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0. Introduction

Fekete points and transfinite diameter are classical notions in logarithmic potential
theory in the plane. For each m € N, the m-diameter §,,(K) of a compact subset K C C
is defined as the supremum of the geometric mean distance between m + 1 points in K,
maximizers being called Fekete configurations. The m-diameter of K admits a limit
doo(K) as m — oo, called the transfinite diameter of K, which turns out to coincide
with the logarithmic capacity of K. Further, Fekete configurations become asymptotically
unique in the limit, in the sense that they equidistribute to a certain canonical probability
measure on K, called its equilibrium measure.

In several complex variables, a similar picture was only rather recently obtained.
The first steps were taken by Leja in the 1950’s, introducing a notion of m-diameter
dm(K) for a compact subset K C C", defined in terms of the supremum of certain
Vandermonde-type determinants. The existence of the transfinite diameter 0o (K) =
lim;;, 00 0 (K) was established by Zaharjuta [80], and the next key step came with
Rumely’s observation in [66] that the general results in arithmetic intersection theory
developed in [24] yield in particular an exact formula for §o(K) in terms of pluripotential
theory, generalizing the classical Robin formula for the logarithmic capacity in the plane,
and involving plurisubharmonic envelopes and mixed Monge—-Ampére operators in the
sense of Bedford—Taylor. This triggered joint work of the first author with Berman and
Witt Nystrom [5,6], which built on Bergman kernel asymptotics to establish a general
version of Rumely’s formula in the setting of complex projective manifolds, and combined
it with a variational argument to prove the equidistribution of Fekete configurations in
this context.

The main purpose of the present paper is to study versions of these results in
non-Archimedean (Berkovich) geometry. While many results hold over an arbitrary
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non-Archimedean complete valued field K, the full picture relies on more refined non-
Archimedean pluripotential theory as developed in [14,13,18,16], and hence requires K
to be trivially or discretely valued and of residue characteristic 0.

Asymptotics of relative volumes. The Bouche-Catlin—Tian—Zelditch asymptotic expan-
sion of Bergman kernels [11,19,76,81] is a fundamental result in complex geometry, which
describes the asymptotic behavior of the L?-norms associated to large tensor powers of a
positive Hermitian line bundle. As noticed in [5], it can be reformulated as an asymptotic
expansion for the logarithmic volume ratio of such L?-norms, as follows.

First, define the relative volume of any two norms || - ||,| - ||" on an N-dimensional
complex vector space V as

det || - |')
vol(|| - I 1l - II) = log( , 0.1
(1101 2= og Sl 0.1)

where det |||, det || -||’ denote the induced norms on the determinant line det V = A" V.
In terms of the unit balls B, B’ C V of the two norms,

1 vol B
vl 11 1) = 1o (2951 ) + 0 log )

where the error term O(N log N) vanishes when the two norms are Hermitian.

Let next X be an n-dimensional complex projective manifold. Every smooth, positively
curved metric ¢ on an (ample) line bundle L over X induces, for each m € N, an L?-
norm |- || 2(mg) on the space of global sections H°(mL) = H°(X, L®™). The asymptotic
expansion of Bergman kernels mentioned above turns out to be equivalent to the existence
of a full asymptotic expansion

vol (|| Nz2me |l - ||L2(m¢)) =m"an +ma, + ..+ O(m™>)

for any two such metrics ¢, . Up to a multiplicative constant, the leading order coeffi-
cient an4+1 can further be identified with a fundamental functional in Kéhler geometry,
the relative Monge-Ampére energy’

o) = g 3 [ (6= vy Ay 0:2)
I=Vx

We use additive notation for metrics on line bundles, so that ¢ — 1 is a function on X,
and dd®¢, dd“ denote the curvature (1,1)-forms of ¢, .

1 Note that the present normalization, which is more convenient for the purpose of this paper, is not
uniform across the literature.
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Consider now an arbitrary complete valued field K, i.e. a field K complete with respect
to an absolute value. In the Archimedean case, K = R or C, by the Gelfand—Mazur
theorem. In the non-Archimedean case, the main examples are K = Q,,, C,, or fields of
formal Laurent series and their completed algebraic closure, but the trivially valued case
is also important for the study of K-stability (see [17]). Let X be a geometrically reduced
projective scheme over K, L be a line bundle on X, and ¢, be continuous metrics on
(the Berkovich analytification of) L. Building on a result of Chen and Maclean based on
Okounkov bodies [22], we show the existence of the relative volume of ¢,

. n!
vol(L, ¢, ) := lim —g vol (|| - flme, | m) € R, (0.3)
cf. Theorem 9.8. The main result of the present paper is as follows.

Theorem A. Let X be a geometrically reduced projective scheme over any complete valued
field K, and ¢, be continuous psh® metrics on an ample line bundle L over X. Then

vol(L, ¢, ¢) = E(¢, ).

In the Archimedean case, it follows from results of Demailly that a continuous metric
on L is psh iff it is a uniform limit of Fubini-Study metrics (see Theorem 7.1). In the
non-Archimedean case, we use this as a definition, and prove compatibility with the more
common notion of semipositive metric in this context, due to S.W. Zhang and involving
nef models, when K is nontrivially valued. We also show that a continuous metric ¢ is
psh iff it becomes psh after ground field extension. The relative Monge-Ampeére energy
of continuous psh metrics can still be defined by (0.2), the latter being understood in
the sense of Chamber-Loir and Ducros [20] in the non-Archimedean sense.

In the Archimedean case, Theorem A reduces to [5] after passing to a resolution of
singularities. In the discretely valued case, it was established in [18, Theorem A]. The
main contribution of the present paper is thus to establish Theorem A for a densely
valued, non-Archimedean ground field K.

The psh envelope P(¢) of a continuous metric ¢ on L is defined as the pointwise
supremum of the family of all continuous psh metrics ¥ on L such that ¥ < ¢. We say
that continuity of envelopes holds for (X, L) if P(¢) is continuous (and hence psh) for
each continuous metric ¢ on L.

Corollary B. Assume that continuity of envelopes holds for (X, L). For any two contin-
uous metrics ¢, on L, we then have

vol(L, ¢,v) = E(P(¢),P(1))).

2 A shorthand for plurisubharmonic.
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In the Archimedean case, classical results in pluripotential imply that continuity of
envelopes holds whenever X is normal, and Corollary B is indeed also a consequence
of [5] in that case.

In the non-Archimedean case, we similarly expect continuity of envelopes to holds as
soon as X is normal. As of this writing, continuity of envelopes (and hence Corollary B)
has been established when X is smooth, and one of the following is satisfied:

o X is a curve, as a consequence of A. Thuillier’s work [74] (see [44]);

o K is discretely or trivially valued, of residue characteristic 0 [14,16], building on
multiplier ideals and the Nadel vanishing theorem;

o K is discretely valued of characteristic p, (X, L) is defined over a function field
of transcendence degree d, and resolution of singularities is assumed in dimension
n + d [44], replacing multiplier ideals with test ideals.

Sketch of the proof. As already mentioned, Theorem A basically follows from [5] in the
Archimedean case, and we henceforth assume that K is non-Archimedean. The main
tools involved in the proof can be summarized as follows.

The reduced fiber theorem. The proof of Theorem A is fairly easily reduced to the case
where each metric is induced by an ample model (X, L) of (X, L), i.e. an ample line
bundle £ extending L to a projective model X of X over the valuation ring K°. Besides
the supnorm |- ||;ne defined by the model metric ¢ = ¢, the space of sections H(mL) is
then also equipped with the lattice norm ||| o () induced by the K°-module H(mL) =
HO(X, £&™). This lattice norm, which is to some extent the analogue of the L?-norm in
the present non-Archimedean context, coincides with the supnorm when X" has a reduced
special fiber, but not in general. Using the Bosch—Liitkebohmert—Raynaud reduced fiber
theorem [10], we prove however that the distortion between ||-||,,¢ and || - ||t (m ) remains
bounded as m — oo, which enables us to replace the supnorms with the lattice norms
in proving Theorem A.

Knudsen—Mumford expansion. Our main tool is then the Knudsen—Mumford expansion
of the determinant of cohomology [53], which plays the role of the asymptotic expansion
of Bergman kernels in the complex case, and provides for m > 1 a polynomial expansion
(in additive notation for Q-line bundles over Spec K°)

mn+1

det H'(mL) = m(

Loty 4 (0.4)

with leading order term the Deligne pairing (£"*1). Since models over K° are non-
Noetherian in the densely valued case, some care is however required to apply this
result, and the relevant explanations are provided in Appendix A, based on F. Ducrot’s
approach [34].
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Metrics on Deligne pairings. The Knudsen—Mumford expansion yields an expression of
the relative volume of the metrics as a difference of model metrics on the Deligne pairing
(L™*1). The final ingredient in the proof of Theorem A consists in relating model metrics
on Deligne pairings with mixed Monge—Ampére integrals, which is accomplished via the
Poincaré-Lelong formula of [20] and a careful monotone regularization argument.

Transfinite diameter and Fekete points. Following the strategy developed in [5,6], we
establish the existence of transfinite diameters, and combine it with a differentiability
result proved in [13,18,16] under appropriate assumptions on the ground field K to infer
equidistribution of Fekete points.

Let as above X be a geometrically reduced projective scheme over a complete valued
field K. Let L be a line bundle on X, and set N := dim H°(X, L). The data of a basis
s = (s;) of HO(X, L) determines a generator s; A --- A sy of det HY(X, L), as well as a
section

dets € HO (XN,LW) ,
expressed as the Vandermonde determinant
(dets)(xq,...,xn) = det (si(z;)).

Every continuous metric ¢ on L induces a continuous metric ¢V on L¥N  and a Fekete
configuration for ¢ is a point P € (X™)*" that computes the supnorm || dets|| ymy. The

choice of a norm || - || on H°(X, L) induces a norm det|| - | on det H’(X, L), and the
diameter of ¢ with respect to || - || is defined as the normalized supnorm
|| det s|| ymn
JCARDE ’

:det||51/\.../\sNH’

which is independent of the choice of basis s = (s;).

Theorem C. Let L be any line bundle on a geometrically reduced projective scheme X
over a complete valued field K. For any two continuous metrics ¢, on L, the transfinite
diameter

n+1

Ooc($¥0) := lim_§(mg, | - [lmes)™/™
exists in Rso, and satisfies 1og doo (P, 1) = vol(L, v, ¢).

This is inferred from the existence of the limit (0.3) defining the relative volume
vol(L, ¢,v) = —vol(L, 1, ¢) via an estimate of the operator norms of the embeddings
det HO(mL) — HO ((mL)®N=) with respect to the norms induced by ¢ on both sides,
which is again ultimately deduced from the reduced fiber theorem.
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From now on we assume that L is ample. To state our last main result, we shall say
that differentiability holds at a continuous metric ¢ on L if:

(i) the psh envelope P(¢) is continuous (hence psh);
(i) for all f € C°(X*") we have

d
Gl vlworino)= [ 1 arre)
t=0
Xan
Differentiability is known to hold at all continuous metrics when X is smooth and one
of the following conditions is satisfied:

o K is Archimedean [5];

e K is non-Archimedean, trivially or discretely valued, of residue characteristic
zero [14,18,16];

o K is discretely valued of characteristic p, (X, L) is defined over a function field

of transcendence degree d, and resolution of singularities is assumed in dimension
n+d [44,18].

In a forthcoming paper [15], it will be shown that continuity of envelopes implies differ-
entiability at all continuous metrics.
Importing the variational argument of [6], itself based on an idea of [71], we prove:

Theorem D. Let X be a geometrically reduced, projective scheme over a complete valued
field K. Let ¢ be a continuous metric on an ample line bundle L over X, of volume
V = (L"), and assume that differentiability holds at ¢. For each m > 1, pick a Fekete
configuration P, € (XNm)3 for m¢. Then P,, equidistributes to the probability measure

o = V1 (dd° P(6))".
as m — 0.

Organization of the paper. The paper is organized as follows:

e Section 1 contains background material on norms on finite dimensional vector spaces
over a complete valued field. We present the results in the Archimedean and non-
Archimedean cases as uniformly as possible.

e In Section 2 we discuss determinants of norms and their relation to relative spectra.

e Section 3, which stands somewhat apart from the rest of paper, applies the previous
result to construct metrics on spaces of norms, following [39].

e Sections 4 and 5 contain background material on Berkovich spaces and metrics on
line bundles. We recall the standard constructions of model metrics, and compare
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them to Fubini-Study metrics. We discuss the relation between the reduced fiber
theorem and finiteness of integral closure.

e Section 6 establishes our first key tool, to wit boundedness of the distortion between
the supnorms and lattice norms induced by a model. As a consequence, we obtain a
precise description of the behavior of supnorms under ground field extension.

e In Section 7 we study limits of Fubini-Study metrics, compare them to Zhang’s
definition of semipositive metrics, and discuss the related notion of semipositive
envelope.

e In Section 8 we review the Bedford—Taylor/Chambert—Loir-Ducros mixed Monge—
Ampere operators, and relate them to Deligne pairings.

e Section 9 contains the proof of Theorem A and Corollary B.

e Section 10 shows the existence of transfinite diameters and equidistribution of Fekete
points, i.e. Theorem C and Theorem D. We also show how the results can be applied
in the case of toric varieties.

e In the Appendix we explain how F. Ducrot’s approach to the Knudsen—Mumford
expansion for the determinant of cohomology [34] and the related notion of Deligne
pairings can be extended from the usual Noetherian case to arbitrary schemes.

Acknowledgments. We are grateful for many helpful discussions and remarks from many
colleagues. In particular, we thank Robert Berman, Dario Cordero-Erausquin, Antoine
Ducros, Gerard Freixas, Gilles Godefroy, Mattias Jonsson, Klaus Kiinnemann, Marco
Maculan, Florent Martin, David Rydh. We are especially grateful to Walter Gubler for
pointing out a number of inaccuracies in a first version of this paper, and for his help with
several arguments. The first author was partially supported by the ANR project GRACK
ANR-15-CE40-0003. The second author would like to thank the ANR project POSITIVE
ANR-10-BLAN-0119 for financial support. The second author wants to thank the Max-
Planck Institut in Bonn, where part of this work was effectuated, for their excellent
working conditions and hospitality.

Part 1. Spaces of norms and determinants
1. Spaces of norms

The goal of this section is to review some basic material on finite dimensional normed
vector spaces, treating in parallel the Archimedean and non-Archimedean cases (includ-
ing the trivially valued case). All the results are more or less well-known, but our proof
of density of diagonalizable norms among all norms in the non-Archimedean case (The-
orem 1.19) appears to be new.

1.1. Complete valued fields

Here and throughout the article, K denotes a complete valued field, i.e. a field endowed
with a (possibly trivial) absolute value |- | : K — R>q, with respect to which it becomes
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a complete metric space. The value group |K *| is a subgroup of R~, and is thus either
discrete or dense. We sometimes use the additive value group 'k :=log|K*| C R.

Recall that K is Archimedean if, for each nonzero a € K, there exists n € Z with
|na| > 1. This implies that K has characteristic 0, and hence contains @, and that
the restriction of |- | to Q is equivalent to the standard absolute | - |, by Ostrowski’s
theorem. As a result, K is a complete field extension of R, and hence K = R or C (up
to normalization of the absolute value), by the Gelfand—Mazur theorem.

Otherwise, K is non-Archimedean, and this holds if and only if | - | satisfies the ultra-
metric inequality |a + b < max{]al,|b|} for all a,b € K. We then have a corresponding
real-valued valuation vg := —log| - | on K, whose valuation ring K° is thus the closed
unit ball of K, with maximal ideal K °° the open unit ball and residue field K :=K° JK°°.
Since the value group is a subgroup of R, the valuation ring K° is of Krull dimension
at most 1, and it is Noetherian if and only if |[K*| is discrete. In that case, K°° is a
principal ideal; a generator mx of K°° is called a uniformizing parameter, and is unique
up to multiplication by a unit.

If on the other hand K is algebraically closed, then K is algebraically closed as well,
and |K*| is divisible. In particular, K is then either trivially valued or densely valued.
The completion of an algebraic closure of any non-Archimedean field K is denoted by
Cg. It is the smallest complete algebraically closed extension of K.

A field K is local if its unit ball K° is compact. This holds if and only if K is either
Archimedean, or non-Archimedean with finite residue field K. In the latter case, K is
trivially or discretely valued, and in fact either a finite trivially valued field, or isomorphic
to a finite extension of Q, or F,((t)) (up to normalization of the absolute value).

An immediate extension of a non-Archimedean field K is a complete field extension
F/K with the same value group and residue field as K. The field K is mazimally complete
if it admits no nontrivial immediate extension. By [49], K is maximally complete iff
it is spherically complete, which means that any decreasing sequence of closed balls
has non-empty intersection. A discretely valued field is maximally complete, and every
algebraically closed field admits an immediate maximally complete extension, unique up
to isomorphism [49, Theorem 5].

Example 1.1. Let k£ be an algebraically closed field of characteristic 0, and endow the
field K = k((t)) of formal Laurent series with the ¢-adic valuation. An algebraic closure
of K is given by the field of Puiseux series

k(@) = | k().

n>1

whose completion Cg is realized as the field of formal series f = ZTEQ art", ar €k,
with support Supp f = {r € Q | a, # 0} containing only finitely many elements with a
given upper bound. The immediate maximally complete extension of C is given by the
Malcev-Neumann field k((t@)) of power series f = > req art" with well-ordered support.
Note that f =", -, t~Y/™ isin k((tQ)) \ Ck, so that Cx is not maximally complete.
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Example 1.2. Similarly, the completion C,, of an algebraic closure of Q, is also not maxi-
mally complete. Denote by A the Witt ring of I, i.e. the valuation ring of the completion
of the maximal unramified extension of Q,. The immediate maximally complete exten-
sion of C, is obtained as the quotient of the Malcev-Neumann ring A((t@)) by the ideal
of formal power series f = ZT‘GQ a,t” such that ), ar1,p™ = 0in Z, for all r € Q,
cf. [60, §4].

1.2. The space of norms
Let V be a fixed finite dimensional K-vector space, and set N := dim V.

Definition 1.3. A seminorm on V is a function || - || : V' — R such that

(i) |Jav]| = |a|ljv]| for all a € K, v € V;
(ii) v+ w| < |lv]l + |wl|l (resp. v + w| < max{||v|], [|w]}) for all v,w € V if K is
Archimedean (resp. non-Archimedean).

We say that || - || is pure if it takes values in |K| C R>o. A norm is a seminorm || - || such
that ||v]]| = 0 <= v = 0. We denote by N(V) the set of all norms on V.

The group GL(V) acts on N (V) by composition.

Example 1.4. If K is Archimedean, mapping a norm ||-|| to its closed unit ball B (centered
at 0) sets up a one-to-one correspondence between A/ (V) and the set of all convex bodies
of V that are centrally symmetric when K = R, and S'-invariant when K = C. The
inverse map is obtained by setting

[lo|| =inf{r > 0| v erB}.
form an increasing filtration of V' by linear subspaces, which is exhaustive (B,

for r > 1), separating (B, = {0} for r < 1), and right-continuous (B, = )
Conversely, any such filtration defines a norm by setting

Vv

Example 1.5. If K is trivially valued, the closed balls B,., of radius r, of a norm on V'
B,).

>

||| = inf{r > 0| v € B,}.

In other words, the data of a norm with respect to the trivial absolute value is equivalent
to that of an increasing flag {0} =V, C V4 C --- C V,, = V of linear subspaces, together
with a increasing sequence 0 =rg <ry < -+ < 1p.

Equivalence of norms over R and C is usually established as a consequence of the com-
pactness of the unit cube. Crucially, equivalence of norms still holds over any complete
valued field.



S. Boucksom, D. Eriksson / Advances in Mathematics 378 (2021) 107501 11

/

Proposition 1.6. Any two norms || - ||, || - ||' on V are equivalent, i.e. there exists C > 0

such that CY| - | < |- ' <O - |I.

Proof. For the convenience of the reader, we repeat the simple standard argument, in
order to show that it applies to the trivially valued case as well. Note first that the
result implies that V is complete with respect to any norm || - ||. Indeed, after choosing
a basis (e;) of V, || - || will be equivalent to the ¢*°-norm || - | associated to (e;),
which is complete since it is isometrically isomorphic to K. We argue by induction on
N = dim V, the desired result being trivial for N = 1. We are going to show that any
given norm || - || on V is equivalent to || - ||eo. For each subspace W # V, the restriction
of || -|| to W is complete, by induction. As a result, W is closed with respect to || - ||, and
hence inf,ew ||v + w|| > 0 for each v € V'\ W. In particular,

C; ::ag}l{fN ei—i—;ajej >0
JjF

for all i. For each a € K~ and each i with a; # 0, we get
E aje;jll = \al| e; + E %6]‘ > ci|ai|,
. — a; -
J VE)

and hence HZJ ajejH > (minj ¢j) max; |a;|. By the triangle inequality, we also have

e

< N max; |a;|||e;||, which proves that ||| and ||-||o are indeed equivalent. O

As noticed during the proof, each linear subspace W C V is closed with respect to
any norm || - ||, and || - || thus induces a quotient norm || - [|y;/y on V/W, defined as usual
by

v = inf
oIy w wlgwllerwll

for each v € V with image v € V/W.
By Proposition 1.6, we can endow AN (V) with the Goldman-Iwahori metric du,
(named after [40]), defined by

doo (Il 11 11") :==sup [log [lv]| — log [v]]. (1.1)
veV\{0}
The exponential of doo (|| - ||, ]| - ||') is thus the distortion between the two norms, i.e. the

smallest constant C' > 1 such that
e <l

The action of GL(V) on N (V) preserves d.
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Example 1.7. Assume dim V' = 1, and pick a nonzero v € V. Then || - || + log ||v|| defines
an isometry (N(V),d) =~ R, and the action of GL(V) on N (V) is equivalent to the
action of the additive value group I'x = log |K*| on R by translation.

The basic topological properties of N (V) are as follows.

Proposition 1.8. The metric space (N (V),do) is complete. If K is local, i.e. its unit ball
K° is compact, then any closed bounded subset of N'(V') is compact.

Proof. If (|| - ||») is a Cauchy sequence in N'(V'), then log ||v]|, is a Cauchy sequence for
each nonzero v € V. We easily conclude that || - ||, converges in A(V'), which proves
the first assertion. Assume now that K is local. After choosing a basis, we may assume
that V = K which we equip with the /*-norm || - ||o. By the triangle inequality, each
norm || - || with deo(|| - ||, || - [lec) < C restricts to a C-Lipschitz continuous function on
the compact set (K°)V. By the Arzela-Ascoli theorem, the closed balls of N'(V) (and
hence any bounded closed subset) are thus compact. O

Remark 1.9. Conversely, if dim V' > 1, one can show that A (V) is locally compact only
if K° is compact.

1.3. Diagonalizable norms

In order to treat in parallel the Archimedean and non-Archimedean cases, we will use
the following terminology.

Definition 1.10. A norm || - || on V is diagonalizable if there exists a basis (e;) such that
we have for all a € KV:

(1) 1>, aieill* =3, [laiei||* (Archimedean case);
(ii) || >, aie;|| = max; ||a;e;|| (non-Archimedean case).

The basis (e;) is then said to be orthogonal for || - ||, and it is orthonormal if it further
satisfies |le;|| = 1. We denote by

Nd2&(v) c N(V)
the set of diagonalizable norms.

Note that a norm admits an orthonormal basis iff it is diagonalizable and pure (cf. Def-
inition 1.3). In the Archimedean case, all norms are pure, and a norm is diagonalizable if
and only if it derives from a Euclidian/Hermitian scalar product. In the non-Archimedean
case, N'428(V/) is a dense subset of N (V) (see §1.4 below), and N488(V) = N (V) for
several important classes of fields K.
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Example 1.11. If K is trivially valued, any norm | - || is diagonalizable. Indeed, | - |
determines a flag of subspaces (cf. Example 1.5), and a basis (e;) of V' is orthogonal for
| - || if and only if (e (;)) is compatible with the flag, for some permutation o € Gy.

More generally, we have:

Lemma 1.12. Assume that K is non-Archimedean. The following properties are equiva-
lent:

(i) K is maximally complete;
(ii) every norm on a finite dimensional K -vector space is diagonalizable.

Proof. (i) = (ii) is proved in [8, 2.4.2/3]. Assume conversely that K is not maximally
complete, and pick a nontrivial immediate extension F/K. For any choice of a € F'\ K,
we claim that the restriction || - || of the absolute value of F to K + aK ~ K? is
not diagonalizable. Assume the contrary. Since || - || takes values in |F| = |K|, it then

admits an orthonormal basis (e1,es). Using F = K, we find a unit v € K° such that
e1 —ueg € L°°, i.e. |le; — uez|| < 1, contradicting the orthonormality of (ej,ez). O

In the Archimedean case, diagonalizable norms are of course preserved by restriction
and quotient. This is also true in the non-Archimedean case (cf. [8, 2.4.1/5]):

Lemma 1.13. Let 0 = V' — V — V" — 0 be an exact sequence of finite dimensional
K -vector spaces. If || - || is a diagonalizable norm on V, then the induced norms on V'
and V" are also diagonalizable.

The following codiagonalization result is crucial for what follows. It will be proved in
§1.5, after the basic facts on duality have been discussed.

Proposition 1.14. For any two diagonalizable norms || - ||| - || € N42&(V), there exists
a basis (e;) of V that is orthogonal for both || - || and || - |-

This can be used to give a simple description of the restriction of dy, to N'428(V).

Lemma 1.15. If || - ||, || - ||' € N¥2&8(V) are codiagonalized in a basis (e;), then
el
oo ([l [I; I+ ) = max |log leil |

If K is non-Archimedean, we have more generally

- ledl Il
deo(]- 111 ') = log mas { max 75 max 15
el ™ e

whenever (e;) and (€;) are orthogonal bases for || - || and || - ||, respectively.
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Proof. Assume first that K is Archimedean. We trivially have

[[o]]

[[o]l’

il

lleall

doo ([l I, I+ 1I) = sup
veV\{0}

log log

m := max
T

Consider conversely v = Zl a;e; with @ € K. Then
[0 =" laslPlledll”® < ™ ladleil]* = €™ o],
i i

By symmetry, this shows that e™™|| - || < || - |I' < €™ - ||, i-e. do (|| - I, || - [I') < m. In the
non-Archimedean case the result follows from Lemma 1.16 below. 0O

Lemma 1.16. Assume that K is non-Archimedean. Let |- || be a diagonalizable norm with
orthogonal basis (e;), and || - || be any (ultrametric) seminorm on V. Then
l[oll" _ lleall
vevyioy ol o [ledll

Proof. As above, we trivially have sup,ey\ oy [0[/[lv] = m = max; [[e;||"/[[e:]|, and
v =), ae; satisfies ||v||" < max; |a;|e;]|" < mmax; |a;|||e;]| = m|v]. O

We now discuss in more detail the structure of the set N'428(V) of diagonalizable
norms. To each basis e = (e;) of V is associated an injective map

Lo : RN s Ndiag(Y),

which takes A € RY to the unique norm || - ||e  that is diagonalized in (e;) and such that
lleille.r = e, The image

Ao i= 1o(RY) C Niag(V)

is thus the set of norms that are diagonalized in the given basis e, and is called an
apartment (or flat) of N'428(V). By definition, N428(V) = [J_ Ae, and the Goldman—
Iwahori metric do can then be characterized as follows.

Proposition 1.17. The restriction of do to NV28(V) is the unique metric such that each
e : RN — N@8(V) becomes an isometric embedding with respect to the £>°-norm
on RV,

Proof. Each ¢ is an isometric embedding by Lemma 1.15, and uniqueness follows from
the fact that any two points of A'42&(V) belong to the image of some te, by codiagonal-
ization (Proposition 1.14). O
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This picture will be generalized to any symmetric norm on R¥ (and in particular
to the ¢?-norm) in Section 3, leading to the description of N'4128(V) as a Riemannian
symmetric space/Euclidian building. In the present setting, the general construction of
retractions onto an apartment in building theory specializes as follows (compare [39]).

Definition 1.18. Let e = (¢;) be a basis of V, with apartment A = 1o(RY) C N'dag(V).
The Gram—Schmidt projection pe : N(V) — A is defined by sending a norm || - || to the
unique norm || - || that is diagonalized in e and such that

leille = inf flei+ 3 aje;
¢ j<i

fori=1,...,N.

Setting W; := Vect(eq,...,e;) defines a complete flag W, in V| and | - || induces a
subquotient norm on each graded piece W;/W;_1, and hence a diagonalizable norm on
the graded object GrV = @, .,y Wi/Wi_1. The norm || - ||e can then be described as
the corresponding norm on V under the isomorphism V' ~ GrV defined by (e;). It is
straightforward to see that pe : N (V) — A, is a retraction, i.e. restricts to the identity
on Ag.

The chosen terminology comes from the Archimedean case, where the Gram—Schmidt
orthogonalization process associates to a Euclidian/Hermitian norm || - || and a basis (e;)

!

the orthogonal basis (e}

) obtained by projection of each e; orthogonal to W;_1, which
satisfies |le;]le = |le}]l-

1.4. Approximation by diagonalizable norms

The goal of this section is to study the closure in A'(V) of the set A'428(V) of diago-
nalizable norms.

Theorem 1.19. The space of diagonalizable norms N'428(V) satisfies the following prop-
erties.

(i) If K is Archimedean, then N'42&8(V) is closed in N'(V), and each norm |- || € N(V)
is at distance at most 1log N of NU2&(V).
(ii) If K is non-Archimedean, then NV%&(V) is dense in N'(V).

Closedness in (i) follows from the fact that Euclidian/Hermitian norms are character-
ized by the parallelogram law

lu+ vl + llu = vl|* = 2[|ul]* + 2[|v],
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and the second half of (i) can be deduced from the John ellipsoid theorem; one can also
use the simpler Auerbach lemma, whose proof will be basically repeated below. Density
in (ii) is equivalent to the existence of a-cartesian bases in the sense of [8, 2.6.1/3], which
will be recovered below by imitating the Auerbach argument.

Denote by VV the dual of V, and by det VY = /\N V'V its determinant line. Viewing
an element w € det V'V as a multilinear form on V, we define its operator norm as

lollop = sup lw(vs,..on)|
@om)e(Aop l[oall - low]

This supremum is indeed finite by equivalence of norms.

Lemma 1.20. Let || - || be a norm on V, and pick a nonzero w € det VV. For each basis
(e;) of V and all a € K, we then have

w e L [
] < (Lol Iy 57
% \w(el,...,eN)\ i

Proof. The dual basis (e)) satisfies

v w(@l,...,61'_171),67;4_1,...,6]\/)
(e v) = wle )
1,‘..761\7)
and hence
max|(ev ”U>|H€H < HW“op”el” ||6N|| ||U||
i e lw(et,...,en) ’

which is equivalent to the desired result. O

Proof of Theorem 1.19. Assume first that K is Archimedean. As noted above, closedness
in (i) follows from the characterization of diagonalizable norms in terms of the parallel-
ogram law. Let || - || be any norm on V, and fix a nonzero determinant w € det VV. By
compactness, we may choose a basis (e;) of V with ||e;|| = 1 and ||wlop = |w(e1, ..., en)].
For each p € [1, 0], denote by || - ||, the P-norm in the basis (e;). Lemma 1.20 and the
triangle inequality yield || - |loo < ||| < |- |l1. Since N=Y2[| -l < |- l2 < N2 - || oo, it

follows that N=Y2| - |l < || || < NY/2|| - ||2, and hence du(|| - ||, || - |l2) < % log N, which
proves (i) since || - || € Ndiag(V).
Assume now that K is non-Archimedean, and pick any norm || - || € N (V). For any

e > 0, there exists a basis (e;) such that

|w(61, .. .,(-;’N)|

[wllop < (1 +€) ,
o leall-- - llexll

and Lemma 1.20 yields



S. Boucksom, D. Eriksson / Advances in Mathematics 378 (2021) 107501 17
1> aiesl| < maxJazes|| < (1+ )| Y ases] (1.2)
% 9

for alla € K. Denoting by ||-||’ the norm diagonalized in (e;) and such that ||e;||" = ||e;|,
we infer [ || <[ [|” < (14¢)[| - ||, hence doo (|| - I, || - [[') < log(1 + &), and || - || is thus
in the closure of N'428(V), O

1.5. Duality

To each norm || - || on V is associated a dual norm || - || on the dual vector space V'V,
defined by the usual formula

Again, the supremum is finite by equivalence of norms.

