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INVARIANTS OF MODELS OF GENUS ONE CURVES VIA

MODULAR FORMS AND DETERMINANTAL REPRESENTATIONS

MANH HUNG TRAN

ABSTRACT. An invariant of a model of genus one curve is a polynomial in the coeffi-
cients of the model that is stable under certain linear transformations. The classical
example of an invariant is the discriminant, which characterizes the singularity of
models. The ring of invariants of genus one models over a field is generated by two
elements. Fisher normalized these invariants for models of degree n = 2,3,4 in such
a way that these invariants are moreover defined over the integers. We will provide
an alternative way to express these normalized invariants using modular forms. This
method relies on a direct computation for the discriminants based on their own geo-
metric properties. In the case of the discriminant of ternary cubics over the complex
numbers, we perform another approach using determinantal representations with a
connection to theta functions. Both of these two approaches link a genus one model

to a Weierstrass form.
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1. INTRODUCTION

Consider a curve C' given by the Weierstrass equation

y2 + a2y + asy = x?’ + a2x2 + asx + ag.

EERIERIEE =

(1)

There are two classical invariants labeled by ¢; and ¢g defined for instance in [I9] p.

42] as

Cqy = bg - 24b4, Cg = —bg + 3662()4 - 216b6,
1

(2)
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where by = a? + 4ay, by = 2a4 + ajaz and bg = a3 + 4ag. They define the discriminant
A = (c}—c%)/1728 with the property that A # 0 if and only if the curve is non-singular.
In this case, the curve C'is of genus one. An invariant of the model associated to () is
a polynomial in their coefficients, which remains unchanged under the linear algebraic
transformations mentioned in Section

We want to explore this study to other models of genus one curves with two different
approaches. On the one hand, it is natural to relate invariants to modular forms as
described in Section @ On the other hand, one can represent a polynomial of certain
types as the determinant of a matrix whose elements have linear forms. The study of a

curve defined by that polynomial is reduced to the study of the corresponding matrix.

1.1. Models of genus one and their invariants. Let C' be a smooth curve of genus
one over a field K and suppose that D is a K-rational divisor on C' of degree n. In
case n = 1, C' has a K-rational point so that it can be given by a Weierstrass equation
.

If n > 2, there exists a morphism C' — P"~! defined by the complete linear system
associated to D. This morphism is an embedding if n > 3. We define models of genus

one of degrees n < 5 as follows

Definition. A genus one model of degree n <5 is a

a) Weierstrass form if n = 1.

b) pair of a binary quadratic and a binary quartic if n = 2.
c¢) ternary cubic if n = 3.

d) pair of quadrics in four variables if n = 4.

e) 5 x 5 alternating matriz of linear forms in five variables if n = 5.

The equation defined by a genus one model (p, q) of degree n = 2 is y* + p(x, 2)y =
q(z,2). In case n = 5, the equations defining the model are the 4 x 4 Pfaffians of the
matrix. In general, such models define smooth curves of genus one.

The classical invariants where n = 2,3,4 were studied in [23] and [I, Section 3.
These invariants were normalized by Fisher [12], Sections 6,7] so that they are usual
formulae when restricted to the Weierstrass family.

The aim of this paper is to give an alternative way to express the normalized invari-
ants ¢y, cg and thus A = (c}—c2) /1728 for genus one models of degrees n = 2,3,4. To do
this, we establish formulae in all characteristics relating the invariants of smooth genus
one models of degrees n < 4 and the corresponding Jacobians in the classical setting
as in [I]. More precisely, the authors in [I Section 3] define a map f,, from a smooth
curve Cy, which is defined by a model of genus one ¢ of degree n (n = 2,3,4), to the
corresponding Jacobian Ey. In addition, they describe explicitly when char(K) # 2,3
the map and the Jacobian E, given by a Weierstrass equation of the form (3]).
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The map f,, will be described explicitly in Section 2l We construct from it in Section
the map ¢, : X,, = W from the affine space X,, of genus one models of degree n
(n = 2,3,4) to the space W of Weierstrass forms. We first compute the normalized

discriminants.

Theorem 1.1. Let C; be a curve defined by a genus one model ¢ of degree n (n =
2,3,4) over a field K and Ay, Ay, (¢ be the discriminants of ¢ and its corresponding
Weierstrass form ¢, (¢). We have

Ay = "Dy, (),
where ay = 1,3 = 1/2, 04 = 2.

This theorem is established directly using the singularities of genus one models. To
obtain the analogous result for any invariant, we will use geometric modular forms
defined in [I8]. To be precise, we will see in Section H] that it is possible to associate
to a geometric modular form F an invariant Iz of the same weight. We will prove the

following result

Theorem 1.2. Let Cy be a smooth curve of genus one defined by a model ¢ of degree
n (n=2,3,4) over a field K with the corresponding Jacobian Ey defined by ¢, (¢). Let
k be an integer and I be the invariant of weight k associated to a geometric modular

form F of weight k, we have

I7(6) = apIr(pu(9)),

where s = 1,3 = 1/2, 04 = 2.

Recently, Fisher [I3], p. 2126] have obtained a formula for the invariants ¢4, ¢ and
the Jacobian of smooth genus one models of arbitrary degree n in characteristic 0.
More details about models of genus one curves and their invariants will be discussed
in Section 2

1.2. Invariants over C and determinantal representations. The second perspec-
tive of this paper is to study the invariants of genus one models when K = C with an
emphasis on discriminants of ternary cubics. These invariants have large expressions
in general. For instance, the discriminant of a plane cubic curve is a polynomial of
degree 12 in coefficients of the cubic with 2040 monomials (see [I5, p. 4]). But over
C, we have short expressions in terms of theta constants. Consider the classical case
where our smooth projective genus one curve Cy is defined by the affine Weierstrass
equation:

y? = 42° — gow — g3. (3)
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Using the Weierstrass parametrization, there exists a unique lattice A = wiZ + woZ
with some complex numbers wy, ws such that Im(wy/wy) > 0 and Cy(C) = C/A. Let
T := wy/w; and apply the discriminant formula Ay = 2'2(g5 — 27¢3), we have that
12
A¢> = 216 (wi) (92(0, 7')93(0, 7')94(0, T))S. (4)
1

Here 05,05 and 0, are the three even Jacobi theta functions.

Remark 1.3. The normalized discriminant above comes from the formulae in [2 p.

367-368] with the normalized invariants ¢, = 253gs, cg = 2933gs.

More details on the above will be explained in Section[ll Our purpose is to generalize
the formula (@) to other models of genus one. But this is an immediate consequence
of Theorem [LI. We have the following formulae for the discriminants of genus one
models of degree n = 2,3,4. Again, a lattice A = w1Z + w,Z associated to a Weier-
strass form over C will be understood as the unique one coming from the Weierstrass

parametrization.

Corollary 1.4. Let Cy be a smooth curve of genus one over C defined by a model ¢ of
degree n (n = 2,3,4) with the Jacobian Ey defined by ¢, (¢). Then E,(C) = C/A for
the lattice N = w1 Z + woZ with some complex numbers wy,wsy satisfying Im(wy/wy) > 0.
Let A, be the discriminant of ¢, we then have

12
Ay = 215012 (1) (02(0, 7)04(0, 7)04 (0, 7))%,
Wi
where g = 1,3 = 1/2 and ay = 2.

We want to study the above discriminant formula with a new approach using deter-
minantal representations. For a homogeneous polynomial ¢, we construct a matrix U
whose elements are linear forms such that we can write ¢ = A det(U) for some constant
A # 0. In general, only plane curves, quadratic and cubic surfaces, quadratic three-
folds admit a determinantal representation as confirmed in [I0]. The study of ¢ has
thus been moved to the study of the matrix U. The reader can have a look at [4] for
a general discussion of this topic.

Starting with Weierstrass cubics, we find theta functions in their determinantal rep-

resentations as well as in the discriminants. Let

a=05(0,7), b=205(0,7), ¢ =040,7), (5)
we will prove the following
Proposition 1.5. Let Cy be a smooth curve given by the Weierstrass form

¢(‘T7 Y, 2) = yQZ - 41‘3 + ngZQ + 93237
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where gy and gs belong to a field K. Then ¢ admits determinantal representations
20 +tz y+dz (32— go)z
0 x —tz y—dz ,
z 0 —2x —tz
with t,d € K being arbitrary such that d*> = 4t3 — got — g5. When K = C, there is a

natural choice for t,d which produces a determinantal representation for ¢ in terms of

theta constants as follows

2r — %(a4 + b1z Yy —(Z)*cPz
0 T+ %(a4 +b%)z Y ,
z 0 —2z + %(a4 +b%)z

where the even theta constants a,b, c were defined as in (B).

