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classification we first show that the induced bialgebra structures are defined by certain

ﬁiyﬁvﬁf’gjﬁgra solutions of the classical Yang-Baxter equation (CYBE) with two parameters. Then, using
Classical Yang-Baxter equation the algebro-geometric theory of CYBE, based on torsion free coherent sheaves, we reduce
Loop algebra the problem to the well-known classification of trigonometric solutions given by Belavin
Kac-Moody algebra and Drinfeld. The classification of twists in the case of parabolic subalgebras allows us
Manin triple to answer recently posed open questions regarding the so-called quasi-trigonometric
Trigonometric r-matrices solutions of CYBE.

© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CCBY
license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

A Lie bialgebra is a pair (L, §) consisting of a Lie algebra L and a linear map §: L — L®L, called Lie cobracket, inducing
a compatible Lie algebra structure on the dual space LV. This notion originated in [11] as the infinitesimal counterpart of
a Poisson Lie group. Shortly after, in [12,13], Lie bialgebras were described as quasi-classical limits of certain quantum
groups and received a fundamental role in the quantum group theory.

Having a Lie bialgebra structure § on a Lie algebra L we can obtain new Lie bialgebra structures using a procedure
called twisting. More precisely, let t be a skew-symmetric tensor in L ® L satisfying

CYB(t) = Alt((8 @ 1)t),
where
CYB(t) — [tll’ t13] + [t12, t23] + [t.l37 f23],
Alt(x1 @ X% ®X3) = X1 X QX3+ X QX3 ® X1 + X3 QX1 DX
and, for example, [(a ® b)'?, (c ® d)**] := a ® [b, c] ® d. Then the linear map §; := § + dt is a Lie bialgebra structure on
L. Such a tensor ¢t is called a classical twist.

The most important example of a Lie bialgebra structure is the standard structure § on a symmetrizable Kac-Moody
algebra & := R(A) introduced in [13]. In the case when the Cartan matrix A is of finite type or, equivalently, when &
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is a finite-dimensional semi-simple Lie algebra, the standard structure § and all its twisted versions §; are known to be
quasi-triangular, i.e. they are of the form dr for some r € & ® f satisfying the classical Yang-Baxter equation CYB(r) = 0.

When the matrix A is of affine type, the standard structure on £ induces a Lie bialgebra structure on [&, &]/Z(&), where
Z(R) is the centre of &, which we will also call standard. The latter Lie algebra is known (see [23]) to be isomorphic to
the loop algebra £7 over a simple finite-dimensional Lie algebra g corresponding to an automorphism o € Autc_rieaig(g)
of finite order m. It has the following explicit description

2 ={feglz.z7 | flec2) = 0(f(2)}, & = exp(2mi/m).

We denote the induced standard Lie bialgebra structure on £7 by 85 and call its twists §7 := &7 + dt twisted standard
structures. These Lie bialgebra structures are not quasi-triangular, but pseudoquasitriangular as is shown in Theorem 3.3,
i.e. they are defined by meromorphic functions r: C> — g ® g, also known as r-matrices, satisfying the two-parametric
classical Yang-Baxter equation (CYBE)

CYB(r)(x1, X2, X3) = [1"2(x1, X2), 13(%1, x3)] + [1"2(x1, %2), T23(x2, x3)] + [ (%1, x3), T (%2, X3)] = 0.

For example, the trigonometric r-matrix given by a Belavin-Drinfeld (BD) quadruple Q, corresponding to an outer auto-
morphism v € Autc_ieaig(g) (see [4]), gives rise to a twisted standard structure 83 on £° for any finite order automorphism
o whose coset is conjugate to vInng_iieaig(g). It turns out that any r-matrix defining a twisted standard bialgebra structure
on £7 is globally holomorphically equivalent to a trigonometric solution in the sense of the Belavin-Drinfeld classification
(see Theorem 3.4). We refer to such r-matrices as o-trigonometric.

We call two twisted standard structures 87 and &7 (regularly) equivalent if there is a function

¢ € Autepm ;—m_ieng(£7) = {f: C* —> Autc_ieag(g) | f is regular and f(e,2) = of(z)0 '},

called a regular equivalence, such that §7¢ = (¢ ® ¢)67. The main result of this paper is the classification of twisted
standard structures up to regular equivalence. The classification is obtained by reducing our problem to the classification
of trigonometric r-matrices up to holomorphic equivalence given in [4]. To deal with the difference between the notions
of equivalence we use the geometric formalism of CYBE presented in [7]. More precisely, one of the key results in [7]
is that certain coherent sheaves of Lie algebras on WeierstralR cubic curves give rise to so-called geometric r-matrices,
satisfying a geometric version of CYBE. In Section 5 we prove the following extension property:

Theorem A. A formal equivalence of geometric r-matrices at the smooth point at infinity of the WeierstrafS cubic curve gives
rise to an isomorphism of the corresponding sheaves of Lie algebras.

It is shown in [1] that all o-trigonometric r-matrices arise as geometric r-matrices from coherent sheaves of Lie
algebras on the nodal Weierstral8 cubic with section £° on the set of smooth points. Since holomorphic equivalences
are formal, this result and Theorem A show that the notions of holomorphic and regular equivalence for o-trigonometric
r-matrices coincide (see Theorem 5.8). In particular, this leads to the desired classification.

Theorem B. For any twisted standard structure §7 there is a regular equivalence ¢ of £° and a BD quadruple Q =
(1. Iy, y. ty) such that

576 = (¢ ® $)55.
Furthermore, if Q" = (I, I}, y', t;) is another BD quadruple, then the twisted bialgebra structures &g and 8, are regularly

equivalent if and only if there is an automorphism ¥ of the Dynkin diagram of £° such that 9(I3) = I} for i = 1,2,
Py~ =y and (9 @ V)t = ;.

Since the notions of holomorphic and regular equivalence for o-trigonometric r-matrices coincide, the second part of
Theorem B can be refined in the following way: two o-trigonometric r-matrices rg and ra,, given by BD quadruples Q
and Q’, are holomorphically equivalent if and only if there is a Dynkin diagram automotphism y, such that y(Q) = Q’
(see Theorem 5.10 for details). This fact was stated without a proof in [4, §6.4, Remark 4], and we are not aware of any
other proof

Let IT° be the set of simple roots of £7, S C I1° and pﬁr C £7 be the corresponding parabolic subalgebra (see
Section 2.2). The standard Lie bialgebra structure §g on £° restricts to a Lie bialgebra structure on the parabolic subalgebra
p’.. We refer to this Lie bialgebra structure as the restricted standard structure.

In the special case o = id and S = IT' \ {&g}, where &, is the affine root of £¢ = g[z, z'], the classical twists of the
restricted standard structure are in one-to-one correspondence with so-called quasi-trigonometric solutions of CYBE. Such
r-matrices were studied and classified in terms of BD quadruples in [26,32]. We use this classification in Section 4.3 to
demonstrate the first part of Theorem B in the special case g = sl(n, C). This connection to quasi-trigonometric solutions
serves as a motivation for our study of restricted standard structures.

We discover that Theorem B also gives a full classification of classical twists of restricted Lie bialgebra structures. More
formally, for any classical twist t € pi ® p5+ the structure of £” guarantees that the regular equivalence between §7 and
some dg, given by Theorem B, can be chosen to fix the parabolic subalgebra pi. The following theorem summarizes this
observation.
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Theorem C. For any classical twist t € pﬁr ® pfr of the standard Lie bialgebra structure 8g on £° there exists a regular
equivalence ¢ that restricts to an automorphism of pi and a BD quadruple Q = (1“1, I, y, th) such that

I'nCS and §7¢ = (¢ ® ¢)5y.

Let Q' = (I, I, vy, t{, ), I'| €S, be another BD quadruple. A regular equivalence between twisted standard structures Bg and
85, restricts to an automorphism of pi if and only if the induced Dynkin diagram automorphism ¢ preserves S, i.e. 9(S) = S.

