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Analytical Modeling of Nonlinear Fiber Propagation
for Four Dimensional Symmetric Constellations

Hami Rabbani, Mostafa Ayaz, Lotfollah Beygi, Gabriele Liga, Member, IEEE, Alex Alvarado, Senior Member,
IEEE, Erik Agrell, Fellow, IEEE, Magnus Karlsson, Senior Member, IEEE, Fellow, OSA

Abstract—Coherent optical transmission systems naturally
lead to a four dimensional (4D) signal space, i.e., two polarizations
each with two quadratures. In this paper we derive an analytical
model to quantify the impact of Kerr nonlinearity on such 4D
spaces, taking the interpolarization dependency into account.
This is in contrast to previous models such as the GN and
EGN models, which are valid for polarization multiplexed (PM)
formats, where the two polarizations are seen as independent
channels on which data is multiplexed. The proposed model
agrees with the EGN model in the special case of independent
two-dimensional modulation in each polarization. The model
accounts for the predominant nonlinear terms in a WDM system,
namely self-phase modulation and and cross-phase modulation.
Numerical results show that the EGN model may inaccurately
estimate the nonlinear interference of 4D formats. This nonlinear
interference discrepancy between the results of the proposed
model and the EGN model could be up to 2.8 dB for a system
with 80 WDM channels. The derived model is validated by split-
step Fourier simulations, and it is shown to follow simulations
very closely.

Index Terms—Coherent transmission, Enhanced Gaussian noise
model, Four dimensional signals, Gaussian noise model, Kerr
nonlinearity, Optical fiber communications.

I. INTRODUCTION

HE amount of traffic carried on optical backbone net-

works continues to grow at a rapid pace, and makes
efficient use of available resources indispensable. The Kerr
nonlinearity is the overriding factor that leads to signal dis-
tortion and limits the capacity of optical fiber transmission
systems [[1]. Studying the ultimate limits of such systems is
key to avoid the capacity crunch. To circumvent the capacity
crunch problem, spectrally-efficient modulation formats have
attracted substantial attention.
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Optimized 2D modulation formats have become increas-
ingly popular in optical communications. However, further
optimization is possible if the full 4D signal space (which
is inherent in optical coherent detection) is exploited. The
idea of 4D modulation formats was introduced to optical
communications as far back in time as the coherent receiver
was explored [2]-[5]. Agrell and Karlsson [6], [[7] began
optimizing modulation formats in a 4D space for coherent
optical communication systems in 2009. A number of 4D
modulation formats have recently been proposed for purposes
of maximizing generalized mutual information, optimizing
power efficiency, and other equally compelling motivations
[8]-[11]. 4D coded modulation with bit-wise decoders was
studied in [[12]. Recently, other 4D coded modulation schemes
have been proposed in [13], [14].

Many 4D modulation formats have been experimentally
demonstrated. The optical hardware for 4D transmission is
the same as for polarization-multiplexed (PM) 2D modula-
tion, namely a separate Mach—Zehnder modulator for each
polarization, which in the 4D case are controlled by the same
electronics (see, e.g., [15 Fig. 3]).

Although quite a few approximate analytical models for
nonlinear fibre propagation are currently available in the
literature [[16[]—[21]], all of these models aim to predict the
nonlinear interference (NLI) in polarization multiplexed (PM)
systems. What follows is a short description of analytical
models proposed for such PM optical systems.

To analytically evaluate the quality of transmissions of
fiber-optic links, many research works have been devoted to
extracting channel models both in the time and frequency
domains [17], [21]], [22]. The Gaussian noise (GN) models
in highly dispersive optical communications systems were
presented in [18], [22]—[24]. The 4D GN-type channel model
was first proposed in [25]]. The finite-memory GN model was
introduced in [26]. Due to the Gaussianity assumption of the
signal, GN model is not able to predict the modulation format
dependence property of NLI.

The authors of [17] for the first time addressed a
modulation-format-dependent time-domain model, assuming
only the dominant nonlinear terms of cross-channel interfer-
ence (XCI), known as cross-phase modulation (XPM) terms.
Later, this time-domain model was studied comprehensively
in [19] and compared with the GN model to address the
discrepancy between these two models. In much the same
way as in [[19]], the authors of [21]] derived a new perturbation
model (in the frequency domain) dropping the assumption of
Gaussianity of the transmitted signal. This model was labelled
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enhanced Gaussian noise (EGN) model. As its name suggests,
the EGN model added a number of correction terms to the
GN model formulation, which fully captured the modulation
format dependency of the NLI. Moreover, the frequency-
domain approach in [21]] allows the model to fully account for
all the different contributions of the NLI in a WDM spectrum,
including: the self-channel interference (SCI), and unlike [19],
all XCI and multi-channel interference (MCI) terms. It was
shown in [27] that the GN and time-domain model [[17]], [19]
failed to accurately predict the NLI, whilst the EGN model
was able to capture both the modulation format and the symbol
rate dependency of the NLI. The achievable rate in nonlinear
WDM systems was evaluated in [28].

Recently, [29] proposed a modulation-format-dependent
model in the presence of stimulated Raman scattering. The
authors of [29] added a modulation format correction term
to the XPM, while the SCI was computed under a Gaussian
assumption. A general nonlinear model in the presence of Kerr
nonlinearity and stimulated Raman scattering was proposed
in [30], which accounts for the modulation-format-dependent
SCI, XCI, and MCI terms. A survey of channel models
proposed in the literature up to 2015 was presented in [31].

