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Abstract—In the context of positioning an agent with a single-
anchor, this contribution focuses on the Fisher information about
the position, orientation and clock offset of the agent provided
by single-bounce reflections. The availability of prior knowledge
of the agent’s environment is taken into account via a prior
distribution of the position of virtual anchors, and the rank,
intensity and direction of provided information is studied. We
show that when no prior knowledge is available, single-bounce
reflections offer position information in the direction parallel to
the reflecting surface, irrespective of the agent’s and anchor’s
locations. We provide a geometrically intuitive explanation of
the results and present numerical examples demonstrating their
potential implications.

Index Terms—positioning,
single-bounce

localization, NLOS, reflection,

I. INTRODUCTION

Although the majority of practical positioning systems rely
heavily or even exclusively on line-of-sight (LOS) propaga-
tion, the role of non-LOS (NLOS) propagation in wireless
positioning has been widely studied. Traditionally, the focus
has been on the mitigation of the negative impact of NLOS
paths on positioning accuracy [1], with some approaches
completely disregarding NLOS links and others aiming to
correct the NLOS-induced bias in the range estimate [2[]. An
alternative approach is to treat the NLOS paths as additional
sources of position information, as proposed in [3]. In [3]],
it was shown that given distance, angle of departure (AOD)
and angle of arrival (AOA) measurements of a single-bounce
NLOS path, the receiver (Rx) can lie on a line segment, and an
algorithm exploiting this observation was presented. A similar
approach for mobile agents was presented in [4].

Such approaches became much more relevant for fifth gen-
eration (5G) networks [5[]. The upcoming exploitation of the
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large chunks of available bandwidth at millimeter-wave (mm-
Wave) frequencies and the use of antenna arrays with a large
number of elements, enable the possibility of highly accurate
temporal and angular measurements, and improve the sepa-
rability of multipath components [6]. The increased temporal
and angular resolution has made single-anchor positioning [/7/|]
an attractive option when links to multiple anchors may not be
available. The usefulness of NLOS paths in achieving high-
accuracy positioning with a single-anchor, even in the absence
of the LOS path, has been experimentally demonstrated in [5].
Algorithms for single-anchor localization and mapping have
been presented in [8]], [9] and [10] among others. In [11]] it was
shown that, in a two-dimensional (2D) setup, the set of time
of arrival (TOA), AOD and AOA measurements from a single-
bounce reflection contributes a rank-1 equivalent Fisher infor-
mation matrix (EFIM) for a receiver with unknown position
and orientation. The corresponding eigenvalue of the position
and orientation EFIM was computed analytically, showing
that all 3 measurements are required for extracting additional
position information from NLOS components. In [[12] it was
shown that single-bounce NLOS components can be helpful in
resolving the clock offset between an imperfectly synchronized
transmitter-receiver pair, allowing for accurate single-anchor
positioning.

In this letter, considering flat reflecting surfaces, which we
refer to as reflectors, we extend the work of [3]], as well as [[11]]
and [[12], as follows:

o We show that, when no prior information about the reflec-
tor is available, the direction of position information is
parallel to the reflector and independent of the transmitter
(Tx) and Rx position. Hence, the line segment where the
receiver can lie given the measurements of a NLOS path,
as identified in [3|] and depicted in Fig. [2] of the present
work, is always orthogonal to the reflecting surface.

« By encoding prior information about reflectors as prior
distribution of the location of their corresponding virtual
anchors (VAs), we study the effect of the accuracy of prior
information on the intensity and direction of position
information offered by single-bounce reflections.

II. SYSTEM MODEL

The Tx consists of an array with Nt antennas and reference
point located at pr = [x1, yr]T € R?, where ()T denotes
transposition. For the j-th element of the Tx array, dt,; and
Yr,; are its distance and angle from the Tx array’s reference
point as shown in Fig. [I] The position of the j-th element
of the Tx array is given by pr; = pr + drju(yr,;) €
R2, j =0,...,Nr— 1, where u(y) = [cos(y), sin(y)]T.
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Fig. 1. Geometric model, example with uniform linear arrays (ULAs) at the
Tx and the Rx.

