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Abstract

Given aregular supercuspidal representation p of the Levi subgroup M of a standard parabolic
subgroup P = M N in a connected reductive group G defined over a non-archimedean local
field F, we serve you a Rodier type structure theorem which provides us a geometrical
parametrization of the set JH(/ ndIG, (p)) of Jordan—Holder constituents of the Harish-
Chandra parabolic induction representation / ndg (p), vastly generalizing Rodier structure
theorem for P = B = TU Borel subgroup of a connected split reductive group about 40
years ago. Our novel contribution is to overcome the essential difficulty that the relative Weyl
group Wy = Ng(M)/M is not a coxeter group in general, as opposed to the well-known fact
that the Weyl group Wr = Ng(T)/T is acoxeter group. Along the way, we sort out all regular
discrete series/tempered/generic representations for arbitrary G, generalizing Tadi¢’s work
on regular discrete series representation for split (G)Sp>, and S 02,41, and also providing a
new simple proof of Casselman—Shahidi’s theorem on generalized injectivity conjecture for
regular generalized principal series. Indeed, such a beautiful structure theorem also holds for
finite central covering groups.

Keywords Generalized principal series - Regular supercuspidal representation - Generic -
Discrete series - Tempered representation

Mathematics Subject Classification 22E35 - 22E50

1 Introduction

Following Harish-Chandra’s “philosophy of cusp forms” which culminates in the Langlands
classification theorems under parabolic induction both locally and globally, a longstanding
local problem is to understand the decomposition structures of parabolic inductions, espe-
cially those inducing from supercuspidal representations which are the so-called generalized
principal series. Among those parabolic inductions, there are two extreme cases, namely
unitary parabolic inductions and regular generalized principal series of which many mathe-
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maticians have devoted their efforts to describe the corresponding internal structures. To be
more precise,

e Tempered parabolic induction: Knapp—Stein R-group theory and its explicit structures
(Bruhat, Harish-Chandra, Knapp-Stein, Jacquet, Casselman, Howe, Silberger, Winarsky,
Keys, Shahidi, Goldberg etc).

e Principal series: (a) Muller’s irreducibility criterion for principal series [19]; (b) Rodier’s
structure theorem for regular principal series [22].

So one might ask the following natural questions:

Q1: What is the irreducibility criterion for generalized principal series in terms of Muller?

02: What is the story of Rodier structure theorem for regular generalized principal series?

The first question in principal should be doable after Muller’s work, but we have not seen any
literature and will write down the details separately (cf. [13]). As for the second question,
without the far-reaching Langlands—Shahidi theory built up by Shahidi in the early 1990s
(cf. [25]), especially the explicit location of poles of co-rank one Plancherel measure, it
seems that one cannot push Rodier’s theorem further to regular generalized principal series if
following Rodier’s paper completely, especially the argument of Proposition 3. On the other
hand, for general parabolic subgroup P = MN D B = TU in G, it is well-known that the
relative Weyl group Wy, = Ng(M)/M is not a coxeter group, as opposed to the Weyl group
Wr = Ng(T)/T. To overcome those difficulties, we make some general observations which
enable us to deal with generalized principal series in the way of dealing with principal series
of split group. To be precise (please refer to Sect. 2 for the detail), let X (M) r be the group of
F-rational characters of M, we set a}, := X (M) ®zR. We denote by @ the set of reduced
relative roots of M in G, by Ay the set of relative simple roots determined by N. Let CD?VI
be the set of those relative roots o which contribute reflections w, in Wy, i.e. woq. M = M.
Denote by W}, := {w € Wy : w.(®Y,)" > 0} and by W}, the “small” relative Weyl group,
ie. W}?,I = (wa S CD(/{,,) . Define 1 ndg (p) to be the generalized principal series inducing
from the parabolic subgroup P = M N to G with p a supercuspidal representation of M. If
p is regular, i.e. W, = {w e Wy : wp= ,0} = {1}, we say that Indg(p) is a regular
generalized principal series. Concerning the fact that Wy, is not a coxeter group in general,
we make two key observations as follows:

1. (see Lemma 3.2) Wy = W, x W,
2. (see Lemma 3.3)) For w € Wl?,[ and w; € WI%,[, we have,

Ind$ (o) ~ Ind$ (p™™").

Recently, we learned that the first observation is an easy variant of an old result of Lusztig
and has since been applied creatively in [16, Lemma 5.2], [11, Corollary 2.6], [18] and [2].
Another observation concerns the uniformity of the location of the unique pole of co-rank one
Plancherel measures, please see Theorem 4.1 for details (cf. [27] for the uniqueness claim).
For regular supercuspidal representation p of M, we denote by S the set of those positive
relative coroots o with « € <I>?VI such that the co-rank one Plancherel measure (4 (-) has a
pole at p. Denote by Oaj;,, the relative “small” root space

0%, := Spang{a : a € @Y},

and by C ;f, the relative positive dominant Weyl chamber in Oaj;,, determined by P.
In view of those structures, Rodier’s argument in [22] applies seamlessly to generalized
principal series which says that
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Rodier type theorem for generalized principal series

Theorem 1.1 (Rodier Type Structure Theorem i.e. Theorem 3.4) The constituents wr of the
regular generalized principal series | ndg (p) are parameterized by the connected compo-
nents I' of

Oa}",, - U Ker(a)
aves
satisfying the following property:
the Jacquet module rp (7r) of mr with respect to P is equal to

O o

weWy: wC;&CF

As an essential input for the determination of the square-integrable/tempered constituents
of IndIG) (p), we need the following key claim:

Theorem 1.2 (cf. Theorem 4.1) Keep the notions as before. The vectors in the set S are
linearly independent.