Theorem 1.21. The duality map N(V) — N (V) is an involutive isometry with respect
to the Goldman—Iwahori distances.

Lemma 1.22. If || - || € NY38(V) 4s diagonalizable, then so is || - ||V. Further, if (e;)
is an orthogonal basis for || - ||, then the dual basis (e)) is orthogonal for || - ||V, and
le¥ ¥ = flesll .

Proof. In the Archimedean case, || - || is Euclidian/Hermitian, and the result is

well-known. In the non-Archimedean case, the result is a simple consequence of
Lemma 1.16. O

Proof of Theorem 1.21. It is straightforward to see that ||| — || - ||V is 1-Lipschitz, it is
enough to show that (|| - ||V)¥ = || || for all || - || € N(V). In the Archimedean case, this
is a consequence of the Hahn—Banach theorem. In the non-Archimedean case, it follows
from Lemma 1.22 and the density of diagonalizable norms in N (V) (Theorem 1.19). O

Lemma 1.23. If W C V is a linear subspace, the canonical embedding (V/W)¥ — VV
V.

identifies the dual of the quotient norm || - ||v,w with the restriction of || -
Proof. The image of (V/W)Y in VV is the space W= of linear forms u € VV that
vanish on W. Denoting by v € V/W the image of v € V and by i € V'V the image of
w € (V/W)Y, we have by definition

”/:L”\/ — sup |</J,'U>|
veV\{0} [lv]l
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and

(2, v)]
lulljw = sup ==
veEV -W ||UHV/W

Since ||0]|v/w = infuew [lv +w|| < [jv|| and (i,v) = 0 for v € W, we trivially have
2" < [|ully/y - Conversely, we have for each v € V — W and w € W

(o) _ Wi +w) _
- < I,
Jo+uwl = o+ ul

hence

(2, v)| (2, v)|

T = sup = < |
1ollvyw  wew llv+w| ’

and taking the supremum over v yields the inequality in the other direction ||u||{; w <
IZ]|Y and we conclude. O

We are now in a position to prove the codiagonalization result promised in Proposi-
tion 1.14.

Proof of Proposition 1.14. That any two diagonalizable norms || - ||, || - || € N428(V) are
codiagonalizable is a standard fact in the Archimedean case, and we henceforth assume
that K is non-Archimedean. Our argument extends the classical one of [40], which treats
the case of a local field, following a suggestion of Marco Maculan, whom we warmly
thank. Recall that a direct sum decomposition V =V, @ --- @V, is orthogonal for || -| if

%

for all v; € V;. Given v € V and a linear form p € VY with (i, v) # 0, it is straightforward
to check that the decomposition V = Kv & Ker p is orthogonal for | - || if and only if

= max o

for all w € V. Arguing by induction on dim V', we will thus be done if we prove the
existence of v € V and p € V'V with (u,v) # 0 such that

(1.3)

for all w € V, since V' = Kv @ ker p will then be orthogonal for both || - || and || - ||". Let
(e}) be an orthogonal basis for || - ||'. By Lemma 1.16, we have
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fwll _ el

wew\foy [l lleill’

for some ¢, and v := e} therefore satisfies |Jw||/||v]] < |w|/||v|" for all w € V. Let now
(ej) be an orthogonal basis for || - ||. Since the dual basis (eY) is orthogonal for the dual
I

norm || - ||V, we similarly get

ol = sup L)l _les vl
pevifoy ey lle |1

for some j. It follows that u := e]V satisfies

{1, w)|
[w]|

[, 0] = Nl llv]l = o]l

for all w € V'\ {0}, and (1.3) follows. O
1.6. Ground field extension

Let V be a finite dimensional K-vector space V, F/K be a complete field extension,
and set Vg := V ®k F. When K is Archimedean, the only nontrivial case is K = R,
F = C, by the Gelfand—Mazur theorem.

Definition 1.24. The ground field extension of a norm || - || on V' is the norm || - || on Vg
defined by

o |lw||lp :=1inf )", |b|||v]| if K is Archimedean;
o ||w||F := inf max; |b;|||v;|| if K is non-Archimedean;

where the infimum ranges in both cases over all decompositions w =, b;v; with b; € F
and v; € V.

Proposition 1.25. Let F'/K be a complete field extension.

(i) For any norm ||-|| on V, the restriction of || ||F to V coincides with || - ||, and || |7
is the maximal norm on Vg with this property.
(ii) The map N(V) = N(Ve) |- || = || - [|F is an isometric embedding with respect to
the Goldman—Iwahori distances.
(iii) If K = R and F = C, then || - ||c s conjugation invariant, and any conjugation
invariant norm || - || on Vg that coincides with || - || on V' satisfies

sh-lle < -1 <1 e
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(iv) Assume that K is non-Archimedean, and let || - || be a diagonalizable norm with
orthogonal basis (e;). Then || - ||F 4s also a diagonalizable norm with orthogonal
basis (e;), viewed as a basis of Vg, and ||e;||r = ||e:]|-

(v) Assume further that F = K and
{lecll/lleall |1 <d,5 < N} O[] = {1} (1.4)
Then || - ||r is the only norm that extends || - || to V.

Note that (v) is direct generalization of [23, Lemma 1.12].

Proof. (i) is immediate, and implies for any two norms || - ||, | - ||' on V
doo (I I 1+ I17) = sup [log o[l = log fv]|'| = deo ([l I, I - II)-
veV\{0}

The converse inequality deo(|| - |7, || - I'7) < doo(|l - I, || - II’) is straightforward from the
definition, hence (ii).

To prove (iii), pick any conjugation invariant norm || - ||’ on V¢ that coincides with
|| -] on V. For each w € V¢ we then have |w|" = ||w|’, hence ||Rew| = ||Rew|’ =
[[(w+ @) /2| < |lw]’, [|Imw] = || Imw]|]’ < |jw|’. Since w = Rew + i Im w, we infer

lwlle < [Rew| + [[Imw]| < 2[jw]".

To see (iv), pick w € Vp, and write w = 3, bje; with b; € F. By definition, [[w[/r <
max; |bjl|le;||. Conversely, pick any decomposition v = ). b;v; with b; € F and v; € V,
and write v; = Zj a;je; with a;; € K. Then v = Zj cjej with ¢; = Y, b;b;;, and we
need to show that

max [ej][le; | < max [bijvi].

This follows indeed from ||v;|| = max; |a;;||le;|| and |¢;| < max; |b;||ai;|.
Now assume that F = K and (1.4) hold, and pick an extension || - || of || - || to V.
Given a nonzero tuple (b;) in F', we need to show that

| D bieill = e = max [oi][es]|.
i
After reindexing, we may assume that

c=lballler]l = - = [brlllerll > [orialllersall = -

For 1 < i <7, we have |le;||/|le1]| = |b1b; '] € |F*|, and (1.4) thus implies |e;|| = [e1]],

and hence also |b;b;!| = 1. Since K = F, we can pick a unit u; € K° such that
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|bibf1 —u;| < 1. Set vy :=by Zigr w; e, Vg = Zigr(bi —biug)es, and v3 ==Y, bse;, s0
that v1 +v2 +v3 =), bie;. Then

o = [palll Y wieill” = [bal D wies|| = [b1| max Jugfle; | =,

i<r i<r
[[v2]|” < |b1] max [le;]| = c,
i<r
and
los]l" < max [by[les]| < [b1fller]| = c,
1>T

and we infer as desired || >, bie;||" = |lvi +v2 +v3]|' =¢c. O
As in the proof of [23, Theorem 4.1}, we infer:

Lemma 1.26. Assume that K is trivially valued, and let (V| - |li)icr be an at most
countable family of norms on finite dimensional K-vector spaces. We may then find a
complete extension F/K with F nontrivially valued such that for each i € I, (|| - ||;)F is
the only norm on (V;)p that coincides with || - ||; on V;.

Proof. For each ¢, pick an orthogonal basis (e;;);jes, for (Vi, | - |l;) (see Example 1.11),
and consider the finite set

Si = {log |le;|| —log lesy[| | 4, 5" € Ji}.

Set F := K((t)), pick @ € Rsg, and endow F with the valuation vg equal to « times
the t-adic valuation. Then log |F*| = vp(F*) = aZ and F = K. According to Proposi-
tion 1.25 (v), it will thus be enough to show that « can be chosen so that aZ N S; = {0}
for all i. Now (J; QS; is countable, and it is then enough to choose o € R\ U, QS;. O

1.7. Lattice norms

In this section, K is non-Archimedean, with associated real-valued valuation v =
—log| - |. As for any valuation ring, K° has the property that every finitely generated
ideal is principal, which implies that a K °-module M is flat if and only if it is torsion-free.
If M is further finitely generated, then it is free (since K° is local).

Definition 1.27. A lattice® of V is a finite K°-submodule V of V such that V®go. K = V.

3 In the densely valued case, the present notion of lattice is more restrictive than the one used in [23,
§1.3.3].
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Any lattice of V' is thus of the form V = ). K°e; with (e;) a basis of V. A lattice V
determines a lattice norm | - ||y on V, by setting

o]y = inf {|a| | a € K, v € aV}.

Lemma 1.28. Let (e;) be a K°-basis of a lattice V of V. Then (e;) is an orthonormal
basis of || - ||v. In particular, V coincides with the unit ball of || - ||v.

Proof. Pick v € V, and write v = ), a;e; with a € KN . Given a € K, we then have
v € aV if and only if |a;| < |a|, and hence ||v|y, = max; |a;|. This means that (e;) is
orthonormal for || - ||y, and also implies that V is the unit ball of || - ||y. O

Lemma 1.29. Denote by N (V) C NU88(V) the set of lattice norms.

(i) A norm is a lattice norm if and only if it is a pure diagonalizable norm, i.e. a norm
that admits an orthonormal basis.

(ii) If K is trivially valued, then N (V) reduces to the trivial norm on V. If K is
discretely valued, with uniformizing parameter Ty, then N'*(V) is discrete and
closed in N'(V) = NYa&(V). Further, the (closed) unit ball B of any norm || - || is

a lattice, whose associated lattice norm || - ||p satisfies

doo(II- 51+ 1B) < vk (7).

(iii) If K is densely valued, N'** (V) is dense in NU8(V), and hence also in N'(V).
Further, the unit ball B of a norm ||-|| is a lattice if and only ||-|| is a lattice norm.

(iv) Let ||-|| be the lattice norm determined by a lattice V of V, and F/K be a complete
extension. Then the ground field extension || - ||p is the lattice norm determined by
the lattice VY Qo F° of VR =V Qg F.

Proof. (i) is a direct consequence of Lemma 1.28, and implies the first part of (ii). Assume
that K is discretely valued. Let || - ||y # || - ||y be two distinct lattice norms, and pick
a joint orthogonal basis (e;) as in Proposition 1.14. We then have V =" K°n)’e; and

!
m.; .
V' =35, K°my'e; for some integers m;, m; € Z, and hence

lleillv
leillv

doo (|| - lvs I - [v7) = max log

= vk (TK) max |m; —m}| > vi(mK).

This shows that A (V) is discrete and closed. Next, let || - || be any diagonalizable
norm, pick an orthogonal basis (e;) for || - ||, and write a given v € V as v =) u;mj e;
with n; € Z and u; a unit. Then ||v|| < 1 if and only if |rx|™

e;|| <1 for all ¢, and we
infer B =3, K°my'e; with m; := [log|e;||/vk (mk)]. In particular, B is a lattice with
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basis (7} e;), and hence

leill 5
el

log

doo (Il [I; I+ [[3) = max = max [mv (T ) —log [le;]|| < vk (k).

Assume finally that K is densely valued. That A% (V) is dense in N'428(V) is easily
seen by approximating the values of a given diagonalizable norm || - || on an orthogonal
basis (e;) by elements of the dense subset |K*| of Rsq. Similarly, any norm || - || is
determined by its closed unit ball B, via

lv|| = inf{la| | a € K, v € aB}.

As a result, || - || is a lattice norm if and only if B is a lattice. Finally, (iv) is a direct
consequence of Lemma 1.28 and Proposition 1.25. 0O

As an illustration of these considerations, we have:

Example 1.30. Let K be a densely valued non-Archimedean field, and F/K be a finite
extension. If the ring extension F°/K° is finite, then F/K is necessarily unramified, i.e.
|F'| = |K|. Indeed, the absolute value |- |, of L is then a lattice norm, by Lemma 1.29 (iii),
and hence |L| = |K]|.

2. Determinants and relative spectra

The goal of this section is to investigate induced norms on the determinant line,
leading to the notion of relative volume of two norms. We relate the latter to the relative
spectrum via a Minkowski-type theorem.

As before, V' denotes a finite dimensional vector space over a complete valued field K,
and we set N :=dim V.

2.1. The determinant of a norm

The determinant line of V is detV := /\N V. We have a natural isomorphism
det(VV) =~ (det V), induced by the pairing

(Vi AoAUN L A LA ) = det (g, 1)) -
In particular, if (e;) is basis of V' with dual basis (e)), then
(erA...Nen) =€ A...Aek.

Definition 2.1. To each norm || - || on V', we associate a norm det || - || on det V by setting
for r € detV
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detllrll = _inf Tl
1
where the infimum runs over all decompositions 7 = vy A ... Avy with v; € V.

We abuse the notation slightly by writing det ||7]| for the value of det| - | on 7.
By construction, det || - || is the largest seminorm on det V' with the submultiplicativity

property
det oy A Aoyl < T il (2.1)
[

for all v1,..., vy € V. That it is actually a norm follows from the next result, which is
readily checked.

Lemma 2.2. If we view the dual 7V € det VY of a nonzero 7 € detV as a multilinear
form on V, then (det ||7||)™" coincides with the operator norm

\%
”7_\/”0p — sup ‘7_ (Ula”'a'UN)|'
virovevi{oy  [lvill-- - Jlow]]

From the definition, we immediately get:

Lemma 2.3. The map det : N'(V) — N (det V') is N-Lipschitz continuous with respect to
doo-metrics, i.e. we have

doo(det [| - [l det |- ") < Ndoo (|l - I, I - I
for any two norms || - ||,] - ||' on V.

Computing the determinant of a norm is typically a hard problem in the Archimedean
case.

Example 2.4. Consider the usual /P-norm ||-||, on RY, p € [1, 00|, and set 7 := ey A. .. Aen,
with (e;) the canonical basis. Then

o det||7]|, =1 for p € [1,2];
o det||7|l, <1 forp>2.

For p = oo, determining the precise value of det ||7||o amounts to maximizing the deter-
minant of a NV x N-matrix with entries in {1}, and is known as the Hadamard mazimal
determinant problem. By [25], we have for instance

N 7log<4/3>>
-3

,ﬂ(l
N2 <det|7]joc <N 2 log N
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The lower bound is achieved if and only if there exists an ¢?-orthogonal basis with
entries in {£1} (which implies that N is a multiple of 4), but the exact value det |||
is unknown in the general case.

2.2. Determinants of diagonalizable norms

As we shall see in this section, the determinant of a diagonalizable norm is very
well-behaved. In the non-Archimedean case, this will extend to all norms, by density of
diagonalizable norms.

Lemma 2.5. If || - || is diagonalizable, then a basis (e;) of V satisfies

detfley A Aen| =] lle:l
i

if and only if (e;) is orthogonal for || - ||.

Corollary 2.6. Assume that K is non-Archimedean, and let V be a lattice of V. Then
det|| - |y = || - llaet v is the norm determined by the lattice detV := A\~ V of det V.

Proof of Lemma 2.5. When K is Archimedean, the result is equivalent to the classical
Hadamard inequality for the determinant of a matrix. Assume now that K is non-
Archimedean, and let (e;) be an orthogonal basis for || - ||. We need to show that each
basis (v;) such that vi A... Avy =e1 A... Aey satisfies [, [|es|| < T, [|vil|. If we write
v; = Zj a;je; with a;; € K, then det(a;;) = 1. Expanding out the determinant and
using the ultrametric inequality, we get [, [aio(;y| > 1 for some permutation o. Since
|| - || is diagonalized in (e;), we have

lloi|l = mj‘f.lX|aij|||6j|| > |aia(i)| ||€a(¢)||,

and we obtain as desired
[TIill = I laioo | ool = (Hlawuﬂ) <H ||€a<i>> = [Tle:l

Conversely, any basis (e;) satisfying det |e; A ... Aen| =11, |les| is orthogonal for || - ||,
as a direct consequence of Lemma 1.20. O

\

Lemma 2.7. If || - || is a diagonalizable norm on V, then det (|| - ||¥V) = (det|| - ||)" under
the canonical isomorphism det (V) ~ (det V)"
Proof. Let (e;) be an orthogonal basis for || - ||. By Lemma 1.22, the dual basis (e}) is

orthogonal for || - ||V, and [[e) ||V = ||e;|~*. By Lemma 2.5, we infer
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-1

\Y \Y —1

det fley A Aex ] =T lle)l <H||ei||> = (det|lex A...Aen|) ",
i [

hence the result. O

Lemma 2.8. Let || - || be a diagonalizable norm on V', and consider an exact sequence of
vector spaces

0=V -V -V">0,
with induced norms || - ||', || - || on V', V. Under the canonical isomorphism
detV ~ det V' @ det V",
we then have
det || - || = det || - || @ det || - ||.
Proof. Set N’ :=dim V', N” := dim V", and denote by m : V' — V" the given surjection.
Pick nonzero 7/ € det V', 7/ € detV” and & > 0. Definition 2.1, we may then find

Vi, € Viand of, ... 0%, € Visuch that 7/ = v AL AU, T =w(0]) A LA

7T('U§</'// ),

[Tlvil < (@ +e)det ||

and

IT 1071 < (1 +e) det 7]
%

The isomorphism det V' @ det V" ~ det V maps 7/ ® 7 to
VA AN AV A AR,
which satisfies
det |7 @ 7| = det ||[v] A ... AN AVY AL AUR|
< H [l H [0 1l < (1 +€)?(det [|7']|")(det [|7"]|"),
i i
hence det || - || < det|| - ||’ ® det || - ||”. By Lemma 1.23, we dually have

det(][ - [IV) < det(]| - ") @ det(]| - ).
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Since || - || is diagonalizable, so are || - ||" and || - ||, by Lemma 1.13. By Lemma 2.7, we
thus have (det || - [)7 < (det |- ||”) "' @ (det || - |") "1, hence the result. O

Lemma 2.9. Let || - || be a diagonalizable norm on'V, and F/K be a complete field exten-
sion. Then det(|| - ||F) = (det || - ||)F-

Proof. This follows from Proposition 1.25 together with Lemma 2.5. O

Corollary 2.10. If K is non-Archimedean, Lemma 2.7, Lemma 2.8 and Lemma 2.9 hold
for all norms.

Proof. By Theorem 1.19, diagonalizable norms are dense in the set of all norms, and we
conclude by continuity of det (Lemma 2.3). O

In the Archimedean case, both Lemma 2.7 and Lemma 2.8 fail in general for non-
diagonalizable norms.

Example 2.11. Let || - || be the £°°-norm on R¥. The dual norm || - ||V is the £!-norm, and
Example 2.4 thus shows that det(|| - ||¥) # (det|| - ||)V. Also, the exact sequence

0=V -V -V"50
with V' = Key, V" = Key shows that det || - || < (det] - ||') ® (det || - |).
Finally, recall from §1.3 that each basis e = (e;) of V' defines an apartment Ae =
te(RY) in N4138(V) and a Gram-Schmidt projection pe : N'(V) — Ae. For later use, we
show:

Lemma 2.12. For each diagonalizable norm || - ||, we have det || - || = det pe(]| - ||)-

Proof. Denote by W; = Vect(eq,...,e;) the complete flag defined by e. By Lemma 2.8,
we have

det || - || = @ det | - lw, /wi .
i

under the identification det V' ~ ), det(W;/W;_1). By definition of || - || := pe(|| - ||),
we infer

detflex A Aenl =] lleille = detfles A... Aen]le,
[

where the second equality follows from Lemma 2.5. 0O
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2.8. Relative volume

We introduce the following ‘additive version’ of [73, 2.4.3].

Definition 2.13. The relative volume of two norms || - ||, || - ||" on V is defined as the real

et -
voll - 111+ ) += tog (G )

Proposition 2.14. The relative volume satisfies the following properties.

number

(i) cocycle formula:
voI([l - {1, 1+ [1") = vol([F - [l I 1) =+ voldl[ - I, 1l 1I)-
(ii) homogeneity:
vol(|[ - [l e[l - ") = vol(|| - [l Il - [I') + eN for all c € R.
(iii) monotonicity:
1< - 17 == ol ([l {1 [ 1I") < vol(ll - 1 Il - 1)
(iv) Lipschitz continuity:
[vol([l - [l1, [~ 115) = vol(ll - ll2, I - 12)] < N (doo (Il - I, Il - ll2) + doo (I - 11, 11 - 112)) -

(v) if F/K is a complete field extension and ||- ||, ||" are two norms on V with ground
field extensions || - ||r, | - || to Vi, then

vol([[ e I+ %) = vol(ll - I | - I
in the diagonalizable or non-Archimedean case, and
vol([l - I, Il - I1) = vol(ll - [l I| - )] < 2N log N

in the general Archimedean case.
(vi) if 0 > V' =V = V" = 0 is an exact sequence, the induced norms | - ||v+, | - ||/
and || : ||V”; || : ||§/// Satisfy

VOL([l - {1, - 1I") = ol ([l flves [ [lv+) 4 vol (Il - ver, Il - [lv)

in the diagonalizable or non-Archimedean case, and
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[vol([l - [l Il - [I') = vol ([l v, Il ) = vol (Il - [lvr, I - Ilv)] < 2N'log N
in general.

Proof. The first three properties are obvious, and imply the fourth one as a formal con-
sequence. In the diagonalizable and non-Archimedean case, (v) and (vi) are consequences
of Lemma 2.9, Lemma 2.8 and Corollary 2.10. If K is Archimedean, Theorem 1.19 yields
diagonalizable norms || - [|o, || - || with

doo (Il 1,11 - llo) < 310g N, doo (|- ', | - [I6) < 5 log N.
Then
vol(([[ - o)z, (Il - ll6) #) = vol([[ - flo, Il - [I6),
while (iv) yields
[vol([l - [ I - 1) = vol(ll - flos Il - l)] < N'log N
and

vol(l - | II - lz) = vol((ll - [lo) e, (Il - [I6)#)| < N'log N,

since ground field extension is an isometry for d.,, by Proposition 1.25. Thus

vol(ll - Ile, Il ) = voldll - I, [T 1) < [vol(lF - [, I - ) = vol (Il - llo)e (II - [16) )]
+ [vol(|[ - flo, [I - Il) = vol(l[ - Il Il - I < 2N log N.

The proof of (vi) in the general Archimedean case is similar. O

As we next show, in the Archimedean case, the relative volume is equivalent to the
(logarithmic) volume ratio. The non-Archimedean case will be analyzed in the next
section.

Proposition 2.15. Assume that K is Archimedean, and let || -||,|| - || be two norms on V,

with unit balls B, B'.

Q@) If |- I, |l - II are diagonalizable, then

ol 11111 = e (2421,

where vol is any choice of Haar measure on V.
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(ii) In the general case, we have

1 vol(B)
1(]| - S 1 < 2N logN. 2.2
wol 111 1) = gy 0w (S )| < 2o (22
Proof. If || - ||, || - || are diagonalizable, we can pick an orthonormal basis (e;) for || - || in
which || - ||” is diagonalized, and the change-of-variable formula yields
ol 1111 1) = tog [ T el = g tow (29
V . . = i = 5
’ & ; [K : R] & vol(B')

which proves (i). The proof of (ii) is entirely similar to that of (v) in Proposition 2.14. O

Here again, the error term in (2.2) is generally nonzero in the Archimedean non-
diagonalizable case.

Example 2.16. By Example 2.4, the /! and ¢? norms || - ||, || - [|2 on RY satisfy vol(|| - [|;,
I - [l2) = 0, while the volume of the unit ball of || - ||; is strictly smaller than that of

- 12
2.4. The content of a torsion module

We assume in this section that K is non-Archimedean and nontrivially valued, with
associated valuation vg = —log| - |. The next result was proved for instance in [67,
Proposition 2.10] (see also [73, Corollary 2.3.8]).

Lemma 2.17. Fvery finitely presented torsion K°-module M is isomorphic to a finite
direct sum of cyclic modules

M ~ éaKo/aiKo.
i=1

with a; € K°°. Further, r and the sequence vk (a1),...,vk(a,) are uniquely determined
by M, up to permutation.

Proof. Pick a presentation (K°)* — (K°)® — M — 0. The image V' of (K°)? in
V := (K°)? is finitely generated and torsion free, hence a free submodule. Since V/V' is
torsion, V' C V are both lattices in V := K°. We claim that V admits a basis (e;) such
that V = @, K°; and V' = @, K°a;e; for some nonzero a; € K°, which will yield as
desired M ~ @;_, K°/a;K° with vk (a;) > 0 (since K°/a;K° = 0 when vg(a;) = 0).
Indeed, Proposition 1.14 yields a basis (e;) that jointly diagonalizes the lattice norms
I - ]y and || - ||yr. Since lattice norms take values in | K|, we can arrange that |le;||y =1
after multiplying each e; by a scalar. Since V' C V, we then have ||e; ||y = |a; !| for some
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nonzero a; € K°, and we get the claim by Lemma 1.28. The uniqueness part is proved
as in the usual structure theorem for torsion modules over PID’s. O

Definition 2.18. The content of a finitely presented torsion module M is defined as
T
cont(M) := ZUK(ai) € (0, +00).
i=1

Note that this is —log of the content as defined in [73, 2.6.1]. Alternatively, cont(M)
is obtained by applying vk to the fractional ideal sheaf {a € K | a - det M = 0}.

Example 2.19. If K is discretely valued with uniformizing parameter 7y, then cont(M) =
v (g )0(M) with £(M) the length of M.

The content is closely related to the relative volume. Indeed, as we saw during the
proof of Lemma 2.17, every finitely presented torsion module is the quotient of two
lattices in the same vector space, and we have:

Lemma 2.20. If V' C V are lattices in a finite dimensional vector space V, then
cont(V/V') = vol (|| v, | - [») -

Assuming now that K is discretely valued, we conclude this section with an analogue
of Proposition 2.15, relating the relative volume to the virtual length used in [18]. Recall

that the virtual length ¢(V/V’) € Z of two lattices V, V' in a K-vector space is defined
as

LYV =LYV = V')V
for any lattice V" contained in both V and V' (cf. [18, Definition 4.1.1], [68, III, §1]).
Proposition 2.21. Assume that K is discretely valued with uniformizing parameter mg,

and let |||, ]| || be two norms on V. Denote by B, B’ their unit balls, and by ||| 5, |- ||z’
the associated lattice norms. Then

vol (Il - 15, | - I18) = vk (wi)e(B/B") = vol(|| - [l [| - ") + O(V).
Note that the absolute value of K is normalized by v (7mx) = 1 in [18].
Proof of Proposition 2.21. The first equality follows from Example 2.19. By Lemma 1.28,

we further have doo (|| - ||, || - |B) < vi(7k) and doo (|| - |5 || - l|B/) < vk (7K), and hence
vol(|| - I 1l - 11") = vol(|| - B, || - || B7) + O(N) by N-Lipschitz continuity of vol. O
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2.5. Relative spectra

We introduce a general notion of relative spectrum of two norms, and relate it to
relative volumes. In the Archimedean (resp. discretely valued) case, the results of this
section can be traced back to Minkowski’s work on successive minima (resp. Mahler’s

paper [55]).

Definition 2.22. Let ||-||, ||-||" € MN(V') be two norms on V. We define the relative spectrum
of || - || with respect to || - ||" as the finite decreasing sequence
A1) == A I - 1)

defined by the minmax-type formulas

i
XL 1) = sup ( inf lo ] ) . 2.3
A1 1-1F) WCV,dim W>i \weW\{0} & [|w]] 23)

The following properties are immediate to check.

/

Lemma 2.23. For any two norms || - ||, || - ||' on V we have:

(@) Al -1 1 1) = supyevy oy (log [|vf|” — log [|v]]);
(i) A ([l - [l 11+ 1) = infyev goy (oglo]l” = log lvll) = =As(ll - I, 11 - []);
(i) doo (I~ [, I - ") = max LA (- Ml 11 1), Al - IS - 1D}
(iv) for each i, Ni(|| - |, || - |I') s a 1-Lipschitz continuous function of || - ||,| - ||' with

respect to the Goldman—Iwahori distance d

The next result justifies the chosen terminology.

Proposition 2.24. Assume that || - ||, || - ||' € N92&(V) are diagonalizable. Choose a basis
(e;) of V in which both norms are diagonalized, as in Proposition 1.1/, and order it so
that

leall o o llenl!
fexl == Tenll

Then

og leill’
Al 017 = & el

Proof. Set W; := Vect(es,...,e;), W/ := Vect(e;, ..., en), and observe that

g /
log les] = inf log [l = sup log .
el weW;\{0} [Jw]| weW/\{0} [|wll
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By (2.3), the first equality yields log lesl” < Xi(ll - 0= 11"). On the other hand, each

lle:ll

subspace W C V with dim W > ¢ satisfies W N W/ # {0} for dimension reason, and
hence

Jw] [wl” el
log < sup log = )
wew\{o}  flwll T wewnioy - llwll leqll
and using (2.3) again yields (|| - ||, || - ) < log 'h‘;'h’. O

We are now in a position to prove the following analogue of Minkowski’s second
theorem.

Theorem 2.25. Let || - ||, ] - ||" be two norms on V. If || - ||, || - || are diagonalizable, or K
s non-Archimedean, then

N
vol(Il - I, 1= 1) = D Aall - 11 - 11)-
i=1
Otherwise,
N
vol([l - [1, 11+ 1) = - Xl - Il I )| < 2N log N.
i=1
Proof. Note that vol(|| - ||| -1|") and >, Xi(|| - ||, || - ||") are both N-Lipschitz continuous
in|-|,|I-1I', by Proposition 2.14 and Lemma 2.23, respectively. When both norms are

diagonalizable, Lemma 2.5 and Proposition 2.24 yield

N

pIRI(RN P

i=1

vol([[ - [l I 1)

If K is non-Archimedean, this propagates to all norms, by density of diagonalizable norms
and (Lipschitz) continuity. Finally, the case of arbitrary norms in the Archimedean case
is handled just as point (v) in Proposition 2.14, by choosing diagonalizable norms at
distance at most $log N of || - [, |- |I'. O

Example 2.26. By Example 2.4, the ¢! and ¢ norms | - |1, | - [|2 on R? satisfy vol(]| - ||2,
I+ 1l1) = 0, while Ay (|| - [l2, || - 1) = log v2 and Ao (]| - [[2, | - 1) = 0.

