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Abstract

We study the infinite urn scheme when the balls are sequentially distributed over an
infinite number of urns labeled 1,2,... so that the urn j at every draw gets a ball with
probability p;, where ) jpj = 1. We prove functional central limit theorems for
discrete time and the Poissonized version for the urn occupancies process, for the odd
occupancy and for the missing mass processes extending the known non-functional
central limit theorems.

Keywords Infinite urn scheme - Regular variation - Functional CLT - Occupancy
process - Missing mass process
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1 Introduction

In this paper, we study the following classical urn model first considered by Karlin [12]:
n > 1 balls are distributed one by one over an infinite number of urns enumerated from
1 to infinity. The ball distributed at step j = 1,2..., call it jth ball, gets into urn i
with probability p;, Y ;= pi = 1, independently of the other balls. Such multinomial
occupancy schemes arise in many different applications, in Biology [11], Computer
science [13,14] and in many other areas, see, e.g., [10] and the references therein.
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Let X ; be the urn the jth ball gets into and let J; (n) be the number of balls the ith
urn contains after n balls are distributed:

n
Ji(n) = Z Iy,
j=1

Of a particular interest is the asymptotic behavior of the following quantities: the
number of urns containing at least k > 1 balls and containing exactly k balls:

o0 o0
wi = Wnmsk: Rux =Y Wyt = Ri; — RY 4o, ¢y
i=1 i=1

the number of urns with an odd number of balls and the scaled missing mass introduced
in [12]:

oo oo
Un = Tjm=1 moa 2. My=nY_ piLjm=0. @)
i=1 i=1
We also use notation R, f Ry | = D k=1 Rux for the number of non-empty urns.

Renumbering the urns if necessary, we may assume that the sequence (p;);>1 is mono-
tonely decaying. We further assume that it is regularly varying:

a(x) =max{i : p; > 1/x} = xPL(x) witho € [0, 1], (3)

where L(x) is a slowly varying function as x — oo.

Following Karlin’s [12] original approach, we will consider a Poissonized version
of the model when the balls are put into urns at the times of jumps of a homoge-
neous Poisson point processes I1(s), s > 0 with intensity 1 on R . According to the

. . . def

independent marking theorem for Poisson processes, {J; (I1(s)) = I, (s), s > 0} are
independent homogeneous Poisson processes with intensities p;. To ease the notation,
we write simply

def def
R(s) = Rfyo1. UG) = Uny).

and we introduce the following Poissonized version of the scaled missing mass:

dof
M) =5y pi Iy, (5)=0 -

i=1

It differs from My (5) by the scaling factor s vs. I1(s), but, when properly scaled, it is
asymptotically equivalent to it.

Ordinary (not functional) central limit theorems for the above quantities were estab-
lished under various conditions in [2,3,9,10,12—14]. In particular, under rather general
conditions on the sequence (p;) involving an unbounded growth of the variances, the
following results are available: a strong law of large numbers and asymptotic normality
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of R,, an asymptotic normality of the vector (R, 1, ..., R,.»), local limit theorems,
etc.

We acknowledge a novel method of arandomized decomposition for proving FCLT's
developed in a recent paper [8], but we do not use it here. As a particular case of their
Theorem 2.3, a FCLT holds for the processes R, and U, when 6 € (0, 1).

Our goal here is to establish a FCLT for the triplet of processes: the occupancy,
odd occupancy and the scaled missing mass when 6 € (0, 1]. In particular, we obtain
previously unknown FCLT for U, for & = 1 and for M,, when 6 € (0, 1]. Up to a
normalizing constant, the FCLT stated in Theorem 1 also holds for the original (non-
scaled) missing mass 221 Pi 1j;,(»)=0 on any interval ¢t € [g, 1], ¢ > 0, separated
from 0. The paper extends the results of [6] and [7], where a functional central limit
theorem (FCLT) was shown under condition (3) for the vector process
(RE;”]’I, RFm],z’ e Rf‘m]’u)te[o,l] in the case 0 € (0, 1].

Extending the FCLT to the case & = 0 would require additional to (3) conditions.
As it was mentioned in [12] and in [2], & = 0 does not imply that the variances grow
to infinity and various asymptotic behavior is possible for different statistics. We also
argue that even an infinite growth of variances does not guarantee per se the required
relative compactness.

