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COMPLETELY BOUNDED MAPS AND INVARIANT
SUBSPACES

M. ALAGHMANDAN, I. G. TODOROV, AND L. TUROWSKA

ABSTRACT. We provide a description of certain invariance properties of
completely bounded bimodule maps in terms of their symbols. If G is a
locally compact quantum group, we characterise the completely bounded
L*°(G)’-bimodule maps that send Co(G) into L>(G) in terms of the
properties of the corresponding elements of the normal Haagerup tensor
product L (G) ®cy3, L= (G). As a consequence, we obtain an intrinsic
characterisation of the normal completely bounded L*°(G)’-bimodule

maps that leave L°°(G) invariant, extending and unifying results, for-
mulated in the current literature separately for the commutative and
the co-commutative cases.

1. INTRODUCTION

Let M be a von Neumann algebra, acting on a Hilbert space H, with com-
mutant M’. The normal Haagerup tensor product M®,,, M was introduced
by E. G. Effros and A. Kishimoto in [9], where it was shown that to each of
its element y there corresponds, in a canonical way, a completely bounded
M’-bimodule map ®, on the space B(H) of all bounded linear operators
on H. Let us call x the symbol of the map ®,. The transformation ®, is
in addition weak™ continuous precisely when y belongs to the, smaller, ez-
tended Haagerup tensor product M ®e, M, introduced by U. Haagerup [12].
The present paper is concerned with the question of how specific invariant
subspace properties of the map ®, are reflected in its symbol x.

As a first motivation, we single out Herz-Schur multipliers of the Fourier
algebra A(G) of a locally compact group G, introduced by J. de Canniere
and U. Haagerup [7]. These objects have played a prominent role in opera-
tor algebra theory, in particular in the study of approximation properties of
the von Neumann algebra VN(G) and the reduced group C*-algebra C(G)
of G [6, 13, I7]. The numerous applications they have found were facili-
tated to a great extent by the description, due to J. E. Gilbert and to M.
Bozejko and G. Fendler [5], which identifies them with a part of the Schur
multipliers on the direct product G x G. Recall that the space of Schur
multipliers [12] 211 22 26] coincides with the extended Haagerup tensor
product L>®(G) ®cn L2(G), where L>(G) is identified with the algebra of
operators of multiplication by essentially bounded functions on G, acting
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on the Hilbert space L?(G). Herz-Schur multipliers can be identified with
those completely bounded weak* continuous L°°(G)-bimodule maps that
leave VN(G) invariant. As L>®(G) ®en L°(G) can be naturally embedded
in L*(G x G), a natural problem, addressed in [24] and [20], is that of
characterising the functions ¢ : G x G — C that are symbols of Herz-Schur
multipliers.

Exchanging the roles of L>°(G) and VN(G), one may consider the space of
completely bounded weak* continuous VN(G')'-bimodule maps on B(L?(G)).
Since VN(G) ®¢, VN(G) naturally embeds in VN(G x G), to each such map
there corresponds canonically an element of the Neumann algebra VN(G x
G). Those such maps that leave L°°(G) invariant were characterised by M.
Neufang [19] (see also [20]) as arising in a canonical fashion from bounded
complex measures on G. In [I], under the restriction that G be weakly
amenable, we provided an intrinsic characterisation of the symbols from
VN(G) ®cn VN(G) whose maps leave L>°(G) invariant, showing that, when
viewed as elements of VN(G x G), they are precisely those supported, in the
sense of P. Eymard [11], on the anti-diagonal of G.

The invariance properties in the two cases described above were placed
in the same context in [I5], where the authors showed that, if G is a locally
compact quantum group with underlying von Neumann algebra L>°(G) and
a dual quantum group G with underlying von Neumann algebra LOO(G), the
completely bounded weak* continuous L°°(G)’-bimodule maps that leave
L°°(G) invariant correspond in a canonical fashion to the completely bounded
left multipliers of the predual L1(G) of L®(G) (we direct the reader to [15]
for the definitions and further details). However, the problem of charac-
terising intrinsically the elements of L>®(G) ®cp, L>°(G) which are symbols
of maps leaving the von Neumann algebra LOO(@) invariant, has not been
addressed in the literature.

One of the main aims of the present paper is to exhibit such a characteri-
sation. We unify results in the literature that are currently stated in the two
extreme cases — for commutative and co-commutative locally compact quan-
tum groups — arriving at a condition that captures both simultaneously. In
fact, our results go beyond this aim, as we are able to drop the requirement
of weak* continuity, and characterise intrinsically those elements of the nor-
mal Haagerup tensor product L>°(G)®,, L>°(G) that give rise to completely
bounded (but not necessarily weak* continuous) maps on B(L?(G)) sending
the reduced C*-algebra Co(G) of G into L®(G).

Specialising to the case of co-commutative quantum groups, we obtain a
generalisation of our previous results from [I], removing the assumption of
weak amenability imposed therein. On the other hand, specialising to the
case of commutative quantum groups, we obtain the first, to the best of our
knowledge, rigorous characterisation of the Schur multipliers ¢ : G x G — C
whose corresponding map on B(L?(G)) leaves VN(G) invariant, in terms of
the function ¢ alone; the result states that this happens if and only if, for
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every r € G, the equality p(sr,tr) = ¢(s,t) holds for marginally almost all
(s,t) € G x G.

Our main result in the setting of quantum groups, Theorem [3.I] is ob-
tained as a consequence of a more general statement (Theorem 23) that
expresses invariance properties of completely bounded bimodule maps in
terms of their symbol. This general viewpoint is presented in Section [2]
after obtaining some preparatory results. It is applied, in Section [3] to the
case of locally compact quantum groups, while Sections Ml and [l contain the
further applications to co-commutative and commutative quantum groups,
respectively.

