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In this paper we study Dixmier traces of powers of Hankel
operators in Lorentz ideals. We extend results of Englis-Zhang
to the case of powers p > 1 and general Lorentz ideals starting
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Dixmier trace. For general p, we give upper and lower bounds
on the Dixmier trace. We also construct, for any p and any
Lorentz ideal, examples of non-measurable Hankel operators.
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1. Introduction

The construction of Dixmier traces goes back to work of Dixmier [7] who was mo-

tivated by the problem of finding a non-normal trace on the von Neumann algebra of

bounded operators. Since then Dixmier traces have taken a prominent role in Connes’

program for noncommutative geometry [4] and found applications in the analysis of rough

structures such as Julia sets [5], limit sets of quasi-Fuchsian groups [6] and in complex
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geometry [10,13,14]. The non-normality of the Dixmier trace and the non-separability
of its domain of definition makes computations and estimates of Dixmier traces a chal-
lenging problem. In this paper we propose a methodology to estimate Dixmier traces of
powers of Hankel operators, building on work of Gayral-Sukochev [12].

The inspiration for this work is a paper by Englis-Zhang [11] where Dixmier traces of
Hankel operators in the Lorentz ideal M o, were estimated by means of Besov norms.
Recent work in fractal geometry [5,6] and the questions posed in [11, Section 7.3] lead us
to ask for an extension of the estimates in [11] to powers p > 1 and more general Lorentz
ideals. The approach we take in this paper differs from that of [11]. Our method consists
of a rather straightforward application of extrapolation results of Gayral-Sukochev [12].

In the classical examples, naturally appearing physical and geometrical operators are
measurable, that is all Dixmier traces take the same value on such operators. An example
of a non-measurable pseudo-differential operator with symbol of Hérmander type (1,0)
can be found in [17, Proposition 11.3.22]. Englis-Zhang [11, Theorem 4] constructed a
non-measurable Hankel operator from M; . We show that there are non-measurable
Hankel operators in any (p-convexified) Lorentz ideal.

Let us summarize our main results in a theorem. For a function f on the circle S,
we let Hy denote the associated Hankel operator on the Hardy space H 2(SY) (see more

below in Section 3 below). We let Mgf ) denote the p-convexification of the Lorentz

ideal M, and /\/lgf )0 its separable subspace (see more in Subsection 2.1 below), and
let Tr,, . : My — C be the Dixmier trace associated with an exponentiation invariant
extended limit w. We write A ~ B if there is a universal constant C' > 0 such that
C~!'A < B < CB. When saying universal, we still allow for a dependence on p and 2.

Theorem 1.1. Let p > 1, (|| - ||Bl/q )g>p a family of norms on the Besov spaces Bq,q (S )
for ¢ > p satisfying the conditions of Corollary 3.3, and ¢ : [0,00) — [0,00) b
an increasing concave function with regular variation of index 0 satisfying ¥(0) = 0,
lim;_, 00 ¥(t) = 00 and the conditions (1) and (2). Then for any holomorphic function f
the following holds:

) Hf e Mff) if and only if sup,~, Wllqué/{* < 00.

IT) For any exponentiation invariant extended limit w,

1
1Py~ 1i _
’I‘rwﬂl)(|Hf| ) q—lgga; w(e(q_p)—l)

70
Here @ is defined as in Equation (3) (see page 5).
IIT) It holds that

||f||‘1 1/q *

. 3 1
da, ([HplP, My o) = Aelj\l/lfw . IH 7P = Al ~ hgl\il)lp belap )



M. Goffeng, A. Usachev / Journal of Functional Analysis 279 (2020) 108688 3

Moreover, if ) satisfies that Ay(a) # 1 for some a > 1 (see Equation (1)), there are
holomorphic functions f € ﬁq>pB;/qq(Sl) such that |Hz[P € My is non-measurable.

Since we only consider p:th powers of operators, our results extend mutatis mutandis
to 0 < p < 1. We restrict our attention to p > 1 in order to avoid quasi-normed Banach
spaces.

In Section 2 we provide an overview of the theory of Lorentz ideals from an extrapola-
tion point of view. The general form of Theorem 1.1 will be considered in Section 3. We
consider the special case p = 2,4, 6 of Theorem 1.1 in Section 4 where a result of Janson-
Upmeier-Wallsten allows us to give exact formulas for the Dixmier trace Try,y (| Hf|?).

Finally, in Section 5 we construct holomorphic functions f € NyspBa/d(S!) such that
|H¢|P € My is non-measurable.

Acknowledgements: We are grateful to Genkai Zhang for interesting discussions and
particularly for introducing the work [15] to us. We thank Fedor Sukochev and Ev-
geniy Semenov for helpful comments on the distance formula to the separable part of
a Lorentz ideal. We also thank the anonymous referee for numerous helpful comments
and suggestions. We also acknowledge support from the Swedish Research Council Grant
2015-00137 and Marie Sklodowska Curie Actions, Cofund, Project INCA 600398. This
work was finalized at the Erwin Schrédinger Institute in Vienna during the program on
“Bivariant K-theory in Geometry and Physics”.

2. Lorentz spaces and extrapolation

We will in this section provide an overview of Lorentz ideals and Hankel operators.
Most results in this section can be found in the literature, and the remainder of the
results in this section are variations on well known results.

2.1. Operator ideals

The operators we will consider in this paper will in general belong to some ideal
of operators on a Hilbert space. The general theory of operator ideals is well defined
starting from a semi-finite von Neumann algebra. While this introduces some additional
technicalities, it will allow us to treat ideal of operators on the same footing as LP-spaces
on a measure space. We will not go through this theory beyond its salient points. The
reader is referred to [17] for a more thorough presentation.

Let A denote a semi-finite von Neumann algebra and 7 a normal, faithful, semi-finite
tracial weight on N. The two main examples to keep in mind are NV = B(H) — the
bounded operators on a separable Hilbert space — with 7 being the operator trace and
N = L>(X,p) with 7(a) := [ adp for a o-finite measure space (X, ). By definition,
a von Neumann algebra is a weak operator closed x-subalgebra of B(H) for a Hilbert
space H. We will tacitly assume that A has a separable pre-dual, which is equivalent to
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‘H being separable. For any closed densely defined positive operator T affiliated with N,
we define its singular value function

pr(t) : = inf{||PT||n : P € N a projection with 7(1 — P) <t} =
=inf{s > 0: 7(X[s,00)(T)) < t}

There is a rich theory of so called symmetrically normed operator ideals, see more in
[17, Chapter 3], which carries over to the theory of ideals in L°>°(0, 00) by means of the
singular value function. We are mainly interested in the following two classes.

