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0. Introduction

Classical harmonic analysis in Euclidean space deals to a large extent with the anal-
ysis and geometry of the Laplace operator; for boundary value problems for harmonic
functions one studies Poisson integral operators, and also analogous problems involving
fractional powers of the Laplacian have become very important in recent years. Not only
FEuclidean geometry plays a role here, but also conformal geometry — and singular ellip-
tic boundary value problems lead to new insight about exactly the fractional Laplacians
as observed by Caffarelli-Silvestre in their influencial paper [2]. Their interpretation of
the fractional Laplacian as Dirichlet-to-Neumann operator of a singular elliptic boundary
value problem has led to further development in classical PDEs and has been generalized
for instance to conformally compact Einstein manifolds [3].

In this work we attempt to extend their theory for functions and distributions to
the case of differential forms; these are also important for physical theories — as would
also be other types of fields and vector bundles. In particular there is an interesting
family of integral operators analogous to the Poisson transform with both nice analytic
and geometric properties. The corresponding Dirichlet-to-Neumann operators on differ-
ential forms which play the role of the fractional Laplacian are the so-called fractional
Branson—Gover operators. They do not interpolate between powers of the Laplacian on
differential forms, but instead between their conformally invariant analogs, the Branson—
Gover operators, which play an important role in conformal geometry.

0.1. The case of functions

Let us first briefly recall the results from Caffarelli-Silvestre [2] and our previous
work [12]. For a € R Caffarelli-Silvestre consider the following Dirichlet boundary value
problem for functions on R"™:

(xiA + axn%) u=0, ulgs-1="F, (0.1)
where A is the Euclidean Laplacian on R” and R"~! = {z € R" : z,, = 0}. By determin-
ing explicitly the integral kernel of the Poisson transform P, which maps the Dirichlet
boundary value f to the solution w, they show that for s = 1_?“ € (0,1) the Neumann
boundary value lim,, 0 x%0,, u(z’',2,) is up to a constant equal to A®f, i.e. the frac-
tional Laplacian A? is a type of Dirichlet-to-Neumann operator for the boundary value
problem (0.1).

In our work [12] we found a suitable Hilbert space setting for the boundary value
problem of Caffarelli-Silvestre. More precisely, in [12, Theorem A] we showed that for 2—

n < a < 2 the operator A, = :E%AJraxn% is essentially self-adjoint on the homogeneous

Sobolev space H “z* (R™) and that for 2 — n < a < 1 the boundary value problem (0.1)
l—a

has a unique solution u € H%TQ(R") for every boundary value f € H 2 (R"1). In
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[12, Theorem B] we further proved that the Poisson transform P, is (up to a constant)
l—a

isometric as an operator P, : H 2" (R"1) — H*2*(R") and even LP-Li-bounded for
certain p and g. The goal of this paper is to generalize all these results to the case of

differential forms on R™ in a conformally invariant way.
0.2. Boundary value problems for differential forms

On R™ (n > 2) we consider the standard Euclidean metric. The space QP(R™) of
smooth p-forms on R™ will be identified with C°°(R"™) @ AP C™. In this way we can
view §'(R™) @ A" C™ as distribution-valued p-forms. We write e; for the standard basis
vectors in C™ and denote by ¢, and i, the exterior and interior multiplication on A®C"
by x € C".

For 0 <p <n and a € R we consider the following second order differential operator
on differential p-forms on R™:

0 .
Agpi=12A+ Ay~ + 22, (ie, d' — €, 0") — (n — 2p)ee, ic, s (0.2)

where A is the Euclidean Laplacian on differential forms and

n—1 9 n—1 o
U ! .
d = E €ej87j, 0 =— E Zejaixj (03)
j=1

Jj=1

are the Euclidean differential and codifferential on the subspace R»~!. Note that for
p = 0 this operator equals the operator occurring in [2].

The appropriate Hilbert space on which this operator acts is a homogeneous Sobolev
space which is most easily defined in terms of the Euclidean Fourier transform u of a
p-form u (see Section 1.4 for details):

p
or@®m) = {ue SR @ \C" / €2 ()| dé < oo
R

Note that H%P(R™) = L?>?(R") is the space of L?-forms of degree p. Instead of working
with the obvious norm on H*P?(R"), we use a slightly different but equivalent norm
|| - ||s,, which has the advantage that it is conformally invariant (see Proposition 1.2 for
the precise definition).

To state the boundary value problem we remark that by the Sobolev Trace Theorem
(see Corollary 2.4) there exists for + < s < 2 a bounded restriction map

HSP(R™) — H"2P(R™Y),  wis

Rn-1,
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which agrees with the pullback by the embedding R"~! < R™ on smooth differential
forms. We further note that by duality A" 7 R™ ~ AP R™ it suffices to consider the case
0<p<3.

Theorem A (see Section 2.3). Assume 0 < p <

I3

(1) For2—n+2p < a < 2 the operator A, is essentially self-adjoint on the homogeneous
Sobolev space H%’p(R") with respect to the conformally invariant norm || - ||2—Ta’p.

Its point spectrum contains {k(k+a—1): k € N,k < 152},
(2) For2—n+2p<a<1and f € H 2 P(R") the Dirichlet problem
Agpu=0, ulge-1=7f (0.4)
has a unique solution u € HLTa’p(]R”).
It is worth mentioning that the differential operator A, , is invariant under the action
of the conformal group of the subspace R"™! C R™ (but not under the action of the
conformal group of R™).

0.3. The Poisson transform

For a bounded function f on R*~! we define

Pt @) =cun [

n—at2 (ixfygwfy - Ezvfyixfy)f(w dy (m € Rn)
2
Rn-1 n

n—1

where ¢, , = 277 2 ['(2=22)I'(452)~1(n — 2p — a) ~!. The integral operator P, , turns
out to be the Poisson transform of the boundary value problem (0.4) and it extends to
an isometry (up to a scalar) between the corresponding homogeneous Sobolev spaces:
Theorem B (see Section 2./). Assume 0 <p< g and2—-n+2p <a <1,

(1) The integral operator P, , extends to a continuous linear operator

Py H2°P(R™) = H*2"P(R™),

which maps f to the unique solution w = P, ,f of the boundary value problem (0.4).
(2) The operator P, p is isometric up to a constant. More precisely,

2y/7(n—2p —a+2)l(%%) T

(n—20— )T (552) 2

1P, =
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In Section 4 we even find an explicit formula for the Fourier transform P/am\f of Py pf
in terms of the Fourier transform f of f (see Theorem 4.1). In fact, this formula is used
to find the precise constant in the isometry property.

0.4. Fractional Branson—Gover operators

We finally identify the Dirichlet-to-Neumann map of the boundary value problem (0.4)
as a fractional Branson—Gover operator. For this we consider, instead of the ordinary
powers of the Laplacian on differential forms on R?~1

AN = (5d+ ds)N = (da)N + (d6)N
the conformally invariant operators

n—1 n—1

2

Dy = ("= =+ N)@)N + (“= = p— N)(@)"
found by Branson—Gover [1]. These operators play an important role in conformal geom-
etry since their construction can be generalized to conformal manifolds. The Branson—

Gover operators are interpolated by the fractional Branson—Gover operators
1 s m_2,. .
Logole) = gy [ 10727 2 igey = ey it + 1) - wla)] dy,
R~

which are also conformally invariant. More precisely, for N € N we have (see Fischmann—
Orsted [5, Corollary 4.6])

n
T2

ANT(ZEN 1)

Lyp= Dnp.