We finish this section by setting basic notation. We denote by B(H)
the algebra of all bounded linear operators acing on a Hilbert space H.
If M C B(H) is a von Neumann algebra, we let M, denote its predual,
consisting of all normal functionals on M, and equip it with the operator
space structure arising from its natural embedding into M*. We denote
by CBm(B(H)) (resp. CB9,(B(H))) the operator space of all completely
bounded (resp. weak*® continuous, or normal, completely bounded) M-
bimodule maps on B(H). The algebraic tensor product of vector spaces X
and ) is denoted by X ® Y, the space of all n by n matrices — by M,,, and
the tensor product X ® M,, is written as M, (X") and identified with the
space of all n by n matrices with entries in X. If X and ) are operator
spaces, we denote by X ®;, ) the Haagerup tensor product of X and ), and
by X&) their operator projective tensor product. If X and ) are moreover
dual operator spaces, X®) stands for their weak™ spatial tensor product.
If p: X x Y — Z (where Z is another operator space) and n,m € N, we
let (™) M, (X) x M,,,(Y) — M,,n(Z) be the ampliation of ¢, given by
O™ (245), (Yp.qg)) = (©(Ti g Ypa)ipjq- The identity operator is denoted
by 1, and we let M®1 = {a® 1 :a € M}; it will be clear from the
context on which Hilbert space 1 acts. We will use throughout the paper
basic results from operator space theory, and we refer the reader to the
monographs [3], 10, 21} 22] for the necessary background.

2. A CHARACTERISATION OF INVARIANCE

Let X and Y be dual operator spaces and Bil,(X,)) be the operator
space of all normal (i.e. separately weak* continuous) completely bounded
bilinear forms on X x ). The normal Haagerup tensor product [3),9] of X
and ) is the operator space dual of Bil,(X,)):

X @, Y Bil, (¥, )",

It is characterised by the following universal property: for every dual op-
erator space Z and every normal completely bounded bilinear map ¢ :
X x Y — Z, there exists a (unique) normal completely bounded lineari-
sation ¢ : X o1, Y — Z. It is easy to see that the normal Haagerup tensor
product is functorial: if X} and ) are dual operator spaces and ¢ : X — X}
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and 1 : Y — )i are normal completely bounded maps then there exists a
(unique) normal completely bounded map ¢ @ ¢ : X R, YV — X1 Qpp, 1
such that

(1) (@@Y)(a®b) =d(a) @¢(b), acX,bed.

Let M be a von Neumann algebra acting on a Hilbert space H. There
exists a canonical complete isometry, that is also a weak* homeomorphism,
from M ®,1, M onto the space CB ¢ (B(H)) of all completely bounded M'-
bimodule maps on B(H) [9]. For x € M ®,, M, we let ®, : B(H) — B(H)
be its corresponding map; we have that

(2) Q.0p(z) = axb, z € B(H), a,be M.

We call x the symbol of ®,. If {,n € H, x € B(H) and F, ¢, : MxM — C
is the (normal completely bounded) bilinear form given by F, ¢ ,(a,b) =

(azb&,n), then [9, (2.5)]
(Xny,ﬁ,n> = <<1>X(33)£777>’ X €M@y M.

It follows that the map x — @, is continuous when M ®,}, M is equipped
with its weak™ topology and CB¢(B(H)) — with the point-weak operator
topology.

Recall that the extended Haagerup tensor product M e, M [10] coin-
cides with the weak® Haagerup tensor product M R+, M [M], and can
be canonically identified with the operator space CBY, (B(H)) of all nor-
mal completely bounded M’-bimodule maps on B(H): for each element
X € M ®cn M, there exist families (a;)ier, (b;)ier € M such that the series
Y icraia; and Y. bib; are weak® convergent and the corresponding map
P, : B(H) — B(H) is given by

o\ (z) = Zambi, x € B(H),
1€l

where the series converges in the weak™ topology of B(H). We write x ~
D ier @i @ bi.

Note that the canonical inclusion M ®q, M C M ®,, M is completely
isometric. If N C B(H) is a(nother) von Neumann algebra, we let

o N .
CBYy (B(H)) = {® € CBY(B(H)) : ®(N) SN}

Let H be a Hilbert space, M C B(H) be a von Neumann algebra and

f,9 € M,. By the functoriality of the weak™ spatial tensor product, L =

f®id and R, = id ®g are well-defined normal completely bounded maps

from M®&M into M; note that
Li(a®b) = f(a)b and Ry(a ®b) = g(b)a, a,be M,

ILflleb = ||f|l and [[Rgllcv = |lg|| (see [27]). By the functoriality of the
normal Haagerup tensor product,

Li® Ry : (MAM) @y (MEIM) = M @4y, M
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is a weak™ continuous completely bounded map (see [10]).

Let m : MxM — M denote operator multiplication. The map m extends
uniquely to a weak* continuous completely contractive map (denoted in the
same way) m: M ®,, M — M [10]. We let m, : M, — M, ®e, My be its
predual.