Denote by w, the real unramified character of M, ie. w, € a’;,,, such that the central
character of w;l p is unitary. Let Ta}, (resp. Taj},) be the set of such x € a3, of the form

X = Z Xal,

aeAy

with all the coefficients x, > 0 (resp. x, > 0). Denote by a}i;' (resp. EL*M+) the (resp.
closure of) fundamental Weyl chamber in a}, determined by A ;. Without loss of generality,

we assume that w, € ﬁﬁ and write '} = vﬂs(av)’l(Rﬂ. As applications of those
oY e

theorems, we first prove a sufficient and necessary condition for the existence of square-

integrable/tempered constituents as follows:

Proposition 1.3 (cf. Proposition 5.2) Keep the notions as before. J H (Indg (,0)) contains at
most one square-integrable constituent. Moreover the representation wr is square-integrable
if and only ian*M =a}, = Spang{a : «¥ € StandT =T.

Proposition 1.4 (cf. Proposition 5.3) Keep the notions as before. J H (Indg (,0)) contains at
most one tempered constituent. Moreover the representation wir is tempered if and only if w,,
restricting to the subgroup (\,vcs Ker(a“) of M is unitary and T = T'y.

Along the way, we also provide a simple proof of Casselman—Shahidi’s main theorem [8,
Theorem 1] which says that

Theorem 1.5 (cf. Theorem 6.2) For the standard representation Ind]G, (p) with p a generic
supercuspidal representation of the Levi subgroup M of a standard parabolic subgroup
P = MN in a connected quasi-split reductive group G, we have that

the unique generic subquotient of 1 ndg (p) is a subrepresentation.

Atlast, we would like to mention that Tadi¢ has worked out Rodier type structure theorem
for quasi-split groups G Spa,, Span and S 02,41 for which he does not have to overcome any
difficulties as mentioned above (cf. [30]).

In the end, we give the outline of the paper. In Sect. 2, some necessary notions of represen-
tation theory are introduced. In Sect. 3, we will first state and prove the Rodier type structure
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theorem for regular generalized principal series which roughly speaking is a parametrization
of the associated Jordan—Holder set J H (I ndg (,0)). In Sect. 4, we prove the linear indepen-
dence property of the set S. Section 5 is about the parametrization/characterization of the
constituents of discreteness/temperedness of generalized principal series, while the determi-
nation of the generic constituents will be discussed in Sect. 6. The last section is to see how
the Aubert duality behaves under our setting.

2 Preliminaries

Let G be a connected reductive group defined over a non-archimedean local field F of
characteristic 0. For our purpose, it is no harm to assume that the center Zg of G is compact.
Denote by | — | the absolute value, by v the uniformizer and by ¢ the cardinality of the
residue field of F. Fix a minimal parabolic subgroup B = TU of G with T a minimal
Levi subgroup and U a maximal unipotent subgroup of G, and let P = M N be a standard
parabolic subgroup of G with M the Levi subgroup and N the unipotent radical. For all the
notions below, please refer to [7,26,31] for the details.

2.1 Weyl group

Let X(M)F be the group of F-rational characters of M, and Ay be the maximal F-split
sub-torus of the center Z; of M. We set

ay = Hom(X(M)r,R),  aj c=ay ®rC,
where
Cl?w =XM)FrzR = Homalg(AMv Gm) ®z R

denotes the dual of aj,. Recall that the Harish-Chandra homomorphism Hp : M — ayy is
defined by

(x,Hp(m)

q V= x(m)lF

forall x € X(M)randm € M.

Next, let ® be the root system of G with respectto T, i.e. A7, and ®T (resp. A) be the set
of positive (resp. simple) roots determined by U. For o € ®, we denote by o™ the associated
coroot, and by w,, the associated reflection in the Weyl group W of T in G with

W = Wr := NG(A1)/Cg (A1) = N(T)T = (we : @ € ®).

The walls in a7 are the hyperplanes K er a". The Weyl chambers in a7 are the connected
components of the set

on which the Weyl group W acts simply transitively (cf. [29]). We denote by C T the dominant
Weyl chamber determined by B, i.e. the unique Weyl chamber which is on the positive side
of all positive roots determined by U. Denote by wOG the longest Weyl element in W, and
similarly by w(’)"l the longest Weyl element in the Weyl group W™ of a Levi subgroup M.
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Rodier type theorem for generalized principal series

2.2 Relative Weyl group
Likewise, we denote by @, (resp. CD};,) the set of reduced relative (resp. positive) roots of
M in G (resp. P = MN),i.e. (®|a,,)red, specifically
Dy = {alay, @ o € P, aja, # cPla, for some B € @ and some integer ¢ > 1}.
We denote by Ay, the set of relative simple roots determined by N and by
Wu == NG(Am)/Cc(Ay) = No(M)/M

the relative Weyl group of M in G. In general, a relative reflection w, = wéw “ w(’)"’ with
respect to a relative root o does not preserve our Levi subgroup M. Denote by <I>(1{,I (resp.
(CD(}W)*) the set of those relative (resp. positive) roots which contribute reflections in W, It
is easy to see that Wy, preserves @y, and further @g,, as well, as wy, ¢ = wwew ! Note that
W in general is larger than the one generated by those relative reflections, for example,

M>~GL{ x GL3 C SOg,

where Wy, >~ 7Z/27 which is generated by w,, @,,, but w,, we, # wy for any relative root
«a. For other parabolic subgroup P’ = M N’, we denote @y, (P’) to be the set of reduced
relative roots determined by N'. In particular, if P’ = P, then ®(P) = ®},.

For our purpose, we define the “small” relative Weyl group Wl(t)/l C Wy to be the one
generated by those relative reflections, i.e.

