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ABSTRACT 

The second-order structure functions and their components conditioned upon various events have been 

analysed for un-weighted and density-weighted velocities using a Direct Numerical Simulation (DNS) 

database. The heat release due to combustion has been shown to have significant influences on the 

structure functions and their components conditioned on different mixture states. The use of density-

weighted velocities changes the relative magnitudes of differently conditioned structure functions but 

does not reduce the scatter of these magnitudes. The structure functions conditioned to constant-density 

unburned reactants at both points and normalized using the root-mean-square velocity conditioned to 

the reactants are larger at higher values of mean reaction progress variables 𝑐̅ (deeper within the flame 

brush), with this trend being not weakened with increasing turbulence intensity 𝑢′ 𝑆𝐿⁄ . These results 

indicate that, contrary to a common belief, combustion-induced thermal expansion can significantly 

affect the incoming constant-density turbulent flow of unburned reactants even at 𝑢′ 𝑆𝐿⁄  and Karlovitz 

number 𝐾𝑎 as large as 10 and 18, respectively. The statistical behaviours of the structure functions 

reveal that the magnitude of the flame normal gradient of the velocity component tangential to the local 

flames can be significant and it increases with increasing turbulence intensity. Moreover, the structure 

functions conditioned on both points in the heat release zone bear the signature of the anisotropic effects 

induced by baroclinic torque for the flames belonging to the wrinkled flamelets and corrugated flamelets 

regimes. These anisotropic effects weaken with increasing turbulence intensity in the thin reaction zones 

regime.  

 

Keywords: Structure functions, reactants, products, heat release zone, premixed turbulent flame, Direct 

Numerical Simulations 
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I. INTRODUCTION 

The structure functions 𝐷𝑖𝑗(𝑟, 𝑥⃗, 𝑡), correlation functions 𝑅𝑖𝑗(𝑟, 𝑥⃗, 𝑡) and spectra obtained using 

𝑅𝑖𝑗(𝑟, 𝑥⃗, 𝑡) are of paramount importance in the fundamental understanding of the spatial structure of 

turbulent flows and have been analysed in detail for non-reacting turbulent flows.1-4 To date, limited 

investigations have been directed to the analysis of correlation functions and spectra5-8 or structure 

functions9-11 in turbulent reacting flows. It is well-known that the effects of heat release on turbulent 

fluid motion significantly modify both the vorticity or/and enstrophy12-19 and turbulent kinetic energy20-

24 transports in premixed turbulent flames, e.g. through the baroclinic torque and dilatation rate arising 

from thermal expansion. Furthermore, it has been argued25-28 and shown both experimentally29-32 and 

computationally12-24 that significant amplification of velocity fluctuations known as flame-generated 

turbulence25,28 can occur in flames under certain conditions. There are other manifestations of the heat-

release effects 32-34 and interested readers are referred to Refs. 26,35-37 for a detailed review of the 

existing analyses on the influence of heat release on turbulent flows in flames.  The signature of heat 

release should be reflected in the structure functions, which are widely used for experimental data 

processing1-4, fundamental physical understanding38 and developing models.39 

 

To date, only a limited number of investigations9-11 have focussed on the statistical behaviours of the 

structure functions in turbulent premixed flames. The analyses by Sabelnikov et al.9,11 focussed on the 

two-point velocity correlation statistics in the context of second-order structure functions for weakly 

turbulent premixed flames in the corrugated flamelets regime40 where the flame thickness remains 

smaller than the Kolmogorov length scale. By contrast, Whitman et al.10 considered a Direct Numerical 

Simulation (DNS) database of turbulent premixed flames subjected to forced homogeneous isotropic 

turbulence under high turbulence intensities to analyse the statistical behaviours of structure functions, 

and to assess their agreements with well-known limiting conditions for non-reacting turbulent flows 

under both small and large length scale separations.  
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The effects of heat release are expected to be strong under the conditions analysed by Sabelnikov et 

al.9,11, whereas the effects of turbulence are commonly assumed to dominate under high Karlovitz 

number 𝐾𝑎 (i.e. 𝐾𝑎 ≫ 1 where Karlovitz number is the ratio of chemical timescale to small-scale 

turbulent timescale) conditions investigated by Whitman et al.10 Thus, the behaviours of the structure 

function in the flames analysed by Whitman et al.10 are expected to resemble the corresponding 

behaviours in the non-reacting turbulence. These analyses address two limiting behaviours in terms of 

Damköhler number 𝐷𝑎 (i.e. ratio of large-scale turbulent timescale to chemical timescale) and Karlovitz 

number 𝐾𝑎.  For example, the conditions analysed by Sabelnikov et al.9,11 deal with the limiting 

behaviours for 𝐷𝑎 ≫ 1 and 𝐾𝑎 ≪ 1, whereas the analysis by Whitman et al.10 is relevant to 𝐷𝑎 < 1 

and 𝐾𝑎 ≫ 1, with the conditioned structure functions being differently defined in these two studies.  

However, the statistical behaviour of the structure functions in turbulent premixed flames in the 

intermediate range of 𝐷𝑎 and 𝐾𝑎 (i.e. the largest value of 𝐾𝑎 considered in this analysis remains smaller 

than the smallest value of Karlovitz number considered by Whitman et al.10, whereas the largest 𝐷𝑎 

considered here remains smaller than the smallest Damköhler number considered by Sabelnikov et 

al.9,11) are yet to be investigated, and the present analysis fills this gap in the existing literature. 

Moreover, the velocity is affected by thermal expansion as a result of chemical heat release and thus 

the structure functions based on density-weighted velocities are expected to be different from the 

corresponding counterparts for the un-weighted velocity components. However, this aspect is yet to be 

analysed and the current analysis aims to address this void in the existing literature.  

 

In the current analysis, an existing DNS database 41,42 of statistically planar premixed flames subjected 

to forced isotropic unburned gas turbulence has been considered for a range of different turbulence 

intensities 𝑢′/𝑆𝐿 ,where 𝑢′ is the root-mean-square turbulent velocity and 𝑆𝐿 is the unstretched laminar 

burning velocity. The velocity vector 𝑢⃗⃗ and density-weighted velocity vector 𝑢⃗⃗∗ = 𝜌𝑢⃗⃗/𝜌0 (where 𝜌 is 

the instantaneous gas density and 𝜌0 is the unburned gas density) from the DNS data have been used to 

analyse the statistical behaviours of the corresponding structure functions in premixed turbulent flames. 

This density-weighting should not be confused with Favre-averaging operation. The fluid velocity in 
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premixed flames is affected by thermal expansion as a result of density change and thus density-

weighting of velocity (i.e. 𝑢⃗⃗∗ = 𝜌𝑢⃗⃗/𝜌0) allows one to understand the flow dynamics without some of 

the biases (but not all because thermal expansion introduces dilatation rate which also affects the 

pressure, vorticity and scalar gradient fields in a coupled manner, which cannot be eclipsed by density-

weighting of velocity) introduced by thermal expansion effects.  

 

In particular, the current analysis focuses on the following objectives: 

1. To analyse the effects of turbulence intensity on the statistical behaviours of the second-order 

structure functions based on both un-weighted and density-weighted velocities. 

2. To indicate the differences between the statistical behaviours of the structure functions based on un-

weighted and density-weighted velocities. 

 

The rest of the paper is organised as follows. The mathematical background pertaining to this analysis 

is provided in Section 2. The numerical implementation and the results with their discussion are 

provided in Sections 3 and 4, respectively. The final section provides the summary of the main findings 

and conclusions drawn from this work. 

 

II. MATHEMATICAL BACKGROUND 

This paper concentrates only on second-order structure functions based on un-weighted and density-

weighted velocity fields. These second-order structure functions are defined as: 

                    𝐷𝑖𝑗(𝑟, 𝑡) = 〈[𝑢𝑖(𝑥⃗ + 𝑟, 𝑡) − 𝑢𝑖(𝑥⃗, 𝑡)][𝑢𝑗(𝑥⃗ + 𝑟, 𝑡) − 𝑢𝑗(𝑥⃗, 𝑡)]〉                                      (1i) 

                    𝐷𝑖𝑗
∗ (𝑟, 𝑡) = 〈[𝑢𝑖

∗(𝑥⃗ + 𝑟, 𝑡) − 𝑢𝑖
∗(𝑥⃗, 𝑡)][𝑢𝑗

∗(𝑥⃗ + 𝑟, 𝑡) − 𝑢𝑗
∗(𝑥⃗, 𝑡)]〉                                      (1ii) 

where 𝑟 is the separation vector with a magnitude of 𝑟 = |𝑟|, 𝑡 is time, 𝑥⃗ and 𝑥⃗ + 𝑟 are the position 

vectors of two points in question and 〈… 〉 refers to an ensemble averaging operation. Equation 1 

indicates that 𝐷𝑖𝑗(𝑟, 𝑡) and 𝐷𝑖𝑗
∗ (𝑟, 𝑡) signify the second moment of velocity difference associated with 

eddies of size 𝑟. Therefore, 𝐷𝑖𝑗(𝑟, 𝑡) and 𝐷𝑖𝑗
∗ (𝑟, 𝑡) are expected to provide the energy content associated 

with eddies of size 𝑟 and smaller in physical space (instead of considering the wave number space in 
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the case of the energy spectrum) along with several other useful measures. A number of expressions 

can be obtained from eq. 1 for different flow situations. For example, 𝐷𝑖𝑗(𝑟, 𝑡) is expected to be 

independent of 𝑥⃗ in homogeneous turbulence so one obtains: 

                                                𝐷𝑖𝑗(𝑟, 𝑡) = 2〈𝑢𝑖
′𝑢𝑗′〉 − 𝑅𝑖𝑗(𝑟, 𝑡)−𝑅𝑗𝑖(𝑟, 𝑡)                                         (2) 

where 𝑢𝑖
′ = 𝑢𝑖 − 〈𝑢𝑖〉 is the velocity fluctuation in the ith direction and 𝑅𝑖𝑗(𝑟, 𝑡) = 〈𝑢𝑖

′(𝑥⃗ +

𝑟, 𝑡)𝑢𝑗′(𝑥⃗, 𝑡)〉  is the correlation function. The correlation function 𝑅𝑖𝑗(𝑟, 𝑡) reduces to zero for 𝑟 ≫ 𝑙, 

where 𝑙 is the integral length scale. Thus, for 𝑟 ≫ 𝑙, one obtains 𝐷𝑖𝑗 = 2〈𝑢𝑖
′𝑢𝑗′〉 (i.e. 𝐷𝑖𝑗 = 2〈𝑢𝑖

′𝑢𝑗′〉 for 

𝑟 → ∞) for homogeneous turbulence, which can further be simplified to 𝐷𝑖𝑗 = 2𝑢′2𝛿𝑖𝑗 for 

homogeneous isotropic turbulence, where 𝑢′ = √𝑢𝑖
′𝑢𝑖

′/3.  Under homogeneous isotropic 

incompressible flow turbulence, the structure function 𝐷𝑖𝑗(𝑟, 𝑡) can be expressed completely in terms 

of longitudinal structure function 𝐷𝑙𝑙(𝑟, 𝑡) = 〈[𝑢⃗⃗𝑙(𝑥⃗ + 𝑟, 𝑡) − 𝑢⃗⃗𝑙(𝑥⃗, 𝑡)]2〉 as 1-4 

