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a b s t r a c t
The size-dependence of the linear depolarisation ratio of mineral dust aerosols is investigated. Laboratory
measurements on 131 different aerosol samples with varying size distributions and mineralogical compositions are ﬁtted with a homogeneous spheroid model. A minimum-bias and minimum-variance ﬁt of the
data is obtained for prolate model particles with a refractive index of 1.525+0.001i and an aspect ratio of
0.87. The model error is analysed by varying the input parameters to the light-scattering computations. It
is found that the scattering of the measurements about the model can mainly be explained by variation
of the morphology and dielectric properties, and to a much lesser extent by variation in the geometric
standard deviation of the size distribution. The modelling of the data is extended by using size-shape distributions of spheroids. The results indicate that there is some freedom in choosing the best-ﬁt weights
of the shape-distribution of spheroids, which could potentially be useful when extending the model to
multiple wavelengths, or to including additional optical parameters other than depolarisation. However,
it is also found that the most reasonable ﬁts of the data are obtained by mildly aspherical prolate and
oblate spheroids, which limits the freedom of adjusting the best-ﬁt weights.
© 2020 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY license. (http://creativecommons.org/licenses/by/4.0/)

1. Introduction
Polarimetric observations of aerosols have been applied to retrieve information on aerosol size and refractive index (e.g. [1])
and for providing retrieval products that can be assimilated into
chemical transport models (e.g. [2]). The depolarisation ratio obtained from lidar observations is believed to contain a wealth of information that could be exploited for aerosol speciation (e.g. [3,4]).
Field observations present a remarkably homogeneous picture for
mineral dust aerosols with most observed depolarisation ratios lying in the range 0.30–0.35, as indicated in Tab. 1. By contrast, modelling studies suggest that even minor, seemingly trivial changes
in aerosol morphology and composition can result in a substantial variation in the depolarisation ratio of nonspherical particles
[5–7]. Thus theoretical models that could provide a basis for a
forward model in retrieval methods or chemical data assimilation
algorithms come with a substantial error variance, which limits
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the amount of quantitative information that can be extracted from
such measurements (e.g. [8]). This complicates the interpretation
and inversion of depolarisation measurements. Therefore, depolarisation is often only used for making a rough qualitative classiﬁcation of aerosols into fairly broad categories, such as “clean continental”, “polluted continental”, “clean marine”, “polluted dust”,
etc[9]. It is rather diﬃcult to make use of such an ad hoc classiﬁcation in quantitative contexts, such as chemical data assimilation.
There have been numerous studies that tried to reconcile models and measurements for mineral dust aerosols with a focus on
the angular distribution of the scattered radiance and polarisation.
Most notably, the Amsterdam-Granada light scattering database
provides measurements of the full Mueller matrix for a signiﬁcant number of mineral aerosols and cosmic dust analogues ([19]).
The measurements have been reproduced with model computations using spheroids [20,21], polyhedral prisms [20,21], Gaussian
random spheres [22], and ellipsoids [23]. In general, spheroids and
ellipsoids proved to be the most versatile model, mainly because
that class of model particles covers a much broader range of different Mueller matrices than any other model tested [21,24]. Thus, it
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Table 1
Values of linear depolarisation ratio at 532 nm, as reported from lidar ﬁeld observations.
location

type

δ l (532 nm)

reference

Midwest US
Caribbean
Chihuahuan desert
Pico de Orizaba
Praia, Cape Verde
Lampedusa, Italy
Tokyo, Japan
between Bermuda and
St. Croix, Virgin Islands
Praia, Cape Verde
Atlantic Ocean
Atlantic Ocean
Dushanbe, Tajikistan
Dushanbe, Tajikistan

Saharan dust
Saharan dust
North American dust
North American dust
Saharan dust
Saharan dust
Asian dust

0.304 ± 0.005
0.327 ± 0.018
0.373 ± 0.014
0.334 ± 0.018
0.30 ± 0.01
0.30 ± 0.02
~ 0.20

[10]
[10]
[10]
[10]
[11]
[12]
[13]

Saharan dust
Saharan dust
Saharan dust
Saharan dust
Middle Eastern dust
Central Asian dust

~ 0.33
0.32 ± 0.03
0.29 ± 0.01
0.31
0.31 ± 0.01
0.35 ± 0.01

[14]
[15]
[16]
[17]
[18]
[18]

is often possible to ﬁnd a size-shape distribution of spheroids that
provides a good ﬁt of the Mueller matrix elements of mineral dust
aerosols observed in the laboratory. Speciﬁcally, the phase function
of the feldspar sample in that data base has been used to validate
the kernels constructed for AERONET retrievals, which are based
on spheroidal model particles [25]. However, it was also demonstrated that there is no single shape distribution of spheroids that
works equally well for all mineral dust samples [26]. The AERONET
kernel look-up tables contain 11 discrete spheroid aspect ratios;
the probability distribution of those can be freely adjusted. This
gives the scattering kernels a signiﬁcant number of free parameters.
Modelling polarimetric differential scattering properties of
aerosols is even more challenging than modelling radiometric
properties. Here, we want to focus on the linear depolarisation ratio observed in the backscattering direction. Such measurements are available for ground-based [3] and airborne lidar
measurements [10] as well as from space-borne sensors, such
as CALIOP/CALIPSO [27], CATS [28] and ATLID [29,30]. Numerous
models can be used to simulate optical properties of irregular
aerosols, such as mineral dust (e.g. [31]). However, in large-scale
applications, such as in remote sensing and chemical data assimilation, computational limitations often constrain us to using simple model particles, i.e., particles with a high degree of symmetry [32,33]. Owing to their high ﬂexibility, we will focus on homogeneous spheroids. Rather than constructing kernel look-up tables
with a large number of free parameters, our goal is to constrain the
shape distribution of the spheroidal model particles by use of laboratory measurements [34]. Also, rather than focusing on only a few
more or less representative measurements, our approach is based
on considering a large number of mineral dust samples with varying composition and size distributions. Our main hypothesis is that
one can ﬁnd a spheroid or a shape-distribution of spheroids that
reproduces the observed size dependence of the depolarisation ratio of mineral aerosols. Clearly, we do not expect to ﬁnd a simple
model that will ﬁt the depolarisation of each and every sample.
Rather, we aim at ﬁnding a manifestation of the simple spheroid
model that ﬁts the observations with a reasonably small bias and
standard deviation. Further, we hypothesise that we should be able
to explain the standard deviation of the observations relative to
our model by varying input parameters to the computations (refractive index, morphology, and size variance) within reasonable
limits.
The data as well as the numerical methods employed in this
work will be introduced in Sect. 2. Results and discussions are
given in Sects. 3 and 4, respectively. Concluding remarks are found
in Section 5.