Wl?/l = <wa S dD?‘,[)
It is easy to see that, as woew ! = wy g fora e dD?VI and w € Wy,
WY < Wy

The relative walls in the “small” character vector spaces

*

OuM = Spanp{o : a € <I>g,,}

are the intersections of those hyperplanes Ker o, which contribute reflections in Wy,
with the subspace Oaz/l in a},. For simplicity, we will use the same terminology Ker aV
for its corresponding intersection throughout the paper. The relative Weyl chambers are the
connected components of the set

Oar, — U Ker
ae(@9)*
on which the “small” relative Weyl group Wz(\)4 acts. An observation is that
Wj(\)4 acts simply transitively on the set of relative Weyl chambers,

which follows from the fact that CD?W is a root system, may not be irreducible. Denote by A?u
the relative simple roots of dJ?VI. Note that CID(I{,[ is quite different with @, in general, as well
as A?M and Ay, for example,

M ~GLy, x GL4 C SOq2,
where Ay = {e] —ex,e2} C Py = { £ o) £ ea, Fer, Ler}, while AY, = {e1, 2} C
dD?VI = { + ey, :i:ez}.
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We denote by CAJC, the relative dominant Weyl chamber in Oajw determined by P, i.e. the

unique relative Weyl chamber in Oajw which is on the positive side of all relative positive

roots determined by N. Recall that the canonical pairing
(—, =) ay xay — R

suggests that each « € ® ), will enjoy a one parameter subgroup H,v (F*) of M satisfying:
forx € F* and B € a},,

Bu(x) := B(Hyv (x)) = L (Ba¥)

2.3 Parabolic induction and Jacquet module

For P = M N aparabolic subgroup of G and an admissible representation (o, V) (resp. (w, Vz))
of M (resp. G), we have the following normalized parabolic induction of P to G which is
a representation of G

Indg (o) == {smooth f : G — V,| f(nmg) = 8p(m)"/?c(m)f(g).Vn € N,m € M and g € G}
with § p stands for the modulus character of P, i.e., denote by n the Lie algebra of N,
Sp(nm) = |det Adn(m)|F,
and the normalized Jacquet module rp (;7) with respect to P which is a representation of M
ay :=Vy/{(mn)e—e: ne N,eec Vy).
Define the action of w € W), on representations o of M to be w.o := 0 o Ad (w™!) and

oV =0 o Ad(w).

2.4 Co-rank one reducibility

For o € @y, let M, D M be the co-rank one Levi subgroup determined by o, co-rank

one reducibility means the reducibility of those / ndﬁflg M, (o) fora € )y and supercuspidal

representations o . Notice that / nd?,’lg M, (0) is always irreducible if o ¢ @g,l for the fact that

rpam, o1 nd%’i M, (0) = o0, so we will only talk about the co-rank one reducibility associated
to those o € @g,[ in the paper.

2.5 Whittaker model

For this purpose, we shall assume that G is quasi-split. For each root « € &, there exists a
non-trivial homomorphism X, of F into G such that, forr € T and x € F,

tXo (Ot = Xy (a(t)x).

We say a character 6 of U is generic if the restriction of 6 to X, (F) is non-trivial for each
simple roota € A. Then the Whittaker function space Wy of G with respect to 6 is the space
of smooth complex functions f on G satisfying, foru € U and g € G,

flug) =0@)f(g),
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e Wy =1 ndg (6). We say an irreducible admissible representation 7 of G is -generic if

G—equiv.
T ———> Wy.

non—trivial

2.6 Square-integrability/Temperedness

In what follows, we recall Casselman’s square-integrability and temperedness criterion. For
our purpose, we only state it under the condition that the inducing datum p is supercuspidal,
ie.reJH (Indg (p)) with p supercuspidal representation of M, here J H (—) means the
set of Jordan—Holder constituents.

Let Ta}, (resp. Ta},) be the set of such x € a}, of the form

X = Z Xal,

0[€AM

with all the coefficients x, > 0 (resp. x4 > 0). Denote by a}’;f (resp.aﬁ) the (resp. closure
of) fundamental Weyl chamber in a}, determined by A ;. For an admissible representation
(z, Vi) of M, we define the set Exp(t) of exponents of 7 as follows:

Exp(r) ={x e aj ¢ Velx] #0},
where Z ), is the center of M and
Vilxl={eeV:3deNVreZy, (t(t) - x(1)e=0}.

Keep the notation as above, 7 € JH (I (v, 0)) is square-integrable (resp. tempered) if and
only if for each standard parabolic subgroup Q = LV associatedto P = M N,i.e. L and M
are conjugate,

Re(Exp(my)) C Ta}, (resp. Ta},).

3 Rodier type structure theorem of generalized principal series

Recall that an irreducible supercuspidal representation v of M is called regular in G if the
only element w € W), such that ¥ =~ t is the identity element. A parabolic induction
1 ndg: mn (0) is called a generalized principal series if the inducing data p is a supercus-
pidal representation of the Levi subgroup M of P. Furthermore, if our inducing data is a
regular supercuspidal representation, we call the associated induced representation a regular
generalized principal series. In this section, we will first recall Rodier’s structure theorem of
the constituents of regular principal series of split groups (see [22, Theorem, Pg.418]), then
extend it to regular generalized principal series of arbitrary connected reductive group and
its finite central covering group.

Recall that in [22], for a regular character x of the torus T of the Borel subgroup B = TU
of a connected split reductive group G, let S be the set of coroots o such that o :=
xoHy =] -|,and =S := {—a : « € S}. Then

Theorem 3.1 (Rodier structure theorem) (see [22, Theorem, Pg. 418]) The constituents
of the regular principal series [ ndg (x) are parameterized by the connected components T’
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of
ay — U Ker(@“)
avVes

satisfying the following property:
the Jacquet module rg(rtr) of wr with respect to B is equal to

ST

weWr: wCtcl

Before turning to our Rodier type structure theorem for regular generalized principal
series of arbitrary connected reductive groups, we first investigate the main ideas behind
Rodier structure theorem which has not been pointed out explicitly in [22]. Once those ideas
are streamlined clearly, it would be readily to see how simple yet beautiful our Rodier type
structure theorem is.

For regular principal series / ndg (x), we have that, as representations of 7,

ra (1nd§00) =ra (1nd§ ) = @ "',
w' eWr

for any w € Wr. Applying Frobenius reciprocity, we know that / ndg (x"™) has a unique
irreducible subrepresentation, and

Homg (Indg(xw), Indg(xw/)) ~C

for any w, w’ € Wr.

