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1 Introduction

Translations P, in the global Poincaré space-time symmetry algebra commute among them-
selves: [P,, Py] = 0. This is no longer true when one considers translations in the presence
of a constant electro-magnetic background field [1-3] and the study of such deformations
of the abelian algebra of translations has led to the investigation of so-called Maxwell
algebras [3-6]. The most general deformation one can allow for (based on Lie algebra
cohomology) is

[Pa, Py) = Zap , (1.1)

where the anti-symmetric generator Z,, = Zj4y is associated with the constant electro-
magnetic background field and transforms as a tensor under Lorentz transformations. In



a next step one can analyse the commutator of Z,, with P, and iterate the procedure [6].
It was shown in [7] that the most general structure one obtains in this way is the infinite-
dimensional free Lie algebra, called Maxwell,, there, generated by the translations P,. Any
free Lie algebra admits many Lie algebra ideals and associated quotient Lie algebras, some
of which were studied for Maxwelly, in [7]. In particular [7] identified quotients that could
be used in a particle model to describe motion in a general, non-constant, electro-magnetic
field in an ‘unfolded’ treatment of the electro-magnetic field strength. This was achieved by
introducing additional coordinates for the additional generators contained in the quotient
of Maxwell,,. Associating the translations P, with a coordinate z® one in this way has
an extended space with coordinates 6% for Z,, and so on. The dynamical model based
on the Maxwell,, algebra describes the dynamical object together with the background
it moves in.

In the present article, we shall extend the picture of the free Lie algebra generalisation
of the Poincaré algebra to a free Lie superalgebra generalisation of the Poincaré superal-
gebra. The basic building blocks in this construction are the (global) odd supersymmetry
generators (), (with « an appropriate spinor index). The infinite-dimensional free Lie
superalgebra generated by the @), has the most general generators in {Q., @3} and subse-
quent multi-(anti-)commutators. Again, it admits many non-trivial quotients that we shall
discuss. Of particular interest to us will be quotients related to the eleven-dimensional
supersymmetry algebra. As has been proved for example in [8, 9], the anti-commutator
{Qa, Qp} should yield not only the translation generators P, but also additional non-central
terms that serve as sources for branes. These additional terms arise naturally in the free Lie
superalgebra as we will show explicitly. Further extensions of the eleven-dimensional su-
persymmetry algebra were also studied in [10] (called ‘M-algebra’ there) where non-trivial
multi-commutators arise. As we shall describe in more detail below, these again have a
natural home in the free Lie superalgebra. The interpretation given in [10] of some of these
generators as superpartners of the bosonic brane charges might give some idea of how to
interpret the infinitely many new generators in the free Lie superalgebra. We will also dis-
cuss other possible connections to proposals of infinite-dimensional M-theory symmetries
and extended space-times.

Studying the free Lie superalgebra in four space-time dimensions we are also able to
make contact with the supersymmetric extension of the Maxwell algebra that was studied
in [11] as it arises as a particular finite-dimensional quotient. In [11], a dynamical realisation
of the supersymmetric Maxwell algebra was found in terms of a massless superparticle
where again additional coordinates are introduced for the new generators and these have
interpretations in terms of a Maxwell superfield background. Similar generalisations of the
Maxwell algebra for extended supersymmetry have also been investigated [12] and we shall
also exhibit how these N -extended versions can be obtained from a free Lie superalgebra.

Our paper focusses almost exclusively on the algebraic aspects unifying the various
algebras in terms of free Lie superalgebras. We shall not consider particle or string models
realising these symmetries but it should be possible to construct these along the lines of [13].

An interesting observation, that also opens up connections to other algebraic structures
investigated in the literature in connection with potential symmetries of M-theory, is that



many quotients of the free Lie superalgebra embed in Kac-Moody [14-16], Borcherds [17-19]
or tensor hierarchy algebras [20-23]. This is due to the definition of these algebras as being
constructed as quotients of free algebras. A noteworthy difference is, however, that many
of these conjectured algebraic structures in M-theory also have ‘negative level’ symmetry
generators that are not present in our free Lie superalgebra constructions. This connection
is discussed in detail in section 4.

The paper is structured as follows. We first review and motivate the free Lie algebra
construction in relation to the bosonic Maxwell algebra and then introduce the free Lie
superalgebra that is the main object of study in this paper. In section 3, we then discuss in
detail various examples that are related to simple and extended supersymmetry in D = 4
and simple supersymmetry in D = 11. We also explain how our construction relates to
various algebras in the literature and, potentially, to exotic branes. Section 4 contains a
discussion of cases where quotients of the free Lie superalgebra can be re-expressed through
Borcherds superalgebras and how this in turn can be recast in terms of Kac-Moody algebras.
Section 5 contains some concluding remarks and speculations.

2 Review of Maxwell and free Lie (super)algebras

In this section, we review some basic aspects of the conventional bosonic Maxwell algebra
in order to motivate our generalisations first to free Lie algebras [7] and then to free Lie
superalgebras.

2.1 Maxwell algebra and free Lie algebras

The starting point for all bosonic constructions here is the Poincaré algebra in D space-time

dimensions, '
[Maby Mcd] = 277c[bMa]d - 277d[b]\4’a]c ) (218‘)
[Maba Pc] = 2770[bPa] ) (21b)
[P, Py =0. (2.1¢)

The first line is just the Lorentz algebra so(1, D — 1) of the anti-symmetric M, and the
second line expresses that the translation generators P, form a vector representation of the
Lorentz algebra. The third line (2.1c¢) is the standard property of the Poincaré algebra that
the translations commute. This is the relation that is deformed in the Maxwell algebra
and its free Lie algebra generalisation.

As shown in [6] based on Lie algebra cohomology, the most general deformation
of (2.1¢) is

[Paa Pb] = Zap (22)
'Our anti-symmetrisation convention is of strength one: M) = 4 (Mas — Msa). The fundamental
Lorentz indices lie in the range a,b € {0,...,D — 1}. We use the mostly plus convention for the flat

Minkowski metric.



with a new generator Z,, = Z|qy. This is also the commutator in the free Lie algebra based
on the P, by giving a name to [P,, Py]. The algebra spanned by { My, Ps, Zap} with trivial
commutators [Py, Zp.| = [Zap, Zea] = 0 is the Maxwell algebra introduced in [3-6].

From the Lie algebra cohomology perspective, it is possible to deform also these trivial
commutation relations. The next most general commutator is [6, 7]

[[Plh Pb] 7PC] = [Zaba Pc] = Ygp,c - (23)

For this to form a consistent Lie algebra, the Jacobi identity has to be obeyed. This
implies that the Lorentz tensor Yo . has the property Y4, ) = 0. The comma notation for
the indices reflects that the tensor also satisfies Y[44) . = Yabc = —Yba,c. As a representation
of the symmetric group it has the Young tableau BI.Q

This construction can be iterated to obtain all possible multiple commutators of the
P, up to the Jacobi identity (and anti-symmetry). This is by definition the free Lie algebra
generated by the translation generators P, and we denote it by f(P). It has a natural graded
structure given by how many times P, appears in a multi-commutator. In this grading,
we refer to the translation generators P, as positive level ¢ = 1, to their commutator
Zap = [Py, Py] as positive level £ = 2 and so on.

The basic generators P, on level £ = 1 transform under the Lorentz algebra (as vectors)
and consequently, we can make the generators at any level ¢ also transform under the
Lorentz algebra. Thus, every level £ > 0 of the free Lie algebra f(P) consists of Lorentz
tensors and we can form the semi-direct sum

Maxwelly, = s0(1,D — 1) & f(P) (2.4)

with the so(1, D — 1) Lorentz generators Mg,. This semi-direct sum is the infinite general-
isation Maxwelly, of the Poincaré and Maxwell algebra introduced in [7]. We will refer to
the algebra so(1, D — 1) as level £ = 0.

At this point it is important to remark that the construction of a free Lie algebra f(P)
only requires a set of D generators P,, but that the transformation property of the P,
under level £ = 0 is not something that is fixed by the free Lie algebra construction. In
fact, we could also view the generators P, as transforming in the fundamental of gl(D) or
any other Lie algebra go with a D-dimensional representation. This representation need
not even be irreducible. This level ¢ = 0 algebra gg will then act on all the positive levels as
well and we could arrange the higher levels in irreducible representations of gg. Choosing
for instance go = gl(D), one obtains tensors of gl(D) at higher levels. As gl(D) does not
have an invariant trace, the generator Yy, . at £ = 3 then is irreducible while it is reducible
under so(1, D — 1), see footnote 2. For yet different choices of go acting on P, each level
¢ arranges differently into irreducible representations of gg; the total number of generators
on each level of course does not change as this is determined by f(P) which is defined
independently of the choice of gg.

2We note that this is not an irreducible representation of the Lorentz algebra as one can define the
non-trivial trace anYabyc.