2. Methods
2.1. Measurements
Laboratory measurements of near-backscattering (178◦ ) linear
depolarisation ratios of over 131 different dust samples were performed in the aerosol and cloud simulation chamber AIDA of Karlsruhe Institute of Technology. The optical measurements were conducted with two scattering and depolarisation instruments (SIMONE, [34,35]) operating at slightly different wavelengths of 488
and 552 nm.
Both SIMONE instruments consist of a sender and receiver
units. The sender unit has a continuous-wave (cw) laser that is directed across the chamber. The polarisation state of the laser can
be modiﬁed between vertical and horizontal linear polarisation using liquid crystals. In the experiments, horizontal polarisation is
usual. The receiver unit consists of a telescope assembly, a polarization prism and two detectors. The linear depolarisation ratio is
deﬁned as the ratio between the cross-polarised and co-polarised
signals and can be expressed by

δl () =

1 − F22 /F11
,
1 + 2F12 /F11 + F22 /F11

(1)

where Fij (i, j = 1, . . . , 4) are the elements of the Stokes scattering matrix, which express the linear relation between the fourcomponent Stokes vectors of the incident and the scattered radiation.
The AIDA chamber consists of a large (84 m3 ) vessel that allows a long residence time for aerosols and, thus, stable conditions for measurement of aerosol optical properties. Dust samples used in the chamber experiments included desert dust samples from the Sahara, Asia and Afghanistan, soil dust samples from
Mongolia, Argentina and Germany as well as artiﬁcially prepared
samples, including Arizona test dust, kaolinite, illite and hematite.
We excluded the hematite samples from the analysis, since the
refractive index of this mineral is highly unrepresentative of atmospheric mineral aerosols. The samples were prepared using cyclones with different cutoff to achieve different maximum diameters, and introduced to the chamber using a rotating brush generator that reduced the maximum dust particle diameter to approximately 10 μm. The size distribution of the dust in the chamber
was measured with a combination of an aerodynamic particle sizer
(APS) and scanning mobility particle sizer (SMPS). This procedure
resulted in mono-modal aerosol populations with median volumeequivalent radii ranging from 0.12 to 1.9 μm, or size parameter
ranging from 1.6–25. (The size parameter is deﬁned as x = 2π r/λ,
where r is the volume-equivalent radius of the particles, and λ is
the wavelength of light.) The mode widths (σ ) were in the range
from 1.35 to 2.32.
A more detailed description of the instruments, the experimental procedure and the dust samples can be found in [34].
2.2. Model particles
The main motivation of this work was to ﬁnd a model particle that is simple enough to be used in inverse problems, speciﬁcally in chemical data assimilation. Our main hypothesis was that
spheroids can be employed for representing the size dependence
of the depolarisation ratio of mineral dust. Thus, the reference
geometry in our computations were spheroids. However, inverse
models also require error estimates for the forward model that
is being employed for solving the inverse problem. Therefore, we
also investigated the effect of uncertainties in the input parameters to the optics model on the model output. Speciﬁcally, to estimate the sensitivity of depolarisation to a variation in particle
morphology, we perturbed the spheroid geometry with a Gaus-
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Fig. 1. Five different models of Gaussian random spheroids used in estimating the error variance of the spheroid model. The models differ in their radial standard deviation
and correlation angles, as indicated in the text. Models (a)–(d) are characterised by a single roughness scale, while model (e) has two superimposed roughness scales.

sian random distortion. Surface roughness [36], and in particular
irregular surface distortions are known to have potentially significant effects on optical properties (e.g. [37]). Originally, the Gaussian random sphere (GRS) was constructed by randomly perturbing the surface of a sphere with a prescribed relative radial standard deviation σ r and correlation angle γ [38]. We adapted the
code G-sphere for generating GRS geometries in order to generate Gaussian random spheroids. More speciﬁcally, given the surface
parameterisation rspheroid (θ ) of a spheroid with prescribed volumeequivalent radius and aspect ratio, and given the surface parameterisation rGRS (σ r , γ ; θ , φ ) of a unit Gaussian random sphere with
prescribed σ r and γ , we simply deﬁned the surface parameterisation of a Gaussian random spheroid by

r (θ , φ ) = rspheroid (θ ) · rGRS (σr , γ ; θ , φ ).

(2)

We further made modiﬁcations to superimpose two surface perturbations characterised by two different roughness scales (σ r1 ,
γ 1 ) and (σ r2 , γ 2 ). To this end, we took two unit Gaussian random spheres with surface parameterisations rGRS (σ r1 , γ 1 ; θ , φ )
and rGRS (σ r2 , γ 2 ; θ , φ ), and we deﬁned a spheroid with doubleroughness scales according to

r (θ , φ ) = rspheroid (θ ) · rGRS (σr1 , γ1 ; θ , φ ) · rGRS (σr2 , γ2 ; θ , φ ).

