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Abstract

Considering the nonideal response of Mach-Zehnder modulators, uniform cross QAM constellations improve upon probabilis-
tically shaped QAM by a factor of up to 4 in uncoded symbol error rate and also offer higher achievable information rates, at
the same source entropy and optimal electrical signal powers.

1 Introduction

Communication systems are evolving towards using the max-
imum information transfer rate and approaching the capacity
bounds for every specific channel [1]. One of the promising
methods to approach the capacity limit is to shape the input
signal constellation to mimic a certain distribution which
maximizes the capacity of the link [2]. For the additive white
Gaussian noise (AWGN) channel, this distribution is known
to be Gaussian and there is a 1.53 dB gap between the capacity
limit and what can be achieved by the conventional uniformly
distributed equidistant constellations [3]. Two main directions
to shape the input signal constellation are probabilistic shap-
ing (PS) and geometric shaping [4]. Both of these techniques
will increase the power efficiency, transmission reach, and
tolerance to system impairments [4–6]. One of the advan-
tages of PS is that it can be used in the current equidistant
quadrature amplitude modulation (QAM) systems using sim-
ilar symbol-wise coherent digital signal processing (DSP)
[7].

One factor limiting current transmission systems is impair-
ments caused by the transceivers [8]. The non-ideal transfer
functions of these components will modify the signal qual-
ity depending on the driving signal amplitude and bandwidth.
Digital-to-analog converter (DAC), Mach-Zehnder modula-
tor (MZM), optical frontend and analog-to-digital converter
(ADC) are components with bandwidth limitations and are
often modeled as having a low-pass response [8]. According
to [8], in order to upgrade the systems to higher order modu-
lation formats, the bandwidth requirements for the transmitter
side components are higher than on the receiver side. There-
fore, we focus on the transmitter impairments and neglect the
receiver components’ constraints.

In this paper, the impact of limitations induced by the DAC
and MZM on the performance of the uniform cross-shaped
32QAM (Uni-32QAM) and PS-64QAM with the same source

entropy is studied. The impairments include the bandwidth
limitation, quantization noise and the sinusoidal transfer func-
tion of the MZM with respect to driving voltage. The achiev-
able information rate (AIR) and symbol error rate (SER) are
calculated to compare the performance for these modulation
formats. It is known that in linear AWGN channel, PS con-
stellations perform better than the uniform constellations [9].
However, we find that considering the transmitter impair-
ments, Uni-32QAM outperforms PS-64QAM by optimizing
the electrical signal power to the MZM.

2 AIR and SER calculation

The mutual information (MI) between two random vectors of
X and Y is defined as [3]

I(X;Y) = EX,Y

[
log2

pY|X(Y|X)
pY(Y)

]
, (1)

where EX,Y denotes the expectation with respect to both X and
Y, pY|X(y|x) is the conditional probability distribution between
X and Y, and pY(y) is the joint probability distribution function
of the random vector Y .

In most optical communications systems, it is assumed that
DSP at the receiver can compensate the effects of the chan-
nel memories to a large extent [3], [10]. Therefore, instead of
dependent random variables as a vector (Y), we can limit the
calculations to independent and identically distributed (i.i.d.)
random variables (Y). Using the weak law of large numbers
[11] and approximating the actual conditional distribution
pY|X(y|x) by a suboptimal auxiliary channel model (qY|X(y|x)),
(1) can be lower bounded by K symbol pairs of these random
variables and taking the average over these realizations as

I(X;Y) ≥ 1

K

K∑
i=1

[
log2

qY|X(yi|xi)
qY(yi)

]
, (2)
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Fig. 1. Simulation setup including the transmitter impairments.

if K is large enough.
In this work, qY|X(y|x) is considered to be an AWGN chan-

nel with discrete input random variable X and continuous
output random variable Y, which are related by Y = X + Z
where Z is a complex, zero-mean, circularly symmetric Gaus-
sian random variable. The auxiliary channel law is assumed
to be

qY|X(y|x) =
1

2πσ2
exp

(
−|y− x|2

2σ2

)
, (3)

and qY(y) =
∑
x∈X

qY|X (y|x) pX(x), where 2σ2 indicates the

total power of the complex noise, X is the source alphabet,
and pX(x) is the input distribution over alphabet.

For probabilistically shaped or uniform constellation for-
mats, in order to calculate the SER, the maximum a posteriori
(MAP) decoding rule has been applied. For a channel with the
auxiliary channel law described by (3), the symbol decision
rule is

x̂ = argmin
x

[
|y− x|2 + 2σ2 · loge

(
2πσ2

pX(x)

)]
, (4)

which generalizes the conventional maximum likelihood
(minimum distance) detector to nonuniform constellations.

3 Simulation setup

In the simulation setup, receiver limitations, dispersion and
nonlinearity of the fiber link are ignored and we have focused
on the transmitter constraints. The parameters of the simula-
tion are listed at Tab. 1.