30ther interesting choices of go relate to non-relativistic systems with a Galiliean symmetry or very
special relativity [24] where only the Sim(D — 2) algebra with generators M _, My; and M;; in a light-cone
basis {z%, 2"} is kept [25].



The structure of a free Lie algebra f(P) can be computed from a generating function [26]
or explicitly using the Witt formula [27] that was reviewed in [7]. The generating function
identity governing the free Lie algebra is

S [é(—l)ktké/\kTg

(=1 Lk=0

=1—1tTy. (2.5)

In this formula, t is a formal parameter and T, denotes the vector space of generators at
level ¢, such that 77 = (P,|a=0,...,D —1) and T} plays a special role since it fully
determines f(P). The identity (2.5) can be derived from the denominator formula for a
Borcherds algebra. Expanding out the generating identity yields the following recursive
identities at the first few powers of ¢:

T, = (P,) , (2.6a)
Ty, = N* Ty, (2.6b)
Ty =T, Ty & NTy, (2.6¢)
Ty = (T30 Ty ® N°T) © Ty @ ATy @ AT, (2.6d)
=TT oTseD) o (T3 N N°TyeTy) @ Ty ATy © AT, (2.6¢)

The notation here is such that A*R denotes the k-th anti-symmetric tensor power of a
representation. With © we denote the removal of representations from the module. The
lowest levels are simple to understand as representing the anti-symmetry of the Lie bracket
and the Jacobi identity of the free Lie algebra: T5 consists of all commutators of the P,
in 77 and therefore is the anti-symmetric product. The vector space T3 is spanned by all
commutators of P, in T} with the elements in 75, as in (2.3), leading to the tensor product.
The totally anti-symmetric Jacobi identity has to be satisfied by the triple commutators
at £ = 3 and so one has to remove A3T} from the tensor product.

The tensor products here can be thought of as either just vector space operations or
—and this will be more useful to us— as tensor products of representations of gg which is the
level ¢ = 0 algebra under which the P, transform. The choice in (2.4) is go = so(1,D — 1)
and the tensor products would be those of Lorentz algebra representations.

Free Lie algebras admit many ideals and associated quotient Lie algebras. Several
examples were discussed in [7] related to particle models in electro-magnetic backgrounds
and previous examples in the literature. Any set of elements X in f(P) generates an ideal,
spanned by all multi-commutators obtained by acting on the elements X with the basic
generators P,, that is, the ideal is spanned by [P, [P,..., [P, X]]]. If the set X consists of
only one element, then this is called a principal ideal. One can also consider ideals that
are generated by a set which is a subspace of f(P). In fact, any ideal generated by a set
of elements X is the same as the ideal generated by the subspace (X) spanned by these
elements.

The subspace (X) of f(P) may be equal to Tj11 for some fixed finite level k. Then the
ideal consists of all elements in f(P) with more than k factors of P, in the multi-commutator



Ty representation generator
T [2] Py
T, [2] Zab = €abeZ°
13 2] ® [4] Yabe = €apaY e
o 2] @ [4] @ [6] Sabe.d

2] S

Table 1. The free Lie algebra f(P) in D = 3 space-time dimensions. Representations are labelled
by the complexified Lorentz algebra of type A; while the generators represent the associated so(1,2)
tensors. For mixed symmetry, these are reducible in the way described in footnote 2.

or, equivalently, the direct sum of all Ty with ¢ > k, and the quotient is a finite-dimensional
truncation of f(P) including only generators up to level k. For example, the truncation
to k = 1 recovers the standard Poincaré algebra while the truncation to k = 2 gives the
Maxwell algebra with P, and Z,, in the quotient.

More generally, the vector space (X) may be a subspace of Tj11, and then the quotient
may be infinite-dimensional. The Serre ideals appearing in the construction of Borcherds or
Kac-Moody algebras discussed in section 4 are generated in this way. Even more generally,
the vector space (X) may be decomposed into a direct sum X = s1 @ ... D s, of finitely
or infinitely many subspaces, or representations of gy. These representations s; need not
all be on the same level. Again, the quotient may be infinite-dimensional. An example of
such an infinite-dimensional quotient was discussed in [7] where a realisation in terms of
particles in general ‘unfolded’ electro-magnetic backgrounds was achieved.

As an example of a free Lie algebra that has not appeared in the literature before to
the best of our knowledge, we consider the case of D = 3 translations P, transforming
under the Lorentz algebra gg = so(1,2) whose complexification is of Cartan type A;. The
corresponding lowest levels are listed in table 1. Using standard mathematical Dynkin
labels, the translation generators are denoted by [2].

The generators listed in table 1 can also be obtained by dimensional reduction from
the general result in [7]. The three-dimensional case is of particular interest since one can
find quotients of the Maxwell, algebra that admit an invariant and non-degenerate bilinear
form that then can be used to construct three-dimensional Chern-Simons theory [28]. Since
three-dimensional Chern-Simons theory is related to gravity, this leads to a Maxwell version
of gravity [28-31] with a supersymmetric version studied in [32] and also the non-relativistic
limit has been studied in this case [33]. A four-dimensional gravity system with Maxwell
symmetry has been investigated in [34].

2.2 Free Lie superalgebras

The bosonic free Lie algebra f(P) serves as a very universal object to construct kinematical
algebras relevant in various contexts. It is natural to consider the corresponding Lie su-



peralgebra and in this section we give some general properties of its construction. Explicit
examples will be discussed in the next section.

We shall consider the free Lie superalgebra generated by odd supertranslations @,
where « labels the supersymmetry generators and we here think of them as spinorial
generators. The exact range depends on the number of space-time dimensions and on
whether one consider simple or extended supersymmetry. The general discussion of this
section is independent of these details.

The free Lie superalgebra §(Q) is given by all possible graded multi-commutators of
the basic @, and subjected to the graded Jacobi identity

{Qa, Qp}, @y + [{Qp, @y}, Qal + [{Qr, Qa}, Q5] = 0. (2.7)

‘Graded’ here refers to the Z,-grading of superalgebras; the @), are by definition odd while
their graded commutator {Qa,@Qs} is even. One can again define a level ¢ on f(Q) by
counting the number of ), that occur in a general graded multi-commutator. For odd
£ one obtains generators that are also odd in the Zs sense while even ¢ gives Zs even
generators such that the two gradings are consistent.

Similar to the bosonic case one can describe the structure of the free Lie superalgebra
in terms of a generating function. The generalisation of (2.5) is given by

(039 [é(—l)kt“vkm ® X lé(—l)ktke/\km

£odd Lk=0 Leven Lk=0

—1—tR;. (2.8)

Here, t is again a formal parameter and the Z5 nature of the generators introduces some
signs. R; = (Q4) denotes the generators on level £ = 1 and we denote the generators on
level ¢ by Ry. Expanding out the generating identity one obtains for the first few levels

Ri = (Qu) , (2.9a)
Ry = 2Ry, (2.9b)
R3=Ry® R1 ©V’Ry, (2.9¢)
Ry = (R3® Ry ® A’Ry) © Ry ® V2R ® V' Ry, (2.9d)
Rs=(Ri®R1 ® R3® Ry) © (R3® V2R; ® A*Ry ® R1) ® Ro @ VPR © VPRy,  (2.9e)

Compared to (2.6), the anti-symmetric tensor powers A* are interchanged for symmetric
ones, denoted V¥, in a few places. For instance Ry is given by all symmetric products
{Qa,Qp} of the Q, and the Jacobi identity relevant for R3 is totally symmetric as well.

We can again consider the case when the ), transform under some level ¢ = 0 algebra
go. This could be the Lorentz algebra so(1, D — 1) in D dimensions or could also contain
possible R-symmetries. We shall consider many examples below. Given a gg, the generators
Ry can be arranged into representations of gg by treating the tensor products as products
of gop modules.

Just as free Lie algebras, free Lie superalgebras admit many quotients and one can again
distinguish the case of finite-dimensional and infinite-dimensional quotients. Examples of



extensions of the standard supersymmetry algebra that have been discussed in the literature
are finite-dimensional quotients and we shall illustrate this in examples below. Moreover,
there are cases where these quotients can be described conveniently in terms of Borcherds
superalgebras and Dynkin diagrams as we discuss in section 4.

3 Instances of free Lie superalgebras

In this section, we apply the algorithm (2.9) and construct the free Lie superalgebra gen-
erated by @, in various cases where gg is either the Lorentz algebra in D dimensions, or
the direct sum of the Lorentz algebra and an R-symmetry algebra su(N).

3.1 D=4 and N =1 supersymmetry

We begin with the free Lie superalgebra generated by supersymmetry generators ), and
then compare the results to various extensions of the Poincaré superalgebras that have
appeared in the literature.

