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Abstract: The first example of a quantum group was introduced by P. Kulish and
N. Reshetikhin. In the paper Kulish et al. (J Soviet Math 23:2435-2441, 1983), they
found a new algebra which was later called U, (s[(2)). Their example was developed
independently by V. Drinfeld and M. Jimbo, which resulted in the general notion of
quantum group. Later, a complimentary approach to quantum groups was developed
by L. Faddeev, N. Reshetikhin, and L. Takhtajan in Faddeev et al. (Leningr Math J
1:193-225, 1990). Recently, the so-called Belavin—Drinfeld cohomology (twisted and
non-twisted) have been introduced in the literature to study and classify certain families
of quantum groups and Lie bialgebras. Later, the last two authors interpreted non-twisted
Belavin—Drinfeld cohomology in terms of non-abelian Galois cohomology H'(F, H)
for a suitable algebraic [F-group H. Here I is an arbitrary field of zero characteristic. The
non-twisted case is thus fully understood in terms of Galois cohomology. The twisted
case has only been studied using Galois cohomology for the so-called (“standard”)
Drinfeld—Jimbo structure. The aim of the present paper is to extend these results to all
twisted Belavin—Drinfeld cohomology and thus, to present classification of quantum
groups in terms of Galois cohomology and the so-called orders. Low dimensional cases
5[(2) and s[(3) are considered in more details using a theory of cubic rings developed by
B. N. Delone and D. K. Faddeev in Delone and Faddeev (The theory of irrationalities of
the third degree. Translations of mathematical monographs, vol 10. AMS, Providence,
1964). Our results show that there exist yet unknown quantum groups for Lie algebras of
the types A,, Day+1, Eg, not mentioned in Etingof et al. (J Am Math Soc 13:595-609,
2000).

1. Introduction

The “linearization problem” in quantum groups, proposed by Drinfeld [6], and solved
in the seminal work of Etingof and Kazhdan [7] and [8], leads naturally (see [15] for
details) to the study of Lie bialgebra structures where the underlying Lie algebra is a
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finite dimensional split simple Lie algebra g(K) over the (algebraic) Laurent series field
K = C((t)). The classification of the Lie bialgebra structures that such an algebra g(K)
can carry is closely related to the structure of its Drinfeld double. Indeed, the double
of g(K) is always a Lie algebra of the form g(K) ®x A, where A is either K x K,

the quadratic field extension . = C((j)), where j = t%, or, finally, the algebra K[e]
of dual numbers of K. The latter case is related to Frobenius algebras and will not be
discussed in the present work. For the first two cases (see again [15] for details and further
references), the classification is given in terms of what the authors call non-twisted and
twisted Belavin—Drinfeld cohomology, and the corresponding Lie bialgebra structures
are called of non-twisted and of twisted type respectively. It was also noticed in [16] that
certain non-twisted Belavin—Drinfeld cocycles are Galois cocycles.

The general connection between Belavin—Drinfeld and Galois cohomology were
found in [18]. The main ingredient of the appearance of the Galois cohomology in
the quantum groups theory is the study of the centralizers C(G, r) C G. Here G is an
algebraic K-group corresponding to g(K) and r is an r-matrix, a solution of the modified
classical Yang-Baxter equation classified by Belavin and Drinfeld in [1], which we denote
by I'BD-

The main results of [18] assert that:

(a) Non-twisted Belavin—Drinfeld cohomology H (G, rgp) introduced in [15] are noth-
ing but the usual Galois cohomology H! (K, C(G, rgp)).

(b) For the Drinfeld—Jimbo r-matrix rpjy (it will be defined later), the twisted Belavin—
Drmfeld d cohomology can be interpreted in terms of the ordinary Galois cohomology
HY(K, C(G, rpy)), where C(G, rpy) is a twisted form of the K- algebraic group
C(G, rpy) split by the quadratic extension L. mentioned above (however, this result
was obtained in the case G is a group of the adJ01nt type).

(c) H'(K, C(G, rpy)) = 1 (by Hilbert 90) and HY (K, C(G, rpy) = 1 (by a theorem
of Steinberg, a result that is also used to establish the correspondence mentioned in
(b) above).

(d) In [15,16,21], non-twisted and twisted Belavin—Drinfeld cohomology H (G, rgp)
and E(G, rgp) were computed for the following classical groups: GL, SL, SO, and
for the simply connected Sp.

The main objective of the present paper is to deal with (b) and (c) for arbitrary
Belavin—Drinfeld matrices. This completes the classification of the Lie bialgebras under
consideration. We also discuss the classification problem of the corresponding quantum
groups.

Remark 1.1. In defining Belavin—Drinfeld cohomology, the group G need not be adjoint.
In the non-twisted case, the base field K could be taken to be arbitrary (of characteristic
0), and some interesting results can de derived in this generality. In the twisted case,
the quadratic extension is crucial. So is the fact that K is of cohomological dimension
1 and that its Galois group is pro-cyclic. These facts, together with the connection with
quantum groups for the case of K = C((¢)), explains why we will restrict our attention
to this particular base field.

The rest of the paper is organized as follows. After establishing some notation in
Sect. 2 and reminding the readers the Belavin—Drinfeld classification in Sect. 3, we pass
to the main part of the paper. In Sect. 4 we define and discuss some basic properties
of twisted Belavin—Drinfeld cohomology. In Sect. 5 we establish a connection between
twisted Belavin—Drinfeld cohomology and Galois cohomology of a twisted quasitorus. In
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Sect. 6 we apply the above results to classify the corresponding Lie bialgebra structures
on g(K) up to gauge equivalence. In Sect. 7 we classify the corresponding quantum
groups in terms of certain double cosets in the group G(K). In Appendix A, written by
by Juliusz Brzezinski and A. S., the theory of orders is applied to describe the double
cosets mentioned above in the case G = GL(n). Finally, in Appendix B, written by
E. K. and Aleksandra Pirogova, Belavin—Drinfeld cohomology for exceptional simple
Lie algebras are discussed.

2. Notation

Throughout this paper K will denote C((¢)) and L its quadratic extension C((j)), where
Jj= 17. We fix an algebraic closure of K, which will be denoted by K. The (absolute)
Galois group Gal(KK) of the extension K/K will be denoted by G. For future reference
we recall the explicit description of G.

Fix a compatible set of primitive m™ roots of unity &,,, namely such that & =Em
for all iﬂteger e > 0.! Fix also, with obvious meaning, a compatible set t% of m™ roots
of ¢ in K. !

Let K,;, = C((¢#)). Then we can identify Gal(K,, /K) with Z/mZ, where for each

_ L 1
e € Z the corresponding element ¢ € Z/mZ acts on K,,, via °¢;" = &7t
We have K = h_m) K. The absolute Galois group G of K is the profinite completion

7 understood as the inverse limit of the Galois groups Gal(K,, /K) as described above.

If y1 denotes the standard profinite generator of Z, then the action of y; on K is given
by

Nipw = %'mt%.
Note for future reference that y» := 2y is the canonical profinite generator of Gy, =
Gal(L). .
If V is a K-space (resp. Lie algebra), we will denote the K-space (resp. Lie algebra)
V ek Kby V.

If Kis a (smooth) linear algebraic group over K, then the corresponding (non-abelian)
étale Galois cohomology will be denoted by H! (K, K) (see [20] for details). We recall
that H'(K, K) coincides with the usual non-abelian continuous cohomology of the
profinite group G acting (naturally) on K(K).

Let g be a split finite dimensional simple Lie algebra over C, g(K) = g ®c K. In
what follows the adjoint group of g(K) (viewed as an algebraic group over K) will be
denoted by Gyq.

We fix once and for all a Killing couple (B,gq, Hag) of Gag, whose corresponding
Borel and split Cartan subalgebras will be denoted by b and § respectively. Our fixed
Killing couple leads, both at the level of G,q and g(K), to a root system A with a fixed
set of positive roots A and the base I' = {«, .. ., oz,,}.2

The Lie bialgebra structures that we will be dealing with are defined by r-matrices,
which are elements of g(K) ®k g(K) satisfying CYB(r) = 0 where CYB is the classical
Yang—Baxter operator (see Sect. 3 below and [10] for definitions).

1 For example, &, = 6127”.

2 The elements of A are to be thought as characters of Hyq or elements of h* depending on whether we
are working at the group or Lie algebra level. This will always be clear from the context.
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The action of G,q on g(K) ®x g(K) induced by the adjoint action of G,q on g(K)
will be denoted by Ady. Along similar lines, if o € G, then we will write o (r) instead
of (0 ® o)(r).

Fix r € g(K) ®k g(K). The centralizer of r in G,¢ (under the adjoint action) will
be denoted by C(Guyg, r). It is an algebraic K-group and a closed subgroup of Gyq. Its
functor of points is as follows. Let R be a commutative ring extension of K. View r as an
elementof (3(K) @k g(K)) (R) = (g(K)@xa(K) @k R = (g(K)@x R)® (§(K)®K R)
in a natural way. Then

C(Gag, r)(R) ={X € Gaa(R) : Adx(r) =r}.

3. Belavin—Drinfeld Classification

Let F be an arbitrary field extension of C. For the time being we replace K by F.

Consider a Lie bialgebra structure § on g(F). By Whitehead’s Lemma the cocycle § :
g — g()®rg(F) is acoboundary. Thus, § = §, for some elementr € g(IF) @rg(F),
namely

Sla)=[rna®l1l+1Q®a]

for all a € g(FF). It is well known when an element r € g(IF) ®r g(IF) determines a Lie
bialgebra structure of g(IF). See [10] for details.

We assume until further notice that I is algebraically closed. Then we have the
Belavin—Drinfeld classification [1], which is useful to recall now. Following [1], we
define an equivalence relation between two r-matrices r, ¥’ € g(F) ®r g(F) by declaring
that r is equivalent to r’ if there exist an element X € G,q(F) and a scalar b € F* such
that

¥ = bAdyx(r). 3.1)

Furthermore, if b = 1, these two r-matrices are called gauge equivalent.
Belavin and Drinfeld provide us with a list of elements rgp € g(IF) ®r g(F) (called
Belavin—Drinfeld r-matrices) with the following properties:

1. Each rpp is an r-matrix (i.e. a solution of the classical Yang—Baxter equation) satis-
fying r + r2! = Q (where Q is the Casimir operator of g(F) ®r g(F)).
2. Any non-skewsymetric r-matrix for g(IF) is equivalent to a unique rgp.

