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Abstract. We consider a system of stochastic Allen-Cahn equations on a finite network
represented by a finite graph. On each edge in the graph a multiplicative Gaussian
noise driven stochastic Allen-Cahn equation is given with possibly different potential
barrier heights supplemented by a continuity condition and a Kirchhoff-type law in the
vertices. Using the semigroup approach for stochastic evolution equations in Banach
spaces we obtain existence and uniqueness of solutions with sample paths in the space
of continuous functions on the graph. We also prove more precise space-time regularity
of the solution.

Keywords: stochastic evolution equations, stochastic reaction-diffusion equations on
networks, analytic semigroups, stochastic Allen-Cahn equation.

2020 Mathematics Subject Classification: 60H15, 35R60 (Primary); 35R02, 47D06 (Sec-
ondary).

1 Introduction

We consider a finite connected network, represented by a finite graph G with m edgese;, ..., ey,
and n vertices vy, ...,v,. We normalize and parametrize the edges on the interval [0,1]. We
denote by I'(v;) the set of all the indices of the edges having an endpoint at v;, i.e.,

I(vi):={je{l,...,m}:¢(0) =vjorej(l) =vi}.

Denoting by ® = (¢ij)nxm the so-called incidence matrix of the graph G, see Subsection 2.1
for more details, we aim to analyse the existence, uniqueness and regularity of solutions of
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the problem
uj(t,x) = (cju})’(t,x) — pj(x)u;(x,t)
+ ,sz-u(x, t) —u(x, )3
aw]- .
+gj(t,x,u]-(t,x))¥(t,x), te(0,T], x€(0,1),j=1,...,m,
wi(tvi) = ug(tvi) = qi(t), be (0,T), Vi teT(v), i=1,...,n, &b
Mg (8)]; = = Y dijpjei(vi)ui(t,vi), te(0,T],i=1,...,n,
j=1
u;i(0,x) = u]-(x), xel0,1],j=1,...,m,

where % are independent space-time white noises. The reaction terms in (1.1) are classical
Allen-Cahn nonlinearities hj(y7) = —n° + [5]217 with g; > 0, j = 1,...,m. Note that h; =
—Hj where H;(n) = Tp? - ﬁjz)z is a double well potential for each j with potential barrier
height [S}L /4. The diffusion coefficients g; are assumed to be locally Lipschitz continuous
and of linear growth. The coefficients of the linear operator satisfy standard smoothness
assumptions, see Subsection 2.1, the matrix M satisfies Assumptions 2.7 and i, j=1...,m,
are positive constants. The classical Allen-Cahn equation belongs to the class of phase field
models and is a classical tool to model processes involving thin interface layers between almost
homogeneous regions, see [3]. It is a particular case of a reaction-diffusion equation of bistable
type and it can be used to study front propagations as in [7] . Effects due to, for example,
thermal fluctuations of the system can be accounted for by adding a Wiener type noise in the
equation, see [20].

While deterministic evolution equations on networks are well studied, see, [1,2,5,6,8-11,17,
18,25,29-31,34-38] which is, admittedly, a rather incomplete list, the study of their stochastic
counterparts is surprisingly scarce despite their strong link to applications, see e.g. [12,13,44]
and the references therein. In [12] additive Lévy noise is considered that is square integrable
with drift being a cubic polynomial. In [14] multiplicative square integrable Lévy noise is
considered but with globally Lipschitz drifts f; and diffusion coefficients and with a small
time dependent perturbation of the linear operator. Paper [13] treats the case when the noise
is an additive fractional Brownian motion and the drift is zero. In [22] multiplicative Wiener
perturbation is considered both on the edges and vertices with globally Lipschitz diffusion
coefficient and zero drift and time-delayed boundary condition. Finally, in [21], the case of
multiplicative Wiener noise is treated with bounded and globally Lipschitz continuous drift
and diffusion coefficients and noise both on the edges and vertices.

In all these papers the semigroup approach is utilized in a Hilbert space setting and the
only work that treats non-globally Lipschitz continuous drifts on the edges, similar to the
ones considered here, is [12] but the noise is there additive and square-integrable. In this
case, energy arguments are possible using the additive nature of the equation which does not
carry over to the multiplicative case. Therefore, we use an entirely different tool set based on
the semigroup approach for stochastic evolution equations in Banach spaces [39], or for the
classical stochastic reaction-diffusion setting [32,33], see also, [15,16,19,41]. We are able to
rewrite (1.1) in a form that fits into this framework. After establishing various embedding and
isomorphy results of function spaces and interpolation spaces, we may use [33, Theorem 4.9]
to prove our main existence and uniqueness result, Theorem 3.15, which guarantees existence
and uniqueness of solutions with sample paths in the space of continuous functions on the
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graph, denoted by B in the paper (see Definition 3.4); that is, in the space of continuous
functions that are continuous on the edges and also across the vertices. When the initial
data is sufficiently regular, then Theorem 3.15 also yields certain space-time regularity of the
solution.

The paper is organized as follows. In Section 2 we collect partially known semigroup re-
sults for the linear deterministic version of (1.1). In Subsection 3.1 we first recall an abstract
result from [32,33] regarding abstract stochastic Cauchy problems in Banach spaces. In or-
der to utilize the abstract framework in our setting we prove various preparatory results in
Subsection 3.2: embedding and isometry results are contained in Lemma 3.5, Lemma 3.6 and
Corollary 3.7, and a semigroup result in Proposition 3.8. Subsection 3.3 contains our main
results where we first consider the abstract stochastic It6 equation corresponding to a slightly
more general version of (1.1). An existence and uniqueness result for the abstract stochastic It6
problem is contained in Theorem 3.13 followed by a space-time regularity result in Theorem
3.14. These are then applied to the Itd equation corresponding (1.1) to yield the main result
of the paper, Theorem 3.15, concerning the existence, uniqueness and space-time regularity of
the solution of (1.1).