(3)

In either case, the particle was represented in the DDA by an array
of dipoles. The volume-equivalent radius of the Gaussian random
spheroid can be determined by counting the dipoles of the particle, where the volume occupied by each dipole is dependent on
the dipole spacing. For small values of the relative radial standard
deviation, the volume-equivalent radius is close to that of the unperturbed spheroid.
In our calculations we used ﬁve different Gaussian random
spheroid models that are illustrated in Fig. 1.
The ﬁrst four geometries (a)–(d) represent spheroids with a single roughness scale, while geometry (e) has been made by superimposing two different Gaussian random surface perturbations.
More speciﬁcally, the radial standard deviation and correlation angles used to generate these particles were:
(a)
(b)
(c)
(d)
(e)

σr = 0.03, γ = 20◦ .
σr = 0.03, γ = 4◦ .
σr = 0.10, γ = 20◦ .
σr = 0.10, γ = 40◦ .
σr1 = 0.20, γ1 = 40◦ , σr2 = 0.03, γ2 = 4◦ .

Thus, (a) and (b) allowed us to compare a small-amplitude surface perturbation with large and small correlation angle; (a) and
(c) allowed us to compare a small-amplitude and a large-amplitude
perturbation with equal correlation angle; (c) and (d) represented
two perturbations with equally large amplitude and different correlation angles. Finally, particle (e) had one surface perturbation
with a large standard deviation and correlation angle, and a smallscale surface roughness with a small standard deviation and correlation angle. For each of these ﬁve models, we performed computations for ﬁve stochastic realisations of the geometry.

Inhomogeneity and porosity can impact optical properties of
aerosols (e.g. [6,39,40]). Therefore, we also considered the effect
of inhomogeneous mineralogical composition by performing computations for spheroids with randomly-placed spherical hematite
inclusions. For reasons that will become clear in Sect. 3.2, we
took a refractive index of m = 1.525 + 0.001i as a reference. Using
Maxwell Garnett effective medium theory [41], this corresponds to
a mixture of a non-absorbing mineral with m1 =1.5128 + 0i, and
0.74% hematite with m2 =3.0 + 0.1i. Thus we constructed inhomogeneous particles by randomly placing spherical hematite inclusions inside a non-absorbing host spheroid with m1 =1.5128 + 0i.
The volume fraction f and the maximum size parameter xa,max of
the spherical inclusions was prescribed, while the number of inclusions was adjusted accordingly. We set f=0.74%, and we used
two values of xa,max , namely, 0.3 and 0.4. For each of these two inclusion sizes we generated 5 different stochastic realisations of the
randomly placed inclusions. Thus, for each particle size, the ensemble consisted of 10 different morphologies. Note that the fairly
low value of f limits the maximum possible inclusion size. Also, it
makes little sense to decrease xa,max below 0.3, because this would
bring us into the range of applicability of effective medium theories, where the optical properties of inhomogeneous particles become indistinguishable from those of homogeneous particles with
a corresponding effective refractive index [6,40].
2.3. Light scattering computations
In a ﬁrst step, we considered optical properties of spheroids
over a large range of refractive indices, sizes, and aspect ratios.
More speciﬁcally, we considered optical properties averaged over
mono-modal lognormal size distributions with a median size parameter ranging between 1–20. The refractive index was varied
over the range from m = n + iκ =1.5+0i to 1.6+0.01i, where m denotes the complex refractive index, and n and κ denote its real and
imaginary part, respectively. (Actually, we also considered higher
values of n and κ , but the results strongly deviated from the measurements. Therefore, we do not present these results here.)
The goal of this prospecting study was to narrow down the
range of aspect ratios and refractive indices that yield depolarisation ratios in a similar range as the laboratory measurements. Covering a large parameter range involves time-consuming computations. To circumvent these problems, we employed pre-computed
optical properties from the SCATDB database [42]. The optical
properties were averaged over log-normal size distributions representative of the measured samples, as explained in Sect. 3.2.
A limitation of the SCATDB version we had access to was that
the database only contained cross-polarisation data in the exact
backscattering direction, while the laboratory measurements have
been performed at a scattering angle of 178◦ . As we will see in
Section 3.2, this was no serious limitation for this ﬁrst prospecting
step. However, once we had narrowed down the range of reasonable particle shapes and refractive indices, we needed to perform
more detailed computations at the exact scattering angle of 178◦ .
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To this end, we computed optical properties of homogeneous
spheroids for a narrower range of aspect ratios and refractive indices by use of the T-matrix code described in [43]. This code
solves the light scattering program by use of Waterman’s nullﬁeld method [44]. We mainly used the double-precision version
of the code (with the exceptions noted below) in conjunction
with the LAPACK LU decomposition routines. The program contains
automatic routines for ensuring the convergence of the numerical solution. It also contains an implementation of an analytical
method for averaging optical properties over particle orientations
[45]. Size-averaging of optical properties was performed over the
size range 0.025 μm ≤ r ≤ 3.104 μm, where r denotes the volumeequivalent radius. This range goes up to the maximum size parameter x = 40 at 488 nm wavelength that is included in SCATDB.
Once we had found a spheroid model that reproduces the laboratory observations, we needed to obtain an estimate of the model
uncertainties. To this end, we studied the sensitivity of the computed depolarisation ratio to a variation in the input parameters,
such as the refractive index, the spheroids’ aspect ratio, the variance of the size distribution, as well as to deviations from the idealised spheroidal shape. For the latter, we considered irregular and
inhomogeneous particles, as explained in Sect. 2.2.
Optical properties of Gaussian random spheroids and inhomogeneous spheroids were calculated by use of the discrete dipole
approximation (DDA). Owing to the high computational demands
we split the computations between two clusters. The Gaussian random spheroids as well as the inhomogeneous spheroids with size
parameters x ≥ 15 were run on the Bi cluster at the National Supercomputer Centre at Linköping University. The cluster consists
of 8-core Intel Xeon E5-2640v3 processors at 2.6 GHz. The inhomogenous spheroids with x < 15 were run on the cluster Vera
at the Chalmers Centre for Computational Science and Engineering. The calculations on the Vera cluster were run on 64-core (of
which 32 cores were virtual cores due to hyperthreading) Intel
Xeon Gold 6130 processors at 2.1 GHz. At Chalmers we have installed the ADDA program (version 1.2) [46]. On Bi we have installed the DDSCAT program (Version 7.3.2) [47], in which the user
needs to specify the number of discrete orientations over which
the optical properties will be averaged, as well as the dipole spacing d. It is usually recommended to choose d such that |m|kd ≤ 0.5,
where m is the complex refractive index of the material, and k is
the wavenumber in vacuum.
We tested the convergence of the DDSCAT solution with respect
to both d and the number of orientational angles. To this end, we
compared DDA computations for randomly oriented homogeneous
spheroids to numerically exact benchmark computations obtained
with the T-matrix program by Mishchenko et al. [43]. The test
spheroids had a refractive index m=1.57 + 0.003i and an aspect
ratio of a/b=3.0. Here b denotes the extent along the spheroid’s
main rotational symmetry axis, and a is the maximum extent perpendicular to that axis.
First, the number of orientational angles was varied. The
spheroid was tilted by a polar angle and rotated by an azimuthal
angle. We varied the number of discrete polar and azimuthal angles over which the optical properties were averaged until convergent results were obtained. Second, we varied the dipole spacing
such that |m|kd assumed the values 0.15, 0.30, and 0.5.
We tested all elements of the Stokes scattering matrix, but in
Fig. 2 we only show the element F22 /F11 . This element is the most
sensitive indicators for testing convergence. The element F12 /F11 ,
which also contributes to δ l in Eq. (1), is very close to zero in
the near-backscattering direction. In the left panel of Fig. 2 the
T-matrix reference results (black) are compared to DDA computations based on averaging over 144 (blue) and 288 (red) discrete
particle orientations. The dipole spacing was set to |m|kd=0.3. The
DDA results agree with the T-matrix results up to scattering angles