For the readers’ convenience we recall the structure of the Belavin—Drinfeld r-
matrices. With respect to our fixed (b, h), any rgp depends on a discrete and a continuous
parameter. The discrete parameter is an admissible triple (I'y, I'2, T), which is an isom-
etry t : I'y = I';. Here I't, I’y C I' and for any @ € I'; there exists k € N satisfying
7%() ¢ T'1. The continuous parameter is a tensor ro € h ®p b satisfying ro + 2! = Qo
and (t(x) ® 1 + 1 @ @) (rg) = 0 for any @ € I'y. Here ¢ denotes the Cartan part of the
quadratic Casimir element €2. Then

TBD=T0+ Y ea®C ot YD ea AC_yi( (3.2)
a>0 a€e(SpanT'y)* keN

where e, and e_, are parts of a fixed Chevalley system of (g, h) in the sense of [3, Ch.
VIII, Sects. 2 and 12]. We will sometimes write rp = 7o + rgp.
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We return to the case of our field K = C((¢)). Let § be a Lie bialgebra structure on
g(K). Clearly, it is of the form §(a) = §,(a) = [r,a ® 1 + 1 ® a], where a € g(K) and
r € g ®g ¢ is an r-matrix. We will assume that (g(KK), ) is not triangular, i.e. r is not
skew-symmetric.

By the Belavin—Drinfeld classification there exists a unique rgp such that

r =bAdx(rgp) (3.3)

for some X € Gad(K) and b € K*. Since r +r2! = b 2, we can apply [16, Theorem
2.7] to conclude that % € K.

This leads to two cases, depending on whether b is in K or not. The first case is treated
with the non-twisted Belavin—Drinfeld cohomology, and it is dealt in full generality by
means of the Galois cohomology H'(K, C(G, rgp)) in [18].

Our interest is in the second case with b = j. The corresponding twisted Belavin—
Drinfeld cohomology and their relation to quantum groups and Galois cohomology are
the contents of the next two sections.

Definition 3.4. The discrete parameter (I'y, I'2, 7) of the unique Belavin—Drinfeld ma-
trix rpp in (3.3) will be called the discrete parameter of r.

Lemma 3.5. Let r € g ®x g be an r-matrix. Then

(1) r2lis an r-matrix.
(i) y (r) is an r-matrix for all y € G.
(iii) Let rgp be a Belavin—Drinfeld matrix as in (3.2). Then y (rgp) is also a Belavin—
Drinfeld matrix for all y € G. Furthermore, these two r-matrices differ only on
their continuous parameter. In particular, they have the same discrete parameter.

Proof. The first statement is well known, the second and third are obvious. 0O

4. Twisted Belavin—Drinfeld Cohomology

In the remainder of our paper we will assume that in (3.3) we have b = j = r!/2 e L*.
Thus,

r = j Adx(rsp) 4.1
and
F+rtl = Q. 4.2)
Recall the following result proved in [15, Theorem 3]:

Theorem 4.3. Assume thatr = b Adx (rgp), b € K, induces a Lie bialgebra structure on
9(K). Then both rgp and ¥ are rational, i.e. they belong to g(K) ®k g(K). Furthermore,
X1y (X) € C(Gaq, rep)(K) forally € G. O

This allows us to establish the following

Proposition 4.4. Assume that jAdx (rgp) induces a Lie bialgebra structure on g(K).
Then

1. () y2(rBp) = rBD,
(i1) Ad,,x)(rBp) = Adx(rBp), and
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(iii) X~!y2(X) € C(Gag, rep (K).
2. yi(Adx(rgp)) = Ady,,(x)(»1(rBp)) = (Adx (rep))2\. In particular, r-matrices
y1(rap) and rég have the same discrete parameter.

We remind the reader that y is a fixed progenerator of G = Gal(K) and y, = 2y is
a progenerator of Gal(L).

Proof. (1) This follows from Theorem 4.3 using L instead of K as the base field.

(2) The second statement follows from the following lemma, which will also be used
later. O

Lemma 4.5. Assume that r satisfies the CYBE and r +r?' = Q. Then the following two
conditions are equivalent:

e (a) jr induces a Lie bialgebra structure on g(K).
o (b)y1(r) =r?Y and y,(r) =r.

Proof. (a) = (b). Indeed, for any a € g(K)
nljrna®l+1Q®al) =[jr,a®1+1Qal=[jy),a®@l+1Qal.

Therefore, r = y2(r) + pQ and 2! = 5 (r?!) + pQ. Since 1> (r +r2') = Q, we see that
p=0.
Now, we will prove that y;(r) = r21. Since y1(j) = —J, we have

villjrra®l+1®al) =[—jy(),a®@l+1®@al=[jr,a®1+1Qal.

The last equality implies immediately that r + y(r) = ¢Q with ¢ € K. Applying y
again to the latter equality, and taking into account that by the first part of the proof we
have 2y (r) = r, we see that g € K.
Since r +r2 = Q and y1(r +r21) = @, we deduce thatg = 1, 1i.e., that y;(r) = r2L
(b) = (a). To prove that jr induces a Lie bialgebra structure on g(K), we have to
verify that y; ([jr,a @ 1 +1Q®al]) =[jr,a® 1 +1®a] fori = 1,2 and any a € g(K).
If i = 2, then it is clear. It remains to prove the above statement for i = 1. In this
case we have:

njra®l+1@al) =[—jr’,a®1+1®al=[jr,a®1+1®al,

since jr+ jrXl = jQand [Q,a @ 1+1®a]l=0. O

Let ¢ be the Chevalley involution of (g(K), b, h). By definition, this is the unique
automorphism of g(K) that maps e, to e_g for all simple roots . Of course ¢? = Id
and c acts on h as —Id. The following result shows that the last condition of the previous
proposition imposes sharp necessary conditions for the existence of non-trivial discrete
parameters on rgp.

Proposition 4.6. Assume that ¢ € G,q(K). Then the equation

y1(Adx (rp)) = (Adx (rpp))*!

has no solutions unless the admissible triple for rgp satisfies 'y = T’y = (.
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Proof. Let (I', I'2, T) be the discrete parameter of rgp. First of all, let us notice
that Ad,, (x)(y1(rp)) has the same discrete parameter as rgp. Indeed, this is true for
Ady, (x)(y1(rgp)) and y1 (rgp) by definition, and for y; (rgp) and rgp by Lemma 3.5. Our
assumption then implies that the discrete parameter of the r-matrix ré%) is (I'1, 'y, 7).

We claim, however, that the discrete parameter of réll) is (T2, I'1, T~ ). This clearly
forces 'y =T'h = 0.

Since ¢ € Gyq(K), the discrete parameter of r%ll) coincides with the discrete parameter
of Ad.(rgp)?'. Since Ad.(h| ® hy) = h1 ® h» for any hy, hy € b (because ¢ acts on b
by —Id), we have

Adc(rBD)2] = r(%l + Zea ® e_o+ Z Z@rk(a) Ne_g.

a>0 a€e(SpanT'y)* keN

Since ¥ () belongs to the span of I', the discrete parameter of this last r-matrix is
(', Ty, ‘L'_l) as claimed. O

Remark 4.7. The Chevalley involution is inner, i.e. ¢ € G,q(K), if and only if g is of
type Als Bl’h Cna D2na G21 F4a E7s E8

Remark 4.8. The last proposition says nothing about the existence of an element X €
G.aq(K) for which r = jAdy (rgp) generates a Lie bialgebra structure on g(K). What it
does say is that, if such an X exists and c is inner, then rgp must necessarily have a trivial
discrete parameter. The rest of the paper deals with the existence and classification of
such elements.

Let Out(g) be the finite group of automorphisms of the Coxeter—Dynkin diagram of
our simple Lie algebra g(K). If Out(g) is the corresponding constant K-group, we know
[22] that there exists a split exact sequence of algebraic K-groups

1 — Gug — Aut(g) — Out(g) — 1. 4.9)

We fix a section Out(g) — Aut(g) that stabilizes (B, H). This gives a copy of Out(g) =
Out(g)(K) inside Aut(g) = Aut(g)(K) that permutes the fundamental root spaces
g(K)%, and which stabilizes both our chosen Borel and Cartan subalgebras. Of course,
Aut(g) is the semi-direct product of G,q(K) and Out(g).

As explained in [18, Lemma 5.9], if the Chevalley involution c is not inner, then there
exists an element d € Out(g) of order 2 such that cd = S is an inner automorphism of
g(K). The elements ¢ and d commute, hence, S has order 2. Of course, if ¢ is inner, then
d=Idandc = S.

Proposition 4.10. Let S = cd be as above. Let rgp be a Belavin—Drinfeld matrix with
discrete parameter (I'y, I'2, T) and continuous parameter ro. Assume that jAdx (rgp)
induces a Lie bialgebra structure on g(K) for some X € Guq(K). Then the following
four conditions are satisfied:

1. =d(Ty),

2.t =dtld !,

3. y2(rgp) = rBp- In particular, y»(rg) = ro,
4. y1(ro) = Ads(ro)?.
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Proof. By Proposition 4.4 (2) we have y; (Ady (rgp)) = (Adx (rgp))>!. Then it follows
from Lemma 3.5 that y;(rgp) and Ads(rég) have the same discrete parameter. We
know that the discrete parameter of y; (rgp) is (I'1, I'2, T). The same reasoning that we
used in the proof of Proposition 4.6 shows that the discrete parameter of Ads(rl%]g) is
(d(I'y),d(T'1),dt~'d~"). This proves the first two statements.>

(3) is a direct consequence of Proposition 4.4 (1.i).

Let us prove (4) now. First, we observe that Ads(rgp)~" and y; (rgp) belong to the
Belavin—Drinfeld list. Since jAdy (rgp) induces a Lie bialgebra structure on g(K), by
Lemma 4.5 we have

)21

Ady -1y, (x0) (V1 (rBD)) = . @.11)

Hence, we get the following equality:
Adgx-1,,x)(v1(rep)) = Ads(rgp)*. 4.12)

Thus, two r-matrices from the Belavin—Drinfeld list, y; (rgp) and Adg (rBD)m, are gauge
equivalent and, therefore, equal (by the Belavin—Drinfeld classification). In particular,
their continuous parameters are equal, which proves that y; (r9) = Adg ro)?'. o

Corollary 4.13. Assume that jAdx(rgp) induces a Lie bialgebra structure on g(K).
Then

(1) SX~1y1(X) € C(rap, Gaa) (K).
(2) C(rap, Gag) (K) is stable under the action of Adg.

Proof. The first statement follows from the equality y; (rgp) = Ad s(rgp)?! and (4.12).
The second statement is a consequence of the following facts:

e C(rp, Gaa) = C(y1(rBD), Gad),
e C(rgp, Gu) = C(r3h. Gaa),

e C(y1(rBD), Gaa) = C(Ads(rgp)*!, Gaa) = Ads(C(r3)), Gu)). O

Definition 4.14. X € Gug/ (K) is called a twisted Belavin—Drinfeld cocycle if there exist
D1, Dy € C(rgp, G4q)(K) such that y»(X) = XD; and y1(X) = XSD;y.

