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A B S T R A C T

This article addresses dynamic behaviour of fibre reinforced polymer composites in terms of a transversely
isotropic viscoelastic-viscoplastic constitutive model established at the unidirectional ply level. The model
captures the prelocalized response of the ply in terms of rate dependent elasticity and strength without damage.
A major novelty is that the model draws from computational homogenization, with matrix and fibre materials as
subscale constituents for a representative volume element of the ply. The micromechanics of the strain rate
dependent polymer matrix is represented by an isotropic pressure sensitive viscoelastic-viscoplastic prototype
model. For the fibre material, transverse elasticity is assumed. The constituents are homogenized via the fluc-
tuating strain of the subscale, where a simple ansatz is applied to allow for constant stress in the plane transverse
to the fibre orientation. Despite the relatively simple modelling assumptions for the constituents, the homo-
genized model compares favourably to experimental data for an epoxy/carbon fibre based composite, subjected
to a variety of challenging uniaxial off-axis tests. The model response clearly reflects observed strain rate de-
pendencies under both tensile and compressive loadings.

1. Introduction

Carbon Fibre Reinforced Polymer (CFRP) composites are increas-
ingly used for lightweight design in transport applications. In aero-
nautics and in naval structures, CFRP composites have been used for
several decades. Driven by the increasing demand to reduce the carbon
emissions, CFRPs are being considered also in automotive. For com-
bustion engines, the relation between fuel consumption and weight of
the vehicle is direct, cf. Mårtensson (2016), whereas electrical vehicles
benefit from light weight design by increased driving range or reduced
need for electrical charging. Because of the extensive and important
CAE tools in the design methodology, CFRP must be included in this
methodology so that the material can be fully exploited via e.g. efficient
and accurate Finite Element (FE) modelling tools. Due to the decisive
design criteria induced from safety, the integration of fibre reinforced
polymers in the CAE tools in the design process is of utmost importance
to be able to carry out full FE-based crash analyses.

Typically, CFRP is used in components where superior stiffness,
strength and energy absorption (in crushing) properties per unit weight
of the material can be exploited, cf. refs Carruthers et al. (1998);
Jacob et al. (2002). As to the crushing property of CFRPs, it depends
strongly on the proper triggering of the failure modes, cf. e.g.

Grauers et al. (2014). In order to complement the understanding of the
inter- and intra-ply failure modes, there is an urgent need to include
effects of strain rate in CFRP composites. Literature reviews of the re-
levant experimental work are given by e.g. Sierakowski (1997) and
Singh (2018), where it is concluded that the dynamic response of fibre
reinforced polymers is highly influenced by the loading rate. This is
evidenced by the experimental works by Daniel and Liber (1976),
Hsiao and Daniel (1998), Hosur et al. (2001), Yokoyama and
Nakai (2009), Hsiao et al. (1999) and more recently for epoxy based
CFRPs by Koerber et al., 2010; Ponte Castañeda, 1996. At the uni-
directional (UD) ply level, the properties of the CFRP are strongly
controlled by the polymer behaviour in shear, tension or compression
transverse to the fibres and in compression along the fibres. It is only for
quite small tensile off-axis loading that the UD composite becomes rate
insensitive due to the strong fibre engagement. As to modelling, aspects
of the pure polymer behavior have been treated extensively in the lit-
erature. In particular, epoxy under static loading typically exhibits
elastoplastic behaviour with large failure strains (>20%) in compres-
sion and shear, while the failure strain in tension is significantly lower
(<5%), implying that ultimate failure occurs before the fully plastic
region has been reached, as demonstrated in e.g.
Marklund et al. (2014); Fiedler et al. (2001). The failure strains of fibre
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reinforced polymer composites are significantly lower than in the pure
polymer, particularly under tension, due to stress concentrations in-
duced by the microstructural fibre/matrix morphology. However, lit-
erature on material modelling specifically addressing the influence of
strain rate in fibre reinforced polymers is limited. We may mention the
anisotropic elastic-viscoplastic models by Vogler et al. (2013),
Koerber et al. (2018) and Gerbaud et al. (2019).

Micromechanical homogenisation plays an important part in com-
posites modeling. Concepts for the homogenization have been devel-
oped by e.g. Hashin (1983) and Christensen and Lo (1979) considering
the constituents as concentric circular cylinders. A commonly used
micromechanical model was presented by Mori and Tanaka (1973),
which gives quite accurate predictions for composites with aligned or
randomly oriented reinforcements. Procedures for estimating the ef-
fective composite behaviour with nonlinear phase materials have been
presented based on the linearized response, e.g. by Ponte Castañeda,
1996.

In the present paper, the dynamic behaviour of CFRP composites is
addressed in terms of a transversely isotropic viscoelastic-viscoplastic
constitutive model applied to a UD carbon-epoxy composite. We em-
phasize the prelocalized material response, focusing on the rate de-
pendent stiffness and strength properties (without damage) in the ma-
terial. As compared to the recent models in Koerber et al. (2018) and
Gerbaud et al. (2019) directly addressing the anisotropic ply response,
the present model draws from computational homogenization. The
micromechanics of the model is established at the ply scale, where the
matrix and fibre materials represent the subscale constituents. In con-
trast to homogenization techniques exploiting analytical solutions, the
individual matrix and fibre constituents are connected via computa-
tional homogenization for a piece-wise constant strain field at the
subscale. Here, the matrix material is represented by an isotropic
pressure sensitive viscoelastic-viscoplastic prototype model to describe
the strain rate dependent matrix response. In this paper, the pressure
dependence relates to the onset of matrix shear yielding under com-
pressive and tensile stress responses. The fibre constituent model is
based on a structural tensor-based formulation along the lines set out in
Larsson et al. (2018) for fibre compression/extension and shear. Based
on the Hill-Mandel condition, cf. Hill (1963), Suquet (1985) and
Miehe et al. (1999), the constituents are homogenized via the fluctu-
ating strain of the subscale. To arrive at an efficient but still re-
presentative model, a simple ansatz is applied to the structure of the
fluctuating strains leading to a non-standard homogenized response of
the composite. The model is applied to the nonlinear rate dependent
anisotropic ply behaviour under quasi-static and dynamic loadings at
different off-axis angles. For the relatively simple viscoelastic-visco-
plastic prototype for the matrix response, there is a good correlation
between measured and model responses of the IM7/8552 carbon-epoxy
composite in compression and tension, Koerber et al. (2010). The
simplicity of the homogenization scheme contributes to computational
efficiency of the model. The present formulation focuses on the non-
linear rate dependent anisotropic ply behaviour under quasi-static and
dynamic loadings. Future development of the model will focus on
prediction of failure after the onset of inelastic deformation and address
the influence of rate dependent fibres.