2 Heat equation on a network

2.1 The system of equations

We consider a finite connected network, represented by a finite graph G with m edgese;, ..., ey
and n vertices v, ..., v,. We normalize and parametrize the edges on the interval [0, 1].
The structure of the network is given by the n x m matrices ®* := ((,b;]r) and ™ := (¢;;)

defined by
o= LV ife(0) =vi, o= LV if ej(1) = v;,
! 0, otherwise, ] 0, otherwise,

fori=1,...,nand j = 1,...m. We denote by €;(0) and ¢;(1) the 0 and the 1 endpoint of the
edge e;, respectively. We refer to [30] for terminology. The n x m matrix ® := (¢;;) defined by

=" — P~

is known in graph theory as incidence matrix of the graph G. Further, let I'(v;) be the set of all
the indices of the edges having an endpoint at v;, i.e.,

F(VZ') = {] S {1,...,111} : e](O) =v; or e](l) = Vi} .

For the sake of simplicity, we will denote the values of a continuous function defined on the
(parameterized) edges of the graph, that is of

f=(ffu) € (COA" =C (0,1, R")
at 0 or 1 by f;(v;) if ¢;(0) = v; or ¢j(1) = v;, respectively, and f;(v;) := 0 otherwise, for
j=1,...,m.
We start with the problem

uj(t,x) = (cju})’(t,x) — pi(X)uj(t, x), t>0,x€(0,1),j=1,...,m, (a)
ui(t,vi) = ue(t,v;) = qi(t), t>0,Vj,lel(y),i=1,...,n, (b) 2.1)
[M[](t)]l = — Z;n:l 4)1']‘}1]‘C]‘(Vi)u;-(t,vi), t> O, i = 1, ..o n, (C) ’
(

u;(0,x) = uj(x), xe€l[0,1],j=1,...,m
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on the network. Note that ¢;(-), p;(-) and u;(t,-) are functions on the edge e; of the network,
so that the right-hand side of (2.1a) reads in fact as

9 ( a |
@¢Whﬁzwmﬁww>@0—mmm@0, £>0,j=1,...,m.

The functions cy,...,c, are (variable) diffusion coefficients or conductances, and we as-
sume that
0<c¢ecCo,1, j=1,...,m

The functions py, ..., p» are nonnegative, continuous functions, hence

0<peclo1], j=1,...,m

Equation (2.1b) represents the continuity of the values attained by the system at the ver-
tices in each time instant, and we denote by g;(¢) the common functions values in the vertice
i,fori=1,...,nand t > 0.

In (2.1c), M := (b;j), . is a matrix satisfying the following

nx

Assumption 2.1. The matrix M = (bj;) , is real, symmetric and negative semidefinite, M % 0.

nx

On the left-hand-side, [Mq(t)]; denotes the ith coordinate of the vector Mg(t). On the
right-hand-side, the coefficients
0<]1j, j:1,...,m

are strictly positive constants that influence the distribution of impulse happening in the ram-
ification nodes according to the Kirchhoff-type law (2.1c).
We now introduce the n x m weighted incidence matrices

@y = (w;) and @, = (w;)

with entries
wl-‘r — V]C](Vz)/ if e](o) = Vi, and wz_ — ]/l]C](Vl), if e](l) ‘: Vi,
/ 0, otherwise, 4 0, otherwise.
With these notations, the Kirchhoff law (2.1c) becomes
Mg(t) = =D u(t,0) + D u'(t,1), t>0. (2.2)

In equation (2.1d) we pose the initial conditions on the edges.

2.2 Spaces and operators

We are now in the position to rewrite our system in form of an abstract Cauchy problem,
following the concept of [31]. First we consider the (real) Hilbert space

Ep =[] L*(0,1; pjdx) (2.3)
j=1

as the state space of the edges, endowed with the natural inner product

(u,v)E, ::]f;/o1 uj(x)vj(x)pdx, u= (”1 ) , U= <01> € Ep.

Um Um
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Observe that E; is isomorphic to (Lz(O, 1))m with equivalence of norms.

We further need the boundary space R" of the vertices. According to (2.1b) we will consider
such functions on the edges of the graph those values coincide in each vertex. Therefore we
introduce the boundary value operator

L: (C[0,1)" C E = R"
with
D(L) = {M S (C[O, 1])m : uj(vi) = ug(vi), V],f S I’(vi), i=1,.. .,n};
Lu:= (q1,...,q,)" €R", q; = uj(v;) forsomejcT(v;),i=1,...,n. (24)

The condition u(t,-) € D(L) for each t > 0 means that (2.1b) is for the function u(-, ) satisfied.
On E; we define the operator

£(afk)-m 0
Amax = - (2.5)
0 % (cm%) — Pm
with domain
D(Amax) := (H2(0,1))" N D(L). (2.6)

This operator can be regarded as maximal since no other boundary condition except conti-
nuity is supposed for the functions in its domain.

We further define the so called feedback operator acting on D(Amax) and having values in
the boundary space R" as

D(C) = D(Amax);
Cu = —®}u'(0) + D,u'(1),

compare with (2.2).
With these notations, we can finally rewrite (2.1) in form of an abstract Cauchy problem.
Define

A= Ama 2.7)
D(A):={u € Ey:u € D(Amax) and MLu = Cu},

see the definitions above. Using this, (2.1) becomes
(2.8)

with u = (ug,...,up)".

2.3 Well-posedness of the abstract Cauchy problem

To prove well-posedness of (2.8) we define a bilinear form on the Hilbert space E; with domain

D(a) = V= (H'(0,1))" N D(L). (2.9)
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a(u,v) = i /01 pici(x)ui(x)vi(x)dx + i /01 uipj(x)uj(x)vj(x)dx — (Mg, r)r, (2.10)
j=1 j=1

where Lu = gand Lv =r.
The next definition can be found e.g. in [40, Section 1.2.3].

