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Abstract

During the nineties, the field medallist Okounkov found a way to as-
sociate to an ample line bundle L over an n—complex dimensional
projective manifold X a convex body in R”, now called Okounkov
body A(L). The construction depends on the choice of a valuation
centered at one point p € X and it works even if L is a big line bundle.
In the last decade A(L) turned out to be an accurate simplified im-
age of (L — X;p). Indeed it encodes important global invariants like
the volume, Volx (L), and it can be a finer invariant of the Seshadri
constant of L at p. Moreover it can be useful to approximates L — X
through an n—complex dimensional torus-invariant domain equipped
with the standard flat metric.

In this thesis I propose a generalization of the Okounkov bodies.
Namely, starting from a big line bundle L over an n—complex di-
mensional projective manifold X, and from the choice of N valua-
tions centered at N different points p1,...,pny € X, I construct N
multipoint Okounkov bodies Ay(L),...,An(L) C R™ They are a
simpler copy of (L — X;p1,...,pn) since they forms a finer invariant
of the volume Volx (L) and of the multipoint Seshadri constant of L
at p1,...,pn. The latter in particular is related to several important
conjectures in Algebraic Geometry, like the Nagata’s conjecture which
concerns the projective plane P2, Related to this, in the thesis there
are further small results for surfaces.

Moreover the multipoint Okounkov bodies consent to define N torus-
invariant domains in C" which approximate simultaneously L — X,
i.e. they produce a perfect Kéhler packing (the holomorphic analogue
of the symplectic packing), and this leads to an interpretation of the
multipoint Seshadri constant in terms of packings.

Finally in the toric case, in different situations, the multipoint Okounkov
bodies can be recovered directly subdividing the polytope.

Keywords: Projective manifold, ample line bundle, Okounkov body,
Seshadri constant, symplectic packings, Kéhler geometry.
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Chapter 1

Introduction

Projective manifolds.

The common zero set of a family of homogeneous polynomial equa-
tions in n + 1 variables defines a geometric locus in the (complex)
projective space P™. And if this geometric locus is irreducible, then it
is a projective variety, while if it is also smooth then it is a projective
manifold. Let us be more precise.

Let P" be defined as C"*!\ {0}/ ~ where the equivalence rela-
tion is (zg,...,2n) ~ (wo,...,wy) if there exists A € C* such that
(20y.-.,2n) = Mwy,...,wy). Namely the projective space P™ is the
compactification of the n—complex space C" adding all the points at
infinity, and points of P” are complex lines of C"*! that we will denote
as [Zo: -+ Zy]. lf now pis an homogeneous polynomial in zg, ..., 2z,
then its locus p = 0 descends to an equation on P, therefore given a
set of homogeneous polynomial equations it makes sense to look at the
common zero set in P™ of these equations which is called projective
algebraic set. Moreover we say that it is a projective variety if it is
not an union of two proper projective algebraic sets, and we say that
a projective variety is a projective manifold if it is smooth, i.e. if the
Jacobian matrix of the first order partial derivatives of the polynomial
defining the variety has constant rank (this is equivalent to ask that
the tangent space is well defined for any point of the variety).



Therefore by what we have said until now, it is quite clear that a
smooth projective variety is a complex manifold, and we say that a
complex manifold is a projective manifold if it can be embedded into
some projective space PV, i.e. if it can be seen as a smooth projective
variety.

Line bundles.

A line bundle L over a complex manifold X is a complex manifold
of dim X + 1 with an holomorphic surjective map m : L — X such
that L, ~ C for any p € X, where L, := 7~ (p) is the fiber over p,
and such that locally L looks like a product of the base times C, i.e.
there exist open subsets {U;}je; of X such that L -1y, = U; x C
for any j € J. An (holomorphic) section of L — X is an holomorphic
map s : X — L such that mos = Idx. We observe that since any
line bundle is locally trivial, it has a lot of local sections, while if X
is compact L — X admits a non-zero section only if L twists, i.e. it
is not a global product (by the maximum principle for holomorphic
functions). Moreover, assuming X compact, the set of all sections
5: X — L is denoted with H°(X, L) and it is a vector space of finite
dimension over C.

It is also possible to consider the tensor product L1 ® Lo of two line
bundles Li and Lo, and if we consider the same line bundle L the
tensor product corresponds to take multiples L& (it is often preferable
to use the additive notation kL).

Taking as example the projective space IP", there is a line bundle
Opn (1) such that the fiber over [Zy : --- : Z,] is the dual of the
complex line passing through (Zp,...,Z,). And it is not hard to
check that H°(PP™, Opx (k)) is isomorphic to the space of homogeneous
polynomials of degree k € N where by notation Opn (k) := kOpn(1).
Therefore n!dimg HO(P™, Opn (k))/k™ — 1 for k — oc.

Similarly for any line bundle L over a compact complex manifold X,
it is possible to show that dime HO(X, kL) = C%; +O(k"), and such
value C' is called the volume of L, Volx(L). A line bundle is called
big if Volx (L) > 0.



Positive metrics.

Given a line bundle L on a complex manifold X. an hermitian metric
on L is a choice of a scalar product on each fiber L, such that the
family of these products varies smoothly over X. Locally, if U; C X
is a trivializing open set (i.e. Lz = U;j x C ), an hermitian
metric h is realized by a smooth function ¢; : U; — R such that
|f; 2 — ¢=% where fj is a non zero holomorphic local section for L
over a neighbourhood of U;. The curvature of an hermitian metric is
a global (1,1)—form given locally as dd°¢; where d° := 1=(d — 9) so
that dd® = %65. If for any j the complex Hessian matrix (%)M
is positive definite, i.e. if ¢; is strictly plurisubharmonic, then h is
said to be positive and the curvature is a Kdhler form. By the well-
known Kodaira embedding Theorem a line bundle L over a compact
complex manifold X admits a positive hermitian metric if and only if
L is ample, i.e. for k > 0 big enough kL can be realized as restriction
of the line bundle Opny (1) for an embedding X — P (in particular
X is projective).

Given a line bundle L on a projective manifold X, it can be showed
that the curvatures of all hermitian metrics on L belongs to the same
cohomology class ¢ (L) € H*(X,Z)NH (X, C) (by the 90—lemma),
and L admits a positive hermitian metrics if and only if ¢ (L) belongs
to the Kdihler cone X C H"'(X,R). Recalling that o € X if it con-
tains a Kahler form w as representative, where a Ké&hler form is a
(1,1)—form positive.

Finally we recall that any Kahler form defines a Riemannian metric
on the 2n—real dimensional manifold X as g, (u,v) := w(u, Jv) where
u,v € T, X are two tangent vectors and J is the almost complex struc-
ture. Therefore a Kahler manifold (i.e. a manifold X with a Kéhler
form w on X) includes the Riemannian structure and the complex
structure, hence it can be thought as a very rigid geometric object.

Toric manifolds.

A toric manifold of dimension n is a complex manifold that has an ac-
tion (C*)™ ~ X with a dense open orbit where (C*)™ is the complex



n—dimensional torus. If X is a toric projective manifold, then it can
be embedded in IP" for some N, thus X becomes the compactification
of the image of (C*)" and the embedded copy of the action lifts to
the toric line bundle L over X given by the restriction of Opn(1).
The main feature of toric geometry is that there is a 1-1 correspon-
dence between ample toric line bundles and (Delzant) polytopes P,
where Delzant means that P is a lattice polytope (i.e. it is the convex
hull of a finite number of points in Z™) and any vertex has exactly
n edges starting from it. In particular given a (Delzant) polytope
P it is possible to construct an ample toric line bundle L over a
toric projective manifold X. More precigely for any £ € N, the map
fep : (€)™ — PNe~! defined as

fep(2) == [2%%, ..., 2%N]

where a1,...,ay, is an enumeration of all points in kP N Z", is an
embedding for £ > 1 big enough. Thus Xp is defined as compactifi-
cation and Lp as the pull-back of Opn;-1(1).

Finally we observe that if Lp — Xp is the ample toric line bundle
associated to the polytope P, then

H(Xp,kLp)~ &5 (9,
ackPNZ™

i.e. there exists a basis {54 }aerpnzn of the vector space HY(Xp, kLp)
such that s,/ss = 2% # on the torus (C*)". In particular

TL!VOI]Rn (P) = VOI)((LP>.

See [Ful93|, [Cox11] for basic facts about toric varieties.

Seshadri constants.

Demailly in [Dem90] introduced a way to measure the positivity of an
ample line bundle L over a projective manifold X at a point p € X,
the Seshadri constant of L at p, es(L;p). Intuitively it measures
the asymptotic order of the expansions at p that R(X, L) can com-
pletely prescribe, i.e. if, for any £ € N, s € N is chosen so that the



sections in H°(X, kL) can prescribe all the expansions of order less
or equal to si but they do not prescribe all the expansions of order
s+ 1, then eg(L;p) = limg 00 S/k. 1t is also worth to recall that
es(L;p) = sup{t > 0 : p*L — tEisample} where p: X — X is the
blow-up at p and FE is the exceptional divisor. Moreover there is an-
other characterization of this local invariant: eg(L;p) is equal to the
supremum of radii r such that there exists an holomorphic embedding
of the ball of radius r into X and a metric on L that extends the
standard metric given by the embedding.

Subsequently Nakamaye in [Nak03] introduced a generalization of the
Seshadri constant for big line bundles, which can be interpreted as
before, i.e. as asymptotic order of the expansions at the point pre-
scribed by all sections.

Considering more points, say pi,...,pnN, there is an analogue of the
Seshadri constant called multipoint Seshadri constant, es(L;p1, ..., pN),
which measures the positivity of L at the set {p1,...,pn}, i.e. con-

sidering the asymptotic order of the expansions at all points con-
currently that R(X, L) can completely prescribe. In the ample case
es(L;pi,...,pn) = sup{t > 0 : pu*L —t(Ey + --- + En)isample}
where p : X — X is the blow-up at p1,...,py and E1, ..., Ex are
the exceptional divisors.

Try to calculate the multipoint Seshadri constant is of considerable
importance in Algebraic Geometry because it is connected to several
desired conjectures, of which one of the most famous is the Nagata’s
conjecture ([Nag58|). The latter concerns the projective plane P2, the
line bundle Op2(1) and N > 9 different points in very general posi-
tion, and it is equivalent to prove that eg(L;p1,...,pn) = 1/VN, i.e.
to show that the multipoint Seshadri constant is maximal.

Okounkov body.

Okounkov in [Oko96] and in [Oko03] associated to an ample line bun-
dle L over an n—dimensional projective manifold X a convex body
A(L) C R" called Okounkov body. Later Lazarsfeld-Mustata (JLMO09])
and Kaveh-Khovanskii ([KKh12]) extended the definition for big line
bundles.



The construction starts fixing a point p € X and an admissible flag
centered at p or, equivalently, holomorphic coordinates on a trivial-
izing open set U centered at p together with a non-zero holomorphic
local section t : U — L. Then any global section s € H(X, kL)
locally writes as sy = ftF for f € Ox(U), and the Okounkov body
A(L) is defined as

{”E: : s € HY(X,kL)\ {0}}
E>1

where v(s) := ming,{a € N" : aq # Owhere f = Y nn aa2®},
i.e. v is a valuation that associates to any section its leading term
exponent at p with respect to the lexicographic order. It is not difficult
to see that the construction does not depend on the local section ¢,
but it depends on the choice of the point p and on the choice of the
holomorphic coordinates on U. Anyway the following holds:

n!Volgn (A(L)) = Volx (L),

namely although A(L) seems to depend on local elements, it is a finer
invariant than the volume, which is an important global invariant of
L. Furthermore using results in convex geometry (like the Brunn-
Minkoswki inequality) it is easier to show significant theorems in com-
plex geometry (like the log-concavity of the volume function on the
big cone).

It is worth to observe that if Lp is an ample toric line bundle over a
toric projective manifold Xp associated to a polytope P then A(Lp)
is essentially equal to P.

The local aspect of the construction leads to the natural question if
A(L) can encode also local properties of L. Kiironya-Lozovanu proved
in [KL15a] and in [KL17] that, considering the degree-lezicographic
order in the definition, the more L is positive in p the more A(L)
contains a bigger multiple of the unit n—simplex ¥,,. Indeed they
showed that

es(L;p) =sup{t >0 : t¥, C A(L)}



where eg(L; p) is the Seshadri constant of L at p.

Finally we recall that, in the ample case, if eg(L;p) is not maximal
then the volume of a ball of radius eg(L;p) is less than the volume
of L, by the characterization through the holomorphic embedding of
the balls given previously. However Witt Nystrom in [WN15] showed
how a torus-invariant domain D(L) C C", constructed from A(L),
equipped with the standard flat metric, approximates (X, L), in the
sense that for any relatively compact open set U C D(L) there exists
an holomorphic embedding f : U — X such that the standard metric
extends to a metric on L and such that the volume of D(L) is equal
to the volume of L (similar results hold in the big case).

Main results of the paper.

By what we have said before, it is natural to ask if starting from N dif-
ferent points p1, ..., pn on a projective manifold X, and from a big line
bundle L, it is possible to give a construction of N Okounkov bodies
Aq(L),...,An(L) that encodes global invariants as the volume, local
invariants as the multipoint Seshadri constant eg(L;p1,...,pn) and
that connects the multipoint Seshadri constant to the notion of Kahler
packing defining N torus-invariant domains Di(L),..., Dy(L) C C"
which approximate (X, L). These are the main results of the paper
(Chapter 2)). Let us be more precise.

Given (L — X;p1,...,pn) as before, we define

AS(L) = U {1/7’3']{(8)

k>1

:s€ V) CR"

where Vi, ; := {s € HO(X,kL) : vPi(s) < vPi(s)foranyi # j}, and
VP . UPN are valuations defined as in the one-point case considering
the leading term exponents at pi,...,pny and > is the lexicographic
order (the valuations may also be more general).

Then we get, as Theorem [A] that

N
!> Volgn (A;(L)) = Volx (L),
j=1

8



and other small results on the variation of the volumes and on the
slices of these multipoint Okounkov bodies (section .

Moreover, restricting for simplicity to the ample case (similar results
hold in the big case), we also construct N torus-invariant domains
Dy(L),...,Dn(L) C C™ that approximate (X, L) in the sense that for
any family of relatively compact open subsets Uy € Di(L),..., Uy €
Dy (L) there exists an embedding f : |_|;V:1 U;j — X such that the
standard flat metrics extends to a metric on L and such that the sum
of the volumes of these domains is equal to the volume of L (this is a
perfect Kahler packing, Theorem .

