix
In the following, we present general expressions for transport quantities in terms of
the scattering matrix which are used in the rest of the thesis and appended papers
to describe the mesoscopic system. These systems are driven time-dependently,
by applying either gate or bias voltage. In Appendix B of Paper I, the expressions under consideration are presented in a compact form where both situations,
time-dependent driving of the reservoirs, as well as the scatterer, are considered
simultaneously. However, here, for simplicity, we discuss these two systems separately.

2.5.1 Time-dependent scatterer
By employing the Floquet scattering matrix, the time-dependent charge current
is obtained by evaluating the quantum statistical average of Eq. (2.2), where
hâ†α (E)âα (E 0 )i and hb̂†α (E)b̂α (E 0 )i are given by Eq. (2.3) and Eq. (2.17), respectively:
Iα (t) = hIˆα (t)i
e XXZ
∗
dEe−ilΩt Sαβ
(E, En )Sαβ (El , En ){fβ (En ) − fα (E)}.
=−
h β n,l

(2.28)

Moreover, the time-averaged charge current is given by
e
I¯α = −
h

X

∞
X

Z

2

dE |Sαβ (E, En )| {fβ (En ) − fα (E)}.

(2.29)

β m=−∞

In general, these equations show that in order to have a nonzero current, thermal
or voltage bias is not required. In other words I¯α 6= 0 even if fα (E) = fβ (E), since
we have to consider Fermi function at different energies due to the time-dependent
driving.
In analogy to the charge current, using Eq. (2.6), we also obtain the timedependent energy current
!

IαE (t)

1 XXZ
l~Ω −ilΩt ∗
=
dE E +
e
Sαβ (E, En )Sαβ (El , En )
h β n,l
2
× {fβ (En ) − fα (E)} ,

(2.30)

17

and the average energy current is found by integrating the time-dependent energy
current over one period T of the driving:
1
I¯αE =
h

∞ Z
X X

2

dE E |Sαβ (E, En )| {fβ (En ) − fα (E)} .

(2.31)

β n=−∞

Note that in the context of transport measurement, the relevant physical quantity is the heat current. This quantity corresponds to the excess energy carried by
particles with respect to the electrochemical potential of the relevant reservoir,
µα
(2.32)
Jα (t) = IαE (t) + Iα (t).
e
Here, we have assumed Vα,b (t) = 0. The time-averaged heat current is then
derived by taking the average of the energy and the charge current.
The zero-frequency noise is obtained by
XY
Pαβ

1X X Z
=
dE xyq fγ (En ) [1 − fη (Em )]
h γ,η n,m,q
∗
∗
× Sαγ
(E, En )Sβγ (Eq , En )Sαη (E, Em )Sβη
(Eq , Em )
Z
1X
−
dE xyq |Sαβ (E, Eq )|2 fβ (Eq ) [1 − fβ (Eq )]
h q
i
h
1X Z
−
dE xq y |Sβα (E, Eq )|2 − δαβ δq,0 fα (Eq ) [1 − fα (Eq )] . (2.33)
h q

The expression for the charge-current noise, P II , is obtained when x = y = −e
and xq = yq = −e. On the other hand, the energy-current noise, P EE , is acquired
by replacing x, y = E and xq = yq = E + q~Ω . Finally, the mixed-current noise,
P IE , is given when x = E and xq = E + q~Ω and yq = y = −e or the other way
around.
We have formulated the transport quantities, using the Floquet scattering matrix in the presence of the time-dependent potential energy. However, for the
stationary case, Sec. 2.3, the transport quantities are simply obtained by substituting Sαβ (E, En ) with Sαβ (E)δn0 in the above equations.

2.5.2 Time-dependent bias voltage
Along the same line as in the previous subsection, by using Eq. (2.23), we describe
the transport quantities in the presence of a time-dependent bias voltage. To calculate these quantities one needs to evaluate the quantum average, hâ†α (E)âα (E 0 )i
which is given by Eq. (2.25).
The time-dependent charge and energy currents are obtained now in the form
e XXZ
Iα (t) = −
dEe−iqΩt |Sαβ (E)|2 {Fβq (E) − Fαq (E)},
(2.34)
h β q
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and
!

IαE (t)

q~Ω −iqΩt
1 XXZ
dE E +
e
|Sαβ (E)|2 {Fβq (E) − Fαq (E)},
=
h β q
2

(2.35)

where the nonequilibrium distribution due to time-dependent driving, Fα,q (E), is
given by Eq. (2.26). By considering this model the heat current for Vb (t) 6= 0 can
be obtained by Eq. (2.32). Next, the current noise is given by
XY
Pαβ


∞
i
h
X
1Z
=
dE
xyl δαβ Fα,l (E) δl0 − Fα,−l (El ) − |Sαβ (E)|2
h
l=−∞
h

i

h

× Fβ,l (E) δ0l − Fβ,−l (El ) − |Sβα (E)|2 Fα,l (E) δl0 − Fα,−l (El )
+

∞
X

∗
∗
Sαγ
(E)Sαλ (E)Sβλ
(E)Sβγ (E) Fγ,l (E)
γλ m=−∞

X

h

i
i

δm0 − Fλ,m (E−m ) .
(2.36)

As mentioned in the previous subsection, by replacing x, y by e and/or E, charge-,
energy- and mixed current noise can be acquired. This formalism is used when
we study Lorentzian-shaped bias voltage in Paper I.
In this chapter, we formulated the transport quantities in the two-terminal setup
with the central scatterer by employing the scattering theory. The different kinds
of scatterers is considered. They include, first, the energy-dependent scatterer,
which is described by the stationary scattering matrix, and second, the timedependently driven scatterer by either a gate voltage or a bias voltage which is
presented by the Floquet scattering matrix. This theoretical approach fully covers
our study in this thesis and the appended papers. Furthermore, in Chap. 3, we
present the possible thermoelectric coefficients of the system in the framework
of scattering theory. The transport, together with thermoelectric quantities, will
be used as a tool to characterize the key element of the introduced setup, i.e.,
single-electron sources, in Chap. 4 which is also studied in Paper IV.

3 Thermoelectric effect at the
nanoscale
In this chapter, we focus on analyzing thermoelectric features of mesoscopic conductors. The example system we focus on, is a setup involving a quantum point
contact (QPC) with energy-dependent transparency [52, 53, 57, 58]. We start
this chapter by presenting an overview on using a QPC as an energy-selective
barrier, and then, as a thermoelectric device which operates under an applied
thermal bias. Further, we introduce the specific setup of interest with an energydependent QPC. We describe the QPC potential and how it leads to a transmission probability with step-like dependency on energy. Thereafter, we explain the
screening effects that are observed when an applied bias across the sample leading
to charge pile-up at the QPC, modifies the local potential landscape. We analyze
the thermoelectric transport coefficients in the-linear response regime while the
system is either in a stationary state (see Paper III), or in the presence of an
arbitrary time-dependently single-electron sources (SES), of which we introduce
several in Chap. 4. In the latter case, the screening effects become noticeable and
modify the thermoelectric response coefficients. This setup allows for two different
aspects of spectroscopy (see Paper IV); first, modified thermoelectric quantities
are used as a tool to characterize the SES. Second, the screening effects is sensed
by using the SES as a probe.

3.1 QPC as thermoelectric device
By considering QPC with an energy-dependent transmission probability, one can
filter the transport of particles based on their energy, which results in breaking
the symmetry between the probability of transmitted electrons and holes. This
energy-selective QPC, when applying thermal bias, allows for the realization of
thermoelectric effects in the conductor.
Indeed, the QPC in the mesoscopic conductors has been the device to realize
thermoelectric effects [53, 78]. Since then, many studies on the thermoelectric
properties of QPCs have been done [52, 54, 55, 79, 80]. It has also been used as a
miniature thermometer [53], by taking advantage of the fact that the conductance
broadening is proportional to the temperature. In these works, the considered
energy filtering is a step-like function [52, 53, 80] which is a consequence of the
saddle-point electrostatic potential of the QPC, explained in Sec. 3.2. Other kinds
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of filtering have also been employed by replacing the QPC with e.g., a QD, which
creates Lorentzian or Dirac delta functions in the transmission [56, 79, 81].
Despite those early studying, analyzing the QPC as a thermoelectric device
is still an ongoing research topic. In heat engines or refrigerators, the optimal
performance of a device is of crucial importance. In the case of a heat engine,
the electrical power product, P , and the efficiency, η = P/J, where J is the heat
current flow into the device, here the QPC, are well-known quantifiers that are
used to optimize the performance of the system. An extensive investigation has
been done on the optimal performance of thermodynamic devices, especially the
efficiency at the maximum power which in the linear response regime is limited
by the Curzon-Ahlborn efficiency [61–63, 80–85].
Besides the maximized efficiency and the power, considering minimized fluctuations is also a way to optimize the performance of the system. This comes from
the fact that the fluctuations in small devices, in contrast to the macroscopic
systems, has a relevantly large magnitude. Therefore, studying combination of
efficiency, power and fluctuations become of interest in this context. To do that,
the recent study on Thermodynamic Uncertainty Relations(TUR) [64, 65] suggests us to define a combined performance quantifier which is restricted by the
TUR bound. This is the subject of Paper III.
In Paper IV, thermoelectric effects of the QPC is used in the context of the
SESs characterization. In this paper, we use of thermoelectric response coefficients to directly read out spectral current which gives information about energy
distribution of the emitted particle.