When 6 = 1, we need a function

L*(x) = /OO L(xs)e s~ ds.
0

It is known (see [12]) that L*(x) is slowly varying when x — oo.
Finally, for ¢ € [0, 1] introduce the following notation:

a(n), 6¢€l0,1); Rint) — E Rinny

ﬂ(n)={nL*(n)’9=1’ R = SOS
U —E U _ My — E My
U= =gz Mn(D) = = o172 ©)

We are now ready to formulate the main result of the paper.

Theorem 1 When 6 € (0, 1], the vector process

(Rn(t)’ Un(t)ﬂ Mﬂ(t))’ re [07 1]5

converges weakly in the uniform metric on D([0, 11°) to a three-dimensional Gaussian
process (p(t), v(t), u(t)) with zero mean and the covariance function c(t, t) with the
following components: when 6 € (0, 1), 7 <t,
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Cop(T, 1) =T (1 = 0)((x +1)7 —1%),
con(T, ) =TA—0)2°72((t + )7 — t — 1)),

T T
Cup(T, 1) =0T'(2 —6) (,19 T 1)29> ,

cou(T, 1) =T(1 = 0)(Q2r 4+ 1) — 2t — 1)%)/2,
cpu(t,T) =T(1 —0)(2t + 1) —19)/2,

t
Cpu(T,1) =0T (1 —6) (m B te) ’

T T
Cpu,(t, T) = QF(I - 9) (([ + .L.)I—O - [1_9> ’
T T
Cuv (T, 1) = 6T(1 = 6) <2(2r +0)l-0 202 — r)1—0> '
t 1
Cﬂv(t, 'L') = 91"(1 — 9) <W — E) .

When 6 = 1, © <t, c(t,1t) is given by

C,O,O(Ta 1) =1, cu(t,t) =21, C,IL/L(T5 1 = 7-'2,
C,OU(Ts t) =T, C,OU(I’ T) = (t + T)/zv

Cou(T, 1) = Cpu(t, T) = cypu(t, 1) = cypu(t, ) =0.

Thus, when 6 = 1, p(¢) and v(z) are Wiener processes. For a general 8 € (0, 1], the
process (p(t), v(t), u(t)) is self-similar with the Hurst parameter H = 6/2 which
includes, in particular, a fractional Brownian motion, a bi-fractional Brownian motion
with parameter H = 1/2, K = 0 (see, e.g., [8]) with a new self-similar process w(z).

2 Proof of Theorem 1

We start with formulating a couple of lemmas proved in [7]. We will generally use
the letter C and its variants to denote a constant whose value is of no importance for
us and note in parentheses the parameters it depends upon. This should not lead to a
confusion when the same notation is used for, actually, different constants in different
contexts, the same way O (1) notation is used.

Lemma 1 When 6 > 0, there exist ny > 1 and C(0) < oo such that

E R(né)
Bn)

< C0)8?

holds for any § € [0, 1] and n > ny.
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Lemma2 Foranye,$ € (0, 1) there existsan N = N (e, §) such that for anyn > N,

PVt € [0,1] 3t : |t —¢t]| <6, Tl(nt) = [nt]) > 1 —¢.

In preparation of the proof, let us introduce some further notation and establish a

few inequalities we will be using.
In view of (5), let
U(nt) —EU®nt) U([nt]) —EU([nt])
Ur@) = , U @) = 6
n () (B(n)1/2 n® (B(n)1/2 ©
M (nt) — E M(nt) M([nt]) — E M ([nt])
M) = , M () = . 7
n () (a(n)'/? n® (a(n))!/? @
For any two positive 71 < 17, define
o
U(n) —U(t) = Z I{IT1; (7) is odd} — M{IT;(7y) is odd}
i=1
o0
= Z I{IT; (1p) is odd, IT;(z) is even}
i=1
— I{IT; (1) is even, I1;(7) is odd}
def o0 o0 o
=Y wit ) =) wi=y uj—uj,
i=1 i=1 i=1
and their expectations are denoted by
— = = = def / ”
up =u; —u; =ui(tr;,2) = Eu; —Euj.
Similarly for M,
o0
M(ty) = M(t1) = Y (ra — 1) pi {1 (2) = 0} — 71 p; I{TT; (1) = 0, [T;(r2) > 0}
i=1
o0
= Zm: —m],
i=1