Furthermore, assuming that the multipoint Okounkov bodies A;(L)
are constructed considering the degree-lexicographic order, we obtain
the following equality (Theorem [B):

es(L;pi,...,pn) =sup{t >0 : t3, C Aj(L)***foranyj=1,...,N}

where A;(L)*** C Aj(L) is the essential part of A;(L) (introduced
in [WN15] for the one-point case), and es(L;p1,...,pn) is the multi-
point Seshadri constant. As said previously, the multipoint Seshadri
constant is connected to several conjectures like the Nagata’s con-
jecture. In section we interpret this conjecture in terms of the
shape of the multipoint Okounkov bodies, and obtain some further
small results for the particular case of surfaces.

As a consequence of these main theorems we also get that es(L; p1,...,pN)
is equal to the supremum of radii r such that there exists a Kéhler
packing of N balls of radius r into (X, L) (this result was proved in
dimension 2 by Eckl in [Eckl17]).

Finally we remark that in the toric case, in many different situations,
we can recover the multipoint Okounkov bodies directly subdividing

the polytope (section [2.6.1)).



Chapter 2

Multipoint Okounkov bodies

Abstract

Starting from the data of a big line bundle L on a projective mani-
fold X with a choice of N > 1 different points on X we give a new
construction of N Okounkov bodies that encodes important geometric
features of (L — X, p1,...,pn) such as the volume of L, the (moving)
multipoint Seshadri constant of L at p1,...,p~, and the possibility to

construct Kéhler packings centered at pi,...,pn.

2.1 Introduction

Okounkov in [0ko96] and [Oko03| found a way to associate a convex
body A(L) C R" to a polarized manifold (X, L) where n = dimg X.
Namely,

AL) = | {L(S) L s€ HO(X,k:L)\{O}}

k
k>1

where vP(s) is the leading term exponent at p with respect to a total
additive order on Z" and holomorphic coordinates centered at p € X
(see subsection [2.2.4)). This convex body is now called Okounkov body.
Okounkov’s construction was inspired by toric geometry, indeed in the
toric case, if Lp is a torus-invariant ample line bundle, A(Lp) is es-
sentially equal to the polytope P.

10



The Okounkov body construction works in the more general setting
of a big line bundle L, i.e. a line bundle such that Volx (L) :=
lim supy_, o 1 dime H(X, kL) > 0, as proved in [LM09], [KKhi2]
(see also [Bould]) and it captures the volume of L, i.e.

Voly (L) = n!Volg» (A(L)).

Moreover if > is the lexicographical order then the (n —1)—volume of
any not trivial slice of the Okounkov body is related to the restricted
volume of L —tY along Y where Y is a smooth irreducible divisor
such that Yy, = {z1 = 0}.

Another invariant that can be encoded by the Okounkov body is the
(moving) Seshadri constant es(||L||;p) (see [Dem90| in the ample case,
or [NakO3| for the extension to the big case). Indeed, as Kiironya-
Lozovanu showed in [KL15a], [KL17], if the Okounkov body is defined
using the deglex orde{], then

es(| L |l;p) = max {0,sup{t > 0 : £, € A(L)}}

where X, is the unit n—simplex.

As showed by Witt Nystrom in [WNI5|, we can restrict to consider
the essential Okounkov body A(L)®*® to get the same characteriza-
tion of the moving Seshadri constant.

Recall that A(L)* := ;5 AF(L)*s, where AF(L) = Conv({% :
s € HO(X, kL) \ {0}}) and the essential part of A¥(L) consists of its
interior as subset of RY, with its natural induced topology.

Seshadri constants are also defined for a collection of different points.
For a nef line bundle L, the multipoint Seshadri constant of L at
p1,...,pN is defined by
L-C
es(L;p1,...,pNy) =inf —————.
( ) ¢ Zjvzl mult, C
In this paper we introduce a multipoint version of the Okounkov body.
More precisely, for a fixed big line bundle L on a projective manifold

'recall that & <gegiex B iff |a| < |B] or || = |8] and a <jex B, where <jc, is
the lexicographical order

11



X of dimension n and py,...,py € X different points, we construct
N Okounkov bodies A;(L) C R™ for j =1,...,N:

Definition 2.1.1. Let L be a big line bundle and let > be a fived total
additive order.

ALY = {”pjk(s) L se V,w-} CR”
k>1

is called multipoint Okounkov body of L at pj, where Vi ; =
{s € H(X,kL)\ {0} : vPi(s) < vPi(s)foranyi # j} for any k > 0.

We observe that the multipoint Okounkov Body of L at p; is obtained
by considering all sections whose leading terms in p; is strictly smaller
than those at the other points.

They are convex compact sets in R™ but, unlike the one-point case,
for N > 2 it can happen that some A;(L) is empty or its interior is
empty (Remark . The definition does not depend on the order
of the points.

Our first theorem concerns the relationship between the multipoint
Okounkov bodies and the volume of the line bundle:

Theorem A. E] Let L be o big line bundle. Then
N
!> Volgn (A;(L)) = Volx(L).
j=1

Furthermore, similar to the section §4 in [LMO09|, we show the exis-
tence of a open subset of the big cone containing B (p;)¢ = {a € NY(X)R :
pj ¢ B4 ()} over which Aj(+) is a numerical invariant and can be ex-
tended continuously (see section §2.3.2)).

Moreover if > is the lexicographical order and Y7, ..., Yy are smooth
irreducible divisors such that Yj|Upj = {z;,1 = 0} we relate the fiber

2The theorem holds in the more general setting of a family of faithful valuations
vPi: Oxp; \ {0} = (Z",>) respect to a fixed total additive order > on Z".

12



of Aj(L) to the restricted volume of L — tzg\il Y; along Y; (see sec-

tion§2.3.3).

With this new construction it is possible to read the mowving multi-
point Seshadri constant (a natural generalization of the multipoint
Seshadri constant to big line bundles, see section § directly from
the geometry of the multipoint Okounkov bodies:

Theorem B. Lel L be a big line bundle and lel > be the deglex order.
Then

es(|L]];p1,---,pn) = max {0,&(L;p1,....pN)}

where §(L;p1,...,pNn) :=sup{t > 0 : t3, C Aj(L)***foranyj =1,...

Next we recall another interpretation of the one point Seshadri con-
stant: eg(L;p) is equal to the supremum of 7 such that there exists an
holomorphic embedding f : (B,(0),ws;) — (X, L) with the property
that f.ws extends to a Kéhler form w with cohomology class ¢;(L)
(see Theorem 5.1.22 and Proposition 5.3.17. in [Laz04]). This result
is consequence to a deeper work in symplectic geometry of McDuff-
Polterovich ([MP94]), where they dealt the symplectic packings prob-
lem (in the same spirit, Biran in [Bir97| proved the symplectic analo-
goues on the Nagata’s conjecture).

Successively Kaveh in [Kav16| showed how the one-point Okounkov
body can be used to construct a sympletic packing. On the same
line Witt Nystrom in [WN15] introduced the torus-invariant domain
D(L) := p ' (A(L)***) (called Okounkov domain) for p: C" — R™,
w(z1, - 2zn) = (|21]%, - -+, |2n]?), and showed how it approximates the
manifold.

To get a similar characterization of the multipoint Seshadri constant,
we introduce the following definition:

Definition 2.1.2. We say that a finite family of n—dimensional Kdh-
ler manifolds {(M;j,n;)}j=1,..~ packs into (X,L) for L ample line
bundle on a n—dimensional projective manifold X if for any family of

13



relatively compact open set U; € M; there is an holomorphic embed-
ding f : |_|§V:1 Uj = X and a Kdhler form w lying in c1(L) such that
fenj = wipw;)- If, in addition,

jﬁ;/%U?Z/XCl(L)n

then we say that {(M;,n;)}j=1,.. .~ packs perfectly into (X, L).

Following [WN15| we define the multipoint Okounkov domains as the
torus-invariant domains of C™ given by D;(L) := p~'(A;(L)**) and
we prove the following

Theorem C. ﬂLet L be an ample line bundle. Then {(D;(L),wst)}j=1,..N
packs perfectly into (X, L).

Note that for big line bundles a similar theorem holds, given a slightly
different definition of packings (see section [2.4.2)).

As a consequence (Corollary [2.5.17)), we get that, if > is the deglex
order,

es(/|L||;p1, .-, pn) = max {0,sup{r >0 : B,(0) C D;(L)Vj=1,...,N}}.

We remark that this was known in dimension 2 by the work of Eckl
(|EckI1T)).

Moving to particular cases, for toric manifolds we prove that, cho-
sen torus-fixed points and the deglex order, the multipoint Okounkov
bodies can be obtained subdiving the polytope (Theorem . If we
consider all torus-invariant points the subdivision is of type barycen-
tric (Corollary . As a consequence we get that the multipoint
Seshadri constant of N torus-fixed points is in %]N (Corollary @
Finally in the surface case, we extend the result in [KLM12| show-
ing, for the lexicographical order, the polyhedrality of A;(L) for any

3the theorem holds even if 17 is a family of falthful quasi- monomial valuations
respect to the same linearly independent vectors )\1, .. )\ e N™.
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j € {1,...,N} such that A;(L)° # 0 (Theorem 2.6.9). And for
Op2(1) over P2 we completely characterize A;j(Op2(1)) in function of
€s(Op2(1); V) obtaining an explicit formula for the restricted volume
of *Op2(1) — tE for t € Q where o : X — X is the blow-up at N
very general points and | := Z;Vﬂ E; is the sum of the exceptional
divisors (Theorem . As a consequence we independently get a
result present in [DKMSI5]: the ray u*Op2(1) —tE meets at most two
Zariski chambers.

2.1.1 Organization

Section containg some preliminary facts on singular metrics, base
loci of divisors and Okounkov bodies.

In section we develop the theory of multipoint Okounkov bodies:
the goal is to generalize some results in [LMO09] for N > 1. We prove
here Theorem [Al

Section [2.4)is dedicated to showing Theorem [C]

In section we introduce the notion of mowving multipoint Seshadri
constants. Moreover we prove Theorem [B] connecting the moving
multipoint Seshadri constant in a more analytical language in the
spirit of [Dem90|, and prove the connection between the moving mul-
tipoint Seshadri constant and Kdhler packings.

The last section deals with the two aforementioned particular
cases: toric manifolds and surfaces.

2.1.2 Related works

In addition to the already mentioned papers of Witt Nystrom ([WN15]),
Eckl (JEckI17]), and Kiirona-Lozovanu (|[KL15a], [KL17]), during the
preparation of this paper the work of Shin [Sh17| appeared as a
preprint. Starting from the same data of a big divisor over a projective
manifold of dimension n and the choice of r different points, he gave
a construction of an extended Okounkov Body Ayi y+(D) C R™
from a valuation associated to a family of admissible or infinitesimal
flags Y',...,Y". In the ample case thanks to the Serre’s vanishing
Theorem, the multipoint Okounkov bodies can be recovered from the
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extended Okounkov body as projections after suitable subdivisions.
Precisely, with the notation given in [Sh17], we get

F(Aj(D)) = m; (Ay_l,...,w(D)ﬂHl,jﬂ' N Hj—1,j O 50 'ﬂHm‘)

where 7; : R™ — R", 7 (&1, ...,%4) ==&, H; j .= {(Z1,...,Z,)e R™ :
xi1 > xjnp and F @ R™ — R™, F(y1,...,yn) == (Jyl,v1,- -, Yn—1)-
Note that x;1 means the first component of the vector z; while |y| =
y1 + -+ + yn. The same equality holds if L := Ox (D) is big and

c1(L) € Supp(T'j(X))° (see section [2.3.2)).

2.1.3 Acknowledgements

I want to thank David Witt Nystrém and Stefano Trapani for propos-
ing the project to me and for their suggestions and comments. It
is also a pleasure to thank Bo Berndtsson for reviewing this article,
Valentino Tosatti for his interesting comments and Christian Schultes
for pointing out a mistake in the previous version.

2.2 Preliminaries

2.2.1 Singular metrics and (currents of) curvature

Let L be an holomorphic line bundle over a projective manifold X. A
smooth (hermitian) metric ¢ is the collection of an open cover {U; }; of
X and of smooth functions ¢; € €>°(U;) such that on each not-empty
intersection U; NU; we have ¢; = ¢; +ln\g¢7jl2 where g; ; are the tran-
sition function defining the line bundle L. The curvature of a smooth
metric ¢ is given on each open U; by dd“p; where d° = ﬁ(é —0)
so that dd® = 5-00. We observe that it is a global (1,1)—form on
X, so for convenience we use the notation dd®p. The metric is called
positive if dd°p is a Kéhler form, i.e. if the functions ¢; are strictly
plurisubharmonic. By the well-known Kodaira Embedding Theorem,
a line bundle admits a positive metric iff it is ample.

Demailly in [Dem90] introduced a weaker notion of metric: a (her-
mitian) singular metric ¢ is given by a collection of data as before
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but with the weaker condition that ; € L} (U;). If the functions ¢,
are also plurisubharmonic, then we say that ¢ is a singular positive
metric. Note that the dd®p exists in the weak sense, indeed it is a
closed positive (1,1)—current (we will call it the current of curvature
of the metric ). We say that dd“yp is a Kéhler current if it dominates
some Kahler form w. By Proposition 4.2. in [Dem90] a line bundle is
big iff it admits a singular positive metric whose current of curvature
is a Kdhler current.

In this paper we will often work with R—line bundles, i.e. with formal
linear combinations of line bundles. Moreover since we will work ex-
clusively with projective manifolds, we will often consider an R—line
bundle as a class of R—divisors modulo linear equivalence and its first
Chern class as a class of R—divisors modulo numerical equivalence.

2.2.2 Base loci

We recall here the construction of the base loci (see [ELMNP06]).
Given a Q—divisor D, let B(D) := (),~; Bs(kD) be the stable base
locus of D where Bs(kD) is the base locus of the linear system |kD]|.
The base loci B4 (D) := (4, B(D — A) and B_(D) :=J,B(D + A4),
where A varies among all ample Q—divisors, are called respectively
augmented and restricted base locus of D. They do not change by mul-
tiplication of a positive integer and B_(D) C B(D) C B4 (D). More-
over as described in the work of Nakamaye, [Nak03], the restricted and
the augmented base loci are numerical invariants and can be consid-
ered as defined in the Neron-Severi space (for a real class it is enough
to consider only ample R—divisors A such that D+ A is a Q—divisor).
The stable base loci does not, see Example 1.1. in [ELMNPO06], al-
though by Proposition 1.2.6. in [ELMNPO06| the subset where the
augmented and restricted base loci are equal is open and dense in the
Neron-Severi space N (X)R.