The first part of this proposition uses the method in [2I), Section 2] where the author
established similar representations for other type of Weierstrass equations of the form
vz = x(x + V12) (2 + ¥92) with some constants 91,9, € K. The discriminant formula
(@) is then a consequence of the second part of this theorem using resultant as in Section

Our goal is to study this phenomena for general smooth cubic curves using deter-
minantal representations. One can actually provide determinantal representations for
any non-rational complex plane curve by using a result in [3] as we will see later in
Section[@ This deduces in particular the formula of the discriminant of plane cubics by
using resultant. Since a cubic curve Cy over C always has a flex point, it can be trans-
formed to a Weierstrass form after a linear coordinate change M (see [8, Section 4.4]).
The resulting Weierstrass form is isomorphic to C/A for a unique lattice A coming the
Weierstrass parametrization. Writing A = wZ + wyZ for some wy,wy € C satisfying

Im(ws/wy) > 0. Denote by 7 = wy/wy, we will prove the following result.

Theorem 1.6. Let Cy be a smooth plane cubic curve over C defined by a cubic form

¢ and A, be the discriminant of ¢, we have

216 T 12
Ay=—> (T (abe)®
? 7 det(M)12 (wl) (abe)”s

where a, b, c were defined as in (H).

This result is known but the above approach with determinantal representations is
new. One can compare Theorem with Corollary [L.4] for the case when n = 3. Here
we are using a fixed flex point to give a linear transformation from C} to a Weierstrass

form instead of the explicit map 5.
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So it is natural to link determinantal representations of a smooth plane cubic to a
Weierstrass form as the approach using modular forms in Section [Tl The discriminant
formulae will then be predicted. Thus it might be possible to study determinantal

representations in more general case using modular forms.

1.3. Organization of the paper. We recall the definitions of genus one models as
well as their invariants in Section 2l Then we prove Theorem [[LT]and thus Corollary [[.4]
in Section Bl by considering the singularity of genus one models. The theory of modular
forms will be discussed in Section M which will be used to establish Theorem [T.2
After that, we study determinantal representations of Weierstrass cubics and provide a
simple proof to Proposition [[L3lin Section Bl Determinantal representations of complex
plane curves is presented in Section [6] and we apply it to establish Theorem [L.6] in
Section [1

2. MODELS OF GENUS ONE CURVES AND THEIR INVARIANTS

Let X,, be the set of all genus one models of degree n over a field K (see Definition
[LT]), we will see later in this section that X, is an affine space of dimension 5, 8, 10, 20, 50
for n = 1,2,3,4,5 respectively. In [12 Section 3], the author defined natural linear
algebraic groups G, acting on X,, (n <5), which preserve the solutions of the models.

Let G,, be the commutator subgroups of G, and K[X,] be the coordinate ring of X,,.

Definition 2.1. The ring of invariants of X, (n <5) over K is
K[X, )% ={I € K[X,]: Tog=1 for all g € G,(K)}.
The vector space of invariants of weight k of X, over K 1is defined as
KX, )¢ :={I € K[X,)] : T og = (det g)*I for all g € G,(K)}.

The character det on G, is chosen so that we get appropriate weights for the invariants

and moreover (see [12, Lemma 4.3))
K[X,)% = D K[X.]¢".
k>0

We now describe in detail affine spaces X, for n < 5, their classical invariants and
the map f, : C, = E, (n = 2,3,4) from a smooth curve defined by a model ¢ €
X2 :={¢ € X, | Cy4 is smooth} to its corresponding Jacobian E,. This map is defined
by a divisor D of degree n on the curve Uy, which is the intersection of Cy with the
hyperplane at infinity (see [I, p. 305]), as f,,(P) = nP — D. It is given explicitly when
char(K') # 2,3 as below. In addition, we introduce in each degree the natural non-zero
regular 1-form wy defined in [I2, Section 5.4] for a smooth curve of genus one Cy. This

1-form is useful for relating invariants and modular forms as we will see in Section [l
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2.1. Models of degree n = 1. The space X; is of dimension 5 where each model
corresponding to () can be identify with the point (ay,as,as, a4, ag) in A®. Their
invariants ¢4, cg are defined in the usual way as in (). The natural regular 1-form on

a smooth curve Cy defined by model ¢ is:

dx
Wy 1= ———————.
2y + a1 + as
2.2. Models of degree n = 2. The equation of a genus one model of degree n = 2 is
written as:
y* + (aor? + ayzz + ap2®)y = axt + bz + ca?2? + do2? + e’ (6)

Each model in X, corresponds to a point (ag,aq,as,a,b,c,d,e) € A® and thus
dim(X3) = 8. Moreover, if char(K) # 2 or 3, we can rewrite (@) as:

y? = ax’ + b2’z + cx?2® + daz® + ezt (7)
As in [I}, Section 3.1], the model ¢ defined by (@) has two classical invariants:
i = (12ae — 3bd + ¢*) /12,
j = (T2ace — 27ad® — 27b%e + 9bed — 2¢°) /432 (8)
and a corresponding Weierstrass equation is:
y* = 4a® — iz — j. 9)

The map f, from a smooth curve C, defined by () to the Jacobian E4 defined by (@)
is given as in [I, (3.3)] by:

g(x,2) h(x,z))
(y2)* " (y2)* )~

e =

where

1 1

g(z, 2) = m(qiz = QuaGez), (7, 2) = S

4z 4
9z 9=
with ¢ being the binary quartic on the right hand side of ().

The corresponding results to the generalized equation (@) can be found in [7], p. 766]
by completing the square. We define the regular 1-form for a smooth curve Cy defined
by a model ¢ corresponding to ([@l) as:

22d(z/2)
W = 5 — 7 -
2y + p(x, 2)
Here p(x,2) = apz?® + ayx2 + 2.

2.3. Models of degree n = 3. In case n = 3, a genus one model ¢ is a ternary cubic:

az® + by + c2® + asxy + asx’c + bixy® + bsyPz + a2’ + ey + mayz (10)
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with two classical invariants S, 7T defined in [I, p. 309-310] and we can see that

dim(X3) = 10. A corresponding Weierstrass equation is also given there by:

y® = 42° + 108Sx — 27T. (11)
The map f3 from a smooth curve Cy defined by the model (I0) to the Jacobian E,
defined by (IIJ) is given as in [Il (3.9)] by:

_(Oe.2) Sy
) = (G0 T ey )

where
=216 | Y Pw Pue | I =g Nz, y, z)
¢za} gbzy gbzz

and O is the covariant defined in [I, p. 308]. The regular 1-form on the smooth curve

Cy is defined as
z*d(y/x)
We ‘= Qo774 -
0¢/0z

2.4. Models of degree n = 4. We relate to the case n = 2 as follows: if the model
¢ is given by a pair of quadrics qi,q € Klxg,x1, 29, 23] (hence dim(X,) = 20), we
can write ¢ = TAZ? and ¢, = TBZ! for two symmetric 4 x 4 matrices A, B with
T = (xo, 1,22, 73). The invariants of ¢ are then defined by the invariants of the
quartic:

det(zA + 2B) = az®* 4+ ba®z + ca?2* + dw2® + ez (12)
as in the case n = 2. A corresponding Weierstrass equation is thus given in the form
@) with ¢, 5 defined by the coefficients of the model (I2) as in (). The explicit map
f4 from a smooth curve defined by (I2) to the Jacobian is given in [, (3.12)] as:

h
fa(zo, 21, 29, 73) = (%7 ﬁ) )
where g, h, J are defined as in [I], Section 3.3]. The regular 1-form for the smooth curve
Cy is defined as:

wd (1 /20)

(8ql/8$3>(8QQ/8.T2> - (3(11/8:1;’2)(0(]2/83:3) .

2.5. Models of degree n = 5. A genus one model of degree n = 5 is a 5 x5 alternating

w¢, =

matrix of linear forms in five variables. The equations defined by this model are the
4 x 4 Pfaffians of the matrix. Here a square matrix is called alternating if it is skew-
symmetric and all of its diagonal entries are zero. The reader can have a look at [12]
Section 5.2] and [I4] for reference. We can check that dim(X5) = 50. Fisher [12] p.
770] also defines a regular 1-form to the case n =5 when char(K) # 2.
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Observe that if I is an invariant of weight k then so is AI for any constant A € K*.
We want to normalize the invariants so that they have appropriate formulae in any

characteristic.