Definition 2.2. From the form a — using the Riesz representation theorem — we can obtain a
unique operator (B, D(B)) in the following way:

DB):={uecV:3veEstalu¢p) = (v¢rVpecV},

Bu := —v.
We say that the operator (B, D(B)) is associated with the form a.

In the following, we will claim that the operator associated with the form a is (A, D(A)).
Furthermore, we will state results regarding how the properties of a and the matrix M carry
on the properties of the operator A, obtaining the well-posedness of the abstract Cauchy-
problem (2.8) on E; and even on LP-spaces of the edges. The proofs of these statements
combine techniques of [36] (where no p;’s on the right-hand-side of (2.1b) are considered)
and techniques of [38] (where p;’s are considered for the heat equation but the matrix M is
diagonal).

Proposition 2.3. The operator associated to the form a (2.9)—(2.10) is (A, D(A)) in (2.7).
Proof. We can proceed similarly as in the proofs of [36, Lemma 3.4] and [38, Lemma 3.3]. [

Proposition 2.4. The form a is densely defined, continuous, closed and accretive, hence (A, D(A)) is
densely defined, dissipative and sectorial. Furthermore, a is symmetric, hence the operator (A, D(A))
is self-adjoint.

Proof. The first three properties of a (densely defined, continuous and closed) follow analo-
gous to the proof of [38, Lemma 3.2]. Since M is dissipative (that is, negative semidefinite),
and p; > 0, j = 1,...,m, the form a is accretive, see the proofs of [36, Proposition 3.2] and
[38, Lemma 3.2]. The symmetricity of a follows from the fact that M is real and symmetric,
see the proof of [36, Corollary 3.3]. The properties of A follow now by [40, Proposition 1.24,
1.51, Theorem 1.52]. O

As a corollary we obtain well-posedness of (2.8).

Proposition 2.5. Assuming Assumption 2.1 on the matrix M, the operator (A, D(A)) defined in
(2.7) generates a Co analytic, compact semigroup of contractions (Ta(t)),~q on Ey. Hence, the abstract
Cauchy problem (2.8) is well-posed on E.

Proof. The claim follows from Proposition 2.4 and the fact that (A, D(A)) is resolvent compact.
This is true since V is densely and compactly embedded in E; by the Rellich-Khondrakov
Theorem, and we can use [24, Theorem 1.2.1]. O

In the following we will extend the semigroup (Tx(t)),-, on LF-spaces. To this end we
define
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m
E, :=[]LP(0,L;udx),  pell, o
i=1
and
H”Hp = ZHuJHLP (0,L;pjdx)” u€E, pellw),
||M||Eoo = ]n11ax Hu]HLoo (0,1)7 U € Ex.

We can characterize features of the semigroup (Tx(t)),~, by those of (e"™);>o, the semi-
group generated by the matrix M — hence, by properties of M. In particular, the following
holds.

Proposition 2.6. The semigroup (Tx(t)),~q on Ea associated with a enjoys the following properties:

* (Ta(t)) > is positive if and only if the matrix M has positive off-diagonal — that is, if it generates
a positive matrix semigroup (e'™)>o;

* Since M is negative semidefinite, the semigroup (T>(t)),~ is contractive on E, if and only if

bz‘i+2|bik|§0, i=1,...,n,
kZi

that is (e"M);>q is £*-contractive.

Proof. 1t follows using analogous techniques as in the proof of [36, Theorem 3.5] and [38,
Lemma 4.1, Proposition 5.3] O

To obtain the desired extension of the semigroup on LF-spaces, we assume the following
on the matrix M.

Assumption 2.7. For the matrix M = (b;;) _ we assume the following properties:
1. M satisfies Assumption 2.1;
2. Fori #k, by > 0, that is, M has positive off-diagonal;
3. Y b < =by, i=1,...,n,
k#i

that is, the matrix is diagonally dominant.

Proposition 2.8. If M satisfies Assumptions 2.7 then the semigroup (T»(t))i>o extends to a family
of compact, contractive, positive one-parameter semigroups (Ty(t))i>0 on Ep, 1 < p < co. Such

semigroups are strongly continuous if p € [1,00), and analytic of angle 7 — arctan \/7 forp €

(1, 00).
Moreover, the spectrum of A is independent of p, where A, denotes the generator of (T, (t))i>0,
1<p<oco

Proof. 1t follows by [4, Section 7.2] as in [36, Theorem 4.1] and [38, Corollary 5.6]. O

We also can prove that the generators of the semigroups in the spaces E,, 1 < p < oo have
in fact the same form as in E, with appropriate domain.
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Lemma 2.9. For all p € [1,00] the generator A, of the semigroup (Ty(t))>0 is given by the operator
defined in (2.5) with domain

D(A,) = {u e [[W?#(0,1; ujdx) N D(L) : MLu = Cu} . (2.11)
j=1
In particular, A, has compact resolvent for p € [1,0].

Proof. See [36, Proposition 4.6] and [38, Lemma 5.7]. O

As a summary we obtain the following theorem.

Theorem 2.10. The first order problem (2.1) is well-posed on E,, p € [1,00), i.e., for all initial data
u € E, the problem (2.1) admits a unique mild solution that continuously depends on the initial data.

3 The stochastic Allen—-Cahn equation on networks

3.1 An abstract stochastic Cauchy problem

Let ((),.#,P) is a complete probability space endowed with a right continuous filtration IF =
(Z)teio,1)- Let (Wh(t))iep,r) be a cylindrical Wiener process, defined on (Q), #,P), in some
Hilbert space H with respect to the filtration IF; that is, (Wk(t)).cpo,1) is (Ft)1ejo,rj-adapted
and for all t+ > s, Wy(t) — Wi (s) is independent of .%;. To be able to handle the stochastic
Allen—-Cahn equation on networks, first we cite a result of M. Kunze and J. van Neerven,
regarding the following abstract equation

{d}){((t) = [AX(t) + F(t, X(8)))dt + G(t, X (t))dWg (t) (SCP)

0) =¢,

see [32, Section 3]. If we assume that (A, D(A)) generates a strongly continuous, analytic
semigroup S on the Banach space E with ||S(#)]| < Ke“!, t > 0 for some K > 1 and w € R,
then for w’ > w the fractional powers (w’ — A)" are well-defined for all « € (0,1). In particular,
the fractional domain spaces

E* == D((@ ~ A)"), ol = (@' ~ Aol ©veD((w - A)) (3.1)

are Banach spaces. It is well-known (see e.g. [26, §I1.4-5.]), that up to equivalent norms, these
spaces are independent of the choice of w'.