LP-spaces. The noncommutative LP-space LP is defined as the set of operators affili-
ated with AV such that ur € LP(0, 00). The space LP is a symmetrically normed operator
ideal, in particular a Banach space, in the norm

ITllcr := lprll e 0.00)-

In the case that NV = B(H), we write LP(H) for the associated noncommutative
LP-space. The space LP(H) coincides with the p:th Schatten ideal with the same norm.

In the case that N' = L°°(X, u) with 7(a) := [, adp for a o-finite measure space
(X, u), it holds that £ = LP(X, ) with the same norm.

Lorentz ideals. Let ¢ : [0,00) — [0, 00) be an increasing concave function with ¢(0) =
0, lim;—, o ¥(t) = co. For later purposes of Dixmier trace computations, we often assume
a condition which is slightly stronger than that in the original Dixmier paper. This
condition is that the limit
P(t*)

Ayla) == tlggo ) exists for all o > 1. (1)

Since 1 is increasing, Ay (a) > 1 for all a. Condition (1) guarantees that ¢ has regular
variation of index 0. Recall that a function 1 has regular variation of index p € R if

m YA e ya o,

RIS

By [1, Theorem 1.8.2] we can without restrictions assume that ¢ is smooth. For the
purpose of extrapolation results, the following condition on 1 often comes into play:

[4'||, < Cp(emT), ¥p > 1. (2)

We define the Lorentz ideal M., to consist of operators affiliated with A such that

t
1

T = su —/ s)ds < oo.

(Faiyve e O pr(s)
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The norm | - || o, makes My into a symmetrically normed operator ideal.

If the function 1 satisfies condition (1), the ideal M,, carries a plethora of singular
traces, with Dixmier traces being those of most relevance to this paper. For @ > 1 we
define P, : L*(0,00) — L*>°(0,00) by P,f(t) == f(t%). If w € L*(0,00)* is a state
satisfying that w(f) = 0 if lim;—, o f(t) = 0 we say that w is an extended limit at oo.
By an abuse of notation, we write lim;_,, f(t) := w(f) for an extended limit w and
feL>®0,00). f w=wo P, for all @ > 1, we say that w is an exponentiation invariant
extended limit. Associated with an exponentiation invariant extended limit w there is a
Dixmier trace Tr, 4 : My — C defined by

for positive T' € My, and extending to My, by linearity (see [12, Proposition 1.12] for

the proof).
The p:th convexification Mff ) is defined as the set of operators 1" for which |T'|P € My;
it is normed by [|T']| \ ;) = || |T\p||%f;. The separable part /\/lg% is defined as the closure
» ,

in ./\/lgpp ) of the finite trace operators in \V.

The most studied example of Lorentz ideals comes from the function v (t) := log(1+¢).
In this case, one often writes M o := My and M,, o = ./\/lff). The reader should note
that in [11], the Lorentz ideal M o associated with N'= B(#) is denoted by SPi™.

2.2. Technical results on extrapolation and Dixmier traces

The following result takes its starting point in work of Gayral-Sukochev [12]. The first
statement is found in [12, Theorem 3.3] and the second statement in [12, Proposition
2.17]. The third statement will be proven below, and is inspired by work of Englis-Zhang
[11].

Theorem 2.1. Let 9 : [0,00) — [0,00) be an increasing concave function satisfying (1)
and (2), ¥(0) = 0, limy_, o ¥ (t) = co. We set ky, :=log(Ay(e)).

(i) For any exponentiation invariant extended limit w € (L*°)* and T € ./\/l(p), the
formula

1 1
Py — R p+h
Tow(ITP) = gy ey 170

holds where @ € (Loo)* is the extended limit at O given by

}}1_13395(15) = tll—{lulux(log(t) '
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(ii) For any T € N,

(vl

T ~SUp ————— .
1Ty ~ sum ermy 1 o

In particular, T € Mff) if and only if HTHZIZ = O(w(el/h)).

iii) Assume that N is atomic. For any T € /\/l(p), we have that
(iii) y

1
li ————||T|[P} < d
lg{igp/w(el/h)” ”p+h = A4w(

: 1 +h
TP, Myo) <e hr}?\sgp Dl /hy 1Tl -

Before proving the third statement of this theorem, we need two lemmas. The following
result is an extension of [11, Proposition 7].

Lemma 2.2. Let ¢ : [0,00) — [0,00) be an increasing concave function satisfying the
conditions (1) and (2) and moreover that 1(0) = 0, lim; o0 () = co. For a function
f € NocnesLP(0,00) for some § > 0 we define the quantities

L ',

. h .

1f llpimsup = limsup =2 and || £l 1im y == limsup ?| —— / 1£(s)[Pds
ANO P w(e%) t—00 w(t) )

It then holds that

[ llptim < [1fllptimsup < el fllptim -

Proof. If ¢ satisfies the conditions (1) and (2), then so does ¥'/? for any p > 1. Indeed
condition (1) is readily verified for 1'/? and condition (2) for '/ follows from that 1)
has regular variation of index 0 and [12, Proposition 2.17 and 2.23]. We can therefore
replace f by H := |f|P > 0 and ¥ by ¢P, and thusly assume that p = 1. For any
C > ||H|]1,limsup there is go > 0 such that

| H 141
1

< (C, for0<h<qp.
P(en)

Using the Holder inequality, for any 0 < ¢ < go we obtain

_1 A
1+q t 1+q

O/tH(s)ds < O/tH(s)qus /ds

0

< C-len) -t < C-yp(en) - 1.



M. Goffeng, A. Usachev / Journal of Functional Analysis 279 (2020) 108688 7

If t > e!/% (that is, gy > 1/logt), one can take ¢ = 1/logt. Thus,

H(s)ds < Ce-1(t), fort>et/®,

S—_ .