The paper is organized as follows: Firstly, the constitutive model
development framework is presented. The material model calibration is
discussed and validated with experimental results. The dynamic re-
sponse of pure resin from the proposed model is presented and dis-
cussed. Finally, the main conclusions of the work are made and future
work is discussed.

2. A micromechanics based model for strain rate effects in UD ply
composites

2.1. Strain representations

As a preliminary to the subsequent model development, a set of
strain representations for the description of transverse material re-
sponse are introduced in this section. In particular, a composite mate-
rial comprising an isotropic polymer matrix with an embedded fibre is
considered. The fibre material is considered elastic transversely isotropic,
where the fibre orientation is described by the unit normal vector n as
shown in Figure 1. To represent actions normal to the fibre face the
structure tensor = ⊗m n n is used.

For the representation of isotropy, the engineering strain tensor ϵ is
subdivided into deviatoric and volumetric parts defined as

= +ϵ ϵ 11
3

ϵd vol (1)

where 1 is the second order identity tensor. The deviatoric part is the
projection =ϵ I ϵ:d d and the volumetric strain is = 1 ϵϵ : ,vol where the
deviatoric fourth order projection tensor Id is defined as

= − ⊗ = ⊗I I 1 1 I 1 11
3

with ¯d (2)

Here, the dyadic product = ⊗A a c¯ t defines the fourth order tensor A
in terms of the second order tensors a and c. The symbol ⊗̄ defines the
double contraction =A b a b c: · · , cf. Steinmann et al.
Steinmann et al. (1997).

For the representation of elastic transverse isotropy of the fibre
material, the longitudinal shear/axial fibre strain tensor ϵsa is in-
troduced in terms of its pure shear ϵs and axial fibre strain ϵa counter-
parts written as

= = = +ϵ I ϵ m ϵ ϵ m: ( · ) ϵsa sa s a
sym (3)

where =ϵ I ϵ:s s and = m ϵϵ :a . Here, Is is the fourth order fibre shear
projection tensor defined as

= − ⊗ = ⊗ + ⊗I I m m I m 1 1 mwith 1
2

( ¯ ¯ )s sa sa (4)

Here it may be noted that = =I 1 I m 0: :s s and the pure fibre shear
strain tensor can be obtained in the shear strain vector = −γ ϵ n n· ϵa as

= ⊗ + ⊗ϵ n γ γ n1
2

( )s (5)

Fig. 1. A UD–ply composite in transverse isotropy with fibre orientation n.
From ref. Larsson et al. (2018).
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Hence, upon introducing the longitudinal fibre shear strain as = γγ | |,
cf. also Larsson et al. (2018), one obtains

= ϵ ϵγ 2 :s s
2 (6)

Let us also introduce the strain tensor ϵ̂ that is confined to the plane
transverse to the UD fibres. This tensor is defined as a projection of the
total strain onto the transverse fibre plane via the identity tensor of the
transverse fibre plane 1̂ written as

= = = ⊗ + ⊗ϵ ϵ 1 I ϵ I 1 1 1 1^ ( · ^) ^: with ^ 1
2

(^ ¯ ¯ ^)sym
(7)

where = −1 1 m^: and Î is the 4th order transverse fibre plane projec-
tion operator. As to the definition of 1̂ , consider the displacement
gradient ĥ of the isotropy plane with the property =h m^: 0. Hence, the
superficial displacement gradient is confined to the isotropy plane so
that

= ⊗ = ⊗ ⊗h u g u g g g^ ( )·( )α
α

α
α

β
β

, , (8)

Here, gα is the contra-variant basis vector of the isotropy plane, where
the Greek indices α, β range over 2,3 as indicated in Figure 1. The
corresponding co-variant basis vector gα is related to gα via

= ⊗ = −1 g g 1 m^: ,β
β whereby it follows that

= = =ϵ h h 1 ϵ 1^ ^ ( · ^) ( · ^)sym sym sym (9)

2.2. Homogenized response of the polymer matrix-fibre composite

In order to homogenize the ply level matrix-fibre composite re-
sponse, consider a Representative Volume Element (RVE) B⊡ of the
polymer matrix-fibre composite in Figure 2. The polymer matrix ma-
terial locates in the region ⊡B m and the fibre material locates in the
region ⊡B f . Consider also the microscopic strain field ϵ ∈ B⊡ additively
split into a macroscopic, constant strain = ⊗ ∇ϵ u¯ ( ¯ )sym in the RVE
(where ū is the macroscopic displacement of the solid), and a fluctu-
ating portion ∈ ⊡ϵ B˜ . The total strain in B⊡ is thus obtained as

= +ϵ ϵ ϵ¯ ˜ (10)

In order to derive the homogenized response of the deformation
process in the RVE, the principle of virtual work equivalence applied to
the representative region B⊡ in Figure 2 is exploited, cf. e.g. the basic
refs. Suquet (1985), Miehe et al. (1999). Hence, the virtual work pro-
duced in B⊡ is equated by the corresponding virtual work produced at
the continuum macroscopic level formulated as