As the Jacquet module functor is exact (cf. [6,7,31]), so forany 7 € JH (Indg (X)) and
any w € Wr, we know that 7 is of multiplicity at most one in / ndg (x") and is uniquely
determined by its Jacquet module rp () with respect to B. Moreover, in view of the above
fact that / ndg (x) has a unique irreducible subrepresentation, thus for any x* € rp (),

Indg(xw) ~ Indg()(“’/) if and only if )("’/ € rg(m).

Therefore, the determination of the set J H (I ndg( x)) of the constituents of / ndg (x) is
equivalent to determining the orbits O of the set {x" : w € Wr} under the equivalent
relation ~: for w, w’ € Wr,

x" o~ X"’/ if and only if A(w, w’) is an isomorphism,
where A(w, w’) is the unique, up to scalar, non-zero G-equivalent homomorphism in
G, w G/ ow'\\ ~
Homg (IndB (x™), Indg (x )) ~C.

For simplicity, we will abbreviate those intertwining operators A (w, w’) as A in what follows.
The next step is to give a characterization of those pairs (w, w’) C Wy satisfying

Indg()(w) o~ Indg (Xw’> .

Let us first take a look at the simple basic case, i.e. the pairs (w, w’) with w’ = ww, for
some simple root «. That is to say

wC™ and w'C™ share the same wall Ker(w.a").
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For such a pair, via the induction by stage property of parabolic inductions and the uniqueness
property of the intertwining operators A, we have also the induction by stage property of A,
i.e. the following diagram commutes:

Ind§ (x™) Indg (x""e)

Ind(A
nd$, o ndle, x") 222 1nd§ o Indls,, (v,

where P, = MyN, is the co-rank one parabolic subgroup associated to the simple root o
(cf. [26]). Whence

Ind§ (x") ~ Ind§ (x ")
if and only if
Indyy, (x") 2 Indysy, (X"
if and only if

XV = Xwa #1151 (%)

Moreover, if (x) does not hold, i.e. xwo = | - |£!, which is to say that I”dg/[r%Ma (x") is

reducible, then the Jacquet modules of Ker(A) and Im(A) with respect to B are as follows:
rp(Ker(A)) = rg o Ind$ (Ker(A)) = P xm (%%)
w’eWr: w’=la>0

and

re(Im(A)) = rg o Indg, (Im(A)) = D .

w’eWr: w’~l.a>0

which follow from Bernstein—Zelevinsky geometrical lemma (see [6,7,31]). Notice that any
coroot B’V corresponding to a positive root B’ satisfies the following relations:

(w”.B, w".p"Y)= (B, B) > 0forany p € C* and any w” € Wr.
In particular,

(,3, av> > 0 and (,3, w”_].av)

= <w”./3, a¥) > 0forany B € C* andany w” € Wy s.t. w”™!

o > 0.
Thus we obtain a geometrical characterization of the double coset

PA\G/B = {w" e Wr: w"a > 0}
={w” € Wz : w”C" and C" are on the same side of Ker(a")}.

Applying the same argument as above after conjugating C*, « and w” by w, we know that
the Jacquet module rp(Ker(A)) of Ker(A) in (xx) is equal to

rg(Ker(A) =P x"",

w
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where w” runs over those Weyl elements in W7 such that
wC™t and w”CT are on the same side of Ker(w.a¥).

Analogously,

re(Im(A)) = P x"" (SB)

where w” runs over those Weyl elements in Wr such that
w'CT and w”C™ are on the same side of Ker(w.a).
At last, we would like to emphasize that the condition (%) is equivalent to saying that
the co-rank one parabolic induction associated to w.« is irreducible.

Such a condition is the right language we need in our statement of Rodier type structure
theorem later on.

Now we turn to the discussion of the general case, i.e. the pairs (w, w’) with w’ =
WWy, ... W, for some simple roots «y, ..., ;. We require that such a decomposition is
minimal in the sense that it gives rise to a minimal gallery between wC™t and w'C™ (see [7,
Section 1.2]), i.e. w™lw’ = Wy, - Wq, 1s a reduced decomposition. Thus we have (see [29,
Lemma 8.3.2])

Rw 'w') = o e @™ : (w™'w).a < 0} = {ay, way,.5—1, ..., (Woy - Wa,).001 ).
(RD)

The key observation for the general case is to show that
Aw, w) = A(wwy, - we,_,, W) o0 A(WWy,, W, Wa,) 0 A(w, Wg,), (KO)

where A(wj, wy) is the unique, up to scalar, nonzero intertwining operator in
G/, wi G/, wy ~
Homg (IndB(x ), Indg (x )) ~ C,

for any wy, wp € Wr.

Before moving to the proof of the claim (K O), we first discuss its implication to our
previous question, i.e. when is A(w, w’) an isomorphism?

Given (K 0), it is easy to see that A(w, w’) is an isomorphism if and only if

{w.alv, wwal.azv, Cee L W, ---wal\;l.asv} m(SU -8 =0.

Thus Rodier structure theorem, i.e. Theorem 3.1 holds.

In what follows, we finish the proof of our claim (K O). To show the equality (K O) is to
show that the composition map on the right hand side is nonzero, i.e. the Jacquet module of
its image is nonzero. Notice that the Jacquet module of its image on the right hand side of
(K O) with respect to B is equal to

Jim = rg(Im(A(w, wwe,)) [ ) re(Im(AWwa, , wwe, wa,) [ ]
(rsUm(Awwg, - we, ,, w)),
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which follows from the simple fact that Jacquet module is invariant under isomorphism. Then
it reduces to show that Jim # 0. Recall that (S B) says:

re(Im(A(w, wwg,))) =
{w” € Wr : wwy, CT and w”C™ are on the same side of Ker(w.a))},
rg(Im(A(Wwg, , Wwq, Wy,))) =

{w” € Wr : wwg, we,C* and w”C™ are on the same side of K er(wwy,.c5)},

re(Im(A(wwg, ... we,_,, w))) =
{w” € Wz : w'C* and w”C™ are on the same side of Ker(wwy, ... Wa,_,.ay)}.
From the expression of Rw~'w') in (RD), it is readily to check that
X" e Jim,

whence the claim (K O) holds.