of about 75◦ . At larger angles, the results averaged over 288 discrete angles agree reasonably well with the reference results, while
those averaged over 144 discrete angles deviate noticeably, especially at scattering angles around 100◦ and 140◦ . We are particularly interested in the linear depolarisation ratio. In the backscattering direction, the reference computation give us δ l (π )=0.70. The
corresponding DDA results for 144 and 288 angles are δ l (π )=0.67
and 0.68, respectively. A further increase in the number of orientational angles had little effect on the accuracy of the results.
We conclude that 288 angles are suﬃcient for computing the
orientationally-averaged depolarisation of spheroids. The remaining discrepancy between the reference and DDA results is mainly
due to the ﬁnite dipole spacing. Note that non-axisymmetric particles require averaging over an additional Euler angle. For nonaxisymmetric particles, we numerically averaged DDA results over
a total of 6912 discrete angles.
The error caused by a ﬁnite dipole spacing is investigated in the
right panel of Fig. 2. The reference results (black) are compared to
DDA results, which were averaged over 288 discrete orientations,
and computed for dipole spacings |m|kd=0.50 (green), 0.30 (blue),
and 0.15 (red). The DDA results converge toward the T-matrix results as the dipole spacing is reduced. The corresponding values of
δ l (π ) for the DDA results are 0.65, 0.68, and 0.69, which should
be compared to the reference results of 0.70. Thus the corresponding relative errors in δ l (π ) are 7.1%, 2.9% and 1.4% for |m|kd=0.50,
0.30, and 0.15, respectively. We considered a relative error of 3–5%
acceptable for our purposes, since we only performed DDA computations for obtaining error estimates. Thus, we performed all DDA
computations for size parameters up to x=15 for a dipole spacing
of |m|kd=0.30. For larger size parameters, we used |m|kd=0.40.
For a few selected cases we ran both DDSCAT and ADDA and
found perfect agreement of the results (not shown).
Finally, we investigated the prospects of ﬁtting the observations with a size-shape distribution of spheroids. To this end, we
computed size-averaged optical properties with the same T-matrix
code [43] for an extended range of aspect ratios, namely, a/b=0.5,
0.67, 0.77, 0.87, 1.0, 1.15, 1.3, 1.5, 2.0. For 0.67 ≤ a/b ≤ 1.5 we used
the double-precision version of the T-matrix code. For a/b=0.5 and
2.0 the extended-precision version was used. The shape distribution of the spheroids that best reproduced the measurements was
determined by a least-squares ﬁt of the data, using the lmﬁt package in python.

3. Results
3.1. Size distribution of the mineral dust samples
For each mineral sample studied in the AIDA chamber, the size
distribution (SD) was measured and ﬁtted by use of a log-normal
distribution function





ln (r/r0 )
1
n (r ) =
exp −
.
√
2
r ln σn 2π
2 ln σn
2

(4)

Here r is the volume-equivalent radius of the particles, r0 is the
median radius, and σ n represents the geometric standard deviation.
Fig. 3 shows the geometric standard deviation σnobs of the size
distributions as a function of the median volume-equivalent radius
r0 (represented by the pluses). There is a very weak upward trend
in the data points. A linear ﬁt gave

σn (r0 ) = 1.576 + 0.154 r0 .

(5)
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Fig. 2. Element F22 /F11 of the Stokes scattering matrix computed for randomly oriented homogeneous spheroids with a size parameter x = 5. T-matrix reference computations
are shown in black. Left panel: DDA computations numerically averaged over a variable number of discrete orientations are shown in blue and red. Right panel: DDA
computations for decreasing dipole spacing |m|kd are shown in green, blue, and red. (For interpretation of the references to colour in this ﬁgure legend, the reader is
referred to the web version of this article.)