The Rx consists of an array with Nr antennas, orientation
ar (with respect to the Tx array’s orientation) and reference
point located at pg = [xg, yr]T € R%. The position of antenna
elements at the Rx array are defined similarly as for the Tx.
Between each Tx-Rx pair of antennas there are L discrete
propagation paths, where the first path (I = 0) is the LOS path
and the rest (/ = 1,..., L — 1) are single-bounce NLOS paths.
The [-th single-bounce NLOS path results from a reflection
on a flat surface with normal vector w(6r;) and point of
incidence ps; = [x,1, vs.1]T. Each single-bounce NLOS can
be viewed as a direct path resulting from a VA, with the [-th

VA located at pya; = [xva., yVA,l]T, l=1,...,L—1. The
length of the /-th path is given by dj, i.e. d; = ||pr — pr|2 for
[ =0 and d; = ||pr — pva.ill2 for [ # 0, with || - ||2 being the

Euclidean norm. The AOAs are defined as

(D

_ Jatan2(yt — yR, Xt — XR), =0
atan2(yva,; — YR, Xva,; —*r), [ #0,

with atan2(y, x) being the four-quadrant inverse tangent func-
tion. The AOAs in the local frame of the Rx are defined as
Or=6ri—agr, [ =0,...,L—1. With the observation that for
a single-bounce reflection it holds that ;= (61,1 +0r.1)/2,
the AODs can be expressed as

GR,O -7, l = 0,
Ot = 2
2atan2(yva,; — YT, Xva,  —x1) —Or, [ #0.

The array dimensions are much smaller than the distances
between Tx, Rx and reflectors. Thus, the delay of the [-th
path from Tx element j to Rx element i can be approximated
by Tll] ~ 7 — 71,j(0r1) — R,i(OR 1), Where TT](HTI) =
drjut(Yr Hu(lry)/c, wi(Ory) = driut(Yr)u(lry)/c
and
=0,

_ {(MpR = prll> + da) /e, .
I #0,

(llpr = pvallz +dak)/c,

where d.x = ceqx, with €. as the clock offset between Tx
and Rx and ¢ as the speed of light.

An orthogonal frequency-division multiplexing (OFDM)
waveform with N subcarriers and subcarrier spacing Af is
considered’] The set of indexes of used subcarriers is de-
noted by £, with # ¢ {-N/2,...,N/2 — 1}. A narrow-
band signal model is assumed, i.e. B/f. < Ac/Dmax, Where
B =~ Af(max(®) — min(P)) is the signal bandwidth, f. and
A are the carrier frequency and wavelength, and D, is the
largest dimension of the Tx and Rx arrays. The received signal
at the p-th subcarrier (for p € P) is

ylpl =m[p] +nlpl, 4)
where n[p] ~ Nc(0, o; I Ng) is the additive white Gaussian
noise (AWGN) at the p- th subcarrier and

mlpl= Y e ag(Br)al@rzlpl. ()

with h; € C being the gain of the [-th path, w, = 2rpAf, and
x[p] € CNT being the reference signal of the p-th subcarrier.
With w, = 2rf., the Tx array steering vector ar(fr;) is

ar(fry) = [ @eT O decrv GroT e Nt ()
with the Rx steering vector aR(éR,l) defined similarly.
III. CRAMER-RAO LOWER BOUND

We first define the channel parameter vector ¢ € R as

¢ = [10,01,0,0r,0. by - . .,

and the position parameter vector ¢ €

TL-1,01,0-1,0r, -1, h] 1, 1%, (D)

R4L+2 as

d; = [pR, QaR, dclk’ PVA,15--->PVA,L-15 hga h’-]r’ ) h’{,l]T~ (8)

According to the Cramér-Rao lower bound (CRLB), the co-
variance matrix C's of any unbiased estimator 5& of ¢ satisfies
C&’ - J ' > 0 [13], where = 0 denotes positive semi-
deﬁmteness and Jg € RAL+2X(EL+2) s the hybrid Fisher

information matrix (FIM) of ¢ given by J ;= J 2 Jg)),
with Jd(;p) and Jé) accounting for the prior and observation—

related information on ¢, respectively. We note that the hybrid
FIM and the corresponding CRLB characterize the estima-
tion performance for a deterministic q~b, where two sources
of information are used: the received 51gnal and the prior
p(@) [14]. The observation-related FIM J ©) can be obtained

based on the FIM J;O) of the channel parameter vector ¢
as Jg) = TJ(;O)TT. The entries of J(;O) e RISL and

