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Abstract

Laser-plasma electron accelerators can be used to produce high-intensity x-rays, as electrons
accelerated in wakefields emit radiation due to betatron oscillations. Such x-ray sources inherit
the features of the electron beam; sub-femtosecond electron bunches produce betatron sources
of the same duration, which in turn allow probing matter on ultrashort time scales. In this paper
we show, via Particle-in-Cell simulations, that attosecond electron bunches can be obtained
using low-energy, ultra-short laser beams both in the self-injection and the controlled injection
regimes at low plasma densities. However, only in the controlled regime does the electron
injection lead to a stable, isolated attosecond electron bunch. Such ultrashort electron bunches
are shown to emit attosecond x-ray bursts with high brilliance.
Supplementary material for this article is available online
Keywords: laser wakefield acceleration, PIC simulation, sub-femtosecond electron beams,
betatron radiation
(Some figures may appear in colour only in the online journal)

1. Introduction

the right energy, they will remain in the accelerating phase of
the plasma wave electric field, and gain relativistic energies.
Since the first experiments demonstrating mono-energetic
multi-MeV electron beams [2–4] there has been a rapid growth
in the achievable energy and quality of the electron beams.
Currently available LWFAs reach up to GeV-energy levels in
only a few centimeters [5, 6]. Furthermore, increased control
over the electron beam parameters has also been achieved, in
particular through the development of techniques for electron
injection in the plasma wakefield. One such example is the
so-called gradient injection, achieved by introducing a density
down-ramp early in the electron acceleration region [7, 8],
which allows for the tunability of the injected charge and of
its energy profile [9, 10].
In addition to their energy gain, electrons perform transverse oscillations in the wakefield, which causes the emission of synchrotron-like hard x-rays in a process known as
betatron radiation [11–13]. This x-ray source inherits the

Laser wakefield acceleration (LWFA) is an alternative
technique for accelerating electrons to relativistic energies [1].
In LWFA, an intense laser pulse propagates through a plasma,
expelling electrons while leaving the ions almost stationary
on the laser timescale. This charge separation drives a plasma
wave in the wake of the laser pulse (hence the term wakefield).
Such laser-produced plasma wakefields can sustain orders of
magnitude higher accelerating fields than conventional accelerators. If electrons are injected at the right location and with
∗
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Table 1. Optimum acceleration length in the plateau, Lopt , after

features of the electron beam: micrometer source size [14],
femtosecond duration, and low divergence that can be in
the mrad range [15], leading to a high-brilliance source.
Such characteristics opened up a range of advanced applications of betatron sources, such as high resolution phase
contrast imaging [16, 17] or femtosecond x-ray absorption
spectroscopy [18].
In parallel to the course toward higher-energy electron
beams utilizing petawatt laser facilities, attempts are being
made for generating electron beams with low-energy laser
facilities, which benefit from a high repetition rate (kHz).
Monoenergetic beams have been obtained experimentally in
such mJ-class laser systems [19, 20]. Additionally, theoretical
and, most recently, experimental studies have determined the
role of laser parameters, such as carrier envelope phase effects
(CEP) or frequency chirp, to tune the electron energy [21–23].
An important feature of LWFA-generated electron beams
is their short duration, which has been characterized to be in
the femtosecond range in experiments using coherent radiation
transition [24]. Recent theoretical studies proposed different
ways to obtain sub-femtosecond duration electron bunches
from LWFA, including plasma density tailoring [25], crossing
laser pulses [26] or injection suppression with a magnetic
field [27], as well as vacuum laser interaction in laser-solid
interaction at grazing incidence [28]. Attosecond electron
beams would be a major achievement, as it would open the
door to secondary attosecond x-ray sources, which would
allow probing matter on ultrashort time scales.
In this paper, we present a systematic study of the generation of sub-femtosecond electron bunches produced by
low-energy, ultra-short laser beams through quasi-cylindrical
Particle-in-Cell (PIC) simulations. We predict that attosecond electron bunches can be obtained both in the
self-injection and the controlled injection regime at low
plasma densities, but only the controlled regime leads
to a stable, isolated attosecond electron bunch. Furthermore, we investigate the radiation emission from these
bunches, and show that brilliant attosecond x-ray bursts are
generated.