The theorems stated above provide us with a list of interesting consequences:

o Letting 0 = id and S = IT' \ {&y} in Theorem C we obtain an alternative proof of the classification of all
quasi-trigonometric solutions [26,32];

e The necessary and sufficient condition to have an id-trigonometric r-matrix which is not regularly equivalent to a
quasi-trigonometric one is the existence of a BD quadruple (I, I3, y, ty) such that for any automorphism # of
the extended Dynkin diagram of g we have @y € ¢(I). Analysing Dynkin diagrams, we conclude that any id-
trigonometric r-matrix is regularly equivalent to a quasi-trigonometric one if and only if g is of type A, Gy, Bo—4
or Dy_10;

o We have mentioned that any o-trigonometric r-matrix is holomorphically equivalent to a trigonometric one in the
sense of the Belavin-Drinfeld classification. Combining the structure theory of £° (Section 2.2) and Theorem B we
can improve that result and get more control over that equivalence. More precisely, let v be an outer automorphism
of g, o be a finite order automorphism of g whose coset is conjugate to vinnc_iieag(g) and r{ be the o -trigonometric
r-matrix defining a twisted standard Lie bialgebra structure 7 on £7. Applying to r{ the regular equivalence, given
by Theorem B, and regrading to the principle grading, i.e. grading corresponding to the Coxeter automorphism oy; ),
we obtain a trigonometric r-matrix X depending on the quotient of its parameters:

rg(l;\v\)(x, y) = X(x/y);

e We answer questions one and two posed at the end of [8] concerning an explicit formula for the quasi-trigonometric
solution given by a BD quadruple Q and its connection with the trigonometric solution described by the same
quadruple Q (see [4]);

regular eq. regrading
—

7 (x,y) ro(x,y)

e We prove the quasi-trigonometric version of Drinfeld’s conjecture on rational r-matrices (see [33,34]): any quasi-
trigonmetric solution is polynomially equivalent to a quasi-trigonometric solution of the form
yC
—— +p(x) +q(y),
X—y
where C € g ® g is the quadratic Casimir element, p, q € (g ® g)[z] and deg(p), deg(q) < 1.

Similar to the o-trigonometric case, rational r-matrices (in the sense of [33,34]) arise as geometric r-matrices (see
[7]). Applying Theorem A in the framework of rational solutions we see that the notion of polynomial equivalence in the
works [33,34] by Stolin coincides with the notion of holomorphic equivalence considered in [4] by Belavin and Drinfeld.
We collect these auxiliary results in Appendix.

In [29] Montaner, Stolin and Zelmanov classified all Lie bialgebra structures on g[z] by classifying classical twists within
all possible Drinfeld double algebras. One of the main points in their argument is the aforementioned classification of
quasi-trigonometric solutions [32] or, equivalently, the classification of classical twists within one of the doubles. From
this perspective, our work is a natural step towards the classification of all Lie bialgebra structures on £ = g[z, z~!] or,
more generally, £7.

2. Preliminaries

In this section we give a brief review of the theory of Lie bialgebras and loop algebras as well as set up notation and
terminology used throughout the paper. Most of the presented results on Lie bialgebras can be found in [10,14] and [27].
A detailed exposition of the theory of loop algebras can be found in [9,23] and [20, §X.5].

2.1. Lie bialgebras, manin triples and twisting

A Lie coalgebra is a pair (L, ) consisting of a vector space L over a field k of characteristic zero and a linear map
8:L — L ® L, called Lie cobracket, such that for all x € L
8(x)+ 18(x) =0 and Alt((d ® 1)8(x)) =0, (2.1)

where 7(x1 ® X2) := X, ® X1 and Alt(x; ® X ® X3) := X1 @ X2 ® X3 + X2 ® X3 ® X1 + X3 ® X1 ® X». These conditions guarantee
that the restriction of the dual map §V: (L®L)” —> LY to LY ® LV defines a Lie algebra structure. A morphism between
two Lie coalgebras (L, §) and (L’, (S/) is a linear map ¢: L —> L’ such that

(P ®¢)S=5¢. (2.2)
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A Lie bialgebra is a triplel (L, [—, =], 8) such that (L, [—, —]) is a Lie algebra, (L, §) is a Lie coalgebra and the following
compatibility condition holds

S(xyD)=x-8(y)—y-8(x) Vx,yel, (2.3)

where x - (y1 ® y2) := [X, y1] ® y2 + ¥1 ® [X, ¥2]. In other words, § is a 1-cocycle of L with values in L ® L. A linear map
between two Lie bialgebras is a Lie bialgebra morphism if it is a morphism of both Lie algebra and Lie coalgebra structures.

Lie bialgebras are closely related to Manin triples, i.e. triples (L,L;,L_), where L is a Lie algebra equipped with an
invariant non-degenerate symmetric bilinear form B and L. are isotropic subalgebras of L with respect to that form,
such that L = L, + L_.2 The definition immediately implies that L, are Lagrangian subalgebras of L which are paired
non-degenerately by B. We say that two Manin triples (L, L,,L_) and (L/, L, L ) are isomorphic if there is a Lie algebra
isomorphism ¢: L —> L’ such that

¢(Ly) =L, and B(x,y) = B(¢(x), #(y)) forallx,y € L. (2.4)

Every Lie bialgebra (L, §) gives rise to the Manin triple (L +LY,L, LV) with the canonical bilinear form B given by

Bx+f,y+g)=fy)+gkx) Vxyel, Vf,gel’, (2.5)
and the Lie algebra structure on L + LY defined by

[x,fl:=adif + (f ® 1)(8(x)) Vxel, Vfel, (2.6)
where ad}; := —ad, is the coadjoint action.

Remark 2.1. The Lie algebra structure (2.6) is the unique Lie algebra structure on L 4+ LY making the canonical form B
invariant and L, LY into Lagrangian subalgebras. The space L + LY equipped with this particular Lie algebra structure is
called the classical double of (L, 8). <

The converse statement is not true, i.e. not every Manin triple (L,L,L_) induces a Lie bialgebra structure on L.
However, this is the case when the dual map [—, —]V:LY — (L_ ® L_)" of the Lie bracket on L_ restricts to a map
8:L, —> L, ® L, where we use the injection L, —> LY induced by B. This condition can be equivalently formulated in
the following way: there is a linear map 6: L, — L, ® L, such that

B(5(x),y ® z) = B(x, [y, z]) Vxel,, Vy,zel_. (2.7)

When this condition is satisfied, we say that the Manin triple (L, L., L_) defines the Lie bialgebra (L, §).

9 +’
Lie bialgebra structure (L, §), then M’ also defines a Lie bialgebra structure (L, §') and |, : (L4, 8) —> (L', &') is a Lie

bialgebra isomorphism. <

Remark 2.2. Let ¢ be an isomorphism between two Manin triples M = (L,L,,L_) and M’ = (L/ L L’_). If M defines a

Remark 2.3. Generally, there may exist many non-isomorphic Manin triples defining the same Lie bialgebra structure.
However, in the finite-dimensional case the condition (2.7) holds automatically and the correspondence between Manin
triples and Lie bialgebras described above is one-to-one. ¢

Having a Lie bialgebra structure, we can produce a new bialgebra structure by means of a procedure called twisting.
Let (L, §) be a Lie bialgebra and t € L ® L be a skew-symmetric tensor satisfying the identity

CYB(t) = Alt (6 ® 1)t), (2.8)

where CYB(t) := [t12, t13]4[t'2, 23]+ [t "3, t23]. Then the linear map §; := 8§ +dt, where dt(x) := x- t for all x € L, defines
a new Lie bialgebra structure on L. The skew-symmetric tensor t is called a classical twist of 8.

It was implicitly shown in [26,32-34] that the problem of classification of classical twists of some particular Lie
bialgebra structures can be reduced to the classification of Lagrangian Lie subalgebras. In the following theorem we
summarize and generalize these ideas.

Theorem 2.4. Let (L., ) be a Lie bialgebra defined by the Manin triple (L, Ly, L_). Then there are the following one-to-one
correspondences:

1 For convenience, the notation [—, —] for the Lie bracket on L will be omitted from the triple.
2 We write A+ B (or A® B) meaning the direct sum of A and B as vector spaces (modules), but not as Lie algebras. The latter is denoted by A x B.

4
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Classical twists of §, i.e.
skew-symmetric tensorst € L, ® L
satisfying CYB(t) = Alt (§ ® 1)t)

SN

Lagrangian Lie subalgebras Ly C L Linear maps T: L — L such that
complementary t(? L, anFl dim(im(T)) < oo and for all wy, wy, w3 € L_
commensurable with L_, i.e. holds B(Tw1, wy) + B(w1, Tw,) = 0 and
dim(L; + L_)/(L; NL_) < 00 B([Twi; — wy, Twy — wy], Tws —w3) =0

Proof. Lett =x ®y € L, ® L, be a classical twist> of §. Define the linear map T:L_ — L, and the subspace L; C L
by

T:=By,—)x and L, = {Tw—w | wel_}. (2.9)

We now show that they meet the requirements of the theorem. The conditions dim(im(T)) < co and L, +L; = L hold by
definition. For all wy, wy, € L_ we have

B(Twy — w1, Twy — wy) = —B(Twy, wa) — Blwy, Tw,)

‘ : (2.10)
= _B(y,7 wl)B(Xi’ wz) - B(y,5 wZ)B(Xi7 w1)~

Therefore, the skew-symmetry of t is equivalent to the skew-symmetry of T and to L; being a Lagrangian subspace. To
prove the commensurability of L, and L_ we note that ker(T) = L, N L_ and hence

dim (L_/(L; N L_)) = dim (im(T)) . (2.11)

This shows that L; N L_ has finite codimension inside L_. The commensurability now follows from the fact that L_ has
codimension at most dim(im(T)) inside L; + L_. Finally, the last condition follows from the identity

B(u)1 R wy @ ws, CYB([’) — Alt ((5 ® 1) t)) = —B ([Tu)1 — w1, Tu)2 — w2], Tw3 — UJ3) . (2.12)

where wq, w,, w3 € L_. This identity is obtained by repeating the argument in the proof of [25, Theorem 7] within our
framework.