Lemma 2.1. For every i) € (M&M) @1, (MROM) there exists (a unique)
T () € MMM such that

(TW). [ ©weg) = m((Ly ® R)W)w), f.g.w € M..
Moreover, the map
T : (MEIM) Qop (MOM) = MOIMRM
is linear, contractive and weak*-continuous, and
(3) Tx1®x2) =(x1®1)(1 & x2)
for all x1,x2 € MRM.
Proof. Let ¢ € (M&M) @51 (MOM) and Fy : M, x M, x M, — C be

the trilinear map given by
(4) Ey(fiw,9) = (m((Ly © Rg)(¥)),w),  fr9,w € M
Let X = (fi;j)ij € Mp(M.), Y = (gr)ks € Mim(My), and
Lx : MM — M, (M), Ry : MM — M, (M)
be the maps given by
Lx(x) = (Lg,;00))ig By (00 = (Rg,0))kss X € MOM.
Standard arguments show that Lx and Ry are completely bounded and
ILxlleb < X, mn)s 1By leb < Y b, ()
By [10} p. 149], the map
Lx ® Ry :  MA&M) Qg (MROM) = M, (M) Qo My, (M)

is completely bounded with ||Lx @ Ry|[cb < | X |l (A) 1Y (v, (A1) -
By [10, Theorem 6.1], the canonical shuffle map

So : Mp(M) @gn Mpp(M) = (MEM,) ®on (MEM,y,)
— (M ®0’h M)@(Mn ®o’h Mm)

is a complete contraction. Since the minimal norm is dominated by the
Haagerup norm, we have, on the other hand, that the map

93Mn®ahMm :Mn®hMm—>Mnm
is a complete contraction. It follows that the canonical map

T : My (M) ®en M, (M) — My, (M Qo M),
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induced by S, and @, is a complete contraction. Therefore, for each p € N
and Z = (wst)st € Mp(M,), we have

IES ™ PN (X, Y, Z) |t

(L., ® Ry ) (), mP (@s)) 1100y
(L ; @ Ryp )W)kt (M) | (M (@5 6)) s v, (Mo 0 ML)
[(Lx @ Ry )(¥)llv, (M@ A I Z 1T Z INIX Y I Z]]-

Thus, the map Fy, is a completely bounded trilinear form on M, x M, x M,
with

(5) [ lleb < [120])-

It therefore linearises to a bounded linear functional on M,QM,QM.,,
which we denote again by F,. Since (M AMRM,)* = MAIMERM, there
exists T (v) € MOM®EM such that

<
<

(6) Fy(w) = (T(),w), we M,EM,EM,.
By @),
(T = sup{|(T (), w)| : [|w]| <1} = sup{[|Fy(w)| : [w] <1}
= |IEyll < [l¥]]-

The uniqueness of T (¢) follows from the density of M, ® M, ® M, in
M AM M,

We show that 7 is weak* continuous. To this end, for each element w of
MM, DM.,, define a linear functional E,, on (M@&M) @4, (MOM) by

Ey(¥) =(TW),w), ¢ & (MOM) Qs (MIM).

It clearly suffices to prove that E,, is weak™ continuous, for each w. By [23] p
75], it suffices to show that the kernel of E,, is weak* closed which, by virtue
of the Krein-Shmulian Theorem [23], p 152], is equivalent to the fact that the
intersection of ker(E,, ) with every norm closed ball of (M&M)® s, (MRM)
is weak™ closed.

Fix w € M,QM,@M,. Let C > 0, 1) € (MA&M) Qg (MRM) and
(Ya)aca be a net in ker(E,) that converges to i in the weak* topology,
such that ||[¢,]] < C, a € A. Fix € > 0. Let wy € M, ® M, ® M, be such
that ||w —wo|| < €¢/3C. By the weak™® continuity of Ly ® Ry, and m, (@) and
(@) imply that there exists ag € A such that

|Ewy (Ya) = Euwo (V)| = [Fp, (wo) = Fy(wo)| < €/3,  a = ap.
An e/3-argument now implies that

|Ew ()] = [Ew(ta) = Bw(¥)] = [Fyo (w) = Fy(w)] <&, a>ap.
It follows that E,, (1)) = 0 and the weak™® continuity of 7 is established.
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Finally, we show (B]). Assume first that x; = a ® b and y2 = ¢ ® d where
a,b,c,d € M. Then

(m((Lf @ Rg)(x1 ®x2)),w) = (m(Lr(x1) ® Ry(x2)),w)
(Ly(x1)Ry(x2),w)
= fl(a)g(d) (be,w)
= (a®bc®d, fRW®g)
(ae)(1ex),feweg),

giving T(x1®x2) = (x1®1)(1®x2). By linearity, the equality holds for any
X1, X2 in the algebraic tensor product M ® M. As T is weak™ continuous
and the multiplication in MMM is separately weak* continuous, we
obtain the equality (@) for any 1, x2 € MRM. O

Remark. Intuitively, the map 7 from Lemma 2] “multiplies the two
middle variables” in the four-term tensor product, leaving the outer variables
intact, thus producing a three-variable element.

Let H be a Hilbert space, and M and A/ be von Neumann algebras acting
on H. We fix for the rest of the section a unitary operator W € B(H)QN
(resp. V € N@B(H)), and define maps

'w M- BH®H) and Ty, : M — B(H® H)
by letting
(7) I'w(a) =W*(1®a)W and T (b) =V (b 1)V*".

Clearly, I'y and I}, are normal completely bounded maps; thus, there exists
a normal completely bounded map

T'w Iy : M@, M — (B(H)RB(H)) @qy, (B(H)RB(H))
such that
Tw o Ty)(a®b) =Tw(a) @ T (b), a,be M.

For an operator '€ B(H®@ H), let Ti 2 =T ®1 and Thb3 = 1 ® T. Recall
that, for x € M ®,, M, we denote by ®, the corresponding completely
bounded mapping on B(H).