In analogy to the work of Caffarelli-Silvestre [2] for the fractional powers A® of the
scalar Laplacian, the fractional Branson-Gover operators L, , can be interpreted as the
Dirichlet-to-Neumann map of the boundary value problem (0.4):

Theorem C. Assume 0 < p < %52 and let s € (0,1) and a = 1 — 2s. For f €
o

HPTGW(]R"_I) let u= P, ,f € H2"P(R") be the unique solution of (0.4). Then

N

Ls,f(y) =dsp xlir_r)lo 220, u(z',x,)
with dsp, = (T(—8)cap)*
Since the operator A, is also invariant under the conformal group of R"~!, the

description of the fractional Branson—Gover operators as Dirichlet-to-Neumann maps of
the boundary value problems (0.4) respects the action of the conformal group of R"~1,
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0.5. Relation to other work

In the recent work [10] La Nave—Phillips find an alternative generalization of the
Caffarelli-Silvestre mechanism to differential forms. The main difference between their
approach and our approach is that our Dirichlet-to-Neumann map L, is conformally
invariant whereas they consider fractional powers of the Hodge Laplacian on forms which
are not conformally invariant. In fact, on Euclidean space the Hodge Laplacian reduces
to the ordinary Laplacian on functions, i.e.

A(fdl‘ll /\.../\dl‘ik) = (Af)dl‘“ /\.../\da:ik,

so that they are able to apply the results from [2] for the scalar case.

We remark that the conformal invariance of the operators A, ,, P, , and L, might
play an important role in a possible generalization of our results to conformally compact
Einstein manifolds (see e.g. [3] for the case of functions).

0.6. Methods

Most of our proofs rely on the representation theory of the conformal group O(1,n+1)
of R™ and its subgroup O(1,n). More precisely, the group O(1,n + 1) acts on the
homogeneous Sobolev space H SP(R™), =% +p < s < § — p, by an irreducible uni-
tary representation (the complementary series). Restricted to the subgroup O(1,n) C
O(1,n + 1), the representation decomposes into irreducible unitary representations of
O(1,n). For % < s < 5 — p one of these representations is the corresponding com-
plementary series representation of O(1,n) on Hs_%’p(]R"_l), and the restriction map
HsP(R™) — H* 2P(R"1) projects onto this component. This observation makes it
possible to use the machinery of symmetry breaking operators whose study was re-
cently initiated by Kobayashi [7] (see also [4,8,9,6]). In this language the differential
operator A,, (a = 2(1 — s)) corresponds to the action of the Casimir element of
O(1,n) in H5P(R") and the fractional Branson Gover operators are the standard
Knapp—Stein intertwining operators between principal series representations of the group

O(1,n).
0.7. Outlook

In principle, the methods of this paper are robust and should allow generalizations
to other vector bundles and also to other geometries, i.e. other pairs of groups (G,G")
than just (O(1,n 4+ 1),0(1,n)). For instance, in our previous work [12] we already dis-
cussed a boundary value problem on the Heisenberg group which belongs to the pair
(G,G") = (U(1,n + 1),U(1,n)). In fact, principal series representations can be formed
for any reductive group and the standard Knapp—Stein intertwining operators always
provide a meromorphic family of integral operators. Further, the recent work [11] by
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the first named author shows that meromorphic families of symmetry breaking oper-
ators also exist in many situations. We therefore believe that there are many other
cases in which our methods can be used to provide analytically and geometrically in-
teresting boundary value problems, and we hope to return to this point in a future
work.

However, there are a few observations one has to take into account when considering
generalizations. First of all, the differential operator A, , is essentially the Casimir op-
erator of the group G’ and should in higher rank situations be replaced by an algebra of
invariant differential operators which will in general not be generated by a single operator.
Therefore one is most likely forced to study systems of differential equations rather than
a single equation. Another issue is that complementary series representations are quite
rare, so that there will not always be canonical Hilbert spaces for the relevant boundary
value problems. Finally, the pairs (O(1,n+1),0(1,n)) and (U(1,n+1),U(1,n)) are so-
called multiplicity-one pairs, a property that is connected to the uniqueness of solutions
to the relevant boundary value problem. Already the pair (Sp(1,n+1),Sp(1,n)) of rank
one groups fails to have this property, so that one cannot expect unique solutions in
general.

0.8. Structure of the paper

In Section 1 we briefly recall the action of the conformal group O(1,n + 1) on R"
and the corresponding unitary representations on homogeneous Sobolev spaces of dif-
ferential forms on R"™, the complementary series representations. Here we also give a
representation theoretic interpretation of the fractional Branson—Gover operators as in-
tertwining operators between complementary series representations. In Section 2 the
relation between symmetry breaking operators in representation theory and boundary
value problems and Poisson transforms is established. Here most of the statements in
Theorem A and B are proven. The remaining points are addressed in Section 3 (explicit
normalization of the integral formula for P, ;,), Section 4 (uniqueness of solutions to (0.4))
and Section 5 (isometry property of P, ,). Finally, in Section 6 the fractional Branson—
Gover operators are identified with the Dirichlet-to-Neumann map of the boundary value
problem (0.4), providing a proof of Theorem C.

In Appendix A we further give some computational details related to the interpre-
tation of A, , as a Casimir operator, and in Appendix B we compare A, , with the
Laplace—Beltrami operator on differential forms on the hyperbolic space realized as the
upper half space H™ C R™.

1. Action of the conformal group on differential forms

In this section we sketch the construction of the complementary series representations
of the conformal group G = O(1,n + 1) on differential forms.
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1.1. The conformal group

We realize the rank one orthogonal group G = O(1,n+1), n > 1, as (n+2) X (n+2)

matrices preserving the bilinear form

(T, y) = ToYo — T1Y1 — -+ — Tt 1Ynt1-

Let g denote the Lie algebra of G and define

H=]10 €g.
0,

Then the adjoint action ad(H) on g has eigenvalues +1, 0 and —1 and we write n, [ and
n for the respective eigenspaces which are in fact subalgebras. The subalgebra [ can be
further decomposed as [ = m @ a with m the Lie algebra of

M:z{(8 € >:5:j:1,m60(n)}20(1)><0(n)

and a = RH. We further write A = exp(a), N = exp(n) and N = exp(n), then P =
MAN and P = M AN are parabolic subgroups of G. They are conjugate via the element
wo = diag(—1,1,...,1) € G, i.e. wona1 = P. In what follows we identify N ~ R" by

0 0 =z
R" N, z—=nz:=exp| 0 0 —z' |. (1.1)

z = 0,
The group G acts by rational conformal transformations on R™ in the following way:

The subset NMAN C G is open and dense, so that for fixed g € G and almost all
r € R™ we can decompose

G = Tgam(g, x)e” log(j(9,2))H
with g -2 € R™, m(g,z) € M, j(g,z) > 0 and n € N. This defines a rational conformal

action (g,z) — ¢ -« of G on R™ with conformal factor j(g,z) in the sense that the
derivative Dg(z) of g at = € R™ satisfies

|Dg(x)¢| = j(g,2)|¢]  VEER™
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1.2. Principal series representations on differential forms

We identify af, ~ C by A — A(H). Then the half sum of positive roots p := 3 trad |, €
a® is given by p = 3. For A € ag >~ C the character e of A is given by e*(etH) = M.
For an irreducible representation (£, V) of M and A € C we define the principal series

representation (smooth normalized parabolic induction)
e = mdé(¢@e* ®1)
as the representation of G on the Fréchet space
{u e C®(G,V) : u(gman) = a=*"P&(m) tu(g) Vg € G,man € MAN}

by left-translation, i.e. 7% (g)u(r) = u(¢~'z), g,z € G.