3. Alternative metric structures on spaces of norms

The goal of this section, which stands somewhat apart from the rest of the paper, is
to exploit the properties of determinants of norms to endow the space of diagonalizable
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norms with natural metric structures, recovering in particular the Bruhat—Tits metric
in the non-Archimedean case.

In this section, K is again an arbitrary complete valued field, and V' an N-dimensional
K-vector space.

3.1. The triangle inequality

The relative spectrum of two norms || - ||, || - |" € N (V) defines a point A (|| - ||, || - ||")
in the rational polyhedral cone

C::{)\ERN|/\12"'Z)\N}2RN/6N7

which is a Weyl chamber for the Weyl group &y of GLy. Given an & y-invariant norm
x on RV set

Ay (A1) == - I 1)) -

The resulting function d, : N'(V) x N(V) — Ry is symmetric, with d, (|| - ||, - ||') = 0 if
and only if || -|| = || - ||- The following result is inspired by Gerardin’s proof of [39, 2.4.7,
Corollaire 2.

Theorem 3.1. For each & y-invariant norm x on RY, d, satisfies the triangle inequality
on N4 (V) and is characterized as the unique metric on N42&(V') for which

te : (R, x) = (WE(V), dy)
is an isometric embedding for each basis e of V.

By Proposition 1.17, the Goldman-Iwahori metric do, on N42&(V) corresponds to
the £*°-norm on R¥. By equivalence of norms on RY any metric d,, produced by Theo-
rem 3.1 is Lipschitz equivalent to d... Besides the latter, the most important case is the
Euclidian metric ds induced by the ¢£2-norm:

Example 3.2. When K is Archimedean, ds coincides with the Riemannian metric of
the symmetric space N'428(V) ~ GLy(K)/Uy(K) (see Theorem 3.7 below). When K is
non-Archimedean, (AV422(V), d,) is a realization of the Bruhat-Tits building of GLy (K)
with its Euclidian metric, see for instance [59, Chapter II1]. In both cases, (N'428(V), dy)
is a CAT(0) metric space.

Corollary 3.3. If K is non-Archimedean, the space N (V') is complete with respect to
the metric d,,, which is characterized as the unique compatible metric such that te :
(RN, x) = (N(V),dy) is an isometric embedding for all bases e. For x = (2, (N'(V),ds)
is a CAT(0) metric space.
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Proof. On N428(V), d, is equivalent to ds and satisfies the triangle inequality. This
is also the case on N(V), by density of N'428(V). Since N (V) is complete for duo, it
is also complete for d,, and is thus the completion of (N428(V), d, ). Conversely, any
metric on N (V) with the stated property must coincide with d, on the dense subset
Ndiag (V) hence everywhere. For y = 2, the Bruhat-Tits building (N928(V),dy) is a
CAT(0) metric space, and this property is preserved under completion. O

As in the construction of the Euclidian metric on any Euclidian building, the key to
the proof of Theorem 3.1 is to show that the Gram—-Schmidt projections introduced in
Definition 1.18 are distance-decreasing.

Lemma 3.4. For each basis e of V', the Gram-Schmidt projection pe : N42&(V) — A,
satisfies

dy (el 1D pe(ll - 1) < dy (I~ 11511+ 1) (3.1)
for all || - ||| - |I" € N¥=8(V).
We first recall some elementary facts.

Definition 3.5. Given \, X' € C = {A € R | A\; > -+ > An }, one says that X is majorized
by N, written A < N if Ap + -+ X <A+ -+ AL for all ¢, with equality for i = N.

Lemma 3.6. We have A < X if and only A belongs to the convex envelope of the & y-orbit
of X, and then x(\') < x(\) for any & y-invariant norm x on RV,

Proof. It is straightforward to see that any A in the convex envelope of the & y-orbit
of N satisfies A < N. As observed in [62], the converse is a simple consequence of the
Hahn-Banach theorem. Assuming indeed that A < X, it is enough to show that for each
u € RY there exists p € G with

/
Zﬂi)\i < Zui (i)
Choose o such that jig1) > -+ > pig(n). Then

Z HiNi = Z Ho(i) Ao (i)
i B

=3 (o) = totirn) o)+ + Ao) + Hov) Qo)+ + X))
<N

< (o) = Hoi+n) N0+ F ) + vy M)+ + Ay) = D o)X,
<N i

= Zﬂi)\;—l(i)a
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and it remains to set p := o~ . Assume finally that A < X/, and hence A = Zj ;1 with
i S n-equivalent to X', t; € R>g and 3, t; = 1, by what we just saw. By & y-invariance
of x, we infer

A) < thX(Ni) = thx(/\') =x(\). O

Proof of Lemma 3.4. By Lemma 3.6, it will be enough to show that the relative spectrum
A (resp. ) of pe(|| - 1|") with respect to pe(|| - ||I') (resp. || - ||” with respect to || - ||) satisfy
A+ N < g+ -+ py for all 4, with equality for i = N. Set W := Vect(eq, ..., e;),
and observe that the restriction pe(]| - ||)w of pe(]] - ||) to W satisfies by definition

pe(ll - Nw = pew (Il - [Iw)

with ey = (eq,...,e;). By Lemma 2.12, we thus have det(pe(|| - ||)w) = det(|| - ||w), and
Theorem 2.25 yields

At A= vol (pe( - Dw pe(ll - 1) w)
=vol (|- llw I ) = D As(ll- v I - 1)

J<i

<N 1) = -+

<t

where the last inequality follows directly from (2.3), and is an equality when ¢ = N, i.e.
W=V. O

Proof of Theorem 3.1. By construction, te is an isometric embedding with respect to
x and d,, and the latter therefore satisfies the triangle inequality on each apartment
Ae = 1o(RY). Pick three diagonalizable norms | - ||; € N428(V) i = 1,2,3. We may
then choose a basis e with || - ||1, || - |2 € Ae. Since d,, satisfies the triangle inequality on
Ae, we have

dy (1 Ml [F-12)

dy (pe(ll - ll1), pe(ll - 112))
Ay (pe(ll - 1) pe(ll - 113)) + dx (pe(ll - l13); pe(ll - [12))

IN

which shows that d,, satisfies the triangle inequality on N'428(V), by (3.1). O
3.2. The Archimedean case: Finsler metrics
Assume that K is Archimedean, i.e. K = R or C, and denote by H(V') the real vector

space of all quadratic/Hermitian forms h on V. Each diagonalizable norm ||-|| € N/4ia8(V)
is then associated to a positive definite form v(v) := ||v||?, thereby defining an embedding
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of N'4i28(V) as an open convex subset of H (V). Further, N'438(V) is diffeomorphic to
the symmetric space GLy(K)/Un(K), with Uy (K) the unitary/orthogonal group.

As we now show, the metric d, constructed above is induced by a natural Finsler
metric on N'428(V). Recall first that for each h,y € H(V) with ~ positive definite, one
can find a basis e = (e;) of V' which is orthonormal for v and orthogonal for h, i.e.

and

h (Z aiei> =3 Aail?

for all a; € K. The spectrum (};) is independent of the choice of e up to ordering, hence
defines a point A, (h) € C, and we then have for any two h,h' € H(V)

Ay (B4 B') = Ay (R) + Ay (B).

This is indeed a simple consequence of the min-max principle, known as the Ky Fan
inequality. Given a symmetric norm y on R¥ it follows as in Lemma 3.6 that setting
for each v € N'diag(V)

|h

=X (Ag(R))

defines a norm on H(V), and we thus get a continuous Finsler norm |- |, on the tangent
bundle of N'4i28(V).

Theorem 3.7. The metric d,, on NU&(V) in Theorem 3.1 coincides with the length
metric defined by the Finsler norm | - |,. In other words, for any two v, € NU2&(V),
dy(v,7) is the infimum over all smooth paths (vi)ie(0,1) in NV*8(V) joining v to v of
the corresponding length

1
ex(’Y) 5:/|’-Yt|xmdt-
0

As a consequence, the distance d,, coincides with the one constructed in [7, §4] and
(for x = ¢P) in [27].

Lemma 3.8. For each basis e of V, the Gram-Schmidt projection pe : N428(V) — A is
a smooth map, and it satisfies pg|-|x < |- |x-
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Proof. The smoothness of pe follows from its description in terms of the Gram-Schmidt
orthogonalization process. Pick v € N428(V), h € H(V). As in the proof of Lemma 3.4,
it will be enough to show that X := X\, (,)(d,pe(h)) is majorized by p := A, (h). Differ-
entiating the identity

vol(,7") = vol(pe(7), pe (7))

with respect to 7' shows that the trace Tr,(h) satisfies

Trpy(h) = Trpe(n,) (d'ype(h))a

ie. Adr+--++ Ay =1+ -+ pn. Arguing as in Lemma 3.4, we apply this fact to the
restrictions of v and h to the span W of (eq,...,¢e;) for a given i, and get

>\1+"'+)\i=’1‘1‘7|w(h‘w) <yt g
thanks to the min-max principle. O

Proof of Theorem 3.7. Pick a basis e, and observe that the differential dyte : RN —
H(V) at A € RY satisfies for all 4 € RY

Abe()\) (dxate(p)) = p mod Sy.

As a result, ¢|- |, is the constant Finsler norm y on RY, and the y-length of any smooth
path v:[0,1] = Ae joining v = te(A) to v = te(N) thus satisfies

() = x(N = X) =dy(7,7),

with equality when  is the image of the line segment [\, \']. If v : [0,1] — Ndiag(V)
is now a smooth path joining v to 7' in N'48(V) only, the previous case applies to
pe ©7 : [0,1] = Ag, which combines with Lemma 3.8 (ii) to give £, (7) > €y (pe ©7y) >
dy(v,7). ©

Part 2. Models and metrics
4. Analytification and models

This section reviews some well-known facts on Berkovich analytifications and models,
with an emphasis on the reduced fiber condition. We provide in particular a direct proof
of a version of the Bosch—Liitkebohmert—Raynaud reduced fiber theorem for models.

As before, K denotes a complete valued field. All schemes over K (or K°, when K is
non-Archimedean) considered below are separated, unless otherwise specified.
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4.1. Analytification

To any scheme X of finite type over K, Berkovich functorially associates in [3, §3.4]
an analytification X", together with a continuous map ker : X?* — X. In the present
paper, we mostly only need the underlying topological space, which is Hausdorff and
locally compact. As such, the analytifications of X and of the reduced scheme X,qq
coincide, but it will nevertheless be useful for inductive arguments to allow X to be
non-reduced.

Assume first that X is affine, i.e. X = Spec A with A a finite type K-algebra. The
topological space X" is defined as the set of all multiplicative seminorms on A extending
the given absolute value on K, endowed with the topology of pointwise convergence. The
multiplicative seminorm associated to € X" is denoted by f +— |f(z)|. Thesetof f € A
with |f(z)| = 0 is a prime ideal, the kernel of z, thereby defining a natural continuous
map ker : X** — X. We thus have |f(z)| = 0 if and only if f vanishes at £ = ker(z),
and f +— |f(z)| defines a norm on the residue field x(£).

Lemma 4.1. A function f € A satisfies |f| =0 on X?" if and only if f is nilpotent.

Proof. For each closed point £ € X, the absolute value on K (uniquely) extends to
the finite field extension k(&) of K, and image of the kernel map therefore contains the
set of closed points of X (in fact, ker injects X" onto the set of closed points of X
if K is Archimedean, while ker maps X" onto X when K is non-Archimedean). As a
consequence, a function f € A with |f| = 0 vanishes at all closed points of X, and hence
is nilpotent. O

Consider now an arbitrary K-scheme of finite type X, and cover it with finitely many
affine open subschemes U;. Since X is separated, each U;; = U; NUj is affine, and UJ" is
homeomorphic to the inverse image of U;; in both U™ and U$". We can thus glue U™
and U?" together along their common open subset U to define the topological space
X3 with a continuous map ker : X*" — X.

The GAGA theorem [3, 3.4.8, 3.5.3] guarantees that X?" is Hausdorff (since we always
assume X separated), locally compact, and X?" is compact if and only if X is proper.

Example 4.2. If K is Archimedean, the Gelfand-Mazur theorem yields the following de-
scription of X?", When K = C, X" is the usual analytification of X, i.e. X** = X(C)
with its Euclidian topology. When K = R, X®" is identified with the set of closed points
of X, i.e. the quotient of (X ® C)** = X(C) by complex conjugation.

Example 4.3. When K is non-Archimedean with valuation vg = —log]| .|, X?" can
be seen as a space of semivaluations on X, i.e. real valuations on the residue fields of
points of X. More precisely, the bijective map x — (ker(z), v, ) with v, (f) := —log|f(z)]
describes X" as the set of pairs (§,v) where £ € X is a scheme point and v : kK(§)* = R
is a rank 1 valuation on the residue field x(§) extending vg.
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4.2. Smooth functions

In the Archimedean case, every point of X®" admits a neighborhood V' with a closed
(analytic) embedding in a polydisc D", and a smooth function u : V' — R is defined
as the restriction of a smooth function on D", the definition being independent of the
choice of closed embedding.

In the non-Archimedean case, Chambert-Loir and Ducros have introduced in [20] a
notion of (p,¢)-form on any Berkovich analytic space (see also [43] for the case of an
analytification). In particular, a sheaf of smooth functions on X?" is defined, basically
prescribed by the following two natural requirements:

(i) log|f| is smooth for each invertible analytic function f;

(ii) if uq,...,u, are smooth functions on an open V' C X?" and y is a smooth function
defined near the range of the map V' — R” with components (u;), then x(u1,...,u,)
is smooth on V.

More explicitly, a function u on an open subset of X" is smooth iff it is locally of the
form

where the f; are invertible analytic functions and y is a smooth function on an appro-
priate subset of R". Note that this description of smooth functions also holds in the
Archimedean case (using Re z; = log |e*|).

4.8. Models and reduction

In what follows, K is non-Archimedean (possibly trivially valued). Recall that the
valuation ring K° is Noetherian if and only if K is discretely or trivially valued. Let X
be a K-scheme of finite type.

Definition 4.4. A model of X is a (separated) flat, finite type K°-scheme X together with
an identification of K-schemes X := X Qo K ~ X.

The special fiber of a model X is the K-scheme of finite type Xs = X ®go K. We
say that a model X is proper (resp. projective) if it is proper (resp. projective) as a
K°-scheme. This implies of course that X is proper (resp. projective) as a K-scheme.

Models of X form a category, in which a morphism of models p : X’ — X is a
morphism of K°-schemes compatible with the given identifications X} ~ X ~ Xg. If
two models X', X admit a morphism p : X’ — X, then p is unique, by separatedness,
and we then say that X’ dominates X. We say that X' properly dominates X if u is
proper.
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In the trivially valued case, models of X are in 1-1 correspondence with automor-
phisms of X, and X = X is thus the only model up to isomorphism.

Lemma 4.5. Any model X of X is automatically finitely presented over K°.

This follows from a general result of Raynaud—Gruson [63, Théoréme 3.4.6], and goes
back to Nagata [58, Theorem 3]. For the sake of completeness, we reproduce here a simple
argument due to Antoine Ducros [33], which is basically equivalent to that of Nagata.

Proof. We claim that it is enough to prove the result when X is projective over K°.
Indeed, arguing locally, we may first assume that X is affine, and we get the claim by
choosing a closed embedding in an affine space and passing to the schematic closure in
the corresponding projective space. Pick a closed embedding X — IP’IJ(VO, and denote by
I the corresponding homogeneous ideal of R := K°[tg,...,ty]. Since both (R/I) ® K
and (R/I)® K are Noetherian, we may choose a finitely generated homogeneous ideal
I' C I such that R/I' — R/I becomes an isomorphism after tensoring with either K
or K. This means that the finitely presented closed subscheme X’ C PR, defined by I’
has the same special fiber and generic fiber as X. If we can show that X’ is flat over
K°, it will coincide with the schematic closure of its generic fiber, which will prove that
X = X’ is finitely presented. But X’ is flat over K° if and only if the finite type K°-
module V,, := (R/I'), is free for all m € N large enough, which is indeed the case since
dimg Vi ® K = dimz V,, ® K, by choice of I'. O

A model X of X determines a compact subset X=* of X®» and an anticontinuous’
reduction map

redy : X= — X,

as follows. If X' is affine, i.e. X = Spec(A) with A a flat (i.e. torsion-free) finite type
K°-algebra, then

X2 ={ze X ||f(z) <1forall feA},

and the reduction redy(z) of z € X= is the point of X, induced by the prime ideal
{f € A| |f(z)] < 1}. In the general case, X is covered by finitely many affine open
subschemes U;, whose generic fibers U; give an affine open cover of X, and

x2=Ju? c|Jup = x.

4 The letter 3 (‘bet’) is the second letter of the Hebrew alphabet. The chosen notation follows the lead
of [75].
5 The inverse image of an open is closed.
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In the language of Example 4.3, XY= consists of those semivaluations on X that admit
a center on X, and redy maps a semivaluation to its center, which is necessarily on X.
By the valuative criterion of properness, we thus have:

Lemma 4.6. If a model X' properly dominates X, then (X')= = X=. If X is proper over
K° (and hence X is proper over K ), then X= = X?",

Example 4.7. In the trivially valued case, X is the only model up to isomorphism, and
X= coincides with the construction of [75]. In particular, X = X with equality iff X
is proper.

The compact set XY= associated to a model X can also be understood as (the underly-
ing topological space of) the generic fiber in the sense of [4, §1] of the formal completion
X of X. As above, it is enough to consider the case where X = Spec(A4) and X' = Spec(.A)
are affine. For any two nonzero a,a’ € K°°, there exists n > 1 with " € K°d’, and
the formal completion A of A with respect to a is thus independent of the choice of
a € K°° (set A= A= Ain the trivially valued case). The K°-algebra A is flat and
topologically of finite type, and X = Spf (.Z) is thus an admissible formal K°-scheme,
whose generic fiber )/(\,, is defined as the set of bounded multiplicative seminorms on the
K-affinoid algebra A=A K. Composing such a seminorm with the canonical map
A — A defines a continuous map X — X2, which is easily see to be bljectlve by density
of the image of A in A and hence a homeomorphlsm by compactness of X

The following well-known result holds in fact for the reduction map of any admissible
formal scheme (see for instance [46, §2.13]).

Lemma 4.8. The reduction map redy : X= — X, of any model X is anticontinuous and
surjective. Further, the preimage T'(X) of the set of generic points of X is a finite set.

We shall call T'(X) the set of Shilov points. When X (and hence X) is affine, I'(X)
is exactly the Shilov boundary of the K-affinoid domain X'~ in the sense of [3, 2.4.4],
cf. [45, Proposition A.3]. Covering a general model with affine open subschemes, we get:

Lemma 4.9. For any model X of X and f € O(X), the sup-seminorm on X= satisfies
1fllx= = SuP|f| maxIf\

Example 4.10. If K is trivially valued and 7 is a generic point of X = X, the point of
X= corresponding to the trivial valuation on k() = Ox, is the unique Shilov point
mapping to 7.

Example 4.11. Assume that K is nontrivially valued and X is normal, i.e. integrally
closed in X with X normal. For each generic point n of Xy, the local ring O , is a rank
one valuation ring. This is of course well-known when X is Noetherian (i.e. K trivially or
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discretely valued), while the general case is proved in [52, Theorem 2.6.1]. As observed
in [47, Proposition 2.3], one easily checks that the corresponding point of X7 is the
unique Shilov point of X mapping to 7.

Example 4.12. If we merely assume that X is integrally closed in X, it is still true
that there is a unique Shilov point mapping to any given generic point 1 of Xs. In the
discretely valued case, this is proved in [21, Lemme 2.1]. In the densely valued case,
the assumption implies that X is reduced by Theorem 4.19 below, which also implies
that redy : XY= — X, coincides with the affinoid reduction map, and we conclude by 3,
Proposition 2.4.4].

4.4. Sup-seminorm, integral closure and reduced fiber

The goal of this section is to review the relation between sup-seminorm, integral
closure and reduced fiber.

Assume first that K is non-Archimedean and nontrivially valued, X = Spec(A4) is
affine and X = Spec(A) is an affine model of X. Denote as above by A the formal
completion of A with respect to any nonzero a € K°°, by A:= A® K the associated
K-affinoid algebra, and write f — ffor the canonical map A — A (which is not injective
in general, cf. Example 4.14 below). The affinoid algebra A is equipped with the sup-
seminorm || - ||sup, defined by setting for g € A

l9llsup = sup lg| = max lgl,

where the second equality holds by [3, 2.4.4]. The sup-seminorm on X= of f € A as in
Lemma 4.9 can thus be written as

[l = 1l fllsup-
By [8, 6.2.1/4] and [3, 3.4.3], we have:

Lemma 4.13. The sup-seminorm on A is a norm if and only Zf//l\ is reduced. This holds
in particular if A is reduced.

While A — A has dense image, it is not injective in general, even when A is reduced:

Example 4.14. If K is discretely valued, A := K is of finite type of K°, and hence a
model of A = K, for which A = {0} (thanks to Antoine Ducros for this simple example).

Theorem 4.15. The unit ball of || - ||sup coincides with the integral closure A of Ain A.
Similarly, the unit ball of || - ||x= coincides with the integral closure A" of A in A, and
the induced map A" — A’ further has dense image.
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Corollary 4.16. A given f € A is integral over A if and only sz 18 mtegml over .A and
A is integrally closed in A if and only ZfA is integrally closed in A.

We start with a useful observation.
Lemma 4.17. For each f € A, we have f € A <— fe A.

Proof. We imitate [9, Lemma 1. 4] Pick a nonzero a € K°° such that af € A, and note
that the canonical map A — A induces an isomorphism A/aA ~ A/ aA. If f € A we
thus have af = ag for some g € A, and hence f = g € A after multiplying by a~!

inA. O

Proof of Theorem 4.15. That the unit ball of || - ||sup is the integral closure of Ais a
reformulation of [8, 6.3.4/1] (and the remark that follows). Before dealing with the unit
ball of || - ||x=, we first establish the density of the image of A’ in A,

Let thus g € le\’, so that ¢" + 2?2—11 big" ! € A for some b; € A. Since A — A and
A — A have dense images we can pick sequences f; € A and a;; € A with f; — g and
a;; — by as j — 0o. As A is open in A (for instance by Lemma 4.18 below), it follows
that f"—l—zzl fﬁwf” ie Aforall j > 1, ie. f"—l-zl 1 auf" ‘e A, by Lemma 4.17.
As a result, f; is integral over A, ie. f; € A’, which proves that A" — A’ has dense
image.

It remains to show that an element f € A with ||f||x2 < 11is 5 integral over A. Since
|| f ||sup < 1, we already know that f belongb to A’. Since A’ — A’ has dense image and
Ais open in A, we find f' € A’ with f — f € A, i.e. f — f' € A, and hence f € A’ (see
also [23, Theorem 2.10]) for a direct proof). O

Besides the sup-seminorm || - || x3, 4 is also equipped with a ‘lattice seminorm’ || - || 4,
defined by

I flla := inf {|a| | a € K, f € aA}.

By Example 4.14, this is again not a norm in general. However, similarly setting for
geA

lgll 5 :=int {Ja| | a € K, g € aA},
does yield a norm on A:

Lemma 4.18. For each g € A, the mﬁmum defining ||gl| 3 is achieved. In particular, A s
the closed unit ball of || - || 7, and K°° A is its open unit ball.

Proof. The result is true for the polynomial ring B := K°[t1,...,t,], since || - || 5 is then
the Gauss norm on the Tate algebra B = K{t1,...,t.}. In the general case, choose a



S. Boucksom, D. Eriksson / Advances in Mathematics 378 (2021) 107501 45

surjection B := K°[ty,...,t;] — A for some r > 1, and observe that || -|| 7 is the quotient
seminorm of [ - ||z with respect to the induced surjection p : B — A. The kernel of p,
being an ideal in a Tate algebra, is strictly closed [8, 5.2.7/8]. By definition, this means
that for each g € A, there exists h € B such that p(h) = g and Ihllg = llgll 5. Since
the desired result holds for B, we can then find a € K with |a| = ||h]|z = [|g]| z, Which
implies that h € a3, and hence g = p(h) € aA. O

Theorem 4.19. As above, let X = Spec A be an affine model of X = Spec A. We then
have || -[lsup < |- 5 o A, and hence ||-||x= < ||-||4 on A. Consider further the following
properties:

(i) Xs is reduced;
) -l = | - L5 on 4
) I llm = - on A7
) A is integrally closed in A;
(v) A is integrally closed in A.
Then (i) < (i1) <> (i1i) = (iv) < (v). If K is densely valued, we also have
(v) = (i), and (i)—(v) are then equivalent.

Proof. Pick a nonzero g € A. By Lemma 4.18, llgll z is in the value group [K*|, and
we may thus assume that ||g|| 4 = 1 after multiplying g by a nonzero scalar. We then
have g € A, hence lg(z)| <1 for all x € X2, which proves that ||g|lsup < 1, and hence
I llsup < 11+ Ml &

Suppose now that X is reduced, and assume by contradiction that g as above satisfies
llgllsup < 1. By [8, 6.2.3/2], g is topologlcally nllpotent i.e. ¢" — 0. For n > 1, we thus
have ||g"]| s < 1,i.e. g" € K°° A; since AQ K ~ A® K is reduced, this implies g € K°° A,
which contradicts [|g|| ; = 1. We have thus proved (i) = (ii), which trivially implies
(iii) by composing with A — A. If (iii) holds, then | - |4 is power-multiplicative, i.e.
If™|la = ||fII'4 for each f € A and n € N. In particular, f" € K°°A <= || f"||la <
1 < f € K°° A, which means that A ® K~ A/K°° A is reduced.

Since A (resp. A) is the unit ball of || - | 2 (resp. || [l.4), Theorem 4.15 shows that (ii)
and (iii) respectively imply (iv) and (v), while Corollary 4.16 shows that (iv) and (v) are
equivalent.

Assume finally that K is densely valued and that (v) holds. To prove (i), we need to
show that each f € A such that f™ € aA for some n > 1 and a € K°° actually satisfies
f € KA. Since K is densely valued, we can find o/ € K°° with |a|'/" < |a/| < 1, and
hence a/a’™ € K°. As a result, g := a’ ~1 f € A satisfies g" € A, and hence g € A, since
A is integrally closed in A. We have thus shown as desired that f = a’g € K°°A (we are
grateful to Walter Gubler for his help with this argument). 0O



46 S. Boucksom, D. Eriksson / Advances in Mathematics 378 (2021) 107501

We conclude this section with the following rather special case of the scheme-theoretic
version of the Bosch-Liitkebohmert-Raynaud reduced fiber theorem [10, Theorem 2.1’].
We provide some details for the convenience of the reader (see also [1, Théoréme 17,
p. 73]).

Theorem 4.20. Assume that K is non-Archimedean and nontrivially valued, and either
discretely valued or algebraically closed. Let X be a reduced K-scheme of finite type, and
pick a model X of X. The integral closure X' of X in X is then finite over X, and hence
a model of X as well. In the algebraically closed case, X! is further reduced.

Note conversely that the existence of a model with reduced special fiber implies that
X is reduced, by [32, IV,12.1.1].

Proof of Theorem 4.20. If K is discretely valued, then X is excellent, which implies that
its integral closure in X is finite. Assume that K is algebraically closed. It is then densely
valued, and the final point will thus follow from Theorem 4.19.

The finiteness of X’ over X being local, we assume that X = Spec(A) is affine and
use the above notation. We will reduce the result to the Grauert—-Remmert finiteness
theorem, basically arguing as in [9, Proposition 1.5] and [72, Theorem 3.5.5, Step 3].

Since A is reduced, A is reduced as well by Lemma 4.13, and [8, 6.4.1/5] thus shows
that A’ is finite over A, i.e. A’ = > Ag; for a finite set g; € A, in which we include 1
for convenience. As in the proof of Lemma 4.17, we can find for each i some f; € A with
gi — ﬁ € A, and hence A’ = > .Zﬁ By Corollary 4.16, an element f € A belongs to
the integral closure A’ of A in A if and only f belongs to A’ = Do Af;, which is also
equivalent to f € >, Af; by Lemma 4.17. We conclude as desired that A" =)  Af; is
finite over A. O

Remark 4.21. Theorem 4.20 fails in general over an arbitrary densely valued non-
Archimedean field K. Let indeed X = Spec A be an affine reduced K-scheme, X =
Spec A an affine model, and denote by A’ the integral closure of A in A. If K is densely
valued and A’ is finite over A, then X’ := Spec A’ is a model of X, and hence X! is
reduced, by Theorem 4.19. As a result, the sup-seminorm || - ||x3 = || - lar2 = || - || &
takes values in |K|, a condition that is not satisfied in general when the group |K*| is
not divisible.

5. Fubini-Study metrics and model metrics

This section introduces Fubini—Study metrics, and compares them with model metrics.
The main result is Theorem 6.4, which compares the supnorms and lattice norms induced
by a model metric, and relies on the reduced fiber theorem.

In what follows, X denotes a projective K-scheme, where K is a complete valued field.
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5.1. Metrics
Let L be a line bundle on X. A continuous metric ¢ on L is a family of norms
|1¢. 1 Lz =L@ H(xz) = [0,+00), z € X",

such that for any local section s of L on an open U C X, the induced function |s|4 on
U?" is continuous. We use additive notation for metrics, which amounts to the following
rules:

(i) if ¢, are continuous metrics on line bundles L, M, then ¢ 4 denotes the induced
metricon L+ M =L@ M*! ie.

+
| loxw =1l @ - I35

(ii) a continuous metric ¢ on the trivial line bundle L = Ox is identified with the
continuous function —log|1|, on X&".

If ¢, are two continuous metrics on the same line bundle L, ¢ — 1 is thus a continuous
function on X?", which means that the space C°(L) of continuous metrics on L is an
affine space modeled on C%(X?).

A smooth metric ¢ on L is a continuous metric such that |s|, is smooth for any local
trivialization s of L. In the non-Archimedean case, smoothness is understood in the sense
of [20], see §4.2. The set of smooth metrics C*°(L) C C°(L) is an affine space modeled
on C*(X).

We occasionally use the notion of a singular metric on L, by which we mean a metric
of the form ¢ = 1 + f with ¢ € CO(L) and f : X** — [—00, +00) an arbitrary function.
For a local trivialization s of L, |s|s, = |s|ye™/ is thus allowed to be +oo at certain
points.

If f is bounded, we say that ¢ is a bounded metric, defining an affine space £L>*(L) D
C9(L) modeled on the space of bounded functions.

Example 5.1. Every section s € H(X, L) defines a singular metric log |s| on L, such that
log |s| = 1 + log |s|y for any ¢ € CO(L).

For each m > 1, every metric on L is of the form m¢ with ¢ a metric on L. As a
result, all of the above notions immediately extend to Q-line bundles.

5.2. Fubini-Study metrics

The usual Fubini-Study metric on the tautological ample line bundle O(1) over the
projective space (also known as the Weil metric in the non-Archimedean context) gen-
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eralizes in a natural way as follows (see Corollary 7.18 below for a more conceptual
characterization).

Definition 5.2. A metric ¢ on a line bundle L over X is called a Fubini—Study metric
if there exists m > 1, a finite set of sections (s;) of mL without common zeroes, and
constants A; € R such that

(A) ¢ = ﬁ log >, |s5]2€?* (Archimedean case);
(NA) ¢ = % max;{log|s;| + A;} (non-Archimedean case).

We say that ¢ is pure if A; = 0.

By definition, L admits a (pure) Fubini-Study metric iff L is semiample, i.e. mL is
globally generated for some m > 1.