Lemma 2.2. Let H be a Hilbert space, M and N be von Neumann algebras
acting on H, x € M Q@,, M, W € B(H)QN, V € NRB(H) be unitary
operators, and f,g € B(H).. Then
(8) (f@id @g)(W1.a(To (T &) (0)Vaz) = By((f@id) (W)(id ) (V).
Proof. Assume first that x = a ® b, where a,b € M. Using Lemma 211 we
have

ToTwaTly)(x) = T(w(a) @Iy (b))
T(W(1@a)W)® (V(be1)V))
Wl*g(l ®a®1)Wi2Va3(1®b® 1)‘/’;3.
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Hence
Win(To(Tw @Ty)()V2s = (1@a®1)Wiplas(l@b@1).
Thus, in order to establish (§]), it suffices to show that, whenever T €
B(H)QN and S € NQB(H), we have
(9) (feideg)(1®ae1)T1S3(1@be 1)) = &, ((f®id)(T)(id ®g)(S)).
To this end, assume first that T'="T7 ® Tb and S = 51 ® Sy, where 17,59 €
B(H) and T5,51 € N. Then
(f®ideg)(1®a®1)T1253(1@b® 1))

= (f®ideg)(1®ax 1) (T @T2S @ S2)(1®b® 1))

= (f®ideg)(Ti ® 24 (T251) ® S2)

= f(T1)g(52)@y(T251) = O, ((f ®@1d)(T)(id ©g)(9))-
By linearity, (@) holds true if T' (resp. S) belongs to the algebraic tensor
product B(H) ® N (resp. N ® B(H)). Equation ([@) now follows from the
weak™ continuity of ®,.

By linearity, ([8) holds whenever y is an element of the algebraic tensor
product M ©® M. Now assume that x € M ®,, M is arbitrary. Let
(Xa)aca € M ® M be a net converging to y in the weak™ topology of
M &y, M. Then

Oy ((f @) (W)(id ©9) (V) —aeh 2x((f @id)(W)(id ®g)(V)).
On the other hand, the weak™ continuity of one-sided operator multiplication
and that of the maps 'y ® I'},, T and f ® id ®g imply that
(f ®id@g)(Wia(T o (Tw @ T)(xa))Vas) —hea
(f ®id®@g)(Wi2(T o (Tw @ I'y) (X)) Va,3)-
Identity (8) now follows. O

Let

AW, V) = [L;(W)R,(V) : f.g € BE).]";

we call A(W, V) the reduced operator space of the pair (W, V). The assump-
tions W € B(H)QN and V € N®B(H) imply that A(W,V) is a (norm
closed) subspace of N.

Theorem 2.3. Let H be a Hilbert space, M and N be von Neumann alge-
bras acting on H, x € M @y, M, and W € B(H)QN, V € NRB(H) be
unitary operators. The following are equivalent:

(i) DL (AW,V)) C N

(ii) T o (Tw @1, )(x) € B(H)QNRB(H).

Proof. (i)=(ii) By Lemma [2.2]
(f ®@id@g)(Wia(T o (Tw @ T1) (X)) V2;3) €N



COMPLETELY BOUNDED MAPS AND INVARIANT SUBSPACES 9

for all f,g € B(H),. It follows from [27] that
Wia(T o (Tw @ T7)(x)) Va3 € B(H)SN®B(H).

Thus,
To(Twal'y)(x) € B(H)QNRB(H).
(ii)=(i) is immediate from Lemma 2.2 O

3. APPLICATIONS TO LOCALLY COMPACT QUANTUM GROUPS

We refer the reader to [I8, 28] (see also [15]) for background on (von Neu-
mann algebraic) locally compact quantum groups. In the sequel, we recall
only those elements of the theory that will be essential for the statements
and the proofs of our results. A locally compact quantum group is a quadru-
ple G = (L*°(G),T, p, 1), where L*°(G) is a von Neumann algebra equipped
with a co-associative co-multiplication ' : L>®°(G) — L*°(G)®L>*(G), and ¢
and v are (normal faithful semifinite) left and right Haar weights on L*>°(G),
respectively. The left Haar weight induces an inner product

(10) (£, 9)p = ply"z)
on the subspace R, = {z € L=(G) : p(z*z) < 0o}. We let L?(G, ) denote
the completion of R, with respect to the norm induced by ([I0). We define
the Hilbert space L?(G, 1) in a similar way.

Let W € B(L*(G, ) ® L*(G,¢)) (resp. V € B(L*(G, ) ® L*(G,))) be
the left (resp. right) fundamental unitary associated with G and note (see

[@) that
=Ty =T},

Let L'(G) be the predual of L°(G). The pre-adjoint of I' induces an asso-
ciative completely contractive multiplication * on L'(G) by letting

fixfa=(fi® f2)oT.
The left regular representation X : LY(G) — B(L*(G, ¢)) is defined by

(11) A(f) = Ly(W);

note that X\ is an injective completely contractive algebra homomorphism.

We have that L®(G) = {X(f) : f € LYG)}" is the von Neumann algebra

associated to the dual quantum group G of G. If X is the ﬂip operator on
L*(G,p) ® L*(G,p) and W = SW*Y, its co-multiplication I is given by

D@) =W*Qei)W,  iecL>®G).

The norm closure

Co(@) Y N FELG)}
is referred to as the reduced C*-algebra associated with G.
Analogously, the right reqular representation p : LY(G) — B(L*(G,)) is
given by
plg) = Ry(V), g€ L(G);
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note that p is an injective completely contractive algebra homomorphism.
We have that L>(G') = {p(g) : g € L*(G)}" is the von Neumann algebra
associated with a quantum group denoted G’. We note that L>*(G') =
L*(G), W € L*(G)RL>®(G) and V € L*(G")RL>®(G).

Let

Lop : L(G) —» L=(G)RL>™(G)

be the map given by I'op(z) = (0 o I')(z), where
(12) 0: L®(G)RL>®(G) = L=¥(G)RL>®(G), o(T)=XT%,
is the flip. Note that I'p, = F;fv' It is known that L%(G,¢) and L%(G,1))

can be canonically identified; we use L?(G) for this Hilbert space in the rest
of this paper.