For a € (0,1) we define the extrapolation spaces E~* as the completion of E under the
norms ||v||_q = [[(w' — A)"*v||, v € E. These spaces are independent of w' > w up to an
equivalent norm.

We fix E? := E.

Remark 3.1. If A is injective and w = 0 (hence, the semigroup S is bounded), then by [28,
Chapter 6.2, Introduction] we can choose w' = 0. That is,

E* = D((—A)*),  a€[0,1).
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To obtain the desired result for the solution of (SCP), one has to impose the following
assumptions for the mappings in (SCP). These are — in the first and third cases slightly simpli-
fied versions of — Assumptions (Al), (A5), (A4), (F), (F”) and (G”) in [32]. Let B be a Banach
space, || - || will denote || - ||p. For u € B we define the subdifferential of the norm at u as the set

dul| = {u* € B*: ||u*|| =1and (u,u*) =1} (3.2)

which is not empty by the Hahn-Banach theorem. Furthermore, let E be a UMD Banach space
of type 2.

Assumptions 3.2.
1. (A,D(A)) is densely defined, closed and sectorial on E.

2. Forsome 0 <0 < % we have continuous, dense embeddings

E? < B<s E.

3. Let S be the strongly continuous analytic semigroup generated by (A, D(A)). Then S restricts
to a strongly continuous contraction semigroup S® on B, in particular, A|p is dissipative.

4. The map F: [0, T] x Q x B — B is locally Lipschitz continuous in the sense that for all r > 0,
there exists a constant L(Fr) such that

[E(t w,u) = F(t,w,0)] < L lu — o]
forall ||\u||, ||v|| < rand (t,w) € [0, T] x Q) and there exists a constant Cpy > 0 such that
HF(t,w,O)H < Cp,(), t e [0, T], w € Q.

Moreover, for all u € B the map (t,w) — F(t,w, u) is strongly measurable and adapted.
Finally, for suitable constants a,b > 0 and N > 1 we have

(Au+F(tu+0),u*) <a(l+ [[olD™ + bul
forallu € D(A|g), v € Band u* € 9||u||, see (3.2).
5. There exist constants a”, b”, m" > 0 such that the function F: [0, T] x Q) x B — B satisfies
(F(t,w,u+0) = F(t,w,0),u") < a"(1+ o))" —b"||ul|"™
forallt € [0,T), w € O, u,v € Band u* € 9||ul|, and
IF(t o)l < a”(1+ o] )™
forall v € B.

6. Let y(H, E~*c) denote the space of y-radonifying operators from H to E~*C for some 0 < kg <
1, seee.g. [32, Section 3.1]. Then the map G: [0, T| x Q x B — «(H, E*¢) is locally Lipschitz

continuous in the sense that for all v > 0, there exists a constant Lg) such that

1G(t w, 1) = G(t,w,0)||, 1.656) < L [lu o]
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for all ||u|, ||v]] < rand (t,w) € [0,T] x Q. Moreover, for all u € B and h € H the map
(t,w) — G(t,w, u)h is strongly measurable and adapted.

Finally, G is of linear growth, that is, for suitable constant c’,
Gt @, )| a1 pvey < € (T [[ul])
forall (t,w,u) € [0,T] x QO x B.

Recall that a mild solution of (SCP) is a solution of the following implicit equation

X(t) = S(f)€+/OtS(t—S)F(s,X(s))ds+/0ts(t—s)c(s,X(s))de(s)
= S(HE+S*F(-, X(-))(t) + SoG(-, X(-))(¢) (3.3)

where
S f(t) = /O S(t —s)f(s) ds

denotes the “usual” convolution, and

Sog(t) = [ S(t—s)g(s)aWiu(s)

denotes the stochastic convolution with respect to Wg.

The result of Kunze and van Neerven that will be useful for our setting is the following.
We note that this was first proved in [32, Theorem 4.9] but with a typo in the statement which
was later corrected in the recent arXiv preprint [33, Theorem 4.9].

Theorem 3.3 ([33, Theorem 4.9]). Suppose that Assumptions 3.2 hold and let 2 < g < 00,0 < 6 <
3,0 <xg < § satisfy

0+xc < 1.1

G<5 q

Then for all ¢ € L1(Q), %o, IP; B) there exists a unique global mild solution
X e L1(Q0,C([0,T];B))
of (SCP). Moreover, for some constant C > 0 we have

E[IXI% o) < C- (1 +EE).

0,T];B

3.2 Preparatory results

In order to apply the abstract result of Theorem 3.3 to the stochastic Allen-Cahn equation on
a network we need to prove some preparatory results using the setting of Section 2.

On the edges of the graph G we will consider continuous functions that satisfy the conti-
nuity condition in the vertices, see Subsection 2.1. We will refer to such functions as continuous
functions on the graph G and denote them by C(G).