Therefore,

||H||1,lim1/1 S e||]:-I-||1,limsup~

Conversely for C > ||H||1 1im ¢ there exists tg > 0 such that
. ¢
o0 /H(s)ds <C, Vt>t. (4)
0

Equivalently,

¢
/H(s)ds < /C’i/)'(s)ds, vt > tp.
0

0

For the function

alt) = H(t), t>to
T\ min{H(t),C¥'(t)}, t < to,

we clearly have

t
/G ds</c¢ ds, Vt>0.
0

This means that the function G is submajorised by the function Ct)’ (in the sense of
Hardy-Littlewood). Thus, for every h > 0 one has

00 0o
/ 1+hd$ / 1+hds
0 0

Since the function 1 satisfies (2), it follows that

G(s)ds < O (g(eh) M,
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or, equivalently,

lim sup w <C. (5)
oo Y(en)
First,
1 to ﬁ 1 to ﬁ
| Jewrras) < | lewertas| o
P(en) J Plen) ) ANO

since 1(00) = oo and ¢’ € L**"(0, 00) for every h > 0.
Second, by Lebesque Monotone Convergence Theorem and (4) we obtain

1

0 1+h to
H(s)'th H < .
/ (s)"™"ds }:6 (s)ds < C(to)
0
Therefore,
1 1
) to T+h ) to T+h
lim sup ——— /G(S)ths = limsup ——— /H(S)ths =0.
o Pler) \J o Pler) \J

Since H(t) = G(t) for t > to, it follows from (5) that

H
lim sup w <C.
oo Y(en)

This proves that

IH 1 1imsup < [HI11imy- O

The following result is well-known at least in the commutative setting (see e.g. [8,
Proposition 2.1]. For the convenience of the reader we provide a short proof.

Lemma 2.3. Let ¢ : [0,00) — [0,00) be an increasing concave function satisfying the
conditions (1) and (2) and moreover that (0) = 0, limy_, o0 ¥ (t) = co. Assume that N
is atomic. For any T € Mff), we have that

t

1
dum, (ITP /\/lwo)—hmsupw/,uq« s)Pds.
0
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Let Miz;,o denote the norm closure of the space of elements T' € M, with compactly
supported singular value function. The assumption that A is atomic ensures that My, o =
M;p o- Our proof will in fact consist of showing that for a general N, it holds that

1

Aol e

t
TP, My ) = hmsup //iT Pds, VT e /\/l(p (6)
0

for any function 1 additionally satisfying lim;_,q % = 0. Since the original statement
is for atomic NV, we can always guarantee that this condition holds.

Proof. It follows from [3] that for every T € Mgf) there exists a rearrangement-

preserving (and thus, isometric) embedding ip of Mgpp )(0, o0) into ./\/lgf ) such that
ir(u(T)) = T. Thus, following the argument in [2, Page 267], it is sufficient to prove the
formula (6) for every z = u(z) € Mff)(o, 00).

For every = = pu(z) € MP 0,00) and every n € N the function zPyg,) €
¥ (0,n)
.0(0,00). Hence, for every n € N we have

Aty (0,00) (27, My (0,00)) = d gy (0,00) (2P X[,00)» My 0(0, 00)).

Therefore,

de(O,oo) (xp, M;,Z;,O(O’ OO)) < nlgrolo ”pr[n,oo) ||Mﬂ;(0,00)
t

1
= lim su / TP X100y ) (8) ds
A sup 7o J (2P X [n,00)) (5)

t

1 P
= lim sup ()O/(x(ern)) ds

n—00 >0 w

t+n

[ G as

n

= lim sup —
n—00 t50 P(t)

By the definition of supremum for every n € N there exists ¢,, > 0 such that

t+n tn+n

gty | O o< gy [ e

n

Denote for brevity

t
= limsu / ))Pds.
t—)oop 1/) t
0
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1. If limsup,,_, o, tn = 00, then

t+n

1
d [ee] p7M/ 07 < 1 TN / p d < 9
M (0,00 (2, My 0(0,00)) < i sup ore [ (2(5))” ds <

since z = p(z).
2. If 0 < liminf,, o0 t,, < limsup,,_, . tn < 00, then

tn+n
1 tn((n))”

(tn)

n

3. If 0 = liminf,, o t, <limsup,,_, . tn < 00, then

tn+n

1 g < ()
o /(m(s)) ds < ; — 0,

n

since z is bounded and ﬁ — 0 as t — 0. Hence, du,,(0,00) (27, M7y, 4(0,00)) = 0 < a.
On the other hand, for every z = pu(x) € Mff)(o,oo) and € > 0 there is a y €

.0(0,00) such that by [16, Theorem I1.3.1] we have

A, (0,00) (27, My (0,00)) + € = |27 = Yl ay 0,00) = (") = ()]l s (0,00)

t

> limsup s [tuta) = o) (s)as
0

t

. 1 )
~limsup s / u(a?) (s)ds,

since y € M, (0, 00). This proves the assertion. O

Proof of third statement in Theorem 2.1. Set f = pp. Assuming that N is atomic,
Lemma 2.3 ensures that daq, (|77, My,0) = |||} i - By definition,

. 1 +h
h%l\sgp w(Tl/h)”THngh = Hf“p,limsup'

We conclude the inequality stated in the third statement of Theorem 2.1 from
Lemma 2.2. O
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The aspect of Theorem 2.1 relevant to this paper lies in its implications on Hankel op-
erators. To formalize this, we state an immediate corollary of Theorem 2.1. If (X4)pne(o,1)
is a family of Banach spaces with X, C X} continuously for h < h’, we define the

extrapolation space Xy, C Npe(0,1)Xn to be the set of all elements x € Nyc(o,11Xn for
which

15"

el = sup < 0.

1
>0 P(et/h)
Corollary 2.4. Let ¢ : [0,00) — [0,00) be an increasing concave function satisfying the

conditions (1) and (2) and moreover that ¥(0) = 0, lim;_, ¥ (t) = oo. Consider the
following data:

o A family of Banach spaces (Xn)nejo,1) with X C Xy continuously for h < h'.
o A mapping T : X1 — LPTL restricting to a continuous mapping Ty, := T|x, : Xn —
LPTR for h € [0,1], such that there are measurable functions
co,c1:[0,1] = [r, R], for some 0 <r <R < oo,
with
co(M)|[#llx, < NTh(@)llgosn < ci(h)lzllx,, Vhe0,1], z € Xp.