The notation |s;| = €°81%! is understood as in Example 5.1, and thus means that
for any local trivializing section 7 of L, the corresponding functions f; := s;/7™ € Ox
satisfy

1 —o) 1
—log|7|y = o logz |fi]?e™2*  (resp. p- mzax{log [fil + Ai}).

In the Archimedean case, one can replace s; with e*is;, and all Fubini-Study metrics
are thus pure in that case.

Given a subgroup I' C R, we say that a metric ¢ as above is a I'-Fubini—Study metric
if \; € T for all i. We denote by

FSr(L) c C%(L)

the set of I'-Fubini-Study metrics on L, and by FS(L) = FSr(L) the set of all Fubini-
Study metrics. The set of pure Fubini-Study metrics is thus FSyoy(L).

Remark 5.3. While Fubini-Study metrics are smooth in the Archimedean case, they
are instead piecewise linear when K is non-Archimedean (see §5.4 below). But it is
anyway easy to explicitly approximate a Fubini-Study metric by smooth metrics, cf. The-
orem 7.14.

The next result summarized the main properties of Fubini—Study metrics.

Proposition 5.4. If L, L' are line bundles on X and T' C R is a subgroup, then:

(i) FSp(L) + FSp(L') C FSp(L + L');
(ii) FSp(L) = FSp/ (L) with T" := Q(T' + T'k) the Q-linear subspace of R spanned by T’
and ' ;
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(iii) FSp(mL) = mFSp(L) for all m € Zo;

(iv) f*FSp(L) C FSp(f*L) for any projective morphism f : X' — X ;

(v) if T # {0}, or K is nontrivially valued, then FSp(L) is dense in FS(L) with respect
to uniform convergence.

When K is non-Archimedean, we further have:
(vi) FSr(L) is stable under maz.

Proof. Pick m,m’ > 1 and finitely many sections without common s; € H%(mL), s; €
HO(m/L’) such that ¢ = 55 log 3, |s;]?, ¢/ = 5 log > |s5|* in the Archimedean case,
and ¢ = = max;{log|s;| + A;}, ¢ = £ max;{log|s;|+ A} in the non-Archimedean case.

m

In the former case,

m

mm/(¢+ ¢/) = log (Z |si|2> SisP]
2 J

which expands out as mm/(¢ + ¢') = logd_  |oa|* for a finite set of sections o, €
H°(mm’L) without common zeroes, proving that ¢ + ¢’ is Fubini-Study. In the non-
Archimedean case,

mm’(¢ + ¢') = max{log |s;”’| +m’\;} + max{log |s;-m| + mA;}
) J

= max{log |s§”,33m| +m'Ai +mA}},
i

which proves (i). The proof of (ii) and (iii) is similar, and (iv), (vi) follow directly from
the definitions. To prove (v), note that the assumption implies that IV = Q(I' + 'k ) is
a nontrivial Q-linear subspace of R. It is thus dense in R, and it is then straightforward
to check that FSp(L) = FSr/ (L) is dense in FS(L) = FSg(L), simply by approximating
the coefficients A\; in Definition 5.2. O

By Proposition 5.4 (ii), we can make sense of I'-Fubini-Study metrics on any Q-line
bundle L over X. As noted above, such metrics exist iff L is semiample. As we now show,
Fubini—Study metrics always descend to an ample Q-line bundle.

Lemma 5.5. If L is a semiample Q-line bundle on X, then there exists a surjective

morphism f : X — Y to a projective K-scheme with f,Ox = Oy and an ample Q-line

bundle A on'Y such that f*A = L. Further, f and (Y, A) are unique up to isomorphism.
We call A the Stein factorization of L.

Proof. After passing to a multiple, we may assume that L is a globally generated line
bundle. We then have a morphism h : X — P HO(L) such that L = h*O(1). By Stein
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factorization, we have h = go f with f : X — Y such that f,Ox = Oy and g: Y —
P HO(L) finite. Thus A := g*O(1) is ample, and L = f*A. By the projection formula, we
have HO(Y,mA) ~ H°(X,mL) for all m. This shows that (Y, A) is recovered from the
graded ring R(X, L) = @,,cn H*(X,mL) by the Proj construction, and hence is unique
up to isomorphism. O

Lemma 5.6. Let L be a semiample Q-line bundle on X. Denote by X;eq C X the reduction
of X, and by Lyeq the restriction of L. For all m sufficiently divisible, the restriction map
HO(X,mL) — H°(X,eq, mLrea) is surjective.

Proof. Use the notation of Lemma 5.5. Since every germ on Oy, , locally lifts to Oy,
we have f,Ox,., = Oy,.,, hence H®(X,eq,mL1ed) == HY(Yied, MAred), by the projection
formula. We are thus reduced to the case where L is ample, which follows from Serre
vanishing. O

Corollary 5.7. Let L be a semiample Q-line bundle on X. Denote by A the Stein factor-
ization of L as in Lemma 5.5, and by L.oq the restriction of L to Xieq. Then

FSF(A) ~ FSF(L) ~ FSF (Lred)-
5.8. Model metrics

In this section, K is non-Archimedean (possibly trivially valued). A model of a line
bundle L on the projective K-scheme X is a line bundle £ on a projective model X of
X, together with an isomorphism L|x, ~ L compatible with the given isomorphism
Xk ~ X. When L = Ox, each model of L is of the form Oy (D) where D is a vertical
Cartier divisor on a projective model &', i.e. Supp D C Xj.

Lemma 5.8. Let L be a line bundle on X, and X a projective model of X. Then we can
find a projective model X' dominating X and a model L of L determined on X'.

Proof. Pick very ample line bundles Ay, As on X such that L = A; — As. Sections of
A; yields an embedding X < Py’ such that A; = O(1)|x. The scheme theoretic closure
of X in PJ% is thus a projective model X; of X, and A; := O(1)|x, is a model of A;
determined on X;. It remains to choose a projective model X’ dominating X, X; and
X, and to define £ as the difference of the pullbacks to X’ of A; and A;. O

A model £ of L defines a continuous metric ¢ on L, as follows. Cover X with finitely
many open subschemes U; with a trivializing section ; of L. Since X is in particular
proper over K°, X® = X3 is covered by the compact sets L[i:'. We may thus define a
continuous metric ¢, on L* by requiring that |7i|s, = 1 on U7. This is indeed well-
defined, since any other trivializing section of £ on U; is of the form u;7; with u; € O* (U;)
a unit, and hence |u;| = 1 on U3.
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Example 5.9. If K is trivially valued, the model metric defined by the unique model
(X, L) is called the trivial metric of L.

Lemma 5.10. Let £ be a model of L, with corresponding metric ¢r.

(i) For each m € Z we have ¢y = mor.
(ii) If a model X' dominates X, then the pull-back L' of L to X' satisfies ¢pr = ér.

Proof. If 7 is trivializing section of £ on an open set U, then 7™ is a trivializing section
of mL, and the pull-back of 7 is a local trivialization of £’ on the inverse image ', which
satisfies U’ = = U= since U’ is proper over U (cf. Lemma 4.6). 0O

If L is now a Q-line bundle on X, a Q-model of L is defined as a Q-line bundle £
on a projective model X of X such that mL is a model of mL for some m > 1. By
Lemma 5.10 (i), the metric ¢z := m~'¢,, on L is independent of the choice of m.

Definition 5.11. A model metric on a Q-line bundle L is a metric of the form ¢ = ¢,
where £ is a Q-model of L. A model function is a model metric ¢ on Ox, identified with
the continuous function —log|1|s on X*".

A model function f is thus determined by a vertical Q-Cartier divisor D on some
projective model X of X. Every line bundle L on X admits a model metric ¢, and any
other model metric on L is then of the form ¢ + f with f a model function.

Theorem 5.12. Assume that K is either discretely (or trivially) valued, or algebraically
closed. Let L, L' be two models of a the same line bundle L, determined on models X, X’
of X. Then the model metrics ¢z, ¢ on L coincide iff the pullbacks of L, L' to some
model X" dominating both X and X’ are equal.

Proof. If the pullbacks of £,£’ to some high enough model agree, then ¢, = ¢,
by Lemma 5.10. Assume conversely that ¢, = ¢,/. By Theorem 4.20, X and X’ are
dominated by a model X" which is integrally closed in X. After pulling back £ and £’
to X", we may thus assume that £ and £’ are determined on X integrally closed in X,
and we then claim that £ = L. To see thus, let U = Spec(A) be an affine open subscheme
of X with trivializing sections 7 € HO(U, £), 7/ € HO(U, L'). Since L, L' are both models
of the same line bundle L, the restrictions of 7,7’ to the generic fiber U = Spec(Ak)
of U satisfy 7|y = ur|y with u € Ak a unit. As ¢, and ¢, coincide, the definition of
model metrics yields |u| = 1 on &=. By Theorem 4.19, A coincides with the unit ball of
|- flsup on Ag. As ||ullsup = [[u™|sup = 1, it follows that u and u~! belong to A, i.e. u
is a unit in A, and we conclude that £ =L'. O

The next result describes the behavior of model metrics under pullback.
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Proposition 5.13. Let L be a Q-line bundle on X, and ¢ be the model metric determined
by a Q-model L of L on a model X of X. For any projective morphism f : Y — X,
the induced metric f*¢ on f*L is also a model metric. More precisely, the family of
projective models Y of Y such that f extends to a K°-morphism f :Y — X is cofinal in
all projective models, and we have f*¢r = ¢« for any such model Y.

If f:Y — X is flat, then Y can further be assumed to be flat over X .

Proof. Pick a projective model )’ of Y, and denote by ) the schematic (or flat) closure in
V' x go X of the graph of f. Then ) dominates ), and the projection ) — X extends f.
To see the last point, we may assume that £ is a line bundle. Let (;) be a finite open
cover of Y with trivializing sections 7; € H°(U;, £). Then (f~'(U;)) is an open cover of
Y with trivializing sections f*7; for f*£, and the result easily follows.

For the last point, by the Raynaud—Gruson flattening theorem [63], we can blow up
X and take the proper transform of ) to obtain a flat morphism f : }' — X’ of models.
By Lemma 5.10 this does not change the metrics induced by the models. O

We are now in a position to compare model metrics and Fubini-Study metrics (see [23,
Proposition 3.8] for a related result).

Theorem 5.14. For a continuous metric ¢ on a Q-line bundle L over X, the following
are equivalent:

(i) ¢ is a pure Fubini-Study metric;
(ii) ¢ is a model metric determined by a semiample Q-model L of L, i.e. mL is a globally
generated line bundle when m € N is sufficiently divisible.

Proof. The key observation is that the Weil metric log max; |z;| on Pj with homogeneous
coordinates [z9 : --- : 2] coincides with the model metric ¢p(1) determined by the
canonical model of (P",O(1)) over K°.

Let first ¢ be a pure Fubini-Study metric on L. After replacing L by a multiple, we
may assume that L is globally generated and ¢ = log max; |s;| with (s;) a basis of HO(L).
These sections induce a morphism of K-schemes f : X — P} with an identification
L = f*O(1) such that ¢ = f*¢p(1). By Proposition 5.13, X admits a projective model
X such that f extends to a morphism f : X — Py, and ¢ is the model metric defined
by (X, f*O(1)). Since f*O(1) is globally generated, this proves (i) = (ii). Conversely,
let £ be a semiample Q-model of L. After passing to a multiple, we may assume that £
is a globally generated line bundle. Choosing a K °-basis (s;) of the lattice H(£) yields
a morphism f: X — Pg. with f*O(1) = £, and hence ¢ = f*¢o1) = log max; |s;|, by
Proposition 5.13. O
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5.4. PL metrics

In this section, K is non-Archimedean, and I' C R is an additive subgroup.

Definition 5.15. We say that a continuous metric ¢ on a Q-line bundle L is I'-piecewise
linear, or I'-PL for short, if there exists (semiample) Q-line bundles M, M’ and T-
Fubini-Study metrics 1,4’ on M, M’ such that L = M — M’ and ¢ = ¢ — ',

We denote by PLr(L) the set of T-PL metrics on L. A T'-PL metric on Ox is called
a I-PL function, defining a subset PLp(X®") C CO(X?").
When I = {0}, we speak of pure PL metrics and pure PL functions, respectively.

Proposition 5.16. Let L, L’ be Q-line bundles on X. Then:
PLr(L) + PLF(L/) C PLF(L + L/),‘

(L)
Lr(L) is stable under maz and min;
Lr(mL) = mPLp(L) for all nonzero m € Z;
(
(

g

PLp(L) = PLp/(L) with T = QT +T'k);

PLr(X®) is a Q-linear subspace of C°(X?"), and PLr(L) is a Q-affine space mod-
eled on PLp(X?");

(vi) pure PL metrics on L coincide with model metrics.

_

=
5 E o

SEEEZ
-

We refer to [45, Theorem 1.1] for an alternative description of (pure) PL metrics.

Proof. (i)—(v) are direct consequences of Proposition 5.4.

To prove (vi), pick a Q-model £ of L, determined on a projective model X of X. Pick
an ample line bundle A on X, and denote by A its restriction to X. For a > 1, L+ aA
is then ample on X'. By Theorem 5.14, ¢r4q.4 and ¢,4 are pure Fubini-Study metrics,
and ¢r = @ryqa — @qa is thus a pure PL metric.

Conversely, Theorem 5.14 implies that any pure Fubini—-Study metric is a model met-
ric. Every pure PL metric is thus also a model metric, which concludes the proof of
(vi). O

For later use, we also note:

Lemma 5.17. Let L be a Q-line bundle, and ¢ be a I'-PL metric on L. Then we can find
[-Fubini—Study metrics 1,1’ on ample Q-line bundles A, A’ such that L = A — A’ and

p=v -9

Proof. By definition, we can find I'-Fubini-Study metrics ¢, ¢’ on Q-line bundles M, M’
such that L = M — M’ and ¢ = ¢ —1)'. Pick an ample line bundle H, and a > 1 such that
aH — M and aH — L are both ample, and pick 7 € FSr(aH — M). By Proposition 5.4,
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¥ + 7, and ¢’ + 7 are I'-Fubini-Study metrics on the ample line bundles A := aH,
A':=aH — L, and ¢ = (¢ + 7) — (' + 7), which proves the result. O

The following result generalizes the well-known density of model functions [45] in the
nontrivially valued case.

Theorem 5.18. If T’ # {0}, or if K is nontrivially valued, then PLp(X?®") is dense in
CO(Xxan),

Proof. The assumption guarantees that IV = Q(I'+T' k) is nontrivial; replacing I with I,
we may thus assume in all cases that T' # {0}, by Proposition 5.16 (iv). By Proposi-
tion 5.16, PLp(X®") is a Q-linear subspace of C°(X?"), stable under max. By the ‘lattice
version’ of the Stone-Weierstrass theorem, it will thus be enough to show that PLp(X?")
separates the points of X2".

To see this, fix v € I'NR<q, p € FSp(L), and pick 21 # z2 € X" and a very ample line
bundle L. After replacing L with a multiple, we can find nonzero sections s, s’ € H°(L)
such that s’ does not vanish at x1, 25 and |s/s'|(z1) # |s/s'|(x2). For each m € N set

/

¢m = max{log|s|,p —my}, ¢y, == max{log|s'|,p —my},  fo = bm — &y

Then ¢, ¢, € FSr(L), and hence f,, € PLp(X?"). Since log|s’| is finite at x1, 2,
¢, =log|s'| at @1, zo for all m large enough. Thus
fn (i) = max{log|s/s'|(z:), p(wi) — mv} — log |s/s|(2:)

as m — oo, and |s/s'|(x1) # |s/s'|(x2) thus yields fi,(x1) # fm(x2) for m > 1. This
proves as desired that PLp(X?") separates the points of X?". O

6. The supnorm of a metric

In this section, K is an arbitrary complete valued field, X is a projective K-scheme,
and L is a line bundle on X.

6.1. Supnorms vs. lattice norms

The data of a bounded metric ¢ on L defines a sup-seminorm | - ||, on H°(L) by
setting

l|s]l¢ := sup |s]g
Xan

for each s € H°(L). If X is reduced, then || - ||, is a norm, by Lemma 4.1.
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Lemma 6.1. Let F//K be a complete field extension, and assume that both X and X are
reduced. Let ¢ be a bounded metric on L, and denote by ¢ the pullback of ¢ to the base
change L. Then |- [lsp = |- lls on HO(L) — HO(Lg) = H(L), and ||- s < (II- 6) 5
on HO(LF).

If K is Archimedean, we further have

31 llo)r <l lloe < (I llo)r-

Proof. Denoting by p : X3 — X?" the surjective projection map, we plainly have for
s € HO(L)

Isllgr = sup|sly o p = sup|sly = [slo-
X%n Xan

By Proposition 1.25, (|| ||¢)r is the largest norm on H°(L) r that coincides with || - || on
HO(L), thus || - |¢» < (|| - l¢)F- If K is Archimedean, the only nontrivial case is K = R,
F = C. The metric ¢¢ is conjugation invariant, thus |

- |4 is conjugation invariant as
well, and hence || - [|¢c > 3(|| - [|¢)c, by Proposition 1.25 again. O

The inequality || - [|¢, < (|| - ||¢)7 of Lemma 6.1 is strict in general. One has indeed:

Lemma 6.2. Assume that K is discretely (nontrivially) valued, and let F/K be a finite
Galois extension. The following are equivalent:

(i) F/K is tamely ramified, i.e. the residue field extension }F/f( is separable and the
ramification order [|[F*| : |K*|] is prime to the residue characteristic;

(ii) for each bounded metric ¢ on a line bundle L over a reduced projective K -scheme
X such that X is reduced, we have || - ||¢. = (|| - [|¢)F-

Proof. In the situation of (ii), || - |4, is a Galois invariant norm on H°(L)p. If F/K is
tamely ramified, the descent result of [65, Proposition 5.1.1] (see also [61]) implies that
every Galois invariant norm is obtained by ground field extension, and hence (i) = (ii).

Conversely, for X := Spec F, L = Ox and ¢ = 0, the supnorm || - ||, is the spectral
norm on F ®x F, and [64, §5.1] thus says that || - |l¢, = (|| - [|¢)# if and only if F is
tamely ramified. O

In the remainder on this section, we assume that K is non-Archimedean.
Lemma 6.3. £ be a model of L determined on a projective model X of X, with associated
set of Shilov points T'(X) C X?". Denote by ¢ = ¢ the induced model metric on L, and

recall that || - ||no(z) denotes the norm on H°(L) determined by the lattice H(L). Then:

(i) for each s € HY(L), we have ||s||g = maxp xy |s]e;
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() [ llo <1+ llaoce)s
(iii) if X is further reduced, then || - |l = || - |lmo(c)-

Proof. Cover X with finitely many open subschemes U; with trivializing sections 7; €
H°(U;, £). Denoting by U; the generic fiber of U;, we have s|y, = f;7; with f; € O(U;),
and |s|y = |fi| on UZ, by definition of a model metric. By Lemma 4.9, it follows that
supyz |sl¢ = maxry,) [sls, and (i) follows since X*" =, UP and T'(X) = U, T(U).

In order to prove (ii) and (iii), let s € H’(L) be a nonzero section. Since [|s|no(z)

belongs to value group |K*|, we may then multiply s be a scalar and assume that
[slltocey = 1, ie. s € HY(L) but s ¢ K°°H(L). Choose as above a finite cover X
by affine open subscheme U; = Spec(A;) with a trivializing section 7; of £, and write
sly, = fimi with f; € A;. On U, we have |s|, = |f;| < 1, and hence ||s]|, < 1, which
proves (ii).

Finally, suppose that Xs is reduced. To prove (iv), it is enough to show that a section
s € HY(L) with ||s|[go(z) = 1 satisfies ||s[|¢4 = 1. Assume by contradiction that a nonzero
section ||s||¢ < 1. For each 4, we then have sup,= |f;| < 1, and hence a; ' f; € A; for some
nonzero a; € K°°, by Theorem 4.19. Setting a := a;, for an index ig achieving max; |a|,
we infer that a=!f; € A; for all i, and hence a~'s € H’(L), a contradiction. O

The next result will be a key ingredient in the proof of Theorem 9.15 below.

Theorem 6.4. Assume that X is geometrically reduced, let L be a model of L determined
on a projective model X of X, and denote by ¢ = ¢ the induced model metric on L.
Then the supnorm || - ||mg and the lattice norm || - |lno(mey on H® (mL) satisfy

[ llme < 11+ lHo@ney < Cll - llmg
for a constant C' > 0 independent of m.

Proof. Lemma 6.3 yields the left-hand inequality. Fix an algebraically closed complete
field extension F'/K, and denote by (Xr, Lr) the base change of (X, L) to F°, which is
thus a model of (X, Lr). The pulled back metric ¢ is the model metric determined
by Lp, and the ground field extension of || - [|gozy to HY(Lp) = H(L)p coincides with
the lattice norm || - [go(z,), by Lemma 1.29. By Lemma 6.1 and Lemma 6.3, we infer

I lmepr < (- llme)p < I+ [0 (mer)-

Since X is geometrically reduced, X is reduced, and Theorem 4.20 thus yields a model
X’ of Xp with a finite morphism p : X — X such that X! is reduced. By Lemma 5.10,
we have ¢r = ¢z, = urrp, and hence || - [|[go(mp+2) = || - [lmgr, by Lemma 6.3. All in
all, we get

- Maogmpe ey = I+ lmor < (- llmo) g < (- lome)) e = [ - 0 (me sy,
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and it will thus be enough to show that || - |go(mz,) < C|l - [0 (mp+£) for a uniform
constant C' > 0. By the projection formula, we have an injection of K°-modules

H0 (X/, m,u*ﬁp)/HO(mﬁp) — HO (Xp,f(mﬁp)) s

where F := (uxOx') /Ox, is a coherent module on X supported in the special fiber
(cf. Theorem A.6 for coherence), and hence a-torsion for some nonzero a € K’'°°. We
thus have a HO(mu*Lp) € HY(mLp), and hence ||+ [|go(me,) < al ™| 110 (mp £y, Which
yields the desired result. O

For later use, we also provide the following technical generalization of Theorem 6.4.
A bounded metric on a line bundle L over X induces for each » > 1 a bounded metric
#®" on the external tensor product L¥" over X" := X X - X X (r times). If ¢ is
the model metric determined by a line bundle £ over X, then ¢®" is the model metric
determined by LB over X7 := X X o -+ Xfo X.

Theorem 6.5. Assume that X is geometrically reduced, and let ¢; be a finite family of
model metrics on line bundles L;, with ¢; determined by a line bundle L; on a given
model X of X. We can then find a constant C > 1 such that for all integers r,m; > 1,
we have

I lles, mogoymr < - lao(xr, 0, micamr) < Ol s, magoymr

as norms on HO(X™, (32, m;L;)™").

Note that X" is reduced for each r, since X is geometrically reduced, so that
I (s, msgm is indeed a norm.

Proof. Use the notation in the proof of Theorem 6.4. Since F' is algebraically closed, so
is its residue field F'; the F-scheme X! is thus geometrically reduced, and

(X)) = (X Xpo - Xpo X )y =X X5 X5 XL
is therefore reduced. As above, we have
-l ey 2, mazo @) = 1 i, migsm®e < (|| s, mid),;)'gT)F
< (I Dsoaer 2, mezmn) ) = I+ o g5, ma )

and
H’ (X'Tv ) mi'CF)®T> /H° (Xfw O miﬁi,F)%)
— H° (X};, 7O miﬁi,F)W>
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with F. := ((4")xOxr) /Oxy. It will thus be enough to show that F, is a”-torsion, where
a € F°° annihilates F = (uxOx/) /Ox, as above. Let U = Spec(.A) be an affine open
subset of Xp. Since p is finite, 4~ (i) = Spec(A’) is also affine. Since a. A’ C A, we get
a" A Qpo- - Q@pe A C AQpo- - -®po A’ which implies as desired a” (") Oxrr C Oxp. O

6.2. Supnorms and ground field extension

Even though supnorms are generally not compatible with ground field extension (see
Lemma 6.2), the following result shows that it becomes asymptotically true for large
powers of a line bundle (thanks to Walter Gubler for his help with the argument).

Theorem 6.6. Assume that X is geometrically reduced. Let F/K be an arbitrary complete
field extension, ¢ a continuous metric on L, and denote by ¢ its pull-back to Lr. Then

doo (Il lmo s (Il - lme) £) = o(m).

If K is Archimedean, or if ¢ is a model metric, then doo (|| - [lmers (|| - [Ime)r) = O(1).

Proof. The Archimedean case follows directly from Lemma 6.1. From now on, K is non-
Archimedean. Assume that ¢ is a model metric, and pick a model (X, L) of (X,alL),
a > 1, such that ¢ = a~'¢,. After passing to a higher model, we can also assume that
L has a model M on X (Lemma 5.8). Pick m > 1 and write m = ga +r with ¢ € N and
0 < r < a. Denote by Xr, Lr and Mp the base change of X, £ and M to F°. Since
me = ¢qc +r¢ and ¢ — ¢ is bounded,

Qoo (1 lomgr | Do may ) = 1) amd o (1< o) (1 l)17) = O(1),

using again Proposition 1.25. By Theorem 6.4,

Qoo (I N pronep s | 00 101

= 0(1) and doo (Il lloyesrn) s (I IH0(q21ra0) F) = O(1).

By Lemma 1.28, || . ”Ho(qﬁp-i-TMF) = (H : HHO(qL—i-TM))F7 and it follows that

dw((” : ||m¢)Fa ” ’ HWbF)
< doo (1 lmg) 7 (1 Nggerrad) P) + doo (U1 Nggesrnd) 7 (- 0 (gL4ra0) F)

+ doo (11 o0 M | Hogepennes ) + oo (I logeprneps |- lhmoe )

which is thus bounded.
Let now ¢ be an arbitrary continuous metric. Assume first that K is nontrivially
valued, and pick € > 0. By Theorem 5.18, we can find a model metric ¢ on L such that
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sup |¢ — 9| < e. By invariance of d, under ground field extension (Proposition 1.25), we
infer

Qoo (1 e (- ) ) < oo (- e - ) + o (1 - lomaes 1+ o))
+ dOO ((” ' Hmw)Fa (H : ||m¢)F) S C + 2me.

Thus lim sup,, oo M~ deo (|| - llme) £s || * lmer) < € for all € > 0, and hence

doo (I - lme) s I - imsr) = o(m).

Assume next that K is trivially valued, and that F' is nontrivially valued. By Lemma 1.26,
there exists a nontrivially valued extension K’/K such that for each m € N, the ground
field extension (|| - ||lmg) ks to H'(mL) k- is the unique norm that coincides with || - [|me
on H(mL), and hence (|| - |lmg)x’ = || * lme,,» by Lemma 6.1.

Choose a common non-Archimedean extension F’ of both K’ and F, and note that
(Il - llme)rr = (|| - llmey, ) Fr- By Proposition 1.25 and the triangle inequality, we get

doo (I llmg) s 1+ lmer) = doo (Il - [lme) 7, (- lmor ) #r)
doo (I g e )rs (I o) £7)
do

(Il llm e ) s 11+ llme ) + doo (I llme g (I llme ) 27)

IN

which is o(m) by the first part of the proof applied to the nontrivially valued fields F'
and K.

Assume finally that both K and F are trivially valued, and chose a nontrivially valued
extension F’ of F. We similarly get

doo (Il - lmees (Il - lme) ) = doo (- [lmer ) v (I - lmg) )
< doo (I llmor ) s 11 ) + doo (I s s (- llmo) ) -

Since F” is nontrivially valued, the previous step shows that the last two terms are o(m),
and we are done. 0O

7. Plurisubharmonic metrics and envelopes

Following [14,16], we introduce a general notion of plurisubharmonic metric, and com-
pare it with other existing notions. In what follows, X denotes a projective scheme over
a complete valued field K.

7.1. Plurisubharmonic metrics

Assume first that K is Archimedean (the case K = R merely consisting in working
with conjugation-invariant objects). A (possibly singular) metric ¢ on a line bundle L
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is plurisubharmonic (psh for short) if, for each local trivialization 7 of L, the function
—log |74 is psh, i.e. locally the restriction of a psh function in a polydisc. Note that ¢ is
psh iff its pullback to Lyeq is psh. For any m > 1, ¢ is psh iff m¢ is psh, and psh metrics
thus make sense on Q-line bundles.

Theorem 7.1. Assume that K is Archimedean, and let L be a semiample Q-line bundle.
Then every psh metric ¢ on L is the limit of a decreasing sequence (¢;) of Fubini-Study
metrics on L.

Proof. When X is smooth and L is ample, the result is due to Demailly, and is based
on the deep Ohsawa-Takegoshi L2-extension theorem (see for instance [48, Theorem
8.1] and its proof). In the general case, let A be the Stein factorization of (X, L) as in
Lemma 5.5, i.e. A is an ample Q-line bundle on a projective scheme Y, and L = f*A
with f : X — Y surjective and such that f,Ox = Oy. By Zariski’s main theorem,
f:+ X(C) — Y(C) has connected fibers, and ¢ thus descends to a (singular) usc metric
on A. Relying on the deep Fornaess—Narasimhan theorem, one checks as in the final part
of the proof of [30, Théoréme 1.7] that the induced metric on A is psh. As a result, we
may assume wlog that L was ample to begin with. Passing to a multiple, we can even
assume that L is a very ample line bundle, and hence L = O(1)|x for an embedding
of X in a projective space P. By [26, Theorem B’], every psh metric ¢ on L is then
the restriction of a psh metric ¢ on O(1). Since P is smooth, Demailly’s result implies
that ¢ is the decreasing limit of a sequence ¢; of Fubini-Study metrics on O(1). The
restriction of each 1; to X is then a Fubini-Study metric on L (Proposition 5.4 (iv)),
and the result follows. O

In view of Theorem 7.1, it is natural to introduce as in [16]:

Definition 7.2. Assume that K is non-Archimedean, and let L be a semiample Q-line
bundle. We say that a (possibly singular) metric ¢ on L is plurisubharmonic (psh for
short) if ¢ can be written as the pointwise limit of a decreasing net ¢; € FS(L) of
Fubini-Study metrics on L. We denote by PSH(L) the set of psh metrics on L.

Given a subgroup I' C R, nontrivial if K is trivially valued, FSr(L) is dense in FS(L)
with respect to uniform convergence, by Proposition 5.4 (v); it would thus be equivalent
to require ¢; € FSp(L) in the above definition.

As a direct consequence of Corollary 5.7, we have:

Lemma 7.3. Let A be the Stein factorization of L. Then
PSH(A) ~ PSH(L) ~ PSH(L;cq).

The following general result, borrowed from [16, Proposition 5.6], ensures that PSH(L)
is closed under decreasing limits.
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Lemma 7.4. Let F C C°(L) be a family of continuous metrics on a Q-line bundle L,
closed under addition of a constant, and define F as the set of possibly singular metrics
on L that can be written as decreasing limits of nets in F. Then F is closed under
decreasing limits.

Proof. Let (¢;)icr be a decreasing net in F. For each i € I choose a decreasing net
(¢i,j)jes, in F converging to ¢;. Let A be the set of triples o = (4, j,m) with i € I,
j € J; and m € Z~g. For each a = (i,j,m) in A, set

Vo = ¢ij+m 't EF,
and define a partial order on A by
a>d = Py < Yo

We claim that A is directed, i.e. any two elements a1 = (i1, j1,m1), a2 = (i2, j2, M) in
A can be dominated by a third. To see this, first pick ¢ > 41,42, so that ¢; < ¢;, and
¢ < ¢y, and set m := max{m, mo} + 1. A simple variant of Dini’s lemma shows that
Gij+m™t < @i g + Myt = 1e, on X for k= 1,2 and all j € J; large enough, which
proves the claim. By construction, (¢4 )aca is a decreasing net in F such that ¢, — ¢

pointwise on X", and hence ¢p € F. O
Corollary 7.5. The space PSH(L) is stable under finite maz and decreasing limits.