All of the aforementioned works are valid for PM modu-
lation formats in which polarizations act as two independent
channels. In this paper, we concentrate on symmetri constel-
lations and derive an accurate analytical model that is able to
predict the impact of NLI on 4D optical transmission systems
where data is jointly transmitted on both polarizations. Unlike
the previous models [[19]], [21], [32], the derived model is built
on the fact that the x- and y-polarization are dependent of
one another, making it possible to predict the performance
of optimized 4D modulation formats in the presence of fiber
nonlinearities. A comprehensive approach to deriving the SCI
term in the frequency domain was presented in [33], thus
enabling the computation of the NLI power of arbitrary zero-
mean 4D constellations.

The paper computes the SCI and XPM nonlinear terms. Our
model is derived following a time-domain approach, as in [[17]],
[19], and does not include other XCI terms apart from XPM,
nor does it contain MCI [21}, Fig. 7]. Although the derivation of
a comprehensive analytical model that can take into account all
terms of NLI (SCI, XCI, and MCI) goes beyond the scope of
this paper, the model in this paper computes the lion’s share of
the NLI in the high dispersion multi-channel WDM systems,
i.e., the SCI and XPM terms [27} Fig. 2]. The proposed model
may therefore be unable to accurately predict the NLI in the
low dispersion systems where the MCI contributions have an
important role to play.

The rest of this paper is organized as follows. In Sec. |lI, we
describe the electrical field in a 4D space and also review the
first order solution to Manakov equation. The main result of
this work is presented in Sec. [} In Sec. [[V] we validate the
proposed model by split-step Fourier simulations, and compare
a wide variety of 4D formats in terms of the experienced NLI.

IConstellations which are symmetric with respect to the origin, and have
the same power in both polarizations.

Sec. [V] concludes the paper. The detailed derivations of the
main result of this paper are included in the Appendix.

II. PRELIMINARIES

The electric field of the optical wave intrinsically comprises
two polarizations, each with two quadratures, thus in total four
degrees of freedom, any one of which can be considered as a
dimension. The electrical field can therefore be written ad’]

_ Ex _ Ex,r“i’iEx,i
EB- [EJ _ [Ey,rﬂ'Ey,i] , M

where indices x and y stand for polarization states, and r and
i the real and imaginary parts, resp., of the electrical field.

The propagation of dual-polarized signals in a dispersive
and nonlinear optical fiber is governed by the Manakov
equation [32, Eq. (2)]

a o Zﬂg 82
gt 2) == Fopult2)+
z‘g’Yf(z)uT(L z)u(t, z)ult, z), 2)

where wu(t, z) is related to E(t,z) via a distance-dependent
scaling function to compensate for gain/loss as in [[17, Sec.
I1]. In (@), ~ is the nonlinearity coefficient, 35 is the group
velocity dispersion, and f(z) accounts for the link’s loss/gain
profile. In the case of perfectly distributed amplification
f(z) = 1, while in the case of lumped amplification f(z) =
exp{—amod(z, L)} where « is the loss coefficient, L is the
span length and mod(z, L) is the modulo operation and shows
the distance between the point z and the nearest preceding
amplifier.

We wish to evaluate the variance of SCI (intra-channel inter-
ference) and XPM (inter-channel interference) terms based on
the first order perturbation approach, as these terms contribute
to the NLI as predominant factors. We consider a channel
of interest (COI) whose central frequency is set to zero, and
an interfering channel with central frequency 2. The XPM
contributions of multiple WDM channels sum up incoherently,
so there is no need to consider more than one channel pair
[19, Sec. 2]. The linear solution of the Manakov equation at
distance z for two channels is [[19, Eq. (1)]

u(z,t) = Z argo(t — KTy, 2)
k

) By 02
+ e—zQIH- BQQQ z Zbkgb(t — kT, — 52927 Z)a €)]
k
where ay = [agx aky]" and by = [byx bry]" are column

vectors containing two elements, which represent the k-th
symbol transmitted by the COI (a) and interfering channel
(), resp. The dispersed pulse is represented by g, (t,2) =
exp(—i23207/2)ga b(t,0) [34], where g, 4(t,0) is the input
pulse used by the COI and interfering channel, resp., and 07
is the time derivative operator. The symbol rate of the COI and

2Throughout this paper we use (-)x and (-)y to represent variables associ-
ated to polarizations x and y, resp. Expectations are denoted by E{-}, and two
dimensional complex functions are denoted using boldface (e.g., E) symbols
whose Hermitian conjugate is shown by (-)T.
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interfering channel is denoted by 7, ! and bel, resp., which
can differ from each other.

Without loss of generality, we concentrate on detecting
the zeroth symbol in the COI, i.e., ag. The receiver for the
COI is assumed to fully compensate for the linear link’s
impairments. The received symbol at the end of the link is
therefore expressed as ag + Aag, where Aag is the NLI
contribution. The first order solution to Manakov equation
is obtained based on the perturbation approach [34, Eq. (3)],
which gives

.8
Aao (Q) 2267 }%:l S;L7k7la2ahag

.8 f f
+Z§’}/ hzk:l)(h’k’l (bkbhﬂ+bhbk) a;. 4)

In @) I is the 2 x 2 identity matrix, and S}, ,; and X}, j; are
[34] Egs. (4) and (5)]