Then T defines a continuous mapping T : Xy — /\/lff) such that

A) For any exponentiation invariant extended limit w € (Loo)*

co(h)?
hod P(el/?)

h . a(h)? h
Il < T (T (@) < Jim sl

where @ is defined as in Equation (3). In particular, if limy,_q Zoézg =1, then

. co(h)P
Tra o (T(@)7) = fim 207 el

B) For any x € Xy, we have that
rllzlx, < IT@) yo < Rlelx,-

C) Assume that N is atomic. For any x € X, we have that

. 1 hoo . h
rlimsup ———~ p+ » (|T(x)P, M < eRlimsup ——— ||z|%".
NS ’L/)( 1/h> ” H M( )(| ( )| 1/1,0) N w( 1/h) H ” Xn



12 M. Goffeng, A. Usachev / Journal of Functional Analysis 279 (2020) 108688

Remark 2.5. In the setup of Corollary 2.4, we note that the norms ||z, = |T'(x)| zo+n

- ||x, . After this change of norms, we can take
co = ¢; = 1 in which case Corollary 2.4 is a trivial reformulation of Theorem 2.1. The
relevance of Corollary 2./ lies in that it is often possible to estimate the norms ||x||x, in
situations where it is not possible to estimate ||T(x)|| zp+r. We will utilize this fact below
for Hankel operators.

Remark 2.6. In part A of Corollary 2.4, we can obtain equivalences that are independent
of w. Indeed the upper and lower bounds on ¢y and ¢; implies that under the assumptions
of Corollary 2.4,

1
i el < T (T@)) < R Jim

h
1%,

@ (e 1/h)

3. Hankel operators and Peller’s characterization

We now turn our focus to Hankel operators on the Hardy space. The reader can recall
that the Hardy space H?(S') C L?(S!) is defined as the subspace of functions with a
holomorphic extension to the interior of the unit disc. We here consider S' to be the
boundary of the unit disc in the complex plane. The orthogonal projection P : L?(S') —
H?(S1) is called the Szegd projection. For f € L>°(S1), the associated Hankel operator
is defined as

H;:=(1-P)fP.

Clearly, if f is the restriction of holomorphic function in the unit disc, H; = 0. In fact,
Hy is a well defined bounded operator for f € BMO(S"). The space of symbols f for
which Hy € LP(L?(S')) has been characterized in terms of Besov spaces by Peller [18].
We let B;,/pp (S1) denote the Besov space on S!, we will review this space and various
equivalent norms on this space below.

For now we fix a particular choice of norms on the scale of Besov space defined in
terms of Littlewood-Paley theory. Let Wy := 1 and for n € N, we define

2n+1

) k— 2n71 2n+1 —k B
Wi(z) == Z min <2n —on=1 g1 2n> (2 +27F).
k=2n—1

The polynomials W, are characterized by the property that their Fourier coefficients
(Wy(k))kez is linearly interpolating between W, (2"~1) = W, (2"*1) = 0, W,(2") = 1
and W, (k) = W,(—k). In particular, >l W, (k) = 1 for any k. For a function f on
S, we define

D, (f) =W, * f.
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A well known result from Littlewood-Paley theory guarantees that for any function f on

Sl
lfllze sty ~ 1(Pnf)nen|lr(st xNy-

Definition 3.1. We define
1l gare sy = 12" @, ) nen || Lo (51 xN).-

Theorem 3.2 (Peller [15]). Let f be a function on S* extending holomorphically to the
unit disc with f(0) = 0. Then Hy € LP(L2(SY)) if and only if f € B;,/pp(Sl). Moreover,
for any po > 1 there is a constant C' > 0 such that

C_1||f|\B;(;(Sl) <N Hyllzrr2csmy) < Clfllgresry: VP € [Lpol-

The reader can note that the statement in [18, Chapter 6.2, Theorem 2.1] does not give
a uniform constant, but existence of a uniform constant follows from the fact that the
proof is by interpolation. We shall use Peller’s theorem to compute and estimate Dixmier
traces. To do so, it will be important to keep track of the norms used on the Besov
spaces. Let us state a general result regarding the estimates of Dixmier traces of Hankel
operators. This statement is a direct consequence of Corollary 2.4 and Theorem 3.2.

Corollary 3.3. Let p > 1, and v¢: be a function as in Corollary 2.4. Assume that (]| -

| 51/a )g>p 18 a family of norms on the Besov spaces B;,/qq(Sl) for ¢ > p such that there
q,9 > -

is a po > p and a constant Cy > 0 such that

C(;l||f||331/q x = ”fHBl/q < COHfHBl/q , Vg€ [pap()]'

Then for any holomorphic function f,

. i
Hje wa & sup < 0.

q>p ¢(e(q 28 )

Moreover, there is a constant C' > 0 (independent of f) such that for any exponentiation
invariant extended limit w,

-1 - - p - -
c qlggw w(e(q ) 1)||fH 1/q* = wﬂl}(|Hf| )<qu}omww( (q p)~ l)HfH 1/q *

Finally, for any holomorphic function f € ﬂq>pB;,/qq(Sl)

de(‘Hf|p,M¢7o) ~ lim sup

1
q
op 'l/)(e(qip)il) “f||B;{qq,*
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Corollary 3.3 can be applied to a variety of different norms on the scale of Besov spaces.
Let f be a function on S! extending holomorphically to the unit disc and p € [1,00). By
an abuse of notation, we identify f with its holomorphic extension f : D — C, where D
denotes the unit disc. Let p denote the measure on D given by du(z) = (1—|2]?)~2dm(z)
where m denotes the Lebesgue measure.

Definition 3.4. We define

1Lz o 2= 10 = 122 -
The next result can also be found in [18, Appendix 2.6].

Proposition 3.5. For any py > 1 there is a constant C > 0 such that for all holomorphic

f with f(0) = f'(0) =0
Cil”f‘IB;)’/If’,]D < Hf”BIl,/,?(Sl) < OHf”B;/,?,D’ Vp € [LpO]'

We remark that the condition f(0) = f’(0) = 0 plays no role once going to the
extrapolation space because we can write any f = fo + go where f3(0) = f}(0) = 0 and
go = —f'(0)z — f(0) satisfies that Hy, is finite rank.