Corollary 7.6. Pick a subgroup I' C R, nontrivial if K is trivially valued. For any semi-
ample Q-line bundle L, the set C° NPSH(L) of continuous psh metrics on L is the closure
of FSr(L) with respect to uniform convergence.

Proof. Let ¢ be a continuous psh metric, and pick a decreasing net (¢;) in FSp(L)
converging pointwise to ¢. By Dini’s lemma, ¢; — ¢ uniformly on X?", and ¢ is thus in
the closure of FSr(L). Conversely, let (¢;) be a sequence in FSr(L) converging uniformly
to some (continuous) metric ¢. We can inductively construct a sequence of constants
¢; — 0 such that ¢; + ¢; is decreasing, and it follows that ¢ = lim;(¢; + ¢;) is psh. O

7.2. Nef metrics

Assume that K is non-Archimedean. A model metric ¢ on a Q-line bundle L is nef if
¢ = ¢ for some Q-model L of L which is nef, i.e. L-C > 0 for each K-projective curve
C C X,. By [45, Proposition 3.5], any Q-model £’ of L such that ¢ = ¢, is then also
nef.

Definition 7.7. A nef metric on a Q-line bundle L is a continuous metric ¢ that can be
written as a uniform limit of nef model metrics.
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This is usually known as a semipositive metric in the sense of S.W. Zhang, cf. [45]
for a thorough discussion. When K is trivially valued, the trivial metric is the only nef
metric.

Theorem 7.8. Assume that K is nontrivially valued, and let L be an ample Q-line bundle.
Then a continuous metric on L is nef iff it is psh (in the sense of Definition 7.2).

A proof of this result is also sketched, in a slightly different language, in [23, Remark
3.18]; we nevertheless provide a proof below, for completeness. By [45, Corollary 1.4], we
get:

Corollary 7.9. Let L be an ample Q-line bundle, and pick a Q-model L of L. Then ¢,
is psh iff L is nef.

Proof of Theorem 7.8. By Theorem 5.14, pure Fubini-Study metrics on L coincide with
model metrics associated to Q-models £ of L that are semiample, and hence nef. Since
K is nontrivially valued, Corollary 7.6 implies that every continuous psh metric is a
uniform limit of pure Fubini—Study metrics, and hence is nef.

To prove the converse, let £ be a nef Q-model of L, determined on a model X of
X. Using again Theorem 5.14, it will be enough to show that ¢, is a uniform limit of
model metrics associated to semiample Q-models. Since L is ample, it admits an ample
Q-model A on some projective model X’ dominating X (cf. [45, Lemma 4.12]). The
pull-back £’ of L to X' is nef. For each ¢ € (0,1) N Q, L. := (1 —e)L' 4+ eH is thus
ample on Xs, and hence on X, by [32, IV.9.6.4]. In particular, L. is a semiample model
of L. Since ¢ = ¢ (Lemma 5.10), ¢z, — dr = (P — ¢) converges to 0 uniformly as
€ >0, and we are done. O

Remark 7.10. We expect Theorem 7.8 and Corollary 7.9 to hold when L is merely semi-
ample. For this, it would be enough to show that any nef model metric on L descends to
the Stein factorization A as in Lemma 5.5; this would for instance follow from a relative
version of the local Hodge index theorem proved in [79, Theorem 2.1].

7.8. Psh-reqularizable metrics

The curvature form of a smooth metric ¢ on a line bundle L is a closed (1, 1)-form,
which we denote by dd°¢ (see [20, §6.4.1] for the non-Archimedean case). For each
trivializing section 7 of L over an open U C X, the function log|7|s is smooth, and
dd°¢ = —ddlog|T|s, on U*. Again, this makes sense for Q-line bundles as well.

Definition 7.11. A smooth metric ¢ on a Q-line bundle L is semipositive if its curvature
form dd°¢ is semipositive (see [20, §5.4] for the non-Archimedean case).
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Example 7.12. Let L be a line bundle, s1,...s, € H°(L) be sections without common
zeroes, A1, ..., A\r € R and max, : R” — R a regularized max function. Then

¢ := max, {log |s1| + A1, ..., log|s.| + A}
is a smooth semipositive metric on L, see [20, 6.3.2].

Definition 7.13. A (possibly singular) metric ¢ on a line bundle L is psh-regularizable if
¢ can be written as the limit of a decreasing net ¢; of smooth semipositive metrics.

If ¢ is continuous then ¢; — ¢ uniformly, by Dini’s lemma.
Theorem 7.14. Fvery psh metric ¢ on a semiample Q-line bundle L is psh-reqularizable.

Proof. By Lemma 7.4, it is enough to prove the result when ¢ is a Fubini-Study metric.
After replacing L with a multiple, there exists a basis (s1, ..., sy) of H(L) without com-
mon zeroes and constants A; € R such that ¢ = max {log|si|+ A1...,log|sn|+ An},
and ¢ is thus the uniform limit as € — 0 of the smooth semipositive metrics

¢ = max, {log|s1| + A1...,log|sn|+ AN}
as in Example 7.12. O

7.4. The Fubini-Study operator

The following discussion is closely related to the point of view developed by Chen and
Moriwaki in [23, §3.2].

Definition 7.15. Let L be a globally generated line bundle. We say that a subspace
V C HY(L) is basepoint free if sections in V generate L at all points. To each norm || - ||
on V', we then associate the metric FS(||-||) on L defined at each x € X" as the quotient
norm

|s()]

FS(|| - [)(z) :=log sup .
seV\{0} lIsl

Recall that log |s| denotes the singular metric attached to s € H(L), cf. Example 5.1.

Theorem 7.16. For any norm || - || on a basepoint free subspace V. C H°(L), the metric
FS(|| - I|) is continuous and psh.

Lemma 7.17. Let s1,...,8, be finitely many sections of L without common zeroes, and
A5\ € R. Let V.C HO(L) be the basepoint free subspace generated by the s;. Let
| - [|x be the norm on K" which is diagonal in the canonical basis (e;) and such that
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lleillx = e, and denote by || - || the induced quotient norm on V with respect to the

surjective map K™ — V that sends (e;) to (s;). Then:

(i) FS(||- 1) = 3log >, |sil*€** when K is Archimedean;
(ii) FS(|| - |I) = max;(log|s;| + A;) when K is non-Archimedean.

Proof. For each s € V, we have ||s|| = inf {||a][ | a € K", s =", a;s;}. Using this, one
immediately checks that

@S
FS(|-[) =log sup 2%
acK"\{0} llallx

pointwise on X?". In the Archimedean case, the Cauchy—Schwarz inequality yields

sup |22 aisi® Z |s:]? Z|5i|262)\i-
7

acK"\{0} ||aH)\ € HA
In the non-Archimedean case, Lemma 1.16 yields

sup |Z¢az‘5i|:m‘x |si]
aerxn\foy  llallx i leallx

= max |s;]eM
K2

The result follows. 0O

Corollary 7.18. For a continuous metric ¢ on a Q-line bundle L, the following are equiv-
alent:

(i) ¢ is a Fubini-Study metric;
(ii) for m € Z~q divisible enough, there exists a basepoint free subspace V. C H°(mL)
and a diagonalizable norm || - || on V such that ¢ = m=LFS(|| - ||)-

Proof. That (ii) = (i) follows directly from Lemma 7.17. Assume conversely that ¢
is Fubini-Study. For m divisible enough we can find sections si,...,s, of mL with-
out common zeroes such that ¢ = z-log) . |s;|* in the Archimedean case, and
¢ = L max;(log|s;| + A;) with A; € R in the non-Archimedean case. By Lemma 7.17,
¢ =m~tFS(|| - ||) with || - || the quotient norm on V = Vect(s;) of some diagonalizable
norm. By Lemma 1.13, || - || is diagonalizable, and we are done. O

Example 7.19. Assume that K is non-Archimedean, and let £ be a semiample Q-model
of a (semiample) Q-line bundle L. For m divisible enough, mL is a globally generated
line bundle, and the lattice norm || - ||go ey on HY(mL) satisfies

¢ =m"FS (|| [luome))

This follows indeed from Theorem 5.14 (and its proof).
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Proof of Theorem 7.16. Let V C H°(L) be a basepoint free subspace, and note first that

for any two norms || - ||, || - ||" on V, we trivially have

ES([[ - 1) = doo (Il - 1 11 1) < FSAU- 1) < BSC- 1D + doo (- 111119 (7-1)
When K is non-Archimedean, Theorem 1.19 shows that for each norm || - || on V there
exists a sequence of diagonalizable norms || - ||; such that deo(]| - |ls,]| - |) — 0. By

Lemma 7.17, FS(]| - ||;) is a Fubini-Study metric for all i, and FS(]| - ||;) converges
uniformly to FS(|| - ||), by (7.1). This proves that FS(|| - ||) is continuous and psh.
In the Archimedean case, the unit ball B C V of || - || is compact, and

FS(|| - []) = sup log ||
seB

pointwise. Using this, it is easy to see that FS(]| - ||) is continuous and psh. O

Lemma 7.20. Let || - || be a norm on a basepoint free subspace V. C H°(L). Let F/K be
a complete field extension, and denote by || - || the ground field extension of || - || to
Ve CHO(L)p = H°(L)F. Then FS(|| - ||r) is the pullback to Ly of FS(|| - |))-

Proof. In the Archimedean case, the only nontrivial case is K = R, F' = C. Denote by
B C V and B¢ C Vc the unit balls of || - ||, || - [|c. We need to show that sup,c g log|s| =
SUp,e .. l0g |s|, which is an easy consequence of Proposition 1.25. Assume now that K is

non-Archimedean. As above, it is enough to prove the result when || - || is diagonalizable.
Let (s;) be an orthogonal basis of H(L). The pullback (s) of (s;) to HY(L) is orthogonal
for || - ||F with ||si]|F = ||s;:]|, and Lemma 7.17 thus yields

FS([l - ) = max{log|s;| —log [ls:[|}, FS(|| - [|) = max{log|sj| —log 5[l r},
which proves the result. O

Definition 7.21. Let L be a globally generated line bundle, and denote by L,.q its restric-
tion to Xyeq. For each bounded metric ¢, we set FS(¢) := FS(|| - ||4), where || - ||4 is the
supnorm induced by ¢ on H°(L,eq)-

Theorem 7.22. A bounded metric ¢ on a semiample Q-line bundle L is a Fubini—Study
metric on L only if ¢ = m~ L FS(ma) for all m sufficiently divisible.

Lemma 7.23. For each bounded metric ¢ on a globally generated line bundle L, we have

(i) FS(¢) < ¢;
(ii) if o = FS(|| - ||) for some norm || - || on a basepoint free subspace V.C H°(L), then
FS(¢) = ¢;

(i) - lsco) = - llo as morms on H(Lyea);
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iv) for any other bounded metric ¢' on L we have
(iv) for any

sup [FS(¢) — FS(¢')| < sup |¢ — ¢']. (7.2)

Proof. For any nonzero s € H%(Lyeq), the definitional inequality [s|, < |[s||ls yields

log|s| — ¢ <log|[s[|s, and

FS(¢) = sup (log |s| —log||s]l¢) < &,
SEHO(Lrod)\{O}

proving (i). Assume ¢ = FS(]|-||) for a norm ||- || on a basepoint free subspace V' C H°(L).
For each s € V, we have log|s| —log||s|| < ¢, i.e. ||s]|¢ < |s||. Thus

ES([|- llg) = sup (log|s| —log|ls]|) = ¢,
seV\{0}

and hence (ii). Since FS(¢) < ¢, each nonzero s € H%(Lyeq) satisfies |[s|l¢ < ||s]lrs(e)-
On the other hand, log |s| —log||s]|¢ < FS(¢), hence |s|rg(4) < ||s]l¢, which proves (iii).

Finally, we trivially have ¢ < ¢/ = FS(¢) < FS(¢’) and FS(¢ + ¢) = FS(¢) + ¢ for
¢ € R, which formally imply (7.2). O

Proof of Theorem 7.22. Assume that ¢ is a Fubini-Study metric. By Corollary 7.18, for
all m sufficiently divisible we have ¢ = m~'FS(|| - ||) with || - || a norm on a basepoint
free subspace V' C H°(mL), and Lemma 7.23 (ii) thus yields ¢ = m~'FS(m¢). O

7.5. Envelopes and ground field invariance
In what follows, L is a semiample Q-line bundle on X.
Definition 7.24. Let ¢ be a bounded metric on L.
(i) The psh envelope of ¢ is defined as the pointwise upper envelope
P(¢) := sup{t) € PSH(L) [ ¢ < ¢}. (7.3)
(ii) The regular psh envelope of ¢ is
Q(¢) :==sup{y € FS(L) | ¢ < ¢} (7.4)
Since any continuous psh metric on L is a uniform limit of Fubini-Study metrics,
it would be equivalent to require ¢ continuous and psh in (ii). Trivially, Q(¢) is lsc,

Q(¢) < P(¢) < ¢, and the operators P and Q are monotone increasing and 1-Lipschitz
with respect to the supnorm. They are related as follows.
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Proposition 7.25. For any bounded metric ¢ on L we have Q(¢) = P(¢y), with ¢ < ¢
denoting the lsc regularization of ¢.

Proof. A continuous metric 1 satisfies ¢ < ¢ iff ¢ < ¢,, and hence Q(¢) = Q(¢y). We
may thus assume from the start that ¢ is Isc, and we then need to show that any psh
metric ¢ on L such that ¢p < ¢ satisfies ¢ < Q(¢). By Definition 7.2, there exists a
decreasing net (1;) of Fubini-Study metrics on L with ¢; — ¢. Pick ¢ > 0. By lower
semicontinuity of ¢ —1; and a simple compactness argument (Dini’s lemma), we thus
have ¢; < ¢+¢ on X" for j large enough. Thus 1); < Q(¢)+¢, and hence ¢ < Q(¢) +e,
which yields the result. O

To L we attach the semigroup
N(L) = {m € N | mL is a globally generated line bundle} .

Theorem 7.26. For any bounded metric ¢ on L we have

lim m~ L FS(m¢) = Q(¢), (7.5)

N(L)>m,m—oo
and the convergence is uniform iff Q(¢) is continuous.

Proof. Pick m,m’ € N(L). For any two s € H*(mLyeq), s € H(m/Lyeq), we have

I+ s < Isllmoll' v (7.6
This implies FS((m + m/)¢) > FS(m¢) + FS(m’¢), and hence

lim  m ' FS(mg) = sup  m~'FS(mg),
N(L)>m, m—oo meN(L)>o

by Fekete’s lemma. For each m € N(L)sg, m~!FS(m¢) is continuous and psh, by
Theorem 7.16. By Lemma 7.23, m~!FS(m¢) < ¢, and hence m~'FS(m¢) < Q(¢),
which proves that

sup  m~ ' FS(m¢) < Q(¢).

meN(L)so

Conversely, pick v € FS(L) such that ¥ < ¢. By Theorem 7.22, we find m € N(L)so
such that ¢ = m ™" FS(my). Thus ¢ < sup,,enr)., m " FS(m¢), and hence

Q(¢) < sup m_lFS(m¢). O
meN(L)>o

Corollary 7.27. Let ¢ be a bounded metric on L, and pick m € N such mL is a line
bundle. Then
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I-lle =11 lla) = 1I - lp)

as norms on HY(mL,eq).

Proof. For each s € H(mL) and k € N, we have [|s*||xme = ||s||7’§1¢ After replacing m
with a multiple, we may thus assume that mL is globally generated. Then

m~ FS(me) < Q(¢) < P(¢) < ¢,
and we are done since | - [|[rs(mg) = || - [lm¢ on H?(mLyeq), by Lemma 7.23. O

Definition 7.28. Let L be a semiample Q-line bundle. We say that continuity of envelopes
holds for L if for any continuous metric ¢ on L, P(¢) = Q(¢) is continuous.

By Theorem 7.26 and Dini’s lemma, P(¢) is continuous iff m~! FS(m¢) converges
uniformly as m — oo.

Lemma 7.29. Continuity of envelopes is equivalent to the following property: for any fam-
ily (¢o) of psh metrics on L, uniformly bounded above, the usc upper envelope (Sup,, ¢o)”
s psh.

Proof. Suppose first that continuity of envelopes holds, and let ¢ be a continuous metric
on L. Since each FS(mg¢) is continuous, P(¢) = sup,, m~ ! FS(ma) is lsc, and its usc
regularization P(¢)* is the decreasing limit of a net of asymptotically Fubini-Study
metrics 1;. Since P(¢) < ¢ and ¢ is continuous, lim;1; = P(¢)* < ¢, and (a small
variant of) Dini’s lemma therefore yields v¢; < ¢ + ¢; for some constants €; — 0. It
follows that ¢; = P(¢);) < P(¢) +¢;, and hence P(¢)* < P(¢) in the limit, which proves
that P(¢) is usc.

Conversely, assume that P(¢) is continuous for each continuous metric ¢, and let (¢,,)
be a family of psh metrics, uniformly bounded above. The metric ¢ := (sup,, ¢ )", being
usc, can be written as the limit of a decreasing net of continuous metrics 7;. For each
a, j, we have ¢, < 7;, and hence ¢, < P(7;), which in turn yields ¢ < P(r;) < 7;. We
have thus written ¢ as the limit of the decreasing net of psh metrics P(r;), which shows
that ¢ is psh. O

In the Archimedean case, the equivalent formulation of Lemma 7.29 is a classical
property, assuming X to be normal. It is thus natural to conjecture:

Conjecture 7.30. Continuity of envelopes holds for any semiample Q-line bundle L over
a normal projective variety X.

As of this writing, continuity of envelopes in the non-Archimedean case has been
established when X is smooth and one of the following is satisfied:
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o X is a curve, as a consequence of A. Thuillier’s work [74] (see [44]);

o K discretely or trivially valued, of residue characteristic 0 [14,16], building on mul-
tiplier ideals and the Nadel vanishing theorem:;

o K is discretely valued of characteristic p, (X, L) is defined over a function field
of transcendence degree d, and resolution of singularities is assumed in dimension
n + d [44], replacing multiplier ideals with test ideals.

We conclude this section with the following application of Theorem 7.26.

Theorem 7.31. Assume that X is geometrically reduced. Let ¢ be a continuous metric on
a semiample Q-line bundle L over X. Pick a complete field extension F/K, and denote
¢ the pullback of ¢ to Lr. Then ¢ is psh iff ¢ is psh.

Proof. By definition, the pullback of a Fubini-Study metric on L is a Fubini-Study
metric on Ly, and hence ¢ psh implies ¢ psh. Assume conversely that ¢p is psh. By
Theorem 7.26,

Em 1= SUp
Xan

m_l FS(m¢F) — (ﬁF’

tends to 0 as m € N(L) tends to oo; we need to show that ¢,,, := m~! FS(mg¢) converges
uniformly to ¢. By Lemma 7.20, we have

(m)r =M FS (|| lme) p) -

Thus

sup ¢ — ¢| = sup [(¢m)r — dr| < sup [(dm)F — m™ FS(méF)| + em
Xan X}a:n X%‘I)

=m"sup [FS (I o)) = FS (I o )| +em

<m ™ ool g (I lme) F) + €m,

by (7.1). By Theorem 6.6, m™' doo (|| * [lmgps (| - [lme)r) — 0, and are done. O
Part 3. Asymptotics of relative volumes
8. Monge—-Ampére measures and Deligne pairings
In this section, we review some basic properties of Monge-Ampere operators, and
use them to define metrics on Deligne pairings (Theorem 8.16), following Deligne’s pro-

gram [28]. In what follows, X is as before an n-dimensional projective scheme over a
complete valued field K.
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8.1. Mized Monge—Ampére measures

The (algebraic) fundamental class of X is the n-dimensional cycle

where the X, denote the n-dimensional irreducible components of X (with their reduced
structure) and m, is the length of the local ring of X at the generic point of X,. The
intersection number of Q-line bundles L1, ..., L, on X is defined as

(L1 LI Ln) = degﬂ'* (Cl(Ll) t .. 'Cl(Ln) . [X]),

with 7 : X — Spec K the structure morphism.

Now let ¢1,..., ¢, be smooth metrics on Lq,...,L,, and recall that dd°¢; denotes
the curvature form of ¢;, a smooth, closed (1,1)-form on X?" (cf. [20, §6.4.1] for the
non-Archimedean case). The smooth (n,n)-form dd°¢; A. .. Add°¢,, determines a Radon

measure

ddegy A ... N dd°y Aox = D o dddr A... Add°p, A dx, (8.1)

on the topological space X2, the mized Monge—Ampére measure of the ¢;, with dx =
> o Madx, denoting the analytic fundamental class of X (see [20, §3.7] for the non-
Archimedean case).

Remark 8.1. When K = R, we define dd¢; A ... A dd°¢, A dx as the image of the
corresponding measure on X (C) = X" by the projection map X" — X"

Example 8.2. Assume that n = 0,i.e. X = Spec A with A a finite K-algebra. The previous
construction produces a positive measure dx on the finite set X", which is described
as follows. We have a product decomposition A =[], A; into local finite K-algebras A;
corresponding to the connected components of X. The (reduced) irreducible components
of X are given by X; = Spec K;, where the residue field K; of A; is a finite extension of
K, and the unique extension of the absolute value of K to K; defines a point x; € X?".
The current 0x = >, m;dx, is a measure on X", and the requirement that dx, has
total mass deg 7, [X;] = [K; : K] yields dx, = [K; : K]d,,. As my[K; : K| = dimg A;, we
conclude that

6X = Z(dlmK Az)é‘zl

Proposition 8.3. For each tuple ¢1,...,¢0, of smooth metrics on Q-line bundles
Lq,...,L,, the mizxed Monge—Ampére measure dd°¢y A ... N\ dd°¢p, N 6x satisfies the
following properties:
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(i) it is a symmetric, multilinear function of the ¢;, and a positive Radon measure if
the ¢; are semipositive, i.e. dd°¢p; > 0;
(ii) [dd¢r A...ANdd°¢p Ndx = (L1 ... Ly);
(iii) if Lo = L1 = Ox (and hence ¢, ¢1 are smooth functions on X*") then

/d)g dd°dy Ndd Pa .. . Ndd P, NOx = /(;51 dd¢¢o Ndd ea N...Ndd P, Nox. (8.2)
(iv) for any complete field extension F/K, we have
D (ddc(ﬁl’p AN ddc¢n7F AN 5Xp) = ddc¢1 A A ddcqbn Ndx,

where ¢; p is the pullback of ¢; to L;p and p : X3 — X" is the canonical
projection.

Proof. (i) is straightforward. (ii) is classical in the Archimedean case, and proved in [20,
Proposition 6.4.3] in the non-Archimedean case. (iii) is a consequence of the Stokes
formula (see [20, Théoréme 3.12.2] in the non-Archimedean case). In the Archimedean
case, (iv) is nontrivial only when K = R, F' = C, in which case it holds by definition
(see Remark 8.1). In the non-Archimedean case, it is implicit in [20], and can be checked
as follows. Pick a smooth, compactly supported function f on X2", and consider the
smooth, compactly supported (n,n)-form a := fdd°d1 A ... A dd°¢,. According to [43,
Proposition 5.13|, there exists a Zariski open subset U C X with a closed embedding
U— an’K and a compactly supported smooth (n,n)-superform on R” such that « is
obtained by pulling-back 7 by the tropicalization map Trop : U*" — R", and

/fdd0¢1A-.-AddC¢nA5X:/a

X

is defined as the integral of n on the tropical cycle Trop(U). Unraveling the definitions,
it is clear that the pull-back ar of o to X" is simply the pull-back of i by the tropi-
calization map Tropy : Up" — R". The construction of the tropical cycle of an algebraic
variety being invariant under ground field extension, we have Trop(Ur) = Trop(U) as
tropical cycles, and we conclude as desired that [ o= / xp @F- O

Recall from §7.3 that a continuous metric on a Q-line bundle L is psh-regularizable
iff it is a uniform limit of smooth semipositive metrics on L. If L is semiample, then any
continuous psh metric (in the sense of Definition 7.2, i.e. a uniform limit of Fubini—Study
metrics) is psh-regularizable, by Theorem 7.14.

Theorem 8.4. Let Lq,..., L, be Q-line bundles on X. The measure-valued operator

(¢1,...,¢n> = dd°py N ... ANdd°¢, N dx,
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defined so far on smooth metrics, admils a unique continuous extension to tuples of
continuous, psh-regularizable metrics on the L;, with respect to uniform convergence for
tuples of metrics, and the weak topology on Radon measures.

As a direct consequence of Proposition 8.3, we get:

Proposition 8.5. For each tuple of continuous, psh-reqularizable metrics (¢;),

dd°¢y A ... Nddn Nox =Y maddpy A... Add°py Adx,

is a positive Radon measure on X®", of total mass (Ly -...- Ly). It is further symmetric
and multiadditive as a function of the ¢;.

Theorem 8.4 follows from the classical Bedford—Taylor theory [2] in the Archimedean
case, and from its analogue in the non-Archimedean case [20, Corollaire 5.6.5]. In the
present global setting, one can however provide a simple direct argument, based on the
following global version of the classical Chern—Levine—Nirenberg inequality that will be
put to use again a bit later.

Lemma 8.6. Let L, ..., L, be line bundles on X, and suppose given a pair of smooth,
semipositive metrics ¢;, @, on each L;. Then

’/(% — @) dd°d1 A ... Add°Gy A Dx —/(¢o — ¢o) dd @y A N dd G, A Sx
<CY suplei — ¢
=1

with C := Qmaxlgign(Lo L1 .. f/: Ln)

Proof. For brevity of notation, set T = dd®s A ... A dd°én A Sx. By (8.2),
Ju=dhyaacont~ [(o0 - ddag; nt
— [0 - dh)dior - ) AT = [(61 - o) dir(on — i) AT
— [0 - dharonnt + [(on - o) dacoy AT,

Since dd°¢po AT and dd°¢( AT are both positive measures of mass (Lo - Lo ... Ly,), we
infer

‘/(qﬁo — ¢p) dd¢: AT—/(% — @) dd°$ /\T’ <2(Lo-Lo-...- Ly)sup|dr — ¢1].

We conclude by symmetry and multilinearity. O
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Proof of Theorem 8.4. Assume first that K is non-Archimedean, and pick f € PLg(X?").
By Lemma 5.17, we can find a pair of Fubini-Study metrics on an ample line bundle
Lo such that f = ¢g — ¢(. By Theorem 7.14, ¢y and ¢ are uniform limits of smooth,
semipositive metrics on Lg. Lemma 8.6 thus shows that

((bl,...,(bn)}—)/fddc(ﬁl/\.../\ddc(ﬁn/\(ix

is Lipschitz continuous with respect to the supnorm on tuples of smooth, semiposi-
tive metrics (with Lipschitz constant depending on f), and hence extends continuously
to tuples of continuous, psh-regularizable metrics. For each tuple of continuous, psh-
regularizable metrics (¢;), the linear form on PLg (X?") f — [ fdd°¢1A...ANdd P, NOx
is positive, hence continuous, and it thus extends to a positive linear form on C°(X), by
density of PLg (X?").

In the Archimedean case, the argument is similar, arguing with a smooth function
f instead. It is in fact even simpler, since f can directly be written as a difference of
smooth psh metrics on some ample line bundle. O

In order to exploit the multilinearity of the previous construction, it is convenient to
introduce the following terminology.

Definition 8.7. We say that a continuous metric ¢ on a line bundle L is dpsh if it can be
written as a difference of continuous, psh-regularizable metrics.

A dpsh metric is thus the same as an approachable metric in the sense of [20, §6.3].
Lemma 8.8. FEvery line bundle L admits a smooth, dpsh metric.

Proof. By Theorem 7.14, any ample line bundle admits a smooth, semipositive metric,
and the result follows since L can be written as a difference of ample line bundles. O

Example 8.9. If K is Archimedean, every smooth metric is dpsh.

While this is probably true in the non-Archimedean case as well, it is less obvious,
since strictly positive (1, 1)-forms do not exist globally in this context.

Example 8.10. If K is non-Archimedean, every R-PL metric is dpsh, by Lemma 5.17.

The operator (¢1,...,¢,) — dd°¢1 A ... A dd°¢,, A dx, being symmetric and mul-
tiadditive on tuples of continuous, psh-regularizable metrics, extends to a symmetric,
multilinear operator on continuous dpsh metrics, with values in signed Radon measure.
Note that Proposition 8.3 still holds for such metrics.
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Example 8.11. If K is non-Archimedean and ¢q,... ¢, are R-PL metrics, then dd®¢; A
...A\dd®¢p, Ndx has finite support. By ground field invariance, we may indeed assume that
K is algebraically closed, and that its value group is large enough to ensure that the ¢;
become pure after base change. By Proposition 5.16, ¢1, ..., ¢, are then induced by Q-
models Lq,...,L, of Lq,..., L, determined on a projective model X of X. By linearity
with respect to the fundamental class [X], we may further assume that X is (geometri-
cally) irreducible, which allows us to assume that X is reduced, by Theorem 4.20. Each
irreducible component Y of X, then determines a unique Shilov point zy € I'(X), and

dd°¢y A .. Ndd°Gn Nox =D (Lily o Laly)ay, (8.3)
Y

by [20, Proposition 6.9.2] (compare [42, Proposition 3.11]).

8.2. A Poincaré—Lelong formula
We start with the following integrability result.

Theorem 8.12. Let ¢q,..., ¢, be continuous, psh-reqularizable metrics on line bundles
Li,...,Ly, and let s € HY(X, L) be a reqular section of a line bundle L, equipped with
any continuous metric ¢. Thenlog|s|e is integrable with respect to dd°¢1A. . . Add° P, Nox,
and

/log |5|p dd°dy A ... Addhn ASx

depends continuously on the ¢; with respect to uniform convergence.

Lemma 8.13. We can find two ample line bundles A, A’, a decreasing sequence (1) of
smooth, semipositive metrics on A, and a smooth, semipositive metric 1)’ on A’ such that
L=A—-A andj — ' — log|s| pointwise.

Proof. Pick a very ample line bundle A’ such that A := L + A’ is also very ample. Let
(sa) and (s%) be bases of H?(A) and H%(A’), respectively, and set

b= log | Y ls-shlP+e D fsal | W = Flog | Y[kl
B o B

These metrics are smooth and semipositive (both in the Archimedean and non-
Archimedean cases), and

log |s| + ¢/ = $log | Y |s- s
B

is the decreasing limit of ¢;. O
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Proof of Theorem 8.12. Given any other metric ¢’ on L, log|s|s —log|s|y = ¢’ — ¢ is
a continuous function on X", and Theorem 8.12 for ¢ or ¢’ are thus equivalent, by
Theorem 8.4. By Lemma 8.8, we may therefore assume that ¢ is smooth dpsh.