The set of all twisted Belavin—Drinfeld cocycles is denoted by Z(Gad, rBD)-

Remark 4.15. Assume that rpp is rational, that is rgp € g(K) ®k g(K). Then the above

definition of a twisted Belavin—Drinfeld cocycle coincides with the one given in [18, Def-

inition 5.4]. Indeed, for y» € Gal(IL), we have X_lyz(X) = D, € C(rgp, Gaq) (K). Fi-
. 21

nally, by Proposition 4.4, Adx (r3},) = (Adx(rgp))” = Ad,, (x)(1(rD)) = Ady, (x)

(rBp). This yields

21
Adx—lyl(x) (VBD) = rBD.

Now we are ready to prove that if rgp satisfies the conclusions of Proposition 4.10,
then Z(Gyq, rgp) is non-empty. The crucial ingredient of the proof is the existence of
the element J € G,q(LL) such that y;(J) = J S, see [18, Proposition 5.11].

3 If ¢ is inner, these two statements are clear. Indeed, d = Id and by Proposition 4.6 I'y = I'y = §. By
convention, T = Id.
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Proposition 4.16. Let rpp satisfies the conclusions of Proposition 4.10. Then jAd j (rgp)
induces a Lie bialgebra structure on g(K).

Proof. Lemma 4.5 implies that we need only to verify that y»(Ad; (rgp)) = Ad;(rBp)

and y1(Ady (rBp)) = Ady (rgp)*".
The first equality is clear since J € G,q(IL) and y»(rgp) = rep (because rpp satisfies

Proposition 4.10 (3)).
For the second one we have

y1(Ady(r8p)) = Ad;(Ads(rgp + 1 (r0))) = Ad (rgp)*! + Ad (Ads (1 (1)),
where rl’gD = rgp — ro. Here we have used the following facts:

e yi1(Ady) = Adys,

L4 Vl("ng) = rl/BD’

o Ads(rgp) = (rl’3D)21 (because if @ € Span(I'y), B € Span(I'2) and 8 = t¥(a),
then Ads(eq ® e—g) = e_q@) ® eqp), d(a) € Span(I'2), d(B) € Span(I'y), and
T d(B) = d(@)).

Since $% = 1d, then by Proposition 4.10 (4) we conclude that Adg(y;(ro)) = (ro)'.
Hence, we get y1(Ad; (rgp)) = Ad;(rgp)?!. O

Corollary 4.17. The set Z(Gaq, rp) is non-empty if and only if rgp satisfies the con-
clusions of Proposition 4.10. O

Remark 4.18. Tt is not so easy to describe explicitly all discrete parameters in the case
g = A, that satisfy the conclusions of Proposition 4.10. On the other hand, all possible
discrete parameters for Dj,+; were found in [16]. There, it was also noticed that if
the discrete parameter satisfies the conclusions of Proposition 4.10, then the set of the
corresponding continuous parameters is non-empty.

Definition 4.19. Two twisted cocycles X| and Xz_in Z(Gq, rep) are called equivalent
if there exist Q € G,q(K) and C € C(Gyq, rgp)(K) such that X; = QX»C.

Definition 4.20. The rwisted Belavin—Drinfeld cohomology related to Gag and rpp is
the set of equivalence classes of the twisted cocycles. We will denote it by H (G, 7BD)-

For a motivation of these two definitions see [14,15]. The twisted Belavin—Drinfeld
cohomology provides a classification of quantum groups modulo the action of the gauge
group G,a(K).

5. From Twisted Belavin-Drinfeld Cocycles to H! of a Twisted K-group

Throughout this section rgp satisfies the conclusions of Proposition 4.10. One of the
most important r-matrices is the so-called Drinfeld—Jimbo one given by

Definition 5.1. rpy = ), g€ @ e_o + % Q.

Here €29, as it has already been mentioned, stands for the h) @k h-component of the
Casimir operator 2 of g(K) _written with respect to our choice oi (b, b).

Recall that C(G,q, rgp) (K) is always a closed subgroup of H(K) and that C(Gyq, rpy)
(K) = H(K).

The following theorem of [18] plays a crucial role in this part of the paper.
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Theorem 5.2. The set H(Gqq, rpy) consists of one element. O

More precisely, our element J is an element of Z(Gq, rpy) and any other twisted
cocycle is equivalent to J. The crucial importance of this result is the following

Corollary 5.3. Assume that X € Z(Gad, rBD). Then X = QJD, where Q € Guq(K)
and D € H(K).

Proof. 1t was proved in [15] that
C(Gu, r8p)(K) € H(K) = C(Gyq, ron) (K).

This means that any twisted Belavin—Drinfeld cocycle X for rgp is simultaneously a
twisted Belavin—Drinfeld cocycle for rpj.

As explained above, X is equivalent to J, but this means by definition that X = QJ D
for some Q € G,q(K) and D € HK). O

Our next aim is to find necessary and sufficient conditions for D such that QJ D is
a twisted cocycle for rgp.

Proposition 5.4. X = QJD € Z(Guq, rap) if and only if the following two inclusions
hold:

1. D™'y2(D) € C(Gag, rap)(K),
2. D711 (SDS) € C(Gug, r8p) (K).

Proof. Assume that X = QJ D is a twisted cocycle for rgp. Then the first statement is
clear because y»(QJ) = QJ.

Let us prove the second one. By definition we have X 'y (X) = SC = (SCS)S for
some C € C(Gq, rBD)(K). On the other hand,

X'y (X) = D7y (Dyi(D) = DTISy1(D) = DTN (SYi(D)S)S.

Hence, SCS = D! Sy1(D)S € C(Gyg, rBD)(H_{) because the centralizer is stable under
action of Adg.

Conversely, consider Y = QJ D, where D satisfies conditions of the proposition.
Then Y~ 'y»(Y) = D~ 'y»(D) and y»(Y) = YD~ 'y (D) = YC.

As for y1, we have to prove that Y = QJ D satisfies y1 (QJ D) = QJ DSC for some
C € C(Gyg, rBp)- Since y1(Q) = Q, it suffices to prove that y;(JD) = JDSC. We
have

Y1(JD) = JSy1(D) = JDD™' Sy (D) = JDS(SD™"' Sy (D)).
Therefore, it remains to prove that S D1s y1(D) € C(Gyq, rBD). Since
D™'y1(SDS) € C(Gug. BD).
then
Ads(D™'y1(SDS)) = SD™'Sy1(D) € C(Guq, r8D).

because the centralizer is Adg-invariant.
This relation implies that Y is a twisted cocycle for rgp. O
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Now we discuss necessary and sufficient conditions for two twisted Belavin—Drinfeld
cocycles X = Q1JDj and Y = Q»J D; to be equivalent, namely, when ¥ = Q03 XC,
where Q; € G,q(K),i =1,2,3,and D}, j = 1, 2, satisfy conditions of Proposition 5.4,
and C € C(Gyq, rap)(K).

Theorem 5.5. Let X and Y be two equivalent twisted Belavin—Drinfeld cocycles for rgp.
Then there exists C € C(Gyq, rgp) (K) for which the following two conditions hold:

1. D'y (D) = DYy (D2) C 1 (0),
2. D7 yi(SD1S) = D3 ' i (SD2S)C 1y (SCS).

Proof. Assume that X, Y are two equivalent twisted Belavin—Drinfeld cocycles. Then
Y = Q3JD;C for some C € C(Gyq, rgp)(K) and Q3 € G,q(K). It follows that

o Y'y¥)=C'Dy(CDy),
o Y7lyi(Y) =C7' DSy (CDy).

On the other hand,

o Y 'yu(Y) = Dy 'ya(D2),
o Y7y (Y) = Dy 'Syi(Dy).

An easy comparison of the equalities above completes the proof. 0O

Now we are motivated to introduce the following twisted action of G on H(K). There
is a unique group homomorphism

us : G = Gua(K) C Aut(Gy)(K)

such that ug : y1 — Adg. Since % = 1, this homomorphism is continuous. Further-
more, since G acts trivially on Adg, our map ug is a cocycle in Z'(G, Aut(Gaq))(K).
Since H(K) is stable under Adg, we can consider the corresponding twisted K-algebraic
group H,; and its Galois cohomology H (K, H, ). Recall that by the definition of the
twisted action (which we denote by )

y * D =us(y)(y(D)). (5.6)
In our case, for D € H(K) the explicit nature of the twisted action is
y2 % D = y2(D)
and
1% D =Sy (D)S =y1(SDS).

Similar considerations can be applied to C(Gygq, rBD)(K), because this group is also
Adg-stable by Corollary 4.13. The corresponding twisted K-group will be denoted by
C(Gad, 7BD)us- Now, Proposition 5.4 can be reformulated.

Proposition 5.7. Let Q € Gy(K) and D € H(K). Then X = QJD € Z(Gaq, r8D) if
and only if D™ (o % D) € C(Gyq, rgp)(K) forallo € G. O

Theorem 5.5 can be reformulated too.
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Theorem 5.8. Let X = Q1JD| and Y = Q,J D) be two equivilent twisted Belavin—
Drinfeld cocycles for rgp. Then there exists C € C(Gyq, rep)(K) such that Dl_l(a *
Dy) = Dy (0 % D2)C™ (0 % C) for any o € Gal(K). O

‘We need one more result.

Theorem 5.9. Let Dy, D, € H(K) be as in Proposition 5.4. Let us assume that there
exists C € C(Gad, r80)(K) such that Dy (o * D2) = Dy (o % D))C~(0 % C) for
all 0 € Gal(K). Then for any Q1, Q2 € Gu(K) the elements X = Q1JDy and
Y = Q»J Ds are equivalent as twisted Belavin—Drinfeld cocycles.

Proof. Clearly, it is sufficient to prove that X1 = JDp and Y1 = J D, are equivalent
Belavin—Drinfeld cocycles. In other WBI‘dS, we have to prove that Y1 = Q X C| for some
0 € G (K) and Cy € C(Gag, r8p) (K).

We have Y1 = JDy = (JDl)(Dl_lDzC_l)C. By the conditions of the theorem,

D = Dl_lDZC_l satisfies 0 * D = D. Then we claim that /D = QJ for some
0 € Gu(K).

Let us prove this claim. It follows immediately that D € H(L) because o * D =
o (D) = D for all o € Gal(L). Further, y1(JD) = JSy1(D)SS = J(Sy1(D)S)S =
J DS because Sy1(D)S = D. Taking into account that y1(J) = J S we obtain

n(IDJ Y =UDS)SIHY=JuDJ".