"

(&
= E mi(t1, 1) = E m; =
i=1 i=1
@Springer
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Clearly, for all natural k,
E |u; — | = |1+ 5] + [ (1=} = @) + 1 = ;"5
<2Y@@; +u)) + [wl* < @+ D@ +ap)

=@+ 1) | Y P(Mi(z) =2/, Ti(r) — M(x) is odd)
j=0

+ > P{Ii(r1) = 2j + 1, Ti(12) — (1) is odd}

j=0
= (2 + DP{I1;(r2 — 71) is odd}
< "+ DHP{I; (1, — 71) > 0}. 8)

Similarly,

E |mj —mi|* < 27 @ mi)C + ) = 27 @ — 1) pf el 4 TR
< 2Kl — e=@m™Py = 2R P{IT; (1 — 1) > O},
E |m;/ _ n_1;/|k < 2k—1(E |m;/|k + |m;/|k) < 2k.tlkpl/§e—11pz(] _ e—(fz—‘fl)Pi)

< 2%k1(1 — e~ @7 ™IPiy = 2k P{MT; (12 — 71) > O).

As a result,
E|m; —m;|* < 4k P{I1;(» — 71) > O}. 9)

We are using the same notation u;, m; and u;, m; without explicitly specifying the
corresponding values of 71 < 12; this should not create a confusion. The following
lemma will be used in the proof of the relative compactness of the process M, (t).

Lemma3 Let6 € (0, 1] and § € [0, 1]. Then, there exist ng > 1 and C(0) < oo such
that

var(M (nty) — M(nty))

0/2
() <C(@)s

forallt, —t1 =6 > 0andn > ny.
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Proof Put 1) = ntp and 7| = nt. Since the variance of an indicator does not exceed
its expectation, we have that

var(M(rz) — M(t1)) = Y E(m; —m;)* = Y E(m))* — (m; —m})* + E(m])*
i=1 i=1

o0
< Z(Tz_.,’.l)ZplZe*TzPi + .[12pi2effl Pi(] — e~ (@—TPi 4 (Tz_rl)pie*(rszl)pi)

(Tz — ) e =)
—_— ERl'I(n) 2+ ERI'I(rz 71),2 + 6—

Tz Tz

E Rr(1y),3-

By [12, Th. 2.1 and (23)],

E R*
lim — 12 _ o _g) <2,

x—00  a(x)
and therefore, there exists an x; > 1 such that for all x > xy,
ERnm2+ERnwm3 <E RFI(x),z < 2a(x).

According to Karamata (see, e.g., [5, Th. 2,1, Eq. A6.2.10]), there exists an x5 > 0
such that for all x and § € (0, 1] satisfying x6 > x», one has

L&) _eip2

L(x) —
Let né > max{x;, xo} = xq, then
E Rf1us).2 _ 2(115)9L(n5) < 45°72. max(E Rnun),2, E Rugn)3) _ 4012,
am) ~ nL(n) — a(n) -

Choose 7 such that for all n > ng we have n? L(n) > n®/?. Then, provided nt, < x,

E R{ 19 2 _EN®S) _ né _ (1n8)1=0126012 < 1, 6012.

amn) T a) -

max(E Rrun).2, E Rinn),3)
a(n)

2
< X()tze/ .

Now, take ¢ = max{4, xo}. Since t, — t; = § > 0, for all n > ny we obtain

var(M (nt) — M (nty)) 52 0/
<2 8%/ 6
a(n) = gp T

<9c- 892,

3 0/2
O
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We are ready to prove Theorem 1. The proof is broken into four steps.
Step 1: Covariance The first rather technical step consists in establishing a formula
for the covariances which is put in Appendix.
Step 2: Convergence of finite-dimensional distributions Along the lines of the proof
of [9, Th. 12], one can show that for

m>1, O<ti<h<...<t,=<I1

the triangular array of m-dimensional vectors (i.e., independent in k for every n)

I(TTy (nt;) is odd) — P(Mx(nt)) is odd) . _ k<}
{ JBm) =R

satisfies the Lindeberg condition (see, e.g., [5, Th. 6.2]). Similarly, the convergence
of the finite-dimensional distributions is shown for the process M, (z).
Step 3: Relative compactness

We shall follow the following plan:

n>1

(a) prove the continuity of the limiting process;
(b) prove that U;} and U,;* (M,' and M;*) are sufficiently close;
(c) prove the relative compactness of U;* (M,*).

a(U) Take 11 = nty, p = ntp for0 < t; < o < 0. Then,
o8] 2 oo

E(U;(6) = Uy =E (Y G 7)) /800 = Y Ew; —7)*/B(n)
i=1 i=1

<5 P(i(v — 11)>0)/B()=5E Rri(z,—z)/ B(n)
i=1
<5CO) (0 — )"

We have used above the independence of the summands, inequality (8) and
Lemma 1.