For a holomorphic f € ﬂq>pB;,/qq(Sl) we define Fy € Ng>pL9(0,00) as the decreasing
rearrangement of the function (1 — |z|?)2f” on D with respect to the measure u. We also
define ®; € Ny=,pL7(0,00) as the decreasing rearrangement of the function S* x N >
(0,n) — W, * f(e') with respect to the weighed product measure v =3 m x 274,
on S' x N. Here m denotes the Lebesgue measure on S'. It is follows from the well
known fact that L9-norms of functions coincides with the L?(0, co)-norm of its decreasing
rearrangement that for ¢ > p

1 g2racsny = IWn s fllLagsrxnwy = [®@gllLao,0)  and
1l gz p = 1 =12 F Lo,y = 1F¥ll 20,009

Theorem 3.6. Let p > 1 and ¥ be a function as in Corollary 2.4. Assume that f is
holomorphic. Then the following assertions are equivalent:

p
+h

(1) limsuph\o( ’; fD |f" (2 |p+h( —|Z|2)2p+2h2dz)p < 005
(2) limsup,_, o Wfo Fy(s)Pds < oo;

_ =0
®) hmsup,,\o(w( £ W o)) < oo

(4) limsup,_, o w(t) fo D (s)Pds < 00;
(p)
(5) Hf e M,;”.
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The quantities in (1)-(4) are all equivalent to d,, (|[HF|P, My.o)-

The proof of this result is a straightforward repetition of that of [11, Theorem 1] with
the replacement of log ¢, p— 1 and the use of [11, Proposition 7] by ¢(t), 1 (e% ) and the
use of Proposition 2.2, respectively. Again, as in Proposition 2.2 we can reduce the proof
to p = 1. For a nonincreasing function H € LP(0, c0), we define its distribution function
by

A (t) :=sup{z: H(z) > t}.

The reader should note that H is a left inverse to Agy. For a function H € LP(0, c0), we
let H* denote its decreasing rearrangement.

Proposition 3.7. Let v satisfy (1). Let H = H* € L(0,00) for all1 < g < 1446 for some
0 > 0. Let w be an exponentiation invariant extended limit on L°°(0,00) and & := woexp.
(a) For every a > 1, there is a C, > 0 such that for sufficiently large t > 0 one has
g (1/t) < Cat®;
(b) One has

(c¢) One has

O s s @ o
H ?;Ew / H(s Zwa)O/ Hs)ds = =50y = Wy

since H is nonincreasing and H(Ag(1/t)) = 1/t. Since the function 1 is slowly varying,
it follows that for every 0 < ¢ < 1 there exists a C' > 0 such that ¢(t) < Ct® for all
t > 0. Hence,

Therefore,
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Since this inequality holds for every 0 < ¢ < 1, it follows that for every a > 1 there is
a Cy > 0 such that for sufficiently large ¢t > 0 one has Ay (1/t) < Cut®.
(b) For sufficiently large ¢ > 0 one has

Au(1/1) Cat”

¢
/H(s) / H(s)ds+1< /H )ds + 1,
0 0 0

where the first inequality was proved in [11, Proposition 8] and the second one was proved
above.
Dividing by v (¢) and applying extended limits, yields

) t ) Am(1/t) Cot®
im —— < _— <
Ty | H9)ds < Jim s / H(s)ds < Jim -77s / H(s (™
0 0 0

Since 1 satisfies (1), it follows from the property of extended limits that

1 Cot® ,l/](C Cut
. L o)
i oy ) Heds = lim =2 c ) /
0 0
G T
~ Jim His
t—w w C ta /
0
Cot®

= Ay(a )}%wota / Hs
0

In the second last equality we used that ¢ has regular variation of index 0 and in the
last equality the definition (1) (see page 4) of Ay (cv). Since w is exponentiation invariant,
and therefore also dilation invariant, it follows that

Cut™ t
}%%/H s)ds = Ay(a }%ﬁ/ﬁr (8)
0 0
Combining (7) and (8), we obtain that
A (1/t) t
lim wng/ )ds < Jim —o w / H(s)ds < Ay(0) lim ﬁ /H(s)ds
0 0

holds for every o > 1. It follows from [12, Lemma 1.3] that Ay(a) — 1 as a \, 1. This
proves part (b).
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(¢c) The proof of part (c) is a straightforward repetition of [11, Proposition 8 (¢)] with
the only difference that instead of the classical Karamata theorem one has to use its
generalisation proved in [12; Proposition 3.2]. O

Theorem 3.8. Let p > 1, ¢ be a function as in Corollary 2./ and w an exponentiation
invariant extended limit on L>(0,00). Assume that f € ﬂq>pB;/qq(Sl) is holomorphic.
The following quantities are equivalent:

(1)

PR t
1 1
lim : ") [PR(1 = |2)?)2P 2R 2, = lim —/F s)Pds;
fim | o 15— fim o [ (0
D 0
@) 1 . o
lim | —— s« Wi (") [P du(0,n = im—/@ s)Pds;
lim WGWT/N 70 | =t g [0
X

(3) Tre,y|HplP.
Here @ is defined as in Equation (3).

The proof of this result is a straightforward repetition of that of [11, Theorem 2] with
the replacement of logt, 1/r and the use of [11, Proposition 8] by v(t), ¥ (e’/") and the
use of Proposition 3.7, respectively.

Let us place the result Theorem 3.8 in context. Let B;

,/qq+ (S1) denote the subspace of
B;/qq(S 1) consisting of holomorphic functions. By the results above, we can define two

continuous linear mappings

Trp: B;/qq+(51) — LY(S' x N,v), Trpf(z,n):=W,* f(z), and
Tp : Byli*(8Y) = LUD,p),  Tpf(2) = (1|2 f"(2).