Write log|s| as the decreasing limit of a sequence of smooth dpsh metrics ¢; — 1)’ as
in Lemma 8.13, so that

fi=1j = — ¢ — f:=loglsly,

where 9; and ¢’ 4+ ¢ are metrics on a fixed (ample) line bundle A. By Lemma 8.6, there
exists C' > 0 only depending on the L; and A such that for any other tuple ¢/, ..., ¢,
of continuous, psh-regularizable metrics on L1, ..., L, we have

‘/fjdd%lA...Addc(z)nAax—/fjdd%’lA...Addcqs;AaX’ <CD suplo; — 9.
=1
(8.4)

By monotone convergence, we infer
- CZsup|¢i — ¢ +/fdd“¢1 A...Ndd°pp, Nox < /fdd%’l Ao NddOP) N Ox

i=1
§/fdd%l/\.../\ddc¢n/\5x+02sup|¢i—¢;|

i=1

in [—o00,+00). It thus remains to show that f = log|s|s is integrable with respect to
dd°¢y A ... Ndd°¢p, N dx for some choice of continuous, psh-regularizable metrics (¢;),
which holds as soon as the ¢; are smooth (see [20, 4.6.2] for the non-Archimedean case,
where we could alternatively take the (¢;) to be model metrics, since dd°¢1 A. .. Add ¢, A
dx is then supported in a finite set of Shilov points, by Example 8.11). O

We are now in a position to state the following version of the Poincaré-Lelong formula,
which plays a key role in the proof of Theorem A.

Theorem 8.14. Let ¢o, . .., ¢, be continuous dpsh metrics on line bundles Ls, ..., Ly, and
set for brevity T := dd ¢ A. .. Add°d,,. Suppose also given a reqular section s € H°(X, L)
of a line bundle L, with divisor Z, a continuous dpsh metric ¢ on L, and a continuous
dpsh function f. Then

/log|s|¢ddcf/\T/\5Xz/fT/\dz—/fddc(b/\T/\(SX. (8.5)
Note that the first integral is well-defined, by Theorem 8.12 and multilinearity.

Proof. Given any other continuous dpsh metric ¢’ on L, we have log|s|, — log|s|s =
¢’ — ¢, hence



76 S. Boucksom, D. Eriksson / Advances in Mathematics 378 (2021) 107501

/log|s|¢ddcf/\T/\5X—/log|s|¢/dd°f/\T/\6Xz/(¢’—¢)dd°f/\T/\6X
z/fddcqﬁ'/\T/\éx—/fddc(b/\T/\éx,

by integration by parts. As a result, the desired formula for ¢ is equivalent to that for
@', and we may thus assume from the start that ¢ is smooth, by Lemma &.8.

Assume next that f and ¢o,..., ¢, are also smooth. The Poincaré-Lelong formula
(cf. [20, Theorem 4.6.5] in the non-Archimedean case) implies that

ddclog|s|¢ ANdx =0z —ddc(j)/\éx

in the sense of currents, which yields (8.5). Assume finally that f and ¢o,..., ¢, are
merely continuous dpsh. We can then find line bundles M, Ma, M}, ..., M,, M! and
continuous, psh-approchable metrics 7,7’ on M, 1,1, on M;, M/ such that f = —’,
L; = M; — M and ¢; = v); — ;. Choose sequences (), (7}), (¢i;) and (3 ;) of smooth,
semipositive metrics on M, M; and M] such that 7; — 7, 7} — 75, i; — 1 and

i.; — ¥i uniformly. Set f; := 7 =7}, ¢ij := i ;=i ;, and Tj := dd°¢a j A. .. ANdd Py, ;.
Theorem 8.12 and multilinearity yield

hm/log |s|g dd°f; NT; Ndx = /log |slg dd°f AT A dx
J
By Theorem 8.4, we have weak convergence of measures

Tj/\(SZ —T Ndg, ddC¢ATjA5X = dd°¢pNT Ndx,

and hence

/ijj—>Z/fT and /fjddcqb/\Tj/\(SX—>/fddcqb/\T/\5X,

by uniform convergence f; — f. Thus (8.5) in the smooth case implies the general
case. [O

8.3. Metrics on Deligne pairings

As a special case of a general construction discussed extensively in Appendix A,
the Deligne pairing associates to an (n + 1)-tuple of line bundles Lg,..., L, on an n-
dimensional projective K-scheme X a line bundle (L, ..., L,) on Spec K, i.e. a one-
dimensional K-vector space.

Following F. Ducrot’s approach [34], we view the Deligne pairing as the (n + 1)-st
iterated difference of the determinant of cohomology. In our situation, the determinant
of cohomology of a line bundle L on X can simply be described as
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ML) = Z(—l)i det H'(L),
and
(Lo, Lp)= > (=1pr+i=liy (Z LZ-) .
1c{0,...,n} iel

This pairing is functorial, symmetric, multilinear, and the data of a regular section
s € HO(X, Ly) with zero divisor Z induces a canonical isomorphism

(Loy...,Ln) ={(L1|z,. .., Ln|z). (8.6)

Example 8.15. When n = 0, a regular section s of Lg is a trivializing section of Lg,
and (8.6) thus yields a generator (so) € (Lg). Any other trivializing section of Lg is of
the form usg with © € A* a unit, and

(uso) = N4y (u){so) (8.7)

where Ny x(u) € K* is the norm of u, i.e. the determinant of the endomorphism of
the K-vector space A given by multiplication by u. In other words, the Deligne pairing
coincides with norm functor when n = 0.

In line with Deligne’s program [28] and the work of Elkik [35], we prove:

Theorem 8.16. There exists a unique way to associate to each tuple of continuous dpsh
metrics ¢g,...,¢n on line bundles Lg,..., L, over an n-dimensional projective K-
scheme X a metric {¢g,...,dn) on {(Log,...,Ly), such that the following holds:

(i) the pairing (o, ..., ¢n) = (G0, ..., dn) is symmetric and multilinear;

(ii) if s € H°(Lo) is a regular section with zero divisor Z, the following restriction
formula holds:

<¢07' . 7¢n> = <¢0|Z; . 'a¢n|Z> - /10g|$|¢0ddc¢)1 VANIAN ddc¢n A 5X (88)
as metrics on (Lo, ..., Ly) = (L1|z,...,Lyn|z).

Note that (ii) implies the change of metric formula

(60,81, -2 bn) — (Bys br -+ ) = /(¢0 G A A dd G NGk (8.9)

for all continuous dpsh metrics @g, ¢ on Lo and ¢1,...,¢, on Lq,..., L,. This follows
indeed by applying (8.8) to the dpsh metrics ¢g — ¢f, ¢1,...,6, on Ox, Lq,..., L, and
the regular section s =1 € H°(X, Ox).
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Lemma 8.17. Let ¢q, ..., ¢n be continuous dpsh metrics on line bundles Lo, ..., L,. Let
so € HO(Ly), s1 € HY(Ly) be regular sections with divisors Zo, Z1, and assume that s1|z,
and solz, are also regular. Then:

(i) the induced isomorphisms
(Lo, L1, La, ..., Ly) = (L1l|z,, La| 2y, - - - s Ll zo) = (L2|zonzy» -+ - s Linl 2onzy)
and

<L07L17L2> .. 7Ln> = <L1aLO7L2u e 7Ln>

= <L0|ZlaL2|Z1a s 7Ln|Z1> = <L2|ZoﬁZ“- . -aLn|ZoﬂZ1>

coincide;
(ii) setting for brevity T := dd°¢pa A ... A dd ¢y, we have

/10g|80‘¢0T/\(5Z1 —/10g|80‘¢0 ddc(bl AT ANdx
:/10g|81|¢1T/\(520 —/10g|81|¢1 dd°¢pog NT N bx.

When X, Zy and Z; are smooth over an Archimedean field K and the metrics are
smooth, the result is a special case [35, Lemma 1.1.2]. The proof we propose here fol-
lows standard monotone regularization arguments in pluripotential theory (compare for
instance [29, Proposition 111.4.9]).

Proof. To prove (i), recall from Theorem A.22 that the restriction isomorphism
(Lo, L1, Lo, ..., Ly) = (L1|z,, L2l zys - - - Ln| z4)
is induced by (8.6) and the restriction isomorphism
ML) = ML = Zo) = Az, (L|z,),
valid for any line bundle L on X. Thus
(Los L, Lo, ... Ln) = (La|zon 21, Lol zon 215 - - - s Ll zon 241 )
is induced by
AL) = ML = Zo) = ML = Z1) + ML = Zo — Z1) = Azonz, (L),

whose symmetry with respect to Zy and Z; implies (i).
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We turn to (ii). By Lemma 8.8 and multilinearity, we may assume that ¢o, ..., ¢, are
smooth and semipositive, and also that ¢q, ¢1 are smooth dpsh.

For i = 0,1, set f; := log|si|e,. As in the proof of Theorem 8.12, we can choose an

(ample) line bundle H;, a decreasing sequences of smooth, semipositive metrics (¢; ;);
on H; and a smooth, semipositive metric ¢, such that f; ; := 1); j — 1 converges to f;
as j — oco. By integration by parts,

/fo,jddcfm/\T/\dX:/flvjddcfo,j AT Adx,
and we will thus be done if we prove that
/f07jddcf17j/\T/\6X—>/f()T/\(Szl_/foddc¢1 AT Aéx, (8.10)
and
/fleddcfo,j /\T/\<5X—>/f1T/\520—/f1ddC¢0/\T/\5X,

the first of these being enough, by symmetry. Pick indices j > k. Then fy; < for, and
hence

/fo,j ddfi; NT Néx = /fOJddc'l/JLj AT ASx — /fovj ddyy AT A Sx
S/fo,kddwl,jATAéX —/fo,j dd®py AT A dx
= /fo,k dd°f1; NT Nox + /(fo,k — fo,;) dd“Y1 AT A dx.
Letting first 7 — oo, we infer
lim_sup/fOJ dd°fi; NT Nox < /foykddcfl AT ASx +/(fo,k — fo)dd°vy AT Adx
J
=/fo,kTA6Z1 —/fo,kddc¢1/\T/\5x+/(fo,k—fo)ddcw’l/\T/\éX,
and letting next £ — oo yields
limsup/f07j dd°fi; NT Néx < /fOT/\éz1 — /foddc¢1 ANT Aéx,
J

by monotone convergence. For the converse, pick now indices j < k. Then
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/foJ dd®fi; NT Nox

= /fl,j dd®fo; NT Nox = /f1,j dd4o; NT N ox —/flyj dd“py AT A Sx

> /fl,k ddo; NT N dx — /fl,j ddyy AT A Sx

= /fl,k: dd®fo; NT Nox +/(f1,k — f1,;) ddVE NT A dx

= [ Jogddhu AT Abx+ [ = ) dde g AT N
Ask —o0,dd’fi kx NTNOx = dd°fi NT Nox =T Aoz, +dd°¢1 AT Adx in the sense of
currents, while [ fi  ddpy AT ANdx — [ f1dd°yy AT A dx, by monotone convergence.
Thus

/fodddcflﬂ- AT A bx

2 /fo,jT/\521 - /fo,j dd®¢1 NT A dx +/(f1 — f1,;)ddPy AT A b,

and hence

hmlnf/f()]ddcflj AT Néx > /foTA521 /foddc¢1 AT Nbx,

using again monotone convergence. 0O
Proof of Theorem 8.16. We argue by induction on n. Assume n = 0, i.e. X = Spec A

with A finite, flat over K. We can then pick a trivializing section s € H(X, Ly), and (8.8)
yields

log [{(s)](po) = /log|s|¢05X. (8.11)

In view of (8.7), (8.11) defines a metric (¢o) on (Lg) iff

/log | 65 = log [N a s (u)]. (8.12)

To see this, we may assume that A is local, by Example 8.2. Then

/log lul 5x = (dimx A) log [u(z)],

with x is the unique point of X", corresponding to the absolute value on the residue

m

field K’ of A. A standard computation gives Na,x(u) = Nk g (u|r/)™ with m =
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dimg- A the length of A (see for instance [56, Lemma 1.16.2]). It is also well-known that
INgerac(u)] = [l ) = Ju(a)| 'K and (8.12) follows since dimgx A = m[K’ : K].

We now consider a tuple of continuous dpsh metrics on line bundles Lg,..., L, on
a projective K-scheme X of dimension n, and argue basically as in the proof of [35,
Théoréme 1.1.1]. Given a regular section so € HY(Lg) with divisor Zy, we force the

restriction formula by setting temporarily

<(¢0780)7¢17"'a¢n> = <¢1|Zo7"'7¢n‘Z0>_/10g|SO|¢0 ddc¢1A~~'/\ddc¢n/\6X7 (813)

as metrics on (Lo, ..., Ln) = (L1|z,, - - - Ln|z,), where the right-hand side is well-defined
by induction and Theorem 8.12. By induction, this pairing is multilinear and symmetric

in (¢1, ey ¢n)
Assume next given a regular section s; € H(Ly), with divisor Z;, such that s;|z, is
also regular. We are going to show that

((#0,80), P15+, Pn) = ((01,51), Po, B2, - - -, Pn) (8.14)

as metrics on (Lg, L1, Lo, ..., Ly) = (L1, Lo, La,...,Ly). We first claim that sg|z, is
regular as well. Indeed, the sequence (sg,s1) is regular at each point of Zy N Z;, and
hence so is (s1,80), by general properties of regular sequences in a Noetherian local ring.
This means that sg|z, is regular at each point of Zj, and also trivially at each point not
in Zy = div(sp), proving the claim. By induction, the restriction formula applies to Zj,
and yields

<¢1|Z07"'7¢H‘Z0> = <¢2‘ZQQZ1)"')¢H|ZOQZl> - /10g|sl|¢1 T/\5Z0

with T := dd¢s A ... A dd°¢,. Using the commutativity property of Lemma 8.17, we
infer

<(¢07 80)7 ¢17 ey ¢n>
= (02120021 »- -+ Onlzonz:) — /log |51]g, T Nz, — /log |s0|go dd°P1 AT N 0x

= (02|2onZ1»- - Pnlzonzy) —/10g\80|¢oT/\5zl —/log\sﬂm dd“¢o NT N ox

= (bolz., 02|21 Onlz,) — /10g|81|¢,1 ddéo NT A dx
= <(¢1751)7¢07¢27~--7¢n>

as metrics on

<L07 e 7Ln> - <L2|ZU|’TZU .. 'aLn|Zoﬂzl> == <L0|Z1a .. 'aLn|Z1> - <L17LOaL27' .. 7Ln>;

using again induction, which proves (8.14).
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Assume now that Lo admits two regular sections sg, s, € H(Lg), with divisors Zg, Z},.
We claim that

<(¢Oa So)ad)la e 7¢7L> = <(¢0a$6)a¢1a .. a¢n>

as metrics on (Lg...., L,). By linearity with respect to ¢, we may assume that L; is
ample. For m > 1, we then find a regular section s; € H°(mL;) such that s;|z, and
s1] z; are also regular, since this amounts to requiring that s; is nonzero at each of the
finitely many associated points of X, Zy and Z}. Applying (8.14) twice, we infer

<(¢70750)7¢17 < a¢n> = m_1<(m¢1,81),¢0,¢2,- . 7¢n> = <(¢)0,86),¢1, s 7¢n>

which proves the claim. Given a tuple of continuous dpsh metrics ¢g,..., ¢, on line
bundles Ly, ..., L, such that Ly admits a regular section, we can thus set

<¢07 ceey ¢n> = <(¢Oa SO)& ¢1a tt ¢n>

for any choice of regular section sq € HY(Lg). If ¢} is a continuous dpsh metric on another
line bundle L{ admitting a regular section, then Ly + L{, also admits a regular section,
and (8.14) shows that

<¢0+¢/0a¢17"')¢n> :<¢07¢17"'a¢n>+<¢67¢17"'7¢TL>'

Consider finally a continuous dpsh metric ¢y on an arbitrary line bundle Lg. After adding
to Lo a sufficiently large multiple of an ample line bundle, we can write Lo = My — M|
with My, M} both admitting a regular section. Since M) admits a continuous dpsh metric
Py, we get ¢o = o — Yf with g := ¢¢ + ¥ continuous dpsh on My, and we set

<¢07¢17"'a¢n> = <¢05¢17"'7¢n> - <1/}(/)7¢17"'7¢7L>'

By the previous additivity property, this is independent of the choice of 1,1y, and
multiadditive with respect to ¢g. By (8.14), the pairing (¢o, ¢1,...,¢n) is symmetric
with respect to ¢g, ¢1, and hence with respect to any permutation of ¢y, ..., ¢,, being
already symmetric with respect to ¢1, ..., ¢, by induction. Finally, the pairing satisfies
by construction the restriction formula, and we are done. O

8.4. The non-Archimedean case

We assume in this section that K is non-Archimedean, possibly trivially valued. By
the change of metric formula (8.9), the Deligne pairing is basically determined by its
values on model metrics, which are described by the following result.
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Theorem 8.18. Let Lo, ..., L, be line bundles on a projective K-scheme X of dimension
n. Let Ly,...,L, be models of Lg,...,Ly,, determined on a projective model X of X,
and denote by ¢y, ..., ¢n the corresponding model metrics. Then

(Bos -+ s Pn) = P(Lo,.l0)- (8.15)

Here (Ly,...,L,) is the Deligne pairing with respect to the flat projective morphism
X — Spec K°, cf. Appendix A. Since Deligne pairings commute with base change,
(Lo, ..., Ly) is amodel of (Lo, ..., Ly), and ¢z, .. 1.y denotes the corresponding model
metric.

Proof. We argue by induction on n. Assume first n = 0, and hence X = Spec A with
A finite free over K°. As recalled in Lemma A.19, any line bundle on X is trivial in
a neighborhood of the special fiber of X', and hence trivial on X. A trivializing section
s € H°(Ly) induces a trivializing section (s) = Nx,ko(s) of (Lo) = Nx,ro(Lo), as well
as a trivializing section s € H(X, L), such that |s|s, = 1 on X?". By (8.11), we infer

log {5} (guy = / log |34, 0x =0,

which is equivalent to (¢o) = ¢(z,)-

Let now Lyg,..., L, be line bundle on a projective K-scheme X of dimension n, and
Loy, ..., L, bemodels of Ly, ..., L, determined on a projective model X of X. Since any
line bundle on X can be written as a difference of ample line bundles, we may assume
that Ly is ample, by linearity. After passing to a large enough multiple, we assume that
there exists a relatively regular section s € H°(Ly), by Proposition A.15. Denote by Z its
divisor, with generic fiber Z. By the restriction property of Deligne pairings on models,
s induces an isomorphism

(Loy-++ Ln) = (L1]z, ..., Lnlz)
of models of (Lo, ..., L,) = (L1]z,...,Ly|z). By induction, we get

BlLo, e L£0) = PlLr]zsntnlz) = (D125, Onlz)

= {0, -, Dn) + /log|s|¢0 dd°dpy N ... ANdd°¢n N dx,

using the restriction property of Theorem 8.16. It remains to show that the right-hand
integral vanishes, which follows from the fact that dd°¢; A ... A dd ¢, A dx is supported
on I'(X) (cf. Example 8.11) together with Lemma 8.19 below. O

Lemma 8.19. If s is a relatively regular section of a line bundle L on a model X, then
|slg, =1 on T'(X).
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Proof. Since s doesn’t vanish at the associated points of X, s is nonzero on the reduction
¢ := redx(x) of any Shilov point z € X?" defined by X. In other words, s defines a
trivializing section of £ on an open neighborhood U of ¢, and we infer |s|s, =1 on U=,
by definition of the model metric ¢,. O

Using Theorem 8.18, we relate Deligne pairings and Gubler’s intersection theory on
models [41].

Definition 8.20. If D is a vertical Cartier divisor and Lq,..., L, are line bundles on a
projective model X of X, we define their intersection number as the real number

(D-Ly-.o L) = Gox(D).Lrss L)

Here the right-hand side is a model function on Spec K, identified with its value on
the unique point of Spec K. Equivalently, (D - Ly ... L,) = vk(f) for any choice of
generator f of the free K°-module

(O(D), L1,...,Ln) = K.

In particular, (D - Ly ... L,) belongs to the (additive) value group I'x C R.
As a special case of Theorem 8.18, we have

(D Ly... L) = /¢>D dd°be, A ... Add°br. A dx. (8.16)

On the other hand, in [41, §3] Gubler associates to every vertical Cartier divisor D on X
an n-dimensional cycle cyc(D) with coefficients in I' on the finite type K-scheme X,
such that the following holds:

(i) if p: X’ — X is a morphism of projective models, then cyc(D) = uy cyc(u*D);
(ii) if F/K is a non-Archimedean extension and Dy is the pull-back of D to the base
change of X to F°, then cyc(Dr) = cyc(D) z;
(iii) if X is reduced, every irreducible component Y of X, determines a unique Shilov
point zy € I'(X), and

cye(D) =Y ¢p(ay)[Y].

Corollary 8.21. Let L1,...,L, be line bundles on a model X of X, and D be a vertical
Cartier divisor on X. Then

(D-Ly-.oo- Lg) = (cye(D) - Lalx, - Lalx,) -
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Proof. By (8.16), (D - Ly - ... L) is invariant under ground field extension, and we may
thus assume that K is algebraically closed and nontrivially valued. By multilinearity, we
may further assume that X is (geometrically) reduced. After replacing X with a higher
model, we can arrange for X to be reduced, by Theorem 4.20. By (8.3), we then have

(D-El-...~£n):/¢Dddc¢1/\---/\dd°¢n

= Z(ﬁ]_‘)(ﬂ?y) (E1|y CE ~[,n|y) = (CyC(D) '[’1|Xs et En‘xs). O
Y

8.5. General metrics on the norm functor

We extend the previous discussion on metrics on Deligne pairings to the setting of
general finite flat morphisms f:Y — X. In this setting, we will abbreviate N = Nx/y
when there is no risk for ambiguity.

The formula (8.11) provides a general definition of a metric N(¢) on N (L), provided
we are given a metric ¢ on L. Namely, for € X*", and a section s of H° (L] f-1(vy) for
some open neighborhood U of X such that U?" is an open neighborhood of z, we define

log [N (5) o) ) = [ 1ogsladls 10 (817)
X

Here [f~!(x)] denotes the fundamental cycle of f~1(x), defined in a way analogous to
Example 8.2. The definition extends in a natural way to Q-line bundles.
We have the following proposition.

Proposition 8.22. Suppose f : Y — X is a finite flat morphism of projective geometrically
reduced K-schemes, and L an ample Q-line bundle on Y. If ¢ is a continuous psh metric
on L, then so is N(¢) on N(L).

Proof. Arguing on the components of X and Y, we may assume wlog that f has constant
degree e > 1. The claim is standard in the Archimedean setting since it is straightforward
to verify that the curvature of N (L) is the direct image under f of the curvature of L.

Suppose now that K is non-trivially valued and non-Archimedean. As it follows from
(8.17), the map ¢ — N(¢) is Lipschitz continuous. By Theorem 7.8 we can hence restrict
ourselves to the case when ¢ = ¢, for a nef model £ of L on a model ). By multi-
plicativity of the norm we may assume they are actual line bundles. By Proposition 5.13
(and its proof) we can assume f extends to a proper and flat morphism f : Y — X
of models. Flatness together with properness implies that the fiber dimension is locally
constant, and hence f is quasi-finite. As f is automatically finitely presented these facts
taken together imply it is also finite by [32, IV.8.11.1]. We can thus consider the norm
of line bundles £ which are models of N(L).
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An application of the Riemann—Roch theorem for singular curves shows that N(£)
is nef if £ is. We claim that N(¢z) = ¢n () (compare with the first part of the proof
of Theorem 8.18), in which case we conclude that N(¢,) is a nef metric. To prove the
claim, pick a point x € X, and an open neighborhood U of z, and a trivialization 7 of
L on f~HU). Since |7]4,(y") = 1 for y' € f~1(2) for 2’ € U=, it follows from definition
(8.17) that N(¢.) is the model metric induced by N(L).

The trivially valued case can be deduced from the non-trivially valued case, in a
straightforward application of Lemma 1.26 and Theorem 7.31. O

Remark 8.23. It is possible to prove that the norm functor maps continuous metrics to
continuous metrics.

Proposition 8.24. Let f : Y — X be a finite, flat morphism of geometrically reduced pro-
jective K-schemes. Suppose we are given an ample line bundle L on'Y with a continuous
metric ¢. Then P(f*¢) = f*P($). In particular, if P(¢p) is continuous, so is P(f*¢).

Proof. In the Archimedean case, this is a special case of [5, Proposition 2.9]. The state-
ment in the trivially valued case follows from the non-Archimedean non-trivially valued
one by comparing with a non-trivially valued field extension as in the previous lemma.
We will henceforth suppose K is non-Archimedean non-trivially valued.

It follows from Proposition 5.13 and Lipschitz continuity of f* that f* (C° N PSH(L))
C CYNPSH(f*L), from which we infer the inequality f*P(¢) < P(f*®).

To show the reverse inequality we show that any continuous psh metric ¢ on f*L with
1 < f*¢ admits a majoration ¢ < f*)o, < f*¢@, where 1 is continuous psh. Since P
is non-decreasing we conclude that

V< Mo < fRP()) < P(f79)
which implies the statement by taking supremum over all continuous psh metrics ¥. O

Lemma 8.25. Suppose that f :' Y — X is a finite flat morphism of connected projective
geometrically reduced K -schemes, of degree e, and v is a continuous psh metric on f*L.
Inductively define ¥o = v and 1, = max {%f*quw“m 1/)}. Then all Yy, are continuous
psh, and converge uniformly to f*is, where

Voo(r) = sup  (y')

y'ef~(z)
is a continuous psh metric on 1N (L).

Proof. The fact that all the metrics ¢, are continuous psh follows from Proposition 8.22
together with the statement that continuous psh metrics are closed under max. Without
loss of generality we suppose that e > 1. Here we can define
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Foo(x) = sup (¢ —f*9)(x) + &(f(x))
y'ef~ (=)
for an auxiliary metric ¢ on L. It is independent of ¢, and 1), defines a metric on 2N (L).

€

By construction we have

05 (o=t W) S )= [+ 3 traly)
y'ef~1(f(y)

Here the sum is computed with taking the multiplicities of the points into account.
For any z € X% there is always at least one y € f~!(x) such that (y) =
max{®x_1,V}(y) = [Fo(y). It follows that an upper bound My of f*1ho, — ¥y can
be chosen so that M, < (1 - é) M1 < (1 - l)k My. We conclude that ¢ — f*1s

€
uniformly so that f*i). is continuous psh, and hence so must ¥, be. O

9. Asymptotics of relative volumes

This section introduces graded norms and their relative volumes, reviews the basic
properties of the Monge-Ampere energy functional, and then proves Theorem A, the
main result of this paper.

As before, K denotes a complete valued field. Throughout this section, X is a geo-
metrically reduced® projective K-scheme, and n := dim X.

9.1. Relative volumes of graded norms

Let L be any line bundle on X, and consider the graded K-algebra R = R(X, L) with
graded pieces R,, := H°(X,mL). Set also

N,, :=dim R,, = h°(X, mL).

Definition 9.1. A graded norm | - || on the graded algebra R is defined as a sequence of
norms || - ||,, on the graded pieces H’(mL), m € N, which is

(i) submultiplicative, i.e.
lIs - 8" llmtms < sl - I8 [l

for all m,m’ € N, s € R, 8 € Ry
(ii) bounded, i.e.

doo (I llms - lmg) = O(m)

for some (hence any) bounded metric ¢ on L.

6 If K is perfect (e.g. of characteristic 0), this is equivalent to being reduced.
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Example 9.2. Each bounded metric ¢ on L determines a graded supnorm || - |eg, with
graded pieces || - ||me-

Example 9.3. If £ is a model of L, then the lattice norms || - [|go(mz) form a graded
sequence, denoted by || - ||go(er). Boundedness is a consequence of Theorem 6.4.

Graded norms are preserved under ground field extension:

Lemma 9.4. Let F/K be a complete field extension. For any graded norm || - |le on R =
R(X, L), the sequence of ground field extensions (|| - ||m)r forms a graded norm on
Rr = R(Xg,Lp). Further,

VoL (Il llm) o, (Il llm) ) = VoIl - llas I [17,) + o(m" ). (9-1)

Proof. Submultiplicativity of the sequence (|| - ||n)r follows from directly from Defini-
tion 1.24. To see that the sequence is bounded, pick any continuous metric ¢ on L. By
Proposition 1.25,

doo ((IF- llm) s (I - lmo) ) = doo ([l - llm, I - llmg) = O(m),

and it is thus enough to show that des ((|| - [lme¢)F: || - [lmer) = O(m), which follows
from Theorem 6.6. Finally, (9.1) is a consequence of Proposition 2.14 combined with the
estimate

Ny log N, = O(m™logm) = o(m™™). O (9.2)

The next result is basically due to Chen and Maclean [22], following the strategy
of Witt Nystrom [78], itself finding its roots in the work of Zaharjuta [80]. For the
convenience of the reader, we review the argument below.

Theorem 9.5. Assume that X is geometrically integral. Let L be a line bundle on X, and
pick two graded norms || - ||e,| - |2 on R = R(X,L). Then m~ "D vol(|| - |lm, || - II%,)

admits a limit in R.

Definition 9.6. The relative volume of the graded norms || - ||e, || - ||5 is defined as

vol([l - fle, [ I6) := lim VL[l [l I 117)-

m—oo mnT1

Proof of Theorem 9.5. Observe first that the result is trivial when L is not big. Set
indeed N,, := h%(mL). By the Lipschitz property of relative volumes (Proposition 2.14),

VOL(Il - flms Il 17| < No oo (I - flons [+ [[7) = O(mNoy).-

If L is not big, then N,, = o(m"), and hence m="+1 vol(|| - [lm, || - ||%) — 0.
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We henceforth assume that L is big. By Lemma 9.4, we may further pass to a complete
field extension and assume that K is algebraically closed.

We now follow the approach of [78,22], which combines the strategy of Zaharjuta [80],
relying on a multivariate version of Fekete’s Lemma on subadditive sequences, with the
Okounkov body construction [54,50]. Pick a regular point p € X (K), a regular sequence
(21,...,2n) iIn Ox,p, and consider the valuation v : K(X)* — (Z",lex) defined as
follows: by Cohen’s structure theorem, every f € Ox, admits a formal power series
expansion f = nn fa2®, fo € K, and we set

v(f) := min{a € N | f,, # 0},

where the min is understood with respect to the lexicographic order. Note that v is
trivial on K, and has center p on X.

The valuation v can be naturally evaluated on sections s € R,, = H°(mL), by setting
v(s) = v(f) with f € Ox, the function corresponding to s in some choice of local
trivialization of L at p (the definition being independent of the choice of trivialization).
This induces an N™-filtration on R,,, with the key property that its graded pieces

:{SERm\V(s)Za}
{s€ R, |v(s)>a}

gr® Ry,
have dimension at most 1 for all & € N™. Thus

Ty = v (R \ {0}) C N"

is finite, of cardinality N,, = dim R,,, and gr® R,, is one-dimensional for each o € T';,
(see for instance [12, Lemme 2.11]). The fact that L is big implies that the semigroup

ri= | ({m} xTp) C N™HE

meN

generates Z" ! as a group (cf. [12, Proposition 3.3]). Further, T',,, grows linearly with
m, i.e. there exists C' > 0 such that

la] == Z la;] < Cm for all a € T, (9.3)

Indeed, the closure | J,,~, m ™I, in R™ is a convex body A(L), the Okounkov body of L
with respect to v. -

Next fix a local trivialization 7 of L at p. For each a € T'y,, one can find a section
s € H(mL) with Taylor expansion s = z® + higher order terms (in the trivialization
7™). The class of s in gr® R, is independent of the choice of s, and hence a canonical
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generator s, o of gr® R,,. The norm || - ||, induces a subquotient norm on gr® H(mL),
characterized by

$m.allm = inf{[|s|lm | s € H(mL), s = 2* + higher order terms}. (9.4)
This gives rise to a superadditive function ® : I' — R, defined by
®(m, ) := —1og || sm,allm-

We similarly have a superadditive function ®' : I' — R attached to || -||,, and a repeated
application of Proposition 2.14 (vi), combined with the estimate N,, log N,, = o(m™*1!),
yields

Vol(|| - s |- 17) = Y~ (@(m, @) = @' (m, @) + o(m" 1),

and hence

1 1 -1 -1
Wvol(|| oo 1+ 7)) = p—r GZF (m™'®(m,a) = m™'®' (m,a)) + o(1).