Hence, JDJ ! = 0 € G(K).
Finally, Y| = JD, = (JD1)DC = Q(JD|)C = 0X,C. O

Theorems 5.5 and 5.9 mean that two twisted Belavin—Drinfeld cocycles X = Q1J D
and Y = Q»J D for rgp are equivalent if and only if

up,(y) = Dy (y * D1) and up, (y) = D3 ' (y * Dy)
induce one and the same element in H'! (K, C(Gad, YBD)ug)-

Corollary 5.10. The map w(QJ D) = up defines an injective map from the set H(Gagq,
rep) 10 H' (K, C(Gad. rBD)us)-

Proof. We need to show that the map
w : H(Gad, rp) — H'(K, C(Gud, 7BD)us)

is well defined and injective. To be precise, we need to show thatif Q1J D and _QZJ D,
are equivalent Belavin—Drinfeld cocycles, then there exists C € C(Gyq, rgp)(K) such
that for all o € Gal(K) we have

up, (@) = C lup,(0)(o % C).
In other words,
Do % D)) = C7'Dy (0 % D) (0 % C).
But this is exactly Theorem 5.8. O
Our next aim is to prove

Proposition 5.11. The map w is surjective.
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Proof. We have an exact sequence of algebraic K-groups

1 = C(Gad, 'BD)ug — Hug
obtained by twisting the closed immersion C(G,q4, '8p) — H. Let v be a cocycle in
Z'(K, C(Gad, rBD)ug)- The image of v in H'(K, H,) is trivial since H'(K, H,) is
trivial by a theorem (i Steinberg (Serre Conjecture I), see [20] and [23, p. 185]. Thus,
there exists D € H(K) such that v(y) = D_l(y * D) for all y € G. Then JD is a
twisted Belavin—Drinfeld cocycle in Z(Gyq, rgp) and w(X) = up = v. This shows that
w is surjective. 0O

Corollary 5.12. The map w provides a bijection of sets
H(Gaa, 78D) — H' (K, C(Gad. rBD)us)-
O

The corollary generalizes (for our particular base field K) one of the main results of
[18] about non-twisted Belavin—Drinfeld cohomology. Namely, there exists a bijection
of sets H(Guq, rep) — HY(K, C(Gad, r8D))-

Our final result in this section is the following theorem, which compares twisted and
non-twisted Belavin—Drinfeld cohomology.

Theorem 5.13. Assume that rgp satisfies the conclusions of Proposition 4.10 (i.e. the
set H(Gayd, rgp) is non-empty). Then the set H(Ggd, rgp) is finite and its number of
elements does not exceed the number of elements in H(Ggyq, 7BD)-

Proof. Since C(Gyq, rgp) is a closed subgroup of H, it is of the form
C(Gad, 7BD) =T X g X -+ X f,,,

where T is a split torus over K and p,,, is the finite multiplicative K-group of m-roots
of unity. Thus,

H'(K, C(Gag, rBD)) = K> /(K*)™ x -+ x K*/(K*)"™" = Z/(my) x -+ x L/ (mp).
We consider rgp satisfying conclusions of Proposition 4.10. It is clear that the subtorus

T is stable under the action of Adg.
Therefore, we can consider the following exact sequence of the twisted K-groups:

1 — Tug — C(Gud, rBD)us — C(Gug, rBD)us/Tus — 1.

The last group in the sequence above is a twisted form of the finite constant group
corresponding to Z/(my) X --- x Z/(my). Let us denote this K-group by M.
Now, consider

H'(K, Tyg) — H'(K, C(Gud, r8D)ug) — H' (K, M).

Since T, is reductive, we obtain H UK, T, ¢) = {1} by Steinberg’s theorem and con-
sequently we get an embedding H 1 (K, C(Gad, rBD)ug) — H 1 (K, M).

Let us estimate the number of elements of H!(K, M). Any element of Z!(M) is
uniquely defined by the image of y; in M(K) because Gal(K) is pro-cyclic and y; is
its pro-generator. Therefore, Z 1(M) contains mj ...m, elements, and the number of
elements of H'!(KK, M), and thus of H(Gad, rgp) =~ H' (K, C(Gad, rBD)us), is at most
mi...my.

As we have seen, H (G, rgp) ~ H'(K, C(Gyq, rgp)) has exactly m ...m, ele-
ments. This completes the proof. 0O

Corollary 5.14. Assume that rgp satisfies the conclusions of Proposition 4.10 and H 1
(K, C(Gag, rBp)) = {1}. Then H(Gyq, rgp) consists of one element, which is J. O
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6. Classification of Lie Bialgebras

Let G be a split simple algebraic group over any field F of characteristic zero, H C G
a Cartan subgroup, Q C P the root and weight lattices. Let x (H) be the group of
(algebraic) characters of the torus H. The map A +— dX, where d is the differential at
the identity, is an isomorphism of x (H) onto a lattice X with Q C X C P.

Let y1, ..., ¥y be a Z-basis of X, t1,...,t, € x(H) the corresponding characters.
Thelz the map h +— (t1(h), ..., t,(h)) defines an isomorphism H — (G,,)" of algebraic
tori.

Proposition 6.1. Let X = Q, i.e. the group G is of adjoint type. Then C(G, rgp) is
connected for any Belavin—Drinfeld r-matrix rgp.

Proof. Let the discrete parameter of rgp be (I'1, I'2, 7). It follows from [15, Theorem 2]
that C(G, rgp) consists of all 4 € H such that for any @ € I'j we have ¢* (h) = eT@ ).
Here ¢* is the character of H related to the simple root «.

If X = Q, we can choose y; = «;, where «; are simple roots. Then the centralizer
C(Gag, r8D) C H = (G,)" is defined by equations of the form #;;, = ... = t;, for any
string

k—1
{ailvaiz =T(Oti1),...,aik =T (ai1)}

of the r-matrix rgp. Therefore, C(G,q, rsp) =~ (Gm)”(’BD), where n(rgp) is the number
of strings of rgp (including strings which consist of one element only, i.e. the corre-
sponding « is not contained in I'y). O

Remark 6.2. 1f the lattice X is bigger than Q, then each o; = ) n;jy; with n;; € Z.
Let G = Gy be the corresponding group and let 4 = (hy, ..., h,) € C(Gyx, rsp)(R)
for aring extension R D F. Leto; € I'y and 7(t;) = @ = Y ngm¥m- Then we get the
following equation on the elements /:

[ 17 =] (6.3)
j

m

Consequently, we get a system of equations which might lead to non-connectedness of
C(G, rgp) as it happened for G = SOy, see [16]. See also Appendix B with computa-
tions for E¢ and E7.

By [18, Remark 4.11 and Corollary 4.13] we have

Corollary 6.4. Let the base field F be of cohomological dimension 1 (eg., F = K). If
G is of adjoint type, then H(G, rgp) = {1} for any Belavin—Drinfeld r-matrix rgp with
roebh®rbh O

Therefore, by Theorem 5.13 we have

Corollary 6.5. Let the base field be K. Assume that G is of adjoint type. Then H(G, rgp)
= {J} for any Belavin—Drinfeld r-matrix rgp with Z(G, rgp) non-empty. O

4 By definition, t; € Hom(H, G,;,). Here 1 € H(R) for any ring extension R D F.
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Remark 6.6. Note that in the non-trivial classical cases Corollary 6.5 also follows from
the explicit calculation of twisted Belavin—Drinfeld cohomology obtained in [15,16].
Namely:

1)Letgbe of type A,—1,n > 3. Then it follows from results of [ 15] that C(GL,,, rgp)
is a split sub-torus of GL,, for any rgp. Consequently, C(PGL,,, rgp) is a split sub-torus
of PGL,, and ﬁ(PGLn, rpp) is either empty or contains one element J if rgp satisfies
the conclusions of Proposition 4.10.

2) Let g be of type D, with n odd and the vertices of the corresponding Coxeter—
Dynkin diagram «;,—1, o, be such that d(«;,—1) = «,. It follows from results of [16]
that rgp satisfies the conclusions of Proposition 4.10 if and only if I'y = {a,—1},
[y = {ap} or 'y = {ap—1, ), T2 = {ag, au}, t(@n—1) = ok, T(ax) = ay. Then
for the corresponding rgp its centralizer in SO, is isomorphic to T x {4/}, where
T is a split sub-torus. It is clear that for the corresponding adjoint group we have
HY(K, C(SO,, /{xI}, reBp)) = {1}. Consequently, if rgp satisfies the conclusions of
Proposition 4.10, then E(SO4P+2/H:I}, rgp) = {J}.

We now return to our classification. Let g(K) be as above, and G the algebraic K-
group of adjoint type corresponding to g(K). By Corollary 6.4, for any Belavin—Drinfeld
triple (I'1, I'2, 7) and a continuous Belavin—Drinfeld parameter ro we have a unique, up
to G-equivalence, Lie bialgebra structure on g(K) of non-twisted type. Namely, let R be
the set of all quadruples (I'1, I'2, 7, r9), where (I', I'2, 7) is a Belavin—Drinfeld triple,
and ro € h ®x b is a continuous Belavin—Drinfeld parameter.

Theorem 6.7. Up to G-equivalence, Lie bialgebra structures on g(K) of non-twisted
type are parameterized by R. O

Let us say that r-matrices  and r’ (and the corresponding Lie bialgebras) are Aut(g)-
equivalent if r’ = b ¢(r), where ¢ € Aut(g), b € K*.In order to classify Lie bialgebras
up to Aut(g)-equivalence, we need to describe an action of Out(g) onfR. Letd € Out(g).
Clearly, d acts on the Cartan subalgebra of f) C g(K) as d(hy) = d([eq, e—o1) = ha(a),
where « is a simple root. Then there is a natural action of Out(g) on the set 2R given by

d(T1, T2, 7,70) = (d(T'y),d(T2),drd ™", d(rp)).
Thus, we have the following

Theorem 6.8. Up to Aut(g)-equivalence, Lie bialgebra structures on g(K) of non-
twisted type are parameterized by Out(g)\'R. O

Let us pass to the twisted type now. Let R be the set of all quadruples (I'1, I'2, 7, r9),
where a Belavin—Drinfeld triple (I'{, I'2, 7) and a continuous Belavin—Drinfeld param-
eter ro satisfy the conclusions of Proposition 4.10. By Corollary 6.5, we have

Theorem 6.9. Up to G-equivalence, Lie bialgebra structures on g(K) of twisted type
are parameterized by R. O

Now we classify twisted Lie bialgebra structures on g(K) up to Aut(g)-equivalence.

Theorem 6.10. Up to Aut(g)-equivalence, Lie bialgebra structures on g(K) of twisted
type are parameterized by Out(g)\R.

Proof. We have to prove that d () satisfies the condition

Y1(d(ro)) = Ads(d(ro)*"),
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while y;(rg) = Adg(rg)?. Tt is sufficient to prove that d commutes with y;, which is
obvious, and with Adg.