Thanks to the numerical invariance of the restricted and augmented
base loci, we will often talk of restricted and/or augmented base loci of
a R—line bundle L. Moreover the restricted base locus can be thought
as a measure of the nefness since D is nef iff B_(D) = (), while the
augmented base locus can be thought as a measure of a ampleness
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since D is ample iff B4 (D) = 0. Moreover B_(D) = X iff D is not
pseudoeffective while B (D) = X iff D is not big.

2.2.3 Additive Semigroups and their Okounkov bodies

We briefly recall some notions about the theory of the Okounkov bod-
ies constructed from an additive semigroup (the main references are
[KKh12| and [Bould], see also [Kho93]).

Let S C Z"*! be an additive subsemigroup not necessarily finitely
generated. We denote by C(S) the closed cone in R"*! generated
by S, i.e. the closure of the set of all linear combinations ), A;s;
with A; € R>o and s; € S. In this paper we will work exclusively
with semigroups S such that the pair (S,R"™ x R>¢) is admissible,
ie. S C R"™ x Rxo, or strongly admissible, i.e. it is admissible, C(5)
is strictly convex and it intersects the hyperplane R™ x {0} only in
the origin (for the general definition see section §1.2 in [KKh12|). We
have fixed the usual order on R in the last coordinate. We recall that
a closed convex cone C with aper the origin is called strictly convex
iff the biggest linear subspace contained in C is the origin.

Definition 2.2.1. Let (S,R" x R>0) be an admissible pair. Then
A(S) :=7(C(S) N{R" x {1}})

is called Okounkov convez set of (S, R™ x Rxq), where 7 : R"*1 — R"
is the projection to the first n coordinates. If (S, R"™ xR>¢) is strongly
admissible, A(S) is also called Okounkov body of (S,R™ x R>g).

Remark 2.2.2. The fact that it is convex is immediate, and it is
not hard to check that it is compact iff the pair is strongly admissible.
Furthermore S generates a subgroup of Z" ! of maximal rank iff A(S)
has interior not-empty.

Defining S* := {a : (ka, k) € S} C R™ for k € N, we get
Proposition 2.2.3. Let (S,R" x Rx>q) be an admissible pair, then

A(S) = -




Moreover for any K C A(S)° C R™ compact subset, K C Conv(S*)
for k > 1 divisible enough, where Conv denotes the closed convex
hull. As a consequence

A(S)° = U Conv(S%)° = U Conv(S*)°

k>1 k>1
with Conv(S*) non-decreasing in k.

Proof. 1t is clear that A(S) D [Jg>; S*. The reverse implication fol-
lows from Theorem 1.4. in [KKh12] if S is finitely generated, while
in general we can approximate A(S) by Okounkov bodies of finitely
generated subsemigroups of S. The second statement is the content
of Lemma 2.3 in [WNI14] if S is finitely generated, while the gen-
eral case follows observing that Conv(S*) is non-decreasing in k by
definition. O

If a strong admissible pair (S, R"™ x R>) satisfies the further hypoth-
esis A(S) C RY, then let

A(S)%% = U Conv(Sk)ess

k>1

denote the essential Okounkov body where Conv(S*)®* is the interior
of Conv(S¥) as subset of R, with its induced topology. We note that
if S is finitely generated then A(S)®** coincides with the interior of
A(S) as subset of R, but in general they may be different.

Proposition 2.2.4. Let (S,R" x R>q) be a strongly admissible pair
such that A(S) C R, and let K C A(S)*® C R" be a compact
subset of the Okounkov body of (S,R™ x R>o). Then there exists
k> 1 divisible enough such that K C Conv(S*)®**. As a consequence

A(S)ess _ U Conv(sk!)ess
k>1

with Conv(S¥)®** non-decreasing in k. In particular A(S)®* is an
open conver set of RY.
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Proof. We may assume that A(S)®%® # () otherwise it is trival. There-
fore we know that the subgroup of Z"*! generated by S has maximal
rank. Then as in Proposition it is enough to prove the propo-
sition assuming S finitely generated. Thus we conclude similarly to
Lemma 2.3 in [WN14] using Theorem 1.4. in [KKh12]. O

We also recall the following important Theorem:
Theorem 2.2.5 (|[Bould], Théoreme 1.12.; [KKh12], Theorem 1.14.).
Let (S,R™ x R>0) be a strongly admissible pair, then

Volpn(A(S)) = Tim  T2°

m—oco,meN(S) mn .

where N(S) := {m € N : S™ # (0} and the volume is respect to the
Lebesgue measure.

Finally we need to introduce the valuations:

Definition 2.2.6. Let V' be an algebra over C. A valuation from V
to 7" equipped with a total additive order > is a map v : V \ {0} —
(Z™,>) such that

§ W +g) > min{u(f), v(a)} for any f.g € V\ {0} such that
f+g#0;
it) v(INf) =v(f) for any f € V \ {0} and any C > X\ #0;

i) v(fg) =v(f) +v(g) for any f,g € V\ {0}.

Often v is defined on the whole V' adding 400 to the group Z"™ and
imposing v(0) := +oo.

For any a € Z™ the a—leaf of the valuation is defined as the quotient
of vector spaces

v .- W eVA{O} sv(f) 2 aj U{0}
T A eVA{0} s u(f) > a}ufo}

A valuation is said to have one-dimensional leaves if the dimension of
any leaf is at most 1.
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Proposition 2.2.7 ([KKh12|, Proposition 2.6). Let V be an alge-
bra over C, and let v : V \ {0} — (Z",>) be a valuation with one-
dimensional leaves. Then for any no trivial subspace W C 'V,

#v(W\ {0}) = dimg W.

A valuation is said to be faithful if its image is the whole Z". If a
valuation is faithful then it has one-dimensional leaves (see Remark
2.26. in [Bould]).

2.2.4 The Okounkov body associated to a line bundle

In this section we recall the construction and some known results of
the Okounkov body associated to a line bundle L around a point
p € X (see [LM09], [KKh12] and [Bould]).

Consider the abelian group Z" equipped with a total additive order
> let v: C(X)\ {0} — (Z",>) be a faithful valuation with center
p € X. We recall that p € X is the (unique) center of v if Ox, C
{f e CX) : v(f) >0} and mx, C {f € C(X) : v(f) > 0}, and
that the semigroup v(Ox p \ {0}) is well-ordered by the induced order
(see §2 in [Bould]).

Assume that Ly is trivialized by a non-zero local section ¢. Then
any section s € HY(X,kL) can be written locally as s = ft* with
f € Ox(U). Thus we define v(s) := v(f), where we identify C(X)
with the meromorphic function field and Ox ;, with the stalk of Ox at
p. We observe that v(s) does not depend on the trivialization ¢ since
any other trivialization ¢’ of L)y, differs from ¢ on U NV by an unit
u € Ox(UNYV). We define an additive semigroup associated to the
valuation by

I:={(v(s),k) : s€ H(X,kL)\ {0},k >0} C Z" x 7.

We call the Okounkov body, A(L), the Okounkov convex set of
(I, R™ x R>0) (see Definition [2.2.1)), i.e.

A(L) :=m(C(T) N{R" x {1}})
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where m : R” x R — R" is the projection to the first n coordinates.
By Proposition we have

A(L) = Com)({ygj) ps € HY(X,RL)\ {0}k > 1}) =

- U e mopxnn (o))

k>1

and we note that it is a convex set of R” but it has interior non-empty
iff I' generates a subgroup of Z"*! of maximal rank (Remark .
Furthermore for a prime divisor D € Div(X) we will denote v(D) = v(f)
for f any local equation for D near p, and the map v : Div(X) — Z"
extends to a R—linear map from Div(X)g.

Theorem 2.2.8 ([LMO09|, [KKh12|). The following statements hold:
i) A(L) is a compact convex set lying in R™;

i) n!Volgn (A(L)) = Volx (L), and in particular L is big iff A(L)° # 0,
i.e. A(L) is a convex body;

ii) if L is big then A(L) = v({D € Divso(X)r : D =pum L}) and,
wn particular, the Okounkov body depends only on the numerical
class of the big line bundle.

Quasi-monomial valuation FEquip Z" of a total additive order >,
fix Xl, .. .,Xn € Z" linearly independent and fix local holomorphic
coordinates {z1,...,2,} around a fixed point p. Then we can define
the quasi-monomial Valuationlﬂ v:0x,\{0} = Z" by

v(f):= min{z aiki # 0 where locally around p, f =g Z anz™}
=1 acNn?

“recall that there exists an unique valuation 7 : C(X)\ {0} — Z" that extends
v defined by o(f/g) = v(f) —v(g), for a more general construction we refer to the
section §2.3 in [Bould]
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where the minumun is taken respect to the > order. Note that it is
faithful iff det(Ay;...; A\,) = £1.
For instance if we equip Z" of the lexicographical order and we take

Xj = €; (j—th vector of the canonical base of R") we get

v(f) ;== min{a : aq # 0wherelocally around p, f =¢ Z aqz}.

lex
acN?

This is the valuation associated to an admissible flag X =Yy D Y1 D
-+ DY, = {p}, in the sense of [LMOIJ] such that locally Y; := {2 =
o=z =0}

A change of coordinates with the same local flag produces the same
valuation, i.e. the valuation described depends uniquely on the local
flag.

Note: In the paper a valuation associated to an admissible flag Y. will
be the valuation constructed by the local procedure starting from local
holomorphic coordinates as just described.

On the other hand if we equip Z" of the deglex order and we take
Xi = &, we get the valuation v : Ox,p\ {0} — Z",

v(f) :== min {a : an # 0wherelocally around p, f =y Z aqz}.
deglex et

This is the valuation associated to an infinitesimal flag Y. in p: given
a flag of subspaces )X =: Vp D Vi DD V,o1 DV, = {0} such
that dimg V; = n — 4, consider on X := Bl, X the flag

X =Y DP([,X)=P(Vy) = Y1 D--- DP(Vsy) = Y, = {p}.

Note that Y. is an admissible flag around p on the blow-up X. In-
deed we recover the valuation on X associated to this admissible flag
considering F' o v where F' : (Z", >gegiex) — (Z", >(ez) is the order-
preserving isomorphism F(a) := (Ja|,a1,...,a,—1), i.e. considering
the quasi-monomial valuation given by the lexicographical order and
XZ' =€+ €.

5Y; smooth irreducible subvariety of X of codimension 4 such that Y; is a Cartier
divisor in Y;_; for any i =1,...,n.
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Note: In the paper a valuation associated to an infinitesimal flag Y.
will be the valuation v constructed by the local procedure starting from
local holomorphic coordinates as just described, and in particular the
total additive order on Z" will be the deglex order in this case.

2.2.5 A moment map associated to an (S')"—action on
a particular manifold

In this brief subsection we recall some facts regarding a moment map
for an (S1)"—action on a symplectic manifold (X,w) constructed from
a convex hull of a finite set A C N™ (see section § 3 in [WN15]).

Let A C N" be a finite set, let g : C" — R™ be the map p(z1, ..., 2,) =

(|z1)%, ..., |2nl?).
Then if Conv(A)*S # (), we define

Dy = p~ Y Conv(A)®*) = = H(Conv(A))°

where with Conv(A)®** we have indicated the interior of Conv(A)
respect to the induced topology on R%,. Next we define X4 as the
manifold that we get removing from C™ all submanifolds given by
{#zi, = -+ = 2z, = 0} which do not intersect Dy. We equip the
manifold with the form wy := dd°¢,4 where

éa(z) = (D |:°F).

acA

Clearly, by construction, wy is an (S1)"—invariant Kihler form on
X4, so in particular (X4,w4) can be thought as a symplectic mani-
fold. Moreover, defining f(wr, ..., w,) = (e¥'/2,...,e%"/?) the func-
tion ug(w) := ¢4 o f(w) is plurisubharmonic and independent of the
imaginary part y;, and f*ws = dd°uy. Thus an easy calculation shows
that . )

ddoug = - 0"ua

47 0x1.0x;
=1 kYR

dy N\ dxj

which implies

B . )
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. o O\ _ 4.0
Therefore, setting Hy := aﬁﬂ o f~1, since (f~ 1)*(271%) = dmg -, we
get
dHj, = wy (2w o y)e

Hence pq = (Hi,...,H,) = Vuy o f~! is a moment map for the
(S1)"-action on the symplectic manifold (X4,wy). Furthermore it
is not hard to check that pu4((C*)") = Conv(A)°, that us(Xa) =
Conv(A)®*s and that for any U C X4, setting f~1(U) =V x (iR"),

/ W' :/ (dduq)" = n!/ det(Hess(uz)) =
U V x (i[0,47])" v

= n!/ dx = n!Vol(ua(U)).
Vug (V)

Finally we quote here an useful result:

Lemma 2.2.9 ([WN15], Lemma 3.1.). Let U be a relatively compact
open subset of D4. Then there exists a smooth function g : X4 — R
with compact support such that w := wg +dd°g is Kdhler and w = wg
over U.

2.3 Multipoint Okounkov bodies

We fix an additive total order > on Z™ and a family of faithful valu-
ations vPi : C(X) \ {0} — (Z",>) centered at p;, where recall that
P1,-..,pN € X are different points chosen on the n—dimensional pro-
jective manifold X and L is a line bundle on X.

Definition 2.3.1. We define V.; C R(X,L) as

Vij = {s € H'(X,kL)\ {0} : vPi(s) < vPi(s) foranyi # j}.

Remark 2.3.2. They are disjoint graded subsemigroups since vPi(s; ® sg) =
vPi(s1)+vPi(s2), but Ujvzl V}..; may be strictly contained in H(X, kL) \ {0}

for some k > 1.

Clearly the properties of the valuation v?i assure that
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1) vPi(s) = 4o0 iff s =0 (by extension v (0) := +00);
ii) for any s € V. ; and for any 0 # a € C, vPi(as) = vPi(s).
Thus we can define
Lj:={((s), k) : s€Vp,k>0} CZ" xZ.