3.1.1 Free Lie superalgebra

Following the philosophy outlined in the previous section, we now construct the free Lie
superalgebra §(Q)) generated by the @, in D = 4. The spinor index a = 1,...,4 here
labels the four independent components of a Majorana spinor. Taking go = so0(1,3), the
transformation of R; = (Q,) is given by

[Mab; Qa] = %Qﬂ(rab)ﬂa . (31)

The real gamma matrices here satisfy {I's, Iy} = 274. Gamma matrices with multiple
indices are defined by I'®® = T'l6T etc. The gamma matrices that we use are given
explicitly in appendix A. We use the signature n = (— 4+ ++) and below we shall also
encounter the symmetric combinations (CT'%)T = CT'* and (CT®)T = CT involving the
charge conjugation matrix C.

The free Lie superalgebra f(Q) is obtained by taking all possible (graded) commutators
of the @), obeying only graded anti-symmetry and the Jacobi identity. Following the
algorithm (2.9) this leads to table 2. In this table we have labelled the representations of
the Lorentz algebra gyo = s0(1,3) in terms of Dynkin labels of the corresponding complex
Lie algebra Ay @ A, such that a Majorana spinor decomposes as Q, <> [1,0] @ [0, 1], the
familiar decomposition into a left-handed and right-handed spinor in D = 4. Keeping this
in mind, we can use the LiE software [35] to compute the tensor product decompositions
of A1 ® A;. Generally, a complex representation of Ay @& A; gives a real representation of
s0(1,3) if the representations of the two A; are balanced, i.e., either of the symmetric form
[p1,p2] @ [p2, p1] of directly [p, p].

Let us also give the commutation relations for the free Lie superalgebra f(Q) at lowest
levels, using the names for the generators introduced in table 2. The first non-trivial
commutator is that of the supercharges (), that we define to be

{Qus Q) = (CT™)o5Pa + %(crab)aﬂpab, (3.2)



Ry representation generator
Rl [17 0] D [07 1] QO‘
[1’ ]'] Pa
Ry
[27 0] ©® [O) 2] Py = P[ab]
[1,0] @ [0,1] Yo
Rs3 [1,0] @ [0,1] Yo
[1,2] & [2,1] Yaa
2,0] & [0,2] Zab = Zjap)
[0, 0] B
3 x[1,1] vectorial
Ry
3.1 & [1,3] & [1,1] =
22e02eR0 |
[2,0] @ [0, 2] two-form

Table 2.  The free Lie superalgebra f(Q) in D = 4 space-time dimensions for a single four-
component spinor generator @,. We have grouped representations together that form a nice rep-
resentation of so(1,3). All tensor-spinors are gamma traceless, but we retain the tensor traces,
meaning that for example the first non-trivial Young tableau in Ry represents a tensor structure
Yob,c where one can still take the Lorentz trace as discussed in footnote 2; this corresponds to the
[1, 1] representation listed there. Some representations occur with a non-trivial multiplicity and we
have not given names to generators that do not appear elsewhere in this article.

where the term Py, = P, has already appeared in [36-38]. It does not appear in the
standard N' = 1 supersymmetry algebra and it is not central as it does transform non-
trivially under the Lorentz algebra. It can be interpreted as a source for the supersymmetric
membrane in D = 4 [36] in a way similar to the complete {Q, Q} commutators in eleven
dimensions [9]. We shall come back to this interpretation below. We also note that (3.2)
implies

1

Pa, = E(Fac_l)aﬁ {ch Q,B} ; L

Py = _Z(rabc—l)aﬁ {Qa, Qp} (3.3)
In the free Lie superalgebra, one can then form the triple commutators [{Qa, Qg} , @]

at level £ = 3 that have to be subjected to the Jacobi identity (2.7). The resulting most

general expression can be split up into the commutators of @), with P, and P,; as

[Qom Pa] - Zﬁ(ra)ﬁa + Eaa 5 (3.43)
[QOM Pab] = iﬁ(rab)ﬁa + gz[aﬁ(rb])ﬁa . (34b)

The anti-symmetrisation only refers to the vector indices a,b. As mentioned in the caption



of table 2, the tensor spinors we use are gamma traceless which means that
Yaal*)*s =0, (3.5)

and accordingly they span a subspace of dimension 4 x 4 — 4 = 12. We also note that the
Jacobi identities can imply that a naive counting of generators in commutation relations
does not always work. For instance, in (3.4) the left-hand sides have superficially 4 x
4+ 4 x 6 = 40 elements while the right-hand side has 4 + 12 4+ 4 = 20 elements and the
discrepancy is due to the Jacobi identity, meaning that there are 20 linear combinations
of the 40 possible commutators that vanish due to the Jacobi identity. The consistency
of the free Lie superalgebra commutation relations with the Jacobi identity requires the
non-trivial gamma matrix identities (A.4). We shall see below how a quotient relates to
the Maxwell superalgebra introduced in [11].

Continuing to level £ = 4 we have to commute the level £ = 3 generators with the
basic @Y, on level £ = 1. We shall not give the full commutations at this level but restrict

ourselves to defining a part that is relevant to the comparison below,

1
{Qa: s} = (CT)apZap + (CT5)apB + ... (3.6)

such that
[Pa, Pb] = Zab + ..., (37)

showing the relation between the free Lie superalgebra and the bosonic free Lie algebra.
In the two equations above the dots denote additional generators that are present and
crucial in the free Lie superalgebra. Their tensor type has been listed in table 2. For the

comparison in the next section we do not require the precise form of these terms.

3.1.2 Comparison to Maxwell superalgebra in the literature

Let us now leave the free Lie superalgebra f(@Q) for the moment and go back to the Poincaré
superalgebra in D = 4 (with /' = 1 supersymmetry):

[Map, Pe] = 2776[bPa] ’ (3.8a)
[Maba Qa] = %QB(Fab)Ba . (38b)
{Qa, Qp} = (CT*)apla, (3.8¢)

[Paa Qa] =0, (3.8(21)
[Py Py = 0. (3.8¢)

The Poincaré superalgebra has non-trivial cohomology and it can be extended as was
studied in [11].* It was shown there that one can in particular deform the commuta-
tors (3.8d) and (3.8e) through the introduction of a new (non-central) Majorana spinor

4We note that compared to [11] we have slightly changed conventions by removing some factors of ¢ and
rescaling some generators.

~10 -



generator ¥, by letting®
[ch Pa] = Eﬁ(ra)ﬁa . (3.9)

In order to obtain a minimal A/ = 1 supersymmetric extension of the Maxwell algebra that
includes the generators { My, P, Za,} where according to (2.2)

[Paa Pb] = Zab (310)

one also has to impose by the Jacobi identity that

(Qu, S5} = i(crab)aﬁzab +(CTs)usB. (3.11)

In the relation above we have also included a generator B that was introduced in [11] to pair
with the bosonic Lorentz scalar chirality operator Bj satisfying [Bs, Qo] = QB(F5)5 «. From
the commutation relations above one then deduces [Bs, P,] = 0 and [Bs, 3] = —35(T5) 4.
The total algebra considered in [11] then consists of

MabaB57 Qa ) Pa ) Za 7ZabaB (312)
—— N —
g0 =1 (=2 (=3 (=4

We thus see that the generators of [11] form a subset of gy together with the free Lie
superalgebra f(Q) defined above and is consistent with the commutation relations. It is in
fact a quotient of the free Lie superalgebra and the quotient can, moreover, be described
in terms of a Borcherds superalgebra as we shall explain in more detail in section 4. We
also note that the algebra (3.12) admits an invariant Casimir of the form

1 1
Cy = 5 PP + QaC™'Yg — SMapZ™ + BsB. (3.13)

The quadratic Casimir (3.13) pairs generators on levels ¢ and 4 — ¢; extending this beyond
the generators in (3.12) would require generators on negative levels that pair with gener-
ators on level £ > 4. Such a structure is provided by a tensor hierarchy algebra [20-23],
yet another algebra that can be defined from the Poincaré superalgebra. In such an ex-
tension, the Casimir would also be made more manifestly graded symmetric by letting
BsB — 3(BsB+ BBs), QuCYs — (QaCLs+XaCQp), etc.; in the algebra (3.12)
this is not necessary as these generators commute up to central terms.

3.2 D =4 and extended supersymmetry

The construction of a free Lie superalgebra f(Q) described in section 2.2 allows for the @ to
be odd generators transforming under some level ¢ = 0 algebra gg. In the previous section,
we considered the D = 4 Lorentz algebra gy = s0(1,3) (possibly extended by a chirality
operator). In this section, we shall consider the case of extended supersymmetry where
there is a non-trivial R-symmetry acting on the supersymmetry generators. That is, we
consider the case gg = s0(1, 3) ®su(N) for N-extended supersymmetry. The corresponding
basic generators will be denoted by Q! where a = 1,...,4 is the Lorentz spinor index while
I=1,...,N is the R-symmetry index.