T € RHA2SL are given by

JO| - m|p] =l 5L
[ ¢ ]i,j 2 Z 6¢l 6¢j b ©)

[T]i7j=8¢j/6¢i, i=1,...,4L+2, j=1,...,5L, (10)
where m! is the conjugate transpose of m and R{m} is

its real part. Details on the required derivatives can be found
in [12]. The Rx position error bound (PEB) is defined as

Rx PEB = [[J21],  +[J3'],, (11

'We note that although an OFDM waveform is used for the analysis, the
results are applicable to any other waveform.



and the PEB for the VAs is defined in a similar manner.

The Rx has prior information on the clock offset
p(€ly) = N (€} €ciks Clk) and the VAs’ locations p(p\,A D=
N (p{,A’ 1> PVA.I> ZVA pr.1), Which encode map information about
reflectors available at the Rx, with N'(x; , X) denoting that «
follows a Gaussian distributiorﬂ with mean p and covariance
Y. The hybrid FIM of the position parameter vector is

0 0

(o) T T
J5=TJ)'T el (12
é= 0 JVA,pr] (coer)? e (12
where
-1
2'VA,pr,l 0 0
Tvapr= o g RAH(E-a(LD) (13)
2'VAprL 1 0
0 0 0

and Eyapry € RP? for [ = ,L — 1 is the covariance
matrix of the /-th VA’s location given by

B UZ pior o1 | [ul (k)
Zvapr=[w(0r,1) i (0r.1)] ,Othz,nl(sz,l o2, HUI (GR,I)]’
with v, () = u(6 —n/2) and e; being the i-th column of the
identity matrix of the appropriate size..

We employ the EFIM [16]], to focus on the available
information on the paramters of interest. Splitting 1" as T =
[Tpl;C TT ]T with Tjoc € R*#SL comprising the first four rows
of T correspondmg to the position and orientation parameters
and clock offset and Ty, € R**(L-15L jncluding the rest
of the rows of T', the EFIM for the position and orientation
parameters and clock offset is given by

T

JpocszocJ¢T (14)

poc

D ST T AT T o
where JVA = TVAJ¢T$A + JVA,pr-

Making use of the fact that for large bandwidth and number
of antennas the paths become asymptotically orthogonal [6],
Jg’) becomes a diagonal matrix. Indexing the diagonal el-

ements of Jéo) by the parameter they correspond to, e.g.

Jro = [, (o )]1 1, it can be shown that (T4) can be written as
J=, Joro T Jor o T

> ZTOZ + — > Z‘L)T,OZOT,O + _d2 ZHR,OzQR,O
¢ 0 0

Jpoc =

6464

+ ) Ji+ —-,
Z (Co-clk)2
where the EFIM J; of the /-th NLOS path is

5)

Jl = [ZTI’ zf}ryl’ ZHRYI]MZ [ZTla zf)rvla ZHRYI]T/|JVA,I|7 (16)

with
zg = [-uT(0ry), O, 1]T, a17)
zop, = [ul(6r1), 0, 0], (18)
zoe, = [ul(Ore), —di O]T. (19)

2In practice, the prior might be non-Gaussian. Nevertheless, the results in
the paper are valid for any prior, with trivial modifications. Additionally, the
Gaussianity assumption allows us to obtain a worst-case performance bound,
as the Gaussian distribution maximizes the CRLB for a given covariance [15]].

PVAL - !

e
Pya,1
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Fig. 2. Potential solutions for pRr, ps ; and pya ; explaining the measurements
for a single-bounce reflection.

The entries of M; € C*3 and |Jya | in are given in the
Appendix.

IV. GEOMETRIC INTERPRETATION OF POSITION
INFORMATION

It is interesting to carefully examine and obtain geometric
intuition on the position information for the cases of perfect
and no knowledge of the VA’s position. The former case is
straightforward: from (I6) for oy, 07, — 0 we get

Ji = J_TZZZTIZ + Ton zeleng Hl;l ZHR,IZERJ'

¢ ; d;

As expected, in this case the NLOS path acts in the same way
as LOS path. Using and (T7)-(19) we can see that the
rank of J; is equal to 3, with each of the measurements pro-
viding position and orientation information independently: the
TOA provides position information in the radial direction, the
AOD and AOA provide position information in the tangential
direction and the AOA provides orientation information.