Definition 3.4. We define
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see (2.4), which can be looked at as the Banach space of all continuous functions on the graph
G, hence the norm on C(G) can be defined as

lullc) = max suplu, ueC(G),
]—1,...,7’VZ [0/1}

This space will play the role of the space B in our setting, hence we set
B:=C(G) and || - HC(G) = |- (3.4)
We will show that for 6 big enough the continuous, dense embeddings
0
Ep — B <= E,
hold, where
Ef, is defined for the operator A, on the Banach space E, as in (3.1). (3.5)

To do so, we first need a technical lemma, and define the maximal operator on E, as

i (Cl %) = Pm 0
A = (3.6)
p,max
0 £ (cnd) = pm
with domain

m
D(Apmax) = <H wzfp(0,1;yjdx)> ND(L), (3.7)

j=1

see (2.5) (2.6) in E;. Hence, the domain of A, max only contains the continuity condition in the
nodes.
Furthermore, define

Wo(G) =TT Ws? (0, 1; ), (3.8)
j=1

where
W (0,1; pidx) = W (0,1; jdx) N W, 7 (0,1 wjdx),  j=1,...,m.

That is, Wy(G) contains such vectors of functions that are twice weakly differentiable on each
edge and continuous on the graph with Dirichlet boundary conditions.

Lemma 3.5.
D(Ap,max) =~ Wy (G) x R",

where the isomorphism is taken for D (A, max) equipped with the operator graph norm.

Proof. We will use the setting of [27] for A = Apmax, X = E, and the boundary operator
L:D(L) C E, = R" =Y. Denote

AO = Ap,max|kerLz

which is the operator (3.6) with Dirichlet boundary conditions. Hence, it is a generator on E,,.
Clearly
D(Ap) = Wo(G) (3.9)
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holds.
We now choose A € p(Ap). Using [27, Lemma 1.2] we have that

D(Ap,max) - D(AO) EB ker(/\ - Ap,max).

Furthermore, the map
L: ker(A — Apmax) — R”" (3.10)

is an onto isomorphism, having the inverse
D, = (L|ker(A—Ap,max))_1: R" — ker(A — Apmax)
called Dirichlet-operator, see [27, (1.14)]. By [27, (1.15)],
D)L: D(Apmax) — ker(A — Apmax)

is the projection in D(Ap max) onto ker(A — A max) along D(Ap). Since D, L is continuous, by
the properties of the direct sum, see e.g. [42, Theorem 2.5], we obtain that

holds. Now using (3.9) and that (3.10) is an isomorphism, the claim follows. O

Lemma 3.6. For the space B defined in (3.4)
B = (Go[0,1])" x R"
holds.

Proof. Let u € B arbitrary and r := Lu € R". We can define the unique v* € B such that v} is
a first order polynomial for each j = 1,...,m taking values
v}’(vi) =r;, foreje I'(vi)j=1,....m, i=1,...,n
Then Lv* = r and
u—o" e (Colo,1)™.

Denote
By:={v":ueB}CB

a closed subspace. Clearly,
(Col0,1))" N By = {05}

and if u € B then u = (u — v*) + v* with u — v* € (Cp[0,1])" and v* € B;. Hence
B = (Co[0,1])" & Br.
By the construction of v* follows that since L : B — R" is onto,
Lig: By = R"

is a bijection. The operator L|p, is also bounded for the norm of B induced on B;. Hence, by
the open mapping theorem, it is an isomorphism. Denoting its inverse by

Li:= (L|g,) " : R" = By,
we obtain that
LiL: B— By

is the continuous projection from B onto B; along (Cy[0,1])™ . Hence, we can use [42, Theorem
2.5] and obtain
B = (Co[0,1])™ x R™. O
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Cor;lll;ry 3.7. Let Eg defined in (3.5). If 6 > ﬁ then the following continuous, dense embeddings are
satisfied:

E) < B < E,. (3.11)

Proof. We know that (A, D(A))) is sectorial and maximal dissipative, hence it is injective and
generates a contractive semigroup. By Remark 3.1 we have that

E) = D((=4)’)

for 6 € [0,1). It follows from [4, Theorem in §5.3.5] and [4, Theorem in §4.4.10] that for the
complex interpolation spaces

hence
ES = [D(—A,), Epl

holds with equivalence of norms. Defining (A max, D(Apmax)) as in (3.6), (3.7) we have that
D(Ap) = D(Apmax)

holds. Hence

E) < [D(—Apmax), Ep),- (3.12)
By Lemma 3.5,
D(—Apmax) = Wo(G) x R" (3.13)

holds, where Wy(G) is defined in (3.8). Since E, = E, x {Or+}, using general interpolation
theory, see e.g. [43, Section 4.3.3], we have that for 6 > ﬁ

m
[Wo(G) x R, Ep x {Orn}], <= (H w2 (0,1; y]-dx)) x R".
j=1

Thus, by (3.12) and (3.13)

m
Eg — (H Wge’p(o,l;y]-dx)> x R" (3.14)
i=1
holds. Hence,
E) — (Co[0,1])" x R” (3.15)

is true. Applying Lemma 3.6 we obtain that for 0 > ﬁ

E) — B (3.16)
is satisfied. Using Lemma 3.6 again, we have B — E,, and the claim follows. O

In the following we will prove that the part of the operator (A,, D(A,)) in B is the gen-
erator of a strongly continuous semigroup on B. First notice that by the form (2.11) of D(A)
and by (3.11)

D(Ap) C B— E, (3.17)

holds.
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Proposition 3.8. The part of (A,, D(Ap)) in B generates a positive strongly continuous semigroup
of contractions on B.

Proof. 1. We first prove that the semigroup (T, (t))s>0 leaves B invariant. We take u € B and
use that (T, (t))¢>0 is analytic on E, (see Proposition 2.8). Hence, T,(t)u € D(A,). By (3.17)
also
T,(t)u € B

holds.

2. In the next step we prove that (T,(t)[p)s>0 is a strongly continuous semigroup. By
[26, Proposition 1.5.3], it is enough to prove that there exist K > 0 and 6 > 0 and a dense
subspace D C B such that

(@) || Ty(t)||p < Kforallt € [0,6], and
(b) limy o Tp(t)u = u for all u € D.
To verify (a), we obtain by Proposition 2.8 that for u € B
1Ty (Dulls = Ty (Dulle. = [ Teo(Hutlle. < llulle. = [ulls,

hence
|T,(H)]p<1=:K, t>0.