Case 1: the Chevalley involution c is not inner. Let us recall that in this case S = cd,
where d is the only automorphism of the Coxeter—Dynkin diagram which has order 2.
Notice that ¢ commutes with d, see (4.9). Then, clearly, d commutes with Adg.

Case 2: c is inner. Then, by construction of S, we have § = ¢, see [18], and Adg acts
identically on discrete parameters because it acts as —Id on the Cartan subalgebra. This
observation completes the proof. O

Remark 6.11. 1) If the Chevalley involution c is inner, then, by Proposition 4.6, I'1 =
[, = @ for any (I'1, 'z, 7, r9) € fR. In other words,

R = Rpy == {ro € H(L) ® h(L) : ro+ 713" = o, y1(r0) = Ads(r0)*'}.

Therefore, in this case Lie bialgebra structures on g(KK) of twisted type are parameterized
by Mpy up to G-equivalence and by Out(g)\Rp;y up to Aut(g)-equivalence.

2) Let the Chevalley involution ¢ be outer. In this case we have |Out(g)| = 2, and
d € Out(g) of order 2 acts on %R by

d(T1, T2, t,r0) = (T2, Ty, 1, d(ro)). (6.12)

Therefore, in this case Lie bialgebra structures on g(K) of twisted type are parameterized
up to Aut(g)-equivalence by 2 modulo the relation (6.12).

The Chevalley involution is outer if and only if g is of type A,+1, D2s+1, Ee. For the
Apy1 and Do,y cases, see Remark 6.6. For the Eg case, see Appendix B.

7. Classification of Quantum Groups’

According to [7,8], classification of quantum groups such that their classical limit is
g(K) is equivalent to classification of Lie bialgebra structures on g(Q) = g ®c O, where
O = Cllz11.

First recall [15] that any Lie bialgebra structure on g(Q) can be naturally extended to
g(K). Conversely, for any Lie bialgebra structure § on g(K) there exists a non-negative
integer n such that ¢ f(¢)§ for any invertible element f(#) € O can be restricted onto
g(0) and defines a Lie bialgebra structure on it.

Let us start with the non-twisted case.

Theorem 7.1. Let r = a Adx (rgp) and r' = a’ Ady' (rgp,) be two r-matrices of non-
twisted type defining Lie bialgebra structures on g(Q). Write non-twisted Belavin—
Drinfeld cocycles X and X' as X = QD, X' = Q'D’, where Q, Q" € Gu(K),
D € C(Gug, rBp)(K), D’ € C(Gud, ryp)(K). Then r and r' define G,q(Q)-equivalent
Lie bialgebra structures on g(Q) if and only if the following conditions hold:

(Ha=d,
(2) rBD = s

5 In this and the following sections we consider algebraic groups over C.
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(3) Q and Q' are in the same double coset in
Gad(0)\Gaa (K)/C(Gag, r8p) (K).

Proof. Assume that r and r’ define G,q(Q)-equivalent Lie bialgebra structures on g(Q).
Notice that since 7gp + r]%]]) =aQ,rgp+ (r]’3D)21 = a’Q, and L is invariant with respect
to automorphisms of g(Q), we have a = a’ and rgp = rgp,.

Further, let us study when r = a Adx (rgp) and r' = a Adx/ (rgp) induce G,q(Q)-
equivalent Lie bialgebra structures on g(Q). This condition is equivalentto X’ = YXC,
where Y € G,q(0), C € C(Gyq, rep)(K). Therefore, we have Q' = Y QZ, where
Z = DC(D')"! € C(Gyq, r8p)(K). Conversely, having Q' = Y QZ with ¥ € G,q(0Q),
Z € C(Gy, rap)(K), we define C = D™'ZD" € C(Guq, rap)(K) and obtain X’ =
YXC. O

Remark 7.2. The theorem above means that the quantum groups are parameterized by
two parameters:

e a continuous parameter a = t" f(t),
e a double coset in Gyg(0)\Gyaq(K)/C(Gyg, rBp) (K). This parameter is discrete for
5[(2) and is not discrete already for s1(3) as we will see later.

Since Aut(g(0)) is a semi-direct product of G,4(0) and a finite group Out(g), up to
isomorphism quantum groups are classified by the continuous parameter a = t" f(t)
and the set

Out(@)\(Gad (0)\Gad (K)/C(Gad, rp) (K)).

The action of Out(g) can be easily described: clearly Out(g) acts canonically on the
simply connected Gy (KK) and the action preserves the center, so it acts on G,q(K).

Consider the case g = sl(n) and rgp = rpj. Notice that the natural projection
GL(n, K) — PGL(n, K) induces a bijection

GL(n, 0)\GL(1, K) /Diag(n, K) = PGL(n, 0)\PGL(n, K)/H(K).

Let us discuss the set GL(n, Q)\GL(n, K)/Diag(n, K) for small values of n.
Proposition 7.3. The set of representatives of GL(2,0)\GL(2, K)/Diag(2, K) is

— lt_i P p—
I |

Proof. Using considerations similar to the Gauss algorithm we can conclude that any
double coset has a representative of the form above. Let us prove that they are distinct in
the set of double cosets. Indeed, let 7; = PTy H, with P € GL(2, O) and H diagonal. It

follows that P is upper triangular and hence has the form P = )())1 }])]2 with invertible

elements y; € O* and p € O. Furthemore, we see that H = diag (y, ! Vv, 1. Multi-

plying, we get p = yt~F — y;r~'. Recall that p € O. This can never happen unless
i=k O

From the above proof also follows
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Corollary 7.4. Let P, T;, H be as above. If PT;H = T;, then

po (v 2=yt
0 2 '

H = diag (yfl, y;l), and y; = y; (mod t'). O
Proposition 7.5. Representatives of GL(3, O)\GL(3, K)/Diag(3, K) can be chosen of

1t qt™h
the form T;j(q) = | 0 1t~/ |, wherei,j = 0,1,2,... and q is a polynomial
00 1

such that g(0) = 0.
Proof. One can apply a Gauss type algorithm. O

It follows from Proposition 7.3 and Corollary 7.4 that if T;;(q1) and Ty;(q2) are
contained in the same double coset, then i = k, j = [. Furthermore, it follows that if
PT;j(q1)H = T;j(q2), then

it a=y) p
P=Pjy,yp=|0 2 77 (1 =)
0 0 1

and H = diag (yl_l, yz_l, 1) with p € ©, y1, y» € @ such that y, = 1 (mod #/),
y2 = y1 (mod t').
Let f(t) = M, a1’ € K. Define [f] = Y.~ ) as?°.

Theorem 7.6. T;;(q1) and T;j(q2) are in the same double coset if and only if g2 =
[yig1 + (2 — y)t " I for some y1, y» € O such that y = 1 (mod t/) and y> = y;
(mod ).

Proof. Calculating the product P;;(y1, y2, p) - T;j(q1) - diag (yl_l, yz_l, 1), we can get
positive degrees of ¢ in the upper right corner only. Now, applying an elementary row
operation we can “kill” the polynomial part in the upper right corner. 0O

So, we have constructed an action of the group
Nij ={(1.y2) € 0" x 0% : y2=1 (mod 1)), y2 =y (mod 1)}

on the set of polynomials Py = tCJ[t].

Corollary 7.7. Double cosets GL(3, Q)\GL(3, K)/Diag(3, K) are in a bijection with
the following data:

(1) A pair of non-negative integers i, j.
(2) An orbit of the action of the group Nj; on the set Py. O

Remark 7.8. A description of these orbits is an elementary problem, which we leave to
the readers. One can check that the orbit of the zero polynomial N;;(0) consists of all
polynomials of degree < j.

Now let us turn to the twisted case.
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Theorem 7.9. Let r = aj Adx(rgp) and r' = a'j Ady/(rgp) be two r-matrices of
twisted type defining Lie bialgebra structures on g(Q). Write twisted Belavin—Drinfeld
cocycles X and X' as X = QJD, X' = Q'JD', where 0, Q" € Gu(K), D €
C(Guga. BD)(K), D’ € C(Guq, ryp) (K). Then r and r’ define Guq(0)-equivalent Lie
bialgebra structures on g(Q) if and only if the following conditions hold:
(Ha=d,
(2) rBD = rpp»
(3) Q and Q' are in the same double coset in

Gt (0\Gua(K)/(J - C(Gag, r8p) K) - T ™) N Gy (K).
Proof. Similar to the proof of Theorem 7.1. 0O

If C € (J-C(Gag, rBp)(K) - J=1) N Gu(K), then JCJ™! = yy(JCJ™ =
J Sy (C)SJ~L. Therefore, y1(C) = SCS. Consequently, »»(C) = C and C € C
(Gag, rep)(L).

Let us concentrate on the case g = s[(2). It is easy to show that in this case C =
diag (d, y1(d)) with d € L. Another easy remark is that in this case we can substitute

Gaa(0)\Gua (K)/(J - C(Gag, rp)(K) - J 1) N Gaa(K)
by

GL(2, 0)\GL(2,K)/JD,J ! = JD,J""\GL(2, K)/GL(2, 0)
~Dy)\J"'GL2,K)J/J'GL(2, 0)J,

where Dy = {diag (d, y1(d)) : d € L} and J = _lj ;), see [15].

To study the latter set we need the theory of orders, see [19]. The description is given
in the appendix below.
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A. Double Cosets and Orders (by Juliusz Brzezinski and A. Stolin)

A.1. Double Cosets and Orders in K. In this subsection, we consider K" as a K-algebra
with K embedded diagonally into KK”. Our purpose is to describe the double cosets which
we discussed in the preceding section in terms of @-orders in the algebra K”.

Definition A.1. An O-module M C K" is called a lattice on K" if its rank over O is
equal to n.

Clearly, GL(n, K) acts transitively on the set of lattices in K" because any lattice has
aform M = G - Q" for some G € GL(n, K). Hence,

GL(n, K)/GL(n, 0) = {lattices in K"}.
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Definition A.2. An order in K" is a subring A of K" containing O, finitely generated
as an @-module and such that AK = K”.

Definition A.3. Let M C K" be alattice. Then I/ (M) = {x € K" : xM C M} is called
the set of multipliers of M.

The following lemma is well known.

Lemma A.4. 1) Any order A is contained in O".
2) For any order A, we have I (A) = A.
3) For any lattice M, I (M) is an order. O

Proposition A.5. There is a canonical surjection
GL(n, 0)\GL(n, K)/Diag(n, K) = Diag(n, K)\GL(n, K)/GL(n, O) —
{orders in K"}.
Proof. Consider two lattices in K", M = G - Q" and M, = H - G - O", where
H € Diag(n, K). Clearly, multiplication by H = diag (ay, ..., a,) coincides with mul-
tiplicationby h = (ay, ..., a,) € K".Letg € I(My). Since the ring K" is commutative,
it follows that g € I(M>) and so, by symmetry we have [ (M) = I(M3). Thus, the
correspondence G +— I (M) defines the required map
wy, : Diag(n, K)\GL(n, K)/GL(n, Q) — {orders in K"}.
It is a surjection because for any order A we have I(A) = A. O

Generally speaking, the map defined above is not injective. Let us define its kernel
in the sense of sets. More exactly, for any order A we will find the subset w,; L(A).