                                  𝐷𝑖𝑗(𝑟, 𝑡) = 𝐷𝑛𝑛(𝑟, 𝑡) + [𝐷𝑙𝑙(𝑟, 𝑡) − 𝐷𝑛𝑛(𝑟, 𝑡)]𝑟𝑖𝑟𝑗/𝑟2                                   (3) 

where the transverse structure function 𝐷𝑛𝑛(𝑟, 𝑡) = 〈[𝑢⃗⃗𝑛(𝑥⃗ + 𝑟, 𝑡) − 𝑢⃗⃗𝑛(𝑥⃗, 𝑡)]2〉 for isotropic 

homogeneous incompressible turbulence is given by 1-4: 

                                                    𝐷𝑛𝑛(𝑟, 𝑡) = 𝐷𝑙𝑙(𝑟, 𝑡) +
𝜕𝐷𝑙𝑙(𝑟,𝑡)

𝜕𝑟

𝑟

2
                                                     (4) 

In eqs. 3 and 4, 𝑢⃗⃗𝑙 = (𝑢⃗⃗ ∙ 𝑟)𝑟 𝑟2⁄  is the velocity component in the direction of 𝑟, and 𝑢⃗⃗𝑛 = 𝑢⃗⃗ − 𝑢⃗⃗𝑙 is 

the velocity vector normal to the direction of 𝑟.  According to Kolmogorov’s theory38, one obtains 

𝐷𝑙𝑙(𝑟, 𝑡) = 𝐶𝐿〈𝜀𝑟〉2/3 and 𝐷𝑛𝑛(𝑟, 𝑡) = 4𝐷𝑙𝑙(𝑟, 𝑡)/3 for the inertial range, where 𝐶𝐿 = 2.0 is the 

universal constant, 𝜀 = 𝜇(𝜕𝑢𝑖/𝜕𝑥𝑗)(𝜕𝑢𝑖/𝜕𝑥𝑗)/𝜌 is the dissipation rate of kinetic energy with 𝜇 and 𝜌 

being dynamic viscosity and density, respectively. Here, the summation convention applies for repeated 

indexes. For small length scale separation (i.e. 𝑟 < 𝜂), one obtains: 𝐷𝑖𝑗 ∝ (𝜕𝑢𝑖/𝜕𝑥𝑘)(𝜕𝑢𝑗/𝜕𝑥𝑙)𝑟𝑘𝑟𝑙, 

which implies that 𝐷𝑛𝑛 = [𝜌〈𝜀〉 15𝜇⁄ ]𝑟2 for homogeneous isotropic turbulence.4 This behaviour for 

small separation distance also implies that 𝐷𝑖𝑗(0, 𝑡) vanishes at the zero-separation distance (i.e. 

𝐷𝑖𝑗(0, 𝑡) = 0 for 𝑟 → 0).  
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In a homogeneous turbulent flow, 𝐷𝑖𝑗(𝑟, 𝑡) = 2𝑅𝑖𝑗(0, 𝑡) − 𝑅𝑖𝑗(𝑟, 𝑡) − 𝑅𝑖𝑗(−𝑟, 𝑡), i.e. the structure 

functions are directly linked with the correlation functions. In an inhomogeneous turbulent flow, which 

is more relevant to premixed combustion, the relationship between the structure and correlation 

functions is not straightforward. Accordingly, the two functions may convey different (complementary) 

information in such a case. For instance, the correlation (structure) functions appear to be more useful 

for studying spatial structure of velocity (velocity gradient) field. 

 

In premixed flames, the flow field cannot be considered as either statistically homogeneous or isotropic 

due to density change and preferential flow acceleration in the local flame normal direction and the 

assumption of incompressibility is rendered invalid. Thus, the structure functions cannot be readily 

associated with the correlation functions in premixed turbulent combustion.9 It is well-known that the 

velocity magnitude increases from the unburned gas side to the burned gas side of the flame brush in 

premixed turbulent flames. This type of velocity rise was not accounted for in the turbulence theory by 

Kolmogorov38 and thus its applicability for unconditioned turbulence statistics in turbulent premixed 

flames remains questionable.  

 

Indicator functions play key roles in the statistical analysis of intermittency43-47 in non-reacting turbulent 

flows. This concept was adopted by Kuznetsov and Sabelnikov48 for analysing the influence of 

intermittency on structure functions, which has been extended for investigating structure function 

statistics in turbulent premixed flames by Sabelnikov et al.9,11 The same approach has been adopted in 

the present analysis.  

 

Here, the flames are taken to be statistically planar and stationary, and the mean direction of propagation 

is aligned in the 𝑥1-direction (right to left). This suggests that velocity is statistically homogeneous in 

𝑥2 − 𝑥3 planes at a given  𝑥1-location. Thus, the analysis of the structure function statistics will be 

limited to two points 𝑥⃗𝐴 = {𝑥𝐴𝐵 , 𝑦𝐴, 𝑧𝐴} and 𝑥⃗𝐵 = {𝑥𝐴𝐵 , 𝑦𝐴 + 𝑟𝑦 , 𝑧𝐴 + 𝑟𝑧}  and these points are located 

at the same transverse plane 𝑥1 = 𝑥𝐴𝐵 with 𝑟 = {0, 𝑟𝑦 , 𝑟𝑧} being the distance vector. Indictor functions 
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𝐼𝛼(𝑥⃗, 𝑡) at point 𝑥⃗𝐴 and 𝐼𝛽(𝑥⃗, 𝑡) at point 𝑥⃗𝐵 for 𝛼, 𝛽 = 𝑟, 𝑝, 𝑓 have been considered in the following 

manner. The indicator function 𝐼𝑟(𝑥⃗, 𝑡) = 1.0 in the constant-density unburned reactants and elsewhere 

it vanishes. By contrast, the indicator function 𝐼𝑝(𝑥⃗, 𝑡) = 1.0 in the constant-density products and it 

vanishes elsewhere, whereas 𝐼𝑓(𝑥⃗, 𝑡) = 1.0 within the flame and vanishes in both the reactants and 

products. Thus, one obtains the following identity 𝐼𝑟(𝑥⃗, 𝑡) + 𝐼𝑝(𝑥⃗, 𝑡) + 𝐼𝑓(𝑥⃗, 𝑡) = 1.0. This leads to the 

following expression for a general quantity 𝑄(𝑥⃗, 𝑡) 9,11 

       〈𝑄(𝑥⃗, 𝑡)〉 = 〈𝑄(𝑥⃗, 𝑡) ∑ 𝐼𝛼(𝑥⃗, 𝑡)𝛼 〉 = 〈∑ 𝑄(𝑥⃗, 𝑡)𝐼𝛼(𝑥⃗, 𝑡)𝛼 〉 = ∑ 〈𝑄(𝑥⃗, 𝑡)𝐼𝛼(𝑥⃗, 𝑡)〉𝛼 =

                                  ∑ 𝑄𝛼(𝑥1, 𝑡)𝛼   𝑃𝛼(𝑥1, 𝑡)                                                                                         (5) 

where 𝑄𝛼(𝑥1, 𝑡) = 〈𝑄(𝑥⃗, 𝑡)𝐼𝛼(𝑥⃗, 𝑡)〉 𝑃𝛼(𝑥1, 𝑡)⁄  is the value of 𝑄(𝑥⃗, 𝑡) conditioned on state 𝛼 and 

𝑃𝛼(𝑥1, 𝑡) = 〈𝐼𝛼(𝑥⃗, 𝑡)〉 is the probability of finding state 𝛼 in transverse plane 𝑥1 =const.  

 

Based on this formulation, the quantity (𝑢𝐵,𝑖 − 𝑢𝐴,𝑖)(𝑢𝐵,𝑗 − 𝑢𝐴,𝑗) for 𝑥⃗𝐴 = {𝑥𝐴𝐵 , 𝑦𝐴, 𝑧𝐴} and 𝑥⃗𝐵 =

{𝑥𝐴𝐵 , 𝑦𝐴 + 𝑟𝑦 , 𝑧𝐴 + 𝑟𝑧}  can be written as9,11: 

          (𝑢𝐵,𝑖 − 𝑢𝐴,𝑖)(𝑢𝐵,𝑗 − 𝑢𝐴,𝑗) = (𝑢𝐵,𝑖 − 𝑢𝐴,𝑖)(𝑢𝐵,𝑗 − 𝑢𝐴,𝑗) ∑ 𝐼𝛼
3
𝛼=1 (𝒙⃗⃗⃗𝑨, 𝑡) ∑ 𝐼𝛽

3
𝛽=1 (𝒙⃗⃗⃗𝑩, 𝑡)              (6) 

where subscripts 𝑖, 𝑗 are applicable for the spatial directions, whereas subscripts 𝛼, 𝛽 refer to the state 

of the mixture. On averaging eq. 6 over the transverse plane (which is considered to be statistically 

homogeneous) one gets 9,11:  

                                         𝐷𝑖𝑗(𝑥1, 𝑟, 𝑡) = ∑ ∑ 𝐷𝑖𝑗
𝛼𝛽3

𝛽=1 (𝑥1, 𝑟, 𝑡)𝑃𝛼𝛽(𝑥1, 𝑡)3
𝛼=1                                          (7) 

where 𝐷𝑖𝑗
𝛼𝛽

(𝑥1, 𝑟, 𝑡) is the conditioned structure function, which is given by: 

                𝐷𝑖𝑗
𝛼𝛽(𝑥1, 𝑟, 𝑡) = 〈(𝑢𝐵,𝑖 − 𝑢𝐴,𝑖)(𝑢𝐵,𝑗 − 𝑢𝐴,𝑗)𝐼𝛼𝐼𝛽〉/𝑃𝛼𝛽 .                                                        (8)  

Here,  𝑃𝛼𝛽 = 〈𝐼𝛼𝐼𝛽〉 is the probability of finding mixture states 𝛼 and 𝛽 at points 𝑥⃗𝐴 and 𝑥⃗𝐵 respectively 

that belong to the same transverse plane 𝑥1 = 𝑥𝐴𝐵 and are separated by distance 𝑟.  The probability is 

averaged over that transverse plane. Using 𝑟, 𝑝, 𝑓 for mixture conditions referring to unburned reactants, 

products and reacting mixtures, it is possible to obtain six different conditioned structure functions (i.e. 

𝐷𝑖𝑗
𝑟𝑟 , 𝐷𝑖𝑗

𝑟𝑝
, 𝐷𝑖𝑗

𝑟𝑓
, 𝐷𝑖𝑗

𝑟𝑟 , 𝐷𝑖𝑗
𝑝𝑝

 and 𝐷𝑖𝑗
𝑓𝑓

) and six different probabilities (i.e. 𝑃𝑟𝑟 , 𝑃𝑟𝑝, 𝑃𝑟𝑓 , 𝑃𝑝𝑝, 𝑃𝑓𝑝 and 𝑃𝑓𝑓).  

Here 𝑟𝑟, 𝑟𝑝, 𝑟𝑓, 𝑝𝑝, 𝑝𝑓 and 𝑓𝑓 refer to the following states: 
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𝑟𝑟 = both points are in the reactants 

𝑟𝑝 = 𝑝𝑟 = one point is in the reactants and the other is in the products 

𝑟𝑓 = 𝑓𝑟 = one point is in the reactants and the other is in the reacting mixture 

𝑝𝑝 = both points are in the products  

𝑓𝑝 = 𝑝𝑓 = one point is in the products and the other is in the reacting mixture 

𝑓𝑓 = both points are in the reacting mixture. 

It is worth noting that the order of the indices 𝛼 and 𝛽 is irrelevant to the analysis carried out in this 

paper and thus 𝑟𝑝 = 𝑝𝑟, 𝑟𝑓 = 𝑓𝑟 and 𝑓𝑝 = 𝑝𝑓 have been considered. Expressions similar to eqs. 7 and 

8 can be derived for the structure functions based on density-weighted velocities (i.e. 