L [eS)
Shok,i =/ dZ/ dtf(2)gr(t, 2)ga(t — T, 2)
0 —00

'QZ(t—kTaZ)ga(t—hTaz)7 (5)

and

L fe'e)
Xk, =/ dZ/ dtf(2)gg(t, 2)ga(t — T, 2)
0 —00
cgp (t — kT — oz, 2)gp(t — T — P20z, 2), (6)

resp., where gr(z,t) is the matched filter’s impulse response
[32, Eq. (4)]. The first and second terms on the right-hand side
of (@) are responsible for estimating the SCI and XPM terms,
resp. Using the fact that g(¢,z) = [dwg(w)exp(—iwt +
iw?By2/2)/(27), where §(w) is the Fourier transform of
g(t,0) (see [34, Appendix] and [34, Egs. (11) and (12)]), &)
and (6) are expressed in the frequency domain as

d3w i(wih—w2k+wsl)T
Sh,k,l = Wﬂs(wl’w%w:&)e , @)
and
d*w . _
Xh,k,l :/prp(wl,wg,wg)el(w1h wzlc-&—w?,l)T7 (8)

resp., where d3w stands for dw;dwsdws, and

ps(wi,wa, ws) = gr(wy — wa + ws)

* §a(w1) Gy (w2)ga(ws) Y (w1, w2, ws3), €)
and
Pxp(W1, w2, w3) = (w1 — w2 + ws)
“go(w1 — Q) gy (w2 — Q) ga(ws) Y (wr, w2, w3),  (10)
where

L
T(wl,wg,w;g):/ dzf(z)etPz(we—ws)(wa—wi)z (17
0
is the link function. For a more general model that also
comprises heterogeneous fiber spans and third-order disper-
sion, Y(f1, fo, f) in [30, Table III] can, after substituting
f1 = w1/2m, fo = ws/2m, and f = wy /27, be used instead

of (IT) in (I0). One may want to take all the NLI terms
such as SCI, XCI and MCI into account. In this regard, (3)
should be extended to a general equation, which accounts
for N terms, where N is the number of WDM channels
occupying the full C-band spectrum, and as a result, (@) will
contain N3 terms, which stem from uf(t, 2)u(t, 2)u(t, z) in
(2). Nonlinear analysis of all the NLI terms however falls
outside the scope of the paper and is left for future work.

III. THE KEY RESULT: NLI VARIANCE

This section is devoted to providing the key result of this
work, which is the variance of {@). Not only is the key result
able to predict the NLI of most 4D constellations used in
practice, it is straightforward enough to be easily calculated
with even the simplest of computers. The detailed derivation of
the key result will be given in the Appendix. The key result
is obtained under some simplifying assumptions, which are
discussed below.

The first assumption is that the data symbols in the x-
and y-polarization are correlated with each other. The second
assumption is that the data symbols in different time slots
are independent of one another. Here, we consider a multi-
channel WDM system where channels across the spectrum can
have different bandwidths, different spacings, different launch
powers and different 4D modulation formats. The probability
distribution in each WDM channel is assumed uniform over all
constellation points. We further assume that the launch power
in the x- and y-polarization are the same, meaning that

Pa Pb
- =E{lo?} =E{la,"}, T = E{lb[*} = E{Ib,[*},

12)

where P, and P, are the total launch power transmitted in the
COI and interfering channel, resp. It is also assumed that

Eflax'} = E{lay['},  E{lbel"} =E{0,|"}.  (13)
The last key assumption is that E{ayx} = E{ay} = E{aZ} =
Efaya;} = E{|ax|*ax} = E{|ay|?ax} = 0. This assump-
tion holds for most zero-mean symmetric constellations with
respect to the origin that have the same power in both
polarizations.

The NLI variance on the n-th channel (COI) caused by @)
is given by

(14)

JI%ILI,n =Var {Z AGO(Q)} )
Q

Since the data symbols in different WDM channels are uncor-
related, we can write (I4) as

N
ONLLn = O3c1 + Z oxem(Q), Q=|v;—val, (15)
j=1j#n
where v; is the central frequency of channel j. The SCI and
XPM variances given in (T3] are expressed as

2 _ 2 2
Osc1 = Oscix + Oscrys (16)
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and

oxpm () = U)Q(PM,X(Q) + U)Q(PM,y(Q)v (17)

resp., in which o3., and o%py,, are the SCI and XPM
variances in the x-polarization, resp. The same is true for the
y-polarized terms given in (T6) and (T7). The terms o3¢, , and

okpm.x (€2), given in and (T7), resp., are equal to

8
OSeie = g7 Pa (W11 + o X1 + W3 X5 +321), (18)
and
8
xemx(2) = g7V P (Q) (21(Q)X(Q) +62(Q)) . (19)

The terms Si, X1, X5, Z1, X(Q2), and Z(2) in Table I
depend on the spectral properties of the signal, in contrast
with Uy, ¥y, U3 and P, given in Table [, which depend on
the modulation format. The SCI and XPM variances in the
y-polarization can be obtained from (I8) and (19), resp., by
swapping x and y in (I8), (I9) and Table

The computational complexity of the proposed model is the
same as the EGN model [21]. Just as [21, Appendix C], all
the integral terms in Table [I| can be computed using a triple
integral. The terms Wy, Wy, W3 and P, in Table [l can be
readily computed for any 4D modulation format from a list of
its coordinates.

In the special case of independent polarizations that the
same format is used in both polarizations, Table yields
g = p3 = 2 and @7 = @5 = 1. These values used in
Table[[ give U1 = 1 —9¢p2+12, ¥y = 5p2—10, U3 = -2,
and ®; = 5pg — 10. These values used in combination with
the integral expressions in Table [[] can be shown to coincide
with the EGN model.