Definition A.6. Given an order A, we say that a lattice M belongs to A if A = [ (M).
It is clear that M and i - M, h € K", belong to the same order A = [ (M).

Definition A.7. We say that two lattices M| and M are in the same lattice class of A if
M = hM, for some h € K".

Let us consider a canonical map w : {lattices in K"} — {orders in K"} defined as
M +— I(M). The following proposition is obvious.

Proposition A.8. w (M) = w (M) if M| and M> belong to the same lattice class. 0O
Remark A.9. We remind readers that GL(n, K) /GL(n, Q) = {lattices in K" }. Therefore,
we can define a map
d : {lattices in K"} — Diag(n, K)\GL(n, K)/GL(n, Q)
and it is easy to see that w(M) = w, (d(M)). Moreover,
Diag(n, K)\GL(n, K)/GL(n, Q) = U {lattice classes belonging to A}.
ACO"

Let us fix an order A and consider the set of lattices L(A) belonging to A. If M €
L(A), then hM € L(A). Therefore, L(A) is a disjoint union of lattice classes. Let us
denote the number of such classes by lIc(A). The number Ic(A) is finite because A is
finitely generated over O, which is a discrete valuation ring. The following proposition
is a direct consequence of the remark above.

Proposition A.10. o, '(A) = {lattice classes belonging to A} and hence, w, L(A) con-
sists of Ic(A) elements. O

The result below was proved by Brzezinski in [4].
Theorem A.11. Ic(A) = 1 if and only if A is a Gorenstein ring. O



Classification of Quantum Groups via Galois Cohomology 1119

A.2. Quantum Groups Over s((2). We begin with a corollary to Brzezinski’s theorem.
Corollary A.12. The map w; is a bijection.

Proof. Let A be an order in @%. Then it is of the form A = O[y], where y satisfies
a quadratic equation y + ay + b = 0 with a, b € O. It is known that such a ring is
Gorenstein. Therefore, Ic(A) = 1 and w» is a bijection. O

Proposition A.13. Anyorder A C Q2 isafree O-module A, withabasis{(1, 1), (t", 0)},
n=_0,1,....Theorders Ay, and A, are notisomorphic ifny # ny and hence, quantum
groups of non-twisted type over s((2) are indexed by non-negative integers.

Proof. Let A have a basis {(1, 1), (a, b)} with a, b € Q. Then {(1, 1), (a — b,0)} is
also a basis. Let a — b = xt", where x € O is invertible and » is a non-negative integer
number. Therefore, {(1, 1), (", 0)} is a basis. The rest is clear. O

Let us also discuss the twisted case, in other words the double cosets
D>\J'GL(2,K)J/J 'GL(2,0)J,
where Dy = {diag (d, y1(d)) : d € L}.
The lemma below is straightforward.
Lemma A.14. J~!GL(2,K)J =U(1,1). O

Here, in an analogy with the real numbers, we denote by U(1, 1) the group which consists
of matrices of the form
X y
P =
()’1 6)) Vl(X))
with x, y € L.

The group U(1, 1) acts naturally on L via the formula Pd = xd + yy;(d). In fact,
this action comes from the natural action of U(1, 1) on L2 and the embedding . — L2
d— (d,y1(d)).

Now we can repeat the non-twisted considerations above.

Definition A.15. M C L is a lattice in L if it is an Q-submodule of I of rank 2.
It is not difficult to show that
J7IGL2, K)J/J'GL(2, 0)J = {lattices in L}.
Definition A.16. A C L is an order in L if it is a lattice and a sub-ring of I. which
contains the unit of L.
Remark A.17. One can show that in fact A C Op, = O[].

Using the result by Brzezinski [4], we deduce the final classification of the twisted
quantum groups for s[(2).

Theorem A.18. There is a canonical bijection
p:D\J'GL(2, K)J/J'GL2, 0)J — {orders in L} = {O["*2] : n € Z,).

Proof. As in the non-twisted case, we have to show that any order A in LL is a Gorenstein

1
ring, which is clear because it can be easily shown that in this case A = OQ["*2],
nesy 0O

Corollary A.19. Quantum groups such that their classical limit is s[(2) are in a one-to-
one correspondence with the set of orders in separable quadratic rings, i.e. 0% and Or..
The corresponding orders were described above. 10O



1120 E. Karolinsky, A. Pianzola, A. Stolin

A.3. Quantum Groups Over s((3) and Orders in Cubic Rings. The aim of this subsection
is to classify quantum groups such that their classical limit is s[(3) with the Lie bialgebra
structure defined by rpy and jrpjy in terms of cubic rings.

Our considerations are based on results about orders in cubic rings obtained in [5] and
[11], see also [2] and [13]. We begin with the non-twisted case. If n = 3, the bijection

Diag(3, K)\GL(3, K)/GL(3,0) = U {lattice classes belonging to A}.
ACO3

has been already constructed.
Let us turn to the twisted case. We have

101
J=h=| 010
—-j0j

(see [15]). Because of this particular form of J3, our treatment of the case n = 3 is very
similar to the case n = 2.

Let us present an element of I & K in the form (x, a, y1(x)), where x € L, a € K.
Then, it is clear that there is a bijection of sets

J7'GLG3, K) J3/J; 'GL(3, 0)J; = {lattices in L ® K.

Let us define D3 = {diag (d, a, y1(d)) :d € L, a € K}.

Let N be a lattice in L. @ K. Let us define the ring of multipliers of N as I (N) =
{x e D3: xN C N}. Clearly, I(N) C Or, & O is an order. The following result takes
place.

Theorem A.20. 1) Quantum groups of the twisted type which quantize the Lie bialgebra
structure on sl(3) defined by jrpy are parameterized by

D;\J;'GL(3,K)J3/J; 'GL(3, 0) J5
2) There is a natural surjection
p3 : D3\J; 'GL(3, K)J3/J; 'GL(3, 0)J; — {orders in O, @ O}.
O

Given an order A C OQp, & O, we say that a lattice N belongs to A if I(N) = A.
Further, we say that two lattices N1 and N, are in the same lattice class if No = x N
for some x € L. @ K. Clearly, I (N1) = I (N>) and the set of lattices belonging to A is a
disjoint union of lattice classes.

Corollary A.21.
D;\J; 'GL(3, K)J3/J; 'GL(3, 0) J5

= U {lattice classes belonging to A}.
ACOL®0
0

Further, we need to study orders in cubic rings K3 and L. @ K. In the next two
subsections, we give two approaches to this description.
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A.4. Classification of Cubic Orders Contained in Separable Cubic Algebras 1. We begin
with a general construction of cubic rings following [5], see also [2,13]. Let R be a
discrete valuation ring (e.g., R = @) and K its quotient field. Assume that any quadratic
field extension of K is generated by an element of R whose square equals a generator of
the maximal ideal of R. Let A be a cubic separable K -algebra. For every R-order A in
A, write A = R + Rw + R6. Translating @ and 6 by appropriate elements of R, we can
achieve that w9 = n € R. Such a basis we will call normal. So, we got the following
multiplication table:

wb =n, w2=m+ba)—a9, 92=l+da)—09,
wherea, b, c,d,l, m,n € R.Onecanshow that the associative law implies that (n, m, [) =
(—ad, —ac, —bd), i.e., we get

wh = —ad, o> =—ac+bw—ab, 0>=—bd+dw— ch. (A.22)

Now let us consider the index form f(x, y) = ax3 +bx%y +cxy? +dy> of A. Notice
that the index form f determines A = A(f) = Agpcq Uniquely up to an isomorphism.
Let P,(X) = X3 — bX? +acX — a’d and Py(X) = X3 +cX? + bd X + ad’.

Lemma A.23. Py(#) = 0 and P,(w) = 0.

Proof. To derive the first equation, we multiply both sides of the third relation in the
multiplication table above by 6 and take into account that w6 = n = —ad. We get the
second equation similarly. 0O

Remark A.24. Ifad # 0,then Py(—ad/X) = (ad*/ X>)P,(X).Ifa = 1,then P,(X) =
fX,=D.

Theorem A.25. I[f A = KA(f), then A is a field if and only if P, (X) is irreducible over
K.

Proof. Let A be a field. Since w € A\K is a zero of the polynomial P, (X) of degree
3, this polynomial is minimal for w over K. Thus, it is irreducible over K. Conversely,
if P,(X) is irreducible over K, then K (w) is a field extension of degree 3 over K, so
Kw)=A. O

Remark A.26. Clearly, if P,(X) is irreducible, then Py(X) is also irreducible because
irreducibility of P, (X) implies that ad # 0, and then we can use Remark A.24.

As we know, if A is a separable algebra of degree 3 over K, then A is either a
(separable) field extension of K, or A is isomorphic to a product of a quadratic (separable)
field extension L of K by K, or A is isomorphic to K. If A = K A(f), then we already
know that A is a field if and only if P, (X) (and Py(X)) are irreducible. Moreover, the
algebra A = K A(f) is separable if and only if the discriminant

A(f) = 18abcd + b*c* — 4ac® — 4db> — 27a%d* # 0.

Now we want to distinguish between the two remaining cases using the index form

fX,Y).

We need the following auxiliary result:

Lemma A.27. The elements 1, , w* form a basis of A over K if and only if a # 0,
while 1,0, 6% form a basis of A if and only if d # 0.
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Proof. Follows immediately from the relations (A.22) taking into account that 1, w, 6
isabasisof A. O

Proposition A.28. If a # 0 and the polynomial P, (X) is reducible over K, then

(a) A is isomorphic to L & K if P,(X) has only one zero in K,
(b) A is isomorphic to K3 if Py(X) has three (different) zeros in K.

The same is true when d # 0 and P, (X) is replaced by Py(X).

Proof. If a # 0, then by the lemma above, the elements 1, w, w? generate A, which
implies that A = K[X]/(P, (X)) and both (a) and (b) are evident. The same arguments
work when d # 0 and P, (X) is replaced by Py(X). O

It remains the case when a = d = 0. The multiplication rules (A.22) reduce then to
wbh =0, P bw, 62 = —ch.
Notice that A(f) = b?c? # 0, since A is separable.
Proposition A.29. Ifa = d = 0and A = K A(f) is a separable algebra, then A = K3.