At last, we would like to see what explicit form of the set Jim is for its own sake. As

Jim| JJer = {w" € Wr: x""} and Jim () Jer = @

where Jer :=

rp(Ker(A(w, wwg,))) UrB(Ker(A(wwal, WWg, Wy ))) U e

Jrs(Ker(Awwg, - - we, , w))),

it is equivalent to determine the set Jer (£O) rp(Ker(A(w, w’))). From the geometrical
description of rg(Ker(A)) in (SB), we obtain that

Jer = rg(Ker(A(w,w") = @ x*"

w’eY

where Y is the set of w” € Wy for which there exists a coroot ¥ € S such that the chambers
wC7T and w”C™ are on the same side of the wall Ker(«"), and the chambers wC* and
w'C™ are separated by the wall. Moreover,

Jim =rg(Im(A(w,w)) = P .
w”eWT—Y

Now we turn to the discussion of extending Rodier structure theorem, i.e. Theorem 3.1
to regular generalized principal series for arbitrary connected reductive group and its finite
central covering group. Recall that the key ideas in the proof of Rodier structure theorem for
regular principal series analyzed as above are as follows:

1. The double coset B\G/B = Wr = (wy : @ € A) is a coxeter group.
2. For a reduced decomposition of w™'w’ = wy, e, - - - W, | Wa,, We have

Aw, w) = A(wwg, - Wq, |, W) o 0 AWy, , Wiy, Wg,) © AW, Wy, ).

For general standard parabolic group P = M N of G and supercuspidal representation p
of M, even though Bernstein—Zelevinsky geometrical lemma says that only elements in the
relative Weyl group Wy, := Ng(M)/M appearinrpo [ ndg (p) instead of the whole double
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coset P\G/P, Wy is NOT a coxeter group in general. To overcome such a difficulty, we
discover two novel observations in what follows.

The first observation is about the structure of the relative Weyl group Wj,. Recall that <I>?VI
(resp. (CI>(/)W)+) is the set of those relative (resp. positive) roots which contribute reflections
in Wy, and Wy, is the “small” relative Weyl group W, := (wq : o € ®Y,). Notice that
Wyo = wwew ! for any w € Wy and o € @y, we know that W), preserves <I>%,, whence
W,% <1 Wy and dD(,{/, is a root system. From the previous analysis of regular principal series,
it is readily to see that all previous arguments works perfectly for the “small” relative Weyl
group W1(|)/1 which is a coxeter group.

Analogous to the definition of Knapp—Stein R-group, we define

WZI,[ = {w e Wy : w.(CI>9‘,,)+ > 0}.

It is easy to see that W,{,, is a subgroup of W), and W,{,, N W,?,, = {1}. Then it is natural to
guess that Wy, = WI?,, WZ{,I which is stated as the following lemma.

Lemma 3.2 (Lusztig Lemma, see [16, Lemma 5.2][11, Corollary 2.6]) Keep the notation as
above. Then we have

Wy = Wiy x W,
Proof 1t suffices to show
Wy = Wi Wi,

Recall that CD?W is aroot system with the set of simple roots denoted by A, , and Wy, preserves
CDR,I. Therefore for w € Wy, we may consider the action of w on A?w. If

w.A?M > 0, i.e. w.(D?w > 0,
then by definition, we have w € WZI,I. Otherwise, there exists some o € A(Z)w such that
w.a < 0.
By the decomposition structure of w as reflections as in [20, Lemma 1.1.8], we know that
w = wew’ with [(w) > [(w),

where [(—) is the length function. It is easy to see that w’ € Wy,. So the Lemma follows by
induction on the length of w. O

The second observation is about the structure of those “‘mysterious” intertwining operators
A(w, ww;) with w € W,?,, and wy € W,%,,.

As pointed out previously, we define S to be the set of those relative positive coroots
a” such that the co-rank one parabolic induction ndﬁlg M, (p) associated to a € (D(z)w is

reducible. Notice that Wy, # W}f,, in general, thus the following key Lemma is needed to
claim a similar result as Theorem 3.1 for regular generalized principal series.

Lemma 3.3 Keep the notions as above. For any w € W/?/, and any wy € W), we have that

A(w, wwy) : Indg(pw) — Indg(pwwl) is an isomorphism.
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Proof It reduces to show
Indg (p) ~ Indg (p""),

which follows from the associativity property of intertwining operators (please refer to [31,
1V.3.(4)] for the notions). To be precise, up to non-zero scalar, the non-trivial intertwining
operator

A IndS(p) —> IndS (p™")
is equal to

st puy () 0 M(w) ¢ Indg (p) —> Ind

L pyy (P = IndE (™).

By [31, IV.3.(4)], we have

Tt Py 01 pu p(0) = [ T 0) Tp12 (),

where o runs over @ (P) (| Py (wl_1 Pwi) with wl_1 Pw; the opposite parabolic subgroup
of wl_l Pw;j. Notice that

wi.Cl = Cyy,
so we have
S (P) () Py Pun (S| -9 = 2.
Thus, in view of [27, Corollary 1.8][23],
[Tix)Ip1p(0) = [ hulo) #0, oo.

Whence A is an isomorphism. O

Combining the previous analysis and our key Lemma 3.3, we could now claim our Rodier
type structure theorem for the general case as follows:

Theorem 3.4 (Rodier Type Structure Theorem) Keep the notation as previous. The con-
stituents wr of the regular generalized principal series 1 na'g (p) are parameterized by the
connected components I" of

Oa, — U Ker (o)
aVes

satisfying the following property:
the Jacquet module rp (rtr) of wr with respect to P is equal to

6}) pw.

weWy: wC,T,,CI‘

A direct corollary of Rodier type structure theorm, i.e. Theorem 3.4 is the well-known
Harish-Chandra-Silberger’s irreducibility criterion for regular generalized principal series
Indg (p) as follows:

Theorem 3.5 (See [26, Theorem 5.4.3.7]) If p is a regular supercuspidal representation of
the Levi subgroup M of P = M N in G, then the following are equivalent
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1. Indg (p) is irreducible.
2. S is an empty set, i.e. no co-rank one reducibility.