Conversely, given a Lagrangian Lie subalgebra L' C L, satisfying the conditions of the theorem, we define the linear
map T:L_ —> L, in the following way: any w € L_ can be uniquely written as w, + w’, for some w, € L, and w’ € L’;
We let T(w) := w,. Then I’ = {Tw — w | w € L_} and the commensurability of L’ and L_ implies that the rank of T is
finite. The other two conditions on T hold because of the relations (2.10) and the Lagrangian property of L. To construct
the classical twist t € Ly ® L, we note that B gives a non-degenerate pairing between the finite-dimensional spaces
L_/ker(T) and im(T). Let {Tw;}i_, be a basis for im(T) and {vi + ker(T)}?:1 be its dual basis for L_ /ker(T). Then

B(wk, —Tv")Tw; = B(Twy, v')Tw; = Ty, (2.13)
forall k € {1, ..., n}. Since T is completely determined by its action on {w; ., we have the equality T = —B(Tv!, —)Tw;.
We define t := —Tw; ® Tv'. The identities (2.12) and (2.10) guarantee that t meets the desired requirements and
L/ - Lf' .

Remark 2.5. It follows that if (L., §) is a Lie bialgebra defined by the Manin triple (L, L, L_) and t is a classical twist
of §, then the twisted Lie bialgebra (L, § + dt) is defined by the Manin triple (L, L,, L;). Equivalently,

B@x)+x-t,(Twy —wy) ® (Twy —wp)) =B, [Twy — wq, Twy — wy]), (2.14)
forallx e L, and wy, wp €L_. ©

2.2. Loop algebras

Let g be a fixed finite-dimensional simple Lie algebra over C and o be an automorphism of g of finite order |o| € Z,.
The eigenvalues of o are e := e2"/I°| k ¢ 7, and we have the following Z/|o | Z-gradation of g

lo]—1

a=P . (2.15)
k=0

3 We use the Einstein summation convention: x; ® y' = Y k@Y.
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where gy is the eigenspace of o corresponding to the eigenvalue afj. The tensor product

£:=gQClz,z '] = @zkg = {f:C* — g f is regular}, (2.16)
kez

equipped with the bracket described by [z'x, Zy] := z"H[x, y], for all x,y € g and i,j € Z, is a Z-graded Lie algebra over
C. The loop algebra £° over g is the Z-graded Lie subalgebra of £ defined by

e =P ={f € £10(f(2) =f(es2)}, (2.17)

keZ
where g, o] = Ok for all £ € Z. It possesses an invariant non-degenerate symmetric bilinear form B, which is given by

1
B(f.g) :=res;—o [;KU(Z),g(Z))] vf.g €&, (2.18)
where « stands for the Killing form on g.

Remark 2.6. We can extend ¢ to an automorphism on £ by o(z*x) := (z/&, )0 (x). Then £° can be viewed as the Lie
subalgebra of £ consisting of fixed points of the extended action of o on £. In particular, we have the identity £ = £9.
This motivates our choice of notation. <

2.2.1. Structure theory (outer automorphism case)

The classification of all finite order automorphisms of g, explained in [20,22,23], gives the following relation at the level
of loop algebras: for any finite order automorphism o there is an automorphism v of g, induced by an automorphism of
the corresponding Dynkin diagram, such that £” = £". Therefore, we first describe the structure of £" and then explain
how regrading of £V carries over the structure theory to £°.

Let g = n_ + b’ + n/_ be a triangular decomposition of g and v be an automorphism of the corresponding Dynkin
diagram. The induced outer automorphism v of g is described explicitly by

V) =xp. vihy) = hyg, (2.19)

where {x;", h;, xi*} is a fixed set of standard Chevalley generators for g. The order of such an automorphism is necessarily
1, 2 or 3. The subalgebra g, turns out to be simple with the following triangular decomposition

gp = (9o Nnl)+(gg M)+ (gg Nnly). (2.20)
~—— b\,h_z ——
=n_ = =ny

Moreover, when |v| = 2 or 3 the subspace g} is an irreducible gj-module. In the case |[v| = 3 it is isomorphic (as a
module) to g) = g” ;.

Remark 2.7. For any automorphism p of g we have a natural Z-graded Lie algebra isomorphism £° = gror”! given by
¢ —> z¥p(x). Since the automorphism v is defined by its order up to conjugation, this result implies that £" is also
determined by the order of the automorphism v. ¢

A pair (a, k), where @ € h¥ and k € Z, is called a root if the joint eigenspace
Owsy = {¥ € g | [h.x] = a(h)x Vh € b} (2.21)

is non-zero. Let @ be the set of all roots and @y be the set of roots of the form («, k). The triangular decomposition (2.20)

of gy gives rise to the polarization ®g = &, U {(0, 0)} U @J . For convenience we introduce two more subsets of roots:
¢t =0, U{(a,k)e @ | k> 0}, (2.22)

& =@, U{(a,k)e @ |k <0}. '

The elements of @ and @~ are called positive and negative roots respectively. It is clear that ® = &~ U {(0,0)} U @t
and —®* = @~ Denoting Znga,k) by 2‘(’0{.,{) we get the root space decomposition

=D L (2.23)
(a,k)ed
where dim():(“ayk)) = lifa # 0 and }3(“0‘0) = b. The form B pairs the spaces £/ and 2;),3,19) non-degenerately if

. L. (a,k1)
(e, kq) + (B, k2) = (0, 0); otherwise B(S(”mkl), S‘(’ﬂ’kz)) = 0. Defining

Ne= P Ll (2.24)
(a.k)ed*
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we obtain analogues of a triangular decomposition and Borel subalgebras for £”, namely

e =M_+h+0N, and By :=h+ Ny, (2.25)
Let {a1, ..., s} be a set of simple roots of gy with respect to (2.20) and « be the corresponding minimal root. For
any root o we write «" for the unique element in b such that B(«¥, —) = a(—). The set
IT = {(a0, 1, (@1, 0), ..., (an, 0)}. (2.26)
=g = =:ap

is called the simple root system of £V. It satisfies the following properties:

1. Any (o, k) € @ can be uniquely written in the form («, k) = Z?:O ¢ia;, where ¢; € Z. If the root («, k) is positive
(negative), then the coefficients ¢; in its decomposition are all non-negative (non-positive);

2. The matrix A = (a;), where

Bay a;) 7 i,je{0,1 2.27

——— € i,je{0,1,...,n}, .

B o) jed } (227)

is a generalized Cartan matrix of affine type. We call it the affine matrix associated to £". The Dynkin diagram

corresponding to A is called the Dynkin diagram of £.

ajj ==

Let Ag == {X;, H; ,X,-Jr}?:1 be the set of standard Chevalley generators for g; with respect to the choice of simple roots
we made earlier. Take two elements XOi € L(+qg,+1) Such that

(X5 X5 ] = 2%y (2.28)
0 X0 _B(ag,ag)_' o- .
By [20, Lemma X.5.8] the set A = Agq U {XO’,HO,XJ} generates the whole Lie algebra £". For any S C IT we
denote by &° the semi-simple subalgebra of £” generated by {X;, H; ,Xf}a,.eg with the induced triangular decomposition
&° =9 +b° + N The subalgebras p3, := B + 9. are the analogues for the parabolic subalgebras in the theory of
semi-simple Lie algebras.

2.2.2. Classification of finite order automorphisms and regrading

We now explain the regrading procedure that makes it possible to transfer all the preceding results of this section to
£? for an arbitrary finite order automorphism o. Let s = (s, 51, ..., Sp) be a sequence of non-negative integers with at
least one non-zero element. Using the properties of the simple root system (2.26) we can write

n
0, )=l ) ad (2.29)
i=0
for some unique positive integers a;. We define a positive integer m = |v]| Z?:o a;s;. The following results were proven

in [20, Theorem X.5.15]:
1. The set {Xj+(1) 1’7:0 generates the Lie algebra g and the relations
Oy (1) == e9/MX (1) 0<j<n (2.30)

define a unique automorphism o),y of g of order m such that £” = £°s:"0, In particular, v = o((1,0,...,0); jv));
2. Up to conjugation any finite order automorphism o of g arise in this way.

It follows immediately that for any finite order automorphism o of g there is an automorphism o,y and an outer
automorphism v of g such that

g’ ? 2 S o (2.31)

where the second isomorphism, given by conjugation, is described in Remark 2.7. The automorphism o, is called the
automorphism of type (s; |v]). Note that the conjugacy class of the coset ofs;|,)Innc_tieaig(g) is represented by v.