which the maximum electron energy is reached, and energy of the
quasi-monoenergetic peak, Emono , as a function of the plasma
density. For the lowest and highest densities, the spectra do not
exhibit a quasi-monoenergetic peak.
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by 64 macro-particles per cell. Moreover, Maxwell’s equations
are solved using a scheme that reduces numerical Cherenkov
radiation [30]. The numerical convergence of the simulation
was carefully checked.
2.1. Self-injection

We first consider a gas jet consisting of a 30 µm long linear density ramp-up followed by a plateau with a density
that is varied between n0 = 2 × 1019 cm−3 and n0 = 8 ×
1019 cm−3 . We note that in this regime, optimizing the electron energy, massive self-injection occurs and that a quasimonoenergetic peak is observed at high energies. The energy
of this peak is close to the prediction of the scaling laws [31],
which yield an energy of about 51 MeV for a plateau density n0 = 4 × 1019 cm−3 , slightly above the value reached in
the simulation (∼47 MeV). The monoenergetic component of
the electron energy distribution disappears when the plasma
density becomes too far from the matched one predicted by
the theory. At higher densities the injected charge continues to grow but reaches lower averaged energies. Finally, at
lower densities, the injected charge decreases quickly, with
no charge being injected when the density is lowered to n0 =
2 × 1019 cm−3 .
As the laser pulse used in the simulations is much shorter
than the ones typically used in the LWFA context, leading to
higher densities in the matched regime, it may be expected that
shorter electron beams can be obtained in the interaction conditions ensuing from the scaling laws. However, we find that
the duration of the electron beam is not particularly short at
the densities which are optimal for electron acceleration. Current profiles of these electron beams are shown in figure 1(b),
and exhibit RMS duration >4 fs when the density is above
n0 = 4 × 1019 cm−3 . This is due to the high plasma densities that lead to massive injection in this regime. For the lower
densities, the injection becomes more localized in space as we
barely exceed the threshold condition for electron injection,
and self-injection in the first and second cavities of the wakefield leads to two well-defined electron bunches. For example
at n0 = 2.25 × 1019 cm−3 (blue line), the charge and duration of the first electron beam at about ξ = x − ct = −8 µm are
8.5 pC and 0.48 fs, respectively. This is not an isolated attosecond beam, however, as a second beam of 11.6 pC charge
is injected in the second cavity about 8 µm behind the first
one. Note, that the spacing between the two peaks of the current decreases as the density rises (visible for densities below
n0 = 3 × 1019 cm−3 ), as it corresponds to a shorter wakefield
period with the shorter plasma wavelength.

2. Sub-femtosecond electron bunch generation
We consider the interaction of an 800 nm-wavelength laser
pulse with a fully-ionized gas-jet. The laser pulse has a Gaussian profile in space and time and is linearly polarized in the
y direction. Its duration is τ 0 = 8.3 fs (FWHM of the intensity), energy E0 = 40 mJ, and it is focused on a 3.8 µm spot
size (FWHM of the intensity) at the entrance of the preionized electron plasma, yielding a normalized vector potential a0 = 3.44. Ions are considered immobile. Simulations
are run with the fully relativistic quasi-cylindrical PIC code
CALDER-Circ [29], using 3 Fourier modes for the decomposition of the currents and fields. We use a temporal time step
0.114ω0−1 , and longitudinal and radial resolution 0.125cω0−1
and 0.625cω0−1 , respectively, with c the speed of light and ω 0
the laser frequency. Simulations use a moving window consisting of 1500 × 300 cells, in which the electrons are represented
2
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Figure 1. (a) Electron energy spectra after the optimal acceleration length defined in table 1 for different densities and (b) current profiles of

these electron beams. The longitudinal position is indicated as a function of ξ = x − ct, with ξ = 0 corresponding to the laser position.
(c) Injected charge Q (black line) and RMS duration τ of the injected beam (red line) as a function of the plasma density.