2.6. Normalized invariants. The author in [I2, Theorem 10.2] proves that K|[X,]%"
is isomorphic to K[X;]“" (n < 5) in any characteristic. This extends the invariants
a6, A € Z[X1] of K[X;]% defined in (@) to the corresponding ones in K[X,]"
(n < 5) denoted again by ¢4, g, A. In fact, we have (see [I12, Lemma 4.15 and remark
4.16])

Lemma 2.2. The invariants cy,c¢ and A are primitive polynomial in Z[X,] for any
n <5.

Thus it is possible to normalize these invariants up to sign. Furthermore, the two
invariants c4, cg € K[X,]9" (n < 5) constructed above define the suitable discriminant
A = (c} — ¢2)/1728 in the following way:

Definition/Lemma 2.3. Let R be a unital commutative ring and Cy be a curve over
R defined by some genus one model ¢ of degreen < 5. There exists the discriminant A,
which is a universal polynomial with integer coefficients, is defined such that Ay € R*

if and only if Cy is non-singular over R. Here R* is the group of units of R.

Proof. Fisher [12, Theorem 4.4] shows the properties of the discriminant of genus one
models of degree n < 5 over a field K, but it is indeed equivalent to the Defini-
tion/Lemma 2.3 O

He also proves there that if char(K') # 2 or 3, then the invariants c4(¢), cs(¢) provide
for the smooth genus one curve Cy defined by a model ¢ of degree n < 5 the Jacobian

y? =1 — 27cy(9)x — 5dcs ().

The main ingredient of the proof of the above result is that, a pair (Cy,w,) of a model
¢ € X? is isomorphic to a pair of the form given in Section 2l Then the invariants
c1(9), ce(@) of ¢ are determined by the ones of that pair as in ([2]) (see [12], Definition
2.1 and Proposition 5.23]).

Then, in [12, Section 7], he gives the normalized formulae to the invariants cy, cg
of genus one models of degrees n = 2,3,4. More precisely, in the case n = 2, the

normalized invariants of the model corresponding to () are
cy = 2*(12ae — 3bd + ¢?),

ce = 2°(72ace — 27ad* — 27b%e + 9bed — 2¢%). (13)
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In comparison with the classical case (8), we have ¢y = 253i and ¢ = 2?3%j. The
normalized invariants of the generalized model corresponding to (@) can be found in
[T, p. 766] by reducing to the form () from a completing square.

When n = 3, the normalized invariants of the model ([I0) are
cy = —216abem + 144abeycs + 144achibs + ... — 8agbsm? + 16b%c? — 8byeym? + m,

ce = 5832a%b?c* —3888a’bchscy+864a’bcs+...+-64b3ch —48bicim® +12b1cym* —mS. (14)
We have ¢y = —2%3%S, ¢ = 233%T in comparing with the classical invariants S, T
defined in [I p. 309-310].

When n = 4, we relate to the quartic as in ([I2]) and then the invariants are
¢y = 12ae — 3bd + 2,

1
ce = 5(72ace — 27ad® — 27b%e + 9bed — 2¢°). (15)

Thus in comparing with the classical case, we have ¢, = 2!°3i and ¢g = 2'533;.

In the case of plane cubics, these invariants were normalized before in [2, p. 367-368]
where the authors explicitly provide the corresponding Weierstrass equations in any
characteristic. Strictly speaking, they associate to a ternary cubic ¢ a Weierstrass form
¢* associated to () with the coefficients determined by the coefficients of ¢. Then they
observe that (¢*)* = ¢* and thus naturally define:

ca(@) := ca(97), c6(9) := c6(97), Ay := Dy

In Section ], we will provide a new way for expressing these normalized invariants using
modular forms. Before that, however, we will establish the normalized discriminants of

genus one models directly by using the singularities of the models in the next section.

3. DISCRIMINANT OF GENUS ONE CURVES AND ITS JACOBIANS

The goal of this section is to prove Theorem [LIl Fix n < 5, let X, be the affine
space of all genus one models ¢ of degree n, let W be the affine space of Weierstrass
forms y? — 423 + gox + g3 if char(K) # 2,3 and W = X, otherwise. We define the map
©n » X, — W based on the discussion about the map f, in Section 2 for n = 2,3, 4.
More precisely, for any smooth model ¢ € X?, we have a map f, : Cy — E, from the
smooth curve Cy to its Jacobian F, coming from a divisor of degree n. We define the
image ¢, (¢) of ¢ to be the model in W defining F4. This gives us a map X, — W
which extends uniquely to a map ¢, : X,, — W.

The map ¢, is given explicitly in case char(K) # 2 or 3, which also applies to
singular models as follows. The map ¢y sends a model ¢ of degree 2 corresponding to
[@) to the Weierstrass form defined by (@) of the model corresponding to () obtained

from ¢ after a completing square. The map (3 sends a model ¢ of degree 3 of the form
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(@I0) to the Weierstrass form defined by (II). The map ¢y is defined by relating to the
case n = 2. More precisely, ¢, sends a model ¢ of degree 4 given by a pair of quadrics
(¢1,q2) to the Weierstrass form defined by (@) obtained from the quartic (I2) as in the
case n = 2. We denote by E the curve given by the corresponding Weierstrass form
©n(¢) € W of a model ¢ € X,,.

This map sends non-singular curves to non-singular curves and singular curves to
singular curves when char(K) # 2,3. We know that there exist discriminants (see
Definition/Lemma 23) Ay, in X, and Ay in W parametrizing singular curves and
they are both geometrically irreducible polynomials (see [12] Proposition 4.5]). The
discriminant Ay of ¢ is determined by evaluating Ay, at coefficients of the model ¢.
le., Ay = Ax, ().

We denote by V(p) the set of points in P} vanished at p for any homogeneous
polynomial p € Kz, ..., ;). Observe that Ay, and the pull back ¢ (Aw) of Ay

have the same vanishing property:

V(Ax,) = V(e (Aw)), (16)

where ¢! is defined such that ¢! (Aw)(¢) = Aw(pn(¢)) for any model ¢. We have the

following;:

Proposition 3.1. For n <4, there exists a constant ¢ € K* such that
Ax, = cpn(Aw).

Proof. For an ideal J C Klxo, ..., T,,], we denote by V/J the radical ideal of J over K.
From (I6) and Hilbert’s Nullstellensatz, we obtain that \/(Ax, ) = v/(¢:(Aw)). Note
that Ay, is geometrically irreducible as mentioned above. Then /(Ax,) = (Ax,)
(which is an ideal over K) and thus there exist constants k& € Z and ¢ € K" such that
Ak = ot (Aw). Since both A% and ¢} (A ) are defined over K, we conclude that
ce K™

We will prove that £ = 1 by comparing the degrees of Ay, and ¢ (Ay). We first

consider the case n = 3. By [3, Example 1.8], we know that Ay, is a homogeneous
polynomial of degree 12 with respect to the coefficients of the plane cubics. Besides,
©5(Ay) is also of degree 12 in the coefficients of the cubics so that it has the same
degree with Ay, .

If n = 4, by [3, Example 1.10] we see that Ay, is a homogeneous polynomial of degree
24 in the coefficients of the two quadratic forms defining the models. The degree of
©i(Aw) is also 24.

The case n = 2 is different since the model y* + p(z,2)y = ¢(x,2) is no longer
homogeneous. Here p, ¢ are homogeneous polynomials of degrees 2,4 respectively. If

char(K) # 2, this model can be brought to y* = h(z, z) by completing square, where
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h = %2 + g. The singular locus of this latter model is {2y = h, = h, = 0}, which is
equal to {h, = h, = 0} if char(K) # 2. Consequently, the discriminant of the model
(p, q) above is the discriminant of the quartic h from Definition/Lemma 23] (up to some
power of 2). Hence, by [5, Example 1.8] again, we know that Ay, (p,q) is of degree 6
with respect to the coefficients of h. We can check that ¢5(Aw)(p, q) is of degree 6 in
terms of coefficients of h as well. Thus £ =1 for n = 2,3, 4. U

We actually have more information about the constant ¢ by looking at models with

integer coefficients.

Proposition 3.2. Forn = 2,3,4, the constant ¢ in Proposition [31] can be expressed

as £2% for some a € Z. Moreover,

a =0, Ifn=2;
a=—12, Ifn=23;
a=12, Ifn=4.