5 A similar extension of the supersymmetry algebra in D = 10 dimensions had been introduced previously
in order to write the Wess-Zumino term of the Green-Schwarz string as an invariant term [13]. The algebra
of [13] has also been extended to study supersymmetric p-brane models and their k-symmetry [39, 40].
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Ry representation generator

Ry | [1,0;1]&[0,1;1] Q.
[1,1;0] P,

) 2 % [0,0;0] P, P
[1,1;2] pl = p{?

a

‘ , _ ph) _
2,0:2]@10,22] | By = P,,” = Pl

Table 3. The free Lie superalgebra f(Q) in D = 4 space-time dimensions for extended N' = 2
supersymmetry. The su(2) R-symmetry representation is given by the last Dynkin label while the
first two specify the A; @& A; representation. The fundamental R-symmetry index is [ = 1, 2.

3.2.1 D=4 and N = 2 supersymmetry

Complexifying the algebra as before we are therefore considering A; @ A1 @ A; where each
Aj denotes a complexified su(2). Then the level £ = 1 generators Q) have representation
labels

Ry =[1,0;1] & [0,1;1], (3.14)

so that the last label is the R-symmetry label, separated with a semicolon. The case N' = 2
is special as the R-symmetry representation [1] can be treated as a real representation using
€'/ as a complex structure. This is no longer the case for N' > 2 and we treat this case
on its own below. Applying the algorithm (2.9) to the N' = 2 generator (3.14) leads to
table 3, where we do not give the result for R, with ¢ > 2 due to a proliferation of terms.

The commutation relation in the free Lie superalgebra representing the first two levels is
{QL.QL} = €7(CTsT) s Py + €/ CopP + €' (CT5)ap P
1
+(CT?) 03Pl 4 H(CTST™) 5Pl (3.15)

The first line corresponds to the central extension of the A/ = 2 Poincaré superalgebra by an
electric and magnetic charge. The second line introduces additional string and membrane
charges [9, 37].

The calculation can be carried out to higher levels and will contain the hallmark
relation [Py, Py| = Z,;, of Maxwell algebras. An N-extended supersymmetric version of the
Maxwell algebra in D = 4 was introduced in [12] from a contraction of a superconformal
algebra. Their algebra has an R-symmetry of so-type rather than the su(A) that we have
assumed here and therefore the resulting commutation relations are quite different, allowing
in particular a raising and lowering of R-symmetry indices.

3.2.2 D=4 and N > 2 supersymmetry

One can similarly consider N-extended supersymmetry in D = 4 dimension for N' > 2 by
letting the generating elements of the free Lie superalgebra be Q! with I a fundamental
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index of su(N). In order to write an anti-commutator of the elementary Q. that yields
standard translation generators P, it is necessary to use 2-component Weyl spinors that
we denote by Q) and QA ; (with A = 1,2 and A = 1,2). The important point here is
that the two Weyl spinors transform in conjugate (fundamental) representations of su(N).
For N = 2 we could use the invariant e/ to relate the two representations, but for N > 2
there is no corresponding invariant tensor to achieve this. The complexification of gg =
50(1,3)®su(N) is of type A1 & A1 ® Apnr—1 and the corresponding complex representation is

Ry =[1,0;1,0,...,0] ®[0,1;0,...,0,1], (3.16)

illustrating the that the two Weyl spinors transform in conjugate representations under
Anr—1. This space has complex dimension dimg(R;) = 4N which is twice the number of
real supertranslations of A -extended supersymmetry. A real slice through the complex
representation is picked by a reality condition of the form

Qi =(@QY)" (3.17)

We note that the conjugation affects the R-symmetry index and spinor index at the same
and the R-symmetry transformations in a real basis will therefore also affect the spinor
index. This happens for instance for N' = 8 supergravity [41, 42]. Writing the su(N)
in terms of its real so(N') subalgebra one can make the transition between the complex
Weyl and a real Majorana basis manifest, but at the sake of giving up manifest su(\)
invariance. We shall not carry out this rewriting here but instead work with the (complex)
Weyl spinors.

In terms of the Pauli matrices 0 . one then obtains the (anti-)commutation relations

AA
{Qih QA J} = 25§(UG)AAPQ + (Ua)AAPz{J (3.18a)
{QL, Q%} = Pip + eapP’’ (3.18b)
{QirQp s} =Pip 1y +eiplis, (3.18¢)
where
pi] =0, PI{{]B = P(IA]B) = PIE}%]) , plJ — pliJ] ’ (3.19)

with similar relations for the conjugate generators. The generators Pf{é and P AB 1]
with symmetric pairs of spinor indices combine into an antisymmetric two-form under the
Lorentz group so(1,3) but this obscures their su(A') properties in a way similar to (3.17).
3.3 D =11 and N =1 supersymmetry

The last example we discuss in some detail is given by minimal supersymmetry in D = 11
space-time dimensions as this is the case relevant to M-theory.

3.3.1 Free Lie superalgebra

In this case the @), are real 32-component Majorana spinors that are irreducible under the
Lorentz algebra so(1,10) and form the representation R; = [0,0, 0,0, 1] of the complexified
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Ry

representation

generator

0,0,0,0,1

Qa

Ry

[ ]
[1,0,0,0,0]
[0,1,0,0,0]
[0,0,0,0,2]

Py
Py = P[ab]
Pa1...a5 = P[a1...a5}

R3

2 x [0,0,0,0,1]
2 x [1,0,0,0,1]
0,1,0,0,1]
0,0,1,0,1]
[0,0,0,1,1]

spinors
vector-spinors
two-form spinor
three-form spinor

four-form spinor

Ry

6 % [0,0,0,0,2]
4% [0,0,0,1,0]
[0,0,0,1,2]
4% [0,0,1,0,0]
2 % [0,0,1,0,2]
0,0,1,1,0]
5x [0,1,0,0,0]
2 x [0,1,0,0,2]
3% [0,1,0,1,0]
2 x [0,1,1,0,0]
3 % [1,0,0,0,0]
3 x [1,0,0,0,2]
4% [1,0,0,1,0]
4x[1,0,1,0,0]
2 x | ]

1,1,0,0,0

Table 4. The free Lie superalgebra f(@Q)) in D = 11 space-time dimensions for a single 32-
component spinor generator (Q,. All so(1,10) representations are labelled by their Bs Dynkin
labels in Bourbaki numbering. Tensor-spinors are gamma traceless but we retain tensor traces.

Some representations occur with multiplicity as shown.

Lie algebra Bs. The last label refers to the spinor node of the Bs Dynkin diagram. Carrying

out the algorithm (2.9) leads to table 4.

The commutation relations leading to level ¢ = 2 in the free Lie superalgebra f(Q) are

1 1
{Qow Qﬁ} = (Cra)aﬁpa + §(Crab)a5Pab + *(Cralm%)aﬂpal---as :
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The right-hand side contains the most general combination that can be written for two
supersymmetry transformations in D = 11. This extension of the Poincaré superalgebra
was first considered in [8], and is nowadays called the M-algebra (but should not be confused
with the generalisation thereof constructed in [10]). In [9, 43, 44] it has been argued that the
(non-central under Lorentz) terms P, and P, ..., beyond the usual translation generator
P, are the ones that correspond to the M2-brane and M5-brane of eleven-dimensional
supergravity. The even more general algebra constructed in [10] contained more brane
sources and even fermionic ones that were obtained by treating the P,, P, and P,, 4, as
forms in superspace. The immediate interpretation of all these charges was not clear but
some were used for studying the Wess-Zumino term of the M5-brane [10].

One possible quotient of the free Lie superalgebra (@) is the standard Poincaré su-
peralgebra in D = 11 (without P, and P,, . 4,) and another one is the truncation to ¢ = 2
which then reproduces the M-algebra of [9]. Including also generators from higher levels
one may construct quotients that agree with the algebra considered in [10].

We also note that very recently a supersymmetric extension of the D = 11 Maxwell
algebra was proposed in [45, 46]. This algebra is a quotient of the free Lie superalgebra by
retaining the following generators besides the Poincaré superalgebra: on ¢ = 2 additionally
P, but not P, 4.; on ¢ = 3 only a single spinor X, (similar to (3.9)) and on level £ = 4
only a single two-form Z,,. Other extensions of the D = 11 Poincaré superalgebra were
studied in the context of free differential algebras in [47, 48].

3.3.2 Relation to Fi; and ¢ representation?

It is tempting to speculate on a relation between the free Lie superalgebra and exotic
supersymmetric objects as they appear in supergravity and M-theory and are captured
by approaches based on the Kac-Moody algebra E7; [15, 49]. Exotic branes in the sense
of [50, 51] are extended objects of co-dimension at most two and they tend to be very non-
perturbative when analysed in string theory, meaning their mass scales with the inverse
string coupling to a power that is larger than 1. These exotic branes have been discovered
originally using U-duality in low dimensions (see for instance [52, 53]). From the point
of view of an electric space-time coupling they typically couple to mized symmetry space-
time potentials, meaning potentials that are not necessarily p-forms but represented by
Young tableaux of more complicated type than a single column. Using this language
all such supersymmetric branes have been classified and their relation to non-geometric
backgrounds has been studied [54-57].