Now |m=1®(m, @) —m '@ (m, )| < m =" doc(l| - [, | - [l) = O(1) and Ly = Ny ~

mn—r vol(L). By the general convergence result of [22, Theorem 4.3] (see also [78, Theorem

1.3]), it remains to check that

sup  m t®(m,a) < oo,
m>1, a€l’,,
which will then also hold for @', by symmetry. By (9.3) and (9.4), this is equivalent to
the existence of a uniform constant C' > 0 such that

log [|s]lm = =C(m + |a) (9-5)

for all s € R,, with Taylor expansion s = z% + higher order terms. Thanks to the
boundedness property of || - ||e, it is enough to check this when || - |lo¢ = || - ||e¢ is the
graded supnorm attached to a continuous metric ¢, which we now prove along the lines
of [78, Lemma 5.4]. By the K-analytic inverse function theorem, the coordinates (z;) at
p induce a K-analytic isomorphism of an open neighborhood U of p in X(K) with an
open polydisc D(r)™ in K™. The section s induces an analytic function f on U, with
s = fr™, and hence log |s|;ne = log|f| + mlog|T|s. The function log|7|s being locally
bounded, it will be enough to show that any analytic function f on D(r)™ such that

f = z% 4 higher order terms

satisfies supp (,yn lf] > rll| which follows from a repeated application of the maximum
principle in one variable. 0O
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By (9.1), relative volumes are invariant under ground field extension:

Proposition 9.7. Assume that X is geometrically integral. Let ||-|e, ||-|/2 be graded norms
on R, and F/K be a complete field extension. Then

vol (Il - lle) e, (I 1)) = voI(ll - [le, 1| - [I5)-
9.2. Relative volumes of metrics

We come back here to the general setting of Section 9, and thus assume that X is
geometrically reduced. Using Theorem 9.5, we prove:

Theorem 9.8. Assume that X is geometrically reduced, and let L be a line bundle on X.

(i) The volume

|
vol(L) := lim —— ho(mL)

m—oo Mm"

exists in R>q.
(ii) For any two bounded metrics ¢, on L, the relative volume

n!
vol(L, ¢, 9p) := N o vol([| - [lmg, | - [lmep)
exists in R.

Denote further by (Xo)aca the set of top-dimensional irreducible components of X, and
let ¢o, o be the pullbacks of ¢, to L, := L|x,,. Then

vol(L Z vol (L (9.6)

and
vol(L, ¢, 4) = Y _vol(La, ¢a ta)- (9.7)
Lemma 9.9. Using the notation of Theorem 9.8, we have
WX, mL) =Y h(Xa,mLy) + o(m") (9.8)
acA
and
Vol([| - [[mes Il + llmy) = Z VOI([ + lmgs || - lmya) + o(m"™*1). (9.9)

a€cA
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Proof. Set Y := [, .4 Xa, and denote by p: Y — X the canonical morphism. For each
m, we have an exact sequence

0 — HY(X,mL) = H(Y,mp*L) = @ H*(Xo,mL) — HO(X, F(mL))
acA

with F := 14Oy /Ox. Note that y is an isomorphism over the complement of Uwgﬁ X.N
X3, which has dimension at most n — 1. Thus SuppF has dimension at most n —
1, and hence h®(X, F(mL)) = O(m"~!), which proves (9.8). Under the identification
HO(Y,mp*L) = @, 4 H*(Xa,mLy), the supnorm || ||+ ¢ corresponds to maxq [|*|[me.
and a repeated application of Proposition 2.14, combined with (9.2), yields (9.9). O

Proof of Theorem 9.8. By (9.1), we may assume that K is algebraically closed. By
Lemma 9.9, it is enough to prove the result with X replaced by any of its top-dimensional
irreducible component. We may thus assume that X is (geometrically) integral, in which
case the result follows from Theorem 9.5. O

We each m € Z~(, we note the obvious homogeneity property
vol(mL, m¢p, mip) = m" T vol(L, ¢, ). (9.10)

As a result, we can make sense of relative volumes of metrics on a Q-line bundle L. As
usual, we say that L is big if vol(L) > 0.

Corollary 9.10. Let L be a Q-line bundle on X.

(i) L is big iff L|x,, is big for some top-dimensional irreducible component X, of X.
(ii) If L is nef, then vol(L) = (L™).

Proof. By homogeneity, we may assume that L is a honest line bundle. (i) is then a direct
consequence of (9.6). Assume that L is nef. Since X, is irreducible, it is well-known that
the volume of the nef line bundle L|x,, is given by vol(L|x_) = (L|x,)" = c1(L)™ - [X4].
By (9.6), we get

vol(L) =Y " er(L)" - [Xa] = ca(L)" - [X] = (L"). O

Proposition 9.11. The following properties hold for all bounded metrics on a Q-line bun-
dle L:

(i) cocycle formula: vol(L, ¢1, o) + vol(L, ¢a, ¢3) + vol(L, ¢3, 1) = 0;
(ii) monotonicity: ¢ < ¢’ = vol(L, ¢, v) < vol(L, ¢',v¥);
(iii) scaling: vol(L, ¢ + ¢, ) = vol(L, ¢, ¢) + vol(L)c for c € R;
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(iv) Lipschitz continuity:

[vol(L, ¢, 1) — vol(L, ¢/, ¢')| < vol(L) (sup|¢ — ¢/ + sup ¢ — ¢']).

(v) birational invariance: for any projective birational morphism p: X' — X, we have

vol(u* L, i, u*¢p) = vol(L, ¢, 1);

(vi) envelopes: if L is semiample, then the psh envelopes P(¢), P(v) satisfy

vol(L, ¢,¢) = vol(P(¢), P(¢)).

In particular, if L is not big, i.e. vol(L) = 0, then vol(L, ¢,7) = 0 for all bounded

metrics on L.

Proof. We may assume that L is a line bundle, by homogeneity. Properties (i) and (ii)

follow immediately from the analogous properties for relative volumes of norms. Further,

|- lmg+e) = €™l - |ling, hence

VOl([|  ln(g+eys [ - llm) = vOL(ll - gy || - lmep) + m b (mL)e,

by Proposition 2.14. Since n!h®(mL)/m™ — vol(L), this yields (iii), and (iv) is a formal
consequence of (i), (ii) and (iii). To see (v), note that the embedding

HY(X,mL) — H(X',mu*L)
is an isometry with respect to the supnorms. By the projection formula, the quotient
Wy, i= HY(X', mp* L)/ H*(X, mL)
injects into HO(X, F(mL)), where F := u,Ox:/Ox. The support of the latter sheaf is

contained in the image of the exceptional locus of u, and hence has dimension at most
n — 1, and hence dim W,,, = o(m™). By Proposition 2.14, we infer

[vol (| - ”mM*dJa | - Hmu*w) —vol (|| - Hnuﬁv [l - ||mw)‘
< (i W) doo (| e I+ g ) + OV log N
< (dim W,,,)msup |¢p — | + O(Np, log N,,) = o(m"“),

which implies (v). Assume finally that L is semiample. Corollary 7.27 shows that ||-||me =
| lmpegy and || - [[my = || - [lmpy) for all m, hence (vi). O
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Proposition 9.12. Let ¢, be continuous metrics on L, F/K a complete field extension,
and ¢r,Yr the pullbacks of ¢, to the base change L. Then

VOI(LFa (bFa ¢F) = VOI(L7 ¢? ,(/})
Proof. By Theorem 6.6, we have

doo (I lme) s |- Imo ) = 0(m), - doo (|- lmw) 2 [ - lmw ) = 0(m).

By the Lipschitz property of relative volumes and Lemma 9.4, we infer

VOL ([ llmgres I+ lmwsr) = vOL (- )5 (Il lmy) ) + 0(m™ 1)
= VoL (| [lmg» || - llmas) + 0(m™*),

and the result now follows. 0O
9.83. Monge—Ampére energy

In this section, X is geometrically reduced, and L is a semiample Q-line bundle on
X. Since L is in particular nef, we have

V:=wvol(L) = (L"),
by Corollary 9.10.

Definition 9.13. Let ¢, 1) be continuous psh metrics on L. We define the relative Monge—
Ampeére energy” of ¢, as

B(o0) = 1 O [ (0= 0)dd0) (@0 Ao, (9.11)
7=0

Recall that ¢ — % is a continuous function on X?", which may thus be integrated
against each positive Radon measure (dd¢)? A (dd“y)" =7 A dx. By (8.9), we have

1
T n+1

E(¢,) ((¢" ™) = (")) (9.12)
Given a continuous psh metric ¢, the functional ¢ — E(¢, ) is characterized as the
unique antiderivative of the Monge-Ampeére operator ¢ — (dd°¢)™ that vanishes at v,
in the sense that

7 Note that the present normalization, which is more convenient for the purpose of this paper, is not
uniform across the literature.
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it_oE(“t)Ww’vw [ @ - oaor (9.13)
Xan

for any two continuous psh metrics ¢, ¢', see [16, §3.8].

Proposition 9.14. The Monge-Ampére energy satisfies the following properties.

(i) cocycle formula: E(¢1, d2) + E(d2, ¢3) + E(¢s, ¢1) = 0;
(ii) monotonicity: ¢ < ¢’ = E(¢,v) < E(¢',¢);
(iii) scaling: E(¢ + ¢,v) = E(¢,v¥) + Ve for c € R;
) homogeneity: E(ag, a) = a1 E(¢, ) for a € Zso;
) Lipschitz continuity:

(iv

(v
[E(¢,¢) — E(¢,4")] <V (sup ¢ — ¢'| + sup |1 — '] ;
(vi) for each complete field extension F/K we have
E(¢r,vr) = E(¢,v);
(vii) birational invariance: for any projective birational morphism p: X' — X we have
E(u*¢, p™y) = E(e, ).
Proof. (i) follows from (9.13), and (ii)— (iv) follow directly from (9.11), using that
[y naa vy nox =@ = v.
(v) is a formal consequence of (ii) and (ii), and (vi) follows from (9.11) and the compati-
bility of mixed Monge—Ampére measures with ground field extension, cf. Proposition 8.3.
Finally, (vii) is a consequence of (9.11) and the projection formula u,dx, =dx. O

9.4. Proof of Theorem A

The following result corresponds to Theorem A in the introduction. It was first es-
tablished in [5] when K is Archimedean, and in [18] when K is discretely valued.

Theorem 9.15. Let X be a geometrically reduced projective K-scheme, and L be a semi-
ample Q-line bundle on X. For any two continuous psh metrics ¢,v on L, we then

have

vol(L, ¢,v) = E(¢,v).
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Corollary 9.16. Let ¢, be arbitrary continuous metrics on L. Let v : X — X be the
normalization morphism, and assume that Conjecture 7.30 holds. Then

vol(L, 6, %) = E (P(*6), P(r*)))..

Proof. By Proposition 9.11, vol(L, ¢, ¢) = vol(v*¢,v*y) = vol (P(v*¢), P(v*1)). Since
X is normal, Conjecture 7.30 implies that P(v*¢) and P(v*%) are continuous and psh,
and Theorem 9.15 yields the result. O

Lemma 9.17. Assume that K is non-Archimedean, and let L, M be models of L, with as-
sociated model metrics ¢z, pa and graded norms ||-|[goes), ||-|Ho(er) (cf. Example 9.3).
Then

) n!
vol(L, ¢z, ¢pm) = lim — s vol (I o gmeys 1 - 5o (mar)) -
Proof. By Theorem 6.4, we have

doo (I o, | lHo@mey) = OQ), doo (I lmgaes | lH0@man) = O(1).

By Lipschitz continuity of relative volumes of norms (Proposition 2.14), this yields

VOL(Il lmge s Il llmgan) = vOL (Il logmey, | - o @maty) + O(Nm),
which implies the result. O

Proof of Theorem 9.15. We claim that it is enough to prove the result when K is alge-
braically closed and nontrivially valued, X is irreducible, and L is an ample line bundle.
The first condition can be reached by passing to an appropriate complete field extension
of K, by invariance of relative volumes and the Monge-Ampére energy under ground
field extension (Proposition 9.12 and Proposition 9.14). By Lemma 9.4, we may fur-
ther assume that X is irreducible and L is big. By Lemma 5.5, there exists a birational
morphism f: X — Y and an ample Q-line bundle A, unique up to isomorphism, such
that L = f*A and f,Ox = Oy, and ¢, descend to continuous psh metrics on A. By
birational invariance of relative volumes (Proposition 9.11) and of the Monge—Ampére
energy (Proposition 9.14), we may thus replace L with A and assume that L is ample.
By homogeneity (9.10), we may finally assume that L is an honest (ample) line bundle,
which concludes the proof of the claim.

Consider first the Archimedean case, i.e. K = C. By birational invariance of relative
volumes and of the Monge-Ampeére energy, we can replace X with a resolution of singu-
larities. Then X is smooth, L is big and semiample, and the result is then a special case
of [5, Theorem A] (which deals with an arbitrary big line bundle).

We now assume that K is non-Archimedean. We claim that it is enough to prove
Theorem 9.15 when ¢, 1) are model metrics determined by ample models £, M of L on
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some model X'. By Theorem 7.8, ¢ and v are uniform limits of model metrics determined
by nef Q-models £, M of L. Thanks to the Lipschitz continuity of relative volumes
(Proposition 9.11) and of the Monge-Ampére energy (Proposition 9.14), it is thus enough
to prove the result for such model metrics. After pulling-back to a higher model, we can
assume that £, M are determined on the same model X of X, and also that L further
extends to an ample Q-line bundle H on X (cf. [45, Lemma 4.12]). Denote by D, E
the vertical Q-Cartier divisors on X such that H — L = D, H — M = E. For each
0 € Qn(0,1), the Q-line bundles

Ls:=(1-08)L+0H=L+D, Ms:=(1—0M+6H=M+5E

are ample, and the model metrics ¢o; = ¢z + dép, dam,;, = ¢ + 0 they determine
converge uniformly to ¢ ., ¢rq. Replacing £, M with L5, M, we may thus assume that
L, M are ample on X. After replacing L with a multiple, we can finally assume that L,
M are honest line bundles, by homogeneity of vol and E, which proves the claim above.

Suppose thus ¢ = ¢, ¥ = paq with £, M ample models of L on a model X of X. By
Lemma 9.17,

n!
VOI(L,¢, 1/)) T—‘erOI (H . HHO(mL)a H . HHO(mM)) . (914)

= lim

m—o00 M
By Serre vanishing, the higher cohomology of mL and mM vanishes for m > 1, and
Corollary A.23 yields Knudsen—Mumford expansions

det HO(me) = 2 (em1y 4 0
t — n n
U HC(mE) = Ty (€7 + O(m”)
and
d HO mn+1 . 0
t — n n
et H (mM) (n—l—l)!<M )y +O0(m"),
as Q-line bundles on Spec K°. Thus
det || - [lm0 (mam)
1(]| - . =Jog — "0
o lecmey: - s ) = 108 e e,
mn+1

= Qdet HO(mL) — Pdet HO(mM) = CES (¢(cn+1y — dian+1y) + O(m™).

By Theorem 8.18, we have ¢(gn+1y = (¢" 1) and ¢ pn+ry = (Y1), We thus get as
desired

VOI(L, 6, 9) = —— (6") = 9")) = E(6, ),

by (9.12). O
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10. Transfinite diameter and Fekete points

Following the strategy developed in [5,6] in the (complex) Archimedean case, we rely
on Theorem 9.15 to show the existence of transfinite diameters, and then use it to es-
tablish an equidistribution result for Fekete points, assuming a differentiability property
that holds under appropriate assumptions on K and X, by [13,18,16].

As in the previous section, X is a geometrically reduced, projective scheme over a
complete valued field K.

10.1. Ezistence of the transfinite diameter

Let L be a line bundle on X. Set N := h%(X, L), and define the Vandermonde em-
bedding

U - det HO(X, L) < HO(XN, LEN)
as the composition of the antisymmetrization operator
det HO(X, L) — H(X, L)®V

StN---NSN — Z (—1)Sgn080(1) [ ®SJ(N)

ceGN
with the canonical isomorphism HO(X, L)®N ~ HO(XN, L¥N). Given a basis (s1, ..., sx)
of HO(L), ¥(s1 A...Asn) can be more informally written as the Vandermonde (or Slater)
determinant
\I/(Sl AN SN)(Q?1, R ,$N) = det(si(a:j))lgi,jSN.
Definition 10.1. Let ¢ be a continuous metric on L, and || - || be a norm on H°(L). We
define the Vandermonde function of ¢ relative to || - || as
|\II(W)|¢®N an
oy = W o (o).
&1+l det [[w]| ( )
and the diameter of ¢ relative to || - || as
¥ (@)l grn
3 (1l 11) = sup Vo= ——"r
(XNyan Sl det ||w||

Here w is a generator of det H(L), the definition being independent of the choice of w.

Remark 10.2. While the canonical map (XV)2® — (X" is of course a homeomorphism
in the Archimedean case, it is merely continuous and surjective in general in the non-
Archimedean case.
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Using Theorem 9.5, we are going to establish the following existence result for trans-
finite diameters.

Theorem 10.3. For any two continuous metrics ¢, on L, the transfinite diameter

+1

0o (6,0) = lim & (ma, |- m)™™"
ezists in Ry. Further,
log dco (¢, 1)) = vol(L, ), ¢). (10.1)
Combining (10.1) with Theorem 9.15 and Corollary 9.16, we get:

Corollary 10.4. Assume that L is semiample, and let ¢,1 be continuous metrics on L.

(i) If ¢, are psh, then 6c(¢,¥) = expE(¢, ¢).
(ii) If Conjecture 7.30 holds, then

Joo (0, 10) = exp E(P(v*¢), P(v"9)),
with v : X — X the normalization morphism.

For each m, denote by
U, : det HO(mL) — HO ((mL)gN’">

the Vandermonde embedding. Via W,,, the supnorm | - ||(m¢)®1vm restricts to a norm
on the line det H’(mL), which we denote by W% || - | (me)2nm - The key fact leading to
Theorem 10.3 is the following estimate.

Lemma 10.5. For each ¢ € C°(L) we have
doc (et I+ lmas Wil - gy ) = o™ ).

Observe first that de (det | Nlmgs Uhll - ||(m¢)me> is a Lipschitz continuous function

of ¢ € C°(L), with Lipschitz constant O(m™*1). It is thus enough to prove the result for
¢ in a dense subset of C°(L). The proof will proceed by comparison with certain pure
diagonalizable norms, an L? norm in the Archimedean case, and a lattice norm in the
non-Archimedean.

Lemma 10.6. Assume K is Archimedean, pick a continuous metric ¢ on L and a smooth
volume form p on X, and denote by | - [|u.6 and || - ||~ 4u~ the induced L*-norms on
HO(L) and HO(LBN). Then
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U v gron = VNIdet [ - [|,io
as norms on det HO(L).

Proof. The statement is equivalent to [5, Lemma 5.3], and goes as follows. By Fubini,
the L*-norm || - ||~ 4=~ on HO(LBN) corresponds to the tensor norm || - ||§]; under
the isomorphism H(L®N) ~ HO(L)®N. If (s;) is an orthonormal basis of H(L) with
respect to || - ||.,¢, then the tensors s;, ® - - - ®s;,, form an orthonormal basis of HO(L)®V
with respect to || - Hffg . This implies that the norm of s; A ... A sy under the anti-
symmetrization operator det HO(L) < H(L)®" has squared-norm equal to N!, and the

result follows. O

Lemma 10.7. Assume K is non-Archimedean. Let L be a model of L, and || - |lgo(z),
|- o (2w be the induced lattice norms on HO(L) and H° (L®N). Then

[ - Nlaro(gmay = det || - [[o(z)-

Proof. The isomorphism HO(XN, £L¥V) ~ HO(X, £)®N shows that || - [0 (cw) corre-
sponds to the tensor norm || - ||§é\éc) under the isomorphism H® (L¥N) ~ HO(L)®N. On
the other hand, if (s;) is an orthonormal basis of H(L) with respect to [|-[|go(z), then the
tensors s;, ® - -+ ® s;,, form an orthonormal basis of H*(L)®" with respect to || - ||§(])\(’L)7
which implies this time that the anti-symmetrization operator det HY(L) < HO(L)®V is

an isometric embedding with respect to det || - [[go(z) and || - Hgé\gﬁ). O

Proof of Lemma 10.5. Assume first that K is Archimedean, and pick a smooth volume
form p. By the Bernstein-Markov inequality [5, Lemma 3.2], the supnorm || - ||,;,4 and
the L2-norm || - ||,,me on HO(mL) satisfy

doo (Il lmes | - llme) = o(m),

and hence

doo (det || + [lmg, det || + [Lume) = [VOL(l “ llmg: [ - lle.me)| = o(m™ ), (10.2)

by Lipschitz continuity of relative volumes. As in [5, Step 2, p. 378], a successive ap-

plication of the Bernstein—-Markov inequality in each variable similarly shows that the

®Nm)

induced supnorm | - | ,,4)@x,, and L2-norm || - ||, (megy@~, on HO((mL) satisfy

doo (” . ||(m¢)IZNm, H . HMNm,(mGﬁ)‘sz) — O(m"""l),

and hence

Qoo (Wl Doy s Wil v gy ) = 0(m™1) (10.3)
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as well. Finally, since log (N,,,!) = O(m" logm) = o(m™*!), Lemma 10.6 yields

oo (et I+ s Wl - v (myonn ) = 0(m™+),

which combines with (10.2) and (10.3) to yield the desired estimate

doc (det |- o Wil - Nimayn ) = 0(m™ 1),

Assume now that K is non-Archimedean. Arguing as in §9, we may assume after ground
field extension that K is nontrivially valued, so that model metrics are dense in CY(L).
As already noticed, deo (\I/;;LH N ey B, det || - ||m¢) is a Lipschitz continuous function
of ¢ € C°(L), with Lipschitz constant O(m™*1); by density, it is thus enough to prove
the result when ¢ = ¢, is a model metric, determined by a Q-line bundle £ extending
L on some projective model X of X. After replacing X with a higher model, we may
assume that L also admits a model M determined on X (Lemma 5.8). As in the proof of
Theorem 6.6, fix a > 1 such that aL is a line bundle, and write m = qa+r with ¢,r € N
and r < a. Since aL and M are line bundles on X, Theorem 6.5 shows the existence of
C' > 0 independent of m such that

deo (” : ”(qaqﬁ—&-r(bM)x’va ” . ”HO((qaL-H“M)gNM)) = O(Nm)

As ¢ — ¢pq and r are bounded, it follows that

oo (I s |1+ 110 (qacsrtymvn) ) = OV,

and hence

Qoo (V31 lmaymvon s Vil - Do (g ) ) = O(Non). (10.4)

By Lemma 10.7, we have

ol o ((qactraomvm) = det || - [[aogactra)-

On the other hand, Theorem 6.4 yields

doo (” : ||qa¢+7‘¢Mv H ’ HHO(anJrrM)) = O(Nm)a
hence
deo (det || - [lmg> det || - [[mo(gactrt0)) = O(Nim)

by boundedness of ¢ — ¢, and we conclude that
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Qoo (Wl gy det [+ ns ) = O(Non)
when ¢ is a model metric. O

Proof of Theorem 10.3. For any choice of generator w € det H’(mL), we have

||‘I’m(w)||(m¢)®Nm
SUD Vil =~ qet
(XN)> € ||w||m¢

_ (”‘I’m<w>l<m¢>mm> (det|w||m¢>
det [wllmo det [y

By Lemma 10.5, we infer

n! n!
108 3(m |lm) = ey VL (]l I ) + 0(1),
and hence
n!
g 1088(m, || - llm) = vol([[ - [lo, ][ - lleg). O
10.2. FEquidistribution of Fekete points

Definition 10.8. Let ¢ € CY(L) be a continuous metric on a line bundle L. A Fekete
configuration for ¢ is a point P € (X™V)" such that

[W(W)llgan = sup [¥(w)]gmv
(XN)an

is achieved at P for some, hence any, generator w € det HO(L).

In terms of the Vandermonde function Vj, .| relative to any given norm ||-|| on H(L),
P e (XN)an is a Fekete configuration iff

sup V1. = Vs, (P)-
(XN)an

Our final result is an equidistribution result for Fekete configurations of m¢ as m — oo,
first established in the Archimedean case in [6]. In order to cover various cases in one
stroke, we introduce the following terminology.

Definition 10.9. Let L be a semiample line bundle, and ¢ be a continuous metric on L.
For brevity, we shall say that differentiability holds at ¢ if:

(i) the psh envelope P(¢) is continuous (hence psh);
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(ii) for all f € CO(X?") we have

% vol(L,q5+tf,¢)=/f (dd°P(¢))" Ndx. (10.5)

t=0

Differentiability is known to hold at all continuous metrics when X is smooth, L is
ample, and one of the following conditions is satisfied:

o K is Archimedean [5];

¢ K is non-Archimedean, trivially or discretely valued, of residue characteristic
zero [14,16];

o K is discretely valued of characteristic p, (X, L) is defined over a function field

of transcendence degree d, and resolution of singularities is assumed in dimension
n+ d [44,18].

Theorem 10.10. Let L be a big and semiample line bundle, of volume V := vol(L) = (L™).
Let ¢ be a continuous metric on L, and assume that differentiability holds at ¢. For each
m > 1, pick a Fekete configuration P,, € (X™Nm)2" for m¢. Then P, equidistributes to
the probability measure

fp =V 1 (dd°P($))" Adx.

In particular, Fekete configurations for m¢ become asymptotically unique as m — oo.

/fépm%)[f/w

X

Equidistribution means that

for all f € CO(X?"). Here dp denotes the averaging measure over P € (X~ )" or rather
its image in (X)) (see Remark 10.2).

The proof of Theorem 10.10 follows the strategy of [6], itself inspired by a variational
argument due to Szpiro—Ullmo—Zhang [71].

Proof. Set for any continuous metric ¢

n!
Fon(9) 1= = — 27108 Vs -1 (Pon)-

Then

n!
mn+1

Fn(¥) > — log 6(m, || - [[me),

with equality for ¢ = ¢, since P,, is a Fekete configuration for m¢. By Theorem 10.3,
we infer
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lim inf £, (1) > vol(L,,6),  lim_Fyu(@) = vol(L, 6,) =0,

m—0o0

and hence

lim inf (F}, (¥) — Fi(9)) > vol(L, 9, ¢). (10.6)

m—r oo

For each f € CY(X?"), observe that

F.(o+ f)= Fm(¢)+cm/f6pm
X

with
n!
Cm = ——Npy — vol(L) = V.
m

By (10.6), we get

m—r oo

lim inf/fépm > V=tvol(L, ¢ + f,¢).

Replacing f with ¢f, ¢t > 0, and using the differentiability property (10.5), we infer

liminf/fépm >V~ lim t~tvol(L, ¢ +tf, ¢) = /f/%.
t—04

m—o0

Applying this to —f in place of f, we conclude as desired lim,,—,o0 [ fOp, = [ fue. O
10.8. A pullback formula for transfinite diameters

In this section, we assume that L is an ample line bundle on X, and consider a
polarized endomorphism f of (X, L), i.e. a morphism f : X — X together with the data
of an isomorphism f*L ~ dL for some positive integer d > 1. Since f*L is ample and
(f*L)™ = d"(L"™), f is finite, of degree d". By Theorem A.22, we thus have a canonical
isomorphism

(L)) s d™ (L"),

which combines with the given isomorphism f*L ~ dL to yield
dn+1<Ln+1> ~ dn<Ln+1>-

This defines a canonical section

Ry € d™(d —1)(L™h), (10.7)
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which we call the resultant section (see Corollary 10.16 below for the choice of terminol-

ogy).

On the other hand, the map C°(L) — CY(L) defined by ¢ + d~!f*¢, being 1/d-
Lipschitz continuous, admits a unique fixed point ¢, the equilibrium metric of f. For
any choice of Fubini-Study metric ¢, the metrics d=7(f7)*¢ are Fubini-Study as well,
and they converge uniformly to ¢, which is thus psh.

Example 10.11. For any d > 2, the equilibrium metric of the polarized endomorphism f
of (P™,0(1)) induced by (zq,...,z,) — (xd: -+ : 2d) is ¢; = max; log |z;|.

n

Lemma 10.12. The resultant Ry € d"(d—1)(L™") has norm 1 with respect to the induced
metric d™(d — 1)((;5;”'1).

Proof. For any continuous psh metric ¢ on L, the isomorphism {((f*L)"*+1) ~ d"(L"+1)
is an isometry with respect to ((f*¢)" ™) and d"(¢"*'). By definition of ¢, the isomor-
phism f*L ~ dL is an isometry with respect to f*¢; and d¢;. It follows that the induced
isomorphism d"(d — 1)(L"!) ~ K is an isometry with respect to d"(d — 1)<¢}’+1> and

the canonical metric on K, hence the result. O

We now get the following pull-back formula for the transfinite diameter, which gen-
eralizes [31], [5, §6.3] in view of Corollary 10.16 below.

Theorem 10.13. For each continuous psh metric ¥, and let c(f, ) be the positive constant
such that

loge(f,v) = —m log [R[an (d—1)pn+1)-
Then
0o0 (A7 76,18 = c(f,9) Foo( )/,
all continuous psh metrics ¢.
Lemma 10.14. For any two continuous psh metrics ¢, on L we have
E(d7 f*¢,d ™ ) = d E(¢, ).
Proof. By (9.11),

E(d7'f*¢,d™" )

- 1 Z/ (dilf*gb - dilf*l//) (ddc(dflf*(ﬁ))i A (ddc(dilf*d)))n_i A by
1=0

n+1
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1 n . .
= * — dd°®)" A (dd“p)" ") NS
(nﬂ)dnﬂg/f (6 — ) @6y’ A (ddow)™ ) nox

d" - % n—i _
— g X [ € ) (@0) A @) b = d 7 B, v)
1=0

since f,dx =d"dx. O

Proof of Theorem 10.13. Since d~'f*¢; = ¢y, Corollary 10.4 and the cocycle formula
for E yield

log doo (A1 f*, ) = E (¢, d " f*¢) = E(¥, ¢7) + E (d* f*¢p,d " f*)
=E(W,¢5) +d " E(¢s,¢) = (1 —d ") E(¢y,¢) + d " log b (4, 1)

On the other hand, Lemma 10.12 yields

108 Rl a-rygumery = d(d = 1) ({67 = @) = d(d = 1)(n + 1) By, ),

and hence

1 pa—
(n + 1)dn+1 log |Rf‘dn(d*1)<1/’"+l> = (1 - d 1) E<¢f7¢)7

and we are done. 0O
10.4. The case toric varieties

We now illustrate the previous pull-back formula in the toric case. We assume that
(X, L) is a smooth projective polarized toric variety with respect to a split torus T' ~ G,
with character lattice M = Hom(7', G,,), which thus corresponds to a Delzant polytope
A C Mg.

For each integer d > 2, multiplication by d on the dual of M induces a polarized
endomorphism my of (X, L), defining an equilibrium metric ¢4 on L and a resultant
section Ry € d™(d — 1)(L™*1). The next lemma describes the moduli space of polarized
endomorphisms of degree d of (X, L).