∫ ∫ ∫= + +⊡
⊡ ⊡ ⊡

ϵ σ ϵ σ ϵ σ ϵ σV δ δ dB δ dB δ dB¯: ¯ ¯: ¯: ˜:
B B Bm f (11)

where =⊡ ⊡V m B[ ] (m is the measure of the region B⊡) is the volume of

the RVE and the virtual work is split into the polymer matrix region
⊂⊡ ⊡B Bm and the fibre region ⊂⊡ ⊡B Bf . Since ϵδ¯ is constant in B⊡,

eq. (11) can be rewritten as

∫= − + +
⊡ ⊡

ϵ σ ϵ σ σ ϵ σδ δ v v
V

δ dB¯: ¯ ¯: ((1 ) ) 1 ˜:
B

f m f f

(12)

where = ⊡ ⊡v V V/f f is the fibre volume content. The intrinsic homo-
genized polymer matrix and fibre stresses σ ,m σ f are defined as the
volumetric means within the matrix and fibre regions written as

∫ ∫= =
⊡ ⊡⊡ ⊡

σ σ σ σ
V

dB
V

dB: 1 , : 1
B B

m
m

f
fm f

(13)

In addition to the virtual work equivalence in (11), the kinematic
compatibility condition for the fluctuating strain field states that the
volumetric mean of the fluctuating strain field is zero, i.e.

∫ ∫= =
⊡ ⊡⊡ ⊡

σ ϵ σ ϵ
V

dB
V

dB1 ¯ : ˜ 1 ¯ : ˜ 0
B B (14)

In order to arrive at a simplistic but yet still representative homo-
genized response of the composite, the following assumptions are made:

1. it is assumed that spatially constant strain in the fibre direction is
acceptable, even in the nonlinear regime of the micromechanical
response.

2. it is assumed that spatially constant stress in the transverse fibre plane
is acceptable, compensated by a strain fluctuation ϵ̃ that is active
solely in the transverse fibre plane.

Hence, from these assumptions, the stress and strain fields are pie-
cewise constant in B⊡ so that

= ⎧
⎨⎩

∈

∈
= ⎧

⎨⎩

∈

∈
⊡

⊡

⊡

⊡
ϵ

ϵ x

ϵ x
σ

σ ϵ x

σ ϵ x

B

B

B

B
˜

˜

˜
,

[ ]

[ ]

m m

f f

m m

f f
(15)

whereby the virtual work equivalence (12) may be specialized as

= − + + − +ϵ σ ϵ σ σ ϵ σ ϵ σδ δ v v v δ v δ¯: ¯ ¯: ((1 ) ) (1 ) ˜ : ˜ :f m f f f m m f f f (16)

From the kinematic condition (14) we have

∫ ∫ ∫= + = − + =
⊡ ⊡ ⊡⊡ ⊡ ⊡

ϵ ϵ ϵ ϵ ϵ
V

dB
V

dB
V

dB v v1 ˜ 1 ˜ 1 ˜ (1 ) ˜ ˜ 0
B B B

m f f m f f
m f

(17)

leading to

= − −ϵ ϵv
v

˜ 1 ˜f
f

f
m

(18)

Combining (18) with (16) yields

= − + + − −ϵ σ ϵ σ σ ϵ σ σδ δ v v v δ¯: ¯ ¯: ((1 ) ) (1 ) ˜ : ( )f m f f f m m f (19)

In the application to the polymer matrix-fibre microstructure, we
choose

=ϵ ϵα˜ : ^m (20)

where α is (scalar) variable of the strain fluctuation and ϵ̂ is the pro-
jected macroscopic strain tensor onto the transverse plane of the fibre.
This superficial strain tensor is defined in terms of a 4th order fibre
transverse projection of the macroscopic strain (7) written as

=ϵ I ϵ^ ^: ¯ (21)

Moreover, since “δ” means the change in the strain field with re-
spect to an infinitesimal change in the displacement parameters, we
obtain the virtual strain ϵδ˜m as

= +ϵ I ϵ I ϵδ δα α δ˜ ^: ¯ ^: ¯m (22)

Upon inserting (22) into (19), the virtual work equivalence relationship
extends to

Fig. 2. Representative volume element of composite with volume V⊡ with a
fibre region ∈⊡ ⊡B Bf (with the fibre orientation vector n) embedded in the
polymer matrix ∈⊡ ⊡B Bm .
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= − + + − − +

− −

σ ϵ σ σ σ σ I ϵ

σ σ I ϵ

δ v v α v δ

δα v

¯ : ¯ ((1 ) (1 )( ): ^): ¯

(1 )( ): ^: ¯

f m f f f m f

f m f (23)

whereby the consistent homogenized macroscopic stress is obtained as

= − + + −σ σ σ I I σ Iv v α α¯ ((1 ) ): ( ^) : ^f m f f f (24)

corresponding to the equilibrium condition

− − =σ σ ϵδα v(1 )( ): ^ 0f m f (25)

Evidently, the intrinsic matrix and fibre stresses balance each other in
the transverse fibre plane via the projection =σ ϵ σ ϵ: ^ : ^m f . For a given
macroscopic strain ϵ̂ , the condition (25) determines the strain fluctua-
tion in terms the scalar α in (20) and the constitutive response of the
matrix stress σ ϵ[ ]m and the fibre stress σ ϵ[ ]f . The homogenized (ef-
fective) ply response is given by (24).

2.3. Material modelling of the polymer matrix and fibre constituents

In this section the modelling of the constituents is described. The
nonlinear response of the polymer matrix is considered to be isotropic,
where the strain rate dependence is viscoelastic-viscoplastic. The
carbon fibre material is elastic with transverse isotropy, formulated in
terms of the kinematics outlined in section 2.1.