Since the covariance function has a limit, [1, Th. 1.4] will imply that the limiting
Gaussian process a.s. has a continuous modification on [0, 1].

Since the trajectories of the limiting Gaussian process belong a.s. to the class
C(0, 1), the weak convergence in the Skorohod topology implies the weak con-
vergence in the uniform metric, see, e.g., [4]. Therefore, it is sufficient to prove
the relative compactness of {U;},>p, (With ng as in Lemma 1) in the Skorohod
topology.

b(U) Since with probability one we have

|U(nt) — U([nr])| < T(nt) — T([nt]) < ([ne] + 1) — T ([n2]),
then

E|U(nt) —U([nt])] < 1.
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Hence, for all n > 0,

P(sup |U,; () — U ()] > n)

0<r<l1

< P(Osup](IU(nt) = U([ntDI + E|Unt) = U([ntD]) > ny/B(n))
<t=<

< P(OSUPI(H([nt] + D —([nt]) + 1) > ny/B(n))
<t=<

- P(0 sup (I(m + 1) — II(m) + 1) > n/B(n))

< Y PI(m+ 1) = T(m) + 1 > ny/B(n)

m=0
E N+ DH-T(m)+1 E 1D
< =+ 1) ——— =+ DWW
0 eV B(n) eWBm)—1
m=

when n — oo. Therefore, it is sufficient to show the relative compactness of
{U*}=n, (With ng as in Lemma 1) in the Skorohod topology.
¢(U) For any #, t, € [0, 1] satisfying % < tp — t1 we have that

[n]l =[] <n(t — ) +1 <n(t2 —11) +2n(ty — t1) =3n(tr — 1)

<3n(y —11) - 2n(y — 1)) = 24n* 1y — ). (10)
Putk =[16/0]1+ 1, 11 = [nt1], 2 = [nt2].

Recall the Rosenthal inequality [15]: if ¢; are independent random variables with
E ¢; = 0, then for all £ > 2 there exists a constant c¢(k) such that

E\Zwikscac)max{ZE|¢i|k,(ZEw3)k/2}- an

For all n > ng (with ng as in Lemma 1), we then have

] k
E|Y )|

i=1

(B(n)k/?

< (ﬁ(crfl;))k/2<ZE|u, alk + (ZE(ul — ) )k/z)

E|U(n) — U @)k =

Ck i
= W(ZP(H (2 —71) >O)+(ZP(H (1 —11) >0)) >
i=1
C(k)

~ (B2 (ER( =) + (B R(2 — 1)"2)
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C(k)

= (B(n))k/2 (24”402 - tl)4 + (ERQ@n(t) — tl)))k/2> < 5(9)02 _ t1)4,

where c(k), C (k) and C () depend only on their arguments.
Above, we have used (11) in the first inequality, (8) in the second and finally (10)
and Lemma 1 alongside with the bound

ER(r2 — 1) = EqI([nn2]) — TI([n11])) = [nt2] — [n1y]. (12)

fo<n-—1 < L then [nt;] = [nt] or [nty] = [nt] forall ¢t € [t;, t2]; therefore,

n’

def
D = E(U (1) — U ) |**U (1) — U (0% = 0 < (1a — 11)*.

If &, — 11 > 1/n, then there are the following three cases:

1. iftp —t > %, t—1t > ﬁ, then the Cauchy—Schwarz inequality implies
D<COtr—1)? (t—11)* < CON0—11)°.
2. Iftp —t > ﬁ, t—1h < ﬁ,then since
[U([nt]) — U([nt1])| <as. I([nt]) — M ([n11]) < TI(1),

the same inequality yields

o 172
D < (5(9)02 -0n*E (%) ) < CO) (1 — 1)~

3.1Ifn —t < %, t—1t > %,then since
|U([nt2]) — U([nt])]| <as. L([nt2]) — I ([ns]) <5 TI(1),

we have that

1/2

k
D< <E (%) LEO) 1 - n)“) <Ot — 1.