Theorem 3.1. Let G be a locally compact quantum group and x € L®(G)®4y,
L>(G). The following are equivalent:

(i) D (Co(G) € L=G);
(ii) T o (T @ Top)(x) € L®(G)R1RXL>®(G).

Proof. Note that, if f,g € L*(G) then (f®id)(W) = A(f) and (id ®g)(W) =
A(g). Thus,

AW ) = NDN) : Fog € LE)]'

and hence, by equation [14} 2.5], Ay, 3, = Co(G).
By Theorem 23] condition (i) is equivalent to the condition

T o (T @Top)(x) € B(L*(G)RL>(G)@B(L*(G)).
On the other hand, by Lemma 2],
ToT®Tewp)(x) € L®(G)RL®(G)RL™(G).

Since L>®(G) N L*>®(G) = C1, we conclude by [27] and Theorem 23] that (i)
and (ii) are equivalent. O

Corollary 3.2. Let G be a locally compact quantum group and suppose that
X € L®(G) ®@cn, L>*(G). The following are equivalent:

(1) 25 (L>(G)) € L>(G);

(it) T o (T @ Top)(x) € L®(G)RIRL>®(G).
Proof. The statement follows from Theorem B.I] the weak™ continuity of @,

and the fact that Cy(G) is weak* dense in L>°(G). O

4. THE CO-COMMUTATIVE CASE

In this section, we specialise the results from Section Bl to co-commutative
locally compact quantum groups G [I8]. Let G be a locally compact group
equipped with left Haar measure. We thus consider the case where L>(G)
coincides with the von Neumann algebra VN(G) of G, acting on the Hilbert
space L%(G). We have that Cy(G) is equal to the reduced groups C*-algebra



COMPLETELY BOUNDED MAPS AND INVARIANT SUBSPACES 11

C}(G) of G. We denote by A (resp. p) the left (resp. right) regular repre-
sentation of G on L?(G). Using the canonical identification

(13) VN(G)® VN(G) = VN(G x G),
we have that the co-multiplication I' : VN(G) — VN(G x G) is given by
L(A(s)) = A(s) @ A(s), seG.

In this case, L'(G) coincides with the Fourier algebra A(G) of G. We refer
the reader to [I1] for the basic concepts and results from Abstract Harmonic
Analysis that will be used in this section, but note here that A(G) consists
of (complex valued) continuous functions on G vanishing at infinity, the
operation is point-wise, and its Gelfand spectrum can be homeomorphically
identified with G.

Note that, in the case under consideration, L°°(G) coincides with L®(G),
which we hereafter view as the von Neumann algebra of operators on L?(G)
of multiplication by the corresponding essentially bounded functions. Un-
der this identification, Co(G) coincides with the subalgebra Co(G) of all
continuous functions vanishing at infinity.

Equation ([I3]) allows us to identify the predual A(G x G) of VN(G x G)
with the operator projective tensor product A(G)®@A(G). Note that the pre-
adjoint of I is the associative multiplication map my4 : A(G)®A(G) — A(Q)
given by ma(f ® g) = fg.

We set

Ap(G) = A(G) @, A(G) and A (G) = A(G) ®en A(G);

note that there is a completely isometric inclusion A, (G) C A (G) [10].
We have completely isometric identifications

Ap(G)* = VN(G) ®en VN(G) and Aen(G)* = VN(G) @01, VN(G).

In [1], Aeh(G) (resp. Ap(G)) was identified with a completely contractive
Banach algebra of separately (resp. jointly) continuous complex-valued func-
tions on G x G, equipped with pointwise multiplication; specifically, the
function, corresponding to an element v € Ag,(G) is (denoted in the same
fashion and) given by

v(s,t) = (As @ A\,0), s, teG.

Note that Ay (G) is a regular (semi-simple) Banach algebra whose Gelfand
spectrum can be homeomorphically identified with G x G.

Recall that the multiplication map m : VN(G) x VN(G) — VN(G) (given
by m(S,T) = ST) extends uniquely to a weak™ continuous completely con-
tractive map (denoted in the same fashion) m : VN(G)®,, VN(G) — VN(G).
If m,: A(G) = A(G) ®en A(G) is the pre-adjoint of m then

m«(f)(s,t) = f(st), fe€ A(G),s,teq.
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M. Daws has shown [§] that, if f € A(G) then m,(f) belongs to the algebra
M A, (G) of completely bounded multipliers [I] of A, (G); in particular,

m.(f)u € AL (G), whenever u € A, (G).
Moreover,
(14) m, : A(G) = M®PAL(G)

is completely contractive (we refer the reader to [8, Theorem 9.2] and the
remark after its proof).

Theorem [B.1] specialises in the case under consideration to the follow-
ing result, providing a characterisation of the completely bounded maps on
B(L?(G)) that are not necessarily normal and which map Cy(G) into L= (G).

Corollary 4.1. Let G be a locally compact group and x € VN(G) ®q1,
VN(G). The following are equivalent:

(i) D (Co(G)) € L=(G);

(1) T o (I ® T'op)(x) € VN(G)®1® VN(G).

If x € VN(G) ®1, VN(G) and v € A (G), we let v - x be the (unique)
element of VN(G) ®,, VN(G) such that

(v-x,w) = (x,ow), w e An(Q).

If x € VN(G) ®ch VN(G) and v € A, (G) then v - x denotes the similarly
defined element of VN(G) @, VN(G). If x € VN(G) ®en, VN(G), we denote

by suppe, (x) the support of x when the latter is viewed as a functional on
A (G); thus,

suppen(X) = {2 € G X G:v e A,(G),v(z) #0 = v-x #0}
(see [I1] and [16]). Let p : VN(G) @41, VN(G) = VN(G) ®en, VN(G) be the
natural projection given by p(x) = x| 4,(c) (or, equivalently, the dual of the

inclusion map Ay, (G) — Aen(G)), and define supp, (x) = suppen (P(x))-

If EC G xG@G is a closed set, let
Jn(E) = {u € A, (G) : u has compact support, disjoint from E—IIvH7

and write J, (E)°" (resp. J,(E)17) for its annihilator in VN(G)®., VN(G)
(resp. VN(G) ®,1, VN(G)). It is well-known that

(15) Jy(E)Lh = {x € VN(G) @, VN(G) : suppen(x) € E};

the following, similar, description of .J, (E)" is straightforward from the
definitions.