2.3.1. Viscoelastic-viscoplastic model of the polymer matrix
In order to model the rate sensitive inelastic polymer matrix re-

sponse, it is assumed that the ”elastic” shear behaviour is linearly vis-
coelastic combined with a viscoplastic deformation mechanism de-
scribing the rate sensitive failure stress. The rheological model in
Figure 3 allows us to consider the adopted viscoelastic-viscoplastic
coupling. As shown in the figure, the coupling is described by the long
term (equilibrated) shear modulus G1 and the (instant) dynamic shear
modulus = +G G G ,0 1 2 representing the elastic response at very high
loading rates (when the viscoelastic damper has no time to develop
viscous deformation). Here, the G2 parameter represents the difference
between the dynamic and long term shear moduli. As to viscoplasticity,
the viscoplastic damper starts to develop inelastic deformation as soon
as the slider starts to open as defined in terms of an over-stress function,
cf. Figure 3. In Figure 3 it was tacitly assumed that the isothermal
condition prevails. However, for very high strain rates significant
adiabatic temperature generation may occur, eventually causing
thermal softening of the polymer, cf. ref. Siviour and Jordan (2016).

To model the polymer matrix, the stored free energy ψm (per unit
volume of matrix material in ⊡B m) is defined by the strain energy con-
tributions

= + +ψ ψ ψ ψd d vol
m

1
m

2
m m (26)

representing the deviatoric (or shape distortion) energy (in ψd1
m and ψd2

m)
and the volume change energy ψvol

m . The contribution ψd1
m defines the

shear energy due to straining in the upper G1-spring and ψd2
m determines

strain energy stored in the G2-spring. The explicit expressions and de-
pendencies in these energies are thus formulated as

= = − =ϵ ϵ ϵψ G ψ G ψ K1
2

2 , 1
2

2 , 1
2

(ϵ )d d
e

d d
e

d
v

vol vol1
m

1
2

2
m

2
2 m 2

(27)

where K is the bulk modulus of the polymer representing the elastic
stiffness in ψvol

m . Moreover, ϵd
v is the deviatoric (inelastic) viscous portion

of the strain. The viscoplastic strain ϵd
p is involved in the elastic de-

viatoric strain, defined by = −ϵ ϵ ϵ ,d
e

d d
p representing the straining in ψ ,d1

m

whereas −ϵ ϵd
e

d
v is the elastic strain in the strain energy ψd2

m.
From the basic postulate that the mechanical dissipation rate � m of

the polymer matrix is positive we have that

� = − = + + ≥σ ϵ σ σ ϵ σ ϵψ: : ˙ ˙ ( ) : ˙ : ˙ 0m

σ

d d d
p

d d
vm m

1
m

2
m

2
m

d
m

  
(28)

This corresponds to the total matrix stress = + +σ σ σ 1σ ,d d m
m

1
m

2
m m where

the constitutive state equations are

=
∂
∂

= −σ
ϵ

ϵ ϵ
ψ

G2 ( )d
d

d
e d d

p
1

m 1
m

1
(29a)

=
∂
∂

= − −σ
ϵ

ϵ ϵ ϵ
ψ

G2 ( )d
d

d
e d d

p
d
v

2
m 2

m

2
(29b)

=
∂
∂

=σ
ψ

K
ϵ

ϵm
vol

vol
vol

m
m

(29c)

We also find that the total deviatoric stress = +σ σ σ:d d d
m

1
m

2
m is ob-

tained as

= − −σ ϵ ϵ ϵG G2 ( ) 2d d d
p

d
vm

0 2 (30)

Guided by the dissipation inequality (28), we introduce the non-
associated viscoplastic evolution rule and the viscoelastic evolution rule
related to the matrix shear behaviour defined as

=
∂
∂

= =
∂
∂

=ϵ
σ

f f
σ

σ
λ

ϕ
λ

ϕ
σ

˙
*

with
* 3

2d
p

d d

d

d
em m

m

(31a)

=ϵ σ
G t

˙ 1
2 *

d
v

d
2 2

2
m

(31b)

where the yield and plastic potential functions ϕ and ϕ* are introduced
as

= − + = −ϕ σ c γp ϕ σ c( ), *d
e

y d
e

y (32)

Here, = σσ 3/2 | |d
e

d
m is the von Mises stress of the matrix, = −p σm

m is
the matrix pressure. Moreover, cy is the cohesive yield stress parameter,
γ is the friction parameter in the yield function, t2* is the relaxation time
parameter of the elastic viscous damper. Pertinent to uniaxial tests of
the polymer, these parameters are obtained at yielding for a tensile test
with the yield stress σt and compressive test with the yield stress σc ≥ σt

Fig. 3. Rheological model for the viscoelastic-viscoplastic response of the polymer matrix of the composite. It consists of a viscoelastic 3 parameter response
combined with a viscoplastic deformation mechanism.
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as

=
+

= −
+

c σ γ σ σ
σ σ

2
1

, 3y σ
σ

t
c t

c t
t
c (33)

To describe the viscoplastic creep response in (31a), a Bingham
creep model is employed in terms of the viscoplastic multiplier λ and
the yield function ϕ defined as:

= ≥ =
< − + >

λ
t

η ϕ η ϕ
σ c γp

G
1

*
[ ] 0 with [ ]:

( )
3

d
e

y

0 (34)

where t* is the viscoplastic relaxation time and η is the overstress
function. Indeed the inelastic response yields purely dissipative re-
sponse, i.e.