We will mostly work in a different and more convenient realization of these represen-
tations, the non-compact picture, which we briefly explain. The subset NM AN C G is
open and dense and therefore, restriction to N ~ R" realizes the representation Thoe On
a space

I, CC™(R™, V)

of smooth V-valued functions on R™.

Here we are mostly interested in the case where ¢ is the p-th exterior power of the
standard representation of O(n) on C", i.e. V.= A’ C™, 0 < p < n. We denote this action
by §, and extend it trivially to the group M ~ O(1) x O(n). We write 737, = 73%  and
I3, = Iffgp for short. Identifying e; with dx; the space I3, can be viewed as subspace
of the space QF(R") of differential p-forms on R™. We note that I3°, always contains the
space S(R™, AP C™) of rapidly decreasing p-forms.

On A”C™ we use the standard inner product so that {e;, A... Ae;, : 1 < iy <

. < i, < n} forms an orthonormal basis. With respect to this inner product the
representation &, of M on A” C" is unitary. Moreover, the inner product can be used to
define a G-invariant continuous bilinear pairing

I, x 1%, = €, (u1,uz) /(ul(x),UQ(x)> de
Rn

and hence identify I3, with a subspace of the dual space I X, ;O = (IZOM,)*. We have

p p
S®R", \C") C I3, C I € S'R", A\ C™)

and the representation 75’ extends by duality to a representation 77):;" on I;;O. In terms
of the conformal action of G on R™ the representation is given by
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mp(@u(@) = jlg~ )M PE(m(g™  2) Tu(g - w)  Vge G eR™
1.8. Knapp—Stein intertwining operators

There exists a meromorphic family of intertwining operators T} ), : Tp = T po

the so-called Knapp—Stein intertwiners. For Re A > 0 the operator T} , is given by the
convergent integral

Ty pulg) = / u(gwom) d.

N

Abusing notation we also write T , for the corresponding operator Iy, = 17, ,- In
[5,13] the following expression for T , as an integral kernel operator was obtained:

Lemma 1.1. Let 0 < p < n. For Re A > 0 the Knapp—Stein intertwining operator is given
by

Ty pul() = / POV (iye, — eyiy)ule + y) dy.
Rn

Note that with the notation y = |y|y the operator T) , can also be written as

Ty ulz) = / PO (1565 — egis)u(z +y) dy.
R’!I.

Of particular importance for us are the Knapp—Stein intertwiners T , for =1 < A <0,
so we describe their regularization in detail. Let u € S(R™, A’ C"), then for Re A > 0
we can write

Ty pu(z) = /r”‘_lﬂ(x,r) dr with  u(z,r) = / (lwew — Ewiw)u(T + rw) dw.
0 Sn—1

Note that @(z,r) is an even function of r, i.e. u(xz,—r) = u(x,r). Now the standard

,7)-
regularization for the distributions |r|>*~! on R gives for A € (—1,0):

Typu(z) = P.V. [ +27Y(f(z,r) — f(z,0)) dr

P.V.

0\8 0\8

P21 / (lwEw — €wiuw)(f(z +1w) — f(2)) dwdr

Sn—1
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:pvl/Mmﬂmﬁg—%@Xﬂx+w—f@»@.
Rn

1.4. Complementary series representations and homogeneous Sobolev spaces

Let 0 < p < n. For A € iR the representation 73°, is irreducible except for the case
(A,p) = (0, %) with n even where it decomposes into the direct sum of two irreducible
representations. For all A € iR the representation 73°, is unitary on L?(R™, A” C™) which
we interpret as the space L>P(R"™) of L2-forms of degree p.

More subtle is the question about unitarizability for A € R. For simplicity we assume
0 < p < 7, the remaining cases can be treated similarly. It turns out that m3°, is
irreducible and unitarizable if and only if |A\| < § — p. In this case the G-invariant norm
on I{°) is given by

Jully = [ (o). u(w) do (1.2)

R"n,

for X € (0,5 — p) and by a regularization of the integral in the remaining cases. We
write Iy , for the corresponding Hilbert space and extend Ty to an irreducible uni-
tary representation 7y, on Iy p, the complementary series. The smooth vectors of this
representation are given by I3, and we have the following inclusions:

p D
SR, \C") C IR, € Iy S I CS'R™, A\ CT).

A convenient way to handle the regularization of the integral is by taking the Euclidean
Fourier transform. We use the following normalization:

a(g) = (2m) 2 /e_”'fu(x) dz, u € S’(R",/\(C").

R

In [5, Corollary 4.2, Remark 4.10] the following equivalent description of the invariant
norm is given:

Proposition 1.2. For |\| < § — p the G-invariant norm on Iy, is given by

g = 1672272 (((5 — 2= N)icee + (5 =+ A)ecic) ). 1)) de

R~

_ / 6722 (5 — = A)igee + (5 = p+ A)egig)ul(©), a(€) ) de.

R~

(1.3)



12 J. Frahm et al. / Journal of Functional Analysis 278 (2020) 108395

Sometimes it is more convenient to work with an equivalent norm which is not
G-invariant but easier to handle:

Lemma 1.3. For |A\| < § —p the norm |- |\ given by
Jul = / €172 [a(e)|* de (1.4)
R~

is equivalent to the norm || - || in (1.3). More precisely,

n n
(5 —p= W)l <l < (5 —p+ A1) lul.

Proof. For any unit vector u we have iue, > 0, €44, > 0 and iye, + €48, = id as
operators on A" C". Thus

(32— W)id< (5-p=2)ige+ (5 —p+A)egie < (5 -p+IAl) d
for [A\| < § — p. The claimed estimate now follows by integration. O

The previous lemma shows that for p = 0 the Hilbert space I ¢ equals the homoge-
neous Sobolev space

H*(R™) = du e S'(R™) - / €2 [a(6) 2 d < o
R'n

of degree s = —\. We therefore call Iy , the homogeneous Sobolev space of p-forms on
R"™ of degree s:

P
or@®™) = {ue SR, \C™): / €2 (€)1 de < oo
Rn

2. Symmetry breaking, boundary value problems and Poisson transforms

We recall the construction of symmetry breaking operators for differential forms from
[9,6] and describe their relation to boundary value problems. Analogous results in the
scalar case were obtained in [12, Section 3]. Although the proofs in this section resemble
those in [12], we include them for the sake of completeness.

2.1. The subgroup O(1,n) and its representations

The conformal group G’ = O(1,n) of the subspace R"~! C R™ can be embedded as a
subgroup of G = O(1,n + 1) as the upper left corner. Then P’ = PN G’ is a parabolic
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subgroup of G’ with Langlands decomposition P’ = M’AN’, where M/ = M NG’ ~
O(1) x O(n — 1) and N’ = N NG’ ~ R"!. Under the identification N ~ R™ the
subgroup N = N NG’ corresponds to the subspace R?~1 ~ {(2/,0) : 2’ € R*71} C R™.