Lemma 10.15. Set N = dimH°(L) = #(M N A). The space of polarized morphisms of
degree d of (X, L) is parametrized by a Zariski open subset of

P (Hom (H°(L),H%(dL))) ~ P (H°(dL)")

whose complement Z has codimension N — n. In particular, Z has codimension greater
than 1 unless (X, L) ~ (P™, O(1)).
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Proof. Since X is smooth, R(X, L) is generated in degree one, the data of a polarized
endomorphism of (X, L) of degree d is equivalent to that of a linear map H°(L) — H°(dL)
whose image is basepoint free. As a result, the space of polarized endomorphisms of degree
d is isomorphic to the complement in P (HO(dL)N ) of the projection Z of the incidence
variety

I= {([51 ceo-isyl,z) €P (HO(dL)N) x X,s1(x) =---=spy(x) = 0}

Since dL is basepoint free, the elements of HY(dL) vanishing at a given closed point
x € X is a hyperplane, and it follows that dim I =n— 14 N (N —1). We claim that the
restriction to I of the first projection HO(dL)N x X — H°(dL)" is generically finite, which
will imply codim Z = NNy—1—dim I = N —n. Indeed, if s1, ..., s, € H°(dL) is a regular
sequence of sections, the fiber of I over the N-tuple (s1,...,s1,82,...,5,) € H(dL)" is
finite.

The last point of the lemma follows from the embedding X < P HY(L), which is an
isomorphism iff N —n=1. O

In the case N =n — 1, ie. (X,L) ~ (P™ O(1)), any polarized morphism of degree d
is given by z — [fo(2) : ... : fn(2)] for homogeneous polynomials fy,..., f,, of degree
d, without common zeros, and the locus Z C P (H(L)"*!) is an irreducible divisor of
degree (n + 1)d™. As a result, it is defined by a unique polynomial Res(fo,..., fn) of
degree (n + 1)d"™ in the coefficients of the f; and normalized by Res(zg,...,zd) = 1,
cf. [38, Ch. 13].

Corollary 10.16. Let f be a polarized morphism of degree d of the smooth polarized toric
variety (X, L).

o If(X,L)~ (P™,0(1)), then Ry = Res(f)Ra;
o if not, then Ry = Ry.

Proof. If (X, L) ~ (P™, O(1)), we can restrict along the hyperplane determined by x,, =
0 and inductively compare how the Deligne products and the resultants change. In the
case of the resultant, the transformation is described by the Poisson formula [38, Ch.
13, Theorem 1.2], and the Deligne products transform accordingly. This shows they are
equal up to some constant, and the constant is equal to 1 by evaluating at the polarized
endomorphism my.

If (X, L) is not isomorphic to (P™, O(1)), the previous lemma shows that the space
of polarized degree d endomorphisms of (X, L) is isomorphic to an open subset U C
P (H°(dL)™) whose complement Z has codimension at least 2. The map f — Ry/Rgy
defines a morphism U — G,,, which is thus constant by normality and properness of
P (HO(dL)N)7 and hence equal to 1 by evaluating at f =my. O
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Appendix A. Determinant of cohomology and Deligne pairings

The goal of this Appendix is to discuss a generalization to arbitrary schemes of results
of Knudsen-Mumford [53], Deligne [28], Elkik [35], Munoz-Garcia [57] and Ducrot [34],
which provide a rough Riemann-Roch theorem for the determinant of cohomology.

A.1. Discussion of the results

For a projective scheme X over a field K, the determinant of cohomology of a line
bundle L is the line (i.e. one-dimensional K-vector space)

A(L) := Xn:(—wdet H'(X, L),

=0

where we use additive notation for tensor products of lines. If 7 : X — Y is now a
flat projective morphism of locally Noetherian schemes, it was shown by Knudsen and
Mumford in [53] that the fiberwise determinant of cohomology of a line bundle L on X
glues together to define a line bundle Ax,y (L) on Y. Indeed, the derived direct image
Rm, L is a perfect complex, i.e. locally on Y there exists a bounded complex E*® of vector
bundles with R, L as its g-th cohomology sheaf, and the determinant of cohomology
of L can then be locally described as

Ax/y (L) =) (—1)! det E;.

%

Denoting by n the relative dimension of 7, the main result in F. Ducrot’s paper [34]
implies that the functor Ax/y : P(X) — P(Y) so defined between the Picard categories
of line bundles on X and Y admits a unique polynomial structure of degree n+1 compat-
ible with base change and restriction to a relative Cartier divisor (see §A.8 for a precise
statement). This result recovers in one stroke the construction of Deligne pairings [36,57]
and the Knudsen—Mumford expansion [53]. Indeed, it implies that the (n+1)-st iterated
difference

<L0a-~-aLn>X/Y = Z (*1)n+17‘1‘/\x/y (ZLZ>

1c{0,...,n} i€l

defines a multi-additive symmetric functor P(X)"*! — P(Y), the Deligne pairing, and
that we have for each L € P(X) an expansion

Axjy(mL) = Til <m N z) M;

=0
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as a function of m € Z, the coefficients being line bundles M; on Y, and M, +; =
(L") x/y- Whenever a Grothendieck—Riemann—Roch theorem is available, we infer

C1 (<L0, ey Ln>X/Y) = ﬂ*(Cl(Lo) L Cl(Ln)>,
so that Deligne pairings lift the natural push-forward operation on the right-hand side
to the level of line bundles.

In the main body of the present paper, a version of these results in the possibly non-
Noetherian setting of models over the valuation ring of a complete non-Archimedean
field is required. The purpose of this appendix is to summarize the results leading to a
generalization of the above results for arbitrary schemes.

A.2. Polynomial maps

In order to motivate the definitions in §A.3, we briefly recall some background on
polynomial maps and difference calculus. It is well-known that a map f : Z — Z is
polynomial of degree (at most) n if and only if it admits an expansion

f(m) =g(’”+)b

with coefficients b; € Z. More generally, a map f : A — B between commutative groups
is said to be polynomial of degree n if for any given x1,...,z, € A we have an expansion

. r+ .,,.
f(mlajl_l’_...—i—mrmr) = Z (m1+ Zl) e (m Z ! >b11l7

) ; 1
0<i1,...,ir<n

for all m; € Z, with coefficients b;, ;. € B.
Polynomiality can be characterized in terms of difference calculus. For a map f: Z —
B, define the difference Af : Z — B by

(Af)(m) = f(m+1) = f(m).

A(mﬁ—i) _ (mjl—i—1>’
7 1 —1

which can be used to show by induction on n that f : Z — B is a polynomial map of

Then

degree n if and only if A"t f = 0. For a map f : Z" — B, one can introduce partial
difference operators A;, and f is polynomial of degree n if and only if A®f = 0 for all
multi-indices a € N” of length |a| := )", oy = n+1, where we have set A® = AT" ... A%,
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Consider now a map f : A — B between commutative groups. Mimicking differential
calculus, one defines the difference 6, f : A — B of f at x € A by setting

(6 f)(y) = f(z +y) — f(x),

and the k-th iterated difference 68 f : A¥ — B by

6k Yz, ... zp) =0, (y — ((55_1]“)(952, ) (21)

= (651;1 )(372, e "mk) - (5];_1f)($2, e ,{,Ck).

The map 6°f : A¥ — B so defined is symmetric, as follows from the explicit expression

() (@1,... 2p) = Z (1)l <J:+le> . (A1)

Ic{1,...,k} iel

Given x1,...,x, € A, the map g : Z" — B defined by g(mi,...,m,) = (>, mix;)
satisfies

(A%g)(ma,...,my) = (5‘§J e D) (A.2)

for all « € N".

Using this, we conclude that f : A — B is polynomial of degree n if and only if
§ntlf =0 for all z € A. It is in fact enough to check this condition for x = 0. Indeed,
the operator 6% := JF determines all 6% by

OE)(z1,..) =0 )@ +a1,...) = (0" (,...). (A.3)

It further satisfies

@) @1y, = 0 )@ +yn,.) = 0P, = (0",

and we thus see that f is polynomial of degree n if and only if 6™ f is multi-additive. Note
also that §* can be understood as a polarization operator, in the sense that §*(L(z*)) =
k'L for any symmetric multi-additive map L : A¥ — B; we can thus view the multi-
additive map 0" f : A™ — B associated to a polynomial map f : A — B of degree n as
the polarization of its degree n part.

Example A.1. Let X be an n-dimensional projective scheme over a field K, with structure
morphism 7 : X — Spec K, and pick a line bundle L on X. The FEuler characteristic

n

X(L) = (~1)"dimg H'(X,L)
1=0
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only depends on the class of L in the Picard group Pic(X), and Snapper’s theorem
implies that y : Pic(X) — Z is a polynomial map of degree n, with degree n polarization
given by the intersection pairing, i.e.

(0" x)(L1,...,Lp) = (L1 ... - Ly) :=degm, (c1(L1) - ... - c1(Ln) - [X]).
For later use, we note:

Lemma A.2. Let f: A — B is a polynomial map of degree n, and set for all0 <i <n

fri(w) = Xn:(—l)’” (k) (6" ) (").

7

Then f(max) = Y"1 (™) fui(z) for allz € A and m € Z.

Proof. Since f is polynomial of degree n, we have

glm) = flma) = 3 ("o

=0

for some b; € B. Since Ak (mji) =1 for k < and 0 otherwise, (A.2) yields

(8°f)(=") = Afg = by,

i>k

and hence b; = f,;(x). O
A.83. Polynomial functors

A commutative Picard category is a ‘category version’ of a commutative group, or
more precisely a symmetric monoidal groupoid where every object is invertible with
respect to the monoidal structure. In other words, it is a category A in which all arrows
are isomorphisms, together with an additivity functor and functorial associativity and
commutativity isomorphisms satisfying the expected compatibility conditions, and such
that for any object x the endofunctors y — = 4+ y and y — y + x are autoequivalences.

These axioms imply the existence of a neutral object 0 and of an inverse —z for
each object z, both unique up to unique isomorphism. The sum ., z; of a finite
family (x;);er of objects in A is well-defined up to unique isomorphism, and satisfies the
expected associativity rules. A commutative Picard category A is strictly commutative
if the commutativity isomorphism induces the identity on x + x for each z, in which case
x and —x can be contracted within a sum without raising any sign issue.

In practice for us, A will be the category of line bundles or Q-line bundles on a given
scheme, and isomorphisms between them, both of which are strictly commutative Picard
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categories. Note that a commutative group can also be viewed as a strictly commutative
Picard category.

In what follows, A and B are strictly commutative Picard categories. An additive
functor F : A — B is a functor equipped with a functorial additivity isomorphism
F(x 4+ y) ~ F(z) + F(y) which is commutative, expressed by the commutativity of the
induced diagram

Flx+y) — F(z)+ F(y)

| .

Fly+z) — F(y) + F(z)
and associative, i.e. the commutativity of the diagram

F(z+y)+2) —= Flz+y) + F(z) — (F(2) + F(y)) + F(2)

l

Fla+(y+2z) — F@)+ Fly+2) — F(z) + (F(y) + F(2)).

These conditions then yield a consistent system of functorial additivity isomorphisms
F(Qiermi) =~ > ;e F(x;) for all finite families (2;);cr in A. If A and B are small, the
associated sets of isomorphism classes A and B are commutative groups, and F' induces
a homomorphism F': A — B.

A multi-additive functor F : A" — B is defined as a functor equipped with functo-
rial commutative and associative additivity data in each variable, such that expanding
out sums in the variables does not depend on the order the operation is performed. A
symmetric functor F : A™ — B is a functor equipped with symmetry isomorphisms

F(Zo(1), - Tom)) = Flz1,...,20)

for each permutation o € &,., compatible with the group law on &,., and a symmetric,
multi-additive functor has both structures, with the expected compatibility condition.

Define the k-th iterated difference at an object z in A of a functor F': A — B as the
symmetric functor 6¥F : A¥ — B defined by setting

(6kF)(21,. .. 21) = Z (=1)k-lHIp $+Z%‘
IC{1,....k} jel

For = 0, we simply set 0% := 6%. Recalling from §A.2 that a map f between commuta-
tive groups is polynomial of degree n if and only if 6™ f is multi-additive, we introduce:
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Definition A.3. A polynomial structure of degree n on F is defined as a structure of a
multi-additive functor on §"™F, compatible with its canonical symmetry.

Ducrot introduces in [34, Definition 1.6.1] the notion of k-cube structure on F. By [34,
Proposition 1.9], an (n + 1)-cube structure on F' induces a polynomial structure of de-
gree n on F (and the converse is probably true as well, by [34, 1.5.1, (d)]). Ducrot’s
terminology comes from the following well-known result.

Example A.4. If L is a line bundle on an abelian variety A, the theorem of the cube asserts
that for any variety S, the functor Fy, : A(S) — P(S) defined by Fp(z) := z*L admits a
3-cube structure. It is thus quadratic in our sense, i.e. (z,y) — (x+y)*L—a*L—y*L+0*L
is biadditive. Further, the whole structure is compatible with base change.

In analogy with Lemma A.2, we have:

Lemma A.5. Suppose that F : A — B admits a polynomial structure of degree n, and
define for 0 <1i <n a functor F, ; : A" — B by setting

Futa) = Y0 (B et

k=i

For all x € A and m € Z, we then have canonical functorial isomorphisms

F(mz) ~ zn: (mj Z) Foi().

k
Al pma) = (-0 () Flm i) = (85,5,

=0

and A (") = 1 for k < i and 0 otherwise, we have canonical isomorphisms (A*g)(0) ~
0 for £k =0,...,n. Further,

(A" lg)(m +1) — (A" g)(m) = (A"g)(m) = (6., F)(2") — (8" F)(z")
~ ("F)(m+ Dz, z,...,x) — ("F)(mz,z,...,z) — (0"F)(z,...,z) ~0,

for all m € Z, by multiadditivity of " F. Summing up these relations, we get
(A" 1g)(m) ~ (A" 1g)(0) ~ 0,

and iterating the argument finally yields g(m) ~ 0 for all m. O
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A.4. Coherence of direct images

The following discussion is inspired in part by [77]. Let X be a scheme. A vector bundle
on X is a finite, locally free O x-module. A complex F'® of Ox-modules is pseudo-coherent
(resp. perfect) if F'® is locally quasi-isomorphic to a bounded above (resp. bounded) com-
plex of vector bundles. In particular, an O x-module F is pseudo-coherent (resp. perfect)
if it locally admits a resolution (resp. a finite resolution) by vector bundles.

A morphism of schemes f : X — Y is pseudo-coherent if X is locally realized as
a closed subscheme of a smooth Y-scheme Z such that Ox is pseudo-coherent as an
Oz-module. In particular, f is locally finitely presented; conversely, every flat, locally
finitely presented morphism is pseudo-coherent [70, Tag 0695].

The following general results hold for arbitrary schemes X,Y, and are respectively
proved in [51, Theorem 2.9], [69, ITI, Corollaire 2.3], and [70, Tag 0B91].

Theorem A.6. Let f : X — Y be a proper, pseudo-coherent morphism, and let F be a
pseudo-coherent Ox -module. Then:

(i) the derived direct image Rf,F is pseudo-coherent;
(ii) o Y is quasi-compact and L is an f-ample line bundle on X, then RIf, F(mL) =0
forallg>1 and m > 1.

Theorem A.7. Let f : X — Y be proper, flat, finitely presented (and hence pseudo-
coherent) morphism. If F* is a perfect complex on X, then Rf F*® is perfect on'Y, and
the construction is further compatible with arbitrary base change.

We now discuss the relation between Theorem A.6 and their better known versions
in the Noetherian case (coherence of direct images and Serre vanishing).

Recall that a ring A is coherent if every finitely generated ideal is finitely presented;
the ring A is stably coherent if every polynomial ring A[ty,...,t,] is coherent. We shall
say that a scheme X is coherent (resp. stably coherent) if it is locally the spectrum of a
coherent (resp. stably coherent) ring. A scheme X is coherent iff its structure sheaf Ox
is coherent.

Example A.8. Every locally Noetherian scheme is stably coherent.
By [69, I, Corollaire 3.5], we have:

Lemma A.9. On a coherent scheme X, the following conditions for an Ox-module F are
equivalent:

(i) F is coherent;
(ii) F is locally finitely presented;
(iif) F is pseudo-coherent.
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More generally, a complex of Ox-modules F*® is pseudo-coherent iff its cohomology
sheaves H1(F'*) are coherent for all q, and zero for q sufficiently large, locally uniformly
on X.

A Priifer domain is an integral domain A which satisfies one of the following equivalent
conditions:

(i) every localization of A at a prime ideal is a valuation ring;
(ii) every finitely generated ideal of A is invertible;
(iii) every torsion-free A-module is flat.

The main example for us is the valuation ring K° of a non-Archimedean field K.

Example A.10. Every Priifer domain A is stably coherent. Indeed, every finitely generated
ideal I of A[ty,...,t,] is torsion free, and hence flat over A. By [63, Théoréme 3.4.6], I
is thus a finitely presented A[ty,...,t.]-module.

Lemma A.11. Let f : X — Y be a locally finitely presented morphism of schemes, and
assume that 'Y is stably coherent. Then:

(i) f is pseudo-coherent;
(ii) X s (stably) coherent.

Proof. After passing to affine open subschemes, we may assume that X and Y are spectra
of rings A, B such that B = A[t]/I with I C A[t] = Alts,...,t,] a finitely generated ideal.
By assumption, A is stably coherent, and hence A[t] is coherent. By Lemma A.9, the
finitely presented A[t]-module B is thus pseudo-coherent, which proves (i).

Let now J C B be a finitely generated ideal. As modules over A[t], B is finitely
presented, and J is a finitely generated submodule. By coherence of At], J is a finitely
presented as an A[t]-module, and hence also as a B-module, which proves (ii). O

We can now state a version of Theorem A.6 that recovers in particular the usual
statement for locally Noetherian schemes.

Corollary A.12. Let f : X — Y be a proper, locally finitely presented morphism of
schemes. Assume that Y is stably coherent (e.g. locally Noetherian, or locally finitely
presented over a Prifer domain), and let F' be a coherent Ox-module. Then:

(i) RIf F is coherent for all q;
(ii) if Y is quasi-compact and L is an f-ample line bundle on X, then R1f,F(mL) =0
forallg>1 and m > 1.
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Proof. By Lemma A.11, f is pseudo-coherent, and X is coherent. Thus F' is pseudo-
coherent. Theorem A.6 directly yields (ii), and shows that Rf,F is pseudo-coherent.
Since Y is coherent, this amounts to (i), by Lemma A.9. O

A.5. The determinant of a perfect complex

Let X be a scheme. The determinant of a vector bundle E on X is the line bundle
det E:= NP E.1f

0—-E -E—E">0 (A.4)
is an exact sequence of vector bundles, then there is a canonical isomorphism
det E ~ det E' + det E”, (A.5)

where, in additive notation, + denotes the tensor product of line bundles. However, given
two vector bundles F, F', the isomorphism

det E+det F~det(E® F) ~det(F®FE) ~det F+det E

induced by the canonical isomorphism E & F ~ F & E coincides with the canonical
commutativity isomorphism only up to a factor (—1)tkE)0kF),

To deal with this sign issue, one introduces the graded determinant functor F —
(det E, vk E') with values in the (non-strictly) commutative Picard category P(X) x Z of
graded line bundles, in which the commutativity isomorphism is modified according to
the Koszul rule of signs as above. For the purpose of the present paper, it will however be
enough to view det E as an object in the strictly commutative Picard category P(X)g
of Q-line bundles on X, and we can thus ignore the previous sign issue.

In [53, Theorem 2], Knudsen and Mumford showed that setting

det B* :=) (—1)" det E’

i

for each bounded complex of vector bundles E*® gives rise to a functor F'®* — det F'®
from the category of perfect complexes on X and quasi-isomorphims between them to
P(X)g. This functor commutes with base change, it is additive with respect to short
exact sequences of complexes in the sense of (A.5). It can be uniquely characterized up
to unique isomorphism by imposing further properties. By [53, p. 43, (b)], we have:

Lemma A.13. If the cohomology sheaves H1(F'*) of a perfect complex F'* are perfect (e.g.
locally free), then

det F'* =) "(—1)7det H(F®).

q
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A.6. Regular sections

Let f: X — Y be a flat, locally finitely presented morphism of schemes, and let s be
a global section of a line bundle L on X, defining a closed subscheme Z C X. Recall that
s is f-regular at x € X if Z is a relative Cartier divisor at z, i.e. s is a nonzerodivisor in
Ox , and Z is f-flat at x. If this holds for all x € X, then s is simply called f-regular.
By [32,IV.11.3.7], s is f-regular at z if and only the restriction of s to the fiber through
x is not a zerodivisor at x, and the set of € X at which this holds is open.

Lemma A.14. Let f : X — Y be flat, proper, finitely presented morphism of schemes, and
s be a global section of a line bundle L on X. Picky € Y, and assume that s is nonzero
at each associated point of X,. Then s is relatively regular over an open neighborhood

of y.

Proof. Denote by U C X the open set of points at which s is relatively regular. Since
X, is Noetherian (being of finite type over a field), the assumption implies that s|x is
a nonzerodivisor at each x € X,;, and hence that X, C U by the above results. As f is
closed, it follows that f=*(V) C U for some open neighborhood V of y. O

As a consequence, we then have the following useful existence result for relatively
regular sections.

Proposition A.15. Let f : X — Y be a flat, projective, finitely presented morphism of
schemes, and let L be a f-ample line bundle on X. Then mL admits a relatively reqular
section locally over' Y for m > 1.

Proof. Pick y € Y. After replacing Y with an affine neighborhood of y and L with a large
enough multiple, we may assume that there exists a closed embedding X — ]P{,V over
Y with L = O(1)|x. The set of associated points S of X, being finite, prime avoidance
yields for m > 1 a section s € HO(PY,O(m)) that does not vanish at any point of
S, and the restriction of s to X is thus relatively regular over a neighborhood of y, by
Lemma A.14. O

A.7. The determinant of cohomology

Let f : X — Y be a flat, proper, finitely presented morphism between arbitrary
schemes X, Y, with Picard categories P(X), P(Y). By Theorem A.7, Rf, takes a perfect
complex to a perfect complex, and we can thus consider its determinant. We will only
be concerned with the case when the source perfect complex is a line bundle, so we will
be content with the following definition, which could be stated more generally:

Definition A.16. The determinant of cohomology is the functor Ax/y : P(X) — P(Y)q
that takes a line bundle L on X to the Q-line bundle

Ax/y(L) ;= det Rf*L
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By Lemma A.13, we have:

Lemma A.17. Let L be a line bundle on X is such that Ref, L is a vector bundle, for all
q. Then

Axyy(L) =Y (~1)?det R, L.

qeN

This holds in particular when f has relative dimension 0, i.e. a finite flat morphism.
Indeed, any finite morphism f : X — Y satisfies R?f,F = 0 for any Ox-module F and
any g > 0 [70, Tag 03QP]. By [70, Tag 02KB], f is flat iff f,Ox is a vector bundle, and
we then have Ax/y (L) = det f,Ox.

Proposition A.18. The determinant of cohomology satisfies the following two compatibil-
ity properties.

i commutes with arbitrary base change: for any morphism g:Y' =Y, le
(i) It t ith arbitrary b hange: f Yy hism g:Y' =Y, let

x o x

I

y 2oy

be the corresponding Cartesian square. Then we have a canonical functorial isomor-
phism

)\X//Y/ (h*L) ~ g*)\X/Y(L)

(ii) If Z is an effective relative Cartier on X, then we have a canonical functorial iso-
morphism

Ax v (L) = Axv (L = 2) ~ Mgy (Ll 2). (A.6)

Proof. Since L is flat over Y, we have Rf.h*L = Lg*Rf.L, cf. [70, Tag 0A1D]. On
the other hand, the determinant functor satisfies det Lg* = g* det, hence (i). If Z is an
effective relative Cartier divisor on X, then the natural exact sequence 0 — L(—Z2) —
L — L|z — 0 induces an exact sequence of perfect complexes 0 — Rf,L(—Z) —
Rf,L — R(f|z)«L|z — 0, and (ii) follows by additivity of det in exact sequences. 0O

A.8. Deligne pairings and Knudsen—Mumford expansion

In this section, we fix a flat, projective, finitely presented morphism f : X — Y of

constant relative dimension n.
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Whenn =0, f: X — Y is a finite flat morphism, and the determinant of cohomology
Ax,y provides a canonical and functorial construction of the norm of a line bundle [32,
I1.6.5] (compare for instance [37, Proposition 3.3]). To see this, recall first that the norm
NX/y(h) € Oy of h € f,Ox is defined as the determinant of the endomorphism of the
vector bundle f,Ox defined by multiplication by h, yielding a multiplicative map

Nxy : f+Ox — Oy. (A.7)

Now define a functor Nx,y : P(X) — P(Y') by setting

Ny (L) = (det £,L) — (det £,0x)
= Ax/y (L) = Ax/v (Ox) = (6Ax/y)(L).

Lemma A.19. For each line bundle L on X, NX/Y(L) coincides with the norm of L as
defined in [32, IL.6.5].

Proof. Observe that if u € H(X, O%) is a unit and L is a line bundle on X, multiplica-
tion by u defines an isomorphism L ~ L, whose induced isomorphism det f,L ~ det f, L,
and hence also Nx,y (L) ~ Nx/y (L), are both given by multiplication by Nx,y (u).
By [70, Tag 0BUT], L is trivial in a neighborhood of each fiber of f, and Y therefore
admits an open cover (Y;) with L|x, ~ Ox, on X; := f~%(Y;). Set Yi; = YinY;,
Xij = X; N X; = f~1(Yy;), and denote by u;; € HO(X;;,0%, ) the corresponding
cocycle. The transition isomorphism Ox,, ~ L

x,; =~ Ox,, is given by multiplication
by u;;. By the above observation, applying the functor Nx,y yields an isomorphism
Oy,; ~ Nx;y(L)ly;; ~ Oy, given by multiplication by Nx, v, (ui;), which precisely
means that Nx,y (L) coincides with the norm of L as defined in [32, I1.6.5]. O

When Y is the spectrum of a field K and X is the spectrum of a finite flat K-algebra
A, the norm functor admits the following concrete description (see e.g. [56, Lemma 1.13]).
For a € A, we have

Na/k(a) = H Naymyy/r(@i)™. (A.8)
n;ESpec(A)

Here a; is the image of a in A/n;, m; = lengthp A, so that ) m;[a;] is the fundamental
cycle of [A].
Arguing as in [34, 4.1.1], we next prove:

Proposition A.20. There is a unique way to assign to each finite flat morphism f : X —Y
an additivity structure on the norm functor Nx,y : P(X) — P(Y) that is compatible
with base change and such that the following diagram commutes
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Nxy(L) —————— Nx/v(L)

l |

Nx;y(L+ Ox) — Nx/y (L) + Nx/y(Ox)

Here the upper row is the identity, the lower row is the additivity isomorphism, and the
vertical rows are deduced from the natural isomorphism of the type L ~ L+ Ox and the
identification Nx,y (Ox) = Oy.

Proof. Pick two line bundles L, L’ on X, and choose an open cover (Y;) of Y with trivi-
alizations L|x, ~ Ox,, L'|x, =~ Ox, on X; := f~1(Y;). Given an additivity isomorphism

Nx/y(L + LI) ~ NX/Y(L) + NX/Y(LI)
with the desired properties, the induced isomorphisms

Nx,/v,(Ox, + Ox,) ~ Nx, v, (Ox,) + Nx,/v,(Ox,)

are necessarily equal to the canonical ones obtained by multiplicativity of (A.7), which
proves uniqueness. To establish existence, it is then enough to argue locally on Y, since
compatibility on overlaps will follow from uniqueness, and the result is then straightfor-
ward, using again that any line bundle on X is trivial locally over Y. O

In the terminology of §A.3, Proposition A.20 says that the functor Ax/y is polynomial
of degree 1 when n = 0. This is generalized by the next result, due to F. Ducrot.

Theorem A.21. [3/, Theorem 4.2] There exists a unique way to assign to each flat, pro-
jective, finitely presented morphism f : X — Y of relative dimension n a polynomial
structure of degree n+1 on Ax/y : P(X) — P(Y)q with the following properties:

(i) @t commutes with base change;
(i) it coincides with the above one when n = 0;
(iii) for any relative effective divisor Z on X, the polynomial structures on \x/y and
Azyy are compatible with the canonical restriction isomorphism

AX/Y(L) - /\X/Y(L —7) ~ )\Z/Y(L|Z)-

More precisely, [34, Theorem 4.2] proves the existence of a canonical (n + 2)-cube
structure on Ay ,y, which yields (and is probably equivalent to) a polynomial structure
of degree n+1 on Ax,y, as discussed in §A.3. Stricty speaking, the proof of Theorem A.21
assumes X and Y to be locally Noetherian, but all the arguments apply in the general
case, once Theorem A.7 and Proposition A.15 are available. Since a polynomial structure
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of degree n + 1 on Ax/y is by definition a multi-additive structure on the (n + 1)-st
difference

O Axy) Loy L) = Y ()T y (ZL)

I1c{0,...,n} i€l

and we can thus define the Deligne pairing as the functor P(X)"*! — P(Y)g that takes
line bundles Lo, ..., L, on X to the Q-line bundle

(Los s L) xyy = (0" Axyv) (Lo, -+ Ln). (A.9)
Theorem A.22. The Deligne pairing satisfies the following properties.

(i) it is multi-additive, symmetric, and commutes with base change;
(ii) for each relative effective Cartier divisor Z on X, we have canonical multi-additive
functorial isomorphisms

<OX(Z)7L17"'7LH>X/Y ~ <L1|Za"'aLn|Z>Z/Y;

(iii) if g: X' — X is a finite flat of degree e, then we have canonical functorial isomor-
phisms

<g*LO7 PN 7g*Ln>X//Y ~ 6<L07 ey Ln>X/y.

Proof. (i) follows directly from Theorem A.21. Given Z as in (ii), taking the n-th iterated
difference of the restriction isomorphism

Azy(Llz) = Ax/y(L) = Ax)y (L — 2)

yields

(Lilz, .- Lnlz)zy = (6" Azy)(Lalz, - -, Lnlz)
~ ((SnAX/y)(Ll, .. ,Ln) - (5T_LZ)\X7y)(L1, . ,Ln) >~ 7(5n+1Ax/y)(72,L1, . .,Ln),

which is isomorphic to
(6" " Ax/y)NZ,L1,....Ly) =(Z,L1,..., L) x)v,

by multiadditivity of 6"\ x/y- Finally, let g : X’ — X be finite and flat of degree e,
so that F := ¢g,Ox- is a rank e vector bundle. By the projection formula we have

R(fog)«(9*L) = Rf.Rg.(9°L) = Rf.(L® E).



122 S. Boucksom, D. Eriksson / Advances in Mathematics 378 (2021) 107501

Thus (iii) follows from [34, Proposition 4.7.1], as the latter yields a canonical isomorphism
between the (n + 1)-st difference of L — det Rf,(L ® E) and e "' A\x,y. O

By Lemma A.5, we finally get the following generalization of [53, Theorem 4].

Corollary A.23. For each 0 < i <n+ 1, define a functor F,11,;: P(X)" = P(Y)q by

n+1
Fpi(L) = Z(_mk—i(’;) (6" Ax/v) (L)

k=i

For each line bundle L on X and m € Z, we then have functorial isomorphisms

n+1 . n+1
m—+1 m n n
Axyy(mL) =) < ; >Fn+17i(L) = m(L x/y +0(m"),
i=0

compatible with base change.
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