� = + = + ≥σ ϵ σ ϵ
t

η ϕ σ
t

σ
G

: ˙ : ˙ 1

*
[ ] 1

*

( )
2

0d d
p

d d
v

d
e d

e
m

2
m

2

2
2

2 (35)

2.3.2. Transverse elastic modelling of the carbon fibre
The carbon fibre material of the UD-composite is assumed elastic

with transverse isotropy. For this, the free energy ψf per unit volume of
fibre material in ⊡B f is subdivided into four different elastic strain en-
ergy portions written as

= + + +ψ ψ ψ ψ ψd vol s a
f f f f f (36)

The isotropic stored free energy contribution for the carbon fibre ma-
terial consists of +ψ ψd vol

f f defined as

= =ϵψ G ψ K1
2

2 | | , 1
2

(ϵ )d d vol vol
f f 2 f f 2

(37)

whereGf is the shear modulus of the fibre and K f is the bulk modulus of
the fibre. The anisotropic part of the stored free fibre energy consists of
the longitudinal fibre shear part ψs and the part ψa due to axial straining
along the fibres. In view of (6), the stored free shear fibre energy is
defined as

= = ϵψ G γ G1
2

1
2

2s s s s
f f 2 f 2

(38)

and due to axial fibre straining, cf. Larsson et al. (2018), we consider

= + = +ψ ν E ν σ
E

1
2

(1 ) ϵ 1
2

(1 ) ( )
a
f f f 2 f

f 2

f (39)

Here, E f is the longitudinal fibre modulus of elasticity, σ f is the uniaxial
stress of the fibre, and νf is Poisson’s ratio of the multiaxial response of
the fibre in its longitudinal direction. Moreover, in (39) =σ Eϵ: /f f is the
uniaxial fibre strain. It is related to the (kinematic) axial fibre strain

= m ϵϵ :a via the uniaxial fibre response and a Poisson effect from the
confinement fibre stress ⊥σ ,f acting in the transverse plane to the fibre
direction. Upon considering the fibre response multiaxial, standard
application of Hooke’s generalized law in the fibre direction yields

= − ⊥
σ
E

ν
E

σϵa
f

f

f

f
f

(40)

where E f is the longitudinal fibre modulus of elasticity and νf is Pois-
son’s ratio due to action in the fibre direction. In view of Figure 1, the
confinement stress is = + = −⊥ 1 σσ σ σ σ: :f

2
f

3
f f f which may be described

by

=
−

−⊥σ E
ν

σ
1 2

ϵvol
f

f

f
f

(41)

The relations (40) and (41) are combined to yield the uniaxial strain as

= − +
− +

⇒ = = − +
− +

σ E ν ν
ν ν

σ
E

ν ν
ν ν

(1 2 )ϵ ϵ
(1 2 )(1 )

ϵ (1 2 )ϵ ϵ
(1 2 )(1 )

a vol a volf f
f f

f f

f

f

f f

f f (42)

Since the fibre material is assumed elastic indeed � =: 0,f corre-
sponding to the total (intrinsic) fibre stress response

= + + +σ σ σ 1 mσ σd s m a
f f f f f . The individual stress contributions are thus

obtained as

=
∂
∂

=σ
ϵ

ϵ
ψ
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d

d
d

f
f
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(43a)
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ϵm vol
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f
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=
+

∂
∂

=σ
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ψ
E1

1 ϵ
ϵa

af
f

f
f

(43d)

In order to establish the relation between the elastic fibre para-
meters of the tensor based formulation and the classical representation
of a UD-ply, we follow the link to the classical elasticity representation
of a UD-ply as formulated in Larsson et al. (2018). Here, the classical
parameters EL, ET, GLT and νLT, νTT are linked to the current five elastic
parameters K G G E, , ,s

f f f f and νf in a one to one mapping.

3. Calibration and validation of the constitutive model

3.1. Numerical implementation

The model has been implemented in a set of FORTRAN subroutines
providing the uniaxial (compressive or tensile) response based on the
general 3D formulation. In order to integrate the viscoelastic-visco-
plastic flow rules the backward Euler method is used. It turns out that
the well known ”radial return property” for the integrated stress solu-
tion is retained in the present formulation, whereby an explicit stress
update is obtained for a given strain increment. Some details of the
integrated flow rule are given in the Appendix. In order to solve the
local micromechanical problem (25) a Newton procedure was adopted,
also contributing to the efficiency of the implementation. A gate to the
MATLAB environment was implemented in order to handle mixed
control (for the considered uniaxial tests) and to facilitate optimization
of the material parameters.

3.2. Material selection and properties

To demonstrate the capabilities of the proposed viscoelastic-visco-
plastic material model for capturing the rate dependent behaviour with
composite laminates, the UD carbon/epoxy prepreg system IM7/8552 is
considered. The experimental study for off-axis loadings of these UD
laminates was performed by Koerber et al. (2010) for compressive
loading and Kuhn et al. (2015) for tensile loading. The experiments
consider the mechanical response at various strain rates and the fibre
off-axis angles as shown in the Table 1, only the tensile testing does not
include the 75∘ off-axis specimen. For the high strain rate testing a split-
Hopkinson bar test machine was used in tension and in compression.

The elastic fibre properties used in the simulations are shown in

Table 1
List of fibre off-axis specimens and corresponding experimental axial strain
rates in compression and tension. From refs. Koerber et al. (2010);
Kuhn et al. (2015). No experimental data available for entries in brackets (in-
dicated with #).

Strain rates in compression [/s] Strain rates in tension [/s]

Fibre angle θ Quasi - static Dynamic Quasi - static Dynamic

15∘ × −4 10 4 122 × −2.1 10 4 113
30∘ × −4 10 4 246 × −2.9 10 4 177
45∘ × −4 10 4 321 × −2.6 10 4 300
75∘ × −4 10 4 317 × −(2.6 10 )4 # (300)#

90∘ × −4 10 4 276 × −2.8 10 4 271
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Table 2. The longitudinal modulus is according to the manufacturers
data Hexcel Corporation, 2020, and the rest of the fibre properties are
estimated based on typical values seen for HS and IM carbon fibres.
These properties are necessary to calculate elastic fibre parameters of
the tensor based formulation as stated in sub-section 2.3.2. The con-
version between the classical elasticity parameters and the elasticity
parameters for elastic transverse isotropy adopted in this paper is given
in ref. Larsson et al. (2018). In addition the fiber volume fraction is

=v 57%,f cf. also Table 2. The adopted properties for elastic isotropy of
the epoxy 8552 resin (shown in Table 3) are obtained from refs. Hexcel
Corporation, 2020 and Van Ee and Poursartip, 2009.