IV. NUMERICAL RESULTS

This section investigates the NLI of 4D modulation formats
from the database [35], where the first two coordinates map
onto the x polarization and the last two onto the y polar-
ization. Two coherent transmission scenarios were simulated.
The first scenario uses a standard single-mode fiber (SMF),
whose spectrum is populated with 32 Gbaud channels with
spacing 50 GHz. The second scenario concentrates on non-
zero dispersion shifted fiber (NZDSF), where 12.5 Gbaud
channels with spacing 25 GHz occupy the spectrum. We used
the same fiber type in every span and uniform span length of
100 km. The following parameters were used for SMF and
NZDSEF respectively: Dispersion coefficient D = 16.5 and 3.8
ps/nm/km, nonlinear coefficient v = 1.3 and 1.5 1/W/km, and
attenuation « = 0.2 and 0.2 dB/km. The EDFA noise figure
and optical center wavelength were 5 dB and 1550 nm, resp.
To compute the experienced NLI of 4D formats, we employ
the 4D model defined in (I5)—(19) together with Tables [I] and
To relate our work to previously works, we compare our
model with the EGN model.

In this section, we compare 4D constellations in terms of

2
_ ONLLn

Table 1
INTEGRAL EXPRESSIONS FOR THE TERMS USED IN (I8) AND (T9). THE
FUNCTIONS ps(+) AND pxp(-) ARE GIVEN IN () AND (T0), RESP.

Term | Integral Expression
S1 f(g;)‘g (27\,)2 ps(wl, wa, w3)pF (W, wh, w1 +wz+wh—ws —w))

X1 Tz f (QTr)s 27( ps(w17w27w3)l75 (wlawszz — w2 + w3)

w d
T2 Ik (Q,r)s 2“;1 ps(w1, w2, w3)ps (Wi, we, w1 + w3 — wh)

Z1 ﬁ f WV&(WL w2,w3)|2

d !
X TaTb f (271.)3 27r2 pxp(wh w2, w&)pxp(wl — w2 + w27 w27w5)

Tasz / W\Pxp(wl,wz,wsﬂ

Table 1T
THE TERMS USED IN AND (T9). THE VALUES OF @1, - - -
GIVEN IN TaBLE[I

,P7 ARE

Term | Expression

U1 | o1 — 1202 + 24 + 203 + 04 — 12¢5

Wy 5¢p2 — 15 + 5p5

\ES w2 — 3+ @5

(o3} 5pe — 15 4 Hp7

Table III

EXPRESSIONS FOR THE TERMS 1, - - -, ¢7 USED IN TABLE

Term | Expression Term | Expression Term | Expression

Pl | B {Jaxl’} #2 | B {ax’} #3 | T {lax[?}
E{|ay|*|ax|?} E{]ax|?|ay|?} E{|bx|*}

P TEaxP) | PP | TE((ax?) | PO | B2}
E{|bx|?[by|?}

L7 | TP %}

assuming P, = P, = P, where o3, is defined in @])EI
The SNR of the COI n is SNR,, = P/(0%; + 08y1.,), Where
0% is the variance of the amplified spontaneous emission
noise (ASE). The modeled NLI, namely UI%LLH, is additive and
Gaussian, as with the GN and EGN models. We first validate
the 4D model using the split-step Fourier method (SSFM), and
then compare a wide range of 4D constellations.

A. SSFM Simulations

Numerically solving the Manakov equation (2)) for the entire
C band is a big challenge. Part of the problem is, of course,
high memory requirements, in addition to the excessive use of
very large fast Fourier transforms. For this reason, the SSFM
study was restricted to a bandwidth of 0.5 THz. To validate
N, given in @]), ASE-noise-free SSFM numerical simulations
were performed. In the absence of other noise sources, 7,, can

3Note that the results in Sec. [[II| can also be used for a system with mixed
(heterogeneous) channel powers (i.e., Py # Pp).
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Table IV
THE VALUE ®1 FOR 4D CONSTELLATIONS CHOSEN FROM [35]] ALONG WITH THREE NEW CONSTELLATIONS PROPOSED IN [8]], [11]], [36]].

Modulation (o3 Modulation b4 Modulation b4 Modulation D4 Modulation D
biortho4_8 -5 tetrad_9 —3.75 PM-QPSK -5 SO-PM-QPSK —3 dicyclic4_24 -5
24cell4_24 -5 14_25 —4.58 b4.32 —4.38  w4_40 —4.05 w4_49 —3.65
b4_64 —4.14  4D-2A8PSK [8] —5 4D-64PRS [11] -5 w4_88 —3.87  4D-0S128 [36] —3.02
SP-QAM4_128  —3.4 w4_145 —3.99 w4_152 —3.77  w4_169 —3.88  PM-16QAM —3.4
w4_256 —3.8 w4_313 —3.75  w4_409 —3.77  w4_464 —3.74  cross4_512 —3.57
sphere4_512 —3.8 SP-cross4_512 —3.45 120cell4_600 -5 w4_601 —3.81 w4_656 —3.76
w4_800 —3.77  cross4_2048 —3.51  SP-QAM4_2048  —3.09 PM-64QAM —3.09

be estimated via the received SNR for each channel n via the

relationship

- 1
SNR%“PT

The approximate equality in (2I) is due to the fact that

the SSFM-based SNR®" estimates also contain higher order

perturbation terms. The SNR for a constellation with A
symbols was estimated via

M 1)

M |-
>imi |Gl
M -
i B{lY = | X = a3}
where X and Y are the random variables representing the
transmitted and received symbols, resp., x; is the i-th con-
stellation point, and g; = E{Y|X = x;}. A total number of
30000 symbols were used, of which the first 1500 and the last
1500 symbols were removed from the transmitted and received

sequences. All channels used a flat launch power of P = 0
dBm.