Figure 1(c) exhibits the variation of the injected charge Q
and duration τ of the first beam as a function of the injection
density. Overall, the charge and duration offer a very similar
dependence on the density, leading to long-duration and highcharge electron beams at high densities. For lower densities, of
the order of 2.3–2.5 × 1019 cm−3 , very close to the injection
threshold, as the injected charge becomes arbitrary small, a
minimum duration is obtained of about half a femtosecond.
However, such short duration can only be obtained for a narrow range of parameters. The duration of the injected beam
increases again when the density is further decreased. This
variation of the duration for small changes of the density illustrate the fact that injection at densities just over the threshold
becomes very irregular. It will indeed depend on tiny variations of the potential vector a0 or of the density profile, and
will thus very likely exhibit high shot-to-shot variation in an
experiment. In the following, we will investigate how this picture can be changed by controlled injection.

obtained using density peaks with values barely above n0 , in
agreement with previous results [25].
Importantly, isolated attosecond electron beams can be
generated, as shown in figure 2(b). Using a density peak
characterized by nm = 1.04n0 , a 13.1 pC, 0.28 fs long (RMS)
electron beam can be generated, while the charge in the second
beam is reduced to 6.2 pC. The second beam contains, on
average, more charge than the first beam in the self-injection
case, while it contains only about 40% of it when the injection
is controlled by the down-ramp. Furthermore, the beam injected in the second cavity is accelerated to lower energy (see
figure 2(c)).
Interestingly, the beam durations that are achieved during
the acceleration can be substantially shorter than the final values. The evolution of the charge and duration of the first beam
is depicted in figure 2(a). From the increase of the charge
(black line) after x = 50 µm, we can deduce that the injection
is actually triggered by the density down-ramp. The trapped
charge then decreases slightly as some low-energy electrons at
the rear of the bunch are laterally ejected, and remains constant
after x ∼ 120 µm. The duration of the beam (red line) follows
a similar pattern, and increases with the charge in early times,
before decreasing as some electrons from the rear are ejected.
It reaches a minimum at x = 120 µm, slightly above 200 a.s.
However, at constant charge, the duration slowly increases
during the acceleration, due to dispersion effects as the accelerating field is not constant over the span of the electron beam,
causing a noticeable energy spread. The lower energy electrons at about 20 MeV are slowly dragging behind, contributing to an increase of the beam duration. Within a distance of
100 µm, such electrons indeed accumulate a delay of about
100 as compared with the most energetic electrons in the
beam. Note that this intrinsic limitation of the duration can
only be overcome by reducing the energy spread of the electron beam, or by reducing the acceleration distance. Finally,
the divergence of the electron beams is similar with both
injection techniques: the two cases presented in figure 2 yield
final divergences of 10.9 × 11.4 mrad2 for controlled injection

2.2. Controlled injection

In order to improve the control over the beam parameters, we
introduce a density down-ramp in the plasma density profile.
Thus, we use the same density profile as before, except that
we add a high-density peak at the beginning of the propagation (see figure 2(a)). This produces a temporary slowing of
the wakefield in the down-ramp, which lowers the condition
for trapping so that cold background electrons can eventually be injected and accelerated. Such sharp density transitions can be implemented by inserting a razor or knife edge
into the gas jet [32, 33] or by designing the gas flow from an
array of Laval nozzles. The density of the plateau is lowered
to n0 = 2 × 1019 cm−3 to avoid unwanted self-injection during the propagation, and the peak of the density nm is varied from n0 up to 1.4n0 . The length of the down-ramp is first
fixed at L = 10 µm. Using this density profile, the injection is
stabilized with the down-ramp, leading to the stable generation of shorter attosecond electron beams. Short durations are

3
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Figure 2. (a) Evolution of the trapped charge Q (black line) and of the temporal duration τ of the electron bunch (red line) with the

propagation length for the case with a density peak and nm = 1.04. The density profile used for the simulations with down-ramp injection is
indicated in grey lines. The inlet shows a transverse cut of the electron density at the end of the simulation. (b) Electron beam current after
230 µm, with n0 = 2.25 × 1019 cm−3 without density peak (solid blue) and with nm = 1.04 and n0 = 2.0 × 1019 cm−3 (dashed black). The
longitudinal position is indicated as a function of ξ = x − ct, with ξ = 0 corresponding to the laser position. (c) Energy spectra of the
down-ramp injected beam represented in (b), and of the beam injected in the first (plain black) and second cavities (plain grey) only.