3.2 QPC Setup
In Fig. 3.1, we schematically show a system which is brought out of equilibrium
by applying electrochemical potential and temperature differences between the
two reservoirs. We assume that the reservoir R is the hot one while the reservoir
L is the cold one and take the temperature of the reservoir L as the reference
(background) temperature, meaning that TL = T0 and TR = T0 + ∆T while
∆T > 0. On the other hand, the electrochemical potentials are defined as µL = µ0
and µR = µ0 + ∆µ. Here, µ0 represents the electrochemical potential in the
absence of a bias voltage. We use µ0 = 0 as the reference energy. Two reservoirs
are connected to each other via a QPC with transparency D(E). Particles from
the reservoirs flow into the conductor and they are reflected or transmitted at the
QPC depending on their energy. In the following, we elaborate on the QPC which
acts as an energy filter in the setup.
In general, a QPC is used to constrict the flow of electrons in different types
of nanoscale conductors such as a two-dimensional electron gas (2DEG). Two
metallic gates with a distance of the order of hundreds of nms between them, are
connected capacitively to the top of the conductor through a layer of insulator
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Figure 3.1: Illustration of the two-terminal system with a central quantum point contact (QPC). The emitted electrons from reservoirs left (L) and right (R) are scattered
at the QPC which is characterized by the energy-dependent transparency D(E). The
reservoir L is kept at electrochemical potential µL = µ0 and temperature TL = T0 (cold
reservoir). The reservoir R is characterized by electrochemical potential µR = µ0 +∆µ
and temperature TR = T0 + ∆T (hot reservoir).

material [86, 87], see a yellow area in Fig. 3.1. The QPC is defined by applying
a negative voltage to the gate such that a short and narrow constriction for the
flow of particles is created in between the two gates. However, also in nanowires,
similar constrictions can be realized which can be either achieved by means of
interfaces or controlled by finger gates [81].
As we mentioned above, the QPC can be established in a 2DEG in the form
of an electrostatic constriction induced with a pair of split gates. Electrons can
be transmitted or reflected at the potential, created by the split gates in the
narrow bottleneck. The potential is approximated as a saddle point shape, near
the narrowest point of the QPC. This approximation is achieved by considering
the lowest order of the expanded potential around the appropriate positions x and
y, which is given by [52, 88]
1
1
U (x, y) = U0 − mωx2 x2 + mωy2 y 2 .
2
2

(3.1)

Above, x and y denote longitudinal and transverse directions, respectively. The
curvature of the saddle is defined by ωx and ωy , while U0 is the potential at the
saddle. The total energy of incident particles is obtained by adding the kinetic
energy, p2 /(2m). The eigenstates of the resulting Hamiltonian can be separated
into a transverse component with the energy En = ~ωy (n+1/2), and a longitudinal
component with an effective potential U0 + ~ωy (n + 1/2) − 1/2ωx2 x2 . This effective
potential is regarded as the band bottom of a quantum channel around the saddle
point. Particles can be transmitted through the QPC, if their energy is larger
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Figure 3.2: (a) The electrostatic potential of QPC, Eq. (3.3), shown in terms of
the longitudinal direction, x. (b)The transmission probability, Eq. (3.4), shown as a
function of energy, with a step positioned at energy E0 and smoothness γ. The gray
line shows the step function when γ → 0.

than the threshold energy,
1
En = U0 + ~ωy (n + ),
2

(3.2)

with n referring to the number of channels. In the present discussion we consider only one channel, meaning that n = 0. Hence, the QPC is effectively one
dimensional along the x-axis, and its electrostatic potential is reduced to
1
U (x) = E0 − mωx2 x2 ,
2

(3.3)

where E0 = U0 + ~ωy /2 denotes the top of the potential and mωx2 represents the
width of the potential which is shown in Fig. 3.2(a). Then, as a consequence, the
transmission function from Ref. [89] can be calculated as
1

D(E) =
1 + exp



−E+E0
γ

.

(3.4)

Here, E0 stands for the position in energy of the step-like function and γ =
~ωx /(2π) is the smoothness. This transmission probability is shown in Fig. 3.2(b).
In experimental papers [53, 86, 87], where the conductor is realized in a 2DEG, a
smoothness γ of the order of 1 meV or smaller than 1 meV is estimated. However,
in Ref. [81], for a different type of a conductor, that is, a quantum wire, γ is
expected to be in the order of 1 µeV. Note that, when the smoothness is smaller
than other relevant energy scales, we can set γ → 0, and the transmission function
approaches a step function, i.e., D(E) = Θ(E − E0 ).
So far, we have described the properties of a QPC in an equilibrium situation.
However, in general, the transmission probability of the QPC depends on the
potential landscape of the conductor. When applying voltage and temperature
differences, charges are accumulated in the scattering area, and hence, due to
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Figure 3.3: Schematic top-view of a QPC, showing regions L and R where the charge
is not screened. These regions are connected to two reservoirs with capacitance C and
to the gate with capacitance Cg .

screening effects, the QPC potential is modified. In the next section, we study
how screening affects the QPC properties and the transport quantities of the
system. Therefore, it is more convenient to use the notation D(E, UQPC ) for the
transmission function of the QPC, where UQPC is the potential landscape resulting
from screening effects.

3.3 Screening effects and gauge invariance
When the system is forced out of equilibrium, due to applied temperature and
voltage differences, the charge can be accumulated around the QPC which leads to
screening effects. The screening properties in a metallic conductor can usually be
neglected, whereas in semiconductors it has long range effects. This effect [90–92]
causes the potential landscape to shift. More explicitly, potential regions UL and
UR are built up, see Fig. 3.3, the QPC potential is then defined by UQPC = UL +UR
which depends on voltages and temperature. In equilibrium, or when the screening
0
effects are negligible, UQPC
is considered to be constant and it is absorbed into
the scattering properties of the QPC. The transmission function is then denoted
0
by D(E, UQPC
) ≡ D(E).
Due to the potential shift, the scattering matrix of the QPC, in the screening
length, gets an energy-dependent phase [60, 93], and can be written as
 q

i 1 − D(E, UQPC )

S(E) = eiφ(E,UQPC ) 


q

D(E, UQPC )


q

D(E, UQPC )

q

−i 1 − D(E, UQPC )



.


(3.5)

Here φ(E, UQPC ) depends on screening properties through the screening length.
Furthermore, in order to derive the transmission probability, D(E, UQPC ), we
need to define the QPC potential UQPC . In our setup as it is shown in Fig. 3.3,
the potential regions UL and UR are capacitively connected to the reservoirs with
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capacitance C and to the gate with capacitance Cg . The coupling between two
potential regions, with capacitance C0 , does not affect the result of our setup.
The general model, considering further capacitances, is discussed in the appendix
of Paper IV. The voltage and temperature dependency of the QPC potential is
described through geometric (classical) capacitances but also by quantum properties of accumulated charges. This has been nicely shown in the weakly non-linear
regime, where the potential, UQPC , can be expanded up to the first order [60]
∆µ
+ χ∆T.
(3.6)
e
where ξ and χ are characteristic potentials that describe the internal changes of
the system due to the shift of voltage and temperature. These coefficients are
derived by investigating charge conservation in the system discussed in Paper IV
and are defined as
U = Ueq − ξ

ξ=

dE
2C + d
, χ=
.
2C + d + 2Cg
2C + d + 2Cg

(3.7)

Here, the charge and entropy injectivities
d = −e

2

Z

E

2

Z

d = −e

df0 (E)
dE
df0 (E)
E
ν(E)
,
dE
kB T0
dE

dEν(E)

(3.8)

contain information on carriers of charges and entropy, E/T0 , respectively, which
enter to the two potential regions. The total density of state, ναe is given by
ν(E) =

1 h † dŜβα i
1 dφ(E)
tr Ŝ
=
.
2πi
dE
2πi dE

(3.9)

This shows that if the phase in the scattering matrix, Eq. (3.5), is energy independent, the density of state vanishes, ν(E) = 0, and as a consequence there is
no charge and entropy injectivities and therefore no quantum screening effects.
Considering screening effects guarantees that electric transport under a global
potential shift is Gauge invariant. Note that in the non-linear transport regime,
Gauge invariance in general is not fulfilled in scattering theory when screening
effects are neglected [90, 91, 94, 95].
In Paper III, we consider a simpler model where it is assumed that the scattering matrix, Eq. (3.5), has an energy-independent phase which leads to zero charge
and entropy injectivities. However, we still have the voltage dependency of the
potential through the geometric capacitances. Nevertheless, by applying a symmetric bias voltage this dependency is canceled out. The gate voltage dependency
of the QPC potential is absorbed into the step energy, i.e.,
E0 (Vg ) = E0 + eCg Vg /(2C + Cg ) ≡ E0 .