Lemma 2.3.3. I'; is an additive subsemigroup of 7"t and (I';, R™x
R>0) is a strongly admissible pair.

Proof. The first part is an immediate consequence of the definition,
while the last part follows from the fact that I'; is a subsemigroup
of Iy := {(vPi(s),k) : s € H'(X,kL) \ {0}, k > 0} (see subsection
2.2.4). O

Definition 2.3.4. We call A;(L) := A(T'j) the multipoint Okounkov

body of L at pj, i.e. Aj(L) = >y v (Xk’j) by Proposition|2.2.5,

The multipoint Okounkov bodies depend on the choice of the faithful
valuations vP1,... VPN but we will omit the dependence to simplify
the notation.

Remark 2.3.5. If we fix local holomorphic coordinates {zj1, -, zjn}
around p;, we can consider any family of faithful quasi-monomial valu-
ations with center pq,...,pn (see paragraph §, where any vPJ is
given by the same choice of a total additive order on Z™ and the choice
of a family of Z—linearly independent vectors lej, ceey Xn,j € Z"™ (they
may be different). For instance we can choose those associated to the
family of admissible flags Y;; = {21 = --- = z;; = 0} (with Z"
equipped of the lexicographical order) or those associated to the fam-
ily of infinitesimal flags Y. (with in this case Z™ equipped of the deglex

order).
Lemma 2.3.6. The followings statements hold:
i) Aj(L) is a compact convex set contained in R";
i) if p; € B4 (L) then T';(L) generates a subgroup of Z" ! of maz-
imal rank. In particular A;(L)° # 0.

26



Proof. The first point follows by construction (see Deﬁnition and
Remark .

For the second point, proceeding similarly to Lemma 2.2 in [LMO09],
let D be a big divisor such that L = Ox (D) and let A, B be two
fixed ample divisors such that D = A — B. Since D is big there exists
N > k > 1 such that kD — B is linearly equivalent to an effective
divisor F.

Moreover, since by hypothesis p; ¢ B, (L), by taking k£ > 1 big
enough, we may assume that p; ¢ Supp(F) (see Corollary 1.6. in
[ELMNPO06]), thus F' is described by a global section f that is an
unity in Ox .. Then, possibly adding a very ample divisor to A and

B we may suppose that there exist sections sg, s1,...,5, € Vi j(B)
such that v?i(sg) = 0 and vPi(s;) = X; for any t = 1,...,n where
A,y ..., A\p are Z—linearly independent vectors in Z" (remember that

the valuations vPs are faithful). Thus, since s; ® f € Vi (kL) for any
i=0,...,nand 1P (f) =0, we get

(0, k), (X1, k), -, (X, k) € T;(L).

And, since (k+1)D — F is linearly equivalent to A we may also assume
that (0,k+ 1) € I';(L), which concludes the proof. O

Remark 2.3.7. It is natural to ask if all the multipoint Okounkov
bodies of a big line bundle L have not-empty interior or if they are all
non-zero. But both questions have negative answers, as the following
simple example shows.

Consider on X = Bl,P? two points p; ¢ Supp(E) and ps € Supp(FE)
(E exceptional divisor), and consider the big line bundle L := H+aF
for a > 1. Clearly, if we consider the family of admissible flags given
by any fixed holomorphic coordinates centered at p; and holomorphic
coordinates {212,222} centered at po where locally E = {212 = 0},
then for the family of valuations vP*, P2 associated we find Aq(L) = 0.
Indeed for the theory of Okounkov bodies for surfaces (see section 6.2
in [LM09]) A;(L) C APY(L) = X (where X is the standard 2—simplex
and AP1(L) the one-point Okounkov body) while Aq(L) C AP2(L) =
(a,0) + 271 (7 = Conw(0, €1, + &) inverted symplex), and the
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conclusion follows by construction.
Actually, from Theorem |[A| we get A(L) = X.
2.3.1 Proof of Theorem A

The goal of this section is to prove Theorem [A] whose formulation we
recall:

Theorem Let L be a big line bundle. Then
N
!> Volgn(A;(L)) = Volx (L)

We first introduce W. ; C R(X, L) defined as
Wi, == {s € H(X, kL) \ {0} : vPi(s) < vPi(s)if 1 <i < jand
vPi(s) < vPi(s)ifj <i < N}

and we set I'y; := {(vP(s),k) : s € Wi,k > 0}. It is clear W.;
are graded subsemigroups of R(X, L) and that Lemma holds
for I'yy;. Moreover they are closely related to V. ;, and |_|j:1 Wk,j =
HO(X, kL) \ {0} for any k > 0.

Lemma 2.3.8. For every k > 1 we have that
Z#r = n(X, kL),

where we recall that F’éV,j ={aeR": (ka,k) € T'w;}.

Proof. We define a new valuation v : C(X)\{0} — Z" x --- x Z" ~ ZN"
given by v(f) := (WPL(f),...,vPN(f)), where we put on Z™" the lex-
icographical order on the product of N total ordered abelian groups
7", i.e.

(Alyeo s AN) < (p1, .- pwy) if F7€{1,...,N}s.t.
)\i:uiW<jand)\j < Wy

28



Fix k € N. For every j =1,..., N, let {aj1,..., 05, } € F’;VJ be the

set of all valuative points. Then let s;1,...,s;,, € Wy ; be a set of
sections such that vPi(s;;) = oy forany I =1,...,r;.

We want to prove that {s11,...,5N,y} is a base of H*(X,kL).

Let >0, pisi = 0 be alinear relation in which p; # 0, s; € {s1.1,..., SNy}
foralli=1,...,r and s; # s; if i # j. By construction we know that
v(s1),...,v(s,) are different points in Z"". Thus without loss of gen-
erality we can assume that v(s;) < --- < v(s,), but the relation

LN
51 = _7Z,ui3i

H1

implies that v(s1) > min{v(s;) : j = 2,...,r} which is the contra-
diction. Hence {s1,1,...,5n,y} is a system of linearly independent
vectors, and to conclude the proof it is enough to show that it gener-

ates all HO(X, kL).

Let tg € H(X, kL)\{0} be a section and set Ao := (Mo 1, - - -, don) := v(to)-
By definition of W.; there exists an unique jo € 1,..., N such that

to € Wi j,- Thus we know that Ag; > Ao, if 1 < ¢ < jo, and that

Xo,i > Ao if jo < i < N. And clearly there exists [ € {1,...,75}
such that A j, = V%0 (s, ), so we set sg := s;,;. But

dim<{s € HO(X, KL) \ {0} : 1Pin(s) > dop} U {0}> <1
{s € HO(X, kL) \ {0} : vPio(s) > Xoj tU{0} ) =~

since vPio has one-dimensional leaves, therefore there exists a coeffi-
cient ag € C such that vPo(tg — apso) > Aoj,. Thus if tg = agso
we can conclude the proof, otherwise we set t1 := tg — agsgp and
Al = ()\171, ey )\171\7) = V(tl), observing that minj )\17]‘ > minj )\073' = )\07]'0
and that the inequality is strict if 1 € Wp . Iterating, we get
to,t1,...,1 € HO(X, kL) \ {0} such that ¢; :=t;,_1 —a;_151—1 € ka
for an unique j; € {1,...,N} where s;—1 € {sj, 1, -+ Sj_1ri 1}
satisfies 711 (t;_1) = vP-1(s;_1), and min; A;; > min; \j_q; for
v(t;) =: N;. Therefore we get a sequence of valuative point A; such
that min; A; ; > min; \;_q; > --- > min; Ag; where by construction
there is at least one strict inequality if [ > N. Hence we deduce that
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the iterative process will finish since that the set of valuative point
of v has finite cardinality as easy consequence of the finitess of the
cardinality of F’éw foreach j=1,...,N. O

Proposition 2.3.9. Let L be a big line bundle. Then Aj(mL) = mA;(L)
and A;/V(mL) = mA}/V(L) for any m € N and for any j =1,...,N
where A}/V(L) is the Okounkov body associated to the additive semi-
group Ty ;(L).

Proof. The proof proceeds in the same way as the proof of Proposition
4.1.i7 in [LMO09], exploiting again the property of the total order on
Y/

We may assume Aj(L) # (), otherwise it would be trivial, and we can
choose 7,t € N such that V;;, Vim—r; # 0, i.e. there exist sections
ecV,;and f € Vi j. Thus we get the inclusions

kT j(mL)*4vPi (e)4vPi (f) C (km+r)T (L) 4uPi(f) C (k+t)0;(mL)*.

Letting k — oo, we find A;(mL) C mA;(L) C A;j(mL).
The same proof works for A}/V(L). O

Now we are ready to prove the Theorem [A]

Proof of Theorem[4] By Proposition [2.3.§ and Theorem we get

N IS sk
. nl) i # W,
) - gy D
=1 :
0
=g EEED o) @)

keEN(L)k—oo  k™/n!

Hence to conclude the proof it is sufficient to show that, for any
j=1,...,N,
AF(L)° = Aj(L)°,

and since I'y; C I'yy; we need only to prove that A}’V(L)O C Aj(L)°.
Let A be a fixed ample line bundle A such that there exist s1,...,sy € H(X, A)
with s; € V1 ;(A) and vPi(s;) = 0. Thus we get A;/V(mL —A) C Aj(mL)
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for each m € N and for any j =1,..., N since s ® S? € Vi j(mL) for
any s € Wy j(mL — A). Hence A}/V(L — L 4) ¢ Aj(L) by Propo-
sition enlarging the definition of multipoint Okounkov bodies
to Q—line bundles. Moreover as a consequence of and of the
continuity of the volume we get that m — Voan(AgV( —LA))isa
continuous increasing function converging to Volgn (A;’V (L)) since it is
clear that A}’V(L— L4)c A}’V(L—%A) ifl >mforanyj=1,...,N.
Therefore we deduce that AJW(L)O C Aj(L)°forany j=1,...,N. O

2.3.2 Variation of multipoint Okounkov bodies

Similarly to the section §4 in [LM09], we prove that for an open subset
of the big cone the construction of the multipoint Okounkov Body is
a cohomological construction, i.e. Aj(L) depends only from the first
Chern class c1(L) € NY(X) of the big line bundle L, where we have
indicated with N'(X) the Neron-Severi group. Recall that p(X) :=
dim N} (X)Rr < oo where N} (X)R := N}(X) @z R.

Proposition 2.3.10. Let L be a big line bundle. If Aj(L)° # 0, then
A;(L) depends uniquely on the numerical class of the big line bundle
L.

Proof. Pick two big line bundles L, L' such that L' = L + P for P
numerically trivial and let A be a fixed ample line bundle. We observe
that for any m € N there exists kn, € N and s,, € HO(X, kyym(P 4 L A))
such that s,,(p;) # 0 for any i = 1,..., N since P + %A is a ample
Q—line bundle. Hence we get Aj(L) C Aj(L’+ -1 A) by homogeneity
(Proposition since s ® s¥, € Vi j(kmmL' + K, A) for any sec-
tion s € Vi j(kmmL). Then Theorem [Al the continuity of the volume
and the easy inclusion Aj(L' + 2 A4) C Aj(L' + }A) if m > [ imply
that m — Volgn(A;(L + L A)) is a continuous decreasing function
converging to Volgn(A;(L")) as m — oo. Thus A;(L) C A;(L) if
Aj(L)* # 0.

We conclude replacing L by L + P and P by —P. O

Setting r := p(X) for simplicity, fix L1,..., L, line bundle such that
{c1(Ly),...,c1(L,)} is a Z—basis of N'(X): this lead to natural iden-
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tifications N!'(X) ~ Z", N(X)gr ~ R". Moreover by Lemma 4.6. in
[ILMO09| we may choose L, ..., L, such that the pseudoeffective cone
is contained in in the positive orthant of R".

Definition 2.3.11. Leiting

Tj(X) = Tj(X: Ly, ..., Ly) == {(W" (s),m) : s € Vig; (L, ..., L))\{0},
e N} C Z" x N

be the global multipoint semigroup of X at p; with p1,...p;,...,pNn
fixed (it is an addittive subsemigroup of Z" ") where Vi, ;(L1, ..., Ly) :=
{s€ HY(X,m-(L1,...,Ly))\ {0} : vPi(s) < vPi(s)foranyi # j}, we
define

Aj(X) = C(T(X)

as the closed convex cone in R™" generated by I'j(X), and call it the
global multipoint Okounkov body at p;.

Lemma 2.3.12. The semigroup I';(X) generates a subgroup of Z""
of mazimal rank.

Proof. Since the cone Amp(X) is open non-empty set in N'(X)g (we
have indicated with Amp(X) the ample cone, see [Laz04]), we can fix
Fi,...,F, ample line bundles that generate N'(X) as free Z—module.
Moreover, by the assumptions done for Lq,..., L, we know that for
every ¢ = 1,...,r there exists @; such that F; = @;-(L1, ..., L,). Thus,
for any ¢ = 1,...,r, the graded semigroup I';(F;) sits in I';(X) in a
natural way and it generates a subgroup of Z" x Z - d; of maximal
rank by point i) in Lemma since By (F;) = (. We conclude
observing that dy,...,d, span Z". O

Next we need a further fact about additive semigroups and their cones.
Let I' C Z™ x N" be an additive semigroup, and let C(T') C R™ x R”"
be the closed convex cone generated by I'. We call the support of
" respect to the last r coordinates, Supp(I'), the closed convex cone
C(n(T)) € R" where m : R™ x R™ — R" is the usual projection.
Then, given @ € N", we set I'yg := I' N (Z™ x Na) and denote by
C(T'ng) € R™ x Ra the closed convex cone generated by I'yg when
we consider it as an additive semigroup of Z" x Za ~ Z"t1.

32



Proposition 2.3.13 ([LM09|,Proposition 4.9.). Assume that I' gen-
erates a subgroup of finite index in Z" X Z" , and let @ € N" be a vector
lying in the interior of Supp(I'). Then

C(Tnz) =C(T)N(R" x Ra)
Now we are ready to prove the main theorem of this section:

Theorem 2.3.14. The global multipoint Okounkov body A;(X) is
characterized by the property that in the following diagram

Aj(X) c R" x R” ~ R" x N}(X)R

\ oo

R" ~ N'(X)g

the fiber of Aj(X) over any cohomology class c1(L) of a big Q—line
bundle L such that c1(L) € Supp(I';(X))° is the multipoint Okounkov
body associated to L at p;, i.e Aj(X) Npry*(ci(L)) = Aj(L).