A WDM system with N = 10 channels and four modulation
formats, namely PM-QPSK, subset optimized PM-QPSK (SO-
PM-QPSK) [35], [37], PM-16QAM and a4_256 [15], [35]
was simulated. Fig. [T] shows the simulation results for 7,
in dB(W~=2) = 10log;o(n, - 1W?) using markers for a
transmission distance of 500 km. Fig. E] (a) indicates that
the 4D model results for SO-PM-QPSK perfectly follows
the simulations, whereas the EGN model fails to estimate
the NLI of this format. Fig. [T] (b) also illustrates that the
results obtained from the 4D model for a4_256 are in good
agreement with simulations, while the EGN model results
depart from simulations. The results, shown in Figs. |I| (a)
and (b), imply that the EGN model is inaccurate for the
study of arbitrary 4D constellations, and that the NLI can
be underestimated (SO-PM-QPSK) or overestimated (a4_256).
The proposed 4D model instead has the capacity to predict
the NLI of 4D formats with a good level of accuracy. The
discrepancy between simulations and the results obtained from
the 4D model is on average about 0.2 dB. For PM-QPSK and
PM-16QAM, both the EGN model and 4D model give the
same results that match the simulation results. In the following
section, we attempt to identify the reasons behind an increase
or decrease in the NLI estimated from the EGN model and
4D model.

Figs. 1| (¢c) and (d) show the results in the low dispersion
regime, where low symbol rate channels, i.e., 12.5 Gbaud,

SNRS = , (22)

c‘?
A : : : :
=l PM-QPSK (4D, EGN) b 9 \
= f—— SO-PM-QPSK (4D) L a4 256 (4D)
£ |k == SO-PM-QPSK (EGN) L - = a4 256 (EGN)
O PM-QPSK (simulations) O PM-16QAM (simulations)
30 O SO-PM-QPSK (simulations)| 32 | © a4_256 (simulations)
2 4 6 8 10 2 4 6 8 10
n n

P —— PM-16QAM (4D, EGN)
—— a4_256 (4D)

PM-QPSK (4D, EGN)
SO-PM-QPSK (4D)

38 [k = = SO-PM-QPSK (EGN) 40 |F = = a4_256 (EGN) A
O PM-QPSK (simulations) O PM-16QAM (simulations)
36 O SO-PM-QPSK (simulations) O a4_256 (simulations)
2 4 6 8 10 2 4 6 8 10
n n

Figure 1. 7, as a function of channel number n after 5 spans. The link
consisting of 5 spans. Two types of fiber (SMF and NZDSF) were simulated.
The SMF supports N = 10 WDM channels with bandwidth 32 Gbaud and
spacing 50 GHz, whereas NZDSF supports the same number of channels with
bandwidth 12.5 Gbaud and spacing 25 GHz.

occupy the spectrum of an NZDSF. As shown in these figures,
the proposed model underestimates the NLI by about 1 dB in
comparison with the SSFM results. Neglecting the MCI terms
explains this deviation. As the bandwidth and channel spacing
decrease, this discrepancy will become greater. Comparing
Figs.[1| (a) and (b) with (c) and (d) indicates that the model is
accurate when the effect of MCI terms is small compared with
SCI and XPM. This is often the case in the high dispersion
regime [27]. On the other hand, in systems with strong MCI
effects, such as NZDSF systems with low symbol rates, the
model is less accurate, as shown in Figs. E] (c) and (d). In such
cases, full SSFM simulations may be preferred.

B. Comparing a wide range of constellations for an SMF

This section investigates the NLI of 4D constellations prop-
agated over an SMF. We assume that the entire spectrum is
populated with N = 80 WDM channels, and that the link
comprises 10 spans. Figs. 2] (a) and (c) compare different
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—— PM-QPSK (4D, EGN)
—— SO-PM-QPSK (4D)
- = = SO-PM-QPSK (EGN)

A dicyclic4_16 (4D)
dicyclic4_16 (EGN)

)
=
S
o~
4
7

15 i i

—2.5 0

n Launch Power [dBm]
=— PM-16QAM (4D, EGN) a4_256 (4D) = = = a4_256 (EGN)

Figure 2. (a) and (c) illustrate 7y, defined in 20), as a function of channel
number n after 10 spans, while (b) and (d) illustrate the SNR of COI, i.e.,
SNR40, as a function of launch power after 10 spans of SMF. The full C-
band spectrum can accommodate N = 80 WDM channels with bandwidth
32 Gbaud and spacing 50 GHz.

formats in terms of 7,, while Figs. Q] (b) and (d) compare
them in terms of SNRy. We interpret the first two coordinates
in a coordinate list of [35]] as the x polarization and the last
two as the y polarization. Figs. [2] (a) and (b) give information
about PM-QPSK, SO-PM-QPSK and dicyclic4_16 [35], [38]].
We benchmark the 4D model against the EGN model in this
figure. As can be seen in Fig. [2] (a), the curves are highest in
the middle of spectrum. The 4D model indicates that over the
entire spectrum shown in Fig. 2| (a), SO-PM-QPSK undergoes
the most NLI, while PM-QPSK and dicyclic4_16 experience
the least. It is also noticeable that PM-QPSK and dicyclic4_16
have the same NLI. The difference between the experienced
NLI for SO-PM-QPSK and PM-QPSK is about 1.34 dB. This
means that SO-PM-QPSK is more vulnerable to the Kerr
nonlinearity than PM-QPSK. The SCI and XPM terms are
responsible for this gap. The impact of SCI on the COI is high,
but the XPM effects in multi-channel WDM systems are even
higher, and therefore, the better part of this deviation stems
form the XPM terms. To be more specific, the origin of this
discrepancy comes form the fact that ®;, given in Table
for SO-PM-QPSK (®; = —3) is larger than for PM-QPSK
(@, = -H).