For 0 < ¢ <n — 1 we let 1, denote the representation of M’ on A?C"~1. As above,
we consider for v € C the principal series representations

Tog = Indg: (ng®@e” ®1)

of G'. Again we realize these representations on a space Jy5, of smooth differential
g-forms on N ~ R" !, The dual space oS = (J, )" will be identified with a
space of distributional g-forms on R”~! on which G’ acts via duality by a representation

—0o0
Ty’q .

For |v| < 25+ — ¢ the representation 7., is irreducible and unitarizable and we write

Jy.q for the corresponding Hilbert space completion of J2%

7, to Ju 4. As before we have J, , = H~v4(R™1).

o and 7, 4 for the extension of

2.2. The Casimir operator

On the Lie algebra g the Killing form

B(X,Y) = %tr(XY), X,Y €g,

is non-degenerate, bilinear and G-invariant, and it restricts to a non-degenerate bilinear

~

form on the Lie algebra g’ of G'. Let (X,)o C ¢’ be a basis of g’ and let (X, ), be its
dual basis with respect to the form B. Then the Casimir element

C=) XoX,€U(g)

in the universal enveloping algebra of g is independent of the chosen basis and invariant
under Ad(G’). We study the action of C' in the representation 75°,. For this denote by
drs°, the derived representation of U(g) on I3°,.

Proposition 2.1. For 0 < p <n and A € C we have

dr3,(C) = Doprgryp + A+ p)A—=p+1) +p(n—p—1),

where A, , denotes the differential operator defined in (0.2) and d' and &' are the differ-
ential and codifferential on R"~1 defined in (0.3).
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Proof. By the computation (A.1) in Appendix A we have

0 = 0
[eS) 2 .
drn3,(C) = xp A+ 2(A + 1)y, e 22, ]Ezl d&,(M;y) oz,

— ) dG(Mp)P+ (A +p)A—p+1).
1<j<k<n—1

Now we first note that d§,(M;,) = —(ie, €c, +€e, ie,; ), then the first sum can be computed
with (0.3):

n—1

-2z, Z d«fp(Mjn)% = 22, (i, d —.,0).
j=1 ’

Further, the expression ;- <, 1 deW)(M;y,)? is simply the Casimir operator of so(n—
1) acting on AP C™. The irreducible representation A” C™ of s0(n) decomposes into two
irreducible summands when restricted to so(n—1), namely AP C"~! and A*~' C" ! Ae,,.
The projection onto A” C"~1 is given by i., e., and the projection onto /\pﬁ1 C" 1 e,
is given by &, ic,. Moreover, the Casimir element of so(n — 1) acts on A?C™"~! by the
scalar —g(n —q¢—1) (¢ =p — 1,p), so that

> dg(Mj)? = —p(n—p— 1)ic e, — (p— 1)(n — p)ec, i,

1<j<k<n—1

Using i, €e,, + €e, %e, = id finally yields the claimed formula. O
2.8. Differential symmetry breaking operators and boundary value problems

The restriction of the irreducible representation 75°, of G'on If5, C QP(R") to the
subgroup G’ C G defines a representation 7% |- of G’ which is highly reducible. The
irreducible representations of G’ which occur inside 7r§f’p|g/ are described in terms of so-
called symmetry breaking operators (see e.g. Kobayashi [7]). In our setting, a continuous
linear operator T': I, — J75 is called symmetry breaking operator if T intertwines the
representations Wi?pky and 7,.%:

Tony,(9) =15(G)eT  Vged'

The symmetry breaking operators between 737 and 7, were classified by Kobayashi—
Speh [9]. Of particular importance for us are differential symmetry breaking operators.
In our special case these are symmetry breaking operators which arise as the composi-
tion of a differential operator on QP(R™) and the restriction from QP(R™) — QP(R™™1).
Differential symmetry breaking operators between differential forms were classified by
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Fischmann—Juhl-Somberg [4] and Kobayashi-Kubo—Pevzner [8], and their classification
contains one particular family of operators which is important for our purpose:

Theorem 2.2 ([8, Theorem 1.6 (1)]). Suppose A + p — v — p' = =2k for some integer
k > 0, then there exists a non-trivial differential symmetry breaking operator

Crxvp Iy =I5
which is of the form
Cawvpu(a’) = (Pryu)(2,0)

where Py, = px (52, ..., 52) for a Homc (AP C™, AP C"1)-valued homogeneous poly-

ox," ) Oxy,

nomial pxv (&1, ..., &n) of degree 2k.

We remark that for £ = 0 the polynomial p) , is constant, so that the operator C , p
is (up to scaling) the restriction of differential forms on R™ to R™~1.

Theorem 2.3. Assume 0 < p < § and suppose that A+ p —v —p' = =2k, k > 0. If
Ae (=5 +p,0) and v € (—% +p,0), then the differential symmetry breaking operator
Cxp extends to a non-trivial continuous linear operator between the Hilbert spaces Iy ,
and Jy, p:

Cxwp  Dap = Jup.

Proof. We write R for the restriction operator Ru(z') = wu(z’,0), so that we have the
identity C,,p = R o Py . The Fourier inversion formula shows that

Ru(¢) = (2m)~ / e 6,) déy.

R

This implies

Cropul€) = (2m)72 / Pyou(€ &) dé, = (2m) 3 / P (i€, .. i€ )A€, &) dén.

R R

Since py,, is homogeneous of degree 2k its matrix norm can be estimated by

[P (P61, ..., i&)] < C - €]

for some constant C' > 0, whence

|Crwpu(€)] < © / €A €,)] de = C / €2 N [(E €) | dn-
R R
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Applying the Cauchy—Schwartz inequality gives

|Crmmu(€)IP? < C? / ¢[PHE g, / €72 A, 60| dén.
R R

The first integral can be computed using the substitution &, = |¢'|t:
/|€‘2)\+4k dﬁn _ |§/|2)\+4k+1 /(1 4 t2))\+2k dt = Cl|£/‘2u
R R

with C' = [ (1+¢*)*2* dt < oo since A+ 2k = v — 1 < —1. Hence we obtain

€172 [ )]] < CZC'/|€I*2Allﬁ(€'7§n)l\2d§m
R

so that integration over & € R™~! finally shows that
[Cawpuly < C?C'|ufi. O

Corollary 2.4. Assume that0 < p < %. Then for% < s < §—p the restriction u — u|gn—1
of compactly supported smooth p-forms on R™ to R™™! extends to a continuous linear
map

R: H*P(R™) — H* 2P(R"1).

Proof. Let A\ = —sand v = %

operator. Now the result follows from Theorem 2.3 since Iy, = H-»?(R") and J,,, =
H-vP(R*™1). O

— s, then C) , p is up to a scalar multiple the restriction

Using the differential symmetry breaking operators C) ., we can show that certain
complementary series representations 7,, of G’ occur as direct summands inside the
restriction my p|¢s of a complementary series representation of G to G”:

Corollary 2.5. The adjoint operator C;Mp s Jup = Inp is a G'-equivariant isometry
(up to a scalar) and identifies T, , with a subrepresentation of mx p|c:. In particular, the
Casimir operator dr3°,(C) acts on the image C5 , (J,p) by the scalar v* — p'? 4+ p(n —
p—1) and the composition Cy , o s Jyp = Jup s a scalar multiple of the identity.