We will see later in Theorem [.I0that one can exclude the minus sign of the constant
¢ above and thus obtain Theorem [L]

Proof. We consider the curve C, defined by a model ¢ with integer coefficients so
that we can make use of reduction modulo prime numbers. Note that A, € Z by
Lemma Since the map ¢, sends non-singular curves to non-singular curves over
characteristics not 2 and 3, the constant c is of the form 4+2?3% for some integers a, b.
To compute the powers of 2 and 3, we need to compare Ay and A, 4 over Zy and
Zs (see Definition/Lemma 2.3)). Here A, 45y = Aw(¢n(¢)) is the discriminant of the
Weierstrass form ¢, (¢) of ¢. Since Ay = cA,, (4), we get the following p-adic valuation

identity for a prime number p:

Up(Ag) = vp(€) + Up(Ay, () (17)
Suppose that Cy is non-singular over Fy and Fs, then vy(Ay) = v3(Ay4) = 0 and we get
from ([7) that vy(c) = —v2(Ay,(4)): v3(c) = —v3(Ay,(4))- So to find ¢, we just need to
compute A, () in some special case in which Cy is non-singular over Fy and Fs.
In the case n = 2, we consider the genus one model ¢ with equation

g +ys? = ot B a2

The corresponding Weierstrass equation of ¢s(¢) is:

and Ay, = 101. The model ¢ is non-singular over both F, and F3. Hence vy(c) =
0,v3(c) = 0 and thus a = 0,b = 0.
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If n = 3, we consider the curve Cy given by y?z+y2?—2* = 0 with the corresponding
equation of ¢3(¢) : y? = 42® + 1 and we have Ay, 4 = —2'?3%. The curve Cy is non-
singular over Fy and thus vy(¢) = —12 or a = —12. To compute the power of 3, we

3 — 222 = 0 which is non-singular over F3 with the

consider the following curve 3%z — x
corresponding equation of p3(¢) : y? = 4a® + 4z and A,y s = —2'%. Therefore, we
have v3(c) =0 or b= 0.
When n = 4, we consider the curve Cy given by the following complete intersection
of two quadratic forms
ToT1 + Loy + Tox3 =0
{ ToT3 + X122 + 11203 =0
and the corresponding Weierstrass equation
=407~ g g
computed by ¢4 with Ay, s = —3.5/2'2. It is possible to check that Cy is non-singular
over [Fy. This implies that vy(c) = 12 and hence a = 12. Observe that this curve is
singular over F3 since (1,1, 1, 1) is a singular point modulo 3. So to compute the power
of 3, we need to look at another example. For instance, we consider the following

complete intersection which is non-singular over F3
w242t + 2+ 323 =0
T3+ 22% 4 323 4 5x2 =0
with the corresponding equation of ¢,(¢) : y?> = 423 — x and we obtain in this case

that A, s = 2'%. This means that v3(c) = 0 and thus b = 0. This completes the proof
of Proposition B.2 O

4. INVARIANTS AND MODULAR FORMS

We now in this section study all invariants of genus one models. To do this, we
first give a brief introduction to the theory of modular forms and the connection to
invariants. The goal is to establish Theorem by proving Theorem [LI0] which is

the main result of this section.

4.1. Weakly holomorphic and geometric modular forms. A weakly holomorphic
modular form F' of weight & € Z is a holomorphic function on the upper half-plane

H = {r € C| Im7 > 0}, that is meromorphic at co and satisfies the equation

F<a7+€>zﬁﬁ+dfF@)%rdl<a

CT+d C

b
€ SL(2,7),
d)()
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b
SL(2,7) = {( “ d) | a,b,c,d € Z,ad — be = 1}.
C

Denote by M, (C) the space of weakly holomorphic modular forms of weight k& and
M*(C) the graded algebra

where

M'(C) := @ M,(C).
keZ
F is called holomorphic if it is holomorphic at oo, i.e., F' has a Fourier expansion

']
F(T) — Z ane27rin7'
n=0

which is absolutely convergent for each 7 € H. We denote by My(C) the space of
holomorphic modular forms of weight & and M (C) the graded algebra

M(C) := P Mi(C).
k>0
One of the most important examples of holomorphic modular forms is the Eisenstein

series (iop,, which is of weight 2k, is defined for an integer k > 2 as

Co= S (18)

2k °
(m,n)€Z2\(0,0) <m T 77,’7')

We usually use the following normalized notation of the Eisenstein series

Gop 4k 2
FEo = =1-— E _ " 1
2k 2{(2k) Box . 1(72k l(n)q ) ( 9)

where ( is the Riemann zeta function, By, are the Bernoulli numbers, ¢ is the divisor
sum function and g = €277,

Next step is to follow [I8 p. 9,10] to introduce the notion of geometric modular
forms. Here an elliptic curve E over a scheme S is a proper smooth morphism 7w : £ — S
whose generic fibers are connected smooth curves of genus one together with a section

e:S— FE.

Definition 4.1. A geometric modular form of weight k € Z over a scheme S is a rule
F which assigns to every pair (E/R,w) of an elliptic curve 7 : E — R over S and a
basis w of W*Q}E/R an element F(E/R,w) € R such that

a) F(E/R,w) depends only on the R-isomorphism class of the pair (E/R,w).

b) For any X € R* we have F(E, \w) = \"*F(E,w).

¢) F(F'/R ,wr) = Y(F(E/R,w)) for any morphism ¢ : R — R/, i.e., F com-
mutes with arbitrary base change. Here (E'/R' W) is the base change of
(E/R,w) along 1.
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We adopt the same definition if we only assume that £/R is a smooth genus one
curve over R by the following lemma, which is surely known to the experts but the

author was unable to locate it in the literature.

Lemma 4.2. There is a natural correspondence between:

e Geometric modular forms of weight k for elliptic curves over a scheme S.
o Geometric modular forms of weight k for smooth genus one curves over a

scheme S.

Proof. Suppose first that we are given a geometric modular form for curves of genus
one, F. An elliptic curve E/R is a pair (C,e) where C is a smooth genus one curve
C over R and a section of e : Spec(R) — C. We can simply forget the section and set
F(E/R,w) :=F(C/R,w). This will satisfy all the properties in the definition because
F(C/R,w) does.

We have to show the converse, and suppose we are given a geometric modular form
F for elliptic curves. Locally for the étale topology (see [16, 17.16.3 (ii)]), there are
étale ring extensions v; : R — R; such that C; ;= C' ®g R; admits a section, e, over
R;, giving an elliptic curve F;/R;. We argue that F(FE;/R;,w;) is independent of the
choice of section. One can compare e with another choice of section P; : Spec(R;) — C;
by the R;-isomorphism given by translation by P, 7p, : (C;,€;) ~ (C;, P;). This is an
isomorphism of elliptic curves. Since the differential w; is invariant under 7p,, the
property a) in Definition [l shows that F((C;, e),w;) = F((C;, B;), wi).

We then set «; := F(E;/R;,w;) € R;, independent of any choice of section. Let
R; be another (local) ring extension such that C;/R; admits a section, and denote by
Yij + Ri = R;; = R; ®gr R; the natural map. Then v;(a;) = ay; = 1;;(cw) by the
property ¢) of Definition Ll By étale descent we obtain an element o € R such that
for all the maps ©; : R — R;, ¥;(a) = ;. It is a straightforward verification that
F(C/R,w) = « satisfies the definition of a geometric modular form of a genus one

curve. ]

Denote by M, (R) the R-module of geometric modular forms of weight k over a ring
R and M'(R) the graded algebra
M'(R) := @ M (R).
keZ
As in [I8 p. 10], a geometric modular form F has its g-expansion as an element of
Z((q)) ®z R obtained by evaluating on the pair (Tate(q),w)r consisting of the Tate
curve and its canonical differential. F is called holomorphic if it is holomorphic at oo,

i.e., its g-expansion lies in Z[[¢q]] ®7 R.
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We denote by My(R) the R-module of holomorphic geometric modular forms of
weight k over a ring R and M(R) the graded algebra
M(R) := @ M(R).
k>0

We have in addition the relation
M'(R) = M(R)[D], (20)

where D is the cusp form of weight 12 defined below.

It turns out that we can identify weakly holomorphic and geometric modular forms
over C from the following discussion in [I8, p. 91]. Let C, := C/(Z + 7Z) for any
T € H. For any geometric modular form F € M; (C), we can define the corresponding

weakly holomorphic modular form of the same weight
F(r) = F(C:,2mi dz) (21)

with dz being the canonical differential on C. Then the map F — F'is an isomorphism
M (C) = M} (C).

Observe that for k = 2,3 the quotient 4k/By, € Z and thus the Eisenstein series
E4, Eg in ([9) are defined over Z. By the g-expansion principle as in [I8, Corollary
1.9.1], the corresponding geometric modular forms Ey, of Eo of weight 2k (k = 2,3)
are also defined over Z.