(3.10)
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Moreover, since the entropy injectivity is zero, the temperature dependency of
the QPC potential in this setup does also not enter. Note that in many previous
studies the potential shift due to screening effects has not been considered in
the transport quantities for different reasons such as symmetric design and linear
properties of the setup [80–85, 95]. However, these assumption guarantee that the
transport quantities are invariant under a global potential shift.
In the following sections, we analyze two different regimes. First, we describe
the transport quantities in the linear response regime of the steady-state system.
Hence, screening effects are negligibly small and we can develop a simple and
intuitive picture of the thermoelectric properties. Second, in order to sense the
screening effects, one of our main findings is that it is convenient to study actransport quantities induced by an additional SES in the linear response regime
of voltage and temperature differences. From a different perspective, the impact
of screening effects on the thermoelectric properties allows us to characterize the
SESs. Both of the mentioned topics in the latter regime are the subject of Paper IV.

3.3.1 Linear response regime
In mesoscopic samples, along the same line as in macroscopic systems, we can
analyze the well-known thermoelectric effects. For instance, a thermal bias can
induce a bias voltage due to energy-dependent transmission of the QPC which
is called the Seebeck effect. Or a bias voltage can induce a thermal bias which
is referred to as the Peltier effect. This can be shown in the linear response
regime where the variation of the voltage and temperature differences around the
equilibrium are small. In this regime, the charge and heat currents depend linearly
on the voltage and temperature differences via the so-called Onsager matrix [55],
IR
JR

!

=

G L
M K

!

∆µ/e
∆T

!

.

(3.11)

Here, charge and energy conservation results in IR = −IL and JR = −JL . Only
in non-linear response, Joule heating leads to a breakdown of heat current conservation.
The thermoelectric coefficients, G, L, K and M , which we refer to as "standard"
TE-coefficients, are given by
∂f0 (E)
e2 Z
dE D(E) −
,
G=
h
∂E
!
M
eZ
E
∂f0 (E)
L=−
=
dE D(E)
−
,
T0
h
T0
∂E
!
eZ
∂f0 (E)
M =−
dE D(E) E −
,
h
∂E
!

(3.12)
(3.13)
(3.14)
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Figure 3.4: Electrical conductance, G, and the thermoelectric coefficient, L, for a
transmission probability of the QPC approximated by a step function, D(E) = Θ(E −
E0 ).

E2
∂f0 (E)
1Z
dE D(E)
−
.
K=−
h
T0
∂E
!

(3.15)

Here, f0 (E) refers to the Fermi function at equilibrium namely in the absence of
voltage and temperature biases,
f0 (E) =

1
.
1 + exp[E/(kB T0 )]

(3.16)

Note that G and K represent the electrical and thermal conductance, whereas
L and M are called the thermoelectric coefficients, respectively. Fig. 3.4 shows
the behavior of L and G when the transmission probability of the QPC is given
by a step function, D(E) = Θ(E − E0 ), for more details of the calculation see
Appendix B. As it is shown in Fig. 3.4, when E0 → −∞, meaning that the
transparency acts energy-independently, the thermoelectric coefficients L and also
M = T0 L become zero. In other words, when the electron-hole symmetry is
preserved in the system, no thermoelectric effect takes place.
In the linear response regime, as we have discussed, the screening effects is not
noticeable. According to Refs. [90–92], this effect starts playing a role in a weakly
non-linear response regime or as we show in Paper IV, when an additional time
dependent driving is applied in the ac-transport regime. For this reason, we move
on to the linear response regime with an additional time-dependent driving and
study the resulting thermoelectric effects.

3.3.2 Interplay between SES and linear response regime
Adding a time-dependently driven SES as introduced later in Chap. 4 in the linear
response regime leads to noticeable screening effects in the currents.
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We write the currents of the time-dependent system in this regime as
IR
JR

!

G + Gs L + Ls
M + Ms K + K s

=

!

∆µ/e
∆T

!

+

Idir
E
Idir

!

.

(3.17)

Here Isdir and Jsdir correspond to the ’direct’ current from the SES, modified by
the energy-dependent transmission,
Z
e X
|Sn |2 dE D(E) [f0 (E) − f0 (En )] ,
h n
Z
−1 X
=
|Sn |2 dE D(E) E [f0 (E) − f0 (En )] .
h n

Isdir =
IsE,dir

(3.18)
(3.19)

Furthermore, Gs and Ms are the corrections of the electrical conductance and
thermoelectric coefficient, respectively, due to the response of the SES current
caused by the screening effects due to electrochemical potential differences. They
are given by
e2
Gs = ξ
h
e
Ms = −ξ
h

X

X

|Sn |

2

Z

n

2

|Sn |

Z

∂f0 (E) ∂f0 (En )
−
,
dE D(E)
∂E
∂E

(3.20)

∂
{E [f0 (E) − f0 (En )]} .
∂E

(3.21)

dE D(E)

n

#

"

Finally, Ls and Ks represent the corrections to the thermal conductance and
thermoelectric coefficient, respectively, due to the response of the SES current
caused by the screening effects due to temperature differences, and they have the
following form
"

#

∂f0 (E) ∂f0 (En )
−
,
dE D(E)
∂E
∂E

(3.22)

Z
∂
kB X
2
dE D(E)
Ks = − χ
|Sn |
{E [f0 (E) − f0 (En )]} .
h n
∂E

(3.23)

kB e
Ls = χ
h

X
n

2

|Sn |

Z

These correction to the TE-coefficients are the result of a combination of the time
dependency and the screening effect discussed above.
We identify two highly important consequence from this finding. In Paper IV,
first, we suggest to study the properties of the QPC due to the screening effect
by using the well-established SES as a probe. Second, we propose to characterize
the properties of SESs by studying the modified thermoelectric coefficient of the
QPC.

4 On-demand single-electron
sources
Previously in Chap. 2, we have introduced the general model of the setup that we
study in this thesis and the theoretical framework to describe it. In this chapter,
we elaborate further on the single-electron source (SES), which is the most important element of this thesis. There are many different approaches to achieve the
emission of single particles [19]. We are specifically interested in the emission of
single-particle pulses from three distinctive types of sources. Their common feature is that they only minimally excite the Fermi sea. However, they differ by their
driving protocol and by the degree of particle confinement in the driven conductor.
First, in Sec. 4.1, we describe a SES that emits single particles with a particular shape of the bias voltage, which is known as the time-dependent Lorentzian
bias [9, 15–17]. Then, in Sec. 4.2, we consider a SES involving the quantumconfinement regime where single particles are generated with a time-dependently
driven mesoscopic capacitor [4]. Finally, in Sec. 4.3, we discuss a SES where a
local gate-voltage modulation of a quantum Hall edge state which allows for emission of single particles by locally driving without confinement [18]. These sources
serve as particle input to the setup that is introduced in Chap. 2, namely a conductor with a possibly QPC with an energy-dependent transparency D(E). We
describe these different types of single-electron emission processes by employing
the Floquet scattering matrix, which has been used in the Papers I, II, IV.