*

A,v,p

Proof. Since C) ,,, is G'-intertwining, its adjoint Clupis G'-intertwining as well. Now

Asv,p
scalar multiple of an isometry which proves the first statement. To prove the second

Ty p is irreducible and therefore, by Schur’s Lemma, the intertwiner C' has to be a

statement we observe that, as a parabolically induced representation, 7, ;, has infinites-
imal character v plus the infinitesimal character of A” C"~!. Therefore the Casimir
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element C' acts by dr;5,(C) = v? —p'2 4+ p(n —p—1). Since C3,,, is G'-intertwining,
the Casimir element acts by the same scalar on the image C5 , (J,,p). Finally, the

composition Cy,p, 0 C%, . : Jup = Jup is a G'-intertwining operator from the irre-

\vp
ducible representation Juyp to itself and hence a scalar multiple of the identity by Schur’s

Lemma. O

Proof of Theorem A. Let A = “7_2 € (—5+p,0). By Proposition 2.1 the operator A, , =
Ag(at1),p only differs from dﬂf\f’p(C ) by a constant. Now, in any unitary representation the
Casimir element defines a self-adjoint operator by [15, Theorem 4.4.4.3] which implies
that dm3°,(C) (or equivalently A, ) is essentially self-adjoint on H 2_Ta’p(]R{") = I,
Further, by Corollary 2.5 the operator dr5°,(C) has v2 —p'?2 +pn—p-—1) as an
eigenvalue whenever

1 n—1 a—1 1—a
A+ = +2 - = : .
e( +2+N>m( . +p,o> { . kel }
)

so the
L4 2k

By Proposition 2.1 we have dn3°,(C) = Ay p + (A +p)(A—p+1) +p(n—p—
operator A, , has the eigenvalues (v +p')(v — p') = (A+p)(A—p+1). For v =
this expression equals k(k + a — 1). This completes the proof of (1).

L othen A\ +p—v—p =0, ie k =
0, and therefore the operator C) ., , can be taken to be the restriction of p-forms on

To show (2) consider the special case v = £

R™ to R"~!. Corollary 2.5 now implies C;,V,p 0 Chup = Cru,p - id. Hence, for every

fe H=ZP(R"Y) = J,, the function u = c5}, C%,,f € In, = H 2" P(R") satisfies

u|gn—1 = Cy . pu = f and by Corollary 2.5 also A, pu = 0. This establishes the existence

of a solution to (0.4). Uniqueness will be shown in Section 4. O
2.4. Integral symmetry breaking operators and Poisson transforms

The differential symmetry breaking operators Cy ,, for A+ p—v —p' = =2k, k €
N, arise as residues of a family Ay, , : I3, — J7, of symmetry breaking operators
which depends meromorphically on (\,v) € C2. This family of operators is for Re(\ +

v),Re(v) > 0 given by the convergent integral

A et
A/\,V,pu(y) = / (la/ = y|2+x2)y+p 1 (Z:l: yEo—y — Ex—ylz— y)u(x) dz

R~

yeR" Luely,

and extends meromorphically in (\,v) € C? (see [9,6]). In [9] all possible poles and
residues of the family Ay, , are obtained.
More important for our purpose is the adjoint of Ay , p:
Bywp = AZ/\,

c %I/\_p ,
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I .
Byupf(x) = / Iz — y|2 + 22)-v+e'+1 (lo—yCa—y — Ex—ylz—y)f(y) dy.
Rn—1

Restricting B, ,,, to J7, gives a G’-intertwining operator Jop = Iy, °°. Another such
operator arises from Corollary 2.5 if A+ p—v — p = =2k and A€ (77 +p,0), v e
(=252 + p,0) using the embeddings 0% C Jnup and Iy, C I3

Clvp i dop = Jvp = Dop = I, °.
To relate By, and C5 , , we make use of the following Multiplicity One Theorem:

Fact 2.6 (see [14]). Let G = O(1,n + 1) and G' = O(1,n), then for any irreducible
Casselman—Wallach representations © of G and T of G', the space of G'-intertwining
operators T — ()| s at most one-dimensional.

Here a representation 7 of G is called Casselman—Wallach if it is a smooth represen-
tation on a Fréchet space which is admissible, of moderate growth and finite under the
centre of the universal enveloping algebra. We note that the representations 75, of G
and 775, of G" are Casselman—Wallach.

Proof of Theorem B. Let \ = “T’Q and v = “Tfl, then A+ p — v — p/ =0, so that both
By, and C5 , , define G'-intertwining operators J;, — Iy ) 5 °° between the representa-
)*|c. Note that the reprebentatlonb (755, J55,) of G" and

(T2 s I_ 3p) of G are irreducible. Hence, by Fact 2.6 the operators B) . and CX.p are

o0

tions 7.9, and 7r)\ Slar= (7=,

proportional. By the proof of Theorem A the Poisson transform P, , is a scalar multiple
of C3 ,
p. This shows (1) up to the computation of ¢, , which is carried out in Section 3. The

so it follows that P, , = ¢4,pBa,.,p for a constant ¢, , depending only on a and
proof of the isometry property (2) is contained in Section 5. O
3. Poisson transform of constant forms

In this section we compute the Poisson transform of a constant p-form. This is used
to deduce the explicit value of the constant c, ,, and also in Section 6 to compute the
Dirichlet-to-Neumann map of the boundary value problem (0.4).

Let w € AP C"~! be a constant p-form on R"~1. We will also view w as a constant
p-form on R™ which does not contain dx,,. Then

|CC |17a ) )
Py pw(T) = Cap / e y|2"+ x2)n7§+2 (lg—yEa—y — Ex—ylp—y)w dy
n

|2z . .
Tl | g a2y () E@an) = Ewen)yen) )@ dY-
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We have

(i(yva’)n)g(yva’/‘n) - E(yvxn)i(yvl‘n))

= (iyey — yly) + Tn(iyte, + e,y — Ee, by — Eyle,) + xi(ienfen — Ee, e, )-

Since the remaining part of the integrand is an even function of y, the integral over
T (iy€e, +ie, €y — Ec,ly — €yle, ) vanishes. Further, the substitution y = z,w yields

1 . .
Py pw(x) = cap / W(%ﬁw — Ely)w dw

Rn—1

1
+ Ca, / —M ’L.en€5n - Eenien wdw.
pRH 1 o) =22 =z ( )

The second integral is easily evaluated using the Beta integral:

n— e n—1
1 27TT1 n—a+2 WTF(;G)
——dw = — /(1—1—7‘2)7 > "y = ———2
Rn/l ()™= T T r(=57)
For the first integral we note that
TwEw — Ewlw = Z Wiw;(ie,€c; — Ee; e, )-
ij=1
Integrating w;w; with ¢ # j gives zero whereas for i = j:
2 1 2
/ w; n—a+2 dZ = 1 / |w2| n—a-+2 dZ
L e ne )R
n—1 o0 n-lnil—a
(n= DT 2T(42)
Putting this together gives
"_*1 — n,1 n—1 3—a
w2 [(52 . w2 I'(35%) .
Popw(x) = Cap 2T (2= a+2 Z le;€e; — Eeylie; )w Jrca,pl—\(n—ia-s-g)(zeﬁen Eeyle, )W
j=1 2
n—1
> [(1lza
=c, # (n—2p — alie, e, — Ee, le,))w

P 2F(n (21+2)

n—1

7 (n - 2 — @)l (152)
= Ca,p QF(n_a+2)
2

Ww.
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Since Py pw|gn—1 = w we find

_ 20 ("=5+2)
Ca,p = n—1

T2 (n—2p—a)F(1’T“)'

4. Uniqueness

In this section we show the uniqueness of solutions to the boundary value problem (0.4)
in the homogeneous Sobolev space H 2P (R™). This is done using the Euclidean Fourier
transform under which the differential equation A, pu = 0 essentially corresponds to a
vector-valued second order differential equation in one variable which we solve explicitly
(see Theorem 4.1.