Proof. Ttiseasytoseethat A = K[X, Y]/(X2 —bX,Y%+cY, XY).Since A is separable,
we have to exclude a possibility that A contains a quadratic field extension of K. In our
case, such a quadratic field extension is generated by an element of A whose square equals
a generator ¢ of the maximal ideal of R. A general element of K[X, Y]/(X?> —bX, Y2 +
cY, XY) has the form o+ Bx +yy, where o, B, y € K and x> = bx, y*> = —cy, xy = 0.
Thus (o + Bx + yy)* = t implies that «> = 1, where & € K, which is impossible. O

Notice that in the case a = d = 0 the polynomials P, (X), Py (X) have all their zeros
in K. Thus, we have

Corollary A.30.(a) The separable algebra A = K A(f) is isomorphic to K3 if and
only if both polynomials P, (X) and Py(X) have all their zeros in K.

(b) The separable algebra A = K A(f) is isomorphic to L & K if and only if at least
one of the polynomials P, (X) or Py(X) has a root in L.

Now return to the case R = 0. We are almost ready to complete our description of
double cosets (and therefore, our classification of the corresponding quantum groups)
in terms of quadruples (a, b, ¢, d).

First, we define an action of GL(2, Q) on the set of index forms and hence, on the
set of quadruples (a, b, ¢, d). Let g € GL(2, Q). The action is defined as follows:

1

f(u,v)+—>g~f(u,v)=det(g)

f(u,v)g).

Here, we consider (u, v) as a row.
The result below was proved in [13], see also [2] and [5].

Proposition A.31. Let S be either a local ring or a principal ideal domain. Then there
is a bijection between the set of orbits of the action of GL(2, S) on the set of index forms
(and hence, on the set of quadruples (a, b, ¢, d)) and the set of isomorphism classes of
cubic rings over S. O

Let us make the following observation:
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Lemma A.32. Let r : A — A’ be an Q-algebra isomorphism. Then we can extend r
to a K-isomorphism v’ : KA — KA’ of the corresponding enveloping algebras (and
therefore, they are isomorphic).

Proof. Clearly, r can be extended tor’ : KA — KA' asr'(a ®k) =r(a) ®k. 0O

Let us denote the set of quadruples (a, b, ¢, d) such that the corresponding cubic
order is contained in K3 (resp. L & K) by P (resp. Q).

Corollary A.33. The sets P, Q are invariant under the action of GL(2, Q). O
Let Autk (KA) be the group of K-automorphisms of the enveloping algebra KA.

Corollary A.34. There are two bijections of sets

Autg (L @ K)\{orders in Op, ® O} = GL(2, 0)\ 9O,
Autg (K*)\{orders in 0} = GL(2, 0)\P.

Proof. 1t is sufficient to notice that any K-automorphism of the enveloping algebra
preserves the corresponding maximal order, O3 or O, @ Q. O

Remark A.35. Ttis easy to show that Autg (LK) = Autg (L) = Z/27Z and Autg (K3) =
S3, the symmetric group.

Now, we can describe the set of quantum groups related to the orders contained in
K3 as follows.

e Choose a representative (a, b, ¢, d) in GL(2, O)\P.

o Construct Agpeq C K3.

e Quantum groups corresponding to the orbit of the quadruple (a, b, ¢, d) are in a
one-to-one correspondence with lattices in K> such that their ring of multipliers is
¥ (Agbed), where y is an automorphism of K3,

The set of quantum groups related to the orders contained in K & IL has an almost
identical description.

Example A.36. Assume that ad # 0 and (a, b, c,d) € P. The equation Py(x) = 0
has three roots xj, x, x3 € O and we can set 0 = (x1,x,x3) € K3. Then w =
(—ad/x1, —ad/x2, —ad/x3) and AutK(K3) = S3 actson A,peq as a permutation group.
It is not necessary that all six orders y (Agpcq), ¥ € S3 are distinct. It might happen that
some of them coincide.

In order to complete our description of quantum groups in terms of quadruples, we
have to describe the set of lattice classes belonging to an order A in terms of a, b, ¢, d.
The result below is a consequence of general results of [11] applied to the ring O.

Theorem A.37. If a, b, c,d € tQ, then Ic(Agpea) = 2. Otherwise, Ic(Agpeq) = 1. 0O

Remark A.38. Notice that, according to Theorem A.11, if a, b, ¢, d € tQ, then Apcq is
not Gorenstein. Otherwise, A pcq 18 Gorenstein.
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A.5. Classification of Cubic Orders Contained in Separable Cubic Algebras II. Here,
we give a different approach to the classification problem of cubic orders. Again, let
R be a discrete valuation ring (e.g., R = Q) and K its quotient field. Denote by ¢ a
generator of the maximal ideal of R. If A’ C A are two R-orders in a K -algebra A,
then the product of the invariant factors (see [19, (4.14)]) of this pair (of R-lattices) is a
power of the ideal (r). We write [A : A’] = ¢¥ if this product of the invariant factors is
(%) and we call t* or simply & for the index of A’ in A.

Description of all R-orders in the K -algebra K°.

We consider the field K as diagonally embedded into K 3. The maximal order in this
algebrais A = R3. Choose as a basis of R> the following elements: e; = 1 = (1, 1, 1),
e> = (0,1,0) and e3 = (0, 0, 1). Of course, we have e% = e, e% = e3 and epez = 0.
Let A’ C A be any R-suborder of A. Let 1, f>, f3 be an R-basis of A’. It is clear that
1 always can be chosen as a part of such a basis since A’/R is torsion-free and A’ is
R-projective (even free). This means that we can choose f>» = aey+Bes, f3 = yer+des,
where o, 8, ¥, 6 € R.

Assume now that A’ is a Gorenstein order, that is, «, B, v, § are relatively prime.
Otherwise, we have A’ = R+tA”, where A" is a suborder of A. When A’ is Gorenstein,
at least one of «, B, y, § is invertible in R, say «, and we can assume that « = 1. Thus,
we may choose y = 0, so that f3 = Se3. Further, we may assume that § = ¢* for a
nonnegative integer k. Since A’ is an order, we have f22, f32, f2f3 € A’. Only the first
condition puts some restrictions on j:

2 2
f3 =ex+pBes

implies that there exist k, [ € R such that e; + ,Bze3 = k(ez + Bes) + It*e5. Hence, we
getk = 1 and % = B +11*. The second equation shows that 8 = 0, 1 (mod ¢*). Thus,
we get two possibilities: fo = ea, f3 = tke3 or fo =ex+es, f3 = tke3. It is easy to
check that the orders Ay = R + Rey + Rt*ey and A;( = R+ R(ey +e3) + Ri*ey are
Gorenstein and different if only £ > O (if k = 0, we get the maximal order A). Thus,
we have proved the following

Theorem A.39. For every index [A : A'] = t*, where k > 0, we have exactly two
Gorenstein suborders of A = R3, namely Ay and Ay All other proper suborders of A

are not Gorenstein and are Ay = R + t' Ay and A;C.l =R+t'A,, wherek > 0,1 > 0.
The number of all suborders of A of given index n = k + 21 equals [%] +1,n>0. O

Description of all R-orders in the K-algebra K & L, where L is a quadratic field
over K.

Let L = K (j), where j> = r. We consider the field K as embedded diagonally into
K & L. The maximal order in this algebrais A = R&® S, where S is the maximal R-order
in L. Choose as a basis of R & S the following elements: e; = 1 = (1, 1), e2 = (0, 1)
and e3 = (0, j). Of course, we have e% = ey, e% =tey and epez = e3. Let A’ C A be
any R-suborder of A = R® S.Let 1, f>, f3 be an R-basis of A’. Itis clear that 1 always
can be chosen as a part of basis of A’ for the same reasons as in the case of A = R>.
This means that we can choose f> = wes> + Be3, f3 = yes + ez, where o, B, 7,6 € R.

Assume now that A’ is a Gorenstein order, that is, «, B, v, 8 are relatively prime.
Otherwise, we have A’ = R+tA”, where A” is a suborder of A. When A’ is Gorenstein,
at least one of «, 8, y, d is invertible in R.

Case I. If one of «, y is invertible in R, then without loss of generality we can assume
that « = 1. Thus, we may choose y = 0, so that f3 = §es. Further, we may assume that
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8 = t* for a nonnegative integer k. Since A’ is a suborder, we have f22, f32, frfseN.
As before, only the first condition puts some restrictions on :

17 =ex+2Bes + pPrey = (1 + B)res +2Be3

implies that there exist k,/ € R such that ey + 2fe3 + S%tes = k(es + Be3) + Ites.
Hence, we get k = 1+ A2t and 28 = kf +11*, which gives 28 = (1 + 8%1)B +t*. Thus,
we have 8 =0 (mod tk). As a consequence, we get that Ay = R + Rey + Rtke3 is the
only Gorenstein suborder of A of index [A : Ax] = *. All other proper suborders of
A are not Gorenstein and are Ay ; = R + tlAk, where k > 0,/ > 0. Observe also that
in this case the number of all suborders of A of given index n = k + 2/ equals [%] +1,
n > 0.

Case II. If t divides both «, y and one of 8, § is invertible in R, then without loss of
generality we can assume that 8 = 1. Thus, we may choose 6 = 0, so that /> = aey +e3
and f3 = yes. As before, since A’ is a suborder, we have f7, f7, f>f3 € A'. We easily
check that also this time only the first condition puts some restrictions on the coefficients
(this time «, y):

f22 = azez +20e3 +tey = (ot2 +1t)er +2aes

implies that there exist k, [ € R such that (oc2 +1)ex+2ae3 = k(aey+e3)+1yesr. Hence,
we get k = 2o and o + ¢ = ka + [y, which implies that [y = ¢t — o?. Since ¢ | y
and 2 | a2, we get! € R only if 12 1 y. Hence, we can choose f» = ez and f3 = rep,
so A’ = R + Rte; + Res is the only Gorenstein suborder of A in this case. The order
A, =R+ t* A’ for integer k > 0 is not Gorenstein and has index [A : Al = £ 2kt

To summarize, we get the following

Theorem A.40. The maximal order A = R@® S = R+ Rey + Res, where e% =ey, e% =
teo and eres = ez in K @ L contains exactly one Gorenstein suborder Ay = R+ Rey +
Rt*es of every index k > 1, while for k = 1, there are two Gorenstein suborders of index
I, A = R+ Rey + Rtes and A, = R + Rtey + Res. All non-Gorensteins suborders of
Aare Ay = R+t Ay, wherek > 0,1 > 0 (of index k +21) and AL =R +tkA/1, where
k > 0 (of index 2k + 1). The total number of suborders of A of given index n is equal
[%] + 1 for even n and [%] +2foroddn. 0O

Remark A.41. At this point we would like remind the reader that in the case R = O we
have one quantum group corresponding to a Gorenstein order and two quantum groups
which correspond to a non-Gorenstein order.