4.1 Lorentzian bias voltage
It is a known fact that by applying a regular periodic bias voltage across a conductor, for instance of a sinusoidal shape on a conductor, possibly a large number
of electron-hole pairs is excited. However, Levitov and co-workers [15–17] have
predicted that a Lorentzian-shaped, time-dependent potential fulfilling the condition eV = ~Ω can generate single-electron excitations on top of the surface of
the Fermi sea, without the trace of additional electron-hole pairs.
The experimental existence of such electron-like particles has recently been confirmed by noise measurements [9, 25]. The setup which is used in the experiment
and also in this thesis, is shown in Fig. 4.1. In the experiment of Ref. [9], two
ohmic contacts, reservoirs L and R, are connected to a ballistic conductor which is
a 2DEG made of GaAs/GaAlAs. On top of this heterojunction, a QPC is formed
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Figure 4.1: (a) Sketch of a typical setup for the Lorentzian bias voltage consists of a
coherent conductor (the green area) with a central QPC of transparency D (the yellow
area). The conductor is connected to two reservoirs L and R (the orange area). Both
reservoirs are kept at the same temperature, kB T . By applying the Lorentzian-shaped,
time-dependent bias voltage Vb (t) to reservoir L, single electrons propagate along the
coherent conductor. These electrons can be reflected or transmitted at the central
QPC. (b) Creation of a Leviton onto the Fermi sea without any trace of additional
electron-hole pairs.

by using split gates. We consider a single channel with transmission D in the conductor which is created due to a high negative voltage in the gates. By applying a
periodic Lorentzian voltage, Vb (t), to the reservoir L, single-electron excitations,
which was named Levitons, are generated in the conductor. Mathematically, the
expression for the periodic Lorentzian voltage has the form
Vb (t) =

V0 T
π

∞
X
j=−∞

(t −

telev

σlev
.
2
2
− jT ) + σlev

(4.1)

This Lorentzian pulse has the width of 2σlev at half maximum and it is characterized by the emission time of telev within the period T . The integer Faraday flux,
R
(e/h) 0T dtVb (t), verifies that the Lorentzian pulse leads to an integer number of
injected electrons. Here, we assume that exactly one electron in every period is
emitted, thus
eZT
eV0
dtVb (t) =
= 1.
(4.2)
h 0
h/T
Therefore, V0 is defined as

~Ω
,
(4.3)
e
where Ω = 2π/T is the driving frequency of the voltage. In the experiment conducted by Dubois and co-workers [9], the shortest possible Lorentzian pulse was 30
ps wide, with a driving period of T = 166 ps. These experiments were conducted
at a temperature of T = 35 mK. In Chap. 5, we explain different experiments that
result in realization of the Leviton such as shot noise, the Hong-Ou-Mandel noise
V0 =
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correlator measurement and also tomographic noise measurement to reconstruct
the quantum state.
Using the shot noise and the Hong-Ou-Mandel noise correlator measurement,
the wavefunction probability of the Leviton both in a time domain and an energy
domain can be found. Later, in another experiments [48, 49], the full wavefunction of the Leviton, the Wigner function1 [96, 97], was reconstructed through
tomographic noise measurement to characterize the purity of the emitted states.
The probability amplitude with which the emitted electrons from reservoir L
propagate along the single channel is obtained by inserting Eq. (4.1) into Eq. (2.27)
from Chap. 2, so that one finds






cL,n = 




−2Ωσlev e−nΩσlev ei(n+1)Ωtlev n > −1,
n = −1,
−e−Ωσlev
0
n < −1.

(4.4)

One can see that the emitted particles depend only on the transferred energy,
n~Ω, and are independent of the incoming energy, E. We also require Ωσlev  1,
to ensure that the pulses are well-separated in time. Next, the electrons which
propagate along the conductor impinge on the QPC with transmission probability
D. The relation between the particles injected to the conductor and scattered
those from the QPC is given by
 q

S(E) = 

1q− D(E)
D(E)

q

D(E)
q
− 1 − D(E)


.

(4.5)

Using Eqs. (4.4) and (4.5), we are able to calculate the transport quantities
which were introduced in Sec. 2.5.2. This calculation is done in Paper I: by studying the impact of the generic properties of this SES on the transport quantities,
the precision and the spectrum of the source can be characterized.

4.2 Slowly driven mesoscopic capacitor
Creating single particles in a quantum-confinement regime with a time-dependently
driven mesoscopic capacitor has been first realized by Fève and co-worker [4, 14].
Taking advantage of the discrete energy spectrum due to confinement allows for
obtaining the emission of particles one by one. This specific feature has been
employed when using a mesoscopic capacitor as an accurate SES.
As it is shown in Fig. 4.2(a), the mesoscopic capacitor is realized in a 2DEG
conductor in the quantum Hall regime. For this to happen, an external magnetic
1

This function is the partial Fourier transform of the first order electronic correlation function
which can reconstruct the quantum state of single electronic excitations, for more detail see
Appendix B of Paper I.
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field B ≈ 1.3 T is applied perpendicularly to the 2DEG to create edge states,
which are depicted in Fig. 4.2(a) by red lines (here we restrict the model to the
single-channel case). This source is made of a confined region with a level spacing
∆ which is coupled to the conductor through a QPC with transparency Ds from
one side, and from the other side capacitively to the top-gate voltage.
By driving the time-periodic gate voltage, electrons can be emitted or absorbed.
As it is shown in Fig. 4.2(b), by increasing the potential of QD, the energy level
of the QD is moved above the Fermi level, and this leads to the emission of an
electron. Then, by decreasing the potential, the energy level is brought back to
its initial position, and thereby one hole leaves the dot, or in other words, the
level gets occupied again by an electron. As a result, one electron and one hole
are released per period into the edge state in the conductor but in well-separated
manner. In the experiment in Ref. [4], the applied voltage is a sudden voltage
step, and depending on the deriving amplitude, particles are emitted far above the
Fermi level. In this experiment, the emission of electrons and holes was realized
at driving frequencies of the order of 1 GHz, with the transparency of the QPC,
Ds , being around 0.03 and the emission time below one nanosecond. Unlike that
experiment, here we consider a sinusoidal voltage that excites particles around
the Fermi level which leads to the generation of the Lorentzian pulse in time. The
temporal pulses of the emitted particles (electron and hole in each period) are
shown in Fig. 4.4 to compare with pulses from other sources.
Note that, the edge states can be used as electron wave guides in quantum
optics with electrons, this has been used in various experiments [27, 49, 98–110],
which are mentioned also in Chap. 5.
Now, we move on to describe this setup with the relevant scattering matrix. To
do so, first we treat only the capacitor as a scatterer, then later, we add the QPC to
the scatterer. The particles which are scattered from the capacitor, acquire a timedependent phase due to the induced time-dependent potential, U (t) = δU (t) + Ū ,
where δU (t) denotes the ac component, and Ū is a dc component of the potential
fixing the position of the energy levels. Also an energy-dependent phase due to
the discrete level spectrum of the confined region, respectively. Therefore, the
scattering matrix is constructed as [102]
q

Scap (t, E) = − 1 − Ds + Ds

∞ q
X

1 − Ds

q−1

e

e
iqkL −i ~

e

Rt
t−qτ

dt0 Ug (t0 )

.

(4.6)

q=1

Here, q corresponds to the number of times an electron travels around in the
capacitor before it is injected into the conductor at time t, where τ = me L/(~kF )
is the time for an electron with mass me to make a single turn around the capacitor
of length L.
We are interested in a regime where well-separated pulses of single electron and
hole are emitted. For this reason, first, the adiabatic-response regime needs to be
considered, where the potential changes slowly with respect to the average time
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Figure 4.2: (a) Sketch of the slowly driven mesoscopic capacitor setup. The single electron source (SES) consists of a mesoscopic capacitor with a time-dependently
driven gate voltage Vg (t). The capacitor is coupled to the edge state of a 2DEG through
the QPC with transparency Ds . Single particles Injected from the capacitor propagate
along an edge state (red lines with arrows) in the 2DEG. These particles can be
reflected or transmitted by the central QPC with transparency D. (b) Principle of the
single electron emission by the mesoscopic capacitor. It emits one electron/hole separately when an energy level of the QD resonates with the Fermi level of the reservoir.
The level spacing of the capacitor is ∆ = h/τ .

that an electron spends in the capacitor. This assumption is valid if the relevant
adiabaticity parameter is sufficiently small, i.e.,
Ωτ
 1,
Ds

(4.7)

with the driving frequency Ω. The second condition is given by
Ωσcap  1,

(4.8)

where 2σcap is the temporal width of the emitted pulse. The above condition
together with the third one,
kB T  |eδU |,
(4.9)
while Ū = 0, guarantees the generation of a train of current pulses which are
well-separated in time. In this regime, the scattering matrix of the mesoscopic
capacitor can be expressed in terms of the frozen scattering matrix, Sec. 2.4.1, as
(for more details see Appendix A.1)
(0)
Scap
(t, E)