4.1. Fourier transform of the boundary value problem

We use the following normalization of the Euclidean Fourier transform:

Frou(€) =€) = (2m) "} [ e u(o) do

Rn
Then
Tju(€) =i, u(f),  Or,u(f) =i&u(f).

Now assume u € HQ_TG’I’(]R”) is a solution of (0.4), then

0= A/a\u(g) = (agn ‘€|2 - aaéngn - 285,, (ien,gé’ + Een,i&“’) - (TL - 2p)5enien)a(£)
= (1g102, — (a = 9)¢ue, — 2(ic,er + cenicr) O,
~(a=2) = (n = 2p)eg,ic, ) (),

and

/ (€, €, dn = V2T F(E).

R

Let z = é"," and define

v, 2) =1u(¢,1€']2),

then
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Au() = Dyv(€',2)  and / v(f’,Z)dz=%f(£’),

R

where

2

d
Dy=(1+22)— — |(a—4)z + 2(2’6,,@5, + ae“z{,)]

d .
22 - — (a=2) = (n = 2p)ec, i,

d

with & = &'/1€'|. We decompose

F(E€) = hE)+E€ A ful€) (4.1)
with i¢/ fr(€') = 0 for R = 1,11, and similarly
v(€', z) = \/gi,TT {vl(glv z) + g A vir(€,2) + en Ao (€, 2) + en A g A vy (€', Z)},

with iervg(¢, 2) = ie, vr(€', 2) = 0 for R = L,ILIILIV. Then

~

/v3(5'7z) dz = fr(&’) for R =111,

® (4.2)
/vR(f',z) dz=0 for R =1III,1V,
R
and for fixed ¢’ the following ODEs are satisfied:
r d? d
2 Y a - - —_— =
_(1 +z )dz2 (a 4)Zdz (a 2)] v =0,
r d? d d
14 22— —(a—4)z— — (a — 2 2— vy =
( +z )d2:2 (a )Zdz (a )} vrr + dzUIH 0,
r d? d d
2 _
_(1 +z )@ — (a — 4)2’% — (’I’L — 2p+a — 2):|UHI — 2@’(}11 = 07
r d? d
1 N —(a—4)z— —(n—2 -2 = 0.
( +z )dZ2 (a )Zdz (n—2p+a )}vlv 0
Further, the condition u € H%Ta’p(R”) implies that
—al~ _a 2—a
= [lePela©Pds= [ e [0+ 5 e 2P dsde
Rn Rn—1 R
is finite. Therefore, for every R = I,II,III, IV we must have
/|UR(5',Z)|2(1 +22)%2" dz < oo. (4.3)

R
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4.2. Equation I
The ODE for v has a regular singularity at z = 4+o00. We therefore substitute y = z~*
and find

2

[(1 + ?f)yzdd—y2 + [(a—2)y + 2y3]d% —(a—2)|v=0.

The corresponding indicial equation at y = 0 is

pp—1)+@=2)p—(a—2)=0

which has the two roots 3 = 1 and pe = 2 — a. Since a < 1, the roots are distinct
and we have py < ?’_Ta < pe. Hence, there exist two linearly independent solutions with
asymptotic behaviour ~ y#t = z7#1 and ~ y#2 = z7#2 as z — 4oo. If v1(¢/,2) ~ 271
as z — 400, the integral (4.3) diverges, whence vr(£’, z) has to be a scalar multiple of
the solution with asymptotic behaviour ~ z7#2 as z — 4o0. To find this solution we

first rewrite the differential equation using x = —2z2 to find
d? 1 a—5\d a—2
1—2)— (— )_ =0,
[M R G R R ]‘bl(z)
which is the hypergeometric equation with a = 4 = 1 8= £ = 229 and y = 1. The

solution with asymptotic behaviour ~ z7#2 = (,@7#2/2 as z — 400 resp. r — —00 is
given by

a—2 a—2

(—2) 2B+ B —pl+B-aaT ) =(1-2) =(1+27)7

and its asymptotic behaviour as z — —oc is also ~ |z|7#2 whence the L2-condition (4.3)
is indeed satisfied. With the normalization (4.2) we find

2-qa
Ul(glv Z) = H—21—)(1

VTL(5)

where we have used the beta integral formula to compute the relevant integral.

(1+22)F fi(¢),

4.3. Equation IV

Next we consider the ODE for vpy. As above it has a regular singularity at z = +o00
with corresponding indicial equation

pp—1)+(@=2)p—(n—-2p+a—-2)=0

whose two roots are
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Ca a2
+(n—2p+a—2) and pp =3 —|—\/(32 ) +(n—2p+a-—2).

Since 2 —n + 2p < a < 1, the roots are also distinct and we have u; < B_Ta < 2.
Hence, there exist two linearly independent solutions with asymptotic behaviour ~ z7#1
and ~ z7"2 as z — +00. Again, the asymptotic behaviour ~ z7#1 as z — +00 can be
ruled out due to the L?-condition (4.3), whence vry (€, 2) has to be a scalar multiple of
the solution with asymptotic behaviour ~ z7#2 as z — +o00. As above, the substitution
x = —2z2 gives

d? 1 a-5 d n—2p+a—2
[x(l‘””)@WT )t v =0,

which is the hypergeometric equation with a = &+, 8 = &2 and v = % The solution

with asymptotic behaviour ~ z7#2 = (—z)~#2/2 as z — 400 resp. & — —00 is given by

(@) 2P 1+ -yl +f-ase) = IF“E . B)(’V)Jr(f ;

Iy -DIl+5-a)
LT (y —a)

2 Fi(a, B; ;@)

+ (=)' R (14+a—v,1+8—7;2—7;2).

Resubstituting z = —2z2 gives

D()T(Lapt?)

CSNey

(_% I(Le=pat2 u1+2)

oF (B, 82 L% 4 Z'2F1(M+1,“2+1'%;—Z2)

F(“"‘)F(l Hl) 2 2 0

2 2

which has asymptotic behaviour ~ |z|7#* as z — —oo and therefore the L?-condition
(4.3) is violated. This implies vry = 0.