Now we describe the first isomorphism in the chain (2.31). Define the s-height hty(«, k) of a root («, k) € @ in the
following way: decompose («, k) with respect to the simple root system 17, i.e. («, k) = ZLO cia; and set

n
htg(er, k) == Y cisi. (2.32)
i=0

We introduce a new Z-grading on £, called Z-grading of type s, by declaring deg(f) = 0 for f € h and deg(f) = ht(«, k)
for f € QE)O(,k)- The isomorphism G*: £” — £°s:IvD, called regrading, is given by

C'x) =" % vixegl, . (2.33)
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If £V is equipped with the grading of type s .:-1/nd L% is equipped with thg natural grading given by the powers of z,
then G° is a graded isomorphism. We write G for the resulting regrading G* o (G5)~1: £%ib) — £6shvD),

Remark 2.8. The grading given by s = 1 = (1,1,...,1) is called the principle grading and the corresponding
automorphism o(y,},)) is the Coxeter automorphism of the pair (g, v). ©

2.2.3. Structure theory (general case)

We finish the discussion of loop algebras by pushing the structure theory for £ to £° through the chain of
isomorphisms (2.31). We do it gradually, starting with the case o = o), S = (S0, S1, - - ., Sp). Let @ and [T, as before,
be the set of all roots and the simple root system of £'. From the definition of regrading it is clear that G°(h) = b. This
allows us to define the joint eigenspaces a0y & € Y, £ € Z, using the exact same formula (2.21) and call («, £) a root
of £7 if g, o #0. Using regrading we can describe the root spaces Ly = =z¢ 9.t) of £% in terms of the root spaces of
£Y, namely

G (L) = Cnwy V(@ k)€ . (2.34)
This gives a bijection between roots of £” and £°. More precisely, let @, be the set of all roots of £, then

@, = {(a, hts(e, k)) | (e, k) € P} (2.35)
The subset I7° := {(«o, So), (@1, 51), - - -, (&tn, Sn)} € D, is said to be the simple root system of £°. We again adopt the

notation &; for the simple root («;, sl-) By definition of ht; the root spaces L. o) and 2‘(’&[2) are paired by the form B
non-degenerately if (o, £1)+(8, £2) = (0, 0); otherwise B(S‘(ja,/zl)’ 2(}3’[2)) = 0. It is evident from (2.34) that the subspaces
Ny, By C LY are fixed under regrading and thus we can unambiguously use the same notations for them considered as
subspaces of £7. Applying regrading to the set of generators A = {X;", H; , X, *}1 o of £ we obtain the set

1
A% = {2 (1), H, X))

L (2.36)

of generators of £°. When S C I7° we use the same notation &° to denote the semi-simple subalgebra of £ generated by
{z75X7 (1), H; , 2°1X;*(1)}g,es with the induced triangular decomposition &° = M° + b + 9. The corresponding parabolic
subalgebras of £° are defined using the same formulas, namely p5, := B, + ‘ﬂi We also define

D o =9 N (2.37)
(,0)edF

This gives the triangular decomposition g = n% + b + nJ.
Finally, we consider the case o = pa(s:M),o‘l for some p € Aute_rieag(g). We denote the natural isomorphism

£osh) — g7, Z*% —> zkp(x) (2.38)

with the same letter p. The roots of £° with respect to the action of the Cartan subalgebra p(h) are of the form (ap~1, £),
where («, £) is a root of £°&:I"D, and the root spaces are described by

=0 (08, (2.39)
The set of all roots is again denoted by &, and its subset

1% = {(aop™ " s0), (@1p™ ", 51), .o, (@np ™ $0)} (2.40)
is called the simple root system of £°. Applying p to the generators (2.36) of £%s") we get the set

A7 = {z7%p(X (1), p(Hy), 2 p(XF (1)}, (241)

of generators of £°. Later, when there is no ambiguity, the same notations XijE and H; are used to denote the elements of
generating sets (2.41) and (2.36). Combining (2.39) with (2.34) we define

_ ‘7(5 M)
= p(n @ Lo hts(ak)’

(o,0)ed*

- ) : 2.42
NG = p(MNy) = Hap sty -
(a,k)ed®

BL = p(B+) = N3 + p(h).
where @, as before, is the set of all roots of £". Note that this notation is in consistence with the one defined earlier.

Remark 2.9. leto = ,oa(s;M),o‘l and A be the affine matrix associated to £7, defined in a way similar to (2.27). Then A
coincides with the affine Cartan matrix of £" and so does the Dynkin diagram of £7. ¢

8
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2.2.4. Connection to Kac-Moody algebras

As the structure theory developed in the preceding subsections suggests, the notion of a loop algebra is closely related
to the notion of an affine Kac-Moody algebra. More precisely, let A be an affine matrix of type Xﬁ,m), g be the simple finite-
dimensional Lie algebra of type Xy and v be an automorphism of g induced by an automorphism of the corresponding
Dynkin diagram with |v| = m. Then A is the Cartan matrix of £” and the affine Kac-Moody algebra £(A) is isomorphic to

£’ 1 Cc +Cd, (2.43)

where Cc is the one-dimensional centre of £(A), d is the additional derivation element that acts on £" as z% and the Lie
bracket is described by

[Z*x, 2°y] = 2 x, y] + kB(Z*x, z°y)c  VZ*x, z'y € £. (2.44)

Consequently £" = [£#(A), R(A)]/Cc and the form (2.18) on £" extends to a standard bilinear form on £(A) in the sense
of [23, §2].

3. The standard Lie bialgebra structure on £° and its twists

Let R(A) be a symmetrizable Kac-Moody algebra with a fixed invariant non-degenerate symmetric bilinear form B.
Then it possesses a Lie bialgebra structure §y, called the standard Lie bialgebra structure on £(A), given by

Ber), o)

So(H)=0,  &(D)=0, (X)) = Hi A X, (3.1)

where {X;", H;, Xf} U {D;} is a set of standard generators for £(A) (see [12, Example 3.2] and [10, Example 1.3.8]). We can
immediately see that 8y induces a Lie bialgebra structure on

[R(A), R(A)1/Z(K(A)), (3.2)

where Z(A(A)) is the centre of &(A). In particular, when A is an affine matrix and B is the form mentioned in Section 2.2.4
we get a Lie bialgebra structure §; on £". Applying the methods described in Section 2.2 we induce a Lie bialgebra structure
83, called the standard Lie bialgebra structure, on £° for any finite order automorphism o. Its twisted versions §7 are called
twisted standard structures.

3.1. Pseudoquasitriangular structure

We want to prove that §7 is a pseudoquasitriangular Lie bialgebra structure, i.e. it is defined by an r-matrix. We restrict
our attention to a special case o = ogs,u)). The general result will then follow from the natural isomorphism mentioned
in Remark 2.7.

Let C7 be the projection of the Casimir element C = ,‘f:'al C/ € g ® g on the eigenspace g; ® g7,. The triangular
decomposition gg = n? + b + ng leads to the splitting C§ = CZ + G, + CJ, where C{ € nf @ n% and G, € h ® h. We
introduce a rational function rg : C? — g ® g defined by

o1, \k

Ch 1 X
o —— CU E = CU_ 33
m”)z+-ﬂwwqhxﬁk &)

Remark 3.1. Formula (3.3) can be seen as a generalization of well-known r-matrices. Kulish introduced rg“‘” in [28]. More

generally rg(””” was introduced in [4] by Belavin and Drinfeld, which they later, in [5], called the simplest trigonometric

solution. Jimbo used ry in [21] and the formula for rf)d appears in the recent works [26,32] and [8] under the name
“quasi-trigonometric r-matrix”. <

The statement in [4, Lemma 6.22] suggests the following holomorphic relations between functions defined by (3.3).

Lemma 3.2. Llet 0,0" € Autc_ijeag(g) be two automorphisms of types (s; |v|) and (s'; |v|) respectively, where s =
(50,1, ---,Sn) and s’ = (sq, 8}, ..., s,). Then

1. The equations a;i() = s;/|0’| — si/lo|, i € {0, 1, ..., n}, define a unique element w € h such that

euad(u)f (eu/|rr|) _ (szf) (eu/\a/l) Vf € £ Vu e C; (3.4)

2. The functions rg and 1’ satisfy the relation
(euad(u) ® evad(u)) rg (eu/\rr\’ ev/\a\) — rg/ <eu/\o/|, ev/lﬁ’\) Yu,v e C,u—v ¢ 2miZ. (3.5)

9



R. Abedin and S. Maximov Journal of Geometry and Physics 164 (2021) 104149

Proof. Using the formulas

n n
lo| = |v|Za,-s,- and |o'| = |v|Zafs;, (3.6)

we can easily deduce that the equations «;(u) = si/|o’| — s;/|o| are consistent and define a unique element u € b. Let
f= Xi, ie{0,1,...,n}. Then for all u € C we have

k
euad(u)Xi:E( u/\(r\ tusi/lo] Z - < i %) Xii(])
o

k=0
— ptusi/lo’ \Xii(l) _ (Gi/Xii> (eu/la/\) .