Remark 4.2. Let E be a closed subset of G x G. Then
Jn(E)7 = {x € VN(G) ®q1, VN(G) : supp,(x) € E}.

Let
V=A{(s,51):5€G}
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be the anti-diagonal of G x G. Recall the flip 0 : VN(G x G) — VN(G x G)
defined in ([I2)) and note that

([d®o)(a®@b®c) =a®c®b, a,bce VN(G).

In condition (iii) of the next theorem, we identify VN(G) ®q, VN(G) with a
subspace of VN(G x G) (see [4, Corollary 3.8]).
Theorem 4.3. Let x € VN(G) ®q1, VN(G). The following are equivalent:
(i) To(I'®I)(x) € VN(G)®1® VN(G);
(i) supp, (x) € V.
If x € VN(G) ®en VN(G) then these conditions are also equivalent to
(i) To(TeT)(x) = (ideo)(x@ 1),

Proof. Assume that y = \s ® \¢, where s,t € G. For f,g,w € A(G), using
Lemma 2.1] we obtain

(ToTaD)(X), fewwg = (TA®ARAMQN),f@w®g)
A @At @A, fRW® g)

= f(s)w(st)g(t) = f(s)m.(w)(s,t)g(t)
(As @ Ay mu (W) (f @ 9))

(M (w)(f ®9))

= (M) x, f®g).

It is easy to see that the linear span of {\s ® A\; : s,t € G} is weak*
dense in VN(G) ®,5, VN(G). Further, since the map ¢ — my(w) - ¢ on
VN(G) ®,1, VN(G) is weak™® continuous, we have that

(16) (ToT®T)(x), few®g) = (Mm(w) x,f®g),
for all x € VN(G) ®41, VN(G) and all f,g,w € A(G).
(i)=(ii) By assumption, there exists ¢ € VN(G)® VN(G) such that
ToTaTD)(x) = (i[doo)(p®1).
Thus, if f,g9,w € A(G) then (0] implies
(17)  (mu(w)-x, f@g) = ([do)(p®1), f @weg) = (w(e)p, f @ g).
Fix (s,t) € G x G such that st # e. Let f,g € A(G) be such that
f(s)g(t) # 0. Choose wi,ws € A(G) such that w;(e) = wa(e) but wy(st) #
wa(st). Thus,
(18) (ma(wr) = ma(w2))(f @ g)(s,t) # 0.
By (1), for all fy, g0 € A(G), we have
((ms(w1) = ma(w2))(f ©9) - X, fo @ g0)

(W
((ma(w1) = mu(w2)) - X, (f fo) @ (990))
((wi(e) —wa(e))p, (ffo) ® (990)) = 0.
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We have that (m,(w1) — my(w2))(f ® g) € Ay (G) and hence
((me(w1) = my(w2))(f @ g) - p(X), fo ® go) = 0.
Since A(G) ® A(G) is dense in Ay, (G), we conclude that
(ma(wr) = ma(w2))(f @ g) - p(x) = 0.
In view of (8], this shows that (s,t) & suppg,(p(x)), and thus supp,(x) C
V.
(ii)=-(i) Assume that supp,(x) € V. By Remark [£2]

(p(x),u) =0 for any u € A, (G)N C.(G x G) with supp(u) NV = 0.
Let u € AL (G)N Co(G x G). Choose h € A(G) that takes the value 1 on the
(compact) set {st: (s,t) € suppu} U{e}. Since {e} is a set of synthesis for
A(G), for every w € A(G) with w(e) = 1, there exists h, € A(G) N C.(G),
n € N, vanishing on a neighbourhood of {e}, such that

|w —h = hnlla@) —n—soo O
Since m, is a complete contraction from A(G) into M A, (G) [8], we have
that m,(w — h — hy,) € M A, (G) and
Ima(w = b= Bl < o = b = Bl ey [y —noc 0.
Since supp(my(hy,)u) NV = ), we have that (p(x), m.(h,)u) = 0. On the
other hand, m,(h)u = u and hence
(), (ma(w) = Du) = (p(x), (Ms(w) = m.(h))u)
= <p(X)7 (m*(w —h— hn)u> —n—o0 07
ie. (p(x),(m(w)—1)u) = 0. In particular, since m,(w)(f ®g) € 4, (G), we
obtain
06 me (@) (f @ 9)) = (p(X), ma(w)(f ® 9)) = (b(X), f ® 9) = (X, f ® g)

for all f, g € A(G) N C.(G). Using (I6]), we obtain that, if f,g,w € A(G)
then

(f ®1d@g)(T o (I'®@')(x)),w)

(To(Tal)(x),feweg)
= wle)x, feg) =((feglw).

Thus,
19)  (feideg)(TeT o)) =0cfegl, fgeAd).
It follows that 7 o ('@ T')(x)) € VN(G)®@1® VN(QG).