It is known that the ring of holomorphic geometric modular forms M(Z) over Z is
generated by &, & and the cusp form D satisfying 1728D = £} — £2. More precisely,
we have (see [0, Proposition 6.1])

M(Z) =2 Z[E,s, &, D)/ (E — E2 — 1728D).

If char(K') # 2 or 3, then 1728 is invertible over K and thus M(K) = K[&,&]. In
this case, £, and & are algebraically independent since so are F, and FEjg.

We have a type of geometric modular forms in any characteristic p called the Hasse
invariants defined for instance in [I8] (p. 29). For any prime number p, the Hasse
invariant 4, is a geometric modular form over F, of weight p — 1, which satisfy a
certain property. The Hasse invariant A, has ¢g-expansion equal to 1 in F,[[¢]]. For any
prime p > 3, we have A, = &,_; (mod p) since they are both geometric modular forms
of the same weight p — 1 with the same g-expansions (see [I§] (p. 30)).

The structure of the graded ring of holomorphic geometric modular forms can be
summarized from Propositions 6.1, 6.2, Remark 6.3 and the formula (8.4) in [9] as

follows:
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Proposition 4.3. The graded ring M(K) of holomorphic geometric modular forms
over a field K is

K&y, &), if char(K) #
K[A2, D), & = A5 and E = —AS, if char(K) =
K[A3, D], = A3 and E = — A3, if char(K) = 3.

2,3;

2;

4.2. Invariants and modular forms. Similarly, the structure of the graded ring of
invariants of X, can be summarized from [12, Theorem 4.4, Lemma 10.1, Theorem
10.2] as below. Here ¢4, ¢g are the usual invariants defined in Section [ and aq, by are

the invariants of weight 1,2 respectively defined as in [I2, Theorem 10.2].
Proposition 4.4. The ring of invariants K[X,]%" of X,, (n <5) over a field K is

Kleq, cq, if char(K) # 2,3;
Klay, A], if char(K) = 2;
Kby, A], if char(K) = 3.

The algebraic independence of the invariants ¢, and cg if char(K) # 2 or 3, a; and
A if char(K) = 2, by and A if char(K) = 3 is clear in case n = 1. Thus they are
algebraically independent for all n < 5.

We can link modular forms to invariants. To see this, we first recall a result from
[12, Proposition 5.19]. Here the regular 1-form wy, of a model ¢ € X? is defined as in
Section 2

Lemma 4.5. Let Cy,Cy be smooth curves of genus one over a field K corresponding
to the models ¢,¢ € X? respectively (n < 4). Suppose ¢’ = g¢ for some g € G,
then the isomorphism ¢ : Cy — Cy determined by g satisfies ¢*wy = (det g)wy. This
statement holds to the case n =5 providing that char(K) # 2.

The author in [I2] provides an explicit proof for n <5 corresponding to the explicit
linear algebraic groups G, acting on X,,. We observe from this lemma that for any
g € G, and any genus one curves Cy, Cyy defined by models ¢, ¢’ = g¢ in X7, we have

for a geometric modular form F of weight &k
F(Cy,ws) = F(Cy, ¢"wy) = F(Cy, (det g)wy) = (det 9) *F(Cyr, wy)
or
F(Cyrrwy) = (det 9)*F(Cy, wy)-
We have thus proved
Proposition 4.6. Forn < 4, a geometric modular form F over a field K defines an

invariant of the same weight Ir over K of X0 such that Ix(¢) = F(Cys,wy) for any
¢ € X0. This statement holds to the case n =5 providing that char(K) # 2.
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This fact over the complex numbers can also be seen directly from holomorphic
modular forms. For a smooth curve C' given in the Weierstrass form ¢ such that
C(C) = C/(Z+7Z) for some T € H. Then ¢ is of the form y* — 42 + gox + g3, whose

the two coefficients ¢, g3 is written as
go = 60G4,gg = 140G6 (22)

with Gy, Gg defined in ([I§). The normalized invariants of the model ¢ are (see Remark

[L.3)
ca(¢) = 239, , () = 2°3°gs. (23)

The following identities are then a consequence of ([[9)), ([22]), (23) and the special values
of zeta function ((4) = 74/90,¢(6) = 7°/945

ca(¢) = (4m) Eu(7), co(¢) = (47)° Eo(7). (24)

It is then possible to compare the invariant Ir in case F = &, and & with the normal-

ized ones ¢y, ¢g as follows

Lemma 4.7. We have the following identities for any smooth model ¢ € X (n < 4)
over a field K

Ie,(9) = ca(9), Le;(¢) = —co(9).
This statement holds to the case n =5 providing that char(K) # 2.

Proof. Since both Ig,, (¢) and cox(¢p) (k = 2,3) depend only on the K-isomorphism
class of the pair (Cy,wy) (see Definition Bl and [I2] Definition 2.1 and Proposition
5.23]), it is enough to consider the case n = 1. We know that both I¢, and ¢4 are
defined over Z. Moreover, ¢4 is a primitive polynomial. There exists thus a constant
« € Z such that Ig,(¢) = acy(¢) for any ¢ € X7). Consider a model ¢ with coefficients
in Z C C, we obtain from ([2I)) and ([24)) that Ig,(¢) = c4(¢) and hence a = 1. Here
we are using the regular 1-form w, = dx /2y while the differential dz in (2I]) is equal to
dx/y. Similarly, we have Ig,(¢) = —cg(¢) for any ¢ € X7. O

One can look closer at the connection between invariants and geometric modular
forms. The author in [9, Propositions 6.1, 6.2 and Remark 6.3] proved that M(K) is
isomorphic to K[X;]% over any field K. We want to get a similar phenomena when
replacing X; by X,, for any n < 5. Denote by K[X°]“" the ring of invariants of X?

defined in the same way as in Definition 211 i.e.,
K[X0)% :={I € K[X?]: Tog=1forall g€ G,(K)}.
Since K[X?] = K[X,,][A™!], we conclude that

K[X)% = (K[X,][AT])9 = KX, [A71],
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Gn

where the latter identity holds since A is an invariant in K[X,]“". The structure of

K[X?]% is deduced from Proposition 4] with notations from there as follows.
Proposition 4.8. The ring of invariants K[X2])% of X° (n < 5) over a field K is

Kley, c6][A7Y], if char(K) # 2, 3;
Klai, Al[A7Y, if char(K) = 2;
Kby, A][A™Y], if char(K) = 3.

Proposition yields a ring homomorphism I : M'(K) — K[X?]% defined by

F +— Ix. There are, however, even more to this.

Theorem 4.9. Let K be a field, the map I : M'(K) — K[X?]% (n < 4) is an
isomorphism. The statement also holds to the case n =5 if char(K) # 2.

Proof. When char(K) # 2 or 3, we know from Lemma 7] that on X0: I¢, = ¢y, Ig, =
—cg and Ip = A. Thus the ring homomorphism I is bijective from Propositions [£.3]
I8 formula ([20) and the algebraic independence of & and &, ¢4 and c¢g. Hence I is
an isomorphism.

In the case char(K) = 2, I sends A, to aa; for some constant o € F3, ie., o = 1.
This comes from the fact that a; is (up to constants) the only invariant of weight
one. Moreover, I sends D to A by Lemma 4.7 and is thus an isomorphism from the
algebraic independence of Ay and D, a; and A. The independence of A, and D is
deduced from the independence of a; and A since [4, = aa; and Ip = A on Xg. The
case char(K) = 3 is treated similarly with the identities I 4, = 8by and Ip = A on XU.

Here (3 is some constant in F73. U

Back to our purpose, the key result in this section (which is Theorem in Section
) is the following:

Theorem 4.10. Let F be a geometric modular form of weight k, there exists a constant
a, € K* (n <4) such that

I7(6) = oz (0a(9))

for any smooth genus one model (Cy,wy) of degree n over a field K with the Jacobian
(Ey, Wy, (s)) constructed by the map ¢,. Moreover, as = £1, 03 = £1/2, oty = 2.

From Proposition we know that the ring of invariants of X? is generated by ele-
ments of even weights except in the case of characteristic 2 in which 1 = —1. Therefore,

we can in any case forget the about the sign of a,, and this gives a proof for Theorem

Proof. We consider the map ¢, : X,, — W defined in Section B there exists «, =
an(¢) € K* depending on ¢, and ¢ such that ¢ (wy, (¢)) = anws for any ¢ € X, We
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have for any ¢ € X?