Figure 3. (a) Temporal duration of the injected beam as a function of the maximum peak density nm for a down-ramp length L = 10 µm

(black line) and as a function of L for nm = 1.1n0 (red line). (b) Duration of the injected beam as a function of charge for different data sets:
self-injection (green circles), fixed down-ramp length L = 10 µm (blue upward triangles) and fixed maximum peak density nm = 1.1n0
(orange downward triangles).

against 9.0 × 10.8 mrad2 for self-injection. The slightly lower
divergence observed in the latter case is not surprising given
that it corresponds to a lower charge but longer duration beam.
We now turn to the robustness of the injection process
with respect to the charge and duration of the electron beams.
Figure 3(a) shows the effect of a variation of the peak density
nm and the down-ramp length L. Apart from the smallest values
of the density peak for which the injected charge becomes very
small, the beam duration generally increases with nm . For a
fixed down-ramp length L (black curve), a steeper gradient
indeed ensures a faster longitudinal expansion of the bubble,
which lowers the trapping injection and increases the charge
and duration of the injected bunch. Bunches as short as 240 as
can be obtained when nm = 1.02 n0 , for a 8 pC charge, and all
the values of nm within the tested range yield sub-femtosecond
duration. The impact of the down-ramp length is small, with
only a ±10% variation of the duration when the length is

changed between 5 µm and 40 µm. This suggests that the exact
shape of the density step is not so important, which would
facilitate experimental implementation. Note that this conclusion agrees with previous work considering down-ramp injection of more massive electron bunches [34].
We summarize the parameters of the electron beams that
were obtained through the different injection methods in
figure 3(b) in terms of duration as a function of charge.
Electron beams produced from controlled injection generally
exhibit a shorter duration for a given charge, which corresponds to a higher current compared with the beams produced
from self injection. The behavior for higher charges shows
a weak dependence on the injection method, with a steady
increase of the duration with the charge. For lower charges
though, more pronounced differences appear, as the duration
for the self-injection cases reaches a threshold, while very
short duration can be reached when the charge is lowered
4
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Figure 4. (a) Energy distribution dI/dω and angular radiated energy dI/dΩ (J sr−1 ) for the betatron source with nm = 1.04 n0 and

L = 10 µm. (b) Spectrogram of the radiated energy d3 I/dEdΩdt (in J eV−1 sr−1 fs−1 ) and temporal profile of the radiation d2 I/dΩdt
(in J sr−1 fs−1 , grey line).

for controlled injection. The duration exhibits a close to linear dependence on the charge in this case. When the injected
charge is small and beam loading can be neglected, down-ramp
injection lead to a roughly constant electron current. However, in contrast to what is predicted in other studies [25, 35],
arbitrarily short electron beams cannot be obtained due to
the beam elongation caused by the energy spread. Note, that
while the characterization of the beam duration can be quite
difficult with common techniques such as coherent transition
radiation, it is still possible using non-linear Thomson scattering [36]. Besides, while these results are promising for
applications such as ultrafast electron diffraction, the energy
spread has to be reduced through transport and filtering in
order to limit the duration growth after the exit of the plasma
due to diffraction effects. Finally, contrary to previous studies
with shorter laser duration [21–23], we note that CEP effects
only lead to very small variations of the electron beam parameters in our simulations—beam duration only varies by a
few percents when tuning the CEP, and can be considered
negligible (see supplementary material (available online at
stacks.iop.org/PPCF/63/045019/mmedia)).

of 5 MeV are taken into account when computing the radiation,
as the emission from low-energy particles is negligible.
The energy spectra and angular distribution of the radiation
are plotted in figure 4(a) in the case of controlled injection with
nm = 1.04 n0 and L = 10 µm. Due to the relatively low electron
energy, the radiation is mainly emitted in the sub-keV domain,
with a critical energy Ec = 200 eV when fitting the spectrum
with dI/dω ∝ S(ω/ωc ), where´S(x) is a synchrotron radiation
∞
distribution given by S(x) = x x K5/3 (ξ)dξ, in which K 5/3 is
a modified Bessel function of the second kind [38]. The angle
of emission is comparable with standard betatron sources, with
divergence of the radiation of 25 mrad (FWHM). This value
is in line with an electron beam of average energy around
50 MeV and divergence ∼10 mrad in which each individual
electron emits in a cone of 1/γ in their direction of motion.
The duration of the betatron radiation is usually inferred from
the duration of the electron bunch, but here we compute the
spectrogram [39], showing d3 I/dEdΩdt on axis in figure 4(b)
and its integration over the frequency to get the temporal profile of the radiation on axis. Most of the radiation is received
at early times, with a tail at lower energies arriving at later
times, following the structure of the beam. Note that this tail
is produced by the lower energy electrons from the first beam
and not by the electrons from the second beam. The radiation
from the latter is observed with further delay (about 15 fs,
not shown here). This yields a duration of 350 as (RMS) for
this x-ray pulse. Short duration and small transverse size for
the electron beam—about half a micron in both directions—
due to the high plasma density, lead to a surprisingly high
peak brilliance, with B = 2 × 1022 photons per second per mm2
per mrad2 per 0.1% bandwidth at 100 eV, i.e. similar values to table-top betatron sources obtained with more energetic
laser system [15], albeit at lower photon energies. Besides this
source produces much shorter x-ray pulses than the XFELs—
although with a much lower brilliance—and also shorter than
the radiation produced by high-order harmonic generation
(HHG) in laser-solid interaction, which is of the order of the
laser pulse duration. When optimized, HHG is expected to