Remark 2.3.15. It is seems a bit unclear what Supp(I';(X))° is. By
second point in Lemma , it contains the open convex set B4 (pj)c
where By (pj) = {a € NY(X)g : p € Bi(a)} is closed respect to
the metric topology on N'(X)r by Proposition 1.2. in [KLI5a] and
its complement is convex as easy consequence of Proposition 1.5. in
[ELMNPO6]. But in general Supp(I';(X))° may be bigger: for instance
if N =1 Supp(I';(X)) = Eff(X), and it is not hard to construct an
example with py,p2 € B_(L) and A;(L)° # 0 for j =1,2.

Proof. For any vector @ € N” such that L :==a- (L1,...,L,) is a big
line bundle in Supp(I';(X))°, we get I'j(X)ng = I'j(L), and so the
base of the cone C'(I';(X)nz) = C(I'j(L)) C R"xRd is the multipoint
Okounkov body A;(L), i.e.

Aj(L) = W(C(rj(X)M) N (R" x {1})).

Then Proposition [2.3.13]implies that the right side of the last equality
coincides with the fiber A;(X) over ¢1(L). We conclude observing that
both side of the request equality rescale linearly. O
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Corollary 2.3.16. The function Volg» : Supp(I';(X))° — Rso,
c1(L) — Volgn(A;(L)) is well-defined, continuous, homogeneous of
degree n and log-concave, i.e.

Volgn (A;(L + L')Y™ > Volga (A;(L))Y™ + Volga (A;(L')) /™

Proof. The fact that it is well-defined and its homogeneity follow im-
mediately by Proposition[2.3.9] while the other statements follow from
standard results in convex geometry, using the Brunn-Minkowski The-
orem thanks to Theorem 2.3.141 O

Finally we note that the Theorem [2.3.14]allows us to describe the mul-
tipoint Okounkov bodies similarly to the Proposition 4.1. in [Bould]:

Corollary 2.3.17. If L = Ox(D) is a big line bundle such that
c1(L) € Supp(I';(X))°, then

Aj(L) = vPi{D" € Divso(X)r : D' =pum D and vPi(D') < vPi(D')Yi # j}

where we have indicaled with =, the numerical equivalence. In
particular every rational point in A;(L)° is valuative and if it contains
a small n—symplex with valuative vertices then any rational point in
the n—symplex is valuative.

Proof. The first part follows directly from Theorem [2.3.14|since D’ =,m D
iff ¢1(L) = ¢1(Ox(D")) by definition (considering the R—line bundle
Ox(D')). While the second statement is a consequence of the multi-
plicative property of the valuation vPs. ]

2.3.3 Geometry of multipoint Okounkov bodies

To investigate the geometry of the multipoint Okounkov bodies we
need to introduce the following important invariant:

Definition 2.3.18. Let L be a line bundle, V C X a subvariety of
dimension d and HO(X|V,kL) := Im<H0(X, kL) — HO(V, kLW)).
Then the quantity

, dim H°(X |V, kL)
Volyy (L) = hzri}s;;p R/l
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15 called restricted volume of L along V.

We refer to [ELMNPQO9] and reference therein for the theory about
this new object.

In the repeatedly quoted paper [LMOQ9], given a valuation vP(s) =
(VP(s)1,...,VP(s),) associated to an admissible flag Y. = (Y1,...,Y,)
such that Y7 = F and a line bundle L such that F ¢ By (L), the
authors also defined the one-point Okounkov body of the graded linear
sistem H'(X|E, kL) C HY(E, kL) by

Axp(L) = A(TxE)

with Iy g := {(/P(s)2, ..., vP(s)n, k) € N"'xN: s € H*(X|E, kL) \ {0},k > 1}
and they proved the following

Theorem 2.3.19 ([LM09|, Theorem 4.24, Corollary 4.25). Let E ¢ B4 (L)
be a prime divisor with L big R—line bundle and let Y. be an admis-
sible flag such that Y1 =: E. Let Cpax :=sup{\A >0 : L — AEisbig}.
Then for any 0 <t < Ciraz
A(L)g, >t = A(L —tE) + tey
A(L)g,=t = Axjp(L — tE)

Moreover

i) Volgn-1(A(L)z,—t) = ﬁVOIXW(L —tE);

ii) Volx (L) — Volx(L — tE) = n [} Volx (L — AE)dX;

In this section we suppose to have fixed a family of valuations vPi
associated to a family of admissible flags Y. = (Y.1,...,Y. 5) on a
projective manifold X, centered respectively in pi,...,py (see para-

graph and Remark [2.3.5). Given a big line bundle L, and prime
divisors F1,...,Ex where F; =Y for any j =1,..., N, we set

w(L; E) :==sup{t >0 : L —tEisbig}
where E := Zf\il E;, and
pu(L; Ej) :==sup{t >0 : Aj(L —tE)° # 0}.
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Theorem 2.3.20. Let L a big R—line bundle, vPi a family of valua-
tions associated to a family of admissible flags Y. centered at p1,...,pN-
Then, letting (z1, ..., xy,) be fized coordinates on R™, for any j € {1,..., N}
such that Aj(L)° # 0 the followings hold:

i) Aj(L)z,>t = Aj(L—tE)+tey for any 0 <t < u(L; Ej), for any
j=1,....N;

i) Aj(L)zy=t = Ax|p; (L —tE) for any 0 <t < p(L;E), for any
j=1,....N;

i) Volgn-1(Aj(L)z;=t) = ﬁVOIX\Ej (L—tE) for any0 <t < u(L; E),
forany j =1,...,N, and in particular p(L; E;) = sup{t > 0 :

E; ¢ By (L —tB)}.
Moreover

iv) Volx (L) — Volx (L — tE) = n [L SN Vol p, (L - AIE)dA for
any 0 <t < pu(L;E).

Proof. The first point follows as in Proposition 4.1. in [LMO09|, not-
ing that if L is a big line bundle and 0 < t < pu(L; Ej;) integer then
{s € Vi;(L) : vPi(s)y > kt} ~ Vj;(L — tE) for any k > 1. There-
fore I'j(L)z, >t = @¢(I';(L — tE)) where ¢y : N* x N — N" x N
is given by (%, k) = (T + tkei, k). Passing to the cones we get
C(Tj(L)z>t) = ot,r(CTj(L — tE))) where ¢y is the linear map
between vector spaces associated to ¢;. Hence, taking the base of the
cones, the equality Aj(L)z, >t = Aj(L — tE) + te; follows. Finally,
since both sides in i) rescale linearly by Proposition , the equality
holds for any L Q—line bundle and ¢ € Q. We conclude the proof
of the first point by the continuity given by Theorem since
0<t<u(LiE;).

Let us show point 4¢), assuming first L (3—line bundle and 0 < t < u(L; E;)
rational.
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We consider the additive semigroups

Ljt(L) ={(vP(s),k) e N* x N : s € V};(L) and v (s); = kt}
xig, (L —tE) == {7 (s)2,..., V" (s)n, k) € N1 x N:
s € H'(X|E;, k(L —tE)) \ {0}, k > 1}

and, setting ¢y : N*71 x N — N" x N as (%, k) := (kt,Z, k), we
easily get I'; (L) C vy (I‘X‘Ej(L — tIE)) Thus passing to the cones we
have

C(T5(L))ar=t = C(T4a(L)) € v (C(Txip, (L~ 1E)) )

where the equality follows from Proposition A.1 in [LMO09|. Hence
Aj(L)zy=t C Ax g, (L —tE) for any 0 <t < pu(L; Ej) rational. More-

over it is trivial that the same inclusion holds for any p(L; E;) < t < p(L; E).
Next let 0 <t < u(L; E) fixed and let A be a fixed ample line bundle

such that there exists s; € V1 j(A) with vPi(s;) = 0 and vPi(s;); > 0

for any i # j. Thus since to any section s € H*(X|E;, k(L —tE)) \ {0}

we can associate a section § € H(X, kL) with vP (3) = (kt,vPi(s)a,..., VP (s),)
and vPi(§); > kt for any i # j, we get that §" ® Sf € Viij(mL+ A)

for any m € N. By homogeneity this implies

vI(Em © ) ui(5) ( vPi(s)

mk & K ):””GAJ'(LJF%A)

x1=t

for any m € IN. Hence since A;(L)° # 0 we get 0 <t < u(L; E;) and

z € Aj(L)g,=¢ by the continuity of Theorem

Summarizing we have showed that both sides of ii) are empty if
p(L; Ej) < t < p(L;E) and that they coincides for any rational

0 <t < u(L; E;). Moreover since by TheoremAX‘Ej (L—tE)=

A(L — tziﬁl’#j E;)z,—t with respect to the valuation v?i, we know

that both sides vary continuously for 0 < ¢ < u(L; Ej) if u(L; E;) < p(L; Ej)
by Theorem 4.5. in [LM09], while they vary continuously for 0 < ¢t < u(L; E)
if u(L; Ej) = p(L; E). Hence the second point follows by homogeneity

(Proposition [2.3.9)) and by continuity (Theorem [2.3.14)).

The point 4i7) is an immediate consequence of ii) using Theorem
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2.3.19li) and Theorem A and C in [ELMNPO09|, while last the point
follows by integration using Theorem [A] O

We observe that the Theorem may be helpful when we fix a big line
bundle L and a family of valuations associated to a family of in-
finitesimal flags centered at p1,...,pny ¢ By(L). Indeed, similarly
as stated in the paragraph § [2.2.4] componing with F' : R" — R",
F(z) = (|z|,z1,...,2n-1), the Theorem holds and in particular, for
any j =1,..., N, we get

i) F(A5(L),, 5 = 8 (f*L—tE)+té) forany 0 <t < u(f*L; Ej);
i) F(Aj(L)):Cj’lzt = Agp, (f*L —tE) for any 0 <t < p(f*L; E);

iii) Volgn-1(F(Aj(L))a, =) = ﬁVoquEj( f*L — tE) for any
0<t<u(f'L;E);,

where we have set f : X — X for the blow-up at Z = {p1,...,pN}.
Note that E = Z;V: 1 E; is the sum of the exceptional divisors given
by the blow-up and that the multipoint Okounkov body on the right
side in 7) is calculated from the family of valutions {7Ps }évzl (it is as-
sociated to the family of admissible flags on X given by the family of
infinitesimal flags on X).

In this setting the Theorem, describing the geometry of the multipoint
Okounkov bodies, yields a new tool to study the multipoint Seshadri
constant as stated in the Introduction (see Theorem [B). And as ap-
plication in the surfaces case we refer to the subsection [2.6.2]

2.4 Kahler Packings

Recalling the notation of the subsection §[2.2.3] the essential multi-
point Okounkov body is defined as

Aj(L)ess — U A?(L)ess — U A?!(L)ess

k>1 k>1
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where Af(L)eSS = Conv(F?)ess = +Conv(vPi(V},;))%* is the interior

of A";(L) = Conv(F?) as subset of RY, with its induced topology.

Fix a family of local holomorphic coordinates {zj1,...,2jn}forj=1,...,N
respectively centered at pi,...,py and assume that the faithful val-
uations vP1, ..., VPN are quasi-monomial respect to the same additive

total order > on Z" and respect to the same vectors Xl, e ,Xn eN

(see Remark [2.3.5). Thus similarly to the Definition 2.7. in [WNT5],

we give the following

Definition 2.4.1. For every j = 1,..., N we define Dj(L) := p~1(A;(L)%*)
and call it the multipoint Okounkov domains, where p(wy, ..., wy,) ==
(’w1’27 ) |U}n’2)

Note that, as stated in the subsection we get n!Volgrn (A;(L)) =
Volgn (Dj(L)) for any j =1,...,N.

We will construct Kdhler packings (see Definition [2.4.2] and [2.4.6))
of the multipoint Okounkov domains with the standard metric into
(X, L) for L big line bundle. We will first address the ample case and
then we will generalize to the big case in subsection §

2.4.1 Ample case

Definition 2.4.2. We say that a finite family of n—dimensional Kdh-
ler manifolds {(M;,n;)}j=1,...n packs into (X, L) for L ample if for
every family of relatively compact open set U; @ M; there is a holo-
morphic embedding f : |_|§V:1 U; = X and a Kdihler form w lying in
c1(L) such that fin; = wpw,)- If, in addition,

jﬁ; f, = [awr

then we say that {(M;,n;)}j=1,.. .~ packs perfectly into (X, L).

Letting 4 : C* — R™ be the map u(z;) := (|zj1/%...,]2j/%) and
letting
D = 1 (RAF(L))° = u™ (RAF(L)*),
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we define X}, ; like the manifold we get by removing from C" all the
submanifolds of the form {z;;, = --- = 2;;,, = 0} which do not
intersect Dy, ;.
Thus

Gk =1n ( Z ‘Z?jP)

a;evPi (Vi 4)

is a strictly plurisubharmonic function on Xj ; and we denote by
Wgj = dd°¢*7 the Kihler form associated (recall that dd® = %65,
see subsection 2.2.1)). Note that we have set z; = (zj1,...,2jn) to
simplify the notation.

Lemma 2.4.3 ([And13|, Lemma 5.2.). For any finite set A C N™
with a fized additive total order >, there exists a v € (Ns0)™ such
that

a<pf iff a-y<pB-y

for any o, B € A.

Theorem 2.4.4. If L is ample then for k > 0 big enough {(X}, ;, wkd)};\f:l
packs into (X, kL).

Using the idea of the Theorem A in [WNI15] we want to construct a
Kahler metric on kL such that locally around the points p1,...,pN ap-
proximates the metrics ¢y, ; after a suitable zoom. We observe that for
any v € N" and any section s € HY(X, kL) we have s(77z;)/77% ~ z;lj
for R~ > 7 converging to zero. Therefore locally around p; we have

sa; (T725) 9 . . .
J ~ . )
In(> o evri (v, )| =7 |7) ~ ¢r,; where sq; are sections in Vj ; with

leading terms of their expansion at p; equal to ;. Thus the idea is
to consider the metric on kL given by ln(zi]\il Zai@pi(vk’iﬂ%]%)
and define an opportune factor v such that this metric approximates
the local plurisubharmonic functions around the points p1,...,py af-
ter the uniform zoom 77 for 7 small enough. This will be possible
thanks to Lemma and the definition of Vj, ;. Finally a standard
regularization argument will conclude the proof.