We define the spaces Mff)(Sl x N,v) C NgspLl?(S* x N,v) and Mgf) (D,u) C
Ng>pL?(D, u) from the families (LY(S* x N,v)),>, and (LY(D, u)y>p, respectively, by
means of extrapolation. For any exponentiation invariant extended limit w, we can define
Dixmier traces try,y : My (ST x N, v) = C and try, 5 : My(D, u) — C. We write tr,, 4
to emphasize that the Dixmier trace is defined on a commutative von Neumann algebra.
Applying Corollary 2.4, we can reformulate Theorem 3.8 as the statement that

Tro,p|HF|” ~ 1w,y ([TLp fIP) ~ tro,y (| T fI7).
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4. The special case p = 2,4, 6

A beautiful result of Janson-Upmeier-Wallstén [15] computes the operator trace of
|HF|P for p = 2,4,6 in terms of a particular Besov norm. Indeed, [15, Theorem 1] states
that for p =2,4,6 and f holomorphic in D we have that

£ (2) = f(w)]

P
Te(|Hf|P) = ¢ o wp dV(z,w), (9)

S1x St

where co =1, ¢4 = % and cg = %. Here dV' denotes the normalized Lebesgue measure on
St x S In fact, [15, Theorem 1] states that p = 2,4,6 are the only possible values for
which an identity of this type could hold true. We note that ¢, = m for p=2,4,6.

Definition 4.1. For p > 1 we define

1/p

_ p
lagpsr=| [ HIL v
1><Sl

The reader should note that Equation (9) is equivalent to the identity
HHTHIZP([;(SU) = Cp|‘f||%}17{:7317 for p = 2,4,6.
The following norm equivalence is found in [18, Appendix 2.6].
Proposition 4.2. For any pg > qo > 1 and there is a constant C' > 0 such that
O Al pase < I g gy < Cllfllpases ¥ € laospul:

The result of Janson-Upmeier-Wallstén together with Theorem 3.2 and Proposition 4.2
allow us to deduce the following proposition.

Proposition 4.3. There are constants 0 < r < R < oo and measurable functions cg,cy :
[3/2,8] — [r, R] such that

Co(p)”fHBé’/;f,SI < HHT‘|£1’(L2(51)) < Cl(p)||f||3117(1§’751'
Moreover, we can choose ¢y and c¢1 so that

. P i _
}l’l%co(erh)P 7}{%61(p+h)p =c, forp=24,6.

For p > 1 and the scale of spaces (B;,/qq(Sl))qe[an] we let B, (S') denote the
associated extrapolation space (see the paragraph preceding Corollary 2.4). Using Corol-
lary 2.4, we deduce the following theorem from Proposition 4.3.
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Theorem 4.4. For p =2,4,6, and a holomorphic f € B, (S'), we have that

1 — p+h
Tro.(|H7l?) = ¢, lim L e / If(z)|zfuu|2| vz, w),
S1x St

where co =1, ¢4y = = and cg = é

Remark 4.5. The special case p = 2 and f € C'/?(S') was considered in [14], where
explicit formulas for Trw(|Hf|2) was given in terms of the Fourier series of f.

5. Non-measurability
The estimates for Dixmier traces will allow us to construct an abundance of non-
measurable Hankel operators by means of lacunary Fourier series. Our approach is based

on results from [11, Section 6]. For p € [1,00) and ¢ € £>°(N) we define the function ~, .
on S! by

Yooz 22 J/PC 2

The function 7, . is holomorphic in ). We can compute that
() =279/Pc;, te[2) —1,27F —1).

Therefore, ||Vp.¢ ||Bl/p ~ [|®]|£r(0,00) ~ llcller(nv). Moreover, we can as in [11, Page 351]
compute that for ¢ € [29 — 1,291 — 1)

SIh el _ e
w(zﬂ—ki S0 /‘I’ LS 37 2J+01—k1) (10)

Define the function ¢)(t) := (2" — 1). This is again an increasing function with
¥(0) = 0 and limy_, 1h(t) = co. If 1) satisfies (1), then ¢ has regular variation of index
ky :=log Ay (e). We write m(p)( N) := ME{) (¢>°(N)). The inequalities (10) imply that

1

t
Jel? gy ~sup s [ @(0Pdt~ el
0

so the map ¢ — v, . defines a continuous mapping
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It follows from Theorem 3.8 and the inequalities (10) that for any exponentiation
invariant extended limit w we have

1 t 1';10%)2 t] |C |p
p ~ I HYPdt ~
Tr,, 1/)(|H'Yp | lim /‘D d th_{{l, q/}(2uog2tJ+1_1)
0
Sidoleslr L S el
lim .

t—wolog, 1/}(2\.U+1 — 1) t—wolog, w(t)

Denote

Zkok

lim , zemi(N),. 11
t—wolog, '(/)(t) d}( )+ ( )

tro.)olog2 ,1; (x) =

Here we note that T olog,, i extends to a singular linear functional on m (N) because
it is the Dixmier trace tr,, , on m,(N) pulled back along the isometric order preserving
embedding qu)(N) — m¢(N) defined by b = (bn)nGN — (blogQ(n)X2N (n))neN. Here
2N = {1,2,4,8,16,...} denotes the dyadic natural numbers. It should be pointed out
that the ideal md;(N) supports Dixmier traces defined directly from ¢ if and only if
Ay(e) =1 (in which case ¢ has regular variation of index ky, = 0).

Summing up, there are constants a, &y > 0 such that for any exponentiation invariant

extended limit w, and ¢ € mg )

aotrwolog%zﬁqc‘p) S T‘rwﬂl’( Ip,c ) S altrwolog 1/1(‘ | ) (12)
For a function g € L*°(0, o) define the function g € L>°(0, 00) by the formula

[t]+1
at) = [ als)ds.
[t]

Set C' := —liminf; ,o g(t) and define
— (Ig(n) +C- &))", n>o0. (13)
It is easy to see that ¢ = |c| € m(p)(N).
Lemma 5.1. Assume that g € L*°(0,00) for some 8 > 0 satisfies that
g(t) —g(t) =0t P), ast— . (14)

For ¢ = (¢p)nenN € mg)(N) defined as in Equation (13), it holds that
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t

lim L/g s)ds + C,

wolog2 (| ‘ ) t—wolog, t

0
where C = —liminf;_, o, g(t).

Proof. By the definition of liminf, we have that g + C' — |g + C| = o(1). Tt follows that
the function

RS 1S :
M/Z' )+ )M —WO/Z@() €) - ()X (5)ds

is o(1) as — oco. We therefore have

o, ) = im0 / S leslPx s (s)ds
o J=0
. 1 | _
i SN0+ O e o

t—wolog, 1/}(1‘;)

<.
I
o

(3(7) +C) - ' (X541 (5)ds.