Now suppose that x € VN(G) ®@en VN(G). In this case, (I9) can be
rewritten as

(ToTaD)(x),fewag) =((ideo)(x®1),f@weg),

completing the proof. O

In the next corollary, M(G) denotes the Banach algebra of all complex

Borel measures on G. The equivalence (i)<(ii) extends [I, Theorem 6.10].
The integral in (iii) is understood in the weak sense.
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Corollary 4.4. Let x € VN(G) Qe VN(G). The following are equivalent
(i) @y € CBY oy (BILA(G)));
(i) suppx C V;

(iii) there exists p € M(G) such that ®y(z) = [, AsxNidu(s), = €
B(L*(@)).
Proof. The equivalence (i)« (ii) follows from Corollary B.21and Theorem 3],
while the equivalence (i)« (iii) was proved in [19]. O

5. THE COMMUTATIVE CASE

In this section, we specialise the results from Section [B] to commutative
locally compact quantum groups G. Thus, fixing a second countable lo-
cally compact group G, we have that L*(G) = L™(G), Cy(G) = Cy(G),
L®(G) = VN(G) and Cy(G) = C*(G). We identify the tensor product
L>®(G)®L>*(G) with the von Neumann algebra L°°(G x G) in the canonical
way. It is readily verified that the flip 0 : L>°(G x G) — L*°(G x Q) is given
by

(20) o(h)(s,t) = h(t,s), for almost all (s,t) € G x G, h € L*®(G x G),
while the co-multiplication I' : L*(G) — L>®(G x G) —

(21) ['(a)(s,t) = a(st), for almost all (s,t) € G x G, a € L(G).

It follows that 'y, : L(G) — L*°(G x G) is given by

(22)  Topla)(s,t) = a(ts), for almost all (s,t) € G x G, a € L>(G).

Note that the predual of L°°(G) is (completely) isometric to L'(G) and the
pre-adjoint of I' is the usual convolution product:

(fxg)(t /f (s7lt)dt, te G, f,ge LYG).

Theorem B] specialises in the case under consideration to the follow-
ing result, providing a characterisation of the completely bounded maps on
B(L*(G)) that are not necessarily normal and which map C#(G) into VN(G).

Corollary 5.1. Let x € L®(G) ®yp, L>°(G). The following are equivalent:

(i) ,(C(@)CVN@):
(ii) T (F @ Top)(x) € L*®(G)R1RL>(G).

In the rest of this subsection, we restrict our attention to the case where
the elements y from Corollary [B.1] belong to the extended Haagerup tensor
product L®(G)®e L (G). Those are precisely the elements x € L*°(G)®,
L>(G), for which the corresponding map @, is (L°°(G)-bimodular and)
weak™® continuous, and are widely known in the literature as Schur multipli-
ers.

Set V®(G) = L®(G) ®en L>®(G) and note that V°(G) = (LY(G) @
LY(G))*, up to a complete isometry. Let y € V°°(G) and assume that
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X ~ Doy a; ® b, where (a;)ieny and (b;)ien in L(G) are sequences such
that
o0 o0
esssupz lai(s)|> < oo and esssupz b (1) < o0
SGG i=1 tEG i=1

[]. We identify x with the essentially bounded function (denoted in the
same way) x : G x G — C, given by

(23) X(s,t) = Z a;(s)bi(t), s,teq,

=1

and thus consider V°°(@G) as a subspace of L®(G x G).
Given a function ¢ : G Xx G - C and r € G, let ¢, : G x G — C be the
function given by ¢, (s,t) = p(sr, tr).

Lemma 5.2. Let x € V°(G) and r € G. Then x, € V*°(G) and
v, (T) = pr (0 Tpr)py, T € BILX(G)).

Proof. For a € L*(G) let a, € L*(G) be given by a,(s) = a(sr), s € G.
A direct verification shows that p,M,p} = M,,. Clearly, if x ~ > 72, a; ®
b; then x,(s,t) = > oo (ai)r(s)(b;)r(t), for almost all (s,t). Now, if T €
B(L?*(G)) then

pr®y (i Tpr)ps = > (prMa,p})T(py My, p})
i=1
= Y M), TMgy,), =\ (T).
=1

O

Recall that, if X is a measure space and X x X is equipped with the
product measure, a measurable subset £ C X x X is called marginally null
[2] if there exists a null set M C X such that E C (M x X) U (X x M). If
wi,ws : X x X — C are measurable functions, we say that w; and wo are
equal marginally almost everywhere (m.a.e.) if the set {(x,y) : wi(x,y) #
wa(x,y)} is marginally null. We note that if y € V°°(G) then the function x
is well-defined up to a marginally null subset of G x GG and that it completely
determines the corresponding map @, (see [25]).

In the proof of the following lemma, given an element of L>®(G x G), we
choose any representative of its equivalence class, and denote it still by the
same symbol.

Lemma 5.3. Let x € V(G x G). The function x : G x G x G — C, given
by

xX(s,rt) =x(s,r,rt), s,rteQq,
is a well-defined element of L>(G x G x G).
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Proof. For a measurable function ¢ : Z — R, where Z is a measure space,
and a positive real number 0, let E.(§) = {z € Z: ¢(z) > §}.

Suppose that x = a®b, where a,b € L*°(G x G). In order to show that y
is measurable in this case, it suffices to assume that a > 0 and b > 0. Then

Eg(0) = Upeg+{(s,7,t) = (s,7) € Eq(A) and (r,t) € Ep(6/N)}.

If F CGxGis aset, setting F" ={s € G: (s,r) € F} and F, = {t € G :
(r,t) € F'}, we have

{(s,t) : (5,7m,t) € Ex(6)} = Upeg+(Ea(N)" x G) N (G x Ep(6/N)r),

for each r € G. It follows that x is a measurable function, when G x G x G
is equipped with product measure.

For a general xy € V°°(G x G), write x ~ > .2, a; ®b; and let M be a null
subset of G x GG such that

Z la;(s,t)|* < C and Z |b;(s,t)|* < C whenever (s,t) & M.
i=1 i=1

Set xpn = >y a; ®b;, n € N. It is clear that
X(s,r,t) = li_)m Xn(s,7,t), (s,rt) & (M x G)U (G x M).