Ir(pn(9)) = F(Ep, wou(9)) = F(Cs: 0ru())
= F(Cy, cnwy) = a7 " F(Cy,w5) = 0 I7(0)
and hence
I7(6) = anlr(va(9)). (25)
Since «a,, does not depend on k, we can consider the case in which £ = 12 and F =

D to get the identities Ay, = Ip(d), Ay,) = Ip(pn(¢)) from Lemma BT for the
corresponding geometric modular form D = (£} — £2)/1728. This deduces

As proved in Proposition B.2, Ay = cA,, 4 for some constant ¢ when n < 4. More
precisely,

c==+1, Ifn=2;

c=22712 Ifn=3;

c=4212 Ifn=4.
We now need to compute «,, from a? = ¢. Look again at (23] to the case F = &, and
Es, we have c4(¢) = atcs(pn(¢)) and cg(¢) = abcg(pn(@)) for any ¢ € X9, Consider
a model ¢ with integer coefficients, we conclude from Lemma 2.2 that o, a8 € Q and
thus o2 € Q. This enables us to exclude the minus sign of the constant ¢ above and
deduce the discussion at the end of Section [3l We have in addition

as=1,a3=1/4and of =4

or
ay = *+1, a3 = +1/2 and ay = £2.

Observe that the formulae of ¢4, ¢g obtained from Theorem for k = 4,6 respec-

tively in cases n = 2, 3,4 are the same with the normalized ones given by Fisher as in

(13), (@) and (IH).

5. DETERMINANTAL REPRESENTATIONS OF WEIERSTRASS CUBICS

We will in this section study discriminants of smooth curves in Weierstrass form and

provide a proof to Theorem [[L5l Consider a smooth curve Cy given by

¢(‘Ta Y, 2) = yQZ - 41‘3 + gZxZQ + 93237 (26)
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where g, and g3 are elements in a field K. We want to find the 3 x 3 square matrices
L, M, N such that
det(zL +yM + zN) = ¢(x,y, 2).

We obtain from [21], Section 2| the following determinantal representations of ¢

2r +tz y+dz (32 —go)z
0 r—tz y—dz , (27)
z 0 —2x — 1z

with ¢, d € K be such that d?> = 4t> — got — g3. It can be checked that the determinant
of 7)) is equal to ¢.

Now we move to the theory of theta functions to study the case when K = C. The
following discussion bases on Wang and Guo [22]. In this case, there exists a unique
lattice A coming from the Weierstrass parametrization such that Cy(C) = C/A. Here
A = w1 Z + wyZ for some wy,wy € C with 7 = wy/w; € H. The two coefficients g, and
g3 of the curve given by ¢ can be determined by (see [22, p. 509])

4
g2 = 2 (1) (a® + 0%+ %),

3 w1

4 7\ 4 | pAN(pA L AN A 4
=g (Z) @4+ -t

where a = 65(0,7) = e'1 0(37,7), b = 05(0,7) = 0(0,7) and ¢ = 04(0,7) = 6(5, 7) with

the even Jacobi theta functions:

0(z,7) =03(z,7) = Z exp(min®t + 2minz),
02(z,7) = exp(miT/4 + miz)0(z +7/2,7T),
O4(z,7) =0(z+7/2,7).
The above a, b, ¢ are called even theta constants.

Since (¢,d) is a point on the affine curve associated to C, defined by {z # 0}, it
is determined by theta constants via Weierstrass P-function and so are all the coeffi-
cients in the linear matrix (27)). To be precise, we consider the Weierstrass P-function
associated to the lattice A defined for all s ¢ A as

1 1 !
P(s) = P(s;wr,ws) == 2 + Z ((5 + mwy + nwy)? B (mwq + nwz)2) .

(m,n)€Z2\(0,0)

As in [22 p. 469], it satisfies the differential equation

P'(s)> = 4P(s)’ — g2P(s) — gs.
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We can parametrize the point (¢,d) on the curve as t = P(s) and d = P’(s) for some
s ¢ A. It is known that the discriminant of the cubic (26)) is given by the formula (see
Remark [[3])

12
8y =225t - 1) =20 (1) (ane (2%)

w1
We will give another proof for the formula (28]) using resultant and the determinantal
representation (27). From [I5, p. 434], the discriminant of a homogeneous cubic

polynomial ¢(x,y, z) can be computed by resultant defined there as

Ay = —Res(¢u, ¢y, 02)/27. (29)

The reader can have a look at [I5, Chapter 13] for a general discussion about resultants.
We choose the minus sign here so that the sign of the discriminant is compatible to
other sections of the paper. To simplify the computation, we choose a special value for
the Weierstrass function P(s), namely, we choose the 2-torsion point s = wy/2. In this
case P(wq/2) = —%(a4 + %) and P'(wy/2) = 0 by [22, p. 470,509]. Then d = 0 and

= —%(a4 + b*). Besides, using the Jacobi’s identity a* + ¢* = b* (see [22, p. 504]),

the matrix (217) above can be written in the form

2r — %(a4 + b1z Y —(wll)4cgz
0 x4+ 55 (at +bY)z Yy . (30)
z 0 —2z + g;—é(a‘l + %)z
1

We have thus proved Theorem [Tl From the representation ¢ = det(U), where U is
given by ([B0), we get that

9 4
by = —122° + 3 <§) (a® +0° + )2,
1
¢y = 2yz, and

4 ! 4 ‘
b, =y* + = ul (a® 4+ % + Sz + - 1 (a* 4+ 6N (b* + ) (c* — )22
3 w1 9 w1
The discriminant Ay of the cubic ¢ is then obtained via (29)
2\ 12
Ay =2 — be)®.
o=2°(Z) (abo
In fact, we can directly use (29) to the curve (26). But this approach of determinantal
representations might be applied to more general cases. We will explain in more detail

in Section [7]

6. DETERMINANTAL REPRESENTATIONS OF COMPLEX PLANE CURVES

In Section A we have already seen that one can compute the discriminant of smooth

curves over C in Weierstrass form by using determinantal representations. Our goal is
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to generalize to plane curves of arbitrary degrees based on Theorem 5.1 in [3]. In other
words, we will in this section prove Theorem 6.3l Let us first introduce some notations.

Let X be a compact Riemann surface, let £ is a line bundle of half differentials on
X (a theta characteristic), i.e., £L%? is the canonical bundle wx on X and let x be a
flat line bundle over X such that h%(xy ® £) = 0. We associate to x the Cauchy kernel
K(x;-,-) as defined in Section 2 of [3]. Let A;, Ay be two scalar meromorphic functions
on X, which generate the whole field of meromorphic functions. Assume that all poles
of A1, Ay are simple and labeled as P, ..., Py € X. We write the Laurent expansion of
A at Py (1 <i<d k=1,2) with some fixed local coordinate t; = t;(P) centered at
P =P

Cik

\e(P) = - dir, + O([t:])-

2

Then we define the d x d matrices L, M, N by

L= diag1§i§m<ci2)7 M= diag1§i§m<_cﬂ>7 N = (nij)i,jv
where
diicio — discin, L= 7;
K By By) ]), i #J.
dt;(F;)

N =
N (Cilch - Cj101‘2)

The result mentioned in [3] is the following

Proposition 6.1. The map 7y : X — C? given by mo(P) = (M (P), A\2(P)) maps
X\{Pi, ..., P;} onto the affine part C° of an algebraic curve C' C P? and extends to a
proper birational map ™ : X — C of X in P2. The defining irreducible homogeneous
polynomial ¢(x,y,z) of C is such that (up to multiplying by some constant)

¢(z,y,z) = det(xL + yM + zN).

Here the affine part C° of C' is defined by {z # 0}.

The authors in [3] prove a more general version of the above proposition where they
consider x to be any flat vector bundle. We restrict here to the case of line bundle
since it is enough for our purpose.

Suppose in this case that y is defined by a unitary representation of the fundamental

group of X given by

x(;) = exp(—2mia;) and x(5;) = exp(2mib;), i =1,..., 9,

where a;,b; € R, g is the genus of X and ay, ..., a, 51, ..., B, form a symplectic basis of
Hy(X,Z). Let (m,...,n,) be a basis of holomorphic 1-forms on X, we form the period

matrix with respect to these bases which is the g x 2g-matrix (£2; | €22) whose entries
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are

(Q1)5 = / n; and (), = / n;, fori,j=1,..,¢.
We choose the canonical basis (7, ...,1,) of holomorphic 1-forms in the sense that
fai n; = 0;;, then the corresponding period matrix will be of the form (/, | ©2). The
matrix () lies in the Siegel upper half space HY and it is called the Riemann period
matrix of X with respect to the homology basis ay, ..., a4, 51, ..., B;. We fix such a
symplectic homology basis and the resulting period matrix Q. Let J(X) = CY9/(Z9 +
QZ9) be the Jacobian of X and ¢ : X — J(X) be the Abel-Jacobi map with any fixed
base point. Then we have an explicit formula for the Cauchy kernel (see [3, Theorem

4.1]).
K p,g) = Q) = (P
[0](0)E(Q, P)

where 0[d] is the associated theta function with characteristic 6 = b+ Qa = ¢(x)
(a = (a;); and b = (b;);) and E(-,-) is the prime form on X x X. Recall from [IT],
Chapter II] that the prime form F is a bi-half-differential with simple poles along the
diagonal of X x X.