3.2. Fitting AIDA data with spheroids

Fig. 3. Geometric standard deviation σ n of the lognormal size distribution as a
function of median radius r0 . The pluses represent the measured aerosol samples.
The black line shows the linear ﬁt of the data, the shading represents the standard
deviation σ s of the data with respect to the linear ﬁt.

The data points σnobs scatter signiﬁcantly about this linear ﬁt. We
can compute a standard deviation


σs =

N
1  obs
(σn (ri ) − σn (ri ))2 ,
N

(6)

i=1

where the sum extends over all N observation points. This yields
σ s =0.214. The linear ﬁt σ n (x) ± σ s is represented by the solid line
and the shaded region in Fig. 3
In the aerosol optics computations we averaged the optical
properties over log-normal size distributions with various values
of r0 . For each r0 we used Eq. (5) to model the corresponding geometric standard deviation σ n (r0 ). To estimate the error introduced
by the simple ﬁtting formula in Eq. (5), we also computed sizeaveraged optical properties for log-normal distributions with geometric standard deviations σn (r0 ) + σs and σn (r0 ) − σs .

The ﬁrst step was to extract and size-average optical properties
of spheroids from SCATDB over the selected range of particle sizes
and refractive indices. Fig. 4 shows the resulting linear depolarisation ratio in the backscattering direction. On the x-axis, the particle
size is expressed by the median size parameter x0 = 2π r0 /λ. The
geometric standard deviation of the size distribution was modelled
with Eq. (5). The aspect ratio of the spheroids is shown on the yaxis. The eight different panels show results obtained for different
values of the refractive index m, where the real part n increases
downwards through rows, while the imaginary part κ increases
to the right through columns, as indicated in the panel headings.
To facilitate comparison with the observations, Fig. 5 shows a few
selected cases from Fig. 4 (as indicated in the legend and panel
headings) and compares the model results to the measurements
(pluses).
Inspection and comparison with the measurements allows us
to signiﬁcantly narrow down the range of plausible aspect ratios.
For instance, we see that for mildly oblate spheroids (a/b > 1) the
depolarisation ratio displays a rather slow upward trend with increasing size parameter, which does not reproduce the size dependency of the observed depolarisation ratios. On the other hand,
for 0 ≤ x ≤ 5 prolate spheroids (a/b < 1) that deviate strongly
from spherical shape show a characteristic rapid increase in the
depolarisation ratio with size, which is not found in the measurements. Similar failures in an attempt to ﬁt the observations with
spheroids were noted earlier [34]. However, we also see that there
is a fairly narrow range of aspect ratios around a/b=0.87 where the
model behaviour is very similar to that of the measurements. Thus
we performed detailed computations for a more narrowly focused
range of input parameters, but with a ﬁner resolution for intermediate values of the refractive index.
We ran the T-matrix code described in [43] for n=1.500, 1.525,
1.550, 1.575, 1.60 0, for κ =0.0 0 0, 0.0 01, 0.0 05, 0.010, and for ratios
a/b=0.77, 0.87, and 0.93. For each refractive index and aspect ratio
we compared the computed depolarisation ratios at =178◦ to the
observed values and computed the bias

B=

N
1  obs
(δi − δimod ),
N
i=1

(7)
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Fig. 4. Size-averaged linear depolarisation ratio in the exact backscattering direction, modelled for randomly oriented homogeneous spheroids. The results are shown as a
function of the median size parameter x0 and aspect ratio a/b. The eight panels show results for different refractive indices, as indicated in each panel heading.

Fig. 5. Depolarisation as a function of median size parameter. The panels are as in Fig. 4. The curves show computational results extracted from SCATDB, as in Fig. 4, but
only for selected spheroid aspect ratios (as indicated in the legend). The measurements are represented by pluses.

and the standard deviation


σδ =

N
1  obs
(δi − δimod )2 ,
N

(8)

i=1

where δiobs and δimod denote observed and modelled depolarisation
ratios, respectively, and where the sum extends over all measurements labeled by i. The model results were computed for median

size parameters x0 =1, 2, . . . , 20 and linearly interpolated to the
corresponding size parameters of the observed aerosol samples.
Fig. 6 shows the bias (left) and standard deviation (centre column) as a function of the real and imaginary parts of the refractive index computed for aspect ratios a/b=0.93 (top), 0.87 (centre
row), and 0.77 (bottom). It is evident that the bias and variance
are smallest for an aspect ratio of a/b=0.87. The minimum bias is
reached around a real part of the refractive index of n=1.525; it is
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Fig. 6. Bias (left) and standard deviation (centre column) as a function of the real and imaginary part of the refractive index, obtained by comparing the observations with
spheroids with aspect ratios a/b=0.93 (top), 0.87 (centre row), and 0.77 (bottom). The right column shows the size dependence of the data (pluses) and model (solid line)
for the three different aspect ratios, choosing in each case that refractive index that minimises the standard deviation.

nearly independent of κ . The standard deviation is smallest around
n=1.525 and κ between 0 and 0.001. The right column shows the
data points and the modelled depolarisation ratio for a/b=0.93,
m=1.5 + 0.005i (top), a/b=0.87, m=1.525 + 0.001i (centre), and
for a/b=0.77, m=1.6 + 0.0i. Each curve represents the minimumvariance solution for each aspect ratio. For a/b=0.87 we obtain the
best ﬁt of the data.
3.3. Estimating the model uncertainty
After we had found a model that reproduces the mean trend in
the measurements, we wanted to quantify the contribution of different sources of uncertainty to the spreading of the data points.
We considered ﬁve possible error sources, namely, (i) uncertainty
in the refractive index, (ii) variation in the geometric standard deviation of the size distribution, (iii) variation in the aspect ratio,
(iv) irregular distortions of the ideal spheroidal geometry, and (v)
inhomogeneous mineralogical composition. The results of this error analysis are shown in Fig. 7. In all panels, the measurements
are represented by red pluses, and the reference model (homogeneous spheroids with a/b=0.87, m=1.525 + 0.001i, σ n given in
Eq. (5)) is shown as a black line.
1. Upper left: Optical properties of prolate spheroids with an aspect ratio of a/b=0.87 have been computed for different refractive indices. The real part was varied between 1.50 to 1.55, and
the imaginary part between 0.0 and 0.005. The maximum variation of the modelled linear depolarisation ratio at 178◦ is indicated by the shaded region.
2. Upper right: The geometric standard deviation of the size distribution was varied between σn (x0 ) − σs and σn (x0 ) + σs , where