Proof. We assume that the local holomorphic coordinates {z;1,...,2jn}
centered a p; contains the unit ball By C C" for every j =1,...,n.
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Set Aj :=vPi(V}, ;) and BZ = vPi(V}, ;) for i # j to simplify the nota-
tion, let k be large enough so that A¥(L)®® # () for any j =1,..., N
(by Lemma and Proposition D and let {U; }jvzl be a family of
relatively compact open set (respectively) in {Xm};y:l. Pick v € N™
as in Lemmafor §= Ujvzl (AjUU#j Bi) ordering with the total
additive order > induced by the family of quasi-monomial valuations,
ie.a>pfiffa-v>p6-9.

Next, for any 7 = 1,..., N, by construction we can choice a family of
sections sq; in Vi ;, parametrized by A;, such that locally

N — L% . 1j
Sa;(2j) = Z;0 + E Ajnj =4
nj >0
Sa;(2i) = a; P Qi 2
a;j\%i) = Q4,j%; 1,1 %
0>

with a; ; # 0 and o; < 61‘7 for any i # j.
Thus if we define, z; := (77 2j1...,772j,) for 7 € R>q, 77 then we
get for any o € A;

Sa;(T725) = T’Y'O‘j(z?j + o(|7])) V125 € By (2.2)

Sa;(T721) = Tw-ﬂf(aiyjzﬁﬁ + o(|7])) V172 € By (2.3)

Let, for any j = 1,...,N, g; : Xi; — [0,1] be a smooth function

such that g; =0 on U; and g; =1 on KJC for some smoothly bounded
compact set K; such that U; € K; C X, ;. Furthermore let U]’- be a
relatively compact open set in Xy, ; such that K; C U j’

Then pick 0 < 0 < 1 such that ¢; = ¢ ; — 40g; is still strictly
plurisubharmonic for any j =1,..., N.

Now we claim that for any j there is a real positive number 0 < 7; = 7;(9) < 1
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such that for every 0 < 7 < 7; the following statements hold:

T"/ZjGBl VZjGU],-

oj >1n(z Z |5a2’:—af] )—6 on U;

=1 a; EA;

¢j<ln<2 |Sa’T %) )—35 near 0K

. TV
=1 a;€A;

Indeed it is sufficient that each request is true for 7 € (0,a) with a
positive real number. For the first request it is obvious, while the
others follow from the equations and since g;j = 0 on U;
and g; =1 on KJC (recall that g; is smooth and that v - a; <7 - Bg if
a; € A; for any j # 10).

So, since p1, ..., pn are distinct points on X, we can choose 0 < 73, < 1
such that the requests above hold for every j = 1,..., N and W; NW;
for j # i where W; := 90;1(7'2(]]{), where ¢; is the coordinate map
giving the local holomorphic coordinates centered at p;.

Next we define, for any j=1,..., N,

oy = (e (3 3 12 2) )

i=1 o; EA;

where max,.q(, y) is a smooth convex function such that max,cy(z,y) =
max(x,y) whenever |z—y|> §. Therefore, by construction, we observe
that d)} is smooth and strictly plurisubharmonic on Xy, ;, identically

equal to In (ZZ 12 oA, |5°‘T7;af] 2) — 20 near 0K and identically
equal to ¢y ; on U;. So
wj = ddcqb;-
is equal to wy, ;j on Uj.
Therefore since for k£ > 0 big enough In (ZZ 12 ased;l i“gz| ) — 26

extends as a positive hermitian metric of kL, with abuse of notation
and unless restrict further 7, we get that {wj}j-vzl extend to a Kéhler
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form w such that
) = Jelwjiy,) = fewr,

where we are set f : |_|;V:1 U, — X, f‘Uj = gpj_l o 77, the uniform
rescaling for the embedding.

Since {U} ", are arbitrary, this shows that {(X;w,wkj)} 1 packs
into (X, kL) O

Theorem [C| (Ample Case). Let L be an ample line bundle. We have
that {(D]-(L),wst)}évzl packs perfectly into (X, L).

Proof. If Uy, ..., Uy are relatively compact open sets, respectively, in
D;(L) then by Proposition there exists & > 0 divisible enough
such that U; is compactly contained in /fl(Conv(A;?(L))o for any
j=1,...,N,ie. \FUCDk]CXkaoranyj—l , V.

By Lemma-there exist smooth functions g; : Xj ; — R with sup-
port on relatively compact open sets U’ D \fU such that @; := wy, j + dd°g;
is Kéhler and @w; = wy holds on \fU .

Furthermore, fixing relatively compact open sets V; C X, ; such that
U; € Vj for any j = 1,..., N, by Theorem We can find a holo-
morphic embedding f : |_|§V:1 V; — X and a Kéhler form ' in ¢ (kL)
such that wff,(v) = fiwyj forany j=1,...,N.

Next, let x; be smooth cut-off functions on X such that x; = 1 on
f/(U}) and x; = 0 outside f’( 7). Thus, since f'(V;) N f'(Vi) = for
every j # 1 and since g;j o f‘ f has compact support in f’ (U 1), the
functlon_g = Zﬁfl x;jgj© /71, extends to 0 outside szl f/(V;) and
95wy = 95 ° Fipvyy:

Finally defining f : |_| 1 Uj = X by fiu,(2) = \\TU (Vkz;), we get

(W' + ddg) pw,) = fulwns + dd°g))| gy, = Efswst,

by construction. Hence w := %(w/ + dd°g) is a Kéhler form with class
c1(L) that satisfies the requests since by Theorem

N
=n!)» Volgn(A = Volx(L) = /w”.
Z;Amm ! E: X
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O

Remark 2.4.5. If the family of valuations fixed is associated to a
family of admissible flags Y;; = {z;1 = --- = z;; = 0} then each
associated embedding f : |_|§V:1 U; — X can be chosen so that

Frwy i) = {zja = = 2, =0}

In particular if N =1 we recover the Theorem A in [WNI5].

2.4.2 The big case

Definition 2.4.6. If L is big, we say that a finite family of n—dimensional
Kdhler manifolds {(Mj,n;)}j=1,..N packs into (X, L) if for every fam-
ily of relatively compact open set U; € M; there is a holomorphic
embedding f : |_|;V:1 U;j — X and there exist a kdhler current with
analytical singularities T lying in c1(L) such that fun; = Tiyw,). If,

n addition,
N
2/ 77?:/ i (L)"
=M X

then we say that {(M;,n;)}j=1,...n packs perfectly into (X, L).
Reasoning as in the previous section we prove the following

Theorem |C| (Big Case). Let L be a big line bundle. We have that
{(D;(L),wst) ;V:“lq packs perfectly into (X, L) where Aj(L)° = 0 if
U ¢ {i1,... iq} while A; (L)° #0 for anym=1,...,q.

Proof. We can assume that {ij,...,i;} = {1,..., N} since A; (L)
and D;, (L) for m = 1,...,q do not change removing the others
points.

Thus letting & > 0 big enough such that A?(L)ess # () for any j
(Proposition we can proceed similarly to the Theorem With

the unique difference that In <ZZ]\;1 Zaieﬂiy%P) extends to a pos-

itive singular hermitian metric, hence we get a (current of) curvature
T that is a Kéhler current with analytical singularities. Therefore, as
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in the ample case, we can show that {(D;(L), wst)}év:l packs perfectly
into (X, L). O

Remark 2.4.7. If the family of valuations fixed is associated to a
family of admissible flags Y;; = {z;1 = --- = z;; = 0} then each
associated embedding f : |_|j\7:1 U; — X can be chosen so that

f|}(1U7)(§/]’7’) = {Zj,l == Zj,i — O}

In particular if N = 1 we recover the Theorem C' in [WNI5].

2.5 Local Positivity

2.5.1 Moving Multipoint Seshadri Constant
Definition 2.5.1. Let L be a nef line bundle on X. The quantity

L-C

es(L;pr,...,pN) i =inf ————
( ) sz\il mlﬂtpic

where the infimum is on all irreducible curve C' C X passing through
at least one of the points p1, ..., pnN s called the multipoint Seshadri
constant at p1,...,pNn of L.

This constant has played an important role in the last three decades
and it is the natural extension of the Seshadri constant introduced by
Demailly in [Dem90].

The following Lemma is well-known and its proof can be found for
instance in [Laz04], [BDRHT09):

Lemma 2.5.2. Let L be a nef line bundle on X. Then

N
es(L;pi,...,pN) =sup{t >0 : p*L — tZEi is nef} =
i=1
LdimV Vv ﬁ
e (LY ym
> j—qmulty V
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where 11+ X — X is the blow-up at Z = {p1,...,pN}, E; is the
exceptional divisor above p; and where the infimum on the right side
15 on all positive dimensional irreducible subvariety V containing at
least one point among p1,...,PN-

The Lemma just showed allows to extend the definition to nef QQ—line
bundles by homogeneity and to nef R—line bundles by continuity.
Here we describe a possible generalization of the multipoint Seshadri
constant for big line bundles:

Definition 2.5.3. Let L be a big R—line bundle, we define the mowv-

ing multipoint Seshadri constant at p1,...,pN of L as
es(|ILI[;p1,---.pn) == sup  es(A; f N (pr), .-, f 7 (ow)
[*L=A+E

if p1,...,pN & B4(L) and es(||L||;p1,--.,pN) := 0 otherwise, where
the supremum is taken over all modifications f 'Y — X with Y
smooth such that f is an isomorphism around p1,...,pn and over all
decomposition f*L = A+ E where A is an ample Q—divisor and E
is effective with f~1(p;) ¢ Supp(E) for any j =1,...,N.

For N =1, we retrieve the definition given in [ELMNP09].
The following properties can be showed similarly as for the one-point
case and they are left to the reader:

Proposition 2.5.4. Let L, L' be big R—line bundles. Then
. 0. 1/n
i) esILIpr,- -, pv) < (XEN)V™
ii) ifc1(L) = e1(L') thenes(||L||;p1,---,pN) = es(||L||;p1, - -, PN);
ii) es(|[AL[[;p1,- .., pN) = Aes(|[L[[;p1, ..., pN) for any A € Rso;

w) if p1,...,on € By (L)UB(L') then es(||L+L'||;p1,...,pN) >
es(||L|;p1,--.,pn) +es(IL||;p1, - - - PN)-

We check that the moving multipoint Seshadri constant is an effective
generalization of the multipoint Seshadri constant:
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Proposition 2.5.5. Let L be a big and nef Q—1line bundle. Then

GS(HLH7plvapN) = GS(L;plv"'7pN)

Proof. By homogeneity we can assume L line bundle and py, ..., py ¢ B4 (L)
since if p; € B4 (L) for some j then by Proposition 1.1. and Corol-
lary 5.6. in [ELMNDPQ09| there exist an irreducible positive dimensional
component V' C B4 (L),p; € V such that LIV . v = (0 and Lemma

gives the equality.
Thus, fixed a modification f: Y — X as in the definition, we get

L-C f*L-C A-C
N - N = 2 N =
Yo multy, ¢ YT multyag, C 0 YL multyoa,)C

since f_l(pl)v SRR f_l(pN) ¢ Supp(E) and ES(HLH;pl? s apN) <
es(L;p1,...,pn) follows.

For the reverse inequality, we can write L = A + E with A am-
ple Q—line bundle and E effective such that p1,...,pn ¢ Supp(E),
and we note that L = A, + %E for any m € IN for the ample
Q-line bundle A,, := LA+ (1 — L)L. Thus es(||L|;p1,...,pN) >
€s(Am;pi,...,pN) and letting m — oo the inequality requested fol-
lows from the continuity of eg(+;p1,...,pn) in the nef cone. O

The following Proposition justifies the name given as generalization
of the definition in |[Nak03]:

Proposition 2.5.6. If L is a big Q—line bundle such that py,...,pn ¢ B(L)
then

1 _1
s (M gy (p1)s - -5 by (PN
es(|Ll;p1,- -, pN) :klggo ( g ( I){ k. (PN)) _

B es(My; " (p1), - - 17, (pw))
= sup
k—00 k

where My, := pj (kL)—E}, is the moving part of |[mL| given by a resolu-
tion of the base ideal by, := b(|kL|) (or set My, = 0 if H*(X, kL) = {0}).
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Note that es(Mj; 1y, (p1), - .- ,,u,?l(pN))) does not depend on the res-
olution chosen and given ki, ko divisible enough we may choose reso-
lutions such that My, 1x, = My, + My, + E where E is an effective
divisor with p1,...,pn ¢ Supp(F), so the existence of the limit in the
definition follows from Proposition [2.5.4]iv).

Proof of Proposition[2.5.6. By homogeneity we can assume L big line
bundle, B(L) = Bs(|L|) and that the rational map ¢ : X \ Bs(|L|) — P¥
associated to the linear system |L| has image of dimension n.

Suppose first that there exist j € {1,...,N}, an integer kg > 1
such that ,u,;ol(pj) € By (My,). Thus for any N 3 k£ > ko we get
p1;*(p;) € B4 (My,). Then, since My is big and nef, there exists a sub-
variety V' of dimension d > 1 such that M-V =0 and V > p; ' (p;)
(Corollary 5.6. in [ELMNP09]), thus eg(Mp; g, ' (1), -, 1, " (pn)) = 0
by Lemma and the equality follows.

Therefore we may assume ;' (p1), ..., p;  (pn) ¢ By (M) for any

k > 1 and we can write M = A+ F with A ample and F effective with
,u,;l(pl), e u,:l(pN) ¢ Supp(FE). Clearly for any m € N, setting
Ay = %A +(1— %)Mk, the equality My = A, + %E holds. Hence,
since by definition €5 (|| L|[; p1, ..., pn) = Fes(Ami g (P1),- - 1y, (PN))
for any m € N, we get es(|[L|[; p1,-..,pn) > res(Mi; py (1), - -, 1 ' (pN))
letting m — oo.

For the reverse inequality, let f : Y — X be a modification as in the
definition of the moving multipoint Seshadri constant,i.e. f*L=A+ FE
with A ample Q—divisor and FE effective divisor with pq,...,px ¢ Supp(E),
and let k > 1 big enough such that kA is very ample. Thus, unless
taking a log resolution of the base locus of f*(kL) that is an isomor-
phism around f~1(py),..., f~ (pn), we can suppose f*(kL) = My + Ej,
with p1,...,pn ¢ Supp(Eyx) for Ej effective and My nef and big.
Then, since kA is very ample, M} = kA + Ej with Ej effective
and E, < kE. Hence we get f~1(p1),..., f *(pn) ¢ Supp(E},) and
zes(My; f7H(p1), -, 7 (pw)) = es(A; fH(p1), - -+, (pw)) by ho-
mogeneity. O
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Proposition 2.5.7. Let L be a big Q—1line bundle. Then

1/dimV
Vlelv(L) >

es(||L]|;p1y-- -, =inf [ ——"——
sUILIp1s-- - pw) <Z§Vlmultpjv

where the infimum 1s over all positive dimensional irreducible subvar-
ities V' containing at least one of the points p1,...,pN.