𝐷𝑖𝑗
𝑟𝑟∗, 𝐷𝑖𝑗

𝑟𝑝∗
, 𝐷𝑖𝑗

𝑟𝑓∗
, 𝐷𝑖𝑗

𝑝𝑝∗
, 𝐷𝑖𝑗

𝑓𝑝∗
 and 𝐷𝑖𝑗

𝑓𝑓∗
). These structure functions (i.e. 𝐷𝑖𝑗

𝑟𝑟 , 𝐷𝑖𝑗
𝑟𝑝

, 𝐷𝑖𝑗
𝑟𝑓

, 𝐷𝑖𝑗
𝑝𝑝

, 𝐷𝑖𝑗
𝑓𝑝

, 𝐷𝑖𝑗
𝑓𝑓

 

and 𝐷𝑖𝑗
𝑟𝑟∗, 𝐷𝑖𝑗

𝑟𝑝∗
, 𝐷𝑖𝑗

𝑟𝑓∗
, 𝐷𝑖𝑗

𝑝𝑝∗
, 𝐷𝑖𝑗

𝑓𝑝∗
, 𝐷𝑖𝑗

𝑓𝑓∗
) alongside the corresponding probabilities 

(i.e. 𝑃𝑟𝑟 , 𝑃𝑟𝑝, 𝑃𝑟𝑓 , 𝑃𝑝𝑝, 𝑃𝑝𝑓 and 𝑃𝑓𝑓) for statistically planar premixed flames for different turbulence 

intensities will be discussed in Section 4 of this paper. 

 

III. NUMERICAL IMPLEMENTATION 

A DNS database41,42 of statistically planar turbulent premixed flames has been considered for this 

analysis. The simulations were carried out using a well-known DNS code SENGA+49 where the 

conservation equations of mass, momentum, energy and species are solved in non-dimensional form. 

A single step Arrhenius type irreversible chemical reaction is taken to represent the chemical 

mechanism for the purpose of computational economy. As the current analysis concentrates on turbulent 

velocity statistics, the simplification in terms of chemical mechanism is not expected to substantially 

influence the results presented here. It has been demonstrated in the past that displacement speed 

statistics from simple chemistry 50-52 and detailed chemistry53-55 DNS are qualitatively similar. The same 

is true for the statistics of the reactive scalar gradient obtained from simple chemistry56-58 and detailed 

chemistry58,59 DNS studies. Moreover, the vorticity and sub-grid flux statistics obtained from simple 

chemistry14,60 DNS are found to be qualitatively consistent with those obtained from detailed chemistry 

DNS.17,61 Furthermore, it has previously been shown that several models developed based on simple 
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chemistry data60,62 have been found to perform equally well in the context of detailed chemistry and 

transport.61,63 The reaction progress variable 𝑐 in the context of single step chemistry can be uniquely 

defined in terms of the reactant mass fraction 𝑌𝑟 as: 𝑐 = (𝑌𝑟0 − 𝑌𝑟)/(𝑌𝑟0 − 𝑌𝑟∞) where the subscripts 

0 and ∞ indicate values in the unburned gas and fully burned products, respectively.  

 

All the spatial derivatives for the internal grid points have been evaluated using a 10th order central 

difference scheme and the order of differentiation gradually decreases to a 2nd order one-sided scheme 

at the non-periodic boundaries in the numerical framework of SENGA+.49  A 3rd order explicit Runge-

Kutta scheme has been used for explicit time-advancement.64 The present simulations have been 

conducted in an inlet-outlet configuration where the inlet and outlet boundaries are taken in the direction 

of mean flame propagation, whereas the transverse boundaries have been considered to be periodic. The 

boundary conditions have been specified according to the Navier-Stokes Characteristic Boundary 

Conditions (NSCBC) technique.65 The outflow boundary is taken to be partially non-reflecting and the 

mean inlet velocity 𝑈𝑚𝑒𝑎𝑛 has been gradually modified to match the turbulent flame speed so that the 

flame remains within the computational domain.  

 

The simulation domain, the size of the uniform Cartesian grid used for discretising the domain along 

with the inlet values of root-mean-square turbulent velocity fluctuation normalised by the unstretched 

laminar burning velocity 𝑢′/𝑆𝐿, integral length scale to thermal flame thickness ratio 𝑙/𝛿𝑡ℎ, Damköhler 

number 𝐷𝑎 = 𝑙𝑆𝐿/𝑢′𝛿𝑡ℎ, Karlovitz number 𝐾𝑎 = (𝑢′ 𝑆𝐿⁄ )3/2(𝑙 𝛿𝑡ℎ⁄ )−1/2 and heat release parameter 

𝜏 = (𝑇𝑎𝑑 − 𝑇0)/𝑇0 are provided in Table 1 along with the domain and grid sizes, where 𝛿𝑡ℎ = (𝑇𝑎𝑑 −

𝑇0)/ max|∇𝑇|𝐿 is the thermal flame thickness with 𝑇, 𝑇0 and 𝑇𝑎𝑑 being the dimensional temperature, 

unburned gas temperature and the adiabatic flame temperature, respectively.  The Cartesian grid used 

for this analysis ensures at least 10 grid points within 𝛿𝑡ℎ and 1.5 grid points within the Kolmogorov 

length scale 𝜂. The Lewis number (i.e. 𝐿𝑒 = 𝜆 𝜌𝐶𝑝𝐷⁄ = 1.0) is taken to be unity for all species and the 

gases are considered to obey the ideal gas law where 𝜆, 𝐶𝑝 and 𝐷 are the thermal conductivity, specific 

heat at constant pressure and reaction progress variable diffusivity, respectively. Standard values are 
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considered for Prandtl number (i.e. 𝑃𝑟 = 𝜇𝐶𝑝 𝜆⁄ = 0.7 with μ being the dynamic viscosity), Zel’dovich 

number (i.e. 𝛽 = 𝑇𝑎𝑐(𝑇𝑎𝑑 − 𝑇0) 𝑇𝑎𝑑
2⁄ = 6.0 with 𝑇𝑎𝑐 being the activation temperature) and the ratio of 

specific heats (i.e. 𝛾 = 𝐶𝑝 𝐶𝑣⁄ = 1.4, where 𝐶𝑣 is the specific heat at constant volume).  The cases 

considered here span from the wrinkled flamelet regime to the thin reaction zones regime.40 

 

Cases 𝒖′/𝑺𝑳 𝒍/𝜹𝒕𝒉 𝑫𝒂 𝑲𝒂 𝝉 Domain Grid Regime 

A 1.0 3.0 3.0 0.58 4.5 79.5𝛿𝑡ℎ

× (39.8𝛿𝑡ℎ)2 

800 × 400
× 400 

Wrinkled/Corrug

ated flamelets 

B 2.5 3.0 1.2 2.28 4.5 79.5𝛿𝑡ℎ

× (39.8𝛿𝑡ℎ)2 

800 × 400
× 400 

Corrugated 

flamelets 

C 3.0 3.0 1.0 3.0 4.5 79.5𝛿𝑡ℎ

× (39.8𝛿𝑡ℎ)2 

800 × 400
× 400 

Thin reaction 

zones  

D 5.0 3.0 0.6 6.5 4.5 79.5𝛿𝑡ℎ

× (39.8𝛿𝑡ℎ)2 

800 × 400
× 400 

Thin reaction 

zones 

E 7.5 3.0 0.4 11.9 4.5 79.5𝛿𝑡ℎ

× (39.8𝛿𝑡ℎ)2 

800 × 400
× 400 

Thin reaction 

zones 

F 10.0 3.0 0.3 18.3 4.5 79.5𝛿𝑡ℎ

× (39.8𝛿𝑡ℎ)2 

800 × 400
× 400 

Thin reaction 

zones 

 

Table 1: The attributes of the DNS database considered for this analysis. 

 

A recently proposed modified bandwidth filtered forcing method in the physical space 66 has been used 

where the forcing term remains proportional to (1 − 𝑐) and thus the contribution of the forcing decays 

across the flame. This forcing method not only maintains the prescribed turbulence intensity 𝑢′/𝑆𝐿  but 

also provides the required integral length scale to flame thickness ratio 𝑙/𝛿𝑡ℎ. In the current 

configuration there is no inherent mechanism to maintain turbulence and without forcing turbulence 

decays with time. Under decaying turbulence each case will be at different stages of evolution and the 

integral length scales will be at different values. This will also be true if turbulence is injected through 

inlet because turbulence evolves differently before it interacts with the flame depending on the flame 

brush thickness and even may give rise to some instabilities.66 Thus, it would have been difficult to 

compare the structure function statistics between different cases under decaying turbulence. In order to 

avoid this difficulty, the forcing is used for the unburned gas but it is gradually switched off within the 

flame so that turbulence can evolve within the flame without any influence of forcing. There have been 

several previous DNS analyses on premixed turbulent combustion10,67-69 where forcing was used. The 

merits and demerits of DNS with and without forcing have been discussed in Ref. 66 in detail. 
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All the simulations listed in Table 1 have been continued until the turbulent kinetic energy and integral 

length scale attain the desired values and also the turbulent flame speed 𝑆𝑇 and flame surface area 𝐴𝑇  

settle to statistically stationary values. This duration remains greater than the throughpass time (i.e. 

𝑡𝑠𝑖𝑚 > 𝐿𝑥/𝑈𝑚𝑒𝑎𝑛) and at least 10 eddy turn over times (i.e. 𝑡𝑠𝑖𝑚 > 10𝑙/𝑢′) for all cases. The contours 

and isosurfaces of 𝑐 for the cases considered here have been provided elsewhere41,42 and thus will not 

be repeated in this analysis. 

 

The Reynolds-averaged/Favre-averaged quantities are extracted by averaging in time and in the 

homogeneous directions (i.e. 𝑥2 and 𝑥3 directions), which are the transverse directions normal to the 

mean flame propagation direction in the current configuration. In statistically planar flames the 

Reynolds-averaged/Favre-averaged reaction progress variable remains a unique function of the 

coordinate in the direction of mean flame propagation (i.e. 𝑥1-direction). Accordingly, all results will 

be presented as a function of the Reynolds-averaged reaction progress variable 𝑐̅ in the following. 

 

The quantities conditioned on reactants and products are evaluated based on 𝑐(𝑥⃗, 𝑡) < 𝜖 and 𝑐(𝑥⃗, 𝑡) >

(1 − 𝜖), respectively, where 𝜖 is a predetermined small number. An alteration of 𝜖 from 0.01 to 0.05 

did not modify the results. Thus, the analysis has been carried out for 𝜖 = 0.05. This ensures 𝐼𝑟 = 1.0 

for 𝑐 ≤ 0.05 and 0.0 elsewhere. Similarly 𝐼𝑝 = 1.0 for 0.95 ≤ 𝑐 ≤ 1.0 and vanishes elsewhere. By 

contrast, 𝐼𝑓 = 1.0 for 0.05 < 𝑐 < 0.95 and vanishes elsewhere.  