Since £7 is generated by Xii, identity (3.7) proves the first statement. To verify the second statement we choose a basis
{b(a x} for each £7, ;) such that

(3.7)

B( ek b’ﬁfa_fm) =38 Va, k)€ P,. (3.8)
Setting ng, v = dim(£f, ) we can write
y k+L|o| 0
(;) Z Bl —t1o)(®) ® blo —pseion(¥) X,y € C, (3.9)
(a.k)edf
1<’<”(a k)

where @} stands for the set of positive roots of £7. Then the Taylor series of r§ in y = 0 for a fixed x is

G . ,
g (x,y) = 3“ + Z by —1y(*) ® by y(¥)- (3.10)

(a.k)eds
I=i=ny k)

It converges absolutely in |y| < |x| allowing us to perform the following calculation

(e"24) @ v 3dw) pe (eu/|a|’ev/|a|): n Z ey (/) @ er b (e

(a.k)edgd
lgign(a.k)

G ;o ) N /
=54 X (6w) (1) @ (60s) ()

(a.k)edd
lgisn(a_k)

’ ’ /
=10 (euua | ev/lo |) 7

for |e?/l°!| < |e!/19!| or, equivalently, |e"/!°'l| < |e¥/!°’l|. Equality (3.5) now follows by the identity theorem for holomorphic
functions of several variables (see [17]). W

Having this result at hand we can obtain the desired pseudoquasitriangularity for twisted standard structures 7. Let
us call a meromorphic function r : C2 — g ® g skew-symmetric if r(x, y) + t(r(y, x)) = 0.

Theorem 3.3. Let o € Autc_ieag(g) be a finite order automorphism and t € £° ® £°. Then r{ :=r§ +t is a skew-symmetric
solution of the CYBE if and only if t is a classical twist of §7. Moreover, if t is a classical twist of 5, then the following relation
holds*:

SN =0FX1+1f(y).r7(x.y)] VfegL’, VxyeC" (3.11)

Proof. First, assume that ¢ = oy, and t = 0. In this case [4, Proposition 6.1] implies that rJ is a skew-
symmetric solution of the CYBE and (3.11) follows immediately from comparing [4, Equations (6.4) and (6.5)] with the
projections of the defining relations (3.1) to £°. Secondly, applying Lemma 3.2 we get the statement for an arbitrary
finite order automorphism o and t = 0. Finally, since r{ is skew-symmetric, the skew-symmetry of ¢ is equivalent to the
skew-symmetry of r{ and a straightforward computation gives the equality

CYB(r?) = CYB(rS) + CYB(t) — Alt((85 ® 1)t) = CYB(t) — Alt((55 ® 1)t), (3.12)

which completes the proof. B

4 We define fRg)xy) =fx)®gly) for any x,y € C* and f,g € £°.

10
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We finish this subsection by relating r-matrices of the form r{ to trigonometric r-matrices in the sense of the
Belavin-Drinfeld classification [4].

Theorem 3.4. Let t be a classical twist of the standard Lie bialgebra structure 6§ on £° and r = rg +t be the corresponding
r-matrix. Then there exist a holomorphic function ¢: C — Innc_ieag(g) and a trigonometric r-matrix X: C — g ® g such
that

X(u—v) = (o)™ @ p(v) )y (el e?/7)). (3.13)
Proof. Let
o _ 1 =
rxy)=rixy) = Wy —1 1€ &) +8x.y). (3.14)

where E(z) = ZL‘;'EI z"C,f. Following the arguments in [3] and [26, Theorem 11.3] we rewrite the CYBE for r in the form

[r'2(x, ), r®x, 2)] + [r2(x, y) + rP(x, 2), g2, 2)] + [r'%(x, y) + r3(x, 2), C®(y/z)] = .

/z)l =1
Calculating the limit y — z using L’'Hospital’s rule we obtain

[r'2(x, 2), r(x, 2)] + [r'%(x, 2) + rP(x, 2), g%(z, 2) + o | /(C' (1)) + |Z—|[82r12(x, 2), C3(y/z)] = 0.
o
Applying the function 1® L:g® g ® g —> g ® g, where L(a ® b) := [a, b], we get the equality

z

[r(x,2), r(x,2)] + [r(x,2), 1 ® f(2)] + mazr(x, z)=0, (3.15)
where f(z) := L(g(z,z) + |a|’16/(1)) and [a® b, c ® d] := [a, c] ® [b, d]. Similarly, letting x — y in the CYBE for r and
then applying L ® 1 we obtain the identity

[r(y. 2). 1y, 2)] = [r(y. 2). f 1) ® 1] — %ayr(y, 2)=0. (3.16)
Subtracting (3.15) from (3.16) and setting x =y = e*/1?! and z = e*/1?! we get

dur(e"1?!, 191y + a,r(e"/1!, e/l = [h(u) ® 1+ 1® h(v), r(e"/17!, e”/11)], (3.17)

for h(u) := f(e*/1°!). Since h is holomorphic on C, we can find a holomorphic function ¢: C —> Autc_gieaig(g) such that
¢'(z) = ad(h(z))p(z) and ¢(0) = id, (see [26, Proof of Theorem 11.3]). The connected component of id, in the group
Autc_ieag(g) is exactly the inner automorphisms of g and thus ¢: C — Innc_ieaig(g). Finally, the relation (3.17) implies
that the r-matrix

X(u, v) == (p(u)' ® p(v) (e, ev/loly (3.18)

satisfies the equation au)?(u, v) + BU)N((u, v) = 0. Therefore, we can define X(u — v) := )?(u —0,0) = )?(u, v). The set of
poles of X is 27iZ and hence it is a trigonometric r-matrix. ®

From now on r-matrices of the form r7 = r§ +t, where o is a finite order automorphism of g and ¢ is a classical twists
of 87, are called o -trigonometric.

3.2, Manin triple structure

The standard Lie bialgebra structure on an affine Kac-Moody algebra (3.1) can be defined using the standard Manin
triple (see [12, Example 3.2] and [10, Example 1.3.8]). Restricting that triple to £° we get a Manin triple defining the
standard Lie bialgebra structure 5§ on £°. More precisely, §; is defined by the Manin triple

(87 x £7, A, W), (3.19)
where A is the image of the diagonal embedding of £ into £7 x £° and W, is defined by

Wo:={(f.g) e B, x B |f+geN]+N7}. (3.20)
The form B on £° x £7 is given by

B((fi.f2),(g1,8)) =B(fi,&1) —Bl2. &) VYfi.f2.81.8 € £°, (3.21)

where B is the form (2.18). From Theorem 2.4 we know that classical twists t of §§ are in one-to-one correspondence
with Lagrangian subalgebras W; C £° x £° complementary to A and commensurable with W,. We now describe the
construction of such subalgebras using o -trigonometric r-matrices.

11
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Let ¥:9® g —> Endc_vect(g) and ¥: £° ® £° —> Endc_vet(£7) be the natural maps given by a ® b — «(b, —)a
and a ® b — B(b, —)a respectively. Then we have the following useful identity

resy—g Bw(P(z,y))(f(y))} =¥((P)f)Xz) VPegL’ ®L’, Vfetl’, VzeC" (3.22)

Theorem 3.5. Let t be a classical twist of the standard Lie bialgebra structure 5§ on £° and r, = r§ +t be the corresponding
o -trigonometric r-matrix. Denote by my and my the projections of £° onto & and NG respectively. Then the linear map
Ry == my/2 4+ m_ + W (t) satisfies the relation

1
resy—o [;w(n(z,y))(f(y))] =R(f)z) Vfeg’, VzeC, (3.23)
and the Lagrangian subalgebra W;, corresponding to t, can be described in the following way
={(Re = DSf,Rf) | f € £7}. (3.24)

Proof. We prove the theorem for o = oys,,)) and t = 0. The general result then follows by linearity and (3.22). Writing
r§(z,y) as series (3.10) and applying Y we get

G)
¥ n )4 D U (bl @) @bl () (f(y)), (3.25)

(o, k)e@+
I=i=ngg k)

Y(rg (z, y)FW) =

The absolute convergence of the series in the annulus € < |y| < |z]| for any € € R, allows the componentwise calculation
of the residue, i.e.

”h(f

1
resy—o [;w(rt(Z,Y))(f(Y))] = + Z (o, (f(¥)) = Ro(f )(2), (3.26)

(a.k)edd

where 7, 1 is the projection of £7 onto £7, .