Remark 1 One may note that the notions “regular” is called “unramified” and “co-rank one
irreducible” is replaced by its equivalent form “co-rank one Plancherel measure is analytic”
in [26, Theorem 5.4.3.7].

Well, to sum up, we would like to emphasis that the previous argument works in a broad
sense if the following two analogous ingredients exist in general

1. Bernstein—Zelevinsky geometrical lemma (cf. [6,7]).
2. Harish-Chandra Plancherel formula theory, especially the intertwining operator theory
(ctf. [31]).

A direct example is that the finite central covering group G of G enjoys those properties
listed as above (cf. [4,12,15]). Thus we know that

Theorem 3.6 Rodier type structure theorem, i.e. Theorem 3.4 and Theorem 3.5 hold for finite
central covering group G.

Another direct corollary of the above structure theorems, i.e. Theorem 3.4 and Theorem
3.6, is as follows:

Corollary 3.7 Keep the notions as before. If all co-rank one reducibility conditions lie in a
Levi subgroup L of a parabolic subgroup Q = LV in G, then we have

Indg (0) is always irreducible for any o € JH(Indi‘mP ).

Indeed, such a natural universal irreducibility structure is a special case of a general
phenomenon [14, Theorem 2.1].

4 Linear independence of co-rank one reducibility conditions

Recall that P = M N is a standard parabolic subgroup of G, p is a regular supercuspidal
representation of M, ®,; (resp. <I>L) is the set of relative reduced roots (resp. coroots)
determined by P and S is the set of those positive relative coroots in @y, such that the
associated co-rank one inductions are reducible. Denote by pg the unitary part of p, and by
w, the real unramified part of the central character of p, i.e. w, € aj,.

As an essential input for the determination of square-integrable/tempered constituents in
JH(I ndg (p)), we need to prove the following claim (cf. [22, Proposition 3] for principal
series of split groups) which says that

Theorem 4.1 Keep the notions as before. The vectors in the set S are linearly independent.

Before turning to the general proof, we first serve you some observations which play a
key role in what follows.

The first observation is about Wy, := {w € Wy : w.po = po}:

Let Wy be the subgroup of Wy := Ng(M)/M generated by S, i.e.

Ws = (we : ¥ €5).
Denote by ®g the sub-coroot system of &), generated by S, i.e.

Py = {w.ozv ca’eS, we WS}.
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It is easy to see that Wy is the Weyl group of ®g. Notice that for any «¥ € S, we have
Wy -00 = L0,

whence py is fixed by Wg, i.e.
Ws C Wp,.

The second observation is about the uniformity of the unique pole of the co-rank one

Plancherel measure 114 (s, po) (please refer to [27,31] for the notion).

It is well-known that a non-tempered co-rank one induction / nd%‘{ M, (p) associated to

aY € @y, isreducible if and only if the co-rank one Plancherel measure 4 (s, 0g) has a pole
at p,i.e. (Wp)o :=wpo Hyv = |- Ij”0 for a unique sg > O (cf. [27]). Such an sg is uniquely
determined by « and pg. Notice that
My My
IndpmMa (po) >~ IndpﬁMl;u (P(l)u)

for any w € Wy, we have iy (s, po) = Hw.a(s, py') for any a¥ € ®yy. In particular, for
w € Wg,i.e. w.p, = po, we know that

Ka (S, p0) = Huw.a (S, P0),
which is to say that
Such an sg is an invariant under a Wg-orbit in ®g. (UF)
In view of those two observations, in order to prove Theorem 4.1, it suffices to show that
there exists a coroot 8 € ®g such that (wp)g =1- |0 =1 (CC)

if the set S is not linearly independent under the assumption that the root system @y is irre-
ducible (cf. [22, Proposition 3]). Note that for irreducible root system @, an easy calculation
shows that Wg-orbits are determined uniquely by the lengths of roots, which is at most of
two, i.e.

Types A,, D, and E,, : Single Wg-orbit; Types B, C,, G2 and F4 : Two Wg-orbits.

Denote by S the set of those coroot ¥ in S| J —S such that (@p)og = |- [* with sg > 0.
Notice that if there are two coroots oy and oy € S T of same length such that <a1, oy > >0,
then we,.f = ) — ;) € ®g, which in turn says that (w,)g = 1. Via (CC), we get a
contradiction with the regular condition of p. Thus

(a0, BY) < Oforany a” # B" € ST of same length. (OB)

Now we could begin our proof of the claim that S* is linearly independent case-by-case in
terms of irreducible root types of ®g as follows: O

Proof Types A,, D, and E,, : In such a case, g has a single Wg-orbit. Then (U F) says

that there exists so > O such that for any a¥ € &g, I nd?,/lg M, (p) is reducible if and only
if (wp)e = 1|- |£50. In view of (CC), we know that w, is a regular vector w.r.t our root
system ®g. Thus ST = {a" € ®g : <wp, av) = s is minimal positive}. For such ST, it is
well-known that ST is a base of the root system ®g (for example see [17, Proposition 19.7]).
Whence our claim holds via (CC).

Types B, C,,, Go_and Fy : In this case, g has two Wg-orbits given by the length of
roots. Set those two poles ‘of our co-rank one Plancherel measure to be at so > 0and 1ty > 0.
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Because of (U F), we denote S;g to be the subset of ST consisting of those coroots oY € S+
such that (w,)q = |- |*, and denote S,‘g to be the subset of ST consisting of those coroots
BY € ST such that (w,)g = | - 0. Applying the same argument as in the simply-laced case,
i.e. Types A,, Dy_and E,, we know that Ss‘g and S,Jg are linearly independent respectively,
we also know that S+ is linearly independent if sq = fo. So it is reduced to deal with the case
S0 ;ﬁ fo.