Even though exotic branes can typically be expressed as supersymmetric solutions of
usual supergravity, meaning that they preserve some of the usual supersymmetries gener-
ated by the Q, at £ = 1 in §(Q), their (electric) coupling to mixed symmetry potentials
suggests to also investigate whether there can be any relation to higher levels £ > 1 in the
free Lie superalgebra. The motivation from this investigation comes from the fact that
the adjoint representation of E1; captures all the relevant mixed symmetry potentials [55]
and that the ¢; representation of Fj; seems to capture all the corresponding ‘electric’
charges [49, 58]. With electric charges we mean that while the M2-brane of D = 11 su-
pergravity couples naturally to the 3-form potential, the M5-brane couples more naturally
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‘electrically’ to its dual 6-form rather than ‘magnetically’ to the original 3-form. The elec-
tric coupling is always such that the corresponding Wess-Zumino term in the world-volume
action is simply an integral over (the pull-back of) the corresponding potential. Roughly,
for a supersymmetric p-brane the closed p-form dX% A --- A dX% on the world-volume
Y. contributes to the supersymmetry algebra if the brane, embedded via the maps X“(&),
wraps a topologically non-trivial cycle. This is due to the quasi-invariance of the Wess-
Zumino coupling [y, C(pt1) to a (p+ 1)-form gauge field C, 1) under supersymmetry [43].
The contribution to the supersymmetry algebra is of the form

1
{QOU Q,B}: H(Cral...ap)aﬁzalmap ’ where Z% ~ Qp/dp§ dX* N NdXP ’ (321)

with the integral over the non-trivial (spatial) cycle that the brane wraps and @), the charge
of the brane. With this logic the 2-form P, in (3.20) is related to the M2-brane while the
5-form P, o is related to the M5-brane [9, 44]. This can be also understood through the
gauge-field that the brane couples to as follows. The brane requires a (p + 2)-form flux in
space-time F{;,, ) = dC(,41)+... and in D space-time dimensions the transverse space has
a sphere SP~P~2 at infinity over which the dual of the flux Flp42) can be integrated to give
the charge ), of the extended object. From this we see that the supersymmetry algebra
for p-brane coupling to a form Cl,. 4,,,; should contain a (non-central) term Zg, . 4,, i.e.,
a form with one index less.

As exotic branes couple to mixed symmetry potentials one might therefore by extension
wonder whether there are mixed-symmetry ‘charges’ sitting somewhere in an extended
supersymmetry algebra to which they couple. As there is no room in the standard D = 11
superalgebra (3.20) we look for them in the free Lie superalgebra f(Q). In order to identify
them we use the following tentative connection to FEii.

From the point of view of Ey, the generators P,, Py, and P,, ., appear naturally in
the so-called ¢; representation when it is decomposed under gl(11) C Eq; [49, 58]. The rela-
tion between space-time potentials in the adjoint of F1; and the ¢ representation has also
been discussed in these references. As E1; is conjectured to contain all the mixed symmetry
space-time potentials that (supersymmetric) branes can couple to, it is an important ob-
servation that the ¢; representation of E;; contains all the mixed symmetry ‘charges’ that
can be obtained by removing one index from any of the Ej; gauge potentials [49, 58, 59].

In order to compare the so(1, 10) representations predicted by E71; and the content of
the free Lie superalgebra §(Q), we reproduce the lowest levels of the ¢; representation of
E1; in terms of gl(11) representations in table 5. The table also lists their decomposition
into so(1,10) representations. This should be compared to the even levels of the free Lie
superalgebras listed in table 4.

The comparison has been carried out at the level of representations up to R4 in the
last column of table 5. As can be seen from that column, most of the mixed symmetry
representations contained in the ¢; representation arise already on the first two bosonic
levels Ry and Ry of the free Lie superalgebra; it is possible that the question marks will
be contained in the higher levels. As the charges in the ¢; representation cover all branes,
the analysis above includes standard and exotic branes.
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Level gl(11) representation s0(1,10) representation | Occurrence in f(Q))
% [1,0,0,0,0,0,0,0,0,0] [1,0,0,0,0] Ry
3 [0,0,0,0,0,0,0,0,1,0] [0,1,0,0,0] Ry
I [0,0,0,0,0,1,0,0,0,0] [0,0,0,0,2] Ry

[1,0,0, 1,0] Ry

9 [0,0,0, 1,0,0,0,0,0, l]
5 [0,0,0,0,2] Ry
[0,0,1,0,0,0,0,0,0,0] [0,0,1,0,0] Ry
[0,0,2,0,0] ?
[031707170] R4

0,0,1,0,0,0,0,1,0,0]
[170707072] R4
[0, 0,0,0, 2] Ry
[0,1,0,0,0] Ry
[0,1,0,0,0,0,0,0,0, 2] [1,0,1,0,0] Ry
4 2,1,0,0,0] ?
[0, 0,0,1, O] Ry
[0,1,0,0,0,0,0,0,1,0] [0,2,0,0,0] Ry
[1,0, 1,0,0] Ry
2 x[0,1,0,0,0] Ry

2 % [1,0,0,0,0,0,0,0,0,1]

2 x [2,0,0,0,0] ?
[0,0,0,0,0,0,0,0,0,0] [0,0,0,0,0] ?

Table 5. The first few levels of the /1 lowest weight representation of F1;. Level here refers to
the natural grading under gl(11) C Eq;. The last column lists a possible match with the even levels
of the free Lie algebra in table 4.

We wish to stress that this comparison is speculative and we have only analysed the
representations. The algebraic structure is quite different, however. In the E7; proposal
of [49], all generators in ¢; commute: they form a generalised abelian translation algebra of
a generalised space-time in a way similar to the generalised diffeomorphisms of exceptional
geometry [60-63]. One of the hallmarks of the Maxwell algebra and free Lie algebra ap-
proach pursued here is that the translations P, no longer commute, see (2.2). This can be
achieved in an Fji-covariant fashion by allowing non-trivial commutation relations for the
elements of the ¢; representation. One possibility would be an embedding in F12 along the
lines of [58], see also [64]. This embedding embeds the semi-direct sum E7; & ¢; as levels 0
and 1 of a graded decomposition of E15 under its obvious Fj; subalgebra. We shall make
more comments on such level decompositions in the next section. Another possibility is
to consider the elements in the ¢; representation as odd such that they satisfy non-trivial
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anti-commutation relations rather than commutation relations. This structure can be em-
bedded in the Borcherds superalgebra denoted B;; in [65], or the tensor hierarchy algebra
considered in [23]. We refrain from speculating further in this direction, but we will in the
next section apply the construction of a Borcherds superalgebra to the case considered in
section 3 where the basic objects are the supersymmetry generators Q.

4 Free Lie superalgebras and Borcherds superalgebras

We have seen that a free Lie (super)algebra decomposes into a direct sum of subspaces at
positive levels, and that we can add a Lie algebra gg at level zero, such that the positive level
subspaces form representations of it. In order to obtain a simple Lie (super)algebra we need
to continue to negative levels since the subspace spanned by all elements at levels ¢ > k for a
given k > 1 otherwise constitutes an ideal, as described in the end of section 2.1. Any finite-
dimensional complex semisimple Lie algebra has this structure, with the Cartan subalgebra
at level zero and root vectors corresponding to positive and negative roots at positive and
negative levels. The construction of the algebra from its Cartan matrix or Dynkin diagram
can be generalised in different ways, leading to infinite-dimensional Kac-Moody algebras,
the Borcherds superalgebras that we will describe next, and most generally, to so-called
contragredient Lie (super)algebras [66, 67]. As we will show, when g is semisimple one can
extend its Cartan matrix or Dynkin diagram and apply the generalised construction in order
to obtain a corresponding extension of gg with two subalgebras at positive and negative
levels, respectively, which are quotients of two (isomorphic) free Lie (super)algebras, and
additional Cartan generators at level zero.

A Borcherds superalgebra of rank r is defined from a symmetric Cartan matrix A;;
(i, = 1,2,...,r) with non-positive off-diagonal entries and a subset S of the index set
{1,2,...,r} labelling the rows and columns. Here we will only consider the case when the
Cartan matrix is non-degenerate, integer-valued and satisfies

¢S e Ay=2, 1€Se A;=0. (4.1)

To the Cartan matrix we associate 3r generators e;, h;, f; among which e;, f; are odd if and
only if 4 € S, and all h; are even. The Borcherds superalgebra is now defined as the Lie
superalgebra generated by e;, h;, f; modulo the relations

[hi,ej] = Agjes, [hiy 3] = =Auifi, les, fi] = dijha, [hiy hj] =0, (4.2a)
i#j andig¢g S = (ade) " Mie; =0, (adfi)l"Yif; =0, (4.2b)
Ai=0 = {ee} =0, {fi, fi} =0. (4.2c)

We have used the notation [-, -] to denote the graded commutator since the e; and f; can
be odd or even. The off-diagonal entries of the Cartan matrix A;; determine the Serre
relations of (4.2b). The adjoint action there is also by the graded commutator.