=

t − t(h)
cap (E) − iσcap
t−

(h)
tcap (E)

+ iσcap

+

t − t(e)
cap (E) + iσcap
t−

(e)
tcap (E)

− iσcap

(0,h)
(0,e)
≡ Scap
(t, E) + Scap
(t, E),

(4.10)
where the scattering matrix is decomposed into the resonant emission of holes
(e)
(h) and electrons (e) in the energy-dependent emission times t(h)
cap (E) and tcap (E),
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respectively. The emission times and the width of the pulse in time, σcap , are
found to be




(e)

 tcap (E)

E + eŪ
,
Ds ~
eδU Ω
.
(4.11)
and
σcap =


2eδU τ Ω
T

(h)
(e)

− tcap (E),
 tcap (E) =
2
On the other hand, the scattering matrix (4.10) can equivalently be reformulated
(h/e)
(t):
in terms of the time-dependent resonant energies Eres
(0)
Scap
(t, E)

=

=

(h)
E − Eres
(t) − iΓ

E−

(h)
Eres (t)(t)

+

+ iΓ

(e)
E − Eres
(t) − iΓ

E−

(e)
Eres (t)

+ iΓ

(0,h)
(0,e)
≡ Scap
(t, E) + Scap
(t, E),

(4.12)
with

 E (e) (t)(t)
res
 (h)
Eres (t)

= eδU Ωt,

(e)
= eδU π − Eres
(t),

and

Γ = Ds

~
= eδU Ωσcap .
2τ

(4.13)

In this representation, the width of an energy level of the capacitor, Γ, is accessible.
This width is defined by the coupling between the capacitor and the conductor.
(0)
A more general form of the scattering matrix Scap
(t, E) with the time-dependent
resonant energy Eres (t), which is not linearized around the emission times, is
provided in Appendix A.2.
Now, using Eq. (2.19), the scattering matrix in the energy domain is found to
be

(e)
−nΩσcap inΩtcap (E)


,
−2Ωσ
e
e
cap


(h)

Scap (En , E) = −2Ωσcap e




δn,o ,

nΩσcap inΩtcap (E)

e

,

n > 0,
n < 0,
n = 0.

(4.14)

As shown in Fig. 4.2, electrons emitted from the capacitor, propagate along the
edge state, and they impinge on the central QPC with transparency D. These
electrons
can then be reflected back to reservoir L with the probability amplitude
√
√
1 − D, or can be transmitted to reservoir R with the probability amplitude D.
The total scattering matrix, including the effect of scattering at the central QPC
and the mesoscopic capacitor, can be written as
 √

√
1
−
D
S
(E
,
E)
D
δ
cap
n
n0


.
S(En , E) = 
(4.15)


√
√
D Scap (En , E)
− 1 − D δn0
Inserting Eq. (4.15) in Sec. 2.5.1, we can calculate the transport quantities in
this setup. Due to the discrete spectrum of the capacitor, these observables are
strongly temperature-dependent, which is extensively studied in Paper I. Moreover, this setup is used in Paper II and IV as an illustrative example to confirm
the feasibility of our detection schemes.
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Figure 4.3: Sketch of the setup where the edge state is locally and time-dependently
modulated. The conductor is a 2DEG in the quantum Hall regime. Particles propagate
ballistically along the edge state. The left upper edge state is locally modulated by
applying a smooth-box potential Vg (t) which leads to the emission of an electron and
a hole per driving period.

4.3 Local time-dependent edge-state modulation
Realization of SESs in the quantum Hall regime is important in the context of the
quantum optics with electrons. Therefore, in Ref. [18], another way of generating
single particles has been suggested in the same setup as the mesoscopic capacitor,
but without any confinement region. Such a setup, i.e., open mesoscopic capacitor,
has been studied theoretically [111] and experimentally [14], but, the trace of
single particles has not been realized in these studies. However, in Ref. [18] it is
shown that in such a setup, a particular shape of driving gate voltage is required
to create quantized current pulses corresponding to single particles. The required
voltage can be applied by a capacitively-coupled gate to the top-left edge state,
as shown in Fig. 4.3 and it is given by
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This smooth-box gate voltage shapes the injected current signal to well-separated
pulses corresponding to emission of an electron and a hole. This has been shown
in Fig. 4.4, and compared with other presented sources. The Floquet scattering
matrix describing the region of the conductor which is affected by the gate voltage
is given by
Sloc (En , E) = eiEτg /~ cg,n .

(4.17)
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Here, τg stands for the travel time of an electron passing through the gated region.
The amplitudes cg,n are defined analogously to Eq. (4.4), with
cg,n =

Z T
0

Rt
dt −inΩt
i ~e t−τ dt0 δVgeff (t0 )
g
e
cg (t) and cg (t) = e
.
T

(4.18)

Above, δVgeff (t0 ) is the internal potential generated in the conductor within the
interaction region. The relation between this potential and externally applied
gate potential, according to Ref. [18] in the adiabatic-response limit, is given by
δVgeff (t) =

Cµ
δVg (t),
Cq

(4.19)

where, Cµ = C −1 +Cq−1 denotes the total electrochemical capacitance of the purely
electrostatic capacitance, C, connected in series with a quantum capacitance,
Cq = τg e2 /h. With this assumption and using Eq. (4.16), the coefficient cg,n is
obtained as

−nΩσg inΩteloc

n > 0,
e
−2Ωσ
e
g


(4.20)
cg,n =  1
n = 0,


nΩσg inΩthloc
−2Ωσg e
e
n < 0.
Consequently, the total scattering matrix of the system which describes the locally
modulated edge state and the central QPC is given by
 √
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−δn0 1 − D
The properties of this SES can be studied by inserting the scattering matrix
introduced above, Eq. (4.21), into the relevant expressions for the transport quantities, discussed in Sec. 2.5.1. This part of the analysis is carried out in Paper I.
As a result, application of the smooth-box driving potential in the adiabatic response regime leads to the emission of well-separated pulses of an electron and
a hole and consequently, the emission scheme of this setup becomes comparable
with the two other mentioned setups. In the following discussion section of this
chapter, we argue this comparison between the different setups.

4.4 Discussion
In this chapter, we have introduced the three different SESs and show how to
model them with their associated scattering matrix. The difference between them
stems from the characteristics of their driving voltage, and in addition, the second
source (mesoscopic capacitor), works in a quantum-confinement regime, which is
not the case for the other two sources. However, as a common feature, all three
sources only minimally excite the Fermi sea.
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Figure 4.4: The electron-current pulses that are emitted from the three SESs discussed
in this chapter. The red solid line indicates the slowly driven mesoscopic capacitor
(setup cap) and the local time-dependent edge-state modulation (setup loc) whereas the
black dashed line corresponds to the Lorentzian-shaped bias voltage (setup lev). The
setup cap and loc emit one electron pulse at time te and one hole pulse at time th ,
while the Lorentzian-shaped bias voltage leads to emission of only one electron pulse
at time te . The width of the pulses in the three SESs are given by σ.

In Fig. 4.4, the electron-current pulses emitted by these SESs are shown at
low temperatures. In this figure, we consider a same pulse width for all sources,
i.e., σcap = σlev = σloc ≡ σ. Analogously, we assume the emission times of the
capacitor and the local gate as tecap = teloc ≡ te and thcap = thloc ≡ th , and the
emission time of the Leviton as telev ≡ te .
As it is shown in Fig. 4.4, the electron-current pulses from different setups are
similar. The difference comes from the fact that the mesoscopic capacitor setup
and the local gate setup create an electron and a hole current pulse, whereas the
Lorentzian bias voltage setup only emits an electron pulse. The other difference
which is not covered here is the temperature dependency of the signals. This is
extensively discussed in Paper I and where we demonstrate that the electroncurrent pulses emitted by the driven capacitor become strongly dependent on the
other parameters, such as the energy emitted per pulse, , level broadening, Γ and
temperature.
So far, we have gained the required background on the SESs and their description in the scattering matrix context, which is required to derive transport
quantities. In general, information about the type and the number of injected
particles from SESs are encoded in the transport quantities. In addition, the impact of the temperature on the particle emission is also reflected in them which
are studied thoroughly in Paper I. Now, we can move on to the next chapter where
these observables are employed as a spectroscopy tool to characterize the SESs.