For types B, and C,,, without loss of generality, we assume that elements in S;g are of length
2. Observe that for any two different elements 8," and ) in S;Or ,we have (w,, B — By ) =0
and c(B) — By) € s for some ¢ = 1 or %, which gives a contradiction with (CC). So S,JUr
contains at most one element. Thus #S;g > n — 1. After conjugating by a Weyl element in
Ws, an easy analysis shows that #SS'; =n—1land

Si = [6’1—6’2,62—63,“' 7en71_en}~

Whence our claim holds.
For Type G, we set

dDS::I:lot,ﬂ,ot+ﬂ,2(x+ﬂ,3a+ﬁ,3a+2ﬂ},

and set
<wp,a) =ap > 0 and <wp, /3) =by > 0.

It is easy to check that #Ss‘g = #Sg = 1. Thus our claim holds.
For Type F4, we set all the roots of ® to be:

24 roots by ¢ := ( +1,+1,0, 0), permuting coordinate positions;

8 roots by B; = ( +1,0,0, O), permuting coordinate positions; and

o111
16 roots by yj = (=, 4=, +=, 4= ).
foots by Ve ( 2T 2 ) 2)

It is easy to see that there are at most one ; in S *. Otherwise (a)p, B1— ,32) = 0 contradicts
(CC). We set SEE to be the subset of those coroots in ST which are of length 2. Consider the
subroot system formed by roots of length 1, we know that it is of type D4, thus S,Jg could
only be a subset of

1 1 1
{5(1, 11, 1), 5(1, -1,-1,D, -1, -1,1, -1, (=1,0, 0,0)},

2

after conjugating by a Weyl element. Observe that applying subtraction on any two roots in

1 1 1
~(LL1L,D, (1, =1, -1,1), (1, =1, 1, -1
{2( ), 5 ( ), 5 ( )}

2

produces a root in ®g, then (CC) says that there are at most one
BY € l(1 1,1,1) 1(1 —1,—-1,1) l(1 —1,1,-1)
;L LD, S0 =L =L D, 53 =4
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which belongs to S,Jg . Thus #S,JOr < 2. On the other hand, consider the subroot system formed
by roots of length 2, we know that it is also of type Dy, thus § ;,g could only be a subset of

{(1, —1,0,0),(0,1,-1,0), (0,0, 1, =1), (0, 0, 1, l)}

after conjugating by a Weyl element. Observe that
0,0,1,-1) = (0,0,1,1) =2(0,0,0, =) and (1, —1,0,0) — (0,0, 1, £1) € Py,

thus (CC) says that #S$ < 2 and it is a subset of

{(1, -1,0,0), (0,1, -1, 0)}

after conjugating by a Weyl element. But the dimension of ®g is 4, whence ST = Sjo U S,JOr
is linearly independent. O

Remark 2 From the above arguments, Theorem 4.1 holds also for finite central covering
groups once a covering group version of [27, Theorem 1.6] is established.

Let ¢ be the rank of the center of the Levi subgroup M of P = M N in G, then

Corollary 4.2 Keep the notions as before. The length of the regular generalized principal
series Indg (p) is equal to 2#S which is at most 2.

5 Square-integrability

In this section, we would like to investigate the discreteness/temperedness property of the
subquotients of the regular generalized principal series / ndg (p). For simplicity, we may
assume that the real unramified part w, of the central character of p lies in 67‘;, and we
define S to be the set of those relative positive coroots a ¥ such that the co-rank one parabolic

induction /' nd ffg M, (p) associatedtoo € <I>(/)W isreducible. Among the connected components

which index the constituents in J H (1 ndg (p)) (see Theorem 3.4), there exists a distinguished
one

ry= () @) "®"
aves
which plays a key role in what follows.
To start, let us first state a necessary condition concerning Casselman’s square-integrability
criterion as follows:

Lemma 5.1 For generalized principal series Indg (p) with p regular supercuspidal repre-
sentation of the Levi subgroup M of P = MN in G, let S be the set of relative positive
coroots such that the associated co-rank one parabolic inductions are reducible. Then there
exists square-integrable w € JH(Indg (p)) only if

0

ay, = aj, = Spang{a : @V € S}.

Proof This follows from Corollary 3.7 and the fact that a full induced representation is not
square-integrable. One may also refer to a theorem of Silberger (cf. [28, Theorem 3.9.1]). O
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Given Lemma 5.1, we could now reinterpret Casselman’s criterion under our setting which
says that

Proposition 5.2 Keep the notions as before. JH(Indg (p)) contains at most one square-
integrable constituent. Moreover the representation my is square-integrable if and only if

Oqt, = a}, = Spang{a : o € S} and lwy (Hyv (10))] < 1

Sfor any root o € él-l; and any w € Wy such that wC;,'I C T, or equivalently,
lwp(Hyv ()| < 1, Ya € @y NT.
That is to say I’ =T'4.

Proof The argument of the uniqueness claim is as follows:
Otherwise, if 71, and 7, are square-integrable, then there exists a wall Ker B, with
BY € S, separates I'; and I'. Hence T'y UT; contains (|  Ker a" by Theorem 4.1,
BV#aves
which in turn says that there exits 0 # w € aj}, such that {w, w_l} C Iy UT. Contradiction.
The only if part follows from Lemma 5.1 and the definition of w, € @} .
The if part follows from a direct check, one may also refer to a general theorem (cf. [9,

Corollary 8.7]). ]

In view of Corollary 3.7, almost the same reinterpretation works for Casselman’s tem-
peredness criterion (please refer to [22, Proposition 6] for details).

Proposition 5.3 Keep the notions as before. JH(Ind,C,; (p)) contains at most one tempered
constituent. The representation mrr is tempered if and only if w, restricting to the subgroup
( Ker(aY) of M is unitary and T' = ;.
aves
Proof The same type argument as above works (cf. [22, Proposition 6]). O
In view of [3], we know that

Remark 3 All the above claims also hold for finite central covering groups.