For the second statement let us take an arbitrary (w1, w,) € Wp. The relation my(w1) = —my(wy) implies (wq, wy) =
((Rg—1)(w2 —w1), Ro(wy —w1)). The desired result now follows from the fact that (wq, wy) —> w, —w; is an isomorphism
between Wy and £°. W

Remark 3.6. For later sections it is convenient to define another, more geometric, Manin triple defining the standard Lie
bialgebra structure 8§ on £°. Define m : |a| 0% = (C[z z~™] and O" = C((z*™).°> The Lie algebra £% is naturally an
0° -module and hence we can extend it to E" = £7 Qqo O‘r Equip the product Lie algebra S" x £7 with the following
bilinear form

1 1
B((f1, f2), (&1, £2)) == res,—o [zKUl’gl)} — IeS;— |:ZK(fz,g2)} , (3.27)
where «(}; aiz', Y bZ) == >, «(a;, bj)z" and res,—o reads off the coefficient of z~'. The restriction of this form to
£7 x £7 is the form (3 21) defined earlier. Consider the subset
={(F.9) e B x B2 |7/ () = -7, (&)} € L] x L7, (3.28)
where SB =hH+ N9, N 9 stands for the completion of 915 with respect to the ideal (z M) C C[z*™] and T, nh E" — b

are the canomcal pl‘OjECthl’lS Then Wo is a Lagrangian subalgebra complementary to the diagonal embedding A of £°
into 2" X 2" Since the Lie bracket on W is the restriction of the Lie bracket on Wy, the Manin triple

(87 x £7, A, Wp) (3.29)

also defines the standard Lie bialgebra structure 5§ on £°.
The geometric nature of this Manin triple is revealed in [1]: the sheaves used for construction of o-trigonometric
r-matrices can be viewed as formal gluing of twisted versions of W, with £7 = A over the nodal Weierstra cubic. <

3.3. Regular equivalence

Let us fix a finite order automorphism o of g. We now turn to defining the notion of equivalence for twisted standard
bialgebra structures on £° which is compatible with the corresponding pseudoquasitriangular and Manin triple structures.
In other words, we want equivalences of Lie bialgebras to induce equivalences of the corresponding Manin triples and

5 The notation C((u) is used to denote the ring of Laurent series of the form ) au*, where a; € C and N € Z.

12
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trigonometric r-matrices and vice versa. We stress that the notion of holomorphic equivalence used in the Belavin-
Drinfeld classification [4] is unsuitable for our purpose, because in general it does not provide isomorphisms of loop
algebras.

In the spirit of [33,34] we define a regular equivalence on the loop algebra £° to be a regular function ¢: C* —>
Autc_rieaig(g) preserving the quasi-periodicity of £7, i.e.

P(eo2) = op(z)0 ", (3.30)

where g, = e2"/I°l, Recalling that 0° = C[z!°!, z71°], we can equivalently define a regular equivalence on £° to be an
element of Autgs _rieaig(£”). The equivalence between these two definitions is given by ¢(f)(z) := ¢(z)f (z)

By definition (2.17) the space £° ® £° can be viewed as the space of regular functions T:C* x C* — g ® g such
that (1 ® o)T(x,y) = T(x, &,y) and (o ® 1)T(x,y) = T(e.x,y). It is straightforward to check that if such a function T
vanishes along the diagonal, i.e. T(z, z) = 0 for all z € C*, then it is divisible by (x/y)'°! — 1. Applying this observation to
the function

lo]—1 k lo]—1 k
(6@ p) Y (;) G-y (;) Q. (331)

k=0 k=0

where ¢ € Autge _jiealg(L7), we see that (¢(x) ® ¢(y)ry (x,y) = r§(x,y) + s(x, y) for some classical twist s, i.e. it is again
a o-trigonometric r-matrix.
The following theorem demonstrates that the notion of a regular equivalence meets all our needs.

Theorem 3.7. Let ¢ be a regular equivalence on £° and s, t € £° ® £° be two classical twists of the standard Lie bialgebra
structure 8§ on £°. The following are equivalent:

L rf(x ) = (¢(x) ® )1y (x.y) for all x,y € C*, X7 # yI°I;
2.5/¢ =(¢ ® )5,
3 W= (¢ X ¢)Ws

Proof. “1. = 3.”:If ri(x, ¥) = (¢(x) @ p(y))rs(x, y) for all x,y € C*, xI°! £ ylo| then (3.23) implies R, = ¢Ry¢*. Since
the adjoint of ¢(z) with respect to the Killing form is ¢(z)~!, we have ¢* = ¢~!. The formula (3.24) applied to both W;
and W; gives

(@ x $IWs = {(d(Rs — 1)~ '(8f), pRsd ' (¢f)) | f € £7} = W. (3.32)

“3, =— 2.”: Assuming W, = (¢ x ¢)W,, we can easily see that ¢ x ¢ is an isomorphism of Manin triples
(£7 x £7, A, W) and (£7 x £7, A, W;). Identifying A with £ and applying Remark 2.2 we immediately get the desired
isomorphism ¢: (£, 8;) —> (£, &).

“2. = 1.”: Since £° has no non-trivial finite-dimensional ideals (see [23, Lemma 8.6]), the only element in £° ® £°
invariant under the adjoint action of £7 is 0.

Applying this result to the equality

[UF)X) ® 1+ 1 ¢(f)y). re(x, ¥)] = 8:p(f )%, ) = (¢(x) ® p(¥))Ss(f)(x. y)
= (X)) ¢ IfFX)® T+ 1®f(y), 1s(x,¥)] (3.33)
=[o(f)X) @ 1+ 1@ ¢(F)Y). (6(x) ® (¥))rs(x. y)I,

where f € £7 and x, y € C*, x1°! £ yl°l, we get the last implication. m

We say that two twisted standard bialgebra structures or o -trigonometric r-matrices are regularly equivalent if one of
the equivalent conditions in Theorem 3.7 holds.

4. The main classification theorem and its consequences

Before stating the main classification theorem we recall the notion of a Belavin-Drinfeld quadruple for an arbitrary
finite order automorphism o, defined in [4], and then associate it with a classical twist of the standard Lie bialgebra
structure §g.

We start with the case o = o(s)y)). Let IT?, A” and &, be as at the end of Section 2.2. A Belavin-Drinfeld (BD) quadruple
is a quadruple Q = (1"1, I, y, th), where I'1 and I3 are proper subsets of the simple root system 717, y: I'1 —> I is a
bijection and t, € h A b such that

1.8 (“;(f)’ "%‘)) = B (o', o) for all &, & € I't, where &) := y (&);
2. For any @; € I there is a positive integer k such that y*(a@;) & I;

13
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3. (Oly(i) ®1+1® o)ty + Cy/2) = 0 for all a; € I.

The bijection y induces an isomorphism 6,: 6"t — &2, 0, (25X (1)) == zisl'(')Xi )(1), which we extend by 0 to the
whole £°. Let &; C &, be the subset of roots that can be ertten as linear combmatlons of elements in I. For each
o € @1 we choose an element by € £Z such that B(bg, b_3z) = 1 and construct the following skew-symmetric tensor

o0
=ty+ Y Y b gt (by) e’ ®L, (4.1)
Geof J=1
where ‘D1+ = @1 N @} and the second sum has only finitely many non-zero terms since 6, is nilpotent by condition 2.

We write Q8> RQ and W, instead of rg, r(,,R[n and W[a respectively. In the case s = (1, ..., 1) the functions rd

Q
and Rq as well as the Cayley transform of Rq were studled in detall in [4]. Using regrading and Lemma 3.2 we derive the
following statements:

o 17 is a skew-symmetric solution of CYBE. Hence Theorem 3.3 implies that 7 is a classical twist of &7 ;

e The inhomogeneous system of linear equations constraining t; is consistent. The dimension of its solution space is
L€ —1)/2, where £ = |I1° \ I1];

e Setting 9;1 = 0,41]m,, We have

Ro = 0,7(6) — 7 )™" + (Y(ty) +idy/2) + (- — 6 )7 (4.2)

e Let by := im(y(t,) —idy/2) and b, := im(y(t,)+idy/2). The Cayley transform of Rq is the triple (C&, Cé, 6q ), where
CJ = im(Rq — id) = My + by + M7,
CZ == im(Rq) = M2 4 + M,
and 6, is the unique gluing of 6, with the natural isomorphism
,m(y(ty) —idy/2) im(y(ty) + idy/2)
“ker(y(ty) +idy/2)  ker(y(ty) — idy/2)’ (4.4)
[(¥(ty) — idy/2)(N)] > [(Y(ty) + idy/2)(h)],
which coincides with 6,, on the intersection of the domains. The subalgebra W, is then given by
Wo = {(x,y) € Ci x C§ | 6o([x]) = yl} . (4.5)

Conjugating o by p € Autc_iieaig(g) We extend all statements and constructions given above to an arbitrary finite order
automorphism of g.