 

In the following, the adjectives ‘longitudinal’ and ‘transverse’ for the structure functions will be used 

only with respect to the direction of Cartesian co-ordinates. It is worthwhile to recognise that the 

structure functions for premixed flames could be constructed in various different manner (e.g. Whitman 

et al.10 considered flame normal and tangential directions) with each methodology offering different 

insights. A comparison of different approaches is beyond the scope of this analysis and the present 

analysis will follow the approach outlined by Sabelnikov et al.9,11 In this framework, the transverse 
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structure functions 𝐷11,𝑇(𝑟) and 𝐷11,𝑇
∗ (𝑟) and their conditioned components are evaluated by 

(conditionally) averaging (𝑢𝐵,1 − 𝑢𝐴,1)
2
 and (𝑢𝐵,1

∗ − 𝑢𝐴,1
∗ )

2
 for two set of points given by 𝑥⃗𝐴 =

{𝑥, 𝑦, 𝑧}; 𝑥⃗𝐵 = {𝑥, 𝑦 + 𝑟, 𝑧} and by 𝑥⃗𝐴 = {𝑥, 𝑦, 𝑧}; 𝑥⃗𝐵 = {𝑥, 𝑦, 𝑧 + 𝑟}. The transverse structure functions 

𝐷22,𝑇(𝑟) and 𝐷33,𝑇(𝑟) (or 𝐷22,𝑇
∗ (𝑟) and 𝐷33,𝑇

∗ (𝑟)) are evaluated by averaging (𝑢𝐵,2 − 𝑢𝐴,2)
2
 and 

(𝑢𝐵′,3 − 𝑢𝐴′,3)
2
 (or (𝑢𝐵,2

∗ − 𝑢𝐴,2
∗ )

2
 and (𝑢𝐵′,3

∗ − 𝑢𝐴′,3
∗ )

2
) respectively based on points 𝑥⃗𝐴 = {𝑥, 𝑦, 𝑧}; 

𝑥⃗𝐵 = {𝑥, 𝑦, 𝑧 + 𝑟}  and 𝑥⃗𝐴′ = {𝑥, 𝑦, 𝑧}; 𝑥⃗𝐵′ = {𝑥, 𝑦 + 𝑟, 𝑧}, respectively. Finally, the longitudinal 

transverse structure functions 𝐷22,𝐿(𝑟) and 𝐷33,𝐿(𝑟) (or 𝐷22,𝐿
∗ (𝑟) and 𝐷33,𝐿

∗ (𝑟)) are evaluated by 

averaging (𝑢𝐵,2 − 𝑢𝐴,2)
2
 and (𝑢𝐵′,3 − 𝑢𝐴′,3)

2
 (or (𝑢𝐵,2

∗ − 𝑢𝐴,2
∗ )

2
 and (𝑢𝐵′,3

∗ − 𝑢𝐴′,3
∗ )

2
) respectively 

based on points 𝑥⃗𝐴 = {𝑥, 𝑦, 𝑧}; 𝑥⃗𝐵 = {𝑥, 𝑦 + 𝑟, 𝑧}  and 𝑥⃗𝐴′ = {𝑥, 𝑦, 𝑧}; 𝑥⃗𝐵′ = {𝑥, 𝑦, 𝑧 + 𝑟}.  In the 

present analysis, 𝐷23,𝑇(𝑟) = 0.5[𝐷22,𝑇(𝑟) + 𝐷33,𝑇(𝑟)] and 𝐷23,𝐿(𝑟) = 0.5[𝐷22,𝐿(𝑟) + 𝐷33,𝐿(𝑟)] (or 

𝐷23,𝑇
∗ (𝑟) = 0.5[𝐷22,𝑇

∗ (𝑟) + 𝐷33,𝑇
∗ (𝑟)] and 𝐷23,𝐿

∗ (𝑟) = 0.5[𝐷22,𝐿
∗ (𝑟) + 𝐷33,𝐿

∗ (𝑟)]) have been evaluated to 

account for the possible slight departure from isotropy in the homogeneous directions.  

 

IV. RESULTS & DISCUSSION 

The normalised conditioned structure functions 𝐷11,𝑇
𝛼𝛽

(𝑟)/(𝜏𝑆𝐿)2 and 𝐷11,𝑇
𝛼𝛽∗

(𝑟)/(𝜏𝑆𝐿)2 as a function of 

𝑟/𝛿𝑡ℎ at 𝑐̅ = 0.5 are shown in Fig. 1 for cases A-F. The corresponding variations of 𝐷23,𝑇
𝛼𝛽

(𝑟)/(𝜏𝑆𝐿)2 

and 𝐷23,𝑇
𝛼𝛽∗

(𝑟)/(𝜏𝑆𝐿)2 (or 𝐷23,𝐿
𝛼𝛽

(𝑟)/(𝜏𝑆𝐿)2 and 𝐷23,𝐿
𝛼𝛽∗

(𝑟)/(𝜏𝑆𝐿)2) are shown in Fig. 2 (or Fig. 3). The 

unconditioned structure functions 𝐷11,𝑇, 𝐷23,𝑇, 𝐷23,𝐿, 𝐷11,𝑇
∗ , 𝐷23,𝑇

∗ , 𝐷23,𝐿
∗  are shown as black dotted lines 

in Figs. 1-3.  It is worth noting that the velocity jump across the steady laminar premixed flame is given 

by 𝜏𝑆𝐿 and thus the structure functions are normalised by this quantity as it does not change from one 

case to another for the database considered here. This will also allow for the quantitative comparison of 

the magnitudes of the structure functions for the different cases considered here. It is important to 

recognise that the velocity scale 𝜏𝑆𝐿 is merely used for normalising the structure functions and by doing 

that it is not implied that the structure functions scale with (𝜏𝑆𝐿)2.  The choice of 𝑐̅ = 0.5 is driven by 

the fact that the probabilities of finding reactants and products are likely to be significant. Therefore, 

the probabilities 𝑃𝛼𝛽 are likely to be significant for all conditioned components for this 𝑐̅, which can be 
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substantiated from Fig. 4. The results presented in this paper remain qualitatively similar for other 𝑐̅ 

values unless it is mentioned otherwise. The probabilities 𝑃𝑟𝑟 , 𝑃𝑝𝑝 and 𝑃𝑓𝑓 decrease with increasing 𝑟, 

whereas the probabilities 𝑃𝑟𝑓 , 𝑃𝑟𝑝 and 𝑃𝑓𝑝 increase with an increase in 𝑟 before becoming insensitive to 

the changes in 𝑟. The probability of finding identical states of the gaseous mixture is expected to be 

sufficiently large for small separation distances, whereas these states are likely to be different when the 

separation distance increases, which explains the observed variations of 𝑃𝛼𝛽  in Fig. 4.   

 

Case max(𝐷11,𝑇)

2⟨𝑢′1𝑢′1⟩
 

max(𝐷23,𝑇)

⟨𝑢′2𝑢′2⟩ + ⟨𝑢′3𝑢′3⟩
 

max(𝐷23,𝐿)

⟨𝑢′2𝑢′2⟩ + ⟨𝑢′3𝑢′3⟩
 

A 1.053 1.169 1.136 

B 1.415 0.972 1.004 

C 1.151 0.997 1.122 

D 0.800 1.136 1.120 

E 1.156 1.036 1.000 

F 0.851 0.968 0.929 

 

Table 2. Values of max(𝐷11,𝑇) /2⟨𝑢′1𝑢′1⟩, max(𝐷23,𝑇) /{⟨𝑢′2𝑢′2⟩ + ⟨𝑢′3𝑢′3⟩}, max(𝐷23,𝐿) /

{⟨𝑢′2𝑢′2⟩ + ⟨𝑢′3𝑢′3⟩}   for  𝑐̅ = 0.5. 

 

It is clear from Figs. 1-3 that there are significant differences between all the conditioned and 

unconditioned mean structure functions for all cases considered here, which imply that the heat release 

due to combustion and reactant-product intermittency play significant roles in the turbulent flow 

structure in premixed turbulent flames. A comparison of the left and right columns of Figs. 1, 2, or 3 

shows that the use of the density-weighted structure functions is not sufficient to eliminate significant 

differences between differently conditioned structure functions. The maximum values of the normalised 

structure functions 𝐷11,𝑇
𝛼𝛽

(𝑟)/(𝜏𝑆𝐿)2, 𝐷23,𝑇
𝛼𝛽

(𝑟)/(𝜏𝑆𝐿)2 and 𝐷23,𝐿
𝛼𝛽

(𝑟)/(𝜏𝑆𝐿)2 (or 𝐷11,𝑇
𝛼𝛽∗

(𝑟)/(𝜏𝑆𝐿)2, 

𝐷23,𝑇
𝛼𝛽∗

(𝑟)/(𝜏𝑆𝐿)2 and 𝐷23,𝐿
𝛼𝛽∗

(𝑟)/(𝜏𝑆𝐿)2) increase with increasing turbulence intensity (i.e. from case A 

to case F).  As turbulence is not homogeneous within the flame brush (e.g. at 𝑐̅ = 0.5 location), it cannot 

be expected that the maximum value of the unconditioned structure function 𝐷𝑖𝑗 is going to same as 

that of 2〈𝑢𝑖
′𝑢𝑗′〉 within the flame brush. However, it can be seen from Table 2 that 

max(𝐷11,𝑇) /2⟨𝑢′
1𝑢′

1⟩, max(𝐷23,𝑇) /{⟨𝑢′
2𝑢′

2⟩ + ⟨𝑢′
3𝑢′

3⟩} and max(𝐷23,𝐿) /{⟨𝑢′
2𝑢′

2⟩ + ⟨𝑢′
3𝑢′

3⟩} 
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remain of the order of unity at 𝑐̅ = 0.5 for all cases considered here. A similar result is obtained for 

other values of 𝑐̅. 

 

Fig. 1: Variations of normalised transverse conditioned structure functions (coloured lines) 

𝑫𝟏𝟏,𝑻
𝜶𝜷

(𝒓)/(𝝉𝑺𝑳)𝟐 (left column) and 𝑫𝟏𝟏,𝑻
𝜶𝜷∗

(𝒓)/(𝝉𝑺𝑳)𝟐 (right column) and mean unconditioned 

structure functions (black dots) 𝑫𝟏𝟏,𝑻(𝒓)/(𝝉𝑺𝑳)𝟐 (left column) and 𝑫𝟏𝟏,𝑻
∗ (𝒓)/(𝝉𝑺𝑳)𝟐 (right 

column) for axial velocities as a function of normalised separation distance 𝒓/𝜹𝒕𝒉 for (a-f) cases 

A-F at 𝒄̅ = 𝟎. 𝟓. Here, 𝑫𝟏𝟏,𝑻
𝜶𝜷∗

(𝒓)/(𝝉𝑺𝑳)𝟐  𝐚𝐧𝐝 𝑫𝟏𝟏,𝑻
∗ (𝒓)/(𝝉𝑺𝑳)𝟐 are normalised structure functions 

based on the density-weighted velocity 𝒖⃗⃗⃗∗ = 𝝆𝒖⃗⃗⃗/𝝆𝟎. 
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Fig. 2: Variations of normalised transverse conditioned structure functions (coloured lines) 

𝑫𝟐𝟑,𝑻
𝜶𝜷

(𝒓)/(𝝉𝑺𝑳)𝟐 (left column) and 𝑫𝟐𝟑,𝑻
𝜶𝜷∗

(𝒓)/(𝝉𝑺𝑳)𝟐 (right column) and mean unconditioned 

structure functions (black dots) 𝑫𝟐𝟑,𝑻(𝒓)/(𝝉𝑺𝑳)𝟐 (left column) and 𝑫𝟐𝟑,𝑻
∗ (𝒓)/(𝝉𝑺𝑳)𝟐 (right 

column) for transverse velocities  as a function of normalised separation distance 𝒓/𝜹𝒕𝒉 for (a-f) 

cases A-F at 𝒄̅ = 𝟎. 𝟓. Here, 𝑫𝟐𝟑,𝑻
𝜶𝜷∗

(𝒓)/(𝝉𝑺𝑳)𝟐  𝐚𝐧𝐝 𝑫𝟐𝟑,𝑻
∗ (𝒓)/(𝝉𝑺𝑳)𝟐 are normalised structure 

functions based on the density-weighted velocity 𝒖⃗⃗⃗∗ = 𝝆𝒖⃗⃗⃗/𝝆𝟎. 
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Fig. 3: Variations of normalised longitudinal conditioned structure functions (coloured lines) 