Here the theta characteristic £ is chosen such that (L) = —K, where K is the vector

of Riemann constants. Note that a consequence of the Riemann singularity theorem
is that 6(b 4+ Qa) # 0 if and only if h°(xy ® £) = 0. Hence 6[§](0) # 0 and the formula
above makes sense.

From this proposition, one can provide explicitly determinantal representations for
complex plane curves using theta functions and the Abel-Jacobi map. The reader can
have a look at [I7, Section 4], [20, Theorem 6] or [6, Theorem 2.2] for reference. Note
that results in the reference above only apply to the family of hyperbolic curves with

a normalization, but it can be written in the following general form.

Theorem 6.2. Let Cy, C P? be a non-rational irreducible complex plane curve defined
by ¢ = 0, where ¢(x,y, z) is an irreducible homogeneous polynomial of degree d. Sup-
pose the d intersection points of Cy, with the line {y = 0} are distinct non-singular
points Py, ..., Py with coordinates P; = (1,0, 3;), B; # 0. Then

o(x,y,z) = Adet(xM + yN + z1),

where A = ¢(0,0,1), M = diag(—p4, ..., —f4) and N = (n;;); ; with

_ _5%(L,0.5)
N = ﬁz¢$(1’0’62)
and for i # j
o B B 00)(e(By) — p(P)) 1
iy —

0[0)(0) E(P;, ) d(—y/z)(P)+\/d(—y/x)(P
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Here 0 is an even theta characteristic such that 0[0](0) # 0, ¢ : X — J(X) is the
Abel-Jacobi map from the desingularizing Riemann surface X of Cy to its Jacobian
and E(.,.) is the prime form on X x X.

We want to generalize Theorem [6.2 such that we replace the line {y = 0} by a general
line passing through distinct points of Cy. Let [ be a line defined by ax + Sy +vz =0
so that its affine part {° defined by ax + By + v = 0 intersects the affine part Cg of
C, at d distinct non-singular points PP, i = 1,...,d. Since a and 8 can not be both
zero, we can suppose w.l.o.g that § # 0 (the case a # 0 can be treated similarly). In
this case, we can suppose further that 5 = —1. Therefore, the line [ can be rewritten
as y = axr + vz. Assume that the intersections points P of [ and C’g have non-zero
z-coordinates so that we can write P = (1/8;,a/8; + ) with §; # 3, if i # j. Thus

the intersection points of [ and Cy are P; = (1, a+~0;, 8;). We now prove the following

Theorem 6.3. Let Cy C P? be a non-rational irreducible complex plane curve de-
fined by ¢ = 0, where ¢(x,y,z) is an irreducible homogeneous polynomial of degree
d. Suppose the d intersection points of Cy with the line {y = ax + vz} are distinct
non-singular points Py, ..., Py with coordinates P; = (1, + 0y, Bi), Bi # 0. Then up to

multiplying by some constant
d(z,y,z) = det((M —aN)x + Ny + (I —yN)z),
where M = diag(—p1, ..., —f4) and N = (n;;); ; with

(¢ +agy)(P)

and fori # j

001(p(P)) — (1)) Bi — B _
ORI0)E(F;, P)  \/Biade — dy)(P)/B;(adz — dy)(P))

Here 0 is an even theta characteristic such that 0[0](0) # 0, ¢ : X — J(X) is the

Abel-Jacobi map from the desingularizing Riemann surface X of Cy to its Jacobian
and E(.,.) is the prime form on X x X.

nij =

Proof. Apply Proposition 6.1 with the pair of meromorphic functions on the desingu-

larizing Riemann surface X of Cy:
1
M= ———— N —————
y—-—oxr—v y—oxr—v
and t = ‘M_Tyﬂ be the local coordinates at the poles P; (zeros of ax —y+ ). The next

step is to write down Laurent expansions of \;, Ay at P;. We have

)\2 = —1/t:> Cio = ]_, dig =0 Vi.
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At P; we have \; = —1(2). Since
d(%) dx
— =B+ ——2—(P)t+ O(|t]*) = Bi + Bi=———— (Pt + O(Jt?
we deduce that
L= B8 d; _ﬁdix(p_)
Ci1 = Pi, il — zd(y — OZZL‘) i)

We then obtain from Proposition that (up to some constant)
¢ =det((M —aN)z+ Ny + (I —yN)z)

where M = diag(—/f, ..., —B4) and N = (n;;) with

dz
nii = Bi d(yi

and for ¢ # j
! Ol e(P) — o(P)) B8,
0[0]1(0)E(Py, P;)  d(“=2)(P;)

J
Here § is an even theta characteristic with 6[6](0) # 0. Note that the affine part C3 of

Cy is defined by

nij =

{(M(P), Xa(P)) | P € X\ {P1,.... Pa}}.

Furthermore, if we replace N by the matrix N’ which has the same diagonal elements

with N but different off-diagonal elements
OBy — o(P)) Bi- B,
i 0[0](0)E(F;, ) \/d(m_TW>(Pi)\/d(m_Tw>(Pj)’

then the determinantal representation does not change. Indeed, let

U=(M—-aN)z+ Ny+ (I —yN)z

and
U'=(M-aN)x+ Ny+ (I —yN')z,
if we multiply the i*"-column of U and the i*"-row of U’ (for i = 1, ..., d) with the term
d(“==2)(P;) then both of them will become the same matrix U*. Consequently,

det(U*)
[0, \/d(2=22)(P)
Observe that d(m_Tyﬂ)(Pz) = fBi(adx — dy)(P;) and

dx N ¢y(P)
o)) = TGt gy (B)

det(U) = det(U’) =
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by implicit function theorem with the fact that (¢, + a¢,)(FP;) # 0. Indeed, since
the polynomial f(x) := ¢(x,ax + 7,1) has distinct roots (1/5;) we conclude that
f'(1/B;) # 0 and hence (¢, + ag,)(F;) # 0. We have thus proved Theorem O

Theorem is then established by reducing to the case a = v = 0. We will apply
Theorem in the next section to get a formula for the discriminant of plane cubic

curves.

Remark 6.4. We can also reformulate the analogous statement to the Theorem[6.3 if
the line y = ax + vz 1s replaced by v = ay + vz.

7. DISCRIMINANT OF PLANE CUBIC CURVES

We now study the main object of interest in which we consider a smooth plane
curve Cy over C defined by the cubic form ¢ = 0. The affine part of the curve C is

parametrized as

{(z,y,1) = (R (P(s), P'(5)), Ra(P(s), P'(5)), 1)},

where P(s;wq,ws) is the Weierstrass P-function associated to some wq,ws € C satisfy-
ing Im(wq/wq) > 0.

In this section, we use the standard notation 7 of genus one case instead of €2 for
the period matrix. Moreover, we use the general Jacobian C/(w1Z + wsZ) in place of
the normalized one C/(Z + 7Z) for 7 = wy/w; in order to use the properties of the
function P. By this change, an extra factor 1/w; appears in the below elements n;;
(i # j) in comparing with Theorem This idea was mentioned in [0, Theorem 2.4].
In addition, we use the notation 65 (§ = 1,2,3,4) for theta functions as in Section
instead of 0[9].

The prime form E(P, Q) in genus one case is better understood so that we obtain a

consequence of Theorem as follows.

Corollary 7.1. Let C, C P? be a smooth plane cubic curve defined by ¢ = 0, where
o(x,y, z) is a non-singular homogeneous cubic polynomial. Suppose the liney = ax+7yz
intersects Cy at 3 distinct points Py, Py, Py with coordinates P; = (1, a+~f;, B;), Bi # 0.