Mg

o\w T~

lim L
t—wolog, '(Z}(t)

<.
I
)

The function ¢ has regular variation, so [1, Theorem 1.5.11] implies that 'Z} ((tt)) o(1)
as t — co. In particular,

(X Gg+1(s)d @ / P’ (s)ds = o(1)
Consider
- ;
75 / (8 + €) - F(e)s — = / ¥(s)ds
1 — /
<75 / — ()l (s)ds

Since |g(t) — g(t)| < pt=? for t >ty for some ¢y > 0 and constant p, it follows that

@z

t ) ) . )
(t ‘0/ ) (s)ds — m b/(g(s) +C) -’ (s)ds
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~ t
2 oo t ~
< Bolimbs) 2 [ o
¥(t) e(t)
to
Since v has regular variation of index ky, it follows that ' has regular variation of index
ky — 1 and by [1, Theorem 1.5.11] we have

CJesTP(s)ds
tliglo =By (t)  ky— B (15)

Of course, 3 can be chosen to be less than £,. Hence,

Since ky # 0, it follows from (15) that the latter estimate is, in fact, o(1) and we
conclude that condition (14) on g ensures that

/ — i 1 / 7! _
!w@+0»w@M—E@J@@+o»w@M—dm

b
(1)

as t — oo.
Using the properties of extended limits, we obtain

. 1
trwologz,dj(ldp) = lim N

t—wolog, 1)(t) (9(s) +C) - '(s)ds

1

t—wolog, w(t) g(S)’(;/(S)dS + C. O

o O~

Let Lip[0, 0o) denote the space of Lipschitz continuous functions on [0, oc). We define

the space
W= {h € L>=(0,00) N Lip[0,00) : K/ (t) =0 (%) ,ast— oo} .

Proposition 5.2. Let 1) : [0,00) — [0,00) be a smooth increasing concave function satis-
fying the conditions (1) and (2) and moreover that 1(0) = 0, lims_, oo ¥(t) = c0. Assume
that Ay(e) # 1 (see (1)). Then h € W if and only if h € L*°(0,00) and there exists a
function g € L>(0,00) such that
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.
h(t) = m 0/9(3)1/1 (s)ds for a.e. t. (16)

If h € W there is a unique solution g € L>°(0,00) to Equation (16).

As remarked above, it poses no restriction to assume that ¢ is smooth by [1, Theorem
1.8.2].

Proof. Uniqueness of solutions is clear. If h solves Equation (16) then

W-n'@ _ P(t) - 1D
D) M

If g € L, we conclude that Equation (16) has a solution h € L* if and only if h €
Lip[0, c0) and
T/
(t) = O (1@ (t)> .
Y(t)

Note that Ay () # 1 for some « if and only if Ay (a) # 1 for all a. Moreover, ¢ has
regular variation of index ky :=log Ay (e). By [1, Theorem 1.5.11], we have

77Zil(t)_kar0<1>, as t — oo.
@)t t

<

In particular, if k, # 0 then h € L>(0, 00) N Lip[0, 0o) satisfies that h'(t) = O (
and only if h € W. O

/(t)> if

<

~
-

&

Let C11[1,00) denote the space of functions h € C[0,00) such A’ € Lip[0,c0). For
B > 0, we define the space

W i={he WNCH[0,00): B'(t) =0t '7F), ast — oo} .
Proposition 5.3. Let h € L*°[0,00), 8 € [0,1] and ¢ a function as in Proposition 5.2. The
equation (16) has a solution g € Lip|0, c0) with ¢'(t) = O(t~?) if and only if h € Wp. In

particular, if h € Ws and g solves the equation (16) then g fulfils Condition (14).

Proof. We compute that
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Since (16) has a solution, #’(t) = O(t™') by Proposition 5.2. Moreover, by the same

argument as in Proposition 5.2 O O(t) whenever k, # 0 and since Y’ has regular

(1)
variation, we can also conclude that :%/ ((tt)) = O(t™!). In particular,
/ _ @(t) " -1y __ " —1
g'(t) = &’(t)h &) +00™ ) =0@)h"(t) +O0(t™ ).

It follows that ¢'(t) = O(t=?) if and only if h € Wj.

Finally, the mean value theorem for integrals guarantees that for some £ € [|t], [¢]+1],
g(t) = g(&). The mean value theorem for derivatives guarantees that if g satisfies ¢'(t) =
O(t=?) then

G(t) —g®)| < sup  |g(s)|=0@t"). O
se([t],[t]+1]

For b > 1, we write exp,(z) := b® with the obvious notation exp = exp,. For any
translation invariant extended limit 7 on L* we define the extended limit w by

w(f) :==n(foexpoexpy), f € L.

Recall the notation (P, f)(t) = f(t*) for a > 1. We also consider the operator T; :
L>® — L=, (T;f)(t) = f(t + 1) defined for I > 0. We say that 7 is translation invariant
if oy =n for all I > 0. For every o > 1 we have

w(Paf) = 1((Paf) o expoexps) = n(o™(f o exp) o expy) an
= 1)(Tlog, o (f 0 exp oexp)).

Hence, w is exponentiation invariant if and only if n is translation invariant.
We define the space

E:={heL>®(0,00) : h(t+1)—h(t) =0(1), t - oo, VI > 0}.

The reader should note that we have the inclusion W C &. Moreover, £ C L*°(0, c0) is
by definition a closed subspace.

Proposition 5.4. For any h € £ there are translation invariant extended limits n1 and 12
such that

lim A(t) = liminf h(t), and lim h(t) = limsup h(t).

t—=m t—o0 t—n2 t—o0

Proof. By the Hahn-Banach theorem we can find singular states nj, 75 € £* such that

n1(h) = liminf h(t), and nh(h) = limsup h(t).

t—o0 t—o00
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The action by translations preserves £ and acts trivially modulo the closure of the com-
pactly supported elements of L>(0, 00). Therefore, the invariant Hahn-Banach theorem
(see e.g. [9, Theorem 3.3.1]) implies that n},n5 € £* extend to translation invariant
extended limits 71,72 € L*°(0,00)* with 1] = m|e and 1, = n2|s. The proposition
follows. O

Let us summarize the outcome of the above results on Dixmier traces.