5 Characterization of on-demand
electron sources
In the previous chapter we discussed three different schemes of generating singleelectron pulses on demand. In Paper I and IV, we use transport and thermoelectric
quantities to gain insight into the properties of single electron sources (SESs).
Then, from the experimental point of view, the relevant question arises how to
access these properties in practice. In Paper II we propose a novel detection
scheme to read out charge and energy noises via frequency-dependent temperature
and electrochemical-potential fluctuations in a probe reservoir. On the other hand,
in Paper IV we use an energy-dependent barrier to detect the spectral current
through thermoelectric effects. In this chapter, we overview other related works
on how to detect, and further, how to characterize such SESs and compare them
with our detection schemes.

5.1 Time-resolved charge current
Generation of single particles in SESs occurs due to time-dependent driving, therefore the time-resolve charge current is of interest. This quantity is in general difficult to detect. However, in the first experiment that was performed by Fève and
co-workers [4], the time-resolved charge current has been ideally measured in the
mesoscopic capacitor setup which worked as a SES.
In that case, as it is shown in Fig. 5.1(a), the square-shaped driving potential
was applied to the mesoscopic capacitor via capacitive coupling of the capacitor
to a gate. By considering a large top gate capacitance, and bearing in mind that
the Coulomb energy is small and thereby negligible, the total charging energy
is then proportional only to the level spacing of the capacitor levels, ∆. The
escape time of the electron due to the coupling of the capacitor to the conductor
through a QPC with transparency D, is given by τ = h/D∆. The escape time is
of the order of nanoseconds which implies that the detection of a single charge is
experimentally difficult. However, they resolved this problem by making D very
small which leads to longer escape time. Furthermore, in order to get a measurable
current, increasing signal-to-noise ratio, a statistical average over many individual
events was done by applying a periodic square-shaped voltage, and as a result,
the sequence of single particles (electrons and holes) was emitted. Finally, the
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Figure 5.1: (a) Capacitor coupled from one side to the conductor through the QPC
with transparency D, and from the other side capacitively connected to the gate. (b)
The time-resolved charge current for a period of T = 32 ns for three different probability transmissions D. The amplitude of the voltage was of the order of level spacing,
Vexc ∼ ∆. The relaxation time τ was extracted from an exponential decay (blue curve).
Figure is taken from Ref. [4].

time-resolved charge current was measured by performing the statistical average
over many individual events.
As it is illustrated in Fig. 5.1(b), the average over all emissions reconstructs
the exponential charge current in a time domain. The decay time is defined
by relaxation time τ which is a function of D. It essentially means that the
probability of transmission plays an important role: At very small D, the escape
time increases and the quantized current is lost. On the other hand, in the limit
of the large transparency, D ∼ 1, quantum fluctuations occur. In this experiment,
it was shown that by choosing D = 0.03, the current in each half-period decayed
to zero, and thus, it was possible to see the effect of single particles.
Note that this technique is only possible for slowly time-dependent driving
since the time-resolution of the detector is limited. At the same time the slow
driving reduce the magnitude of the current, see the right-most plot in Fig. 5.1(b),
requiring large measuring time.s
In paper I, we calculate the time-resolved charge current for three different
sources, Chap. 4, in all temperature regimes. We demonstrate that, in the setup
based on the slowly driven mesoscopic capacitor, the emitted signal is modified
at high temperatures which is related to the energy-dependent scattering matrix.
We expect that with the technique above, the predicted temperature-dependent
time-resolved charge current can be measured.
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Figure 5.2: Sketch of a four-terminal setup in the quantum Hall regime. Output
contacts 1 and 2 are used to detect noises. A single-electron source based on the
mesoscopic capacitor is placed on the incoming channel 1, while a sinusoidal voltage
is applied to the Ohmic input contact 2. Figure is taken from Ref.[101].

In general, this technique, which is realization of a coherent SES based on a
mesoscopic capacitor in the quantum Hall regime, paved the way for new experiments in quantum optics with electrons, such as, Mach-Zehnder interferometer [27, 98–100], using two sources for Hanbury Brown-Twiss (HBT) [49, 101–104],
Hong-Ou-Mandel interferometer(HOM) [105–110], and electron entanglement in
multi-lead conductor.

5.2 Low-frequency charge-current noise
ore than two decades passed since it was noticed that noise, which comes from the
fluctuations, despite its disruptively sounding name, is a very practical quantity.
In fact, in the mesoscopic physics, noise is used as an additional tool to learn about
the properties of the conductor [74]. For instance, it is employed to identify the
fractional charges in the integer quantum Hall effect regime via Fano factor [102].
In the context of SESs characterization, using noise is an important tool that
provide us with valuable insight into the precision of the source. To be more
specific, measuring charge-current noise gives access to the number of emitted
particles, including neutral electron-hole pair excitations, which indicates the precision of the source [112, 113]. As an example in Ref. [24], the number of generated
electron-hole pairs for different types of time-dependent bias voltage were investigated through measuring the noise. In the course of this studies, a predicted
Leviton [15] with minimal electron-hole pairs in Refs. [9, 25] experimentally was
identified.
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Apart from these fundamental properties, the analysis of noise can also be used
in more complex setups to identify other phenomena associated with properties of
SESs, such as quantum tomography. For example, in an HBT setup, in analogy
to quantum optics, using noise measurements, one can demonstrate that the quantum tomography allows for the reconstruction of the quantum state of emitted
particles [101, 114]. Let us explain this technique by exploring Ref. [101]. As it is
shown in Fig. 5.2, a four-terminal setup with central QPC was considered. The
SES was placed on the incoming channel 1 and sinusoidal voltage was applied to
the input contact 2. When the emitted particles from two channels collided on a
QPC, the output current correlator encodes information on the emitted particles
from the source and ac voltage. In this setup, by finding a suitable ac voltage,
having the same frequency as the source, and measuring the zero-frequency current correlator, it became possible to determine single-particle coherence of the
SES. In fact, this experiment led to the reconstruction of the temporal and spatial single-particle coherence. Similar technique was later used to reconstruct the
full wavefunction of the Leviton which characterized the purity of the emitted
states [48, 49].
In Paper I, we theoretically study the low-frequency charge-current noise in a
vast range of temperatures for the three distinct sources which are described in
Chap. 4. We expect that this transport quantity can be measured directly in our
(proposed) setup. However, in Paper II, we suggest a setup which allows for the
indirect detection of the low-frequency charge-current noise by measuring finite
frequency electrochemical potential correlators in a probe.

5.3 Energy-resolved charge current
Since electrons carry not only charge, but also energy [26, 27], the energy distribution of the emitted particles is a relevant parameter to characterize the SES.
In principle, the energy distribution is accessible through energy-resolved charge
currents. In Ref. [102], the similar HBT setup, Fig. 5.2, is used to measure noise,
as it has been discussed in previous section. However, here, noise measurements
are utilized not only for the precision, but also for probing energy distribution
of emitted particles. For this purpose, a thermal bias, instead of the ac voltage,
is applied to the input contact 2. Then, antibunching of low energy excitations
with thermal excitations is observed and used to probe the energy distribution of
emitted particle.
In other experimental studies [50, 51, 115], it has been shown that the energy
distribution can also be measured with the help of an energy-dependent detection
barrier. Following Re.[50], as it is shown in Fig. 5.3(a), single emitted particles
impinge on the energy-dependent barrier, and then, they are reflected back or
transmitted to the output channels. This is also shown in Fig. 5.3(b) with the
potential profile of the pump and detector. In this study, a reflected current
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Figure 5.3: (a) Sketch of an energy-detector barrier: Single particles generated by
dynamical QDs are reflected by or transmitted through the energy-dependent barrier.
The device is divided into the pump and the detector. (b) The reflection and transmission of particles is also shown in th potential profile. (c) A reflected and transmitted
current were measured with ammeters, which were of the order of 16 pA, and next the
conductance with respect to the gate voltage was reconstructed. Figure is taken from
Ref. [50].

DC
Is , a transmitted current Ic , and consequently, the gate conductance dIc /dVG3
were measured. As it can be seen in the conductance plot in Fig. 5.3(c), the
energy-resolved charge current becomes accessible. In fact, by measuring the conductance, one gains insight into the energy distribution of the emitted particles.
In the aforementioned experiments, the SES under investigation emitted particles
far above the Fermi sea, meaning that for Ef = 10 meV the energy of emitted
particle was around 170 meV. However, in the case of the SESs that we are interested in, namely, those that minimally excite the Fermi sea, the temperature
indeed becomes an important factor. In paper IV, along the same line as presented experiments, we propose an energy-selective detection scheme to read out
the energy-resolved charge current which, in turn, allows for characterization of
the SESs. We suggest that measuring conductance with respect to the bias voltage (not the gate voltage) leads to reading out the spectral current. Moreover, we
show that upon applying thermal bias, other measurable thermoelectric quantities
can also be used to read out this quantities.