6 Genericity

Note that there exists at most one generic constituent guaranteed by Rodier’s hereditary
theorem (see [21, Theorem 4]) which has nothing to do the linearly independence property
of co-rank one reducibility conditions. In this section, assume that G is a connected quasi-split
reductive group, and p is a regular supercuspidal representation of the Levi subgroup M of a
standard parabolic subgroup P = M N in G, we would like to give a characterization of the
unique generic constituent of the regular generalized principal series / ndg (p). Given such
a characterization, we serve you an easy and intuitive proof of Casselman—Shahidi’s main
theorem (i.e. [8, Theorem 1]) on their standard module conjecture/generalized injectivity
conjecture for regular generalized principal series.

Recall that B = T'U is a fixed Borel subgroup of G with U a maximal unipotent subgroup
of G, 0 is a generic character of U and Wy := I ndg (6) is the Whittaker function space.
As in [25, Section 3], we assume that the generic character 6 of U and the longest Weyl
element wOG in W are compatible. Denote by 6j, the generic character 6 of U restricting to N
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which is compatible with the longest Weyl element wé"’ in WM In what follows, we always
assume that the irreducible admissible representation p of M is regular, 6),-generic and
supercuspidal. For simplicity, we may also assume that the real unramified part w,, of the
central character of p lies in a * the closure of a* M

Indeed, through a clear understandmg of the proof of our Rodier type structure theorem,
i.e. Theorem 3.4, it is readily to see that the problem of sorting out the generic constituent
is reduced to determine the genericity of the constituents of those co-rank one inductions
Ind™e (p"), where the pairs («, w) are those, o € A?M and w € WI(‘),I, satisfying the

PNMq Y
following conditions

1. w.« is arelative positive root, i.e. w.«x € (q)(zi/1)+'
2. The co-rank one induction Ind™: PO M, (p™) is reducible.

The above conditions are equivalent to saying that w.a” € S.
Let A(w, wwy) be the unique, up to scalar, non-zero intertwining map in

Homg(lndg(pw), Indg(,oww“)) ~C
which has the induction by stage property, i.e. the following diagram commutes:

A(w,wwy)

IndS (p™) Ind§ (p¥"*)

Ind(A
1nd§, o nde, (0" "8 1nd§ o IndMz,, (p"v0),

where Py, = My Ny is the co-rank one parabolic subgroup associated to the relative simple
root o € A(,{,, (cf. [26]). Notice that IndPﬁM (p") is a standard module by the definition of
p and the choice of the pair (o, w), then by [24 Corollary 3.3.1], we have

Ker(A(w, wwy)) is 0-generic.

Recall that (S B) in the previous section says that the Jacquet module rp (K er (A(w, wwy)))
of Ker(A(w, wwy)) is equal to

rp(Ker(A(w, wwe)) = ) o™,

"
where w” runs over those relative Weyl elements in Wy, such that
wCy; and w”C;, are on the same side of Ker(w.a).
This is equivalent to saying that
(w”.B,w.a")>0,
as
(wﬁ, w.otv> = (/3, otv> >0

forany g € C;l. Then our Rodier type structure theorem, i.e. Theorem 3.4 implies that

Theorem 6.1 Keep the notions as previous. Set

Fy= ) @) ®".

aves
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Then we have
7T, is the unique generic constituent in JH(Indg (),
here wr, stands for the corresponding constituent given by I' in Theorem 3.4.

Now we could serve you a simple intuitive proof of Casselman—Shahidi’s main theorem
[8, Theorem 1] which is a corollary of the above Theorem 6.1 as follows.

Recall that the regular generalized principal series ndg (p) has a unique irreducible
subrepresentation 7. Moveover, 4 is uniquely determined by the fact that its Jacquet
module with respect to P contains p, i.e.

pErp(my).

As the co-rank one reducibility set S consists of relative positive coroots, then for any a¥ € §
and 8 € C;I, we have

(/3, av> > 0.

On the other hand, by convention, the real unramified part w, of the central character of p
lies in 6*M+. Thus

p €rp(mr,),

whence m = 7, is the generic constituent in JH (I ndg (p)), especially Casselman—
Shahidi’s main theorem (cf. [8, Theorem 1]) holds as follows:

Theorem 6.2 (See [8, Theorem 1)) For the standard representation I ndg (p) with p a generic
supercuspidal representation of the Levi subgroup M of a standard parabolic subgroup
P = MN in a connected quasi-split reductive group G, we have that

the unique generic subquotient of 1 ndg (p) is a subrepresentation.

Remark 4 One may note that Casselman—Shahidi’s proof of the above theorem is analytical,
while our argument is kind of reducing it to the co-rank one case via the fact that an irreducible
subquotient of regular generalized principal series is uniquely determined by its minimal
Jacquet module.

7 Aubert duality

Motivated by Bernstein’s unitarity conjecture on Aubert duality, and Hiraga’s conjecture on
the description of Aubert duality in terms of Arthur parameters (cf. [10]), we would like
to investigate how Aubert duality acts on JH (I ndg (p)) with p a regular supercuspidal
representation of the Levi subgroup M of P = M N in G. Please refer to the short beautiful
paper [1] for its definitions and properties. For covering groups, please refer to [5] for the
detail.

Note that the Aubert duality D commutes with parabolic induction, thus for a relative
simple root « in <I>?W,

D(Ker(A(w, wwy))) = Im(A(w, wwy))

provided that the unique, up to scalar, intertwining map A(w, wwy) is not an isomorphism
in

HomG(Indg(pw), Indg(,oww“) ~C.
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Therefore
D(rr) =m_r,

where 7rr is the constituent in J H (1 ndg (p)) corresponding to the component I" in

Oar, — U Ker(@)

aves

given by Theorem 3.4. Thus

Corollary 7.1 Under the Aubert duality, there is no fixed point within the constituents of
regular generalized principal series.

Remark 5 The above corollary also holds for covering groups.
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