The Dynkin diagram that we associate to the Cartan matrix consists of r nodes, where
node i (i = 1,2,...,r) is white (depicted with Q) if i ¢ S < A;; = 2 and gray (depicted
with ®) if i € S & A;; = 0, and where two nodes ¢ and j are connected with —A;; lines.
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Figure 1. Dynkin diagram of a Borcherds Lie superalgebra that is related to a quotient of the
free Lie superalgebra of D = 4 supersymmetry.

(We note that the relation between Cartan matrices and Dynkin diagrams is not one-to-one
for superalgebras as their are odd Weyl reflections that can be applied [68].)

As noted above, Borcherds superalgebras have a triangular decomposition: they consist
of the Cartan subalgebra spanned by the h;, a lower-triangular part generated by the f;
through multi-commutation and an upper-triangular part generated by the e; through
multi-commutation. Important for us is the observation that the upper-triangular part is
a free Lie superalgebra modulo the Serre relations (4.2b) and (4.2c). In other words, the
Serre relations define an ideal in a free Lie superalgebra that has to be quotiented out. We
can refine the observation by allowing each generator e; to have an arbitrary non-negative
level v;, and the corresponding f; to have level —v;. If v; = 1 for all ¢, then we get the
grading described above, with only the Cartan subalgebra at level zero. But we can also
choose to have v; = 1 only for some i, and v; = 0 for the others. By setting v; = 1 if
i€ Sand v, =0if i ¢ S we get a Z-grading consistent with the Z,-grading: odd elements
appear at odd levels, and even elements at even levels. The level £ = 0 subalgebra gg
is then a semisimple Kac-Moody algebra with a Dynkin diagram given by removing the
gray nodes from the Dynkin diagram of the Borcherds superalgebra, centrally extended
with the Cartan generators h; of the removed nodes. In this level decomposition, the Serre
relations (4.2b) determine the level ¢ = 0 subalgebra gy and its representations at levels
¢ = £1 (which will be dual to each other), whereas the additional Serre relations (4.2c)
define the ideal that is factored out from the free Lie superalgebras at positive and negative
levels generated by the subspaces at level £ = 1 and ¢ = —1, respectively.

4.1 D=4 and N =1 supersymmetry

We will now try to reconstruct an infinite-dimensional extension of the superalgebra con-
sidered in (3.12) as the subalgebra at non-negative levels of a Borcherds superalgebra. In
agreement with the discussion above we should have at level £ = 0 the complexification
A1 @ A; of the Lorentz algebra so(1,3) in D = 4 and at level £ = 1 the spinors [0, 1] & [1,0].
One way to arrange this is by taking the Cartan matrix

2 —1 0 O
—1 -2
A= 0 =201 (4.3)
0 -2 0 —1
0 0 —1 2

This can also be depicted in terms of a Dynkin diagram as in figure 1.

The two A; forming the Lorentz algebra in D = 4 correspond to nodes 1 and 4 of
the Dynkin diagram and the gray nodes are fermionic and represent the two fundamental
representations of the two A; as required by the fundamental spinor @, <> [1,0] @ [0, 1].
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Thus the subset S of the index set {1,2, 3,4} is S = {2, 3} here. The single lines connecting
the gray nodes to nodes 1 and 4 imply that the corresponding Chevalley generators belong
to a two-dimensional fundamental representation of the A; concerned.

Let us first see how to get the Lorentz algebra by removing the gray nodes. If we set

i 1

MO2:§(—61+f1+64_f4)7 M01:§(—61—f1—64—f4)a (4-4a)
; 1

Mzg:%(e1+f1—e4—f4), M31:§(—€1+f1_64+f4)7 (4.4b)
i 1

Mo = 5([11 - h4) R Moz = i(hl + h4) ) (4'40)

the commutation relations (2.1a) indeed follow from (4.2) in the case where the Cartan
matrix A;; is given by (4.3), or equivalently, by the Dynkin diagram in figure 1. Note that
the imaginary unit i appears in (4.4) although we consider the real Lie algebra so(1,3) (no
i appears in the commutation relations (2.1a)). This shows that so(1,3) is a non-split real
from of A1 @ Ay. If we instead just took the real span of ey, f1, h1, eq, f1, ha, then we would
get the split real form sl(2) @ sl(2) of A; @ A;. Note also that es, fo, ho,es, f3, hg do not
appear in (4.4) since we have removed the gray nodes. However, the Cartan generators ho
and hs do belong to level zero as well and by taking appropriate linear combinations of
them, one can get the dilatation operator d and the chirality operator Bs that also appears
in the algebra (3.12).

We now put back the gray nodes and go from level £ = 0 to £ = 1. Looking for example
at the eo Chevalley generator, the Serre relation implies

ea #0, [e1,e2] #0, but [er,[e1,es]] =0, (4.5)

so that there are two non-zero elements at level / = 1 associated with ey. This is the
[1,0] representation of A; & A;. One can verify the Dynkin labels [1, 0] by acting with the
Cartan generators h; and hg on the highest weight vector [ey, ea]:

[hl, [61, 62]] =1 5 [h4, [61, 62]] = O . (46)

A similar reasoning for nodes 3 and 4 yields the [0, 1] representation. The level ¢ here is
given by the sum of the number of times es or es appear in a multi-commutator. Thus
one of the two 2-dimensional Weyl spinors at level ¢ = 1 is spanned (over the complex
numbers) by e2 and [e1, e2] and the other one by e4 and [es, e4]. In order to get a Majorana
spinor @, (o =1,2,3,4) from them, we have to take the complex linear combinations

Q1 = [er,e2] — iles, eal, (472)
Q2 = ile1, e2] — [e, eq], (4.7b)
Q3 = ez +ieg, (4.7¢)
Qa4 = —iex —e3. (4.7d)

Indeed, now the commutation relations (3.1), which state that @), transforms as a Majorana
spinor, follow from (4.2), and the explicit form of the real gamma matrices given in A.
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We proceed to level £ = 2 and set

Py = ile1, {ea, [e3,e4]}] — i{e2, €3}, (4.8a)
Py =iley, {e2, e3}] —i{ea, [e3,€4]}, (4.8b)
Py = —[e1,{e2, e3}] — {e2, [e3, €4}, (4.8¢c)
Py =ileq, {ea, [es, e4]}] + i{ea, e3} . (4.8d)

Note that in each multi-commutator, es and e3 appear once each. A multi-commutator
with two ez and no es (or two eg and no e2) would also belong to level ¢ = 2, but any such
element is zero because of the Serre relations

{62,62} = {63,63} =0. (4.9)

This means that P, that appeared in the anti-commutation relation (3.2) of the free Lie
superalgebra is not present in the Borcherds superalgebra we consider here, since {es,ea}
and {es,es} are lowest weight vectors of the representation [2,0] and [0, 2], respectively,
which together form P,;,. Rather we get (3.8c) from (4.2). Also the relation (3.8a), which
states that P, transforms as vector under the Lorentz algebra, follow from (4.2).°

In drawing diagram 1 we have chosen a double line between nodes 2 and 3, correspond-
ing to Aog = Ass = —2. For understanding the Serre relations drawing a single or multiple
lines between the nodes does not matter, as any negative choice of Aog implies the same
ideal. This is due to the Jacobi identity

[e2,{e2, es}] = [{ea, €2}, €3] — [e2, {e2, e3}] . (4.10)

The first term on the right-hand side vanishes due to (4.2c) and the sign in front of the
second term follows from the oddness of eo. This Jacobi identity therefore implies

[62,{62,63}] =0 (4.11)

independent of the value of As3. The value of Asg does, however, lead to inequivalent
Borcherds superalgebras when one considers the action of the lower-triangular Chevalley
generators f; as well. As long as one is only interested in the upper triangular part, Ass
does not matter. As we have just shown, (4.11) is a consequence of {ez,e2} = 0. In
the free Lie superalgebra, this relation is not imposed. We thus conclude that the upper-
triangular part of the Borcherds superalgebra defined by (4.3) is a free Lie superalgebra on
the A; @ A; representations [1,0] & [0, 1] modulo the Serre relations (4.9) corresponding to
an ideal generated by [2,0] & [0, 2] at level £ = 2.