Proof. We may assume p1,...,py ¢ B4 (L) since otherwise the equal-
ity is a consequence of Corollary 5.9. in [ELMNPQO9]. Thus V ¢ B4 (L)
for any positive dimensional irreducible subvariety that pass through
at least one of the points pi,...,pn, hence by Theorem 2.13. in
[ELMNPQ09] it is sufficient to show that

. 1/dimV
|| LdlmV‘V ||> /

es(||L]|; p1,-- -, =inf | ————
sUIL[lsp1, - pN) (Zj.vzlmultpjv

where the infimum is over all positive dimensional irreducible subvar-
ities V' that contain at least one of the points pi1,...,pn. We recall
that the asymptotic intersection number is defined as

M]gimV . f/k MkdimV . sz
pdimv = P Tdim v

| LYV == lim
k—o0

where My, is the moving part of uj (kL) as in Proposition and
Vi is the proper trasform of V' through u (the last equality follows
from the Remark 2.9. in [ELMNP09]).

Lemma and Proposition [2.5.6] (M}, is nef) imply

es(My; ' (p1), - -+, 111, (o)
es(|L]|;p1s- -, pN) = sup k p k =

im ~ 1/dimV im 1/dimV

g LY T (1LY v

= supinf - ~ 1 <in ~ 1 .
k > joq multy V > jop multy, V

Vice versa by the approximate Zariski decomposition showed in [Tak06]
(Theorem 3.1.) for any 0 < € < 1 there exists a modification f : Y — X
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that is an isomorphism around p1,...,pN, f*L = Ac + E. where A,
ample and E, effective with f=(p1),..., f~'(pn) & Supp(E.), and
dim  / dim dim
AZRV LV > (1= gtV || LYy |

for any V' ¢ B4 (L) positive dimensional irreducible subvariety (V
proper trasform of V' through f). Therefore, passing to the infimum
over all positive dimensional irreducible subvariety that pass through
at least one of the points py1,...,pny we get

es(|Lllipr, - on) = es(Ae 7 (1), f o) =
. 1/dimV
|| LdlmV .V H /
Z;-V:l mult,,, V'

which concludes the proof. ]

2(1—6)inf<

Theorem 2.5.8. For any choice of different points p1,...,pny € X,
the function NY(X)r > L — es(||L||;p1,--.,pn) € R is continuous.

Proof. The homogeneity and the concavity described in Proposition
implies the locally uniform continuity of es(||L||;p1,...,pN) on
the open convex subset (Uj\f:1 By (pj))c (see Remark[2.3.15)). Thus it
is sufficient to show that limy ,r es(||L/||;p1,...,pn) = 0if c1(L) €
Ué\f:l B, (p;). But this is a consequence of the Proposition using

the continuity of the restricted volume described in the Theorem 5.2.
in [ELMNPQ9]. O

To conclude the section we recall that for a line bundle L and for a
integer s € Z>o, we say that L generates s—jets at p1,...,pn if the
map

N
H(X,L) — @ HY(X,L® Oxp, /myt!)
j=1
is surjective where we have set m,,, for the maximal ideal in Ox 5. And

we report the following last characterization of the moving multipoint
Seshadri constant:
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Proposition 2.5.9 (|Itol3], Lemma 3.10.). Let L be a big line bundle.
Then
S(kL;pl, e ,pN)

. SkL;pl,...,pN
es(ILl;p1s - .., p) = sup — im )
k>0 k‘ k—o0 kj

where s(kL;p1,...,pN) is 0 if kL does not generate s—jets at p1,...,pN
for any s € Zi>q, otherwise it is the biggest non-negative integer such
that kL generates the s(kL;p1,...,pNn)—jets at p1,...,PN-

2.5.2 Proof of Theorem

In the spirit of the aforementioned work of Demailly [Dem90|, we want
to describe the moving multipoint Seshadri constant e(||L|[; p1, ..., pN)
in a more analytical language.

Definition 2.5.10. We say that a singular metric ¢ of a line bun-
dle L has isolated logarithmic poles at p1,...,pn of coefficient v if
min{v(g,p1),...,v(p,pNn)} = 7 and ¢ is finite and continuous in a
small punctured neighborhood V; \ {p;} for every j =1,...,N. We
have indicated with v(p, p;) the Lelong number of ¢ at pj,

Nl e i(2)
V(QOJQ]) T hgl}l;lf ID’Z . $|2

where @; is the local plurisubharmonic function defining ¢ around

b =x.
We set v(L;p1,...,pn) := sup{y € R : L has a positive singular
metric with isolated logarithmic poles at py,...,px of coefficient v}

Note that for N =1 we recover the definition given in [Dem90].

Proposition 2.5.11. Let L be a big Q—line bundle. Then

Y(L;p1,-..,pn) = es(||L]|;p1,---,PN)

Proof. By homogeneity we can assume L to be a line bundle, and we
fix a family of local holomorphic coordinates {z;1,...,2j,} in open
coordinated sets Uy, ..., Uy centered respectively at p1,...,pnN-
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Setting z; = (2j1,...,2;n) and s = s(kL;p1,...,pn) for k > 1
natural number, we can find holomorphic section f,, parametrized by

all @ = (ou,...,an) € NV such that |aj| = s and fop, = z]% for
any 7 = 1,...,N. In other words, we can find holomorphic sections
of kL whose jets at p1,...,pn generates all possible combination of

monomials of degree s around the points chosen. Thus the positive
singular metric ¢ on L given by

e Lo (S

has isolated logarithmic poles at pi,...,pn of coefficient s/k. Hence
v(L;p1,...,pn) > s(kL;p1,...,pN)/k, and letting kK — oo Proposi-
tion implies v(L; p1,...,pNn) > es(||L||; p1,-- -, DN)-

Vice versa, assuming vy(L; p1,...,pn) > 0, let {7 hen € Q be an in-
creasing sequence of rational numbers converging to v(L;pi,...,pN)
and let {k;}1en be an increasing sequence of natural numbers such
that {k¢v}en converges to +o00. Moreover let A be an ample line
bundle such that A — Kx is ample, and let w = dd¢ be a Kéihler
form in the class ¢;(A — Kx).

Thus for any positive singular metric ¢; of L with isolated logarithmic
poles at p1,...,pn of coefficient > ., ki + ¢ is a positive singular
metric of kL + A— Kx with Kéhler current dd®(kip;)+w as curvature
and with isolated logarithmic poles at py,...,pn of coefficient > k;vys.
Therefore, for ¢ > 1 big enough, k;L; + A generates all (kv —n)—jets
at p1,...,pn by Corollary 3.3. in [Dem90|, and thanks to the Propo-
sition 2.5.9] we obtain

keye —n n

1
L+ —A|;p1,--- > =y — —.
65’(” +kt H7p17 7pN)_ kt Yt kt

Letting t — oo we get eg(||L||;p1,.-.,po8) = Y(L;p1,...,pN) using
the continuity of Theorem [2.5.8 O

Remark 2.5.12. We observe that the same result cannot be true
if we restrict to consider metric with logarithmic poles at p1,...,pn
not necessarily isolated. Indeed Demailly in [Dem93| showed that
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for any nef and big Q@ —line bundle L over a projective manifold, for
any different points pi1,...,pn, and for any 7,...,7n positive real
numbers with Z;V:1 7" < (L") there exist a positive singular metric
¢ with logarithmic poles at any p; of coefficient, respectively, 7;.

From now until the end of the section we fix a family of valuations
vPi associated to a family of infinitesimal flags centered at p1,...,pNn
and the multipoint Okounkov bodies A;(L) constructed from v?i (see

paragraph and [2.3.5)).

Definition 2.5.13. Let L be a big line bundle. We define
E(L;p1,...,pN) =sup{€ > 0s.t. £€X,, C Aj(L)**® for every j=1,...,N}.

Remark 2.5.14. By definition, we note that {(L;p1,...,pn) =sup{r >0 :
B,(0) Cc Dj(L)foranyj=1,...,N}.

If N =1 then A(L) = A(L), and it is well-known that the maximum
d such that §%,, fits into the Okounkov body, coincides with eg(||L||; p)
(Theorem C in [KL17|). The next theorem recover and generalize this
result for any N:

Theorem Let L be a big R—Iline bundle, then

max{g(L;plv v 7pN)70} = GS(HLH7p17 v 7pN)

Proof. By the continuity given by Theorem and Theorem 2.5.§]

and by the homogeneity of both sides we can assume L big line bun-

dle. Moreover we may also assume A;(L)° # () for any j =1,...,N
since otherwise it is a consequence of point i) in Lemma m

Let { A }men C Q be an increasing sequence convergent to (L; p1, ..., pN)
(assuming that the latter is > 0). By Proposition for any m € N
there exist k,, > 1 such that \,,>,, C A?m(L)ess forany j=1,...,N.
Therefore, chosen a set of section {s; 4 }j.o C H(X, kL) parametrized

in a natural way by all valuative points in A?m (L) \ A X6°% for any
J=1,...,N (ie Sja € Vi, j, VW (sja) = a and o ¢ A\, X5%°) the

metric
1 N
2
Phm 1= 7 1H< > D Isjal )

j=1 «
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is a positive singular metric on L such that v(py,,,pj) > Ay while
¥k, is continuos and finite on a punctured neighborhood V;\ {p;} for
any j = 1,..., N by Corollary [2.3.17] Hence letting m — oo, we get

es([ILlp1,- - pn) = ¥(Lip1, ... ,pn) = E(Lip1,. .., pN), Where the
equality is the content of Proposition 2.5.11

On the other hand, letting {\,}men C Q be a increasing sequence

converging to es(||L||;p1,...,pn) > 0, Proposition implies that
for any m € IN there exists k, > 0 divisible enough such that
s(thkmL;p1,...,pN) = thmAy, for any t > 1. Thus, since the fam-
ily of valuation is associated to a family of infinitesimal flags, we get

Wzn C Abn (L) € AJL)** Vj=1,...,Nand V¢ > 1.

Hence A\, X, C A;(L)*** for any j = 1,..., N, which concludes the
proof. O

Remark 2.5.15. In the case L ample line bundle, to prove the in-
equality es(L;p1,...,pN) = &(L;p1,...,pn) we could have used The-
orem In fact it implies that {(Bg(L;ph__’pN)(O),wst)}j'vd fits into
(X, L), and so by symplectic blow-up procedure for Ké&hler manifold
(see section §5.3. in [MP94], or Lemma 5.3.17. in [Laz04]) we deduce

f(Laplu e 7pN) S GS(L;pla- o 7pN)

Remark 2.5.16. The proof of the Theorem shows that £(L; p1,...,pN)
is independent from the choice of the family of valuations given by a
family of infinitesimal flags.

The following corollary extends Theorem 0.5 in [EckI17] to all dimen-
sion (as Eckl claimed in his paper) and to big line bundles.

Corollary 2.5.17. Let L be a big line bundle. Then
es(ILlfspr, - pn) = max {0, sup{r > 0 : B,(0) € Dy(L) Vj=1,...,N}}
For N =1 it is the content of Theorem 1.3. in [WNI5].
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2.6 Some particular cases

2.6.1 Projective toric manifolds

In this section X = X is a smooth projective toric variety associated

toafan Ain Ny ~ R", so that the torus Ty := N®7zC* ~ (C*)" acts

on X (N ~ Z"™ denote a lattice of rank n with dual M := Homg(N, Z),

see [Ful93], [Cox11]| for notation and basic fact about toric varieties).

It is well-known that there is a correspondence between toric manifolds

X polarized by Ty—invariant ample divisors D and lattice polytopes

P C Mg of dimension n. Indeed to any such divisor D = > o x 1y @p D)
(where we indicate with A(k) the cones of dimension k) the polytope

Pp is given by Pp 1= (\,cam{m € Mr : (m,vp) > —a,} where v,

indicates the generator of pMN N. Vice versa any such polytope P can

be described as P := (\ppeetim € MR @ (m,np) > —ap} where a

facet is a 1—codimensional face of P and ng € N is the unique primi-

tive element that is normal to F' and that point toward the interior of
P. Thus the normal fan associated to P is Ap := {og : Ffaceof P}

where og is the cone in Ny generated by all normal elements ngp as

above for any facet that contains the face F. In particular vertices of
P correspond to Ty—invariant points on the toric manifold Xp asso-

ciated to Ap while facets of P correspond to Ty —invariant divisor on

Xp. Finally the polarization is given by Dp := zFfacet arpDp.

Thus, given an ample toric line bundle L = Ox (D) on a projective
toric manifold X we can fix local holomorphic coordinates around a
Tn—invariant point p € X (corresponding to a vertex x, € P) such
that {z; = 0} = D;y, for D; Ty—invariant divisor and we can assume
Dy, = 0.

Proposition 2.6.1 (J[LMO09],Proposition 6.1.(1)). In the setting as
above, the equality

¢rn(Pp) = A(L)

holds, where ¢r is the linear map associated to ¢ : M — 7", ¢p(m) :=
((m,v1),...,(m,vy)), forv; € Ap,(1) generators of the ray associated
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to D;, and A(L) is the one-point Okounkov body associated to the
admissible flag given by the local holomorphic coordinates chosen.

Moreover we recall that it is possible to describe the positivity of the
toric line bundle at a Ty —invariant point z, corresponding to a vertex
in P directly from the polytope:

Lemma 2.6.2. (Lemma 4.2.1, [BDRH"09]) Let (X, L) be a toric po-
larized manifold, and let P be the associated polytope with vertices
Toys-. T Then L generates k—jets al x,; iff the length |e;;| is
bigger than k for any i = 1,...,n where e;; 1s the edge connecting
to another vertex Lo, -

Remark 2.6.3. By assumption, we know that P is a Delzant poly-
pote, i.e. there are exactly n edges originating from each vertex, and
the first integer points on such edges form a lattice basis (for integer
we mean a point belonging in M). Moreover fixed the first integer
points on the edges starting from a vertex z, (i.e. fixed a basis for
M ~7") we define the length of an edge starting from x, as the usual
length in R™ observing that it is always an integer since the polytope
is a lattice polytope.