From the curve with triangles (4D model) to the green
curve (EGN model), there is a 2.8 dB increase in the NLI for
dicyclic4_16, with SNR falling by around 1.1 dB to approx-
imately 16.1 dB (see Fig. [Z] (b)). This implies that the EGN
model significantly overestimates the NLI for dicyclic4_16.
This is because @7 = 0 for this format according to Table

whereas the EGN model corresponds to setting o7 = 1 for any
format. On the other hand, we can see that the EGN model
underestimates the NLI of SO-PM-QPSK in comparison with
the 4D model. This is because the term 7 is lower for the
EGN model (7 = 1) than for the 4D model (¢7 = 1.2).

Fig. E] (c) and (d) compare the PM-16QAM and a4_256
formats in terms of 7, and SNR, resp. Fig. 2] (¢) shows that
PM-16QAM is at a disadvantage compared with a4_256. The
deviation of the NLI between the PM-16QAM and a4_256
formats, as shown in Fig. E] (c), is about 0.3 dB. This deviation
may be rooted in the value of ®; which is smaller for a4_256
(®; = —3.8) than for PM-16QAM ($; = —3.4). We can also
see in Fig. 2| (c) that the EGN model overestimates the NLI
of a4_256 by about 0.6 dB. It is clear from Fig. 2] (d) that the
SNR for a4_256 falls from about 17 dB (4D model) to around
16.8 dB (EGN model) at 0 dBm launch power.

Given (I5)—(19), as mentioned earlier, the experienced
amount of NLI is dependent on ¥, Uy, U3, and $; given in
Table none of which is more important than ®;, because
the effect of XPM terms are higher than the SCI contribution
for a fully loaded spectrum. For this reason, Table [[V| simply
shows the value of ®; for constellations selected from [35]] as
well as three constellations proposed in [8]], [11]], [36]. All the
constellations shown in Table [[V|satisfy the assumptions made
in Sec. [III It is clear that SO-PM-QPSK and four-dimensional
orthant-symmetric 128-ary modulation (4D-OS128) [36] gen-
erate higher NLI than do other formats. For SO-PM-QPSK and
4D-0S128, &4 is around —3, which is higher than the others.
The lowest amount of NLI belongs to constellations whose
®; equals to —b, meaning that these constellations undergo
approximately the same NLI as PM-QPSK.

V. CONCLUSIONS

A nonlinear model which analytically models the impact
of the Kerr nonlinearity on a 4D signal space was proposed
and analyzed in detail. The model applies to zero-mean dual-
polarization 4D formats which are symmetric with respect
to the origin and have equal energy on the two polarization
components. Unlike the GN and EGN models, we consider the
interpolarization dependency so as to derive a 4D nonlinear
model. The proposed model accounts for the SCI and XPM
nonlinear terms. This is because the SCI and XPM are the
predominant nonlinear terms in multi-channel WDM systems.
We have compared different 4D modulation formats in terms
of the experienced NLI, and showed that the derived model is
a powerful tool to find 4D formats which are more resistant
to the NLI.

APPENDIX
Our intention, in this section, is to study the variance of
SCI (the first term on the right-hand side of (@) and XPM
(the second term on the right-hand side of (@) terms. We
proceed by computing the variance of SCIL

A. SCI variance

For the sake of brevity, we only focus on the x-polarized
element of (@) because we can obtain the results for the y-
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polarized component under the substitution x—y, y—Xx. Using
(@), the x-polarized component of SCI term is given by

.8 .
Aag scrx =ig7 E Sh.k,1 (ah,xak,xaz,x +ah,ya27yaz,x)- (23)
.k,

The variance of (23) is therefore equal to

UgCI,x = E{AGO,SCLXAQS,SCI,X} - E{AGO,SCLX}E{AGS,SCI,X},
(24)

where E{Aag sc1x} = 0. This is because under the assump-

tions made in Sec. we have E{ay, X} = E{a},} =

E{apxa} y} = E{|ay, x| apx} = E{|ah7y| anx} = 0 (see

(32, Appendix A]), and as a result, E{ah,xamal’x} =

E{anyay, yaix} = 0 for all h, k, and . Substituting (23) into
gives

64
Ocrx = §72 E Sh,k,lSZ/,k-/,l/(
hok Lk Kl

* * * * * *
E{ah’xakmal,xah/’Xak/7xal/7x} + E{ah#ak,xal,xah/7yak/7yal/7X}

* * * * * *
+E{ah7yak,yalvxah’,xak’yxal’,x}+E{ah,yak,yalyxah’,yaklyyal/,x}) .