At this point, we note that there is the possibility of writing down a Borcherds algebra whose positive
levels agrees with the free Lie superalgebra including P,. In order to arrange for this, one has to consider
more general Cartan matrices than the ones we have introduced in (4.1) by also allowing negative diagonal
entries, e.g. A;; = —2. The defining relations can for instance be found in [69] and the corresponding nodes
are sometimes called ‘black’ nodes. For black nodes, the relation (4.2c) does not apply and therefore there
are no Serre relations at positive levels associated with the black nodes, in other words they form a free Lie
superalgebra.
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By representation | generator
[2,0] & [0, 2] My
By [0, 0] Bs
[0, 0] d
B | [1,00&]0,1] Qa
By [1,1] P,
Bs [1,0] & [0, 1] Ya
B, 2,01 ©1[0,2] | Zap = Zay
[0, 0] B
B [1,0] & [0, 1] Xa
[1,2] @ [2,1] Xaa
2,0] @ [0, 2]
[1,1]
Bg [1,1]
[1,1]
[1,3] @ [3,1]

Table 6. The non-negative levels of the Borcherds superalgebra defined by the Cartan matrix (4.3).
This is a quotient of the free Lie superalgebra shown in table 2 and the notation is in that table.
We have also included the Cartan generators from level { = 0. Bs acts as chirality while d is a
scaling operator. Up to level ¢ = 4 this is the Maxwell superalgebra studied in [11].

The representation content of the positive levels of the Borcherds superalgebra can be
constructed recursively using a similar algorithm as for the free Lie superalgebra. In the
Borcherds superalgebra one has

B; = (Q.) , (4.12a)
By =V?B1© Sy, (4.12b)
B3 =By ® B © VB, @ S3, (4.12¢)
By = (B3® B; ® A’By) © V2B, @ By ® VB, © Sy, (4.12d)

where the difference to the free Lie superalgebra (2.9) is the presence of a certain represen-
tation Sy at each level that has to be removed. We have already seen that Sp = [2,0]$ [0, 2]
and an analysis similar to the one carried out in [26] for the case of only one gray node
yields that in general Sy = [¢,0] @ [0, ¢]. This is displayed in table 6.

Alternatively, the representation content of the Borcherds superalgebra up to an arbi-
trary level k can be derived from the representation content of a corresponding Kac-Moody
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k+2 k+3

Figure 2. Dynkin diagram of the Kac-Moody algebra of rank k+ 3 corresponding to the Borcherds
superalgebra with the Dynkin diagram in figure 1 by the ‘Borcherds-Kac-Moody correspondence’.
The number of nodes in the lower line is k — 1, forming an Aj_; subdiagram. For k£ = 3, this
Kac-Moody algebra is the exceptional Lie algebra Eg, for k = 4 its affine extension Eg™, and for
k = 5 its hyperbolic extension EgtT.

algebra. This can for example be more useful than the method above when the representa-
tions Sy are not known. This ‘Borcherds-Kac-Moody correspondence’ was first explained
in [18] in the context of Eq; (see also [20]) and then generalised to other cases in [19, 70].
Here we will just briefly describe the consequence of the general procedure in the special
case of the Borcherds superalgebra with Cartan matrix (4.3) or with the Dynkin diagram in
figure 1, and it reveals a remarkable connection between the Maxwell superalgebra and the
exceptional Lie algebra Fg. The method is only directly applicable if As3 = Ags = —2, and
this is the reason why we have made this choice, although, as we have seen, any negative
value of these entries in the Cartan matrix gives the same representation contents in the
level decomposition.

The Dynkin diagram of the corresponding Kac-Moody algebra is obtained by replacing
the gray nodes with ordinary white ones, removing the double line, and adding another
k — 1 white nodes, each connected to the previous one with a single line, so that they
from the Dynkin diagram of the Lie algebra Aj_; with split real form sl(k). Furthermore,
the new nodes 2 and 3 replacing the gray ones should be connected to the first node in
this Ag_1 subdiagram. The resulting Dynkin algebra is shown in figure 2. For k = 3, the
corresponding Kac-Moody algebra is the exceptional Lie algebra Fjg, for k = 4 its affine
extension Fg', and for & = 5 its hyperbolic extension Eg™". A level decomposition of
this Kac-Moody algebra can be performed with respect to nodes 2 and 3 in the same way
as for the original Borcherds superalgebra, and since we now have a Lie algebra rather
than a Lie superalgebra, the representations can be computed easily using the software
SimpLie [71]. Furthermore, since we now at level £ = 0 have not only A;®A; and the Cartan
generators hy and hg, but also sl(k), each representation of A; @ A; comes together with
a representation of sl(k). It turns out that, at each level £ < k, the A; @ A; representation
that comes together with the k-th antisymmetrised tensor power of the fundamental k-
dimensional representation of sl(k) is precisely the representation B, appearing in the
Borcherds superalgebra. This can be verified for k = 5 by comparing tables 6 and 7.
Using either tool we obtain the supersymmetric Maxwell algebra studied in [11] with an
additional scaling operator d that can be chosen to have the level ¢ as its eigenvalue.
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level £ | Ay & A & Ay representation | generator

[2,0;0,0,0,0] & [0,2;0,0,0,0] Mg

0 [0,0;0,0,0,0] Bs
[0,0;0,0,0,0] d
[0,0;1,0,0,1]

1 [1,0;1,0,0,0] & [0,1;1,0,0,0] Qo'

2 [1,1;0,1,0,0] P17

3 [1,0;0,0,1,0] € [0,1;0,0,1,0] | X,/7K
[2,0;0,0,0,1] & [0,2;0,0,0,1] | Zg"14
4 [0,0;0,0,0,1] B

[0,0;1,0,1,0]
[1,0;0,0,0,0] @ [0,1;0,0,0,0] | X,015
5 {1,2;0,0,0,0] & [2,150,0,0,0] | Xaa'
[1,0;1,0,0,1] @ [0,1;1,0,0,1]

Table 7. The non-negative levels of Eg™" (the hyperbolic extension of Eg) with Dynkin diagram
in figure 2 for k = 5, decomposed with respect to the A; ® A; & A, subalgebra obtained by removing
node 2 and 3. The Dynkin labels of A4 are separated from those of A; @& A; with a semicolon.
Restricting to A4 representations where the ¢-th Dynkin label is equal to one and the others to
zero (all zero for £ = 0 and £ = 5) we obtain the A; @ A; representations By in table 2. We have
illustrated this by putting ¢ fully antisymmetric indices I,.J,... = 1,...,5 on the generators in
table 2 up to £ = 5 (which coincide with those of the Maxwell superalgebra up to ¢ = 4).

4.2 D =4 and extended supersymmetry

The Borcherds superalgebras considered in the preceding subsection can be extended in a
way corresponding to extended supersymmetry. In order to get an R-symmetry algebra
su(N) at level £ = 0 (commuting with the Lorentz algebra), and the two Weyl spinors
at level £ = 1 transforming in two A -dimensional representations of su(N'), dual to each
other (‘fundamental’ and ‘anti-fundamental’), we insert N/ — 1 white nodes between the
two gray nodes in the Dynkin diagram, as shown in figure 3. The generators es and e3 are
then still lowest weight vectors of two representations of the subalgebra at level ¢ = 0, but
since this subalgebra now also contains Axr—; in addition to the (complexified) Lorentz
algebra A; @ Aj, the representations now have 1 4+ 1 4+ (A — 1) Dynkin labels. As in
section 3.2 we have put the Dynkin labels corresponding to Axr_1 after the two Dynkin
labels corresponding to Ay & Aj, separated by a semicolon. The Dynkin labels of the two
representations at level £ = 1 are then [1,0;1,0,...,0] and [0, 1;0,...,0, 1], respectively, as
can be verified by acting on e2 and e3 with the Cartan generators.
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Figure 3. Dynkin diagram of the Borcherds superalgebra for AV-extended supersymmetry. The
middle part is the Dynkin diagram of type Aa/_; corresponding to the complexified su(N) R-
symmetry. The outer nodes labelled 1 and 4 correspond to A; @ A; as before while the two gray
nodes correspond to the two spinors.

O O O & Oo— — —O
—_——
AN-1

Figure 4. Distinguished Dynkin diagram of the finite-dimensional contragredient Lie superalgebra
A(3, N — 1), which has the superconformal algebra su(2,2|A) in D = 4 as a real form.

We also give the Cartan matrix corresponding to the simplest extended case N = 2
for which there are five nodes in figure 3; it is

2 -10 0 0
~10 0 0 -1
00 0 —1-1]. (4.13)
0 0 —-12 0
0 -1-10 2

Row and column 5 correspond to the R-symmetry A; in the middle of the diagram.