To prove (b) take ﬁ <0< % arbitrary. By (3.11) we have that
D:=E)— B
with dense, continuous embedding. Hence, there exists C > 0 such that for u € D,
1Ty (H)u —ullp < C- [ Tp(#)u — ullg
=C-|ITy(t)(=Ap) u— (—Ap)°ullg, » 0, tlo0.

Summarizing 1. and 2., and using (3.17), we can apply [26, Proposition in Section II.2.3] for
(Ap,D(Ap)) and Y = B, and obtain that the part of (A,, D(A,)) in B generates a positive
strongly continuous semigroup of contractions on B. O

Corollary 3.9. The first order problem (2.1) is well-posed on B, i.e., for all initial data u € B the
problem (2.1) admits a unique mild solution that continuously depends on the initial data.

3.3 Main results

In this subsection we first apply the above results to the following stochastic evolution equa-
tion, based on (2.1). This corresponds to a slightly more general version of (1.1), see (3.33)
later.

Let (Q),.%,P) be a complete probability space endowed with a right-continuous filtration

F = (Z)te(o,1) for some T > 0 given. We consider the problem
uj(t,x) = (cju;)’(t,x) — pj(x)u;(t, x)
+ fi(t, x, uj(t, x))
ow;
. . _ =
+gi(t, x, uj(t, x)) ; (t,x), te(0,T], x€(0,1),j=1,...,m, (a) (3.18)
ui(t,vi) = ug(t,v;) = qi(t), te (0,T], VjteTl(vy),i=1,...,n, (b)
[Mq(t)]; = — it ijpjej(vi)ui(t, vi), te (0,T],i=1,...,n (c)
C 1j(0,x) = u;(x), xel[0,1],j=1,...,m, (d)
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where %, j=1,...,m, are independent space-time white noises on [0,1]; written as formal
derivatives of independent cylindrical Wiener-processes (wj(t));c(o, 7], defined on (Q, 7, P),
in the Hilbert space L?(0, 1; y1jdx) with respect to the filtration IF.

The functions f;: [0, T] x Q2 x [0,1] x R — R are polynomials of the form

2k
filt,w,x,n) = —a;041(t, w, x)yHt 4 Za]-,l(t,w,x)iyl, neER,j=1,...,m (3.19)
1=0

for some fixed integer k. For the coefficients we assume that there are constants 0 < ¢ < C < o0
such that

c < aj,2k+1(t,w,x) <C, a]-,l(t,w,x)‘ <(C, forallj=1,...,m, 1=0,2,...,2k,

for all x € [0,1], t € [0,T] and almost all w € Q, see [32, Example 4.2]. The coefficients
aj;: [0,T] x Q% [0,1] — R are jointly measurable and adapted in the sense that for each j and
I and for each t € [0, T], the function aj;(t,-) is 7 ® Bjy,1j-measurable, where B denotes
the sigma-algebra of the Borel sets on [0, 1].

We further assume a technical assumption regarding the graph structure that will play and
important role in our setting.

Assumption 3.10. For the coefficients in (3.19) we assume that
(al,l(t,a),-),...,Lz,n,l(i,‘,a),-))T €Bforalll =1,...,2k+1,
t € [0, T) and almost all w € Q).

Remark 3.11. If the coefficients in (3.19) do not depend on j — that is, they are the same on
different edges —, and satisfy

a(t,w,-) =ay(t,w,-) €C01], te[0,T,weQ, j=1,...m 1=1,...,2k+1

and
a;(t,w,0) = ay(t,w,1), foralll =1,...2k+1,

then Assumption 3.10 is fulfilled. This is the case e.g. if a;s are constant (not depending on x).

For the functions g; we assume

i [0,T] xQx[0,1]]x R— R, j=1,...,m arelocally Lipschitz continuous
and of linear growth in the fourth variable,

uniformly with respect to the first three variables. (3.20)

We further assume that the functions are jointly measurable and adapted in the sense that for
each jand t € [0,T], gj(t,-) is # ® Bjp1) ® Br-measurable, where By} and Br denote the
sigma-algebras of the Borel sets on [0, 1] and R, respectively.

The above assumptions on the coefficients on the edges, except for Assumption 3.10 which
is specific for the graph setting, are analogous to those in [32, Section 5] and [33, Section 5].

To handle system (3.18), we rewrite it in the form of the abstract stochastic Cauchy-problem
(SCP). To do so, we specify the functions appearing in (SCP) corresponding to (3.18).
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The operator (A,D(A)) = (Ap, D(A,)) will be the generator of the strongly continuous
analytic semigroup S = (T,(t));>0 on the Banach space E := E, for some large p > 2, see
Proposition 2.8 and Lemma 2.9. Hence, E is a UMD space of type 2.

For the function F: [0, T] x Q) x B — B we have

F(t,w,u)(s) == (fi(t,w,s,u1(s)), ..., fu(t,w,s,um(s)))", s € [0,1]. (3.21)

Since B is an algebra, Assumption 3.10 assures that F maps [0, T] x Q) x B into B.
To define the operator G we argue in analogy with [33, Section 5]. First define

H = E2

the product L?-space, see (2.3), which is a Hilbert space. We further define the multiplication
operator I': [0,T] x B — L(H) as
«1(t,s,u1(s)) ... 0 hi(s)
[T(t,u)h] (s) := : : -1+ |, s€(01), (322
0 e Gm(t, s, up(s)) B (s)
for u € B, h € H. Because of the assumptions (3.20) on the functions g;, I' clearly maps into
L(H).
Let (A2, D(A2)) be the generator on H = E,, see Proposition 2.5, and pick g € (3, 3)- By
(3.14) in the proof of Corollary 3.7 we have that there exists a continuous embedding

m
1: B¢ — ( HSKG(O,l;y]-dx)> x R" = H,
=1

where H is a Hilbert space. Applying the steps (3.15) and (3.16) of Corollary 3.7 we obtain
that H# — B holds, and by (3.11), there exists a continuous embedding

J:H—Ep

for p > 2 arbitrary.
Define now G by

(—Ap)*¢G(t,u)h =11 (—Az) *CI'(t,u)h, ueB heH. (3.23)
Proposition 3.12. Let p > 2 and kg € (, 1) be arbitrary. Then the operator G defined in (3.23)
maps [0, T| x B into y(H, E,"°).