𝑫𝟐𝟑,𝑳
𝜶𝜷

(𝒓)/(𝝉𝑺𝑳)𝟐 (left column) and 𝑫𝟐𝟑,𝑳
𝜶𝜷∗

(𝒓)/(𝝉𝑺𝑳)𝟐 (right column) and mean unconditioned 

structure functions (black dots) 𝑫𝟐𝟑,𝑳(𝒓)/(𝝉𝑺𝑳)𝟐 (left column) and 𝑫𝟐𝟑,𝑳
∗ (𝒓)/(𝝉𝑺𝑳)𝟐 (right 

column) for transverse velocities  as a function of normalised separation distance 𝒓/𝜹𝒕𝒉 for (a-f) 

cases A-F at 𝒄̅ = 𝟎. 𝟓. Here, 𝑫𝟐𝟑,𝑳
𝜶𝜷∗

(𝒓)/(𝝉𝑺𝑳)𝟐  𝐚𝐧𝐝 𝑫𝟐𝟑,𝑳
∗ (𝒓)/(𝝉𝑺𝑳)𝟐 are normalised structure 

functions based on the density-weighted velocity 𝒖⃗⃗⃗∗ = 𝝆𝒖⃗⃗⃗/𝝆𝟎. 
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Fig. 4: Variations of the probabilities for various events 𝑷𝜶𝜷 as a function of normalised 

separation distance 𝒓/𝜹𝒕𝒉 for (a-f) cases A-F at 𝒄̅ = 𝟎. 𝟓. 

 

The reactant-reactant (𝑟𝑟) and product-product (𝑝𝑝) structure functions assume smaller magnitudes in 

comparison to all the conditioned structure functions of 𝐷11,𝑇
𝛼𝛽

(𝑟) for cases A and B, see the left Figs 1a 

and 1b. This behaviour is consistent with the previous findings in the strict flamelet regime (i.e. 𝐾𝑎 <

1.0).3,5 The 𝑟𝑟 and 𝑝𝑝 components of 𝐷11,𝑇(𝑟) are least affected by the heat release and the 𝑟𝑟  

component of 𝐷11,𝑇(𝑟) assumes the lowest magnitude among the conditioned structure function 

components in case A, whereas the 𝑝𝑝 component of 𝐷11,𝑇(𝑟) remains comparable to the 𝑟𝑟 component 

in case B. By contrast, the 𝑝𝑝 component of 𝐷11,𝑇(𝑟) assumes the lowest magnitude in cases C-F. It is 

apparent that the magnitude of velocity fluctuations increase across the flame brush in case A due to 

thermal expansion effects, whereas just the opposite behaviour has been observed in cases D-F, as the 

effects of thermal expansion are eclipsed by the influences of the background turbulence and viscous 

dissipation for cases with 𝑢′ 𝑆𝐿⁄ ≫ 1 and 𝐾𝑎 > 1.22,23 This behaviour can be confirmed from Fig. 5, 

where the variation of the apparent turbulent kinetic energy 𝑘̃ = 𝜌𝑢𝑖
′′𝑢𝑖

′′̅̅ ̅̅ ̅̅ ̅̅ ̅/2𝜌̅ with 𝑐̅ across the flame 

brush is shown for all cases considered here. In case A, the level of velocity fluctuations gets augmented 

within the flame brush due to thermal expansion. In cases B-D, a local rise in 𝑘̃ in the region of the 
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flame brush where thermal expansion effects are strong can be seen following a decay of 𝑘̃ from the 

unburned gas side of the flame brush. By contrast, in cases E and F, 𝑘̃ decays monotonically from the 

unburned gas side of the flame brush due to the reduction of forcing and viscous dissipation. Thus, the 

disappearance of small-scale eddies due to the decay of turbulence and higher kinematic viscosity70 in 

the burned gases is responsible for the weakened role of 𝐷11,𝑇(𝑟) components conditioned on products. 

 

 

Fig. 5: Variations of normalised turbulent kinetic energy 𝒌̃/𝑺𝑳
𝟐 with 𝒄̅ for (a-f) cases A-F. 

 

The augmentation of velocity fluctuations due to thermal expansion in case A (and in case B for some 

values of 𝑟) acts to increase the magnitude of the 𝑝𝑝 component of 𝐷11,𝑇(𝑟) in comparison to the 

corresponding 𝑟𝑟 component. By contrast, the decay of turbulence across the flame is responsible for 

the higher magnitude of the 𝑟𝑟 component of 𝐷11,𝑇(𝑟) in comparison to the corresponding 𝑝𝑝 

component in cases C-F. The 𝑟𝑝 component of 𝐷11,𝑇(𝑟) assumes the maximum magnitude in cases A 

and B, which is followed by the magnitudes of the 𝑓𝑝, 𝑓𝑓 and 𝑟𝑓 components. This is a consequence 

of the strong effects of thermal expansion due to heat release in cases A and B and thus the maximum 

velocity difference can be expected between reactants and products, while the velocity difference is 

likely to be lowest for the structure functions associated with reactants due to the combination of weak 
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turbulence and weak thermal expansion effects.  However, this behaviour changes for the cases with 

higher 𝑢′ 𝑆𝐿⁄  and 𝐾𝑎 values (e.g. cases C-F). In cases C-F, the magnitude of the  𝑟𝑟 component of 

𝐷11,𝑇(𝑟) remains comparable to that of the 𝑟𝑝 component and their magnitudes are followed by the 

magnitudes of 𝑓𝑝, 𝑟𝑓, 𝑓𝑓 and 𝑝𝑝 components. This is a consequence of combined effects of thermal 

expansion and weakening of turbulence from the reactants to the products side of the flame. In all cases, 

the  𝑟𝑝 component of 𝐷11,𝑇(𝑟) increases with 𝑟, and this can be attributed to a mechanism 28,71, which 

can be explained in the following manner.9,11 If 𝑥⃗𝐴 associated with the unburned reactants is kept 

unchanged and 𝑥⃗𝐵 associated with the products is modified by increasing the transverse distance 𝑟, the 

axial product flow coming to point B is likely to significantly accelerate (the acceleration is inversely 

proportional to the fluid density) longer in the distance under axial pressure gradient and thus the axial 

velocity difference is likely to be higher in magnitude.  

 

The magnitudes of 𝑟𝑟, 𝑟𝑓 and 𝑟𝑝 components of 𝐷11,𝑇
∗ (𝑟) remain leading order contributors for all cases 

considered here and their relative magnitudes change from one case to another depending on relative 

influences of thermal expansion and fluid turbulence. In cases A, C, D and E, the 𝑟𝑟 component of 

𝐷11,𝑇
∗ (𝑟) assumes the highest magnitude, whereas the magnitudes of 𝑟𝑝 and 𝑟𝑓 components play leading 

roles in case B.  For all cases, the 𝑝𝑝 component of 𝐷11,𝑇
∗ (𝑟) remains negligible, because (𝜌𝑝 𝜌0⁄ )

2
≪

1. The aforementioned behaviours of 𝐷11,𝑇
𝛼𝛽∗

(𝑟) are in contrast to the statistical behaviours of 𝐷11,𝑇
𝛼𝛽

(𝑟), 

due to significant density variations within premixed flames. Moreover, the leading order roles of the  

𝑟𝑟, 𝑟𝑓and 𝑟𝑝 components of 𝐷11,𝑇
∗ (𝑟) is consistent with the importance of the leading edge of the 

flamelet in turbulent premixed combustion.  

 

The differences in the magnitudes of 𝐷23,𝑇
𝛼𝛽

(𝑟) are smaller than those of 𝐷11,𝑇
𝛼𝛽 (𝑟). This behaviour arises 

from the fact that 〈𝜕𝑝/𝜕𝑥2〉 = 0  and 〈𝜕𝑝/𝜕𝑥3〉 = 0  in this flow configuration, which suggests that the 

flamelets normal to 𝑥2-direction (𝑥3-direction) do not induce any pressure gradient in the 𝑥3-direction 

(𝑥2-direction). As a result, the effects of thermal expansion on the structure function 𝐷23,𝑇
𝛼𝛽

(𝑟) are 
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relatively weaker than in the case of 𝐷11,𝑇
𝛼𝛽 (𝑟), which is consistent with previous findings.9,11 However, 

thermal expansion effects are still present in 𝐷23,𝑇
𝛼𝛽∗(𝑟). The magnitudes of the 𝑟𝑟, 𝑟𝑓and 𝑟𝑝 components 

of 𝐷23,𝑇
∗ (𝑟) remain leading order contributors and the magnitude of the 𝑝𝑝 component remains 

negligible for all cases considered here. 

 

The behaviours of the structure functions 𝐷23,𝐿
𝛼𝛽 (𝑟) for different cases are considerably different. In case 

A, the 𝑟𝑝 component starts to assume non-zero values in a discontinuous manner. A comparison 

between Figs. 3 and 4 indicates that this discontinuous jump in the 𝑟𝑝 component of 𝐷23,𝐿(𝑟) in case A 

takes place because the probability 𝑃𝑟𝑝 remains zero for small values of 𝑟. A similar behaviour was also 

reported by Sabelnikov et al. 9,11 The smallest value of 𝑟 at which 𝑃𝑟𝑝 assumes non-zero value decreases 

with increasing turbulence intensity (i.e. 𝑟 𝛿𝑡ℎ⁄ = 1.7, 1.4, 1.3, 1.2, 1.1 and 0.9 in cases A-F 

respectively) and the discontinuous jump in the 𝑟𝑝 component of 𝐷23,𝐿(𝑟) at small values of 𝑟 is less 

pronounced for cases B-E. This discontinuity is observed but less pronounced in Figs. 1 and 2 because 

the magnitudes of the 𝑟𝑝  components of 𝐷11,𝑇 and 𝐷23,𝑇 remain small and show increasing trends with 

increasing 𝑟 in contrast to the 𝑟𝑝  component of 𝐷23,𝐿  for case A, which shows a decreasing trend with 

increasing 𝑟. A close inspection of Figs. 1-3 also reveals discontinuities in the variations of the 𝑟𝑝  

components of 𝐷11,𝑇
∗ , 𝐷23,𝑇

∗  and 𝐷23,𝐿
∗ .  

 

There are significant differences between different conditioned components in case A (especially, rp or 

pp and other components), whereas this difference becomes progressively less evident in cases B-F. 

This is a consequence of the weakening of the relative strength of the thermal expansion effects from 

case A to case F as one moves from the wrinkled flamelets regime to the thin reaction zones regime. 