(4.3)

Theorem 4.1 (The Main Classification Theorem). For any classical twist t of the standard Lie bialgebra structure § on £° there
is a regular equivalence ¢ of £° and a BD quadruple Q = (Fl, I, y, th) such that

5 = (¢ ® )55 (4.6)
Furthermore, if Q" = (I, I}, ¥, t;) is another BD quadruple, the twisted bialgebra structures 3 and 88, are regularly

equivalent if and only if there is an automorphism ¢ of the Dynkin diagram of £° such that ¥(I3) = I} for i = 1,2,
By~ =y’ and (9 ® V)t, = t;, which we denote by ¥(Q) = Q'

We put off the proof of the theorem to Section 5. The rest of this section is devoted to various consequences of
Theorem 4.1 and to the proof of its first part in the special case g = sl(n, C) and o = id.

Example 4.2 (Quasi-constant r-matrices). Let 1™ ¢ g ® g be a constant r-matrix satisfying the condition
preonst + r(rconst) —C. (47)

Then the meromorphic function

C
rx,y) = ———— +r°™ (4.8)
(x/y)—1
is a skew-symmetric solution of CYBE, called quasi-constant r-matrix. The converse is also true: if (4.8) is a skew-symmetric
r-matrix, then r®™ is a constant r-matrix satisfying (4.7).
It was shown in [5, Theorem 6.1] that any constant r-matrix satisfying (4.7) can be transformed by a suitable automorphism
of g into another r-matrix ré"““ which satisfies the same condition (4.7) and which is completely determined by a constant

14
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BD quadruple Q. That means Q = (I, I3, v, ty), where I'y and I, are subsets of simple roots of g. Identifying simple roots
a1, ..., o of g with simple roots (a1, 0), ..., (an, 0) of £ we make a constant BD quadruple Q into a BD quadruple described
at the beginning of this section. Comparing the formulas (4.1) and [5, Equation 6.8] we see that

const

C
Wy -1 °

ralx,y) =

Remark 4.3. In Section 5 we actually prove an even stronger version of Theorem 4.1. More precisely, we show that if
two o -trigonometric r-matrices ] and rZ,, given by BD quadruples Q and Q’, are locally holomorphically equivalent, i.e.

Q/v
(0(x) ® pW)rg(x. ¥) =15,

for some holomorphic function ¢:U — Autc_gieaig(g) defined in a neighbourhood U of 0, then these r-matrices
are automatically regularly equivalent and there is a Dynkin diagram automorphism @ such that #(Q) = Q' (see
Theorem 5.10). This fact was stated without a proof in [4, Section 6.4, Remark 4], and we are not aware of any other
proof. <

4.1. (lassification of twists for parabolic subalgebras

To simplify the notation we again assume o = oys.,)). The following results can be stated for an arbitrary finite order
automorphism by applying conjugation.

Let S C A° be a proper subset of standard generators of £7. It is easy to see that the standard Lie bialgebra structure
8¢ restricts to both &% and p’.. Such induced Lie bialgebra structures can be defined using modifications of the Manin
triple (3.19). For example, the Lie bialgebra structure (pi, 8g |ps+) is defined by the Manin triple

((6° +1b) x £7, 4%, Wp), (4.9)

where Wy = Wp N ((&° + ) x £°) and A% = {(ws(f). f) | f € p%} for the canonical projection ms:p5, —> (&° + ) =
p%./(p3.)*". The following theorem gives a classification of classical twists of the restricted Lie bialgebra structure &g | p5 oL,

equivalently, classical twists of ; contained in pfr ® pi.

Theorem 4.4 (The Classification Theorem for Parabolic Subalgebras). For any classical twist t € pi ® pfr of the standard Lie
bialgebra structure 55 on £° there exists a regular equivalence ¢ that restricts to an automorphism of pi and a BD quadruple
Q = (I, I3, v, ty) such that

INCS and §]¢ = (¢ ® )55 (4.10)

Let Q' = (I, I, vy, t{, ), I'| €S, be another BD quadruple. A regular equivalence between twisted standard structures Bg and
85, restricts to an automorphism of pi if and only if the induced Dynkin diagram automorphism ¥ preserves S, i.e. 9(S) = S.

Remark 4.5. For a BD quadruple Q = (I, I3, . ty) with I € S, formula (4.1) directly implies that tq € p%, ® p%. In
particular o is a twist of 57 s . <

The proof of Theorem 4.4 is based on the following three structural results for £°.

Lemma 4.6.

1. A subalgebra a of £° containing a coisotropic subalgebra b1 of b satisfies [h, a] C a;
2. A subalgebra p of £° containing B.. is of the form pi for some S’ C I1°%;
3. A mapping ¢ € Autc_rieag(L7) fixing B or B_ induces an automorphism of the Dynkin diagram of £°.

Proof. 1.: We can write

e=Pe=6F P <. (4.11)

a’ehlv o/eh]v aehY
alh]:a’
where £ = {f € £° | [h,f] = a(h)f Vh € b} = P, Lk for any @ € b and similarly £7, = {f € £° | [h,f] =
o/(h)f Vh € b1} for any o’ € bY. Assume there are distinct o1, o € h" such that £0,. L5, #0 and (o1 — &)y, = 0. Since
b is coisotropic inside b, we have (@ — a3)" € hll C by. From [20, Lemma X.5.6] it follows that «; — @z = 0 which, in
its turn, implies that for any o’ € b} there exists a unique weight o € b such that £7, = £7. This observation combined
with [h1, a] C a allows us to write (see [23, Proposition 1.5])

=P ena=EPena (4.12)

a’eh\{ aehV

15



R. Abedin and S. Maximov Journal of Geometry and Physics 164 (2021) 104149

implying [, a] < a.
2.: Without loss of generality assume that p contains 9. The inclusion § C p and [23, Proposition 1.5] imply that

p=@p Ny (4.13)
aehY
Take X € £7, Np N N_ for some o # 0. Let j be the maximal non-negative integer such that the £_, _j-component of
X is non-zero. The structure theory of £ implies dim(£_q,—j)) = 1. Assume that (—o, —j + k) is a root for some positive
integer k. Decomposing the difference of (—«, —j) and (—a, —j + k) into the sum of simple roots we get a relation of
the form Y ! ci&; = (0, k). Then the identity Y |, cio; = 0 and (2.29) imply that k is an integer multiple of Y ! a;s;.
Using [23, Theorem 5.6.b] we see that (0, k) is a root. Applying [20, Lemma X.5.5".(iii)] iteratively we see that

@ Llma,—jitl) S b (4.14)
k>0

Following the proof of [24, Lemma 1.5] we now show that p = pi’, where
S = {(aivsi) e’ | E(*(Xi,fsi) - p} (415)

Assume the claim is false. Let (—y, —¢) ¢ span,(S’) be a negative root of maximal height such that there exists an element
Y e SZV Np N M_ with a non-zero £, _y-component Y_,. Then there exists («;, 5;) € 77° \ S” such that X, Y_,]#0
and (—y + «j, —€ + ;) € spany(S’), where Xj+ is the standard generator of £°. Note that (4.14) implies y # «;. By the
structure theory of loop algebras we can find Z € S{yfaj’ ) C B, C p such that

B(IX}", Y_¢1,2) # 0. (4.16)

The invariance of the form B then gives 0 # [Y_;,Z] € £
(@j, s;) € S’ contradicting our choice of (¢, s;).

3.: Assume that ¢(B) = 9B.. Since 9. = [B,, B, ], we see that ¢ also fixes 9, and h. By [24, Lemma 1.29] the
automorphism ¢ maps I7° to a root basis. But since ¢ fixes 91, this root basis consists of positive roots and the only
root basis in the set of positive roots is I7°. Hence ¢(I1°) = IT° and thus ¢ induces an automorphism ¢ of the Dynkin
diagram of £7. ®

) Applying formula (4.14) to X = [Y,Z] € p we get

Dtj,—Sj

Proof of Theorem 4.4. We prove the statement for 0 = o(s),). The general result it obtained using conjugation. By
Theorem 4.1 there is a regular equivalence ¢; on £° and a BD quadruple Q" = (I}, I3, ¥/, t{)) such that (¢ x ¢1 )W = Wy
Since t € pi ® pi we have W, C pi x £7. Let h; C b be the image of y(t,) — idy/2. Since t;, is skew-symmetric, this is
easily seen to be a coisotropic subspace of h. Then

Co =9 + b +0 Chi(p3) (4.17)
and, in particular, we have the inclusion h; C ¢1(p5+). By the first part of Lemma 4.6 we have

(6, p1(p3)] S P1(p3). (4.18)

Since pi is self-normalizing, ¢>1(p§r) is self-normalizing as well. Therefore we get h C d)](pﬁr) and consequently B, C
zp](pi). Then the second statement of Lemma 4.6 shows that ¢1(pi) = pi for some S’ C I7°. The inclusion (4.17) implies
that I € S'. :

Define B’ = ¢;1(%+). The subalgebra %’/pﬁf, being the preimage of the Borel subalgebra %Jr/pi'l of & + h =
pi’ /pi‘L under ¢, is a Borel subalgebra of &5+ = pi/pi'{ Therefore, by the conjugacy theorem for Borel subalgebras,
there exists an inner automorphism ¢, of &° 4+ h mapping %’/pfr‘L to %#pi‘{ It can be seen from [20, Lemma X.5.5]
that ad, is nilpotent on £° for any x € £7 ,, and o # 0. Combining this result with the equality

(a.k)
Innc_ienig(&* + ) = (€% | x € £7, . (o, k) € By N spany(S), a # 0)

(see [6, §3.2]), we can view ¢, as a regular equivalence on £° that restricts to an automorphism of p5 and maps B’ to

8. The composition ¢>2¢]_1 is then an automorphism of £° mapping pi/ to pi and fixing the Borel subalgebra 9. The

third part of Lemma 4.6 implies that ¢,¢; !induces an automorphism ¥ of the Dynkin diagram of £% such that 9(S') = S.