Proof. We can argue as in [39, Section 10.2]. Using [39, Lemma 2.1(4)], we obtain in a similar
way as in [39, Corollary 2.2]) that j € y(H, Ep), since 2xg > % holds. Hence, by the defini-
tion of G and the ideal property of y-radonifying operators, the mapping G takes values in
v(H, E, ). d

The driving noise process Wy is defined by

ZUl(t)
Wi (t) = : , te[0,T], (3.24)

and thus (Wg(t))sco,r) is a cylindrical Wiener process, defined on (), #,P), in the Hilbert
space H with respect to the filtration IF.

We will state now the result regarding system (SCP) corresponding to (3.18).
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Theorem 3.13. Let F, G and W defined in (3.21), (3.23) and (3.24), respectively. Let q > 4 be
arbitrary. Then for every { € L1(Q), %y, P;B) a unique mild solution X of equation (SCP) exists
globally and belongs to L1(); C([0, T|; B)).

Proof. The condition g > 4 allows us to choose 2 < p < 0, 0 € [0, %) and k¢ € (i, %) such that

1
9>Z (3.25)
and 11
0§9+KG<*—*.
2 q

We will apply Theorem 3.3 with 6 and xg having the properties above. To this end we
have to check Assumptions 3.2 for the mappings in (SCP), taking A = A, and E = E, for
the p chosen above. Assumption (1) is satisfied because of the generator property of A,, see
Proposition 2.8. Assumption (2) is satisfied since (3.25) holds and we can use Corollary 3.7.
Assumption (3) is satisfied by the statement of Proposition 3.8. Using that the functions f; are
polynomials of the 4th variable of the same degree 2k + 1 (see (3.19)), a similar computation
as in [32, Example 4.2] and [32, Example 4.5], using techniques from [23, Section 4.3], shows
that Assumptions (4) and (5) are satisfied for F with N = m’ = 2k + 1. By Proposition 3.12, G
takes values in y(H, E, ") with H = E; and k¢ chosen above. Using the assumptions (3.20)
on the functions g; and the proof of [39, Theorem 10.2], we obtain that G is locally Lipschitz

continuous and of linear growth as a map [0, T] x B — (H, E,"°), hence Assumption (6)
holds. O

In the following theorem we will state a result regarding Holder regularity of the mild
solution of (SCP) corresponding to (3.18), see (3.3).

Theorem 3.14. Let g > 4 be arbitrary, A,y > 0 and p > 2 such that A +n > ﬁ. We assume that
& e L0 E;H”), where k is the constant appearing in (3.19). If the inequality

1 1

is fulfilled, then the mild solution X of (SCP) from Theorem 3.13 satisfies
X e L0 CM([0, T, E))).
Proof. Using the continuous embedding (3.11), we have that
¢ e L@+, B)

holds. Since (2k +1)g > 4, by Theorem 3.13 there exists a global mild solution

X e L&*V1(0; ([0, T], B)).
This solution satisfies the following implicit equation (see (3.3)):

X(t) =S(t)+S*F(-, X(-))(t) +SoG(-, X(-))(t), (3.27)

where S denotes the semigroup generated by A, on E,, * denotes the usual convolution, ¢
denotes the stochastic convolution with respect to V. In the following we have to estimate the
L9(0; C*([0, T], E}))-norm of X, and we will do this using the triangle-inequality in (3.27).
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For the gth power of first term we have

IS(H)E = S()¢llgy | *
ElIS()ENE om0 = E A

( IIS(h)C—é‘IIEz>q
<E| sup —

hel0,T] ‘h|

. N q

:E<$mnam<Am%A<Am%hﬂ_ (3.28)

helo,T) |h|

By assumption, (—A,)"¢ € D((—Ap)") holds. Applying [26, Proposition 11.5.33] we obtain
that (—A,)"¢ lies in the Holder space of order A on E,, denoted by C;. Hence,

IS(h) (=Ap)"E — (=Ap)"ClE,
sup 1
helo,T] |h|

where || - ||f,, denotes the Favard norm of order A on E,, see [26, Definition I1.5.10]. Fur-

— (=AY e, < oo,

thermore, because of the continuous inclusion D((—A,)*) < C;,\, we have that there exists
¢ = c(A) such that

I(=Ap)"¢llr,, < ¢ 1(=Ap)"Ellgy = - I(=Ap) 2] g,
Hence,

E[|S(-) < c-E[(=Ap)"ElIE, < oo

é’HcA [OT E’?
by assumption.
To estimate the gth power of the second term

E[|S « F(-, X(- ))HCA (0.TLE))
we choose 0 > ﬁ such that
1
Adn+60<1-— E

We will use [39, Lemma 3.6] with this §, « = 1, and g instead of p, and obtain that there exist
constants C > 0 and ¢ > 0 such that

||S * F('/X('))HCA([O,T],EZ) S CT£||F(, X(.))HL‘?(O,T;EEQ)' (329)

We have to estimate the expectation of the gth power on the right-hand-side of (3.29). By
Corollary 3.7 we obtain
B E, = E,°,

since 6 > 5 holds and (v’ — A,)~? is an isomorphism between E, % and E,. Using this and
Assumptlons 3.2(5) with m’ = 2k + 1 (which holds by the proof of Theorem 3.13), we have