4.4. Equations II & II1

Now we treat the system of ODEs for vy and vyp:
d2 V11 (G, — 4)2’ —2 d V11
(142 )dz2 (mn) B ( 2 (a—4)z ) dz \vin
_fa—2 0 v
0 n—2p+a—2 vrr ]

To study the behaviour at z = +o0o we again substitute y = z71:

W2 & (g " 1 (@ —2) + 2y —2y d (g
dy VI 1+ 92 2y (a—2)+2y? ydy U

1 fa=2 0 v
1+492\ 0 n-2p+a—-2)\vm)
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The corresponding indicial equation at y = 0 is

2 0 9 0
det(“(“_1)1+“<a0 a2>_(a0 n2p+a2))—0~

Its four roots in increasing order are

u a_31\2
#1:%*\/(7) +(n—=2p+a-2),
/1‘2:17

,LL3:2—0,7

M4=%+\/(a§3)2+(n—2p+a—2).

They are distinct and therefore the system has four independent solutions with asymp-
totic behaviour ~ y* = z7#i j =1,2,3,4. The solutions with asymptotics ~ 271 and
~ 272 can again be ruled out since they do not satisfy the L2-condition (4.3). We now
rule out the solution with asymptotics z7#4 by making the Ansatz

v (2) = 2 - p(—2%) and v (2) = Y(—22).

Then ¢ and % solve

o= )@+ (- 5% ) - 25 el 4 o) = (14
o= 2)@) + (5 - 5% ) 0o + P R 0) 4 g (a) 4 ete) =

(4.5)

Differentiating (4.5) once and inserting (4.4) into the resulting equation for ', ¢" and
P gives

(1 )d2+ 3 T—a d 3—a
T2 T\ T Ty Y T 2
d? 3 9-a \d n-2p+3a—12
X<$(1—$)E+(§— B x)@"‘ 4 >gp($)—0,

and inserting (4.4) directly into (4.5) gives

n—2p+a—2

1 U(z) = 2*(1 - 2)*¢"(2) + 2(1 - 2)(3 — (8 — a)2)¢"(x)

+<g+(2a—§>x+wwz> SDI(SE)—B;a (%—3;a$> o(x).
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In particular, we have a solution (¢, 1) for every solution ¢ of

d? 3 9-a \d n-—2p+3a—12
1-z)— + (= — - =0
(m( gz T (2 2 m) ar " 1 )‘p(z)

which is the hypergeometric equation with

3—a\’
5 +(n—2p+a-2)|,

g=21 7;a—\/<3;a)2+(n—2p+a—2)),

v=3%.

Q
|
| —
N
||
Q
_l’_
«
7N\

DO |

The solution belonging to z7#4 is

p(r) = (—2) " 2Fi(a,1+a—y;l+a—pz7 ")
_L(—yI(1+a=p) N
= T ta—yra-pg2esn)
Fy-—1IN(14+a-p) - . .
L(a)T(y — ) (=) Ta(l+a—y,1+8—-72-72).
Resubstituting x = —2z2 gives

I'(l-y)I(1+a-p) o,
F(l—i—a_ry)r(l_ﬁ)2F1(Oé7ﬁ,f77_Z )
I(y—DI(14a-f)

L(a)(y = 5)

Since a,y — > 0 the coefficient of the second factor is non-zero and therefore the

+

R (l+a—v,148-72—v-2%).

solution does not extend from (0,00) to R. Consequently, the one possible solution of
equations IT & IIT is the one with asymptotics ~ z~#3. To find this solution we make the
Ansatz

on(z) = o(=2%) and  omi(z) =z - P(—27),

then ¢ and v solve the system

o= )"0+ (5 - 5% o) - 2 el) — o0/ (0) - i) =0, (40

o= a)@) + (5 - 15 ) wie) + 222200 - ) 0. (0
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Differentiating (4.6) once and inserting (4.7) into the resulting equation for ¢, ¢”

and ¢ gives

d? 3 T7T—a d n—2p+2a—06
1—1)— Z_ — 4z = =" -
(m( x)dx2+<2 2 m) a " 1 )
d? 3 9—-a \d 12—3a
1_ I - _ p—
x(m( x)dx2+<2 2 x) dz 1 )W:) 0

and inserting (4.7) directly into (4.6) gives

2 o(@) = (1~ 2" (@) + 21~ 2)(3 ~ (8 — a)a)u (x)
N <g+7”L—2p—i£—18a—4631ch (5—a)(l11 —4(1)—n+2p$2> o)
n—2p+2a—10 (a—5)(n—2p+2a—06)
( 3 + 3 x) P(x).

In particular, we have a solution (¢, 1) for every solution ¢ of

<x(1 —x);—; + (g - 95%) % - 3(44_a)> (@) =0

which is the hypergeometric equation with

The solution belonging to z7#3 is
Y(x) = (~a) PR (B 1+ B -yl 4 f—asa ) = (1—2)F

and hence

plo) = 2(21_a) (n—2p—a+2)—(n—2p+a—2)z)(1—12)"7 .

With the normalization (4.2) we obtain

(€, 2) = F(z%a) n— a—2)z2
(€ )7ﬁ(n—2p—a)F(1’T‘l)[( 2p+ 2)

+(n—2p—a+2)](1+2)°F (&),
r(32)

vm (€', 2) = NCCET = a)F(l_?a)Q(Q —a)z(1+2%)°F ful€).
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4.5. The Fourier transform of the solution

Summarizing we find

(e, 2) = €17 [(n —2p — a)(1 + 22)*F fi(¢')

(n—2p —a)l(15%)

+[(n—2p+a—2)22+ (n—2p—a+2)](1+2?)

—4 ~

A fu(€)
+2(2—a)z(1+ zQ)GT_Alen A J?H(E/)} , (4.8)

which implies the following:

Theorem 4.1. Assume 0 < p < 5 and 2 —n+2 < a < 1. Then for f € H=*P(R" 1)
with

~

FE) = fle) + € A ful€)
we have

V2r(354)
(n—2p—a)l'(5%)
+[(n—2p—a+2)¢P+ (n—2p+a—2)€2]E A ful)

+2(2 — a)énl¢/len A frr(€) |-

Pupl (€ 60) = €1l [(n — 2 — @) 2 fa(e)

5. Isometry
In this section we prove the isometry property in Theorem B (2) using Theorem 4.1.
5.1. Norm of the solution

For a given boundary value f let u denote the unique solution. As before, we write

v(&',2) = (¢, [¢']), then

g = 17 ([(5 =5 Yisee + (5 v+ 157 )ecie] @) )

R~

= [ fuer (ot o
R

Rr—1

N (g gt 8 ; 2)551.4@(5/, 2), v(g',z)> dzd¢'.
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Using the notation of (4.1) and (4.8) we have

var(5)
(n—2p—a)l(43*)

igecv(€',2) = €[ =2 - @)1+ 22 Fi(€))

—2 .~

T n—2p+a—2)221+22)T & A fu()
—(n—2p+a—2)2(1 +Z2)a772€n /\]?H(g’)},

V2r (%)
n—2—a)l(52)

—2 ~ ~

€]](n = 2p = a+2)(1 + 24 T & A ful¢)

551'511(5’, Z) = (
F(n—2p—a+2)z(1+22)T e, A fﬂ("ﬂ)}'

Together this gives

(3552 (§ -+ e

(=2 —atTCF) o e
= il 3 () €1[(n =20 - @)1+ 2 Fi(€))

+(n—2p4+a—2)(1+ 22)%5’ A ]?11(5’)]

and hence

([(5 -0 252)icee + (5 —p+ 252 )eeie vl 2). 0l )

n—2p—a 2 .
- (n _2];]3 _ :)2212?1(_)2) {(n =2p—a)’(1+22)" 7 AE)]?
2

+(n—2p+a—2)[(n—2p+a—2)22+(n—2p—a+2)](1+22)"2|| fu(¢)]?