Now, the relative compactness follows from, for example, [4, Th. 13.5].

a(M) Because the covariance function has a limit, it is sufficient to appeal to
Lemma 3 and [1, Th. 1.4] to establish existence of an almost sure continuous
on [0, 1] modification of the limiting Gaussian process. Since the trajectories of
this process are a.s. in C(0, 1), the weak convergence in the Skorohod topology
implies the uniform convergence, see [4]. Thus, it is sufficient to prove a relative
compactness of the family {M,},>,, in the Skorohod topology (here, ng is the
same as in Lemma 1).

@ Springer
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b(M) Set ) = nt and 1] = [nt]. Since 1 — 11 < 1,

[e¢)
E|M(t) = M(z)| <) (12 — 1) pie "™
i=1

+14 pie_l’ifl(l _ e—Pi(TZ—fl))

o0 o0
< Zpie_pm +elpi(m—1) < ZZPi =2.

i=1 i=1
Letm!" = m/(t, 11 + 1) and m;" = Em]". Then, we have almost surely
oo o0
IM(t2) = M(r)| <Y (mj+m]) < (pi +m]")
i=1

i=1

oo
=1+ (m/+m' —m") <2+

i=1

Z(m;// _ m;//)' )

i=1
We know that for any integer k > 2
E|m] —Em]'|F < 2XKIP(I1;(t) + 1 — 1) > 0) = 2Kk1(1 — e7P) < 2Fk!p;.

Using the independence of the terms and Rosenthal inequality, for any k£ > 2,

k
E

o0

" —/
>’ =)
i=1

00 00 k/2
< C(k) ZE |m;// _ n—1;//|k + (Z E(m;” _ n—,l;//)Z)

i=1 i=1
< c(k)(2*k! + 4%) = C (k).

Hence, for k > [2/0] + 1 and all n > 0

P( sup | M (1) — M (1)] > n)

0<r<l1

= P(sup (IM(nt) = M([nt])| + E|M(nt) — M([nt])]) > nya(n))

0<t<l1
o0
ng”—Em;/’ +4> > a(n))
i=1

<P ( max (
0<[nt]=n \ |“
o0
< 2 P(Zmé”—Em;” +4> wcx(n))
n} i=1

[nt]l=me{0,1,...,
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n

-y C(k) _ _Cmn+1D
— (a(m) —HF  (an) — HE

— O whenn — oo.

Therefore, it is sufficient to show the local compactness of {M,*},,>,, in the Skorohod
topology.

c¢(M) Let #1, 1, € [0, 1] and ﬁ < t» — t1, then (10) holds. Set k = [16/0] + 1,
71 = [n11], 72 = [nn2].

Again, by independence and the Rosenthal inequality,

E |Z?il(mi _mi)|k
(a(m)k/?

o k/2
c(k) — ik — 2
E|m; il + E(m; —m;
= )i Z e (; " m))

E|M* () — M) |F =

C(B) y
(a(n)k/2 P(I1; - 0) + M - M
< (a(n))k/2 <§ (IT; (z2 — 71) > 0) + (var(M(r2) ) )
Ck
= W (E R(tp — 71) + (var(M (12) — M(.L,l)))k/z)
C(k)

= @2 (24n4(t2 — i)+ (CO)a(n) (2 — tl)/n)k/z) <CO)(tr— 1),

where c(k), C (k) and C () depend only on their arguments.
Above, we have used inequalities (9), (10) and Lemmas 3, 1 alongside with the
bound

E R(r2 — 1) = E(II([nt2] — [n11])) = [n12] — [n11].