3.3. Model calibration

Even though the model is micromechanical, the individual phases
are represented by phenomenological models. In the present applica-
tion the model parameters assume fixed values, but they generally also
depend on temperature and/or on other environmental factors. This
subsection summarizes the main steps of the model parameter cali-
bration against experimental uniaxial compressive and tensile tests.
Subsequently, the calibrated model will be used for predicting the
viscoelastic-viscoplastic response of the polymer composite under dif-
ferent loading rates.

In order to calibrate the material parameters, the 45∘ off-axis spe-
cimen of IM7/8552 Koerber et al. (2010) and Kuhn et al. (2015) is
considered with respect to uniaxial tension and compression tests. Both
quasi-static and dynamic experimental stress-strain responses are in-
cluded in the calibration. As shown in Figure 3, the model generally
involves six parameters to model the nonlinear viscoelastic-viscoplastic
polymer matrix material formulated in sub-section 2.3.1. Three para-
meters are used to define viscous behaviour of the polymer matrix
material: The long term and dynamic shear moduli, G1, G0 (via G2) and
the relaxation time t2* associated with the viscoelastic response, and
three other parameters pertaining to the viscoplastic response. These
parameters are: σt, σc and t* defining the quasi-static yield stress of the
polymer matrix in tension and compression and the relaxation time
associated with the viscoplastic response, respectively. Three of these
parameters are known a priori, G1, σt and σc, whereby the total number
of parameters for calibration is reduced to three. In particular, the
parameters σt and σc define the pressure dependence for yielding in the
polymer matrix material.

For the calibration, a least square fit was made with respect to both
the tensile and the compressive experimental data, which considers
quasi-static and dynamic loading rates. In tension the loading rates are

= × −ϵ̇ 2.6 10 4 /s in quasi-static loading and =ϵ̇ 300 /s in dynamic
loading. In compression the loading rates are = × −ϵ̇ 4 10 4 /s in quasi-
static loading and =ϵ̇ 321 /s in dynamic loading. The resulting cali-
brated model parameters are listed in Table 4.

Figure 4 shows the calibrated model and experimental responses for

the 45∘ off-axis tests. The dashed blue and yellow curves refer to the
quasi-static and dynamic experimental results, whereas the continuous
lines refer to the corresponding simulation results. Failure of the spe-
cimens are obtained at the end points of the experimental curves, as
indicated by the markers. The tensile failures are generally brittle (or
quasi-brittle), whereas the compressive failures are generally ductile.
Note that the current simulations at the material point level do not
include damage, whereby the simulation curves exceed beyond the
failure points. Nevertheless, as can be seen from Figure 4, the calibrated
stress vs strain curves agree reasonably well with those of the experi-
ments, particularly for dynamic loading. Viscous effects are accounted
for in both elastic and in elastoplastic ranges by the proposed model. It
can be easily seen in Figure 4 that the initial stiffness increases in the
elastic range and that the initial yield stress increases with increasing
strain rate in compression.

It is worth mentioning that published strength data for pure 8552
epoxy resin is very limited. Hence, the compressive strength σc in the
model is based on experimental data obtained by Herraez et al. (2017),
leading to σc= 166-198 MPa from nanoindentation tests and about σc=
200 MPa from micropillar compression tests. The tensile strength σt
value is stated by the manufacturer (Hexcel) for bulk material. It
should, however, be recognised that yielding in a fibre composite oc-
curs in very small volumes, which are related to a distance between
fibres in the order of microns. There is clear evidence that the strength
of such small volumes may be significantly higher than for bulk ma-
terial. Hobbiebrunken et al. (2007) obtained an increase in tensile
strength from about 85 MPa for bulk RTM6 epoxy to 110-170 MPa for
micro-tensile specimens with a gauge volume less than 1 mm3. A si-
milar, size effect induced, increase in strength with decreasing volume
was earlier obtained by Odom and Adams (1992) for 3501-6 epoxy.

Table 2
Material parameters for transverse elasticity representing the carbon fibre.

EL
f ET

f GLT
f GTT

f Kvol
f νLT

f νTT
f vf

GPa GPa GPa GPa GPa - - %
276 27 30 9.0 24.6 0.25 0.5 57

Table 3
Material parameters for the elastic isotropy of the epoxy material at quasi-static
loading.

Em νm =G G1 m K m

GPa - GPa GPa
4.67 0.37 1.70 5.98

Fig. 4. Experimental response as compared to the model response after cali-
bration of the material parameters in Table 4 for the 45∘ off-axis specimen. The
end points of the experimental curves are indicated by star markers, signaling
failure of the specimens. Both tensile and compressive loadings under quasi-
static and dynamic conditions are included.

Table 4
Model parameters for the epoxy matrix material.

Calibrated Estimated

G2 t2* t* σt σc
GPa s s MPa MPa
1.18 × −1.0 10 5 × −1.9 10 5 121 180
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Therefore, the bulk properties of the neat resin must be carefully ex-
amined before using them as input model parameters. The estimated
parameters for the epoxy matrix material are shown in Table 4.

3.4. Model validation

This subsection describes validations carried out for the coupled
viscoelastic-viscoplastic model response as compared to the corre-
sponding experimental response of the IM7/8552 carbon-epoxy com-
posite. The model parameters used in the validations are the ones from
the 45∘ off-axis calibration in Table 4. The simulated cases are the
tensile and the compressive tests with the off-axis angles: 15∘, 30∘, 75∘

and 90∘. Due to lack of experimental data for the 75∘ off-axis specimen
in tension, only the numerical predictions are presented for the 75∘ off-
axis specimen under tensile loading. For the experimental data used in
the validation, an averaging of the stress-strain data is considered based
on the scatter in the experimental response in Koerber et al. (2010);
Kuhn et al. (2015).