The difference in the regime of the combustion is also responsible for the marked differences in the 

behaviours of 𝐷23,𝐿
𝛼𝛽 (𝑟) between cases A (representing the wrinkled flamelets regime) and B 

(representing the thin reaction zones regime).  
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In case A, the 𝑟𝑝 component of 𝐷23,𝐿(𝑟) decreases with increasing 𝑟, whereas this component increases 

and then assumes a value which does not change appreciably with 𝑟 for other cases. In case A, the flame 

imparts significant influences on the underlying turbulent flow field and creates the mean pressure 

gradient 〈𝜕𝑝/𝜕𝑥1〉 only in the direction of mean flame propagation (i.e. 𝑥1-direction) and this pressure 

gradient does not affect the flow in 𝑥2 and 𝑥3 directions. This suggests that the axial velocity in constant-

density products are accelerated by 〈𝜕𝑝/𝜕𝑥1〉 in case A and thus the transverse velocities decrease to 

satisfy the continuity relation, which gives rise to a decrease in the 𝑟𝑝 component of 𝐷23,𝐿(𝑟) with 

increasing 𝑟. In the thin reaction zones regime cases C-F, the misalignment between the flamelet normal 

direction and the mean direction of flame propagation increases. As a result, the local flame normal 

pressure gradient in these cases is not only limited to 𝑥1-direction and a component of the flame-induced 

pressure gradient also remains locally active in 𝑥2 and 𝑥3 directions. Furthermore, the underlying 

background turbulent flow field in cases C-F also induces appreciable local pressure gradients in the 

transverse directions, which also play some role in sustaining the magnitude of the 𝑟𝑝 component of 

𝐷23,𝐿(𝑟) with increasing 𝑟  in these cases. The 𝑝𝑝 component of the structure function 𝐷23,𝐿(𝑟) assumes 

a significantly greater value than the 𝑟𝑟 component in case A due to relatively strong thermal expansion 

effects in this case, as described earlier. By contrast, the 𝑟𝑟 component is of greater magnitude than the 

𝑝𝑝 component in cases B-F due to the decay in turbulence intensity across the flame in these cases. The 

effects of thermal expansion manifest themselves also in the variations of 𝐷23,𝐿
𝛼𝛽∗(𝑟) and it can also be 

seen from Fig. 3 that the 𝑟𝑟, 𝑟𝑓 and 𝑟𝑝 components of 𝐷23,𝐿
∗ (𝑟) remain leading order contributors and 

the magnitude of the 𝑝𝑝 component remains negligible for this structure function.  

 

The statistical behaviours of the structure functions and their components also depend on the wrinkling 

of the reaction progress variable 𝑐 isosurfaces in premixed turbulent combustion. The maximal and 

minimal values of the three components of the flame normal vector 𝑁⃗⃗⃗ = −∇𝑐/|∇𝑐| conditional on 𝑐̅ 

across the flame brush are shown in Fig. 6. It is evident from Fig. 6 that there is a finite possibility of 

finding |𝑁2| ≈ 1 or |𝑁3| ≈ 1 within the flame brush. This tendency can be seen for cases A-B for 𝑐̅ >

0.2, whereas the possibility of finding |𝑁2| ≈ 1 or |𝑁3| ≈ 1 is observed throughout the flame brush in 
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cases C-F due to the greater extent of flame wrinkling for large values of 𝑢′/𝑆𝐿.  This suggests that the 

flamelets can be locally normal to 𝑥2 or 𝑥3 direction and, hence, locally parallel to 𝑥1 and 𝑥3 or 𝑥2,  

direction respectively, which explains low (when compared to (𝜏𝑆𝐿)2) jump in the 𝑟𝑝  component of 

𝐷23,𝑇 at small distances in cases A-D, see Fig. 2. Otherwise, the difference in velocity component 𝑢3 

(𝑢2) in 𝑥2-direction (𝑥3-direction) would have scaled with the velocity jump across the laminar flame 

(i.e. 𝜏𝑆𝐿) at least for the flames in cases A-B where the flamelet assumption is expected to hold.   

 

 

Fig. 6: Minimal and maximal values of the transverse components of the unit normal vector 𝑵⃗⃗⃗ =
−𝛁𝒄/|𝛁𝒄| found for each transverse plane corresponding to 𝒄̅ =constant for (a-f) cases A-F. 
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Fig. 7: Maximal (over each transverse plane at 𝒄̅) values of |𝑵⃗⃗⃗ ∙ 𝛁𝒖𝟏|𝜹𝒕𝒉/𝝉𝑺𝑳 for |𝑵𝟐| ≥ 𝑵∗ and/or 

|𝑵𝟑| ≥ 𝑵∗ for different threshold values of 𝑵∗, as specified in legends, for (a-f) cases A-F. 

 

At low distances 𝑟 comparable with the thickness 𝛿𝑡ℎ the 𝑟𝑝 component of 𝐷11,𝑇 also assumes a 

comparable magnitude to that of 𝐷23,𝐿 (cf. Figs. 1 and 3), which suggests that there can be significant 

variation of the axial velocity 𝑢1 when it is locally tangential to the flamelets. This can be substantiated 

from Fig. 7, which shows that the maximal magnitudes of the normal gradient of the locally tangential 

velocity (i.e. |𝑁⃗⃗⃗ ∙ ∇𝑢1|  for either |𝑁2| > 𝑁∗ or |𝑁3| > 𝑁∗ where 𝑁∗ is a threshold value close to unity) 

remain substantial in turbulent premixed flames.  Furthermore, the magnitude of 𝑁⃗⃗⃗ ∙ ∇𝑢1 remains 

comparable to the corresponding value for laminar premixed flame (i.e.  𝜏𝑆𝐿/𝛿𝑡ℎ) for small values of 

𝑢′/𝑆𝐿 and it has been found to increase with increasing 𝑢′/𝑆𝐿. This can further be substantiated from 

Fig. 8 where the PDFs of  |𝑁⃗⃗⃗ ∙ ∇𝑢1|𝛿𝑡ℎ/𝜏𝑆𝐿 for either |𝑁2| ≥ 0.95 or |𝑁3| ≥ 0.95 indicate that the 

probability of finding a notable value remains significant for all cases. This suggests that the velocity 

variations in turbulent flamelets might not be adequately modelled by the corresponding laminar flame 

expressions36,37,71,72 and such assumptions are likely to be increasingly invalid for large values of 𝑢′/𝑆𝐿.  

These results are not only in accordance with the previous findings9,11,73 for the flames in the corrugated 

flamelets regime but also extend those findings for the flames in the thin reaction zones regime.  
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Fig. 8: PDFs of  |𝑵⃗⃗⃗ ∙ 𝛁𝒖𝟏|𝜹𝒕𝒉/𝝉𝑺𝑳 for either |𝑵𝟐| ≥ 𝟎. 𝟗𝟓 or |𝑵𝟑| ≥ 𝟎. 𝟗𝟓 for different values of 𝒄̅ 

for (a-f) cases A-F. 

 

Since the flame propagates into unburned reactants, the flame acceleration due to turbulence is mainly 

controlled by the turbulence in the reactants. Accordingly, the structure functions conditioned on the 

reactants provide key insights into flame-turbulence interaction. The local velocity fields and pressure 

perturbations induced by combustion are likely to affect the flame-turbulence interaction on the reactant 

side. To emphasize such effects, the variations of 𝐷23,𝐿
𝑟𝑟 /𝑘𝑅 with 𝑟/𝛿𝑡ℎ for different values of 𝑐̅ (i.e. 

different distances from the leading edge) are shown in Fig. 9 for all cases where 𝑘𝑅(𝑥1, 𝑡) =

0.5〈𝑢𝑖𝑢𝑖(𝑥⃗, 𝑡)𝐼𝑟(𝑥⃗, 𝑡)〉/𝑃𝑟(𝑥1, 𝑡) is the turbulent kinetic energy conditioned upon reactants. It is evident 

from Fig. 9 that the appropriately normalised 𝐷23,𝐿
𝑟𝑟  increases with 𝑐̅ for all cases, including case E 

characterized by 𝑢′ 𝑆𝐿⁄  as large as 10. It is admitted that 𝐷23,𝐿
𝑟𝑟 (𝑟, 𝑡) could be affected by variable-density 

zones that the vector 𝑟 crosses, which is certainly possible for sufficiently large 𝑟. However, in Fig. 9, 

the highlighted effect is also observed at 𝑟 comparable with 𝛿𝑡ℎ.  These results show that, contrary to a 

common belief, the influence of combustion-induced thermal expansion on the incoming constant-

density turbulent flow of unburned reactants is not restricted to weakly turbulent flames (𝑢′ 𝑆𝐿⁄ ≈ 1 and 

𝐷𝑎 ≫ 1) analysed recently 9,11, but also plays a substantial role even at  𝑢′ 𝑆𝐿⁄ = 10, 𝐾𝑎 ≈ 20, and 
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𝐷𝑎 < 1. It can also be noted that Fig. 9 indicates an increase in the magnitude of such effects with 

𝑢′ 𝑆𝐿⁄ . 

 

Fig. 9: Variations of 𝑫𝟐𝟑,𝑳
𝒓𝒓 /𝒌𝑹 with 𝒓/𝜹𝒕𝒉 for different values of 𝒄̅ for (a-f) cases A-F. 

 

To further study the above effects, the variation of the magnitude of the structure function 𝐷23,𝐿
𝑟𝑟  

normalised by this function for 𝑐̅ = 0.01,i.e. 𝐷23,𝐿
𝑟𝑟 (𝑟)/𝐷23,𝐿

𝑟𝑟 (𝑟; 𝑐̅ = 0.01), is shown in Fig. 10. At first 

glance, Fig. 10 appears to contradict to the above claims by indicating a weak influence of 𝑐̅ on the re-

normalised  𝐷23,𝐿
𝑟𝑟  for cases C-E. However, it is worth noting that the simulated turbulence 

predominantly decays in the direction 𝑥1within the flame brush, see Table 3, as the effects of forcing 

weaken with increasing 𝑐̅. This gives rise to the mostly decreasing trend of the normalised turbulent 

kinetic energy conditioned upon reactants 𝑘𝑅/𝑘𝑅(𝑐̅ = 0.01) with increasing 𝑐̅, as 𝑐̅  is a unique function 

of 𝑥1 in this configuration. It is worth noting that cases A-C exhibit local augmentation of 𝑘𝑅 due to 

thermal expansion effects close to the leading edge of the flame brush. This leads to higher values of 

𝑘𝑅/𝑘𝑅(𝑐̅ = 0.01) at 𝑐̅ = 0.3 than at 𝑐̅ = 0.1 for cases A and B but 𝑘𝑅/𝑘𝑅(𝑐̅ = 0.01) values at 𝑐̅ = 0.5 

remain smaller than the values at 𝑐̅ = 0.3 in these cases. The values of 𝑘𝑅/𝑘𝑅(𝑐̅ = 0.01) decay 

monotonically with increasing 𝑐̅ in cases C-F.  
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Fig. 10: Variations of the magnitude of the structure function 𝑫𝟐𝟑,𝑳
𝒓𝒓  normalised by its value for 

𝒄̅ = 𝟎. 𝟎𝟏 (i.e. 𝑫𝟐𝟑,𝑳
𝒓𝒓 (𝒓)/𝑫𝟐𝟑,𝑳

𝒓𝒓 (𝒓; 𝒄̅ = 𝟎. 𝟎𝟏) for (a-f) cases A-F. 