5.4 Heat current and heat-current noise
Another way to access some of the energetic properties of the emitted particles is
through the heat current and the heat-current noise. Many theoretical works have
been devoted to the study of these quantities and their possible yield in finding
further information about the spectral properties of the setup of interest [36, 38–
40, 116, 117]. There are several experimental proposals to measure, particularly,
the heat-current noise. In Ref. [38], for example, it is shown that when the source
is voltage-bias driven, the heat-current fluctuations can be read out by detecting
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power fluctuations.
In Paper II, we propose a setup to read out the charge-current noise, and more
importantly, the heat-current noise, by measuring electrochemical potential and
temperature correlators [43, 44, 118]. The feasibility of the experiment relies
on the fact that fast temperature measurement techniques are available nowadays [119]. The fast and ultra-sensitive thermometer introduced in Ref. [119], is
based on a normal metal-insulator-superconductor
probe in an LC resonant cir√
cuit. This thermometry provides 90 µK/ Hz thermometry in 10 MHz. It means
that the fast thermometry gives access to the temporal statistical variation in
mesoscopic structure by measuring the temperature over timescales shorter than
the thermal relaxation time. Moreover, fast thermometry is of key importance in
the thermodynamic studies. For instance, in Refs. [120, 121], this technique has
been used to measure quantum thermal conductance. These findings have served
as a motivation in Paper IV, wherein we study the thermal conductance and other
thermoelectric coefficients as a characterization tool to learn about the SESs.
As pointed out above, there are many theoretical and experimental works on
characterization and detection of single-electron emissions. Proper understanding
of the SESs that provide such emissions is important for the current, and also for
future applications of the mesoscopic physics. In this chapter, we have summarized
some of the present and possible future investigations on the on-demand SESs. We
have also shown the relevance of our work by establishing a connection between
the appended papers and other published studies.

6 Overview of the papers
This chapter summarizes motivation, approach and outcome of papers that constitute the research of this thesis.

6.1 Paper I
In this paper, we analyze the emission of single-particle pulses from three distinctive types of on-demand single-electron sources whose common feature is that they
only minimally excite the Fermi sea, Chap. 4. These sources are: a slowly driven
mesoscopic capacitor, a Lorentzian-shaped time-dependent bias voltage, and a
local gate-voltage modulation of a quantum Hall edge state. In this context, observables (such as time-resolved charge and energy, as well as spectral currents,
or zero-frequency correlators of charge and energy currents) can serve as a spectroscopic tool for acquiring additional information on spectrum and accuracy of
the injected particles.
We show that in a simple setup, consisting of a single-electron source and a QPC,
the behavior of the observables can be fully described by a small set of experimentally relevant and theoretically understandable parameters, namely averaged
energy emitted per pulse ε, level broadening Γ (relevant in the capacitor setup created by confinement) and temperature T . Using this set of parameters, we clearly
identify the behavior of these differently operated sources in a large temperature interval, and thereby, provide an extensive overview of the characteristics of
single-particle sources visible in the observables. We find out that the differences
in the transport quantities between the sources at low temperature stem from
the number and the type of the emitted particles. Furthermore, at high temperatures, we see that time-resolved currents are strongly temperature-dependent
in the mesoscopic capacitor source due to the discrete spectrum, whereas in the
other two sources they remain unchanged.

6.2 Paper II
In this paper, we theoretically propose an experimental method that allows for the
extraction of information about transport properties of mesoscopic and nanoscale
systems (as studied in Paper I), through measuring macroscopic fluctuations. We
put forward a setup for the detection of fluctuating charge and energy currents,
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as well as their correlations, generated by an arbitrary time-dependently driven
electron source. More specifically, we demonstrate that these fluctuations should
be accessible through the detection of macroscopic fluctuations of temperature
and electrochemical potential in a probe contact.
First, we explain in detail the underlying physical mechanism of the proposed
setup. Next, we discuss the feasibility of our detection scheme for a single-electron
source based on a mesoscopic capacitor in the quantum Hall regime (explained
in Paper I). We give an overview of different, experiment-related aspects that
should be taken into account when optimizing the proposed detection scheme.
In this respect, one important quantity to be investigated is heat current noise.
We find out by choosing proper tunable parameters such as phonon coupling of
the probe, transmission probability of the QPC and driving frequency, that the
desired signal is not obscured by backaction effects of the measurement. Such a
signal corresponds
to the correlator of temperature fluctuations of the order of
√
−4
10 K/ Hz which is possible to measure with present experimental techniques.
Therefore, we conclude that the proposed temperature fluctuation measurement
gives direct access to the heat current noise from the source.

6.3 Paper III
In this paper, we theoretically investigate the operation of a QPC with an energydependent transmission function as a thermoelectric heat engine. Note that, we
simply consider a two-terminal setup with a central QPC different from the other
papers: in the absence of any kind of time-dependent source. We allow for arbitrary smoothness of the step-like function of energy in QPC transmission probability, and consider both linear and non-linear heat engine operation. We review
and extend previous analyses of power production and efficiency. Besides efficiency
and power, we suggest to consider the fluctuations to optimize the performance of
a small system. This is different with macroscopic heat engine where fluctuations
plays no role. We analyze the trade-off between a desired large power output, high
efficiency and small fluctuations in the operation of heat engines in the context of
Thermodynamic Uncertainty Relations (TURs).
First, we analyze the influence of the smoothness of the transmission probability
on the behavior of output power and efficiency. We find out that reaching the
maximum output power and efficiency requires the non-linear transport regime.
By adding power fluctuations, we investigate a combined quantifier which is bound
by TUR and we call it, TUR-coefficient. We show that this quantity is maximized
in the linear response regime which corresponds to the regime of high efficiency
but low output power. This result indicates how the fluctuation change the regime
in which the QPC has optimized performance.
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6.4 Paper IV
In this paper, we investigate an energy-selective detector with time-dependently
driven single-electron sources for different possibilities in spectroscopy. The twoterminal setup with energy-dependent QPC is brought out of equilibrium linearly
by thermal and voltage biases, resulting in thermoelectric effects in the conductor
as is shown in Paper III. By adding an arbitrary time-dependently driven electron source, screening effects due to charge-pileup at the QPC become visible and
modify the thermoelectric response coefficients. We discover that the screening effects together with time-dependent source opens up for two different experimental
proposals: First, measuring modifications of thermoelectric coefficients due to the
screening effects give access to the energetic properties of emitted particles. Second, using well-established single-electron sources as probes can sense unexplored
(quantum) screening effects.
We find out that depending on the shape of the energy-selective transmission of
the QPC, the modified electrical conductance, Gs , thermal conductance Ks and
thermoelectric coefficients, Ls , Ms , can be proportional to the charge and heat
currents and also spectral currents that purely come from the SES. In order to
access these modifications, one has to subtract the conductances and thermoelectric coefficients when the source is switched off from results of the measurements
with a working source. Importantly we show that, although the modified electrical conductance Gs and thermoelectric coefficient Ls stem from the potentialand temperature-bias induced screening properties, respectively, but, they carry
the same information from the source. The same story stands for Ks and Ms .
Thus, since we can employ a source as a probe and measure Gs and Ls , we directly get access to potential- and temperature-bias induced screening properties.
In particular, this novel technique allows to detect the screening effects due to
temperature which have not been observed so far.