The validation results for the different off-axis angle cases are pre-
sented in Figures 5 and 6. As can be seen from the Figures, the model
responses agree well with the experimental responses for the off-axis
specimens in both tension and compression under dynamic loading.
However, the quasi-static experimental results are less well predicted.
The experimental curves under static compression deviate from line-
arity significantly earlier than the model response curves. We also ob-
serve an increase in stiffness for the dynamic as compared to the static
model responses due the to rate sensitive viscoelastic polymer matrix
constituent. In the experiment the dynamic stiffness increase is a bit
higher compared to the model response for off-axis angles smaller than
the 45∘ angle considered in the calibration, while the opposite applies to
off-angles larger than the calibration angle.

A main reason for the discrepancy between the static model and
experimental responses is that our adopted approach assumes a uniform
stress-strain state in the polymer matrix. In reality, however, the matrix
experiences a non-uniform stress-strain distribution and plastic zone
development at the microscopic level. As a result, yielding initiates
“earlier” in the composite corresponding to a gradual nonlinear re-
sponse as compared to the simulation. Eventually, after the growth of
the plastic zone, the uniform state is approached in the matrix. This is

manifested by the response in Figures 4-6, where it is observed that the
perfectly plastic model response catches roughly the experimental be-
havior. Another reason may be the relatively fast relaxation times t2*
and t2, see Table 4, leading to quasi-static elastic-perfectly plastic model
response for low loading rates. With these relaxation times, the shear
modulus and the apparent yield stress reach the long term values G1, σc
(in compression) and σt (in tension) in a few seconds. In addition to
that, the proposed model does not consider damage in the material and
the observed experimental response results from the macroscopic da-
mage of the material. However, no experimental investigation has been
performed on this material system to understand the damage mechan-
isms for dynamic loading. The experimental stress-strain curves under
static tension of the specimens usually end prior to the onset of plas-
ticity in the model. As a result of the triaxial tensile stress state devel-
oped in the matrix at the microscopic level, brittle failure of fibre
composites under partial or pure transverse tension is well known. Such
failure appears to be governed by the hydrostatic stress component,
rather than by the distortional component considered in the current
model, Marklund et al. (2014). In the present development dynamic
compression loads are in focus, e.g. for crash applications, thus sup-
pressing hydrostatic stress induced tensile matrix failure.

3.5. Sensitivity in model response for the off-axis angle and the fiber volume
fraction

In this sub-section we focus on the sensitivity of the model response
with respect to the considered off-axis angles. To complete the picture
of the model behavior, the response curves in Figure 7 show the static
and dynamic model responses for all the considered off-axis angles.
Clearly, the largest sensitivity of the response is obtained when the off-
axis angle is increased from 15 to 30∘. The maximum stiffness of the ply
coincides with the fibre direction and hence the stiffness increases as
the fibres become more aligned with the loading direction. Likewise,
the initial yield points decrease with increasing off-axis angle. Here we
also note the perfectly plastic response obtained for all the static re-
sponse curves. This is due to the nonlinear homogenization of the
matrix/fibre response, manifesting matrix yielding combined with less
significant contribution from the fibers to the composite response.

Figure 8 shows the model sensitivity to the fiber volume fraction.

Fig. 5. Comparison between experimental data and numerical predictions for the 15 and 30∘ off-axis specimens in tension and compression under quasi-static and
dynamic loadings. The end points of the experimental curves are indicated by markers.
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The different response curves are shown for the 45∘ off-axis case. As
expected and as shown in Figure 8, less stiff behavior is obtained for
decreasing fibre volume fractions v ,f centered around the (considered)
volume fraction =v 57%f .

3.6. Model prediction for neat resin behaviour

In this sub-section model predictions for the neat 8552 resin under
various strain rates, ranging from quasi-static = × −ϵ̇ 2.5 10 4 /s up to a
dynamic strain rate of =ϵ̇ 1000 /s are considered. For this analysis we
consider the proposed viscoelastic-viscoplastic constitutive model
without any carbon fibre interaction, i.e. =v 0f and =α 0, to predict

the pure resin behaviour at different strain rates. The parameters used
are thus the ones in Tables 3 and 4. To this end, it is noted that most
glassy amorphous polymers (including epoxy) exhibit time dependent
mechanical behaviour over a wide range of strain rates. Typically, the
initial part of the stress-strain curve is governed by the viscoelastic
behaviour. The response then becomes nonlinear with increasing strain
until the stress reaches a peak value and damage starts to develop in
tension and compression. With increasing strain rates (up to very high
values), these effects are manifested by increasing initial slope in the
stress-strain response and increase of the apparent yield strength in the
post-yield behaviour, as discussed in ref. Siviour and Jordan (2016).
The reason could be that the polymer chains resist to align themselves

Fig. 6. Comparison between experimental data and numerical predictions for the 75 and 90∘ off-axis specimens in tension and compression under quasi-static and
dynamic loadings. The end points of the experimental curves are indicated by markers.

Fig. 7. Model response for specimens with different off axis angles. Both static and dynamic responses are included. The initial yield points along the dynamic
response curves are marked.
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at high strain rates, causing a viscous strain hardening effect as pro-
posed in Arruda et al. (1995).

The resulting model response of the neat resin from quasi-static to
dynamic loadings is shown in Figure 9. In view of the expected beha-
viour of the polymer, it is observed that the model reasonably well
predicts the rate dependent behaviour for strain rates ranging from
quasi-static to dynamic loading. The viscoelastic model behaviour ac-
tivates before yielding is reached and captures the increase in initial
stiffness. Once the yield stress is reached the model response is there-
after governed by viscoplasticity, as evidenced by the increase in ap-
parent yield stress in the pure resin with increasing strain rate. Also
note the difference in yield stress in compression and in tension due to

the pressure sensitive yield function. As expected, for quasi-static
loading, the input yield stresses σc= 180 MPa and σt= 121 MPa are
captured in uniaxial compression and tension, respectively. In order to
relate the model response of the 8552 resin to an epoxy with a known
stress-strain curve, we have included experimental results and model
prediction for an RTM6 epoxy under static tension and compression
Marklund et al. (2014) in Figure 10. This Figure also includes the
predicted behaviour of the 8552 epoxy.