Proposition 5.5. Let p € [1,00) and let ¢ : [0,00) — [0,00) be an increasing concave
function satisfying the conditions (1) and (2) and moreover that 1 (0) = 0, limy_,o 1(t) =
oo. Assume that ky # 0.

Let 5 € (0,1] and assume that h € Wy satisfies that hoexp € € and take ¢ = (¢y)neN
given as in (13) by

cn = (|g(n) + C| - &' ()7,

where g solves (16) and C := —liminf, . g(t). Then there are exponentiation invariant
extended limits wy,ws € L*°(0,00)* such that

lim inf;_, o0 h(t) — liminf; o g(t), ji=1,
trwjologz,zﬁ(|c|p) =

limsup,_, o, h(t) — liminf; o g(t), j=2.

Proof. We note that g exists by Proposition 5.2. Since h € Wg for a 5 > 0, g satisfies
that g(t) — g(t) = O(t=?) by Proposition 5.3. By Lemma 5.1, for any exponentiation
invariant extended limit w,

(lelP) = 1

oo, () = | Him (1) +C. (18)
Since h o exp € £ we can take translation invariant extended limits 7; and 7 as in
Proposition 5.4 such that

lim h(t) = liminf h(e") = liminf h(¢), and (19)

t—m1o0exp t—o00 t—o00

lim A(t) = limsup h(e') = limsup h(t).
t—ma0exp t—00 t—o00
Define the extended limits w; := n; o expoexp,, j = 1,2, which are exponentiation
invariant because 7; and 72 are translation invariant. We conclude the proposition from
combining the two statements (18) and (19) with the fact that w; ology = n; oexp. O

Lemma 5.6. Let ¢ : [0,00) — [0,00) be an increasing concave function satisfying the
conditions (1) and (2) and such that ¥(0) = 0, limy_, ¥(t) = 0o, ky # 0. For every
ho € CH1[0,00) such that ho, hiy, hy € L>°(0,00), the function
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h(t) :== ho(log(1 + log(1 +1))), t >0
belongs to Wi and satisfy the following:

e hoexpe€ €,
e liminf;_, o h(t) = liminf; o g(t).

Here g denotes the solution to (16).
Moreover, the function hg is not convergent as t — oo if and only if

lim sup h(t) > htrgélgf g(t).

t—o0

Proof. Since

1
K (t) = hy(log(l + log(l +¢))) ——r ——
we have that h € W. Moreover,

1 1
(log(141))% (1 +1¢)2

W' (t) = hg (log(1 +log(1 +t)))

, 1 1 1 o,
~ fio(log(1 +log(1 +1)) 5=+ ((log(l o " 1og(1+t)> =0(™),
so h € Wy.
Since
(hoexp)/(£) = k) (log(1 + log(1 + e))) 1 ol
P = Moll08 & 1+log(l+et)l+et  —t”

it follows that h oexp € W C £. Solving equation (16) for g, we obtain

gty = O iy o

: i
V(1)

Pr(t)

R'(t).

: D(t)
Since ky # 0, we have o)

g(t) = h(t) + o(1). Therefore

O(t). Thus, the fact that h/(t) = o(t™!) implies that

llggfg(t) = llgglf h(t) = hgggjlf ho(t).
It is clear that

lim sup h(t) = lim sup ho(t).

t—o00 t—o0
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We can conclude that the function hg is not convergent as t — oo if and only if
limsup,_, . h(t) > liminf, o g(¢). O

Theorem 5.7. Let p € [1,00), ¥ : [0,00) — [0,00) be as in Proposition 5.5 and assume
that hg € C11[0,00) is such that ho,hjy,h} € L*>(0,00) and the function hgy is not
convergent as t — 0o. Define the holomorphic function

f(z) = Z 27 "/Pe, 2"
n=0

where ¢ = (Cp)neN 18 given as in (13) from the solution g to (16) for h(t) := ho(log(1 +
log(1 +t))). Then f € By y(S*) and moreover |Hf|P € M., is non-measurable. More
precisely, f satisfies that there are exponentiation invariant extended limits w1 and wo
such that

Tl“wl’w(|H7|p) =0 and Tl“wz’lp(|H7|p) > 0.

Proof. By Lemma 5.6 h € W, satisfies that h o exp € & and g satisfies that
liminf; o h(t) = liminf; ,o g(¢f) and limsup, ,. h(t) > liminf; ,o g(t). It follows
from Proposition 5.5 that there are exponentiation invariant extended limits wy,wy €
L*>(0,00)* such that

tr

¢’ )=0 and tr c?) > 0.

w1010g2,1/~)(| wgologQ,zZ;(‘

By positivity of the Dixmier trace and (12), we have that

0 <Try, o (|HF|") < axtr s([e[’) =0 and

wiolog,,

Tro, w([HF[") > aotr,clog, 4(Icl”) > 0. O

Remark 5.8. Theorem 5.7 extends [11, Theorem 4] to general p and general ¢ with
ky # 0. Our proof is longer. The length is not just due to the reason that we are in
a more general setting. The reason for the length of the proof is two-fold. Firstly, we
wanted to better understand the mechanism that creates non-measurability in terms
of functions h as in Proposition 5.5. Secondly, we wanted to improve the construction
of the two exponentiation invariant extended limits wg and w; that realizes the non-
measurability as is done in Proposition 5.5.

The construction in the proof of [11, Theorem 4] starts from an extended limit n €
¢>(N)* and is used to construct two different extended limits wy and we on L°(0, 0o).
The process of going from sequences to function is delicate when it comes to extended
limits. In [11], starting from a translation invariant extended limit n € ¢>°(N)* and the
mapping b; : N — Ry, b;(n) := a®**)7 for an a > 1 and j = 1,2, Englis-Zhang [11]
defined extended limits
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w;(f) = n(((M(f oexp))obj), for fe L>(0,00).

Here M denotes the logarithmic Cesaro mean. Since 7 is only invariant for translations by
natural numbers, a computation as in Equation (17) shows that w; need only satisfy w; o
P, = wj for o in the multiplicative subgroup of R generated by a?. To our knowledge,
one needs full exponentiation invariance in order for a relation as in Theorem 2.1 part
i) to hold. It is unclear to us how the conclusion [11, Theorem 4] is reached from only
knowing invariance with respect to P,2. Proposition 5.5 above circumvents this problem.
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