Our results are quite unexpected: there are “too many” quantum groups which are not
isomorphic as Hopf algebras over Q. However, we make a conjecture that after tensoring
by K there will be only two Hopf algebras over K related to non-twisted and twisted
Belavin—Drinfeld cohomology.

B. Belavin-Drinfeld Cohomology for Exceptional Simple Lie Algebras
(by E. Karolinsky and Aleksandra Pirogova)

In this appendix we discuss Belavin—Drinfeld cohomology for exceptional simple Lie
algebras. We keep notation introduced in Sect. 6. Let G be a split simple simply connected
(i.e., X = P) algebraic group of exceptional type. If G is of type G2, F4, or Eg, then
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P = Q,ie., G is of adjoint type, and therefore, by Proposition 6.1, the centralizer
C(G, rpp) is connected for any Belavin—Drinfeld r-matrix rgp. The remaining cases are
E¢and E7.Inthe Egcase, I’ = {«y, ..., o5, ag} isenumerated in a way that {«q, . .., a5}
is the simple root system of type As (with the standard enumeration).

Theorem B.1. 1) In the Eg case, the centralizer C(G, rgp) is not connected if and only
if one of the following (mutually non-exclusive) conditions hold: either a1 and o
are in the same string and aq and a5 are also in the same string, or oy and a5
are in the same string and oy and oy are also in the same string. In these cases
C(G, rgp) = T x w3, where T is a split torus and w3 is the group of cubic roots of
unity.

2) In the E7 case, the centralizer C(G, rgp) is connected for any Belavin—Drinfeld
r-matrix rgp.

Proof. The proof is via brute force aided by a computer. Namely, first, using a program
written in C++, we list all possible admissible triples and compute the corresponding
strings. Then, using Wolfram Mathematica, in each case we solve the corresponding
system of equations (6.3) and compute the centralizer. O

Applying [18, Remark 4.11 and Corollary 4.13], we get

Corollary B.2. Let the base field F be of cohomological dimension 1. Let rgp be a
Belavin—Drinfeld r-matrix with ry € b QF b.

1) In the Eg case, H(G, rgp) = F*/(F*)3 in the cases when C(G, rgp) = T x u3.
Otherwise, H(G, rgp) = {1}.
2) In the Gy, F4, E7, and Eg cases, H(G, rgp) = {1}. O

For the E¢ case, totally there are 406 = 203 x 2 admissible triples (with non-empty
I'1 and I'2). Among these, 70 = 35 x 2 triples satisfy the condition of Theorem B.1.
They are listed below (up to interchanging I'; and I',). First, we list the corresponding
strings, and then the admissible triples having the given string structure.

o {1, az}, {ou, as}
* 't = {ar, o}, I'o = {a, a5}, (o)) = ap, 1(as) = as;
* 't = {a1, as}, I'y = {a2, ag), 1(a1) = ap, t(as) = ay.
o {ay, as}, {an, as}
* 'y = {ay, a2}, 'y = {as, aa}, (o)) = as, 1(a2) = ag;
* 'y = {a1, a4}, 'y = {as, az}, 1(a1) = as, T(os) = as.
o {oy, az}, {a3, a4, as)
* 't = {a1, a3, aa}, ' = {az, a4, as},
T(a1) = a2, T(@3) = oy, T(ag) = as.
o {o, a2, a3}, {ag, as}
* 't = {a1, a2, as}, ' = {a, a3, as},
T(a1) = a2, T(@2) = a3, T(0y) = as.
o {1, as}, {a2, a3, a4}
* 'y = {ay, a3, ag}, ' = {as, a, a3},
T(ay) = as, T(a3) = a2, T(ag) = a3.
o {uy, a3, as}, {az, a4}
* 't = {a1, a2, a3}, ' = {a3, a4, as},
(1) = a3, T(an) = a4, T(a3) = as;
* 't = {ar, a2, a5}, ' = {az, a4, a1},
T(a)) = a3, T(2) = a4, T(as) = ay;
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* I't = {1, o4, a5}, ' = {as, a2, a3},
T(a1) = a5, T(ag) = a2, T(as) = 3.
{a1, oo}, {ag, as, oe}
* I't = {1, a4, ae}, ' = {2, e, as},
T(a1) = a2, T(g) = ae, T(ae) = as;
* I't = {01, a5, ag}, ' = {az, a6, a4},
T(ay) = a2, T(as5) = ag, T(ag) = ag.
{a1, a2, ae}, {og, as}
* I't = {1, a4, ag}, I'2 = {ag, as, a2},
T(a1) = g, T(aq) = as, T(ag) = an;
* 'y = {ay, as, ag}, ' = {ag, ag, a2},
T(a1) = a6, T(as) = a4, T(ae) = .
{a1, as}, {az, a4, ae}
* Iy = {ay, a2, a4}, T2 = {as, o4, ag},
(1) = as, T(on) = ag, T(a4) = Ap;
* 'y = {ay, a2, a6}, I'2 = {a5, o4, a2},
T(o1) = as, T(a2) = ag, T(ag) = a2;
* 'y = {ay, a4, a6}, T2 = {as, a6, a2},
T(a1) = a5, T(ag) = a6, T(ae) = az.
{a1, as, o}, {an, os}
* 'y = {ay, a2, as}, Iy = {as, o4, a6},
T(a1) = as, T(@2) = a4, T(as) = ag;
* I't = {1, a2, ag}, I'2 = {as, aq, a1},
() = as, T(a) = ag, T(ag) = ay;
* I't = {a1, a4, ag}, ' = {ag, a2, as},
T(a1) = a6, T(g) = a2, T(ae) = as.
{ar, a2, as, as})
* 'y = {ay, ag, as}, ' = {oa, as, az},
(1) = a4, T(02) = as, T(ag) = az;
* I't = {aq, a2, as}, I = {as, a4, a1},
T(a1) = as, T(@2) = a4, T(0g) = ay;
* 'y = {ay, g, as}, ' = {og, as, a1},
() = a4, T(a2) = as, T(as) = ay;
* 'y = {ag, a2, a5}, I = {as, a4, a2},
T(a1) = a5, T(@2) = a4, T(as) = .
{a1, a2}, {a3, a6}, {ag, as}
* I't = {a1, a3, as}, ' = {ag, a6, a4},
T(ay) = ag, T(a3) = ag, T(as5) = a4.
{a1, as, ae}, {on, a3, as)
* I't = {1, a2, a3, as), Iy = {ae, a3, g, a1},
(1) = ag, T(an) = a3, T(a3) = ay4, T(as) = ay;
* 'y = {ag, a2, a3, a6}, I'2 = {og, a3, oy, as},
T(a1) = a6, T(@2) = a3, T(03) = a4, T(0) = as;
* I't = {1, 03, ag, as}, T2 = {as, a2, a3, ag),
T(a1) = as, T(@3) = a2, T(ag) = a3, T(as) = ae.
{a1, a2}, {3, a4, as, ag)
* I't = {1, 03, a5, ag), I'2 = {2, as, ag, ag),
(1) = a2, T(@3) = a5, T(as) = ag, T(ae) = 4.
{a1, a2, a3, ag}, {as, as}
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* Iy = {ag, a2, a4, a6}, ' = {3, a6, a5, a1},
T(a1) = a3, T(@2) = ag, T(ag) = as, T(ae) = aj.
o {o, a2, 3, 04, 045}
* 't = {a1, a2, a3, a4}, T2 = {2, a3, a4, a5},
T(a1) = a2, T(@2) = a3, T(03) = a4, T(ag) = as.
o {ay, 02, a4, as, og}
* 'y = {a1, a2, s, ag), T2 = {ag, as, ag, a2},
T(a1) = a4, T(@2) = as, T(ag) = ag, T(ag) = az;
* 't = {a1, a2, g, ag), T2 = {as, a4, ae, a1},
T(a1) = a5, T(@2) = a4, T(ag) = ag, T(ag) = a1;
* 'y = {ay, a2, a5, ag), 'y = {ag, a5, ap, oy},
T(a1) = a4, T(@2) = as, T(as) = ag, T(ag) = a1;
* 't = {a1, a2, a5, ag), I'2 = {as, a4, ae, a2},
T(a1) = a5, T(@2) = a4, T(as) = ag, T(ae) = 2.

E. Karolinsky, A. Pianzola, A. Stolin

We also list the admissible triples that satisfy the conclusions of Proposition 4.10.
There are 40 = 20 x 2 such triples (with non-empty I'y and I'p). Their list (up to

interchanging I'y and I'y) is given below.

Iy = A{a1}, ' = {as}, (o) = as;
[y = {on}, ' = {as}, T(a2) = ay;

Iy = oy, a2}, I = {ag, as}, T(ar) = a4, T(2) = os;
Iy ={ar, a2}, I = {as, ag}, T(a1) = as, T(a2) = o4;
Iy ={ay, a3}, I = {a3, as}, T(a1) = a3, T(@3) = as;
= {a1, a4}, 'y = {2, as}, (1) = a2, T(os) = as;
Iy = oy, as}, o = {as, ao}, T(ar) = as, 7(ag) = ao;

' = {a1, ag), 'y = {as, as), T(a1) = ae, T(ap) = as;

Iy = oo, a3}, ' = {a3, a4}, T(2) = a3, T(@3) = 04;

'y = {oo, ag}, 'y = {ag, as), T(az) = ag, T(ap) = a4;

® © 6 ¢ 06 0 0 0 0 0 o
e

Iy ={or, az, a3}, 'y = {o3, a4, as},
(o)) = a3, T(az) = a4, T(a3) = as;
o I'y = {ay, a2, ag}, 'y = {ay, a5, a},
T(a1) = a4, T(@2) = as, T(0g) = az;
o I't ={ay, a0, a5}, 'y = {aws, a5, a1},
(o)) = oy, T(az) = as, T(as) = ay;
o I't = {ay, a3, 04}, ' = {5, a2, a3},
T(a1) = a5, T(@3) = a2, T(0g) = a3;
o I'y = {ay, a4, ag}, 'y = {as, ag, az},
(o) = as, T(ag) = ag, T(a) = a2;
o I't = {ay, a4, ag}, 'y = {ag, a2, s},
T(a1) = o, T(g) = a2, T(0g) = as;
o I'y = {ay, a0, a3, a4}, I'y = {a, a3, ay, as},
(o)) = a2, T(ap) = a3, T(@3) = a4, T(04) = as;
o I't = {ay, a2, a3, ag}, I'2 = {ae, 03, a4, a5},
(1) = ap, T(a2) = a3, T(a3) = ay, T(ae) = as;
o I't = {a1, a2, ag, ag}, I'2 = {ay, as, ag, a2},
(1) = a4, T(ap) = as, T(ag) = ag, T(ag) = a2;
o I'y = {ay, a2, a5, a6}, I'2 = {oy, as, a6, a1},
(1) = a4, T(a2) = as, T(as) = ap, T(a) = .
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