7 Summary
This thesis and its appended papers study and discuss various aspects of the characterization of different types of time-dependently driven single-electron sources
(SES). We show how the properties of SESs are reflected in transport observables such as charge and energy currents, and their corresponding zero-frequency
correlators The latter one is accessible by introducing a quantum point contact
(QPC), acting as a beam splitter, to the respective setup. These quantities can
hence serve as spectroscopic tools to characterize SESs. Moreover, we provide
proposals on how to read out these transport quantities experimentally.
We are specifically interested in three distinctive types of sources: a coherent
conductor with a time-dependent Lorentzian-shaped voltage-bias driving, a gatevoltage driven mesoscopic capacitor in a quantum Hall conductor, and a quantum
Hall edge state locally modulated by a smooth-box shaped gate voltage. These
sources differ in the characteristics of time-dependent driving potential, and in the
degree of particle confinement in the driven conductor. On the other hand, their
common feature is that they only minimally excite the Fermi sea. These sources
are introduced in Chap. 4. In order to derive the relevant transport observables,
in a two-terminal setup with the mentioned SESs, we employ a scattering matrix
approach, which is introduced in Chap. 2.
In Paper I, we have specifically analyzed how the transport properties of different SESs differ. We show that this behavior can be described by a small set of
relevant parameters in a large temperature interval. These parameters include the
averaged energy emitted per pulse, the energy width of the capacitor levels and
the temperature. We find out that at low enough temperature, the three sources
essentially emit the same electron-current pulses except for the first source that
only emits an electron rather than emission of electron and hole, which is the
case for the other two sources. Furthermore, we show that at high temperature,
due to the discrete spectrum of the capacitor, transport quantities are strongly
temperature-dependent.
Building upon this study of transport quantities as a spectroscopy tool for SESs,
the rest of our work is focused on how these observables become accessible experimentally. This is particularly relevant for heat transport and energy-resolved
transport which has not received much attention as compared to charge-related
observables. In Chap. 5, we explain and review briefly the previous experimental works and proposals on the detection of transport quantities to learn about
SESs. Furthermore, we address our proposed setups for the detection of the dis-
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cussed transport quantities. In Paper II, we show that fluctuating charge and
energy currents, as well as their correlations, should be accessible through the
detection of macroscopic fluctuations of temperature and electrochemical potential in a floating probe contact. In Paper IV, we suggest an energy-dependent
detection setup to read out energy distribution of the emitted particle through
spectral current measurement. The investigations in these two papers, are based
on the concrete example of a quantum Hall setup with a time-dependently driven
mesoscopic capacitor acting as an SES.
For the scope of Paper IV, we use the introduced QPC as an energy-selective
barrier. When applying a thermal and voltage bias across the QPC, is shown a
thermoelectric response due to the energy-dependent transmission become noticeable in this system which is discussed in In Chap.3. This motivated us to take an
intermediate step and, regardless of the SES characterization, we here study the
QPC setup as a thermoelectric device. Therefore, in Paper III we investigate the
QPC setup as a heat engine and study how to optimize the performance of the
system. In this paper, we define a new performance quantifier using the trade-off
between efficiency, output and power fluctuation which are restricted due to the
so-called thermodynamic uncertainty relations.
Coming back to the energy-selective detection scheme in Paper IV, we show that
combining a weak thermal and voltage bias with time-dependent driving, results
in screening effects which are due to the accumulated charge in the conductor,
is addressed In Chap.3. This effect leads to a shift of the QPC potential, and
as a consequence modifies the linear thermoelectric response coefficients in the
presence of the SES. Based on this, the suggested setup in Paper IV, offers different
aspects of spectroscopy, both within but even beyond the initial scope of this
work. First, we show that the energy distribution of emitted particles can be
read out by measuring the modified thermoelectric response quantities. However,
this interplay between screening and time-dependent driving also allows for a
compliantly different, novel type of spectroscopy: we show that the screening
effects are sensed by using a well-established SES as a probe.

7.1 Outlook
To conclude, we briefly discuss possible future directions of research arising from
this work.
In the context of the SESs characterization, another relevant quantity to study
is the first-order electronic correlation function, the Glauber function [46], which
can be studied from the so-called Wigner function [96, 97]. In Paper I, we mention
that the time-resolved charge current and the spectral current are two different
marginals of the Wigner function. There, we also derive a general expression
for the Wigner function and find out this quantity can as well be described by
the same small set of parameters mentioned above. However, the temperature
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dependence and also negativities of the Wigner function still have to be studied
extensively for the three different SESs.
The proposed detection schemes in this work can be extended by considering
an energy-dependent barrier, studied in Paper IV, in an open circuit introduced
in Paper II. In this scheme, one can analyze the electrochemical potential and
temperature, induced either by a thermal bias or a SES, in an energy-selective
probe. These measurable quantities are expected to broaden the information
accessible from spectroscopy.
Finally, Paper III, which is partially outside the initial scope of this work, leads
to many open questions in stationary thermoelectrics that require further studies.
In the context of the heat engine, it is intriguing to study performance quantifiers
for other conductors with different energy-selective function [122] and compare it
with the result of the QPC setup. Additionally, the question of how to quantify the
QPC and other energy-dependent barriers, which are operated as refrigerators [57,
58], is not yet fully answered.

Appendices

Appendix A
Scattering matrix of the slowly
driven mesoscopic capacitor
In the slowly time-dependent driven regime, the scattering matrix of the mesoscopic capacitor can be expressed in terms of the frozen scattering matrix. Here
we derive this scattering matrix in terms of the resonant time and energy. The
frozen scattering matrix, obtained from the lowest-order contribution in the driving frequency, is given by (details of the derivation can be found in Licentiate
thesis. [71] and Refs. [77, 123]),
√
1 − Ds + eiφ(t,E) ei(γ−θ)
√
,
(A.1)
S (0) (t, E) = ei(γ+θ)
1 + 1 − Ds eiφ(t,E) ei(γ−θ)
h

i

where the phase φ(t, E) = E + eU (t) τ /~ + ∆φ, consists of both the energy- and
time-dependent parts, as well as a possible constant component ∆φ. Here, γ + θ
is the overall phase of the scattering matrix, and γ − θ can be absorbed into ∆φ.
The driving potential takes the form:
U (t) = Ū − δU sin(Ωt).

(A.2)

Now, we assume that Ds  1, which is relevant
for obtaining well-separated
√
levels. This allows one to use the expansion h 1 − Ds ≈ i1 − Ds /2, to perform a
resonant expansion around φres (t, E), with exp iφres (t, E) = −1. It follows:
h

i

h

i

eiφ(t,E) ≈ eiφres (t,E) + ieiφres (t,E) φ(t, E) − φres (t, E) = −1 − i φ(t, E) − φres (t, E) .
(A.3)

A.1 Scattering matrix written in terms of
energy-dependent emission times
The phase, Eq.(A.3) can be expanded around the emission time,
h

φ(t, E) − φres (t, E) ≈ t − tres (E)
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i ∂φ(t, E)

∂t

.
t=tres (E)

(A.4)
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As a result, one obtains
(

Scap (t, E) = ei(γ+θ)
with
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τ eδU

h

∆φ + Γ − θ − π

i2

.

(A.7)

Importantly, note that the term in square brackets can be canceled by adjusting
the global phase.
Finally, it should be emphasized that the scattering matrix (4.10) is obtained
from Eq. (A.5) by expanding the resonant (emission) times t(e/h)
res (E) and the
temporal width σ(E) with respect to |(E + eŪ )/(eδU )|  1,
E + eŪ
arcsin
eδU

!

≈

E + eŪ
eδU

1

and

s

1−



E+eŪ
eδU

2

≈ 1.

(A.8)

(e/h)
In Chap 4, tres
(E) is replaced by t(e/h)
cap (E),

A.2 Scattering matrix written in terms of
time-dependent resonant energies
Following the previous section, one can expand the phase around the resonance
energy rather than time, thereby we have
h

i ∂φ(t, E)

φ(t, E) − φres (t, E) ≈ E − Eres (t)

∂E

.

(A.9)

E=Eres (t)

Then, by inserting this approximation in Eq. (A.1) and following an analogues
argumentation as above, one obtains
Scap (t, E) =

E − Eres (t) − iΓ
,
E − Eres (t) + iΓ

(A.10)
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with
Γ = Ds

~
2τ

and Eres (t) = −eU (t) −


~
∆φ + γ − θ − π .
τ

(A.11)

Recall also that U (t) = δU (t) + Ū , and we assume the driving given by Eq. (A.2),
and we consider Ū = 0.
Finally, it must be noted that the scattering matrix (4.12) is obtained from
Eq. (A.10) by linearizing the resonance energy Eres (t) around the emission times.

Appendix B
Thermoelectric coefficients of the
QPC with step function
transparency
In this appendix we derive thermoelectric coefficients, Eqs. (3.12) for the QPC
with step function transmission, D(E) = Θ(E − E0 ) which are given by
e2
f0 (E0 ),
h
"
#
n
o
M
e 1
L=−
=
(f0 (E0 ) − 1) − kB T0 ln f0 () ,
T0
h T0
"
n
o
1 1
K =−
(E0 )2 (f0 (E0 ) − 1) − 2kB T0 (E0 ) ln f0 (E0 )
h T0
#
o
n
(πkB T0 )2
E0 /(kB T0 )
2
+
+ 2(kB T0 ) Li2 − e
.
3
G=

The coefficients, G and L are plotted in Fig. 3.4.
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