When0 <t —1 < =

n’

then [nt]] = [nt] or [nty] = [nt] for any ¢ € [t1, t2]. Thus,

B Y E(M* (1) — M ()2 M3 (1) — MP* ()M = 0 < (1 — 1)

When #, — #; > 1/n, we have the following three cases:

1. ift, —t > ﬁ, t—1t > ﬁ, then the Cauchy—Schwarz inequality gives
B=CO)(n -0 —n)<CO®-n)
2. ift —t > %, t—1 < 217 then since for any [ > 2,
E |M([nt]) — M([nt1]) — E(M([nt]) — M([nt;])|

> mi(Inti]+ 1, [nn]) — Em] ([nt1] + 1, [n1])
i=1

1
) <CO),

5E(4+
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the Cauchy—Schwarz inequality yields the bound

C (k)

2
W) < CO) @ —n)*;

B < (Gwm -0t

3. finally, 1, — t < ﬁ, t—1 > ﬁ, is similar to the previous case.

Thus, the required compactness follows from [4, Th. 13.5].
Finally, for the next step we need to show that M (s), when time scaled, is close to
its fully Poissonized version

o0
= def
M(s) = M) = Y T1(s)pi I, (5)=0 -

i=1

Namely, we aim to show that

sup | M} (1) — M,(1)] = O in probability, (13)
0o<t<l1
where
- M(nt) — E M(nt)
Mn (t) =

(a(n)!/?

Introduce IT)(s) = TI(s) — I;(s) and Ti(s) = (TI(s) — 5)/+/5. Since M(s) =
o2 () pi T, () =0,

|EM(s) —EM(s)| = [EY_(IT(s) = $)pi Tr(s=0]
i=1

o
2E Rpy
- ‘Z(S(l = pi) = S)Pie_”"" _ cte2
S
i=1

as s — oo and it is bounded by 1. Thus, there exists a sufficiently small ¢ = ¢(6) > 0
such that for §,, = n®~!

~ I[1(nd,) +nd, +1
sup |M*(t) — M,(t)| < — 0 a.s.
05z§pa,, M, (1) n(0)] @)1

when n — oo.

By the strong law of large numbers for M(s) and the well-known asymptotic
behavior of E M (s) (see, e.g., [12][Eq. (23)]), we conclude that for any 6 € (0, 1],
M(s)/(sa(s))'/> — 0 a.s. when s — o0o. Moreover, according to the central limit
theorem T1(s) is asymptotically standard normal for large s.
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Finally, we have almost surely

\T1(nt)| M (nt) 1

MO = Ma )] = =2 ST+ G 7

Using this inequality, and the fact that supy, - () < supg,<s, (-) +sups, -, () and
that sup (-) is a continuous functional, we readily obtain 13.

0<r<1
Step 4: Approximation of the initial process Since I1(¢) is monotone, the strong law
of large numbers implies that for any ¢, 8 € (0, 1) there is an integer N = N(e, §)
such that for all » > N one has

PV €[0,1] 3t : |t —1] <6, TI(nt) = [n1]) & P(A)) > 1 — ¢,

see Lemma 2. Here and below, F stands for R, U or M. The relative compactness
of the distributions {F},>,, implies that for any ¢ € (0, 1) and n > O there exist
8 € (0, 1) and an integer N1 = Nj(¢, n) such that for all n > Ny,

P( sup |[Fi()—F;|=n|=<e

[t—7|<é
Hence, since
P(F,(1) = F;(0)|[1(n7) = [nt]) = 1,

for all n > max(N, Ny),

P( sup |F,(t) — F ()| = n

0<r<1

<P| sup |F,(t) — Ff ()| =0 A(n) | +¢

0<t<l

<P| sup |F:(r)—F,T(t)]2n + e < 2e.

[t—7|<8

which proves Theorem 1.
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Appendix

An explicit expression for the covariance between R(7) and R(¢) can be found in [7].
Take t < t. The

cyu(t, 1) =cov(U (), U(1))

= 3 P (x), T (1) is 0dd) — P(ITy (<) is odd)P(ITx (1) is 0dd)
k=1
= lz ((1 — e 2PRTY(] 4 e 2Py (] 2Py (] e_ZPk’))

4
k=1

1

B

oo

1
D eI o2 SEUG+D) U@ =),
k=1

Hence (since %(&t)) — % asn — 00)

¢y (nt, nt)

cou(t, ) = lim L 11 -02"2((t+1) — ¢t —1)),0 € 0, 1),
n— 00 a(n)
. cyylnt,nt)
Cou(T, 1) = nlglgoT(n) =27, 0=1,

cf. [12][Eq. (21)].
Next,

(T, 1) = cov(M(t), M (1))

o0
= > "E(tp; I(I1; (1) = 0) — tpie”"P)(x p; I(T; (1) = 0) — Tpie " 7)
k=1
o0
2T 2tt
_ 2,-Mpi(1 _ TPy — T _ =
= le’pie P, (1 e P ) = ; ERH(I),Z (t n t)2 ERH(H_-L-),Q.