(25)
We can rewrite (23)) as

TSc1x = (26)

4
Z UgCI,x,iv
where chCI x,i Tepresents the i-th term in (23)). We only give the
procedure of calculating O’SCI x4 In detail, and we can follow
the same approach for the others. The contribution of USCI,X’1
was calculated in the first term of Eq. (36) and Eq. (105) of
(39], and a%CI,XA is more challenging to compute than the
second and third terms, which is why we focus on calculating
this term. The term O’%CLX_’ 4 1s given by

9 64
0sCl,x,4—
hok,Lh' K

27

2 * * * *
71’)/ E Sh’k’lsh/’k/,l/E{ah’yak’yal’xah/’yak/’yal/’x}7

whose expectation term is equal to [32, Egs. (26) and (27)]

]E{a”hyaz,yahxa’;;’7ya”f'7ya’l*’,x} =
E{]ax[?|ay|*},
E{|ay|2}E{|GX|2‘ay‘2}a
E{lay[*}E{|ax|*|ay[*},
E{ayag }E{|ay|2a ax},
]E{a ax}E{|ay|2ay b
E{MyP}EﬂaAﬂaHQL
E{a;‘ax}E{|ay|2aya:},
E{|ax|*}E{|ay[*},
E{lay[*}E{|ax|*|ay[*},
E{aya; }E{|ay|*agax},
E*{|ay|*}E{|ax[*},
E{|ay|2}E{axa;}E{aya:},
E*{|ay[*}E{|ax|?},
E{ay|*}E{axay}E{aya;},
E{|ay|2}E{axa;}IE{aya:},
E{|ay|2}]E{axa;}IE{aya;‘},

h=k=Il=h =K =1,
h=Hh £l=k=FK =1,
h=k#l=h =K =1,
h=U#4l=k=H =k,
k=l#h=Nh =K =1,
k=K £h=1=H =1,
l=h#h=k=k =10,
l=l'4h=k=H =k,
W=k+h=k=1=1,
K =U4h=k=1=FH,
h=h#k=k#£1=1,
h=k#£l=h £k =1,
h=k#l=0 4K =N,
h=h'#k=14K =1,
h=U4k=1£HK =k,
h=U4k=k#1=H.

(28)

We can hence write (27) as

UgCI,xA = (29)

16
2

E OSCI,x,4,5°

j=1

where 02 4; stands for the contribution of the j-th case,
given in , to (27). We first remove from (28) the terms
which involve E{aya’} or E{a}ay}. By substituting (7) into
27), we can write 05c; , 41, given in 29), as

64 d3u; dw’
U§C1x41 31 2]E{|ax| |ay| }/ (2 )3/’5(

.ps(w17w2,w3 § ez(un wa+wsz — w1+w2 w3)hTa.
h

w1, Wa, W3)

(30)

Assuming a rectangular or almost rectangulaﬂ channel spec-

trum §(w) in (9), using the identity [34, Eq. (14)]
. > 2mn
Z eikTwr _ Z 5 wl )’ (31)
k=—oc0 n=—oo
and considering (12), we can write (30) as
OScinan = g7V FeoaSt, (32)

where S; is given in Table [l and ¢4 is given in Table [[TI}
By using (7) once again in (27), and considering (12) the
term ogey . 4.0- given in 29), is equal to

8 dw d*w’
2 2 p3

O—SCLX,4,2 = 8*17 PCOIQO5/ (27T> (27_[_)3 Ps(wl,w% w3)
. p;k (wllv ’U.)/Q, wé) Z ei(wl 7w1)hTa+z(w37w2+w'27wg)lTa,

h#l
(33)

where 5 is given in Table [[TI} Using the same approach given

“4For large roll-off factors the excess terms must be taken into consideration
[32, Appendix B, Egs. (39)-(43)].
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in [32} Eq. (29)], we have

E ei(wlfwll)hTa ei(wgfwngwéfwé)lT — E ei(wlfw;)hTa
h#l il
'ez(wg wotwh— wg) § ez(wl w1+ wsz—watwh— w3)hT

h
(34)

Considering (31), we can rewrite (34) as

2
E i1 —w)AT, gilwa—watwh-wiIT, _ 4T Sws —wa+wh—ws)

T2
h#l a
O(wy — wh) — T—W5(w17w’1+w37w2+w’27w§). (35)
By inserting (33) into @) we get

UgCI,x,4,2 8 VP s (X1 — S1), (36)

where X; and Sy are given in Table [ Considering (7), (12),

@7). ). B3 and B3). we can express o2y, 4. given in
@) as

8 dw duw’
0§CI,X,4,3 = STWQPC%#P&S/WWps(wl,wQ,ws)
£ ! ! ! 47T2 ! ! !
" Ps (wl,w2,w3)(ﬁé(w3 —wy +wh — wz)d (w1 — w2)
2r R
— 7 d(wr — we + w3 — wi + wy —ws) ). 37)

The term §(w; — wo) is a bias term and should be discarded.
Bias terms are those for which wy = w1, we = w3, wh = wf,
or wh = w’3 These terms create a constant phase shift,
and thus, irrelevant for the noise variance we would like to
compute (see [17, Sec. VIII, Egs. (63)—-(67)], [19, Sec. 3,
Eq. (17)], [21, Appendix A], [40, Sec.IV-B and the text after
(63)] and [18, Appendix C]). Eq. is therefore reduced to

8 .
OScixans = ~ g7 P51, (38)

and we can express the same formula for 03y , 4 o. Following
) SCLx,4,

the same approach, the term o§cy, 46, given in (29), con-

tributes to (27) as

8
OScixas = g7V Feos (X2 = S1). (39)

where X is given in Table [}

The last step in calculating 29) is to investigate the impact
of the last six situations on the NLI variance. We start with
0301 411 Which contributes to (29) as

d3u) d3

UgCI,xA,ll —*72E2{|ay| }E{‘ax‘ }

. p;c (wi, w2’ w3 § 61 w1 —w))hTy e—z(wg 1112)lcTez(111;3—1113)lTa7
h#k#l

3 ps(wl 7w27w3>

(40)

where the triple summation is expressed as
E ei(wl7w'1)hTa7i(w27w;)kT+i(w37wé)lT :E ei(wlfwll)hTa
h#k#l Rk,