The static model data for RTM6 are =E 3.1 GPa, =ν 0.38, =σc 134
MPa and =σt 82 MPa Marklund et al. (2014). Figure 10 illustrates the
difference in static response between these resins, where the 8552
epoxy is stiffer and has higher yield stresses than the RTM6 epoxy.

4. Concluding remarks

A 3D model for capturing rate dependent response of a fiber re-
inforced polymer UD ply has been presented. The model is based on
micromechanics with a subscale at the ply level, consisting of polymer
matrix and fibre materials whose properties have a piece-wise constant
distribution in the RVE. In order to describe the material behaviour of
the constituents, relatively simple models are applied: confined to the
matrix constituent, a rate-dependent polymer material behaviour is
described by a viscoelastic-viscoplastic model. Based on the elastic
isotropy of the polymer, an explicit stress update is obtained for the
incremental nonlinear matrix response, which contributes to the effi-
ciency of the total model. For the fibre material, transverse elasticity
(without any inelastic response) is assumed. The constituents are con-
nected via computational homogenization of the RVE, where the key
assumptions are: 1) spatially constant straining in the fibre direction
and 2) spatially constant stress in the transverse fibre plane. To handle
these conditions simultaneously, a superficial strain fluctuation of the
plane transverse to the fibre orientation was introduced. To facilitate
the “constant stress” condition in a simplified manner, the strain fluc-
tuation is related to the macroscopic strain via the 4th order fibre
transverse operator, that projects macro-strain into the transverse fibre
plane. The local equilibrium problem associated with the

Fig. 8. Model predictions for different fiber volume fractions v f . A specimen
with the off-axis angle 45∘ is considered.

Fig. 9. Model predictions for 8552 resin under different axial strain rates.

Fig. 10. Static experimental and model responses for RTM6,
Marklund et al. (2014). For comparison the model response of 8552 resin is
included.
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homogenization is thereby manifested in terms of a projected stress
balance between the fibre and the matrix constituents in the transverse
fibre plane. This local projection problem is efficiently solved in terms
of the local stress-strain responses of the matrix and the fibre materials.

We conclude that the homogenized material model response has
been successfully verified through numerical simulations of the IM7/
8552 UD composite subjected to a variety of uniaxial off-axis tests. The
model response clearly reflects the strain rate dependencies in response
under tensile and compressive loadings at higher strain rates focused in
this paper. Since the model is micromechanical, the model assumes 11
parameters, involving both the fiber and polymer matrix constituents.
However, most parameters are known from the literature, the compo-
site system and via estimation. It turns out that only 3 of the para-
meters, related to the nonlinear polymer matrix behavior, need to ca-
librated. The simulated behaviour in Figures 4-6 is less satisfactory for
quasi-static strain rates, where (fully relaxed) perfectly plastic response
is obtained. The current model is, however, focused on dynamic loading
situations, where the viscous effects dominate the response. Work to
include the earlier initiation and subsequent growth of the yield zone
without overly computationally demanding requirements is a challen-
ging and ongoing research task. We also note that the predicted stress-
strain curves extend indefinitely in the viscoplastic range, which illus-
trates the need to limit the nonlinear model response with a failure
criterion and damage evolution. In addition, the full assessment of the
specimen failure requires the consideration of the boundary value
problem of the experiment, which is beyond the scope of the present
paper. However, despite the relatively simple modelling assumptions
for the constituents, we conclude that fairly good agreements are

obtained for the homogenized response in the validation for the various
off-axis tests in ref. Koerber et al. (2018).
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Integration of the matrix response using the backward Euler method

The appendix describes the backward Euler integrated response of the polymer matrix material with respect to the proposed viscoelastic-
viscoplastic evolution rule. As to notation, the sub-index ”m” for the matrix material is omitted for brevity in this Appendix. From the evolution rules
(31), the rate formulated constitutive relations may be written as

= − −σ ϵ f σG G λ
t

˙ 2 ˙ 2 1

*
d d d0 0

2
2 (44a)

⎜ ⎟= − = ⎛
⎝

− − ⎞
⎠

σ ϵ ϵ ϵ f σG G λ
G t

˙ 2 ( ˙ ˙ ) 2 ˙ 1
2 *

d d
e

d
v

d d2 2 2
2 2

2
(44b)

where the viscoplastic multiplier is = ≥λ η ϕ t[ ]/ * 0.
The backward Euler integrated viscoelastic-viscoplastic flow rules follow from the sequel below; we obtain the explicit expressions for the

integrated stresses σd and σd2 in terms of their corresponding elastic trial stresses as
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where Δt is the size of the time step and μ ≔ Δtλ is the integrated plastic multiplier. In (45), the trial stresses are
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Hence, upon combining the relations (45ab) we obtain
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2
tr is the deviatoric viscoelastic trial stress.

The integrated relation (48) is now immediately obtained via (31a) in terms of the radial return property

+ = = =σ s s s sσ G cμ
σ

s
s

s( 3 ) with 3
2

| : |d
e d

d
e e

e
e0

tr tr
tr

tr
tr tr tr

(49)

whereby it follows that

= − = = =f f σ sσ s G cμ
σ s

3 and 3
2

3
2d

e
e

d

d
e

e

tr
0

tr
tr

tr (50)

R. Larsson, et al. Mechanics of Materials 148 (2020) 103491

10



Upon inserting this relation into the integrated viscoplastic multiplier for the Bingham model we obtain

=
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where = − +ϕ s c γp( )e y
tr tr and = −p Kϵvol. It may be noted that for the Bingham model an explicit expression for the integrated viscoplastic

multiplier μ is obtained.
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