Then up to multiplying by some constant
o(x,y,2) =det((M —aN)x+ Ny + (I —yN)z),
where M = diag(—f1, —f2, —f3) and N = (n;;); ; with

" <¢:v + a(by)(Pi)
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and for i # j
Nis = 93(0)96((62]‘ - Q,)/wl) @ _ Bj
U 00~ Q) \Ba R — R0/ — @)
Here § is any even theta characteristic, i.e., 6 = 2,3 or 4 and Q; = ¢(P;). Note that

we also have an analogous statement of this corollary by Remark [6.4)

The field of meromorphic functions on a general genus one curve is generated by P, P’
associated to some periods wq,ws. Thus Ry and Ry are rational functions on P,P’. In
general, R; and Ry have complicated expressions. But we have better interpretations
in the case of plane cubic curves. In this case, Cy always has a flex point and hence
can be transformed to a Weierstrass equation after a linear coordinate change (see [8]

Section 4.4]). Thus, we are able to present rational functions Ry, Rs as:
Rl(s) = )\1173(8) + )\1273/(8) + )\13,

RQ(S) = )\2173(8) + )\2273/(8) + )\23. (31)
The constants \;; € C satisfy A1 A2 # A12A21 and depend on the coefficients of ¢. Here

we fix any flex point and the corresponding periods wy, ws coming from the Weierstrass
parametrization of the Weierstrass equation.

To shorten the determinantal representation, we should look at 2-torsion points
to simplify 6 and P. More precisely, we consider the line [ which intersects C, at
the points P; such that the corresponding points @; on the torus C/(wiZ + woZ) are
w1 /2, (w1 + wq)/2 and wo/2 respectively. Suppose that the z-coordinates of P; are all
non-zero. We will treat the case [ to have the form y = ax + vz and then make use of
Corollary [l The other case can be treated similarly using Remark The choice of
2-torsion points gives us the convenience to work with some computations below. Let

a=0,0,7),b=05(0,7),c = 04(0,7), where 7 = wy/w;, we will prove the following

Proposition 7.2. Let Cy C P? be a smooth plane curve defined by ¢ = 0, where
o(x,y, z) is a non-singular homogeneous cubic polynomial. Suppose the liney = ax+yz
intersects Cy at 8 distinct points Py, Py, Py with coordinates P; = (1, a+~5;, 3;), Bi # 0
so that the corresponding points Q; = p(FP;) of P; on the torus C/(w1Z + weZ) are
w1/2, (w1 + wq)/2 and we/2 respectively. Denote by k = aXja — Aga, then we have the
following expressions (up to some constant) for the discriminant Ay of ¢
(1)
A% wit

A pu—
¢ 28k12724 (abe)

= (81— 2)°(B1 — B5)°(B2 — f35)°,

(2) , .
A
A, =16 (%ufﬁ‘g) (abc)®.
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Proof. By 22, p. 470, 509], we have P'(Q;) = 0 for all ¢ and

2 71_2 2

PQ) = 550!+, PQa) = g5la’ =), P(Qs) = —g5(a" +1),
Besides, P"(s) = 6(77(3))2 —g2/2 with g = 3(Z)*(a® +0° +¢%) as in 22, p. 469]. Thus
. B 27T4b4 4 B 27T4 4 4 Y 27T4(l4b4

PQu = T (@) = - gy -

We also have for each 1

‘by(Pi) dx Ry Q,) = A12

TGt 0d)B) Ay —an ) e
Choosing § = 3, we now simplify the matrix N in Corollary [Tl Let k; = —A2/k and
note that ¢1(0) = mabe as in 22, p. 507], we have n; = ki5; and ni3 = n3; = 0 as
0((1+7)/2) = 0. Moreover,

n2 —=n2 — w2 (abe)*0” () (B1 = Ba)” _wi(Br = Bo)?
2 2R20260% (2) BiBa P (Q1)PM(Qa)  AKPmOS Babted

ni., =n2, = m?(abe)*6? (3) (B2 — Bs)* _ wy (B2 — B3)°
# 2 wikb20? (3) BaB3P"(Q2)P"(Qs3) 4k276 By B5aBbt
Here we use the fact that (see [22, p. 502])

0 (g) = q_%a,el (g) = iq_%c,ﬁ (%) =c, 0 (%) =a

with ¢ = €*™. We have 1/8; = A\;1P(Q;) + A3 from ([BI)) and the fact Ry (Q;) = 1/8;.

Therefore,

Aog — Oé)\lz

— 2.4
2P (P(@) ~ P(@) = T

— m2b
2D A(P@:) - P@Q) = —da T (32)
P2 — B3 2a’

PN A (P(Qs) — P(Q2)) = — A "

It can be seen from (B2]) that A;; # 0. Similarly we have Ay = ey from the identities
Ry(Q;) = a/B; + . Breaking out the determinant, one get the following expression for

¢ (up to some constant \)
—132035° + 36182 fakrx’y + (Bandy + Pinds — 3018203k ) vy +

ky (515253/7{72 — Bsniy — 51n§3)y3 + (812 + B1 B3 + 5253)3722 — 2k (1B + P13+ B2B3)xy 2
+ (k3 (81 B2+ B1 B3+ B25) —niy—ni3s)y*z— (B1+ B+ Bs) w2+ ki (Br+ Pat B3)y 2" +2°. (33)
Consequently, Res(¢. /A, ¢y/ A, ¢./A) =

(—432) (B2 — B3)*(B1 — B2)’nagniy(Br — B3)°(Baniy — Bsniy — finds + Panis)”.
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The term Bon?y — f3nty — Binis + Bonas is equal to

(51 - 52)(52 - 53)w? (51 — B2 X B2 — 53)
4k27op 851 B2 a® 3233

w8 = Bo) (B — B)
N 4k2mtatct ’

where the later equality comes from (32). Furthermore,

W%A‘(Bl - 52)4(52 - 53)4 o )\i‘lwiﬁ(ﬁl - 52)2(52 - 53)2.

4 = =
(n1an23)" = 2813724 (abc)16( 8, B2)% (B2 33)? 98187716, 8]16 -8
The later equality again comes from (32). Hence
N

1
A¢ = —2—7R€S(¢$, ¢y7 ¢z)

- 28k127T24(a,bC)16 (61 - /82)6(61 - /83)6(62 - 63)6-

We also obtain an alternative form of the discriminant by using (B32)):

)\)\2 12
A, =16 (#) (abe)®. (34)
This completes the proof of Proposition [Z.2] O

We now simplify the formula (34]) by looking at the relationships between A, Ajq, k
and (31 8203. It can be seen from (B3] that \3; 205 = —¢(1,0,0). The transformation
(BI) means that if we write

T = A1 X + MY + Mg,

Y= A1 X + AoY + Ao3

then the affine curve ¢(x,y,1) = 0 will be transformed to a Weierstrass form

~Y?2 4+ 4X3 — g, X — g3 = 0. In addition, the inverse transformation
X =lInz + oy + b3,
Y = lo1x + logy + la3
would transform the Weierstrass equation —Y?2 4+ 4X? — g, X — g3 = 0 to:
A3 2% 4+ 1205 Loy + 12001 ,ay” + 4l,y° + (12031 — 15)) 2+

(2411 lols — 2l lo)wy + (12135113 — 15,)y” + (12111135 — 2051153 — l11g2) 2+
(12015175 — 2laolos — liaga)y + 4135 — I35 — li3g2 — g3. (35)
One can check that l11 = )\22/D,l12 = —)\12/D,l21 = _)\21/D and l22 = )\11/D with
D = A1 A2 — A2 Ag;. Compare the coefficients of 2% and z%y in (33) and (B3), we have

41:151 = —)\5152537 o 4)\%2 = —)\515253D3,
1202 115 = 3\B1 P33k . 1202,M 10 = —3\B1 P33k D3.
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The second identity shows that A\;; = —4A3,/(A\B15285D%). Hence A3, 315233 = —4
from the first identity. We have thus proved from (B4]) the following result

Theorem 7.3. Let Cy be a smooth plane cubic curve as in Proposition[7.3. Then the
discriminant Ay of ¢ satisfies

216 m\ " 8
A, — — abc)®.
¢ (A1 A22 — Aa Ao )12 <W1) (abe)

Let us look at the example when ¢ is given in the Weierstrass form —y?+423—gyx—gs.

In this case, A\;;1 = Ays = 1 and A5 = A9y = 0. We thus recover the classical formula
Ay = 2'9(Z-)(abe)®. Since the discriminant of plane cubics is an invariant of weight
12, the factor (A3 Aea — A12A91) in Theorem naturally appears as the determinant
of the linear transformation (B1I) which transform a cubic to a Weierstrass form.

From Remark [6.4] we can also treat the other case where the line [ passes through
2-torsion points of Cy. Furthermore, the set of cubics ¢ in the above theorem forms
an open dense subset of the space of all ternary cubics and we have thus obtained
Theorem [L.6l
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