In the case of no knowledge of the VA’s location, i.e.
07,)» 07,1 — ©o, it can be shown that (T6) becomes

(20)

Ji=jiziz] 1)

. JT J9T JH

Jr= PR : 22)
| Jva,ile?d;ds , cos*(A6;/2)

zp = [UI(Gref,z), —drs,1 cos(AG;/2), sin(A6;/2)]T,  (23)

with dts; = |Ipsg — prll2 and drs; = PR — Psll2. We
can observe from that, as first noted in [11]], J; has
rank 1. Furthermore, from @]) and Fig. E], we conclude that
the direction of position information is always parallel to the
reflecting surface and independent of the Tx and Rx location.
At first glance, this is a surprising result, since for LOS paths
and NLOS paths with perfect knowledge of the corresponding
VAs’ location the direction of position information depends
on pr and pr. A geometrically intuitive explanation of this
result can be obtained from Fig. 2] In Fig. 2] we consider
a single-bounce reflection and plot two potential geometries
{Pr, Ps.1.PvA,1} and {pl’z,p;’l,p{m’l} that would produce the
same TOA, AOD and AOA. In fact, there are infinitely many
such geometries, parametrized as

PR = Ppr — (77 — &) u(Or,1) + 22 cos(AG; [2)u(Oret,1), (24)
DVA,l = PT + 24 c0s(A6; /2)u(Brer,1), (25)
Ds,1 = pr + Au(f1), (26)
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Fig. 3. Simulation scenario.

with 0 < A < ¢(77 — k). As can be seen in (]Zf[), the locus of
Pr is a line segment normal to the reflecting surface. Hence,
the NLOS path associated with the reflection provides position
information only in the direction that is perpendicular to this
line segment, i.e. in the direction parallel to the reflecting
surface. An implication of this result is that information
from single-bounce paths from parallel (or close to parallel)
reflecting surfaces may not suffice for agent localization. A
further practical implication of the geometric interpretation
is that it can be useful in determining which reflectors are
more useful to compute the position of the agent. One has
to choose the reflectors that provide "more diversity", i.e.
more information with direction which is orthogonal to the
directions provided by the LOS and other reflections.

V. NUMERICAL RESULTS

A. Simulation setup

We set fo = 38GHz, N = 1024, Af = 120kHz,
P = {-420,...,-1,1...,420} and B =~ 100MHz. The
entries of x[p] have constant amplitude and random phase,
with E[||:1:[p]||§] = 0dBm. The noise variance is 0',27 =
1001+ No) NA £ where Ng = —174dBmHz™! is the noise
power spectral density and ngryx = 8 dB is the Rx noise figure.

We consider the scenario depicted in Fig. [3] where the Tx
lies at the origin and the Rx at pgr = [12.5,5]Tm. The Tx
has a ULA with 32 antennas and the Rx has a UCA with 16
antennas and orientation ag. The VAs resulting from single-
bounce reflections at the rooms’ walls are located at pya,; =
[0,-25]Tm, pya> = [0,25]Tm and pyas = [60,0]Tm. In
order to concentrate on the potential implications of the results
presented in Sec. we assume that the Rx orientation agr
is known and the Tx and Rx are perfectly synchronized. We
consider two NLOS-only cases:

o case A: the paths corresponding to the 1st and 2nd VAs
are received;

« case B: the paths corresponding to the Ist and 3rd VAs
are received.

The amplitude of the complex path gain of the /-th path is
|| = +fyid/(4nd;), where y; = 0.1 VI, is the reflection
coefficient, and the phase is uniformly distributed.

60 @@= ~-"--"""-"-F=-===-----
| Je,/?
2 L —@— 1st eigenvalue
T'; 40 B —- 2nd eigenvalue
§o 3 N\ + e )4
M 20
0 L L1 L] ‘ L -
1072 10! 10° 10!
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(a) Eigenvalues of J.
100 T \\\\H‘ \\\\\H‘ T \\\\\H‘

Eigenvector direction in °
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—l- 2nd eigenvector
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1072 107! 10° 10!
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(b) Direction of eigenvectors of J.