 

Table 3 implies that if the thermal expansion effects were weak, the ratio of 𝐷23,𝐿
𝑟𝑟 (𝑟; 𝑐̅)/𝐷23,𝐿

𝑟𝑟 (𝑟; 𝑐̅ =

0.01) would have decreased with 𝑐̅ similarly to the conditioned turbulent kinetic energy 𝑘𝑅 in cases C-

F. However, such a decrease is not observed in Figs. 10c-f, and thus, indicating significant importance 

of the thermal expansion effects in these cases.  In case A, the decrease in 𝑘𝑅 with 𝑐̅ is weakly 

pronounced (see Table 3) and  𝐷23,𝐿
𝑟𝑟 (𝑟)/𝐷23,𝐿

𝑟𝑟 (𝑟; 𝑐̅ = 0.01) increases with increasing 𝑐̅ in the mean 

reaction progress variable range given by 0.1 ≤ 𝑐̅ ≤ 0.5. A similar trend has been observed for case B 

for 𝑟 𝛿𝑡ℎ⁄  ⪅ 10 and even for 𝑟 𝛿𝑡ℎ⁄ > 10, the normalised structure function 𝐷23,𝐿
𝑟𝑟 (𝑟)/𝐷23,𝐿

𝑟𝑟 (𝑟; 𝑐̅ =

0.01) increases with increasing 𝑐̅ in the mean reaction progress variable range given by 0.1 ≤ 𝑐̅ ≤ 0.3.  

The observations from Figs. 9 and 10 indicate that the thermal expansion effects due to chemical heat 

release have significant influences on the two-point velocity statistics of incoming non-reacting 

turbulent flows in premixed flames. A similar behaviour can be obtained if the 𝑟𝑟 component of 𝐷23,𝐿
𝑟𝑟∗  

instead of 𝐷23,𝐿
𝑟𝑟  is considered because density does not change in the non-reacting mixture.  
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Case 𝒌𝑹/𝒌𝑹(𝒄̅ = 𝟎. 𝟎𝟏) 

𝒄̅ = 𝟎. 𝟏 𝒄̅ = 𝟎. 𝟑 𝒄̅ = 𝟎. 𝟓 

A 0.7090 0.7853 0.7103 

B 0.7239 0.9196 0.7753 

C 0.8815 0.8618 0.7164 

D 0.8353 0.4674 0.2463 

E 0.7238 0.3976 0.2149 

F 0.8643 0.4899 0.2447 

 

Table 3. Variation in turbulent kinetic energy conditioned to the reactants as a ratio of its value 

at 𝒄̅ = 𝟎. 𝟎𝟏 (i.e. 𝒌𝑹/𝒌𝑹(𝒄̅ = 𝟎. 𝟎𝟏)) at various 𝒄̅ for cases A-F. 

 

 

Fig. 11: Probability of finding the entire segment [A; B] within heat release zones (𝟎. 𝟕𝟓 ≤ 𝒄 ≤
𝟎. 𝟗𝟓) for different values of 𝒄̅ for (a-f) cases A-F. 

 

Finally, it is worthwhile to consider the statistical behaviours of the structure functions 𝐷𝑖𝑗
ℎℎ and 𝐷𝑖𝑗

ℎℎ∗ 

conditioned on the heat release zone, which is taken to be the region corresponding to 0.75 ≤ 𝑐 ≤ 0.95. 

The separation between two points needs to be small in order to get two points in the heat release zone 

and thus the probability of finding two points in the heat release zone 𝑃ℎℎ drops sharply with distance 

𝑟/𝛿𝑡ℎ. This can be substantiated from Fig. 11, where the variations of 𝑃ℎℎ with 𝑟/𝛿𝑡ℎ are shown. Figure 

11 further shows that the value of 𝑃ℎℎ where it settles after decaying from the leading edge increases 
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with increasing 𝑢′/𝑆𝐿. This is a consequence of the enhancement of flame wrinkling with increasing 

𝑢′/𝑆𝐿, which leads to an increase in the probability of finding two points in the heat release zone. 

 

Fig. 12: Variations of the normalised transverse structure functions 𝑫𝟏𝟏,𝑻
𝒉𝒉 /𝒖𝟏

′𝟐̅̅ ̅̅  and 𝟐𝑫𝟐𝟑,𝑻
𝒉𝒉 /{𝒖𝟐

′𝟐̅̅ ̅̅ +

𝒖𝟑
′𝟐̅̅ ̅̅ } as a function of the normalised 𝒓/𝜹𝒕𝒉 for (a-f) cases A-F for different values of 𝒄̅. 

 

Figure 12 indicates that the maximal normalised values of transverse structure functions 𝐷11,𝑇
ℎℎ /𝑢1

′2̅̅ ̅̅  and 

2𝐷23,𝑇
ℎℎ /{𝑢2

′2̅̅ ̅̅ + 𝑢3
′2̅̅ ̅̅ } remain comparable for all cases considered here. However, for small values of 

separation distance 𝑟, the normalised structure function 𝐷11,𝑇
ℎℎ /𝑢1

′2̅̅ ̅̅  increases more rapidly than 

2𝐷23,𝑇
ℎℎ /{𝑢2

′2̅̅ ̅̅ + 𝑢3
′2̅̅ ̅̅ } in cases with small 𝑢′/𝑆𝐿 (e.g. cases A-C) where the baroclinic torque (i.e. 

(∇𝜌 × ∇𝑝)/𝜌2)  plays a key role in the vorticity 𝜔⃗⃗⃗ = ∇ × 𝑢⃗⃗  transport and enhances 𝜔2 and 𝜔3 .13-17,74,75 

By contrast, the vorticity transport in cases with 𝑢′ 𝑆𝐿⁄ ≫ 1 (e.g. cases D-F) is governed by vortex-

stretching, dilatation and molecular dissipation terms.14-17,74,75 In these cases, enstrophy drops 

monotonically from the leading edge and the components 𝜔1, 𝜔2 and 𝜔3  behave in a similar manner 

within the flame.14-16 This further suggests that the effects of anisotropy can be significant for flames in 

the wrinkled flamelets and corrugated flamelets regime but these effects progressively weaken in the 

thin reaction zones regime with increasing Karlovitz number.  
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V. CONCLUSIONS 

The statistical behaviours of the second-order velocity structure functions and its components 

conditioned upon various events (e.g. (i) two points in reactants, (ii) two points in products, (iii) one 

point in reactants and the other in products, (iv) one point in the reacting mixture and the other in 

reactants, (v) one point in the reacting mixture and the other in products and (vi) two points in the heat 

release zone) have been analysed using a DNS database for statistically planar premixed flames under 

forced unburned gas turbulence spanning from the wrinkled flamelets to the thin reaction zones regime. 

The structure functions and its various conditioned components have also been analysed for density-

weighted velocities. 

 

It has been found that, in all studied cases, the thermal expansion induced by heat release due to 

combustion significantly affects the behaviour of the conditioned structure functions. The conditioned 

components differ from one-other and from the conventional unconditioned mean structure functions. 

The use of the density-weighted structure functions does not substantially reduce these effect 

magnitudes.  

 

The structure functions conditioned to constant-density unburned reactants at both points and 

normalised using the rms velocity conditioned to the reactants have the largest magnitude at large 𝑐̅, 

with this trend being not weakened with increasing 𝑢′ 𝑆𝐿⁄ . These results indicate that, contrary to a 

common belief, combustion-induced thermal expansion can significantly affect the incoming constant-

density turbulent flow of unburned reactants even at 𝑢′ 𝑆𝐿⁄  and 𝐾𝑎 as large as 10 and 18, respectively. 

This is one of the most important findings from this work. It is difficult to conclusively predict when 

the thermal expansion effects are not going to be strong based on limited available data but it is, 

however, safe to claim that these effects survive in the thin reaction zones regime for moderate values 

of Damköhler number. The flame normal acceleration can be scaled using 𝜏𝑆𝐿/𝛿𝑡ℎ according to the 

laminar flamelet theory and thus the ratio of flame normal acceleration to large scale turbulent straining 

(~𝑢′/𝑙), can be taken to be proportional to 𝜏𝑆𝐿𝑙 𝑢′𝛿𝑡ℎ⁄ = 𝜏𝐷𝑎. For all cases considered here, 𝜏𝐷𝑎 
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remains of the order of unity (i.e. 𝜏𝐷𝑎~𝑂(1)) and therefore the thermal expansion effects play key 

roles in these flames. Thus, one has to consider very low values of 𝐷𝑎 in order to obtain a situation 

where the thermal expansion effects become too weak to impart any influence on the incoming turbulent 

flow of unburned reactants. 

 

Furthermore, the statistical behaviours of the structure functions motivated some statistical analysis 

related to flame normal components and flame normal velocity gradient, which eventually revealed that 

the normal gradient of the tangential (to the local flame) velocity component can be substantial and it 

increases with increasing 𝑢′/𝑆𝐿. This is contrary to the common modelling assumption in the flamelet 

regime, which considers that the velocity jump only takes place in the local flame normal direction and 

the tangential velocity remains unaffected.  

 

The strong effects of baroclinic torque in the small 𝑢′/𝑆𝐿 cases representing the wrinkled flamelets and 

corrugated flamelets regimes can have significant anisotropic impacts on the longitudinal and transverse 

structure functions. However, the anisotropic effects induced by baroclinic torque weaken progressively 

with increasing 𝑢′/𝑆𝐿 in the thin reaction zones regime.  

 

The behaviour of conditional second-order structure functions (e.g. (e.g. 𝐷23,𝐿
𝑟𝑟 (𝑟)/𝐷23,𝐿

𝑟𝑟 (𝑟; 𝑐̅ = 0.01), 

𝐷23,𝐿
𝑟𝑟 (𝑟)/𝑘𝑅) provides a measure of the strength of underlying thermal expansion effects and these 

statistics can be used to assess if the thermal expansion effects play an important role in a given flow 

situation. The current findings suggest that the thermal expansion effects and timescales associated with 

it cannot be neglected in the thin reaction zones regime and these effects become unimportant only for 

extremely large (small) values of Karlovitz number (Damköhler number). The analysis of structure 

function statistics in premixed flames and its application in combustion modelling are in a rudimentary 

stage and beyond the scope of this work but will form the basis of future investigations.  
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TABLES 

Cases 𝒖′/𝑺𝑳 𝒍/𝜹𝒕𝒉 𝑫𝒂 𝑲𝒂 𝝉 Domain Grid Regime 

A 1.0 3.0 3.0 0.58 4.5 79.5𝛿𝑡ℎ

× (39.8𝛿𝑡ℎ)2 

800 × 400
× 400 

Wrinkled/Corrug

ated flamelets 

B 2.5 3.0 1.2 2.28 4.5 79.5𝛿𝑡ℎ

× (39.8𝛿𝑡ℎ)2 

800 × 400
× 400 

Corrugated 

flamelets 

C 3.0 3.0 1.0 3.0 4.5 79.5𝛿𝑡ℎ

× (39.8𝛿𝑡ℎ)2 

800 × 400
× 400 

Thin reaction 

zones  

D 5.0 3.0 0.6 6.5 4.5 79.5𝛿𝑡ℎ

× (39.8𝛿𝑡ℎ)2 

800 × 400
× 400 

Thin reaction 

zones 

E 7.5 3.0 0.4 11.9 4.5 79.5𝛿𝑡ℎ

× (39.8𝛿𝑡ℎ)2 

800 × 400
× 400 

Thin reaction 

zones 

F 10.0 3.0 0.3 18.3 4.5 79.5𝛿𝑡ℎ

× (39.8𝛿𝑡ℎ)2 

800 × 400
× 400 

Thin reaction 

zones 

 

Table 1: The attributes of the DNS database considered for this analysis. 