σ s =0.214 (see discussion in Sect. 3.1 and Fig. 3). The aspect ratio of the spheroids and the refractive index were ﬁxed at the
reference values. The resulting maximum variation in the modelled linear depolarisation ratio is indicated by the shaded region.
3. Centre left: We saw in Fig. 4 that a variation in the aspect ratio can give rise to a substantial variation in the depolarisation
ratio that far exceeds the spreading of the observations. Thus,
to assess the sensitivity of δ l to a variation to the overall shape
of the particle, we varied the aspect ratio only within a narrow range between 0.77 and 0.93, while keeping the refractive
index and the geometric standard deviation ﬁxed at the reference values. The maximum range within which the computational results vary is indicated by the shaded region.
4. Centre right: Deviations from an ideal spheroidal shape were
explored by super-imposing Gaussian random distortions to
spheroids with a ﬁxed aspect ratio of 0.87, as explained in
Sect. 2.2. The shaded region in the centre right panel indicates
the mean ± one standard deviation, where the ensemble, for
each size, was composed of 25 different randomly distorted geometries. Results for the entire ensemble of Gaussian random
spheroids are shown in Fig. 8. The legend indicates ﬁve classes
of rough spheroids which, from top to bottom, correspond to
the particles shown from left to right in Fig. 1. For each class
of Gaussian random spheroids, the ﬁgure shows results for ﬁve
stochastic realisations of the randomised geometry. We see that
morphological irregularity accounts for a considerable spread of
the modelled depolarisation ratios about the results obtained
for the homogeneous reference spheroids. Any single one of
these ﬁve classes of Gaussian random spheroids could give a
biased error estimate. For instance, the one with σ r =0.03, γ =

8

M. Kahnert, F. Kanngießer and E. Järvinen et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 254 (2020) 107177

Fig. 7. Model variability (represented by the shading) due to variation in refractive index (top left), geometric standard deviation of the size distribution (top right), aspect
ratio (centre left), surface roughness (centre right), and inhomogeneous composition (bottom left). The bottom right panel shows the ﬁrst, second, and fourth error sources
combined.

20◦ tends to underestimate depolarisation for x ≤ 10, and overestimate depolarisation for x > 15. Only the entire ensemble
consisting of different roughness models and stochastic realisations yields a reasonably even spread of the computational
results about the reference curve. For x = 2, irregularity only
results in a negative bias relative to the reference results.
5. Bottom left: We replaced homogeneous spheroids with inhomogeneous spheroids containing randomly placed hematite inclusions, as explained in Section 2.2. The shaded region shows
the ensemble mean ± one standard deviation, where the ensemble consisted of 10 random realisations of the inhomogeneous morphology. We see that inhomogeneity gives rise to
very little variability, although it can introduce quite a bias.
6. Bottom right: Neglecting inhomogeneity and variation in the
aspect ratio, we estimated the total error as follows. We cali −δ
i
i
culated for each size si+ = δ+
re f and s− = δ− − δre f , where
δ ref is the depolarisation computed with the reference model,

i = 1, 2, 3 labels variation in m, σ n , and surface roughness, rei , δ i are the corresponding upper and lower
spectively, and δ+
−
bounds indicated by the yellow shadings. Assuming that these
errors are uncorrelated, we computed, for each size, the standard deviation of all error sources:



σtotal,+ =

σtotal,− =

N


si+

2

(9)

i=1
N


2

si− .

(10)

i=1

The resulting range is shown in the ﬁgure.
Note that the error estimates for irregularity (centre right) and
inhomogeneity (bottom left) have been modelled differently from
the others. For variations in m, σ n , and a/b we prescribed a maximum range of variation. For the extreme values of these ranges, we
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distribution that is provided to the least-squares minimisation routine. We tested three different a prioris, which correspond to the
three rows in Fig. 9.
•

•

•

Knowing that spheroids with a/b=0.87 provide a good ﬁt of
data, we set the weights w(a/b) such that w(0.87)=0.6 and
w(a/b) = 0.05 for the remaining eight aspect ratios.
For the second a priori, we used an equi-probable shape distribution with w(a/b) = 1/9 for all aspect ratios.
For the third a priori, we used the so-called |ξ |3 shape distribution [20]. The idea is to map the aspect ratio onto a linear
scale by introducing the shape parameter [48]



ξ=

1 − b/a
a/b − 1

:
:

a/b < 1 (prolate )
a/b ≥ 1 (oblate )

(11)

and to deﬁne a shape distribution

w ( ξ ) ∝ |ξ |3 .

(12)

This distribution puts more weight on those aspect ratios that
deviate more strongly from spherical shape, which proved to be
particularly useful in reproducing the asymmetry parameter of
mineral dust aerosols [26].

Fig. 8. Linear depolarisation ratio at a scattering angle of 178◦ as a function of
size parameter, computed for the reference lognormal size distribution of spheroids
(solid line), and for different monodisperse Gaussian random spheroids (as indicated in the legend). For each roughness scale, ﬁve stochastic realisations of the
randomised geometry were computed.

computed size-averaged optical properties of spheroids for each
value of the median size parameter x0 , and we took the resulting maximum variation of the depolarisation within each parameter range as our error estimate. By contrast, DDA computations
for irregular and inhomogeneous particles are prohibitively expensive for such an approach. Instead, we computed optical properties
for particles of a single size, but for a stochastic ensemble at each
size. The error estimates were obtained by computing the standard deviation of the ensemble at each size. We then invoked the
assumption that this method gives us a viable error estimate for
size-averaged depolarisation ratios.