Applying the second part of Theorem 4.1 to ¥ we obtain a regular equivalence ¢3 such that (¢3 x ¢3)Wo = Wo.—g(q/).
The composition ¢ := ¢3¢ and the quadruple Q satisfy all the requirements of the theorem. ®

4.2. Quasi-trigonometric solutions of CYBE

Letting 0 = id and S = IT \ {(«o, 1)} the corresponding parabolic subalgebra pi becomes g[z]. The solutions to CYBE
of the form r; = ro + t, where t € g[z]®?, are called quasi-trigonometric. Two quasi-trigonometric solutions r; and r; are
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called polynomially equivalent if there exists a ¢ € Autcp,j—rieaig(g[z]) such that

r(x%,y) = (¢(X) ® pWNre(x,y)  Vx,y € C*, x £y. (4.19)

Therefore, a polynomial equivalence is a regular equivalence that restricts to an automorphism of g[z]. Quasi-trigonometric
r-matrices were introduced and classified up to polynomial equivalence and choice of a maximal order in [26,32]. More
precisely, it was shown that quasi-trigonometric solutions are in one-to-one correspondence with certain Lagrangian
subalgebras of g x g(z~!). Embedding the Lagrangian subalgebra, corresponding to a quasi-trigonometric solution r, into
some maximal order of g x g((z~!), the authors of [26,32] obtained a unique quasi-trigonometric solution rqy (given by a
BD quadruple Q) polynomially equivalent to r. In this setting we get the following results:

e The classification theorem for parabolic subalgebras 4.4 together with Theorem 3.3 gives a new proof of the
above-mentioned classification of quasi-trigonometric r-matrices;

e In general, a maximal order in which one can embed the Lagrangian subalgebra corresponding to a quasi-
trigonometric solution r is not unique. Choosing two different maximal orders we get two different BD quadruples Q
and Q' and two polynomially equivalent quasi-trigonometric r-matrices rq and rq’. By Theorem 4.4 this equivalence
induces an automorphism ¢ of the Dynkin diagram of £ that fixes the minimal root, i.e. #(&y) = &. Therefore, any
quasi-trigonometric solution is polynomially equivalent to exactly one quasi-trigonometric r-matrix rq, for some BD
quadruple Q, if and only if g is of type A1, B, Cp, F4, G, or Eg.

We note that there exist regularly equivalent quasi-trigonometric solutions ry and ry/ which are not polynomially
equivalent (see Fig. 1). Therefore regular equivalence is strictly weaker than polynomial one;

e It was shown in [26] that for any quasi-trigonometric r-matrix r there exists a holomorphic function ¢:C —>
Innc_ieag(g) such that

(@) ® py) " Ir(x, y) = X(x/y),
where X is a trigonometric solution in the Belavin-Drinfeld classification [4]. Combining Lemma 3.2 and Theorem 4.4
we get a general version of this statement with more control over the holomorphic equivalence. Precisely, the
trigonometric r-matrix rQ1 ™ by definition, always depends on the quotient of its parameters; in order to obtain

it from a o-trigonometric r- matnx 7, where the coset of o is conjugate to vinng_eag(g), it is enough to apply a
regular equivalence composed with the regrading to the principal grading:

rg(x.y) = X(x/y);

e Conjecture 1 in [8] is justified: Combining (3.3) with (4.1) we get the explicit formula for a quasi-trigonometric
solution ry given by a BD quadruple Q, namely

regular eq.

regrading  o(yq; )
7 (x,y) ——r1y " (X,¥)

cC ¢ > ,
ro(x,y) = 2— +5‘)+C,+th+ > Y bant) (ba)
ey dewr i=1
(4.20)
1
= ytic+2b~Ab, —th+2291(b~)Ab,
y dept ae@*l 1

This formula (up to a sign) coincides with the one conjectured by Burban, Galinat and Stolin in [8];

e Question 2 in [8] is answered: Let Q be a BD quadruple and h := |o1.1)|. The relation between the quasi-trigonometric
solution (4.20) and the trigonometric solution

X(u—u)_th+c—+ Zek("”),f ZZ

rxsq>+ j=1
a—(a k)

- > Ze b (1)@ (by) (1),

DtE@T Jj=1
a=(a,k)

) (ba) (1) ® b_5(1)

(4.21)

given by the same quadruple Q (see [4]), is described by regrading from id to the Coxeter automorphism o(1,1) using
Lemma 3.2. More precisely,

(e"240) @ ") 1y (e, ") = rg“‘”(e”/h, eV"y = X(u — v); (4.22)

e The formula (4.1) for the twist t; and Theorem 4.4 prove the quasi-trigonometric version of Drinfeld’s conjecture (see
[33,34]). More precisely, any quasi-trigonmetric solution ro(x, y) + t(x, ¥), t € g[x] ® g[y] is polynomially equivalent
to a quasi-trigonometric solution of the form ry(x, ¥) + p(x) + q(y), where p, q € (g ® g)[z] and deg(p), deg(q) < 1
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I I

e — o —re
I? I'Y

Fig. 1. I, I}, I'; and I, leading to regularly but not polynomially equivalent r-matrices ro and rq'.

4.3. Special case g = sl(n, C) and o = id

The classification of classical twists of the standard Lie bialgebra structure §y := B(i,d on £ = g[z, z~!] with g = sl(n, C)
can be done without heavy geometric machinery. More precisely, using the theory of maximal orders developed in [33],
we can show that the equivalence classes of twisted standard bialgebra structures on £ are in one-to-one correspondence
with the equivalence classes of quasi-trigonometric r-matrices, which were classified in [26] in terms of BD quadruples.

The following lemma explains the way in which orders emerge in our work.

Lemma 4.7. C(lassical twists t of the standard Lie bialgebra structure o are in one-to-one correspondence with Lagrangian
Lie subalgebras W, C g(z) x g(z~") satisfying the conditions:

1A+ W =g(2) x o(z7");
2. There are non-negative integers N and M such that
glzll € MW, € 27 Vg[zll,
zMgllz '] € W, < 2z ],

where 1 and 7, are the projections of g(z) x g(z~')) onto its components g(z)) and g(z~") respectively.

Proof. By Remark 3.6 the standard Lie bialgebra structure §, on £ is defined by the Manin triple
(8(2) x a(z "), A, Wp). (4.23)

Therefore, in view of Theorem 2.4 and its proof, it is enough to show that condition 2. corresponds to the commensurability
condition on W, and W, or equivalently, to finite dimensionality of the image of the map T = ¥ (t): Wy —> A. The latter
correspondence is justified by the following chain of arguments: the condition dim(im(T)) < oo is equivalent to the
inclusion

M M
im(T) € {(Z axz¥, Z akzk>

k=—N k=—N

a € g} , (4.24)

for some non-negative integers N and M, which in its turn is equivalent to
mWe €z Vgllz]),

mWe € 2Mgllz ' (429)
Since Wt is Lagrangian, inclusions (4.25) are equivalent to condition 2. of the theorem. W
A subalgebra W C g((u)) is called an order if there is a non-negative integer N such that
uVglull €W < uNgl[u]). (4.26)

Therefore, condition 2. of Lemma 4.7 means that the projections mWr and 7, Wf are orders.
The following two results from [33] play the key role in the classification of classical twists of &q.

Theorem 4.8. For any order W in sl(n, C(u™1)) there is a matrix A € GL(n, C(u~")) such that W € A~ !sl(n, C[u"'])A. In
particular, any maximal order must be of the form A='sl(n, C[u~'])A for some A € GL(n, C(u~1)).

Lemma 4.9 (Sauvage Lemma). The diagonal matrices diag(u™, ..., u™), where my € Z and my; < --- < my, represent all
double cosets in GL(n, C[u~'])\GL(n, C(u~1))/GL(n, C[u]).

Let W C g(z) x g(z~') be a Lagrangian subalgebra satisfying the conditions of Lemma 4.7. Since the projections

miW C g(z) and W C g(z~!) are orders, by Theorem 4.8 there are matrices A+ € GL(