It follows from the previous paragraph that x is measurable.

Let 32 a; @ b; and 3 72, ¢j ® d; be two w*-representations of the same
element y € V°°(G x G). Then the corresponding functions on G x G x
G x G, let us call them temporarily x; and y2, are equal marginally almost
everywhere on (G x G) X (G x G) (see [25] for details). Let M C G x G
be a null set such that xi(s,r,p,t) = x2(s,r,p,t) whenever ((s,7), (p,t)) &
(M x (G xG))U(((G xG)x M). Then xi(s,r,r,t) = x2(s,r,7,t) whenever
(s,r) &€ M and (r,t) € M, that is, whenever (s,7,t) € (M xG)U(Gx M). It
follows that the function x is a well-defined element of L*°(G x G x G). O

Lemma 5.4. Let G be a second countable locally compact group and x €
V(G x G). Then T(x) = X-

Proof. For w, f, g € L'(G), we have
(T, f@weh) = (m((Lf © Ry)(x)),w)-
Suppose that (a;)ien, (bi)ieny € L(G x G) and C > 0 are such that

Z la;(s,t)|* < C and Z |bi(s,1)]* < C for almost all (s,t)
i=1

i=1

and x ~ > 2, a; ® b;.
Let xp = Y iy a; ® b;, n € N. It is easy to see that

Lifa(r) = |

G

ai(s, ) f(s)ds and R, (bi)(r) = / bs(r 1) g (1)t

G
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and hence
(24)

m((Ly @ R)(u))w) = [ [ o I O (et .

By [10, p. 147], Xn —n—oo X in the weak™® topology of L*°(G x G) Qup
L>(GxG); hence the left hand side of (24]) converges to (m((L;®Ry)(x)),w)-

On the other hand, x, —n—c X marginally almost everywhere on (G x
G) x (G x G). Similarly to the proof of Lemmal[5.3] we see that X, —n—00 X
almost everywhere on G X G x G. Moreover,

n

/2 /s p 1/2
(s, 1)] < <Z |ai<s,r>|2> (Zwi(r,mz) <c,
i=1

i=1
for almost all (s,r,t) € G x G x G, and hence Lebesgue’s Dominated Con-
vergence Theorem implies that the right hand side of ([24]) converges to

/ / X(s,rt) f(s)w(r)g(t)dsdtdr.
G JGxG

Thus,

(TX), feweg) =X fow®g),
and the proof is complete. O
Lemma 5.5. Let x € V°(G) and x : G x G x G x G — C be the function
given by x(s,r,p,t) = x(sr,tp). Then x € V(G x G) and
(25) C®@Top)(x) =X, m.ae. on(GxG)x(GxQq).
Proof. Suppose that x ~ > ., a; ® b; is a w*-representation of x. By the

functoriality of the weak™ Haagerup tensor product, '@y, is a well-defined
map from V*°(G) into V(G x G) and

(I'® Lop)(x) ~ Z I'(a;) ® Lop(bs)
i=1
(see [, p 136]). However,
ir(ai) @ Lop(bi) 7 nsoo X, m.a.e. on (G x G) x (G x G).
i=1

In fact, there is a null set M C G such that

Z a;(sm)bi(tp) —n—00 Z a;(sr)b;(tp)

i=1 i=1
whenever (sr,tp) ¢ (M x G) U (G x M). Letting M* = {(s,7) : sr € M}
and M” = {(p,t) : tp € M}, we have the convergence whenever (s, r,p,t) ¢
(M*f x (G x G)) U (G x G) x M". We finally note that M*? and M° have
measure zero. The conclusion follows. O
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Set
o(G) ={x € V®(Q) : xp = x a.e., for all r € G}

(see [25] and [24]).

Theorem 5.6. Let G be a second countable locally compact group and x €
V(G). The following are equivalent:
(i) 24 (VN(G)) € VN(G);
(ii) T o (T ®@Top)(x) € L®(G)RD1IRL®(G);
(iti) T o (L @ Top(x)) = (id®o) (x @ 1);
(iv) x € Viny(G).
Proof. (i)« (ii) follows from Corollary 5.1l and the weak™® continuity of ®,.
(ii)=(iv) By Lemmas [5.4] and [5.5]

(26) To (P ® Pop(X))(37T7 t) = (P ® Fop)(X)(37T7 T, t) - Xr(s,t),

for almost all (s,7,t) € G x G x G. Thus, there exist a null set M C G and
a function ¢ € L*°(G x @) such that

Xr = @ a.e., ifrdg M.

Let &, &,7m,m0 € L?(G) and write &n* for the rank one operator on L?(G)
given by (£n*)(¢) = (¢,n)é. By Lemma 52 ¢ € V°°(G) and, whenever
r & M, we have

(@ (60" )0, m0) = (pr®y(pr(En™)pr)pr&o, M0)
= (D, ((pr&)(rm) ") préos Prmo)-

Since the right regular representation is strongly continuous, the map from
G into B(L?*(G)), sending r to (p:€)(pin)*, is norm continuous. Since the
family {(p:&)(pin)* : r € G} is uniformly bounded, we have that the map

r = (@ (7)) ") P70, Prmo)

is continuous. Now Lemma, implies that

<q>§0(£77*)£07770> = <q>Xr (577*)607770>7 (S G7

which shows that x, = ¢ almost everywhere for every r € G; in particular,
¢ = x almost everywhere, and (iv) is established.

(iv)=(iii) By @0),
(27) (id®o)(x @ 1)(s,r,t) = x(s,t), for almost all (s,7,t) € G x G x G,

and the claim now follows from (20]).
(iii)=(ii) follows from (27]). O
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