Fig. 4. Eigenvalues and directions of eigenvectors of the EFIM J; of VA 1
as function of the prior VA position error oref.

B. Results

From the analysis in Sec. [[V] we have a clear picture about
the position information offered by single-bounce NLOS paths
under perfect or no prior knowledge of their corresponding
VAs locations. To gain more insight about the intermediate
cases, setting p;1 = 0 and oy = o011 = o-ref/\/i, we
plot the eigenvalues and the directions of the eigenvectors
for varying oy in Fig. f] We see that, as expected, when
knowledge about the VA’s position is accurate (o — 0), for
known orientation and perfect synchronization (in this case
Zg, = zgy, = wi(Ory)), Ji has two strong eigenvalues,
with the eigenvectors pointing in the radial and the tangential
direction. As oyr increases, the strongest eigenvalue decreases,
starting from J., /c? and converges to ji, while the second
eigenvalue vanishes, resulting in a rank-1 Jj;. The direction
of the eigenvector corresponding to the strongest eigenvalue
gradually changes from 0g ;+7 (radial direction), to O, 1 +7/2,
that is parallel to the reflecting surface.

In Fig. 5] we plot the PEB of the Rx and VA 1 for the
two considered cases as functions of o.f. We set again p; =
0and oy = 01, = ot/ V2, | = 1,2,3. We see that for
0wt — 0 the PEB of VA 1 converges to 0, while the Rx
PEB converges to its lowest value as the two paths behave
as LOS paths, providing position information in independent
directions. In case A, as oyf increases, the two paths provide
position information in almost the same direction, as they arise
from parallel reflecting surfaces, with the available information
in the orthogonal direction decreasing with increasing orer. As
a result, for high values of oy (i.e. less accurate prior) the
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PEB of the Rx and VA 1 grows linearly with oicf. For moderate
values of oref (< 1 m), good positioning accuracy is achievable
as, the directions of the strongest eigenvectors of J; and J, are
sufficiently distinct. On the contrary, in case B, the PEB of the
Rx and VA 1 saturates for high values of o, as the two paths
provide position information in different directions, resulting
from the two perpendicular walls. Therefore, combining the
two NLOS paths, the Rx and VA positions can be resolved.

VI. CONCLUSION

We provided an analysis of the Fisher information on po-
sition, orientation and clock offset provided by single-bounce
NLOS paths. The effect of prior map information on the posi-
tion information was studied. It was shown that when no prior
knowledge is available, the direction of position information is
always parallel to the reflecting surface, independent of theTx
and Rx position. We also provided a geometrically intuitive
explanation of the result. Numerical examples considering a
practical room geometry showed that, as a consequence of the
aforementioned analysis, the availability of different multipath
components can have a significant impact on the achievable
positioning accuracy.

APPENDIX
ENTRIES OF M; AND |Jya ;| IN (16)

The entries of M and |Jya | in (I6) are given by

J 1 Jo G
[Mi]y == Jor A°F + ———|Jor B+ — + ——
¢ (1=pp)og i o,
Jor, [ Iz 1
[Ml]2,2:_q —ZF+—P 5
d12 c? (1 —plz)O'lz,”
J9R1 Jr: G
[Ml]3’3=—' Jo, BZQ+— —l+JgT A+—1],
a2\ (1-pha} | ! o7
Je Jor, i
[Mi]y2=[Mil,, Z—T;d—l AF+sz— .
s oa (1=pj)or 01,1

Jor,s Pl
a \(1-p?)
1 P;)0101,L

I
[Mi],5=[M]s, = C_zl —Jo, AB|,

Jor., J A
_Yor 9R2,l BO + . Pl

d d (I=pp)oou.
P+J9TJB(B+2p[A0'l,||/0'1’J_)

[Ml]2,3 = [Ml]3,2 =

J
| Jva.l = —CTZI (Jor, B>+ F) +
2
+J9T,IA F,

where A = tan (%)/dq‘,s,l, B = l/dl—l/d"r,s,l, AG; = 9]2,1—91“,1,

Jog 1 Jo
F=-"234+ —— —  G=14+2pi01107..Je,,AB, P = —L +
dl2 (l_pl2)0—12,L, P101,1101, LY 01, s d12

| Iz 1
and Q=+ + —5—.
(rlzyl Q c? (l—plz) 0'12"I
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