. efi(wg —wh)kTe+i(ws 7wé)lTa7§ ei(wlfw'lfwg +wh)hTa+i(ws—w)) Ty

h=k£l

_ Zei(wl—wi+w3—wé)hTae—i(wz—wé)kTa _Z ei(wi—w)hT,
h=l2k hoth=1

. ei(—w2+w’2+w3—wé)kTa +2 Z ei(wl—wg—wg—&-w;—&-wg—wg)hTa.

h
(4D

Considering (12), (1), @I), and @0), we have

8 dBw dw
O3cix a1 = 8*172P3/Wwps(whw2,w3)
* / / / @6 / 6 / (5 /
< ps (w1, wy, wy) T3 (wy — wi)d(wy — wa)d(ws — wy)
472 . 4m?

_ 72 S(wy — w4+ wh — we)d(wz — wh) — T2

(ws — wo)

472

SO(wy — wh + w3 —wy) — W&(wé — wy + w3 — wh)
a

8
0wy — wh) + =8(wy — w| + wh — we + w3z — wg)),

T,
(42)
which can be written as
8
U§c1,x,4,11 = ﬁWQPL? (Z1—-2X1—X2+251), (43)

where 77, X1, X5 and S; are given in Table [II The same
approach holds for agcmv 4,13 but the bias terms should not

be taken into account. Considering (32), (36), (38), (39) and
(@3), and using (T2) and (T3), we can express (27) as

O34 = 81 Y P2[(ps — 405 — 2 +4)S1 +(p5+92—3) X1
+ (o5 — 1) X2 + Z4], (44)
which is called the interpolarization nonlinear effect, and the

term ¢y is given in Table [T} This expression is not available
in the literature.

The contributions of o3cy , 1, 08,2, and 03¢y, 3, given in
(]7_7[), can be calculated through the same procedure, so their
detailed derivations will not be repeated here, and we only
give the final results for them as follows

8
O3c1x2 =03c1x3 = 317 2P2(p3 — 45 — 2 +4)51
+ (25 — 2) X4, (45)

8
UgCI,x,l 81 2P3[(‘P1 —9p2 +12)51 + (42 — 8) X
+ (g2 — 2) X2 +274], (46)

and we call (@6) the intra-polarization nonlinear effect. By
excluding the bias termﬂ from [39, Eq. (105)], and using it
into the first term of 39, Eq. (36)], we can get (46). Putting

SBias terms in [39| Eq. (105)] are those which involve &y—n, Ox—n.,
Ot —my and Opr _ s
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(@6), @3) and @) together, we obtain the total variance of
the SCI nonlinear term (23], which is expressed as (I8) with

ie{Bglgs, g Tobles Mand I

Here we calculate oxpy (€2) in (I9) for a single pair of
channels with fixed separation 2. For notational convenience,
the dependence on ) is dropped throughout the section. As
mentioned in Sec. [} the second term of (@) gives rise to the
XPM nonlinear term. The x-polarized component of this term
is

il Z Xkl <2bh,xbk7xal,x + bp,yby yaix + bh,xbk’yal,y>7
hok,l
47)

whose variance is equal to

64 * T

U>2<PM,X = 8772 Z Xhke 1 X pr oo 17 <4E{bh,xbk,xbh',xbk’,x}
Rk Lh KU

’ ]E{al,Xal*’,x} + 2E{bh,x Z,x Z’,ybk'7y}E{al7Xa7',x}

+ 2E{bh7ybz,y 2’,xbk',X}E{a17Xa?’,x} + E{bh,y Z,y Z/,ybk/7y}

E{araais o} + E{bnabi Uiy sbiy}Edayaiy}). (49)

We now focus on the calculation of the first term of (48],

and we can compute the others in a similar way. To evaluate

the fourth order moment given in the first term of (@8], the

following cases should be taken into account.

E{|b*}, h=k=h =k
E{bnxbi kb b x} = ¢ EX{|0x?}, h=k# W =F
E2{[by|2}, h=h £k=F.

(49)

Using (@9) and (B)), we can write the contribution of the first
term of (@8) to the NLI, as

64 dPw d*uw’ .
U)z(PM,x,lst = 8172/(27'(‘)3 prp(wla w2, w3)pxp(w/17 'LU/2, w/S)

<4E{|bx|4}]E{|ax|2} Z ei(wlfwsz'ler;)thZei(wgfwé)lTa
h l

B {[by P YE{ x| 3 et o (T Y T gl
hth! 1
e whlTa Z ei(wi—w] ) ATy —(wo—w) kT, Z ei(wrwg)lTa} )
h#k 1
(50)

Considering (12), (31) and (33), we can express (B0) as

8 dBw B’
U>2<PM,X,1st = 87172Papl)2 / (2m)? WPXP(“’MU’%WS)
1672

gt w) (o7 Olawn —w —wf + )

873 472
Wd(wl - w2)5(w/1 - wlz)

3wy — wh 4

3
/ 8w

<0(wy — wo + Wy — wh))d(ws — wh

472

0wz — wh) — T.T,

§(wy — wo + wi — wh))d(wz — wg)D
(5D

It should be noticed that the term §(wy — wy)d(w] —wh) is a
bias term and should be ignored. By excluding this term from

(31)), we have
8
U)Q(PM,X,lst = S*I’YQPasz [(ps —2)4X +47],

where X and Z are given in Table [l Analogous expressions
hold for other terms of (@8). We can therefore express ([@8) as

(9).

(52)
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