 

Case max(𝐷11,𝑇)

2⟨𝑢′1𝑢′1⟩
 

max(𝐷23,𝑇)

⟨𝑢′2𝑢′2⟩ + ⟨𝑢′3𝑢′3⟩
 

max(𝐷23,𝐿)

⟨𝑢′2𝑢′2⟩ + ⟨𝑢′3𝑢′3⟩
 

A 1.053 1.169 1.136 

B 1.415 0.972 1.004 

C 1.151 0.997 1.122 

D 0.800 1.136 1.120 

E 1.156 1.036 1.000 

F 0.851 0.968 0.929 

 

Table 2. Values of max(𝐷11,𝑇) /2⟨𝑢′1𝑢′1⟩, max(𝐷23,𝑇) /{⟨𝑢′2𝑢′2⟩ + ⟨𝑢′3𝑢′3⟩}, max(𝐷23,𝐿) /

{⟨𝑢′2𝑢′2⟩ + ⟨𝑢′3𝑢′3⟩}   for  𝑐̅ = 0.5. 

 

Case 𝒌𝑹/𝒌𝑹(𝒄̅ = 𝟎. 𝟎𝟏) 

𝒄̅ = 𝟎. 𝟏 𝒄̅ = 𝟎. 𝟑 𝒄̅ = 𝟎. 𝟓 

A 0.7090 0.7853 0.7103 

B 0.7239 0.9196 0.7753 

C 0.8815 0.8618 0.7164 

D 0.8353 0.4674 0.2463 

E 0.7238 0.3976 0.2149 

F 0.8643 0.4899 0.2447 

 

Table 3. Variation in turbulent kinetic energy conditioned to the reactants as a ratio of its value 

at 𝒄̅ = 𝟎. 𝟎𝟏 (i.e. 𝒌𝑹/𝒌𝑹(𝒄̅ = 𝟎. 𝟎𝟏)) at various 𝒄̅ for cases A-F.  
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FIGURE CAPTIONS 

Fig. 1: Variations of normalised transverse conditioned structure functions (coloured lines) 

𝐷11,𝑇
𝛼𝛽

(𝑟)/(𝜏𝑆𝐿)2 (left column) and 𝐷11,𝑇
𝛼𝛽∗

(𝑟)/(𝜏𝑆𝐿)2 (right column) and mean unconditioned structure 

functions (black dots) 𝐷11,𝑇(𝑟)/(𝜏𝑆𝐿)2 (left column) and 𝐷11,𝑇
∗ (𝑟)/(𝜏𝑆𝐿)2 (right column) for axial 

velocities as a function of normalised separation distance 𝑟/𝛿𝑡ℎ for (a-f) cases A-F at 𝑐̅ = 0.5. Here, 

𝐷11,𝑇
𝛼𝛽∗

(𝑟)/(𝜏𝑆𝐿)2  and 𝐷11,𝑇
∗ (𝑟)/(𝜏𝑆𝐿)2 are normalised structure functions based on the density-

weighted velocity 𝑢⃗⃗∗ = 𝜌𝑢⃗⃗/𝜌0. 

Fig. 2: Variations of normalised transverse conditioned structure functions (coloured lines) 

𝐷23,𝑇
𝛼𝛽

(𝑟)/(𝜏𝑆𝐿)2 (left column) and 𝐷23,𝑇
𝛼𝛽∗

(𝑟)/(𝜏𝑆𝐿)2 (right column) and mean unconditioned structure 

functions (black dots) 𝐷23,𝑇(𝑟)/(𝜏𝑆𝐿)2 (left column) and 𝐷23,𝑇
∗ (𝑟)/(𝜏𝑆𝐿)2 (right column) for transverse 

velocities  as a function of normalised separation distance 𝑟/𝛿𝑡ℎ for (a-f) cases A-F at 𝑐̅ = 0.5. Here, 

𝐷23,𝑇
𝛼𝛽∗

(𝑟)/(𝜏𝑆𝐿)2  and 𝐷23,𝑇
∗ (𝑟)/(𝜏𝑆𝐿)2 are normalised structure functions based on the density-

weighted velocity 𝑢⃗⃗∗ = 𝜌𝑢⃗⃗/𝜌0. 

Fig. 3: Variations of normalised longitudinal conditioned structure functions (coloured lines) 

𝐷23,𝐿
𝛼𝛽

(𝑟)/(𝜏𝑆𝐿)2 (left column) and 𝐷23,𝐿
𝛼𝛽∗

(𝑟)/(𝜏𝑆𝐿)2 (right column) and mean unconditioned structure 

functions (black dots) 𝐷23,𝐿(𝑟)/(𝜏𝑆𝐿)2 (left column) and 𝐷23,𝐿
∗ (𝑟)/(𝜏𝑆𝐿)2 (right column) for transverse 

velocities  as a function of normalised separation distance 𝑟/𝛿𝑡ℎ for (a-f) cases A-F at 𝑐̅ = 0.5. Here, 

𝐷23,𝐿
𝛼𝛽∗

(𝑟)/(𝜏𝑆𝐿)2  and 𝐷23,𝐿
∗ (𝑟)/(𝜏𝑆𝐿)2 are normalised structure functions based on the density-

weighted velocity 𝑢⃗⃗∗ = 𝜌𝑢⃗⃗/𝜌0. 

Fig. 4: Variations of the probabilities for various events 𝑃𝛼𝛽 as a function of normalised separation 

distance 𝑟/𝛿𝑡ℎ for (a-f) cases A-F at 𝑐̅ = 0.5. 

Fig. 5: Variations of normalised turbulent kinetic energy 𝑘̃/𝑆𝐿
2 with 𝑐̅ for (a-f) cases A-F. 

Fig. 6: Minimal and maximal values of the transverse components of the unit normal vector 𝑁⃗⃗⃗ =

−∇𝑐/|∇𝑐| found for each transverse plane corresponding to 𝑐̅ =constant for (a-f) cases A-F. 

Fig. 7: Maximal (over each transverse plane at 𝑐̅) values of |𝑁⃗⃗⃗ ∙ ∇𝑢1|𝛿𝑡ℎ/𝜏𝑆𝐿 for |𝑁2| ≥ 𝑁∗ and/or 

|𝑁3| ≥ 𝑁∗ for different threshold values of 𝑁∗, as specified in legends, for (a-f) cases A-F. 
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Fig. 8: PDFs of  |𝑁⃗⃗⃗ ∙ ∇𝑢1|𝛿𝑡ℎ/𝜏𝑆𝐿 for either |𝑁2| ≥ 0.95 or |𝑁3| ≥ 0.95 for different values of 𝑐̅ for (a-

f) cases A-F. 

Fig. 9: Variations of 𝐷23𝐿,𝑟𝑟/𝑘𝑅 with 𝑟/𝛿𝑡ℎ for different values of 𝑐̅ for (a-f) cases A-F. 

Fig. 10: Variations of the magnitude of the structure function 𝐷23𝐿,𝑟𝑟 normalised by its value for 𝑐̅ =

0.01 (i.e. 𝐷23𝐿,𝑟𝑟(𝑟)/𝐷23𝐿,𝑟𝑟(𝑟; 𝑐̅ = 0.01) for (a-f) cases A-F. 

Fig. 11: Probability of finding the entire segment [A; B] within heat release zones (0.75 ≤ 𝑐 ≤ 0.95) 

for different values of 𝑐̅ for (a-f) cases A-F. 

Fig. 12: Variations of the normalised transverse structure functions 𝐷11,ℎℎ/𝑢1
′2̅̅ ̅̅  and 2𝐷23,ℎℎ/{𝑢2

′2̅̅ ̅̅ + 𝑢3
′2̅̅ ̅̅ } 

as a function of the normalised 𝑟/𝛿𝑡ℎ for (a-f) cases A-F for different values of 𝑐̅. 
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(a)

(b)

(c)

(d)

(e)

(f)

Fig. 1: Variations of normalised transverse conditioned structure functions (coloured lines) D↵�
11,T /(⌧SL)

2
(left

column) and D↵�⇤
11,T /(⌧SL)

2
(right column) and mean unconditioned structure functions (black dots) D11,T /(⌧SL)

2

(left column) and D⇤
11,T /(⌧SL)

2
(right column) for axial velocities as a function of normalised separation distance

r/�th for (a–f) cases A–F. Here, D↵�⇤
11,T /(⌧SL)

2
and D⇤

11,T /(⌧SL)
2
are normalised structure functions based on

the density-weighted velocity ~u⇤
= ⇢~u/⇢0.
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(a)

(b)

(c)

(d)

(e)

(f)

Fig. 2: Variations of normalised transverse conditioned structure functions (coloured lines) D↵�
23,T /(⌧SL)

2
(left

column) and D↵�⇤
23,T /(⌧SL)

2
(right column) and mean unconditioned structure functions (black dots) D23,T /(⌧SL)

2

(left column) and D⇤
23,T /(⌧SL)

2
(right column) for transverse velocities as a function of normalised separation

distance r/�th for (a–f) cases A–F. Here, D↵�⇤
23,T /(⌧SL)

2
and D⇤

23,T /(⌧SL)
2
are normalised structure functions

based on the density-weighted velocity ~u⇤
= ⇢~u/⇢0.
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(a)

(b)

(c)

(d)

(e)

(f)

Fig. 3: Variations of normalised longitudinal conditioned structure functions (coloured lines) D↵�
23,L/(⌧SL)

2
(left

column) and D↵�⇤
23,L/(⌧SL)

2
(right column) and mean unconditioned structure functions (black dots) D23,L/(⌧SL)

2

(left column) and D⇤
23,L/(⌧SL)

2
(right column) for transverse velocities as a function of normalised separation

distance r/�th for (a–f) cases A–F. Here, D↵�⇤
23,L/(⌧SL)

2
and D⇤

23,L/(⌧SL)
2
are normalised structure functions

based on the density-weighted velocity ~u⇤
= ⇢~u/⇢0.
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(a) (b) (c)

(d) (e) (f)

Fig. 4: Variations of the probabilities for various events P↵� as a function of normalised separation distance

r/�th for (a–f) cases A–F at c = 0.5.
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(a) (b) (c)

(d) (e) (f)

Fig. 5: Variations of normalised turbulent kinetic energy ek/S2
L with c for (a–f) cases A–F.
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(a) (b) (c)

(d) (e) (f)

Fig. 6: Minimal and maximal values of the transverse components of the unit normal vector ~N = �rc/|rc|
found for each transverse plane corresponding to c = constant for (a–f) cases A–F.
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(a) (b) (c)

(d) (e) (f)

Fig. 7: Maximal (over each transverse plane at c) values of | ~N ·ru1|�th/⌧SL for |N2| � N⇤
and/or |N3| � N⇤

for di↵erent threshold values of N⇤
, as specified in the legends, for (a–f) cases A–F.
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(a) (b) (c)

(d) (e) (f)

Fig. 8: PDFs of | ~N ·ru1|�th/⌧SL for either |N2| � 0.95 or |N3| � 0.95 for di↵erent values of c for (a–f) cases

A–F.
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(a) (b) (c)

(d) (e) (f)

Fig. 9: Variations of Drr
23,L/kR with r/�th for di↵erent values of c for (a–f) cases A–F.
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(a) (b) (c)

(d) (e) (f)

Fig. 10: Variations of the magnitude of the structure function Drr
23,L normalised by its value for c = 0.01 (i.e.

Drr
23,L(r)/D

rr
23,L(r; c = 0.01)) for (a–f) cases A–F.
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(a) (b) (c)

(d) (e) (f)

Fig. 11: Probability of finding the entire segment [A; B] within heat releasing zones (0.75  c  0.95) for

di↵erent values of c for (a–f) cases A–F.
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(a) (b) (c)

(d) (e) (f)

Fig. 12: Variations of the normalised transverse structure functions Dhh
11,T /u

02
1 and 2Dhh

23,T /{u02
2 + u02

3 } as a

function of the normalised r/�th for (a–f) cases A–F for di↵erent values of c.
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