For the ﬁrst a priori (Fig. 9, top row) we obtain a ﬁt of the data
(solid line) that is almost equally good as for a single spheroidal
aspect ratio (dotted line). The model slightly overestimates the
data for size parameters x ≤ 5, and it gives somewhat low depolarisation ratios for x ≥ 15. We also see that the ﬁtting result and
the a priori are almost indistinguishable.
For the equi-probable a priori (middle row), the ﬁt signiﬁcantly
improves the a priori, and is generally equally good as the ﬁt we
previously obtained with a single aspect ratio (left). For size parameters around 10, the ﬁt of the data is even slightly better than
for a single spheroid (compare the solid and the dotted lines). The
best-ﬁt shape distribution (right) contains both prolate and oblate
spheroids that do not deviate much from spherical shape; w(0.87)
and w(1.15) are almost equally large.
For the |ξ |3 a priori we do not obtain a satisfactory ﬁt of the
data (left). The least-squares ﬁtting routine yields a shape distribution (right) that is strongly dominated by highly aspherical prolate
spheroids with a/b = 0.5.
4. Discussion

3.4. Fitting AIDA data with a shape distribution of spheroids
Our approach, so far, was to identify a single spheroidal shape
that reproduces the observations. This gave remarkably satisfactory results. However, in other studies one has employed distributions of aspect ratios, e.g., to construct kernels for remote sensing retrieval methods [25], or for ﬁtting the Mueller matrix elements of mineral dust particles [26]. The statistical weights that
each spheroidal shape (i.e., aspect ratio) have in the ensemble are
free parameters. The main idea in such an approach is to increase
the number of free parameters in order to ﬁt multiple optical parameters or optical parameters at multiple wavelengths. Here, we
make no attempt to ﬁt optical parameters other than the depolarisation ratio. However, we want to brieﬂy address the question
whether or not we have some ﬂexibility in specifying the weights
in a shape distribution of aspect ratios. A glance at Fig. 4 suggests
that only a fairly narrow range of aspect ratios is likely to provide
a good ﬁt of δ l as a function of size parameter.
We tested this approach by keeping the refractive index ﬁxed
at m=1.525+0.001i. The shape distribution contained nine discrete
aspect ratios in the range 0.5 ≤ a/b ≤ 2.0. We determined the statistical weights of the aspect ratios in the size-shape distribution
of spheroids by least-squares ﬁtting of the depolarisation measurements. The result of this exercise depends on the a priori shape

Comparison of ﬁeld measurements in Tab. 1 and the results presented here (e.g. in the bottom right panel of Fig. 7) shows that for
size parameters larger than about 7 the ﬁeld observations, laboratory measurements, and model results are largely consistent within
the variance of the model and the AIDA data. However, both the
AIDA measurements and the model output indicate that populations of mineral dust aerosols with median size parameters smaller
than 7 can have depolarisation ratios signiﬁcantly smaller than
those that are typically observed in the ﬁeld.
Our sensitivity study suggests that particle morphology is the
main contributor to the variability of depolarisation among different mineral dust samples, followed by the uncertainty in the refractive index. On the other hand, the geometric standard deviation
of the size distribution contributes little to the total error variance
of the model results.
A closer inspection of the aerosols samples studied in the AIDA
chamber has been performed in [34]. Many of the dust samples
display irregular shapes and surface roughness (see Fig. 3 in [34]).
However, there is no clear trend that certain types of samples
or certain morphological characteristics give rise to consistently
higher or lower depolarisation ratios (see Fig. 7 in [34]). For instance, for size parameters larger than about 8 both volcanic ash
particles and Sahara dust aerosols have depolarisation ratios that
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Fig. 9. Left column: linear depolarisation ratio at a scattering angle of 178◦ as a function of size parameter, ﬁtted with a shape-distribution of homegeneous spheroids.
The plots show the measurements (pluses), a priori (dashed line), and least-squares ﬁt (solid line), as well as the best model results obtained by using a single spheroid
of a/b=0.87 (dotted line). Right column: best-ﬁt weights of the spheroid aspect ratios in the shape distribution. The three rows show results obtained for three different a
priori shape distributions used in the least-squares minimisation routine, as explained in the text.

scatter fairly uniformly about a mean value of ~ 0.3. This indicates
that complex morphological features generally do result in a random error, rather than giving rise to systematic signatures in the
depolarisation ratio.
Our model results for particles with inhomogeneous composition seem to be, at ﬁrst glance, the exception to this rule. However,
it is diﬃcult to draw deﬁnite conclusions based on the results we
obtained for inhomogeneous particles. Earlier studies have shown
that randomly placed inhomogeneous hematite inclusions inside
a quartz matrix can give rise to signiﬁcant uncertainties in modelled depolarisation ratios [6]. By contrast, our results suggest that
inhomogeneity may introduce a bias, but it does not give rise to
much variance in the modelled depolarisation ratio. The main difference is that in [6] the hematite volume fractions were as high as
4%. Here, we considered a volume fraction of only 0.74%, because
application of effective medium theory with this volume fraction
yields an effective refractive index consistent with that of the bestﬁt spheroids. For such low volume fractions we had little freedom
in varying the inclusion size. Random variations in the placement
of the hematite inclusions did not result in much variation in the
modelled depolarisation ratio.
Our results also illustrate an important aspect of spheroids, and,
indeed, of simpliﬁed model particles in general. In [49] it has been
explained that a versatile simple model particle needs to have the
following properties.
(i) It simpliﬁes the morphology as much as possible (without oversimplifying it);
(ii) it has a small number of free tuning parameters;
(iii) it covers a large range of optical properties by varying the tuning parameter; and