Inserting this into (5.1) gives

-2 —a)|li(&)II?

/e I 30 /wa

2
ul|y =
Julf =

+ (n—2p+a—2)|ful¢)?] dg,

where we have used the following two integral formulas which follow from the Beta
integral formula:




J. Frahm et al. / Journal of Functional Analysis 278 (2020) 108395 29
/[(n—2p+a—2)22+(n—2p—a+2)](1+22)%4 dz=(n—2p—a)
R

5.2. Norm of the boundary value

On the other hand

1912 = [ lere([(2t - 2o o5t igee + (25 - 20+ 25t ) egi | Pl Fie) de'

s
Here
igee f(€)=(¢)  and  egig f(€) =& A fu(€),
so that
192 =5 [ 1€ 0= 20— QIR + (0= 20+ a = DI Fa(OI] e’
R
and hence

||u||2 _ 2\/7?(”* 217 a+2) ( )
g (n—2p—a)l(+3%)

I£113-

6. The Dirichlet-to-Neumann map as fractional Branson—Gover operator

In this section we prove Theorem C. For s € (0,1) let a = 1—2s € (—1,1). Note that
2—n+2p <a <1for0<p< 22 Given f € H=2"P(R" Y letu=P,,f € H 2 ?R")
be the unique solution to (0.4). We use the difference quotient to compute the derivative:

li i n) = li -t ! n) — !
z,,H{‘le @O, u(2! ) zﬂlr\l}ox (u(z', zy) —u(z',0))

= lim 2% Y (P, f (2, 2,) — f(2)).

zn 0

Viewing f(2') as a constant form on R"~! and using Section 3 we can write

. 1
= Cap- tho 5 5
w0 ) (@ =y ta

Rn-1

2)mogt? 7 (lo—yCo—y — Ea—yla—y)(f(y) — f(2)) dy
1
= Cap - P. V. / W(iw’fygm’fy — exr—yla—y) (f(y) — f(2") dy

= Capl'(=8)Ls p ().
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Appendix A. The Casimir computation

In this appendix we compute the action of the Casimir element C of G’ in an arbitrary
principal series representation 737 of G.

An explicit basis of the Lie algebra g = o(1,n + 1) is given by the generator H of a
and the elements

Mk = Ejiop4o — Epto 42, 1<j<k<n,
Xji=Ejt21 — Ejjo2+ E1ji2+ B2 j12, L<j=mn,
Xj = Ejy21+ Ejya2 + Bujy2 — Bajyo, 1<j<n

Here M, span m, X, span n and X, span .
The action of the generators M AN and wg of G on I, is then given by

Wi?{(ﬁx’)f(x) = f(.%‘ - xl)7 ng € N?
e (diag(A, A, m)) f(z) = £(m) f(Am™ ), A€ 0O(1),m € O(n),
Wi?g(GSH)f(x) = 6(/\+p)sf(6893), et e A,

e (wo) f(2) = & (10 — 282

N2 [T
)il 201 ().

By differentiation we obtain the action of m, a and n:

a o0
d”fs(Mjk):fja—%*%%erﬁ(Mjk), dn%(H) = E+ X+ p,
J
o /< 0
dﬂ')\,g(Xj) = —%’
J

where £ = Y7, zk% denotes the Euler operator on R™. Thanks to the relation
Ad(wp)X; = —X; we have

dﬂfg(xj) = —Wi?g(WO)deg(Yj)ng(wo),
which is easily shown to be equal to

a n
Ane(X;) = —laf*5— + 22,(B+ A+ p) =23 2 d§(Myy).
J

i=1

Note that M;; = 0 and M;; = —M

ji-
The Casimir element C' can be expressed using the above constructed basis of g:

n—1
C=H-(n-1)H- >  Mp+> XX,
j=1

1<j<k<n—1
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An elementary calculation using the previously derived formulas for the differential rep-
resentation shows that

dr5e(C) = x5, ZA 420\ + 1)xn — 2z, Z d¢(M;y,)

— Y dE(Mp)?+ Mt p)(A—p+1), (A1)

1<j<k<n—1
2 . .
where A =7, 88? denotes the Euclidean Laplacian on R™.
k

Appendix B. Comparison with the Laplace-Beltrami operator on the hyperbolic
upper half plane

In this appendix we compute the Laplace-Beltrami operator on p-forms on the hyper-
bolic upper half plane

={zeR":z, >0}

and compare it with the operator A, ,. The upper half plane H" is equipped with the
hyperbolic metric g = z,2(dz} 4+ --- + d2?), so that g;; = x,20;;. The Riemannian
volume form is dv = z,,;"dz since det(g;;) = x,,>". Further, the corresponding inner
product (-, ), at € H™ is given by

(a(2), B(z))s = 27 (a(x), B(x)) Vo, € QP(H"),

where (-,-) is the standard inner product induced from the Euclidean metric. We write

(.8) = [ (et s do= [ (a(e) fla))air " de

Hn Hn

for the corresponding inner product on p-forms «, 5.
We first compute the codifferential d* on QP(H"™). For this we write a = ), aydz; €
QP~Y(H") and 8 =Y, Bydx; € QP(H"), then

(o d"B) = (dov, B)
- / (da(z), B(x))a2P " de

H»

—ZZ/BOH (56 dey,dz y)x;! 2p=n oy

LJ j=1gn
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=—ZZ/ g @) (o ) da
1J j=1g,
where we have integrated by parts in the last step. Clearly,

0

o 98,
8.13j

L ()" 4 (2 — 1)y B ()2,

By(x)zZP~"] =

so that

(o, d*B ZZ/< x)dxr, x %aij(x)iejdxj

17T j=1gfn
+(2p— n)djnxnﬁJ(x)iend:nJ>fo(p’1)’" dz.
It follows that
d* = 23,6 — (2p — n)anie,,

where § = — Zj le; % is the Euclidean codifferential. Therefore, the hyperbolic Laplace—
Beltrami operator O, = —(d*d + dd*) on p-forms takes the following form:

Op = —22(0d +dd) + (2(p + 1) — n)xpie, d + (2p — n)(ee, de, + Tndic, ) — 2Tnee, 0.

The first term is —22 (6d + dd) = 22 A, where A = > %22 is the Euclidean Laplacian.
In the second, third and fourth term we can write '

die

. ’ .
€en 7> W=7 —fe,d €e, 0 =€, 0 —¢Ee,
oz, ox,,

0
fe, ——
oxy,’

with d’ and ¢’ as in (0.3). Using e, i, + ic, &, = id this gives

0 ,
DP = JJiA + (2(p + 1) - ).’En (91’ + an(lend - <C:enal) - (ﬂ - 2p)€en7'en = A2(;04»1)771,;0-

We note that for any a € R we have

atn—2p—2 atn—2p—2

1
O, |zn 2 u(x)} =z, [A,M,—l—Z(a+n—2p—2)(a—n+2p) u(x),

atn—2p—2
so that the map u(z) — xz, 2  wu(x) transforms the Laplace-Beltrami operator O,

up to a constant into the operator A, ,. For the case p = 0 this was already observed in
[12, end of Section 1.1].
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