EIFCXON e = E ) IF XG4
SE [ IEG X)) s

<]E/ L+ [1X() |57 ds

S1+E sup [|X(5)] 57,
te[0,T]
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where < denotes that the expression on the left-hand-side is less or equal to a constant times
the expression on the right-hand-side. This implies that for each T > 0 there exists Cr > 0
such that

1

i 2%k+1
(BIS* FCXON oy ) < Cre (L IXO B acomsy) . G0

and the right-hand-side is finite.
To estimate the stochastic convolution term in (3.27) we first fix 0 < a < % such that

A+ —|—1 <0¢—1
T3 q
holds. We now choose «¢ € (1, 1) such that
1
/\+77+KG <0(—5

is satisfied. Applying [39, Proposition 4.2] with 6 = x¢ and g instead of p, we have that there
exist ¢ > 0 and C > 0 such that

q
E|S 0 G X(D Ly 1,1 <cm/0 Els = (t =)™ G(s, XN 120007 -

In the following we proceed similarly as done in the proof of [32, Theorem 4.3], with N =1

and q instead of p. Since E,"° is a Banach space of type 2 (because E, is of that type), the

continuous embedding
L*(0,t;v(H, E,*¢)) < y(L*(0,t; H), E, ")

holds. Using this, Young’s inequality and the properties of G, respectively, we obtain the
following estimates

—
E S0 Gl X(N L o605 T”/o Ells = (t =) "Gls XD g 0 .70,

‘7

_ T“/IE/ </ 2 G(s, X (s ))Hi(H,E;KG) ds> dt
— 0 0 W(H’Er’ G)

T
T (1 [ (14 X ()]8)" d
0

IN

l_(x £
< Tt gt (). (1 +IE||X(t)HZ;([o,T],B)> '

Hence, for each T > 0 there exists constant C;. > 0 such that

1

q
(1566 XO gy ) < Cre (1+ IXOluwnacqon.)

2k+1
) (3.31)

In summary, by (3.28), (3.30) and (3.31), we obtain that X € L1((); cM([o, T), EZ)) holds, hence
the proof is completed. O
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We are now in the position to finally consider (1.1). Let

p = max, Bj-
We also introduce
fitn) = f(n) = = + B*n. (3.32)
and
0j = p*—p; 2 0.

With these notations, we can rewrite (1.1) in an equivalent form as

wj(t,x) = (cjuy)' (t, x) — pi(x)u;(t, x)
+ fi(uj(t, x))
+gj(t,x,uj(t,x))aaa:(t,x), te(0,T], x€(0,1),j=1,...,m, (3.33)
ui(t,vi) = ug(t,vi) = qi(t), te (0,T], Vj,LeTl(v),i=1,...,n,
[Mq(t)]; = — Ll pijpjc;(vi)uj(t,vi), te(0,T], i=1,...,n,
u;(0,x) = uj(x), xel0,1],j=1,...,m,

with p;(x) := pj(x) + 0, j=1,...m.
We define the operator A, on E, as in (2.5) with ;’s instead of p;’s and with domain (2.11).

Theorem 3.15. Let F, G and W defined in (3.21), (3.23) and (3.24), respectively, for the system (3.33).
Let q > 4 be arbitrary. Then for every { € L1(Q), %, P; B) a unique mild solution X of equation (SCP)
corresponding to (3.33), which is equivalent to (1.1), exists globally and belongs to L1(QY; C([0, T|; B)).
Let A,y > 0, p > 2 be arbitrary constants such that A +n > ﬁ. If& e L3y E;‘Jr”) and the
inequality

1 1

)\+T]<1—a

is fulfilled, then X € L1(Q; C*([0, T], E})).

Proof. First note that the coefficients f; stay nonnegative as the constants ¢; are nonnegative.
Furthermore, the nonlinear terms f; = f in (3.32) are of the form (3.19) with k = 1 and constant
coefficients. Hence, Assumption 3.10 is fulfilled by Remark 3.11. The statement then follows
from Theorems 3.13 and 3.14. O

3.4 Concluding remarks

In equation (3.18a) we could have prescribed coloured noise instead of white noise on the
edges of the graph. That is, we could set

uj(t,x) = (cju})’(t,x) — pi(x)u;(t, x)
+ fit x,u(t, x)) (3.34)

ow;
+ gi(t, x, uj(t,x))Rja—t](t,x), te(0,T], x€(0,1),j=1,...,m,
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with R; € y(L?(0,1; pjdx), LP(0,1; u;dx)). Then we define

Ry ... O
0 ... Ry

with H = E; and p > 2 arbitrary. Using this, we can define the operator G : [0,T] x B —
v(H,Ep) as
G(t,u)h :==T(t,u)Rh, h € H,

where the operator I : [0, T] x B — L(H) is defined in (3.22). It is easy to see that G satisfies
Assumptions 3.2(6) with kg = 0. For example, if u,v € B with ||u]|, ||| < r, then

IG(t,u) = G(t,0) [y e,y < T8 ) =T(E0) | 2, - [R5 mE,)
< LY flu—ollp - IR |y s ,)

where L(") is the maximum of the Lipschitz-constants of the functions gj on the ball of radius .

If setting (3.34) instead of (3.18a), Theorem 3.13 remains true as stated; that is, for g > 4,
but one may use a simpler Hilbert space machinery; that is, one may set p = 2 in the proof.
However, in the coloured noise case, Theorem 3.13 is true also for g > 2. But this can only be
shown by choosing p > 2 large enough in the proof and hence, in this case, the Banach space
arguments are crucial.

In Theorem 3.14, if one takes p = 2 (Hilbert space) and q > 4, then the statement is true
for A +7 > 1 with

1 1

instead of (3.26). In this case R will be a Hilbert-Schmidt operator whence the covariance
operator of the driving process is trace-class. However, the statement of the theorem remains
true for g > 2 as well assuming (3.35) instead of (3.26), but only for the Banach space E, for p
large enough so that A +# > ﬁ.

The statements of Theorem 3.15 could also be changed accordingly.
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