Similarly to Proposition [2.6.1], chosen R T —invariants points corre-
sponding to R vertices of the polytope P, we retrieve the multipoint
Okounkov bodies of the corresponding R T —invariant points on X
directly from the polytope:

Theorem 2.6.4. Let (X, L) be a toric polarized manifold, and let P be
the associated polytope with vertices x,, ..., xq, corresponding, respec-
tively, to the Ty—points p1,...,p;. Then for any choice of R different
points (R <1) pi,...,pip among pi,...,p;, there exist a subdivision
of P into R polytopes (a priori not lattice polytopes) Py, ..., Pgr such
that ¢orn j(Pj) = A (L) for a suitable choice of a family of valuations
associated to infinitesimal (toric) flags centered at pi,, ..., pi,, where
¢Rrn,j s the map given in the Pmposition (for the point ;).

Proof. Unless reordering, we can assume that the Ty —invariants points

p1,...,pr correspond to the vertices T4, ..., ZTgp.
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Next for any j = 1,..., R, after the identification M =~ Z" given
by the choice of a lattice basis m;1,...,m;, as explained in Remark
[2.6.3] we retrieve the Okounkov Body A(L) at p; associated to an in-
finitesimal flag given by the coordinates {z1j, ..., 2z, j} as explained in
Proposition composing with the map ¢grn ;. Thus, by construc-
tion, we know that any valuative point lying in the diagonal face of
the n—symplex §%,, for § € Q correspond to a section s € H(X, kL)
such that ordy,(s) = kd. Working directly on the polytope P, the
diagonal face of the n—symplex d3, corresponds to the intersection
of the polytope P with the hyperplane H; ; parallel to the hyperplane
passing for my j,...,m;, ; and whose distance from the point z,; is
equal to & (the distance is calculated from the identification M ~ Z").
Therefore defining

P; = U Hs 1N---NHsp rN P =
(01,000 ) ERY 05 <6; Vi]

= U Hs 1N---NHs, gNP
(015,00 ) ERY 65 <0; Vit]

we get by Proposition ¢rn,j(Pj) = Aj(L) since any valuative
point in Hs, 1 N--- N Hs, r N P belongs to Aj(L) if 6; < 9; for any
i # j, while on the other hand any valuative point in Aj(L) belongs
to Hs, 1N---NHs, rN P for certain rational numbers 41,...,0g such
that 5j < 61 ]

Remark 2.6.5. As easy consequence, we get that for any polarized
toric manifold (X, L) and for any choice of R T —invariants points
P1,--.,PR, the multipoint Okounkov bodies constructed from the in-
finitesimal flags as in the Theorem are polyhedral.

Corollary 2.6.6. In the same setting of the Theorem[2.6.4, if R =1,
then the subdivision is of type barycenteric. Namely, for any fired
verter oy, if F1,...,F, are the facets containing x,, and by,..., by
are their respective barycenters, then the polytope P; is the convex body
defined by the intersection of P with the n hyperplanes Ho ; passing
through the baricenter O of P and the barycenters by, ..., bj—1,bj41,...
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Finally we retrieve and extend Corollary 2.3. in [EckI17] as conse-
quence of Theorem and Theorem

Corollary 2.6.7. In the same setting of the Theorem for any
j=1,...,R, let €5 := minj—1__ ,{0;;} be the minimum among all
the reparametrized length |e;;| of the edges e;; fori =1,...,n, i.e.
d;i = lejql if ej; connect To; to another point x,, corresponding to
a point p & {p1,...,pr}, while 0;; := %|ej,i] if e connect to a point
Ty, corresponding to a point p € {p1,...,pr}. Then

es(L;p1,...,pr) =min{eg;: j=1,..., R}
In particular es(L;p1,...,PR) € %JN.

2.6.2 Surfaces

When X has dimension 2, the following famous decomposition holds:

Theorem 2.6.8 (Zariski decomposition). Let L be a pseudoeffective
Q—line bundle on a surface X. Then there exist Q—line bundles P, N
such that

i) L=P+N;

it) P is nef;
1) N is effective;
w) HY(X,kP) ~ HY(X,kL) for any k > 1;

v) P-E =0 for any E irreducible curves contained in Supp(N).

Moreover we recall that by the main theorem of [BKS04] there exists
a locally finite decomposition of the big cone into rational polyhe-
dral subcones (Zariski chambers) such that in each interior of these
subcones the negative part of the Zariski decomposition has constant
support and the restricted and augmented base loci are equal (i.e. the
divisors with cohomology classes in a interior of some Zariski cham-
bers are stable, see [ELMNPOG]).

Similarly to Theorem 6.4. in [LMQ9] and the first part of Theorem B
in [KLMI12] we describe the multipoint Okounkov bodies as follows:
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Theorem 2.6.9. Let L be a big line bundle over a surface X, let
P1,---,PN € X, and let vPi a family of valuations associated to ad-
missible flags centered at p1,...,py with Y1,; = Cz‘\Upi for irreducible
curves C; for i = 1,...,N. Then for any j = 1,..., N such that

A (L)° # 0 there exist piecewise linear functions o, B : [tj -, tj +] = R>o
for 0 <t;_ =inf{t >0 : C; ¢ BL(L —tG)} < tj4y =sup{t >0 :

C; ¢ BL(L—-tG)} < w(L;G) :=sup{t > 0 : L —tGisbig} where

G = Zjvzl Cj, with a; convex and B; concave, a; < 3, such that

Aj(L) ={(t,y) e R? : tj <t <t;yanda;(t) <y < B;(t)}

In particular A;(L) is polyhedral for any j = 1,...,N such that
Aj(L)° # 0.

Proof. Fix j € {1,..., N} such that A;j(L)° # () (it exists by Theorem

A]). By Theorem A and C in [ELMNPQ9|, we know that 0 < ¢; _ < t; . < u(L; G)
and that [t; _,t;+] X R>¢ is the smallest vertical strip containing

Aj;(L). Then by Theorem and Lemma 6.3. in [LM09] we easily

get Aj(L) = {(t,y) € R? : t;_ <t < tjranda;(t) <y < Bi(t)}

defining ;(t) := ord,, (Ny¢,) and B;(t) := ordy, (Nyc;) + (P - Cy) for

P, + Ny Zariski decomposition of L —tG (IV; can be restricted to C;

since Supp(Ny) = B_(L — tG)).

Then we proceed similarly to [KLMI2| to show the polyhedrality

of Aj(L), i.e. weset L' := L —1t; G, s = tj; —t and consider

L =L +sG=L—-tG for s € [0,t;+ —t;_]. Thus the function

s — N is decreasing, i.e. N}, —N/iseffectiveforany 0 <s' <s<t; 4 —t;_,
where L. = P! + N/ is the Zariski decomposition of L.. More-

over, letting F1, ..., F, be the irreducible (negative) curves composing

N{, we may assume (unless rearraging the F;’s) that the support of
Nt/j#—t‘,-,_ consists of Fjy1,...,F, and that 0 =: 59 < 81 < -+- < s <
tj+—tj— =: Skp+1 where s; :=sup{s > 0 : F; C B_(L)) = Supp(N.)}
foranyi=1,...,k.

So, by the continuity of the Zariski decomposition in the big cone, it
is enough to show that N/ is linear in any not-empty open interval
(8i,8i41) for i € {0,...,k}. But the Zariski algorithm implies that
N! is determined by N. - F; = (L' +sG) - Fyforany l =i+ 1,...,7,
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and, since the intersection matrix of the curves Fji1,..., F, is non-
degenerate, we know that there exist unique divisors A; and B; sup-
ported on Uj_, , F} such that A;- [y = L"- Fy and B; - F; = G - [ for
any l =i+1,...,r. Hence N, = A;+sB; for any s € (s;, $;+1), which
concludes the proof. O

Remark 2.6.10. We observe that for any j € {1,..., N} such that
AG(L)° # 0 A;(L) N[0, u(L; G) — €] x R is rational polyhedral for
any 0 < € < u(L; G) thanks to the proof and to the main theorem in
IBKS04].

A particular case is when p1,...,py ¢ B4 (L) and vPi is a family
of valuations associated to infinitesimal flags centered respectively at
pi,-..,pn. Indeed in this case on the plow—up X = Blgp,,...pn3X we
can consider the family of valuations 7Ps associated to the admissible
flags centered respectively at points pi,...,pnN € X (see paragraph
&D Observe that )71,]- = E; are the exceptional divisors over the
points.

Lemma 2.6.11. In the setting just mentioned, we have t; — = 0 and
ti+ = u(f*L;E) where E = Zf\il E; and f : X — X is the blow-up
map.

Proof. Theorem [B] easily implies t; ~ = 0 for any j = 1,..., N since

p1,-- -, pN & By (L) and F(A;(L)) = A;(f*L) for F(z1, 22) = (21 + 22, 21).
Next if there exists j € {1,..., N} such that ¢; + < pu(f*L;E), then

by Theorem and Theorem A and C in [ELMNPO9| we get
t:=sup{t >0 :E; ¢ BL(f*L—tE)} =sup{t >0: E; ¢ B_(f*L—

tE)} < p(f*L;E). Therefore setting Ly := f*L — tlE = P, + N, for

the Zariski decomposition, we know that E; € Supp(Vy) iff ¢t > ¢ (see
Proposition 1.2. in [KLI5a]). But for any ¢ < t < u(f*L;E) we find

out

0= (Li+tE) - Ej =Ly Ej +tE} < —t

where the first equality is justified by P, + N; 4+ tlE = f*L while the
inequality is a consequence of L, - E; < 0 (since E; € Supp(/Vy)) and
of EZ . Ej = (51',]'- ]
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About the Nagata’s Conjecture: One of the version of the Na-

gata’s conjecture says that for a choice of very general points p1,...,py € P

for N > 9, the ample line bundle Op2(1) has maximal multipoint Se-
shadri constant at pi,...,py, i.e. €5(Op2(1); N) = 1/v/N where to
simplify the notation we did not indicate the points since they are
very general. We can read it in the following way:

Conjecture 2.6.12 ([Nag5h8|, Nagata’s Conjecture). For N > 9 very
general points in P2, let {A;(Op2(1)) j-Vzl be the multipoint Okounkov
bodies calculated from a family of valuations vPi associated to a fam-
ily of infinitesimal flags centered respectively at p1,...,pn. Then the
following equivalent statements hold:

i) es(Op2(1); N) = 1/VN;

it) Aj(Op2(1)) = \/LNEQ, where Yo is the standard 2—symplex;

’L"L"i) Dj(O]Pg(l)) = Bﬁ (0)7'

Remark 2.6.13. It is well know that the conjecture holds if N > 9
is a perfect square. And a similar conjecture (called Biran-Nagata-
Szemberg’s conjecture) claims that for any ample line bundle L on
a projective manifold of dimension n there exist Ny = No(X, L) big
enough such that eg(L;N) = {/4* for any N > Ny very general
points, i.e. it is maximal. This conjecture can be read through the
multipoint Okounkov bodies as A;(L) = \”/%En for any N > Ny
very general points at X.

Theorem 2.6.14. For N > 9 very general points in P2, there exists
a family of valuations VPi associated to a family of infinitesimal flags
centered respectively at p1,...,pN such that

AJ(OP2(1)> - {(W) €ER*:0<z<eand0<y< 1\17<1_$>}

€ €

- 1
= CONU(O, 651, mgg)
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where € := eg(Op2(1); N). In particular u(L,E) = 5 and

* £ if 0<t<e
Volx g, (f*0p2(1) —tE)) = { . (L_t> if e<t< L
St w

1 Ne €
Ne

—€

where f : X = Bly,, , 1P? — X is the blow-up at Z = {p1,...,pn},

Es, ..., EN the exceptional divisors and E = Z;V:1 E;.

Proof. Tf eg(Op2(1); N) = 1/V/N, i.e. maximal, then A;(Op2(1)) = ﬁEQ
as consequence of Theorem [A] and Theorem [Bl Thus we may assume
€5(Op2(1); N) < 1/v/N, and we know that there exists C' = vH — Eévzl m;Ej
sub-maximal curve, i.e. an irreducible curve such that eg(Op2(1); N) = &
where M := Zévzl m;. Moreover, since the points are very general, for
NE;j
which implies p(f*Op2(1); E) > ]\% = & since there exists a section
s € H°(P? Nv) such that ord,,(s) = M for any j. Recall that
w(f*Op2(1); E) = sup{t > 0 : f*Op2(1) — tEisbig}. Next for any
j = 1,...,N we can easily fix holomorphic coordinates (21,22 ;)
such that vPi(s) = (0, M) with respect to the deglex order. So
considering an ample line bundle A such that there exist sections
81,...,sn € HY(X, A) with vPi(s;) = (0,0) and vPi(s;) > 0 for any
i # j and for any j = 1,..., N, we get s ®8§-pr € Vn,;(IL + A),
ie. (O,%) € Aj(L + +A) by homogeneity (Proposit for
any I € N and any j = 1,..., N. Hence by Theorem we get
(O,%) € Aj(L) forany j=1,...,N.

Finally since by Theorem [B| we know that eg(Op2(1); N)¥X2 C A;(L)
for any j = 1..., N, Theorem [A| and the convexity imply that the
multipoint Okounkov bodies have necessarily the shape requested. [

any cycle o of lenght N there exists a curve C, = vH —Zé\;l M (

Corollary 2.6.15. The ray f*Op2(1) — tIE meet at most two Zariski
chambers.

This result was already showed in Proposition 2.5. of [DKMS15].

Remark 2.6.16. We recall that Biran in [Bir97| gave an homolog-
ical criterion to check if a 4—dimensional symplectic manifold ad-
mits a full symplectic packings by N equal balls for large N, showing
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that (P2, wpg) admits a full symplectic packings for N > 9. More-
over it is well-known that for any N < 9 the supremum r such that
{(Br(0),wst) ?;1 packs into (P2, Op2(1)) coincides with the supre-
mum 7 such that (P2,wpg) admits a symplectic packings of N balls
of radius r (called Gromov width), therefore by Theorem [C]and Corol-
lary the Nagata’s conjecture is true iff the Gromov width of N
balls on (IP?,wpg) coincides with the multipoint Seshadri constant of
Op2(1) at N very general points.
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