~
I
_
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Since “(("’)) — 1t when n — oo,

ct o (nt, nt
Cup(t,t) = lim Chap (7. 1)
n—00 a(n)

T
=m0 (G~ ).

cf. [12][Eq. (23)].
Continuing,

Chy (T, 1) = coV(R(¥), UD) = 3 cov(l — I(TT(x) = 0), I(TTx(1) is odd)
k=1

= = cov(I(Ilx(r) = 0), I(ITx() is odd))
k=1

= - ZP(I’Ik(r) =0, [Tk (?) is odd) — P(ITx(7) = 0)P(ITx(¢) is odd)

k=1
l Z < PRT(] — e—2pk(t—f)) —e P — e—zpkl))
2
k=1
= 1
_ Z (e prQr=1) _ ,=prQr+1) 4 1) =—-E(RQ2t+1)— RQ2t —1)).
2 P 2

Similarly,

Chy (6. 7) = cOV(R(1), U () = — Y cov(I(ITx(t) = 0), I(I(7) is odd))
k=1

1 o
= D e (1 — e )

k=1
- %Z ( =Pkt _ o pk(2THD) 1)

E(R(Q2t + 1) — R(1)).

NI'—‘

Bnr)
Because Bn)

when n — oo, for 6 € (0, 1) we have that

o) = lim UMD p gy o0n s 1 — - )2,

noo a(n)

Cpu(t.T) = lim R g ar v — 0.
n— 00 a(n)
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For 6 = 1, this reduces to

¢t (nt, nt)
. RU >
erle) = fim ST =

Cpy(nt, nt)

)

CpoltT) = M = T

=(t+1)/2,

cf. [12, Th. 1].
Next,
(T, 1) = cov(M(t), U(1))
o0
=" i cov(I(Ii(r) = 0), Ik (1) is odd))
k=1
1 o0
R <e—l’k(2f+f) _ e—m@z—r))
k=1
L EMQt+1) L EMQ-1)
= — ) — ————— - 1),
22t + 1) 22t — 1)
and
cyyt, 1) =cov(M (1), U(r))
1 o0
= Z 1k <e—pk(2r+t) — e—mt)
2o
1
=—EMQ2 t)—=—EM(@).
2Q2t +1) @7 +1) 2 @
Finally,

Cry (T, 1) = cov(R(t), M (1))

= Zcov(l — I(Mg () = 0), tpx LTI (2) = 0))
k=1

= — > tpr cov(I{TTx(v) = 0}, {TT () = 0)}
k=1

(e.¢]
t
==Y ip <e—1’k’ —~ e_pk(T+’)> =—EM(+1)—EM(@),
Pyt T+t

and

Chy (1. 7) = coV(R(1), M()) = TLH EM(t +1)— ;EM(t).

@ Springer



Journal of Theoretical Probability

Because “((’”)) — % whenn — oo, for 9 € (0, 1) we obtain

chy,(nT, nt) t
1= lim M~ —9r(1—-0) (| ——— —1?),
onm D=0 e ( )(( R
Crpy (nt, nT) T
n—oo  a(n) (¢ +r)1* o1l
* T, nt
C,LLU(T t)_ llm M

T
n—oo  a(n) =ord =9 (2(2t+r)1 o 2(2t—t)19)’

Cou(t, T) = lim —0r(1 —0)

* t,nt
Cu(t,7) = lim AL

t@
- a(n) 2(2‘c+t)1 6 _3)’

cf. [12][Eq. (23)].
Clearly, L(n) — 0 as n — oo. According to [12][Lem. 4], in the case 6 = 1 the
function L*(n) — 0 when n — oo is slowly varying and

< lim §, = 0. (14)

Therefore, in the case 6 = 1,

Crp(nT, nt)

cpu(t, 1) = lim ) 8 =0,
Cou(t, ) = nll)ngo W 8, =0,
Cun(T.1) = Tim. CMU;? e e ") Jr =0,
cuu(t.7) = lim CMU;?t)nf)f =0.
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