(iv) it is capable of reproducing several optical parameters for a
range of particle sizes, wavelengths, and compositions.
The versatility of spheroids in our case is, indeed, based on
their geometric simplicity, and on their property of covering a
large range of depolarisation ratios by varying a single parameter, the aspect ratio a/b (see Fig. 4). However, the very same property makes it also problematic to employ spheroids for estimating the error variance of the model, which is needed for inverse
modelling. Varying a/b over a large range will result in error estimates that are much larger than those observed in the measurements. We addressed this issue by drastically reducing the range
over which we varied the aspect ratio. Even so, a variation in a/b
still results in uncertainty estimates that exceeds the spreading of
the data points, particularly for large size parameters (see the centre left panel in Fig. 7). Further, we see in Fig. 7 that a variation in
a/b can give conspicuously looking features in the error estimates,
such as a maximum at size parameters around x = 5 and a minimum around x = 10. These features are absent in the scattering of
the measurements. Owing to these issues speciﬁc to spheroids, we
attempted to obtain an estimate of the total model error (bottom
right panel of Fig. 7) by only accounting for the variations in the
refractive index, the geometric standard deviation of the size distribution, and for the effect of surface roughness. In the absence
of measurements to guide us, it may be very diﬃcult to employ
spheroids, or any simple model particle satisfying item (iii) above,
for obtaining meaningful error estimates. In such case, the use of
complex, morphologically realistic model particles with stochastically varying properties may be the only viable approach for obtaining meaningful error estimates (see the centre right panel in
Fig. 7).
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Further, we saw in Fig. 8 that the use of stochastically varying shapes needs to proceed with some caution in order to avoid
biased error estimates. In our case, we saw that we need to employ both different roughness models and different stochastic realisations for each model in order to obtain an even spread of the
computational results about the reference model.
Finally, we attempted to ﬁt the depolarisation ratio with an ensemble of aspect ratios, instead of a single aspect ratio. We learn
from this test that we have a certain freedom in choosing a shapedistribution of spheroids. This ﬂexibility could, perhaps, be exploited when we want to ﬁt, e.g., depolarisation at multiple wavelengths, or multiple optical parameters. However, the results also
suggest that this freedom is more limited than one may have expected. A good ﬁt of the measurements with the model is mostly
obtained for those ensembles that are dominated by spheroids that
deviate only mildly from spherical shape. This trend can present a
challenge when attempting to model various optical properties simultaneously. For instance, in attempts of ﬁtting the Mueller matrix or representing the asymmetry parameter of mineral dust, the
opposite trend has been noted. Those ensembles of spheroids that
place much weight on more strongly aspherical oblate or prolate
spheroids have frequently given the best results (e.g. [21,26,48]).
It also became clear that the result of ﬁtting the data with a
distribution of aspect ratios is strongly dependent on the a priori.
This indicates that the use of the Levenberg-Marquardt minimisation method may not be the best choice for this kind of problem; a global minimisation method may give more robust results.
However, the salient point of this test was the limited ﬂexibility in
adapting the distribution of aspect ratios. This conclusion has little
to do with the choice of the minimisation method. It is a consequence of the fact that only a narrow range of mildly aspherical
spheroids display a dependence of δ l on size parameter that resembles that of the observations, as we already saw in Fig. 4.

5. Summary and conclusions
The main goal of this work was to ﬁnd a simple model that
reproduces the size dependence of the linear depolarisation ratio
of mineral dust aerosols observed in the AIDA chamber. The observations comprised measurements on 131 samples with different size distributions, mineralogical compositions, and morphology. We considered spheroidal model particles with size distributions that were modelled after the measured samples. We varied
the aspect ratio and the complex refractive index of the model over
a considerable range in order to search for a best ﬁt.
We were able to identify a spheroid model that yields a
minimum-bias and minimum-variance ﬁt of the observed depolarisation ratio at a scattering angle of 178◦ . The best-ﬁt spheroids are
prolate with an aspect ratio of a/b=0.87 and a refractive index of
m=1.525+0.001i. The variation of the observations about the mean
can be explained by a variation in morphology and dielectric properties, and to a much lesser degree by uncertainties in the geometric variance of the lognormal size distribution.
These results conﬁrm the well-known fact that spheroids are
a ﬂexible model for reproducing optical properties of mineral
aerosols [20,21,25,26], including differential radiometric and polarimetric properties. This particular strength of the spheroid model
derives from the fact that by varying the aspect ratio one can cover
a large range of optical properties [24]. However, the very same
property makes it diﬃcult to employ spheroids for estimating the
model uncertainty. A change in the aspect ratio resulted in variations in the depolarisation ratio over a range that far exceeded that
of the observations. It is conceivable that this weakness becomes
even more pronounced in this particular approach, in which we
ﬁtted the measurements by use of a single aspect ratio.

11

We also saw that error estimates based on varying a single
property of the model particles can give conspicuously looking error estimates that do not well agree with the observed scattering of the data points. In order to obtain an error estimate that
was both qualitatively and quantitatively realistic, we had to compute a geometric mean error variance over different error sources,
namely, a morphological variation represented by different models of Gaussian random surface deformations, a variation in the refractive index, and a variation in the geometric mean of the size
distribution.
Finally, we studied the prospects of ﬁtting the AIDA data with
an ensemble of aspect ratios, instead of using a single aspect ratio.
The motivation of introducing such a shape-ensemble is to increase
the number of degrees of freedom, which could be useful when attempting to reproduce depolarisation at multiple wavelengths, or
multiple optical properties. We found, indeed, that we have a certain ﬂexibility in specifying the statistical weights of the aspect ratios, but not as much as one may expect. Aspect-ratio distributions
of spheroids that gave a reasonably good ﬁt of the measured depolarisation ratios tended to be conﬁned to only mildly aspherical
prolate and oblate spheroids.
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