As shown in Fig. 1, the simulations setup includes a source
which generates complex QAM symbols at the fixed sym-
bol rate of 28 GSym/s for all of the modulation formats
[12]. The performance and simulation setup blocks over each
quadrature are assumed to be identical. To estimate each
AIR or SER value, we generated more than 105 symbols. In
order to generate PS-64QAM constellation points, we shaped
the probability distribution of the symbols by the Maxwell-
Boltzmann distribution [7] to have a source entropy equal to 5
bits/symbol in order to be comparable with Uni-32QAM. The
probability of symbol xi is pX(xi) = e−ν|xi|2/

∑
x∈X

e−ν|x|
2

where ν is the shaping factor. The shaping factor was kept
fixed in this work to have an equal source entropy compared
with the uniform cross QAM format. A demonstration of the
constellation formats in this setup is shown in Fig. 2. Next, the
vector of symbols is upsampled and filtered by a root-raised
cosine (RRC) filter with the roll-off factor of 0.01 to perform
pulse shaping, reducing the side lobe level and interference.
In the next step, the signal amplitude is normalized in each

(a) (b)

Fig. 2 Amplitude comparison of (a) Uni-32QAM and (b)
PS-64QAM at the same electrical signal power and same
AWGN power.

quadrature, quantized depending on the resolution of the DAC
and filtered out by a second order Bessel filter (HDAC(f))
[8], [12]. The electric output signal of the DAC is amplified to
drive the MZM which is connected to a 10 dBm laser at 1550
nm. The MZM is considered to have a sinusoidal transfer
function with respect to driving voltage followed by a Gaus-
sian transfer function with respect to frequency (HMZM (f))
[8]. The optically modulated signal at the output of the MZM
is connected to a linear channel consisting of 80 km fiber
spans and in-line amplifiers to compensate the fiber losses
[13].

In the receiver, the effect of the limited bandwidth of the
transmitter components is compensated using their corre-
sponding matched filter and the signal is downsampled to
retrieve the received symbols in order to calculate the desired
performance metric.

4 Results

We evaluate the performance of Uni-32QAM and PS-64QAM
with source entropy 5 bits/sym in simulations using (2), (4)
and the parameters in Tab. 1, and we compare the AIR and
SER for these modulation formats.

Fig. 3 shows the SER comparison between the Uni-32QAM
and PS-64QAM considering a linear modulator and an MZM

Table 1 Simulation parameters

Parameter Value Parameter Value
DAC bandwidth 18 GHz DAC resolution 8 bits
MZM bandwidth 25 GHz MZM Vπ , RL 5 V, 50 Ω
MZM insertion loss 5 dB Laser power 10 dBm
Roll-off factor 0.01 Oversampling rate 2
EDFA Noise figure 6 dB Span loss 16 dB
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with a sinusoidal response. Different groups of curves corre-
spond to different transmission distances, which in this model
scale linearly with the AWGN power. For the ideal linear
modulator, the results follow the same trend as an AWGN
channel and PS-64QAM outperforms Uni-32QAM in terms
of SER for every input electrical signal power. This is because
of the larger minimum distance between the constellation
points of PS-64QAM than Uni-32QAM at the same power
as shown in Fig. 2. However, the situation changes when the
sinusoidal response of the MZM is taken into account.

As shown in Fig. 3, there is an optimum power for SER
at every transmission distance for each of the modulation
formats. For low AWGN power, the optimum SER values
are better for Uni-32QAM. Fig. 3 shows that Uni-32QAM
reduces the uncoded SER over PS-64QAM by up to a fac-
tor of 4 at optimal powers for the considered transmission
distances. The reason for this effect can be described based
on Fig. 2. At the same input electrical signal power to the
MZM, the maximum signal amplitude is smaller for Uni-
32QAM compared with PS-64QAM. Therefore, at the same
electrical signal power, while the PS-64QAM amplitude is
entering the nonlinear region of the MZM input swing, the
power of Uni-32QAM can still be increased without passing
into the nonlinear amplitude region of the MZM. Hence, by
remaining in the linear region, the SER will decrease more
until the amplitude of the signal becomes comparable to Vπ of
the MZM for Uni-32QAM. For high values of AWGN power
and high SER (long transmission distances), PS-64QAM per-
forms better than Uni-32QAM and this because the AWGN
dominates the nonlinear effects of the transmitter.

Uni-32QAM

PS-64QAM

Ideal modulator

MZM

Ns = 4

Ns = 40

Ns = 110

Input electrical signal power to the modulator [dBm]

Fig. 3 SER vs. input electrical signal power to a modulator.
The green line is the equivalent power for a square signal with
-Vπ and Vπ swing.

In Fig. 4, an AIR comparison, for the same conditions as in
Fig. 3, is shown. At low AWGN power, both modulation for-
mats saturate to their maximum source entropy. By increasing
the transmission distance, there will be a maximum AIR for
each modulation format. Simulations show that the maximum
AIR is higher for Uni-32QAM and the gap between these
maximums increases at higher noise powers.

In [14] and [15], it was shown that PS outperforms uni-
form modulation formats for different transmission distances.

Ns = 4 Ns = 40

Ns = 110

Uni-32QAM

PS-64QAM
Ideal modulator
MZM

Input electrical signal power to the modulator [dBm]

Fig. 4 AIR vs. input electrical signal power to the modulator.

In this work, we found the opposite behavior for our chan-
nel model including the transmitter impairments. Fig. 5 shows
that, by optimizing the input electrical signal power to the
MZM, Uni-32QAM and Uni-128QAM perform better in
terms of AIR. However, if the input electrical signal power
to the MZM is kept fixed, e.g., optimized for the back-to-
back setup without AWGN, the result will change and PS
modulation format will perform better as reported in [14] and
[15].

Ns

Fig. 5 AIR vs. transmission distance for optimized and fixed
input electrical signal power to the MZM.

5 Conclusion

In contrast with the improved performance of PS modulation
formats over uniform modulation formats in linear channels,
we have demonstrated that optimizing the input electrical sig-
nal power to the MZM leads to a performance improvement of
Uni-32QAM and Uni-128QAM with respect to PS-64QAM
and PS-256QAM with same source entropy in a linear fiber
channel with transmitter impairments. We have shown up to a
factor of 4 improvement in the uncoded SER for Uni-32QAM
over PS-64QAM in the range of studied parameters.
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