3. Radiation emission from ultrashort electron
bunches
The radiation emitted by such electron beams is calculated by
post-processing the trajectories of the accelerated electrons,
using the formula [37]:
d2 I
e2
=
dωdΩ
16π 3 ϵ0 c

ˆ

∞

−∞

e

(
)n×
n·r(t)
iω t− c

h

i
(n − β(t)) × β̇(t)

(1 − β(t) · n)2

2

dt ,

which gives the radiated energy d2 I/dωdΩ per frequency unit
dω and per solid angle unit dΩ in the direction n, and where r,
β = dr/dt and β̇ = dβ/dt are the position, speed and acceleration of the particle, respectively, with e the electron charge and
ε0 the vacuum permittivity. Only particles reaching an energy
5
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Figure 5. (a) Energy distribution dI/dω and (b) angular radiated energy dI/dΩ (J sr−1 ) for the betatron source corresponding to a constant

plateau density of n0 = 4 × 1019 cm−3 .

provide a brilliance of roughly 1023 photons per second per
mm2 per mrad2 per 0.1% bandwidth at 100 eV, but with
much more intense laser pulses with I0 = 5 × 1021 W cm−2
(a0 ∼ 50) [40].
For comparison, the x-rays emitted in the case of
self-injection in the matched regime n0 = 4 × 1019 cm−3 are
shown in figure 5. Due to the much higher electron charge
and the higher density, this case naturally yields a higher
photon energy, as observed in figure 5(a), and the critical
energy rises to 1 keV. However, the source duration is also
longer, about 5 fs, and the self-injection leads to higher transverse oscillation of the electrons, yielding an increased divergence of 33 × 43 mrad2 (cf figure 5). Together with a slightly
increased transverse electron beam size (∼1 µm), this source
yields a more moderate peak brilliance B = 6 × 1021 photons
per second per mm2 per mrad2 per 0.1% bandwidth at 250 eV.
Controlling the injection thus leads to an x-ray source with
lower photon energy, but allows for the generation of attosecond x-ray bursts with high brilliance. The main drawback
of this source resides in the number of emitted photons being
quite low. However, note that the betatron source has not been
optimized in this case. This could potentially be improved by
several schemes. Using tapered plasma profiles would enable
a longer acceleration distance resulting in an increase of both
electron energy and emission distance, and prevent the laser
defocusing. Schemes to increase the transverse wiggling of
the electrons could also boost the betatron emission while in
principle not modifying the source duration [41, 42]. Finally,
applying this to structured laser pulses with orbital angular
momentum would provide tunable ultra-short x-ray pulses
with high photon energy [43].

duration can be obtained both by operating in the self-injection
regime when lowering the density just over the threshold for
injection, and by introducing a density down-ramp to control
the injection. However, only the latter mechanism yields a
short duration for a stable range of parameters and allows for
isolated attosecond electron bunches. Finally, the betatron
x-ray emission produced by such short electron bunches
was characterized, finding attosecond duration, and high
brilliance—despite the relatively low numbers of photons—
owing to the small dimensions of the electron beam. Further
optimization of the radiation characteristics produced by this
betatron source would open new perspectives for attosecond
probing with high repetition rate.
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4. Conclusion
Few-cycle laser pulses can be used to generate subfemtosecond electron bunches under specific conditions. We
find, that while operating in the optimal conditions for electron acceleration, bunches produced by self-injection are not
particularly short, due to massive injection. Sub-femtosecond
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