At this point we note a certain similarity to the superconformal algebra su(2,2|\)
in D = 4. This is a real form of the complex Lie superalgebra A(3, N — 1), which has a
distinguished Dynkin diagram shown in figure 4. The fact that the Dynkin diagram is dis-
tinguished means that there is only one gray node, and this condition makes it unique. By
relaxing this condition and performing so-called odd reflections [68] one can obtain equiva-
lent non-distinguished Dynkin diagrams of the same Lie superalgebra, with more than one
gray node. Following the rules for odd reflections (see for example [72]) it is straightforward
to show that one of the possible diagrams look the same as the one in figure 3 [68, 73].
However, the meaning of gray nodes in this context is slightly different. The corresponding
e and f generators are still odd elements, and the corresponding diagonal entries are still
zero, but on one side of the gray node the corresponding entries in the Cartan matrix have
opposite signs. For figure 4, this means that if the white nodes and lines on the left hand
side of the gray node correspond to diagonal entries 2 and off-diagonal entries —1, respec-
tively, then those on the right hand side have diagonal entries —2 and off-diagonal entries
1, respectively. For figure 3, with A/ = 2, this gives the corresponding Cartan matrix

2 10 0 0
-10 0 0 1
00 0-11], (4.14)
0 0-12 0
0 1 1 0 —2
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Figure 5. Dynkin diagram of a Borcherds Lie superalgebra that is related to a quotient of the
free Lie superalgebra of D = 11 supersymmetry.

By Bs representation | generator
[07 17070)0] Mab
By
[0,0,0,0,0] d
Bl [07070707 1] ro
[1,0,0,0,0] P,
By
[071707070] Pab
[0,0,0,0,1] Ya
Bs
[1,0,0,0,1] Yaa
2 x [0, 1, 0, 0, O] Zab = Z[ab}
[1,0,0,0,0]
[0,0,1,0,0]
By [1,1,0,0,0]
[0,0,0,0,2]
[1,0,1,0,0]
[1,0,0,0,0]

Table 8. The non-negative levels of the Borcherds superalgebra defined by the Dynkin diagram
of figure 5. This is a quotient of the free Lie superalgebra shown in table 4 and the notation is as
in that table.

of A(3,1), where the entries in row or column 5 have opposite sign compared to (4.13).
Accordingly, A(3,1) is not a Borcherds superalgebra but a contragredient Lie superalge-
bra [67], and this change of signs makes it finite-dimensional.

4.3 D =11 and N =1 supersymmetry

We can also apply a Borcherds construction to the eleven-dimensional case. The starting
point for the Dynkin diagram is that of Bs which is the complexification of so(1,10). To
obtain a spinor representation at level £ = 1 one can attach a gray node to the ‘spinor node’
of the Bj diagram with a single line. This leads to figure 5. The level decomposition of the
Borcherds algebra defined by this diagram can be computed using the methods described
above and this leads to the so(1,10) representation listed in table 8.

Table 8 should be compared to table 4 from which we see that the Borcherds con-
struction contains considerably fewer generators than the free Lie superalgebra. This is
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of course expected since the positive levels of the Borcherds algebra are a quotient of the
free Lie superalgebra by the Serre ideal. One noteworthy difference between the Borcherds
algebra and the free Lie superalgebra is that the former does not contain the generator
Py, ..a5 on level £ = 2 associated with the Mb-brane term in the superalgebra. Thus it
agrees with the algebra given in [46] up to £ = 2, but it extends it beyond that.”

5 Conclusion

In this paper, we have put forward the structure of a free Lie superalgebra for studying
extensions of the Poincaré superalgebra. The various examples that we have presented
comprise generalisations existing in the literature by quotienting and thus the free Lie
superalgebra (@) can be viewed as universal structure that encompasses all these proposals.
We have focussed in this paper on the algebraic aspects and have not worked out any
dynamical model realising the symmetry but this can be done for the point particle along
the lines of [7, 11] and we expect a similar universal behaviour of a superparticle moving in a
supersymmetric Maxwell background if a suitable ‘unfolded’ quotient is applied. An aspect
that will deserve detailed study in this context is the k-symmetry of the particle action.
Extensions to string and brane models moving in backgrounds can also be constructed. A
generalisation of the Polyakov-type term for the string invariant under the superalgebra
can be written as

g 1
/dQO‘\/—’)/’}/U [L?L?nab + iLgbLgdnacnbd + ..., (5.1)

where the LY = 0;z% + ... and L?b = 9;0%° + ... denotes the components of the Cartan-
Maurer forms of a string moving on the group manifold of the superalgebra [7, 40].

Let us also point out a few other possible applications or connections to other work.
As was emphasised in section 2 the construction of a free Lie (super-)algebra starts from
a set of basic generators, e.g., the (). Demanding that these basic generators transform
in a representation of some level ¢ = 0 algebra gy then leads to each level £ of the free
Lie algebra f(Q) transforming under gg. In the discussion of the free Lie superalgebra for
D = 11 in section 3.3.1 we considered the case s0(1,10), the eleven-dimensional Lorentz
algebra. In view of possible relations to E1; it is worth noting that the Lorentz algebra is
generalised to an algebra called K(FE11) (or sometimes I(F11)) in the context of West’s
conjectures. This is an infinite-dimensional Lie algebra that is fixed by an involution acting
on (the split real) Fy1, and K(E1;) contains so(1,10). The general representation theory
of this algebra has not been classified as it is not of standard type. However, it is known
that K(F11) can be made to act on the same 32 supertranslations @), that so(1,10) acts
on [74, 75]. In this way, the whole free Lie superalgebra f(Q)) can be seen as a representation

7As in footnote 6, we note that it is in fact possible to get also Py, ..q5 at level £ = 2 in a Borcherds
superalgebra, but then one has to interchange the gray node 6 in figure 5 for a black node such that the
corresponding diagonal entry in the Cartan matrix is not zero but negative. This removes the Serre relation
{66, 66} = 0 and gives rise to a 5-form since {66, 66} then is a lowest weight vector of the representation
[0,0,0,0,2].
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of K(FE11) providing an infinite-dimensional realisation of K (E7;) albeit still of the same
unfaithful type. Under K (E1;) one has for instance that ¢ = 2 of §(Q) forms an irreducible
528-dimensional representation. This perspective opens up the possibility of constructing
particle or brane models with K (FE;;) symmetry.

Yet another possibility of applying the free Lie superalgebra is in the context of so-
called vector supersymmetry [76, 77]. In vector supersymmetry, the basic supersymmetry
generators are not spinors (), but transform in a vector and a scalar representation of the
Lorentz group. A particle realisation of this vector supersymmetry leads after quantisation
to two uncoupled Dirac equations [76, 77].

In the physical realisations of Maxwell symmetries studied to date, the background
field was non-dynamical. The proposals of [15, 78, 79] attempt to also derive the equa-
tions of a gravitational background from an algebraic formulation while [80] discusses the
unfolding of the Maxwell equation for the gauge field itself. These constructions are based
on algebras that are sometimes called Ogievetskii algebras that include translation gener-
ators and higher rank cousins of the type contained in free Lie algebras f(P), however, the
commutation relations appear to differ from those of the free Lie algebras. It is not clear
to us how to reconcile these two pictures at the moment.
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A  Gamma matrices in D = 4

An explicit real representation of the I'* matrices can be written as
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C=T1"= [5 = Tr2rs = (A1)

O = OO
OO O -
OO = O
OOO'
O = OO

0
~10 0 -1

The matrix I'? is anti-symmetric while the I'* (for i = 1,2,3) are symmetric. They satisfy
{I‘a,Fb} = 2™ with n? = diag(—1,1,1,1). One also has CT = —C = C~! and that

(CFQ)T — Cra’ (Crab)T — C«Fab’ (CFabC)T — 7CFabc, (CFabcd)T — 7CFabcd7 (AZ)

where % = IleT%l = L(T9T® — TT'?) etc. The matrix I'5 anti-commutes with all the I'°.
It squares to (I's)? = —1 and (CT5)T = —CT.

We use the following explicit spinor index notation on the gamma matrices, following
the SW-NE contraction convention,

T4 = (IT")% = (I)*(I")7 (A-3)

together with C,g for the anti-symmetric charge conjugation matrix and C for its inverse
satisfying C’MCWB = 55. The spinor index range is « = 1,...,4. The first relation in (A.2)
reads in indices (CT)qg = (CT'?)gq, where (CT?)qp = Coy(I'*)75. We also note the cyclic
identity that is satisfied by the gamma matrices in D = 4 are

(Cra)(aﬁ(cra)'y)zS =0, (A.4a)
(CTab)(0s(CT™)1)5 =0, (A.4b)
(CT) (05Cy)s + (CT™) (45(CT)1y5 = 0. (A.4c)

The identity (A.4a) and similar ones in D = 3,6, 10 are important for the construction of
supersymmetric Yang-Mills theories [81, 82], whereas (A.4b) is crucial for supersymmet-
ric membranes [36]. In the context of free Lie superalgebras they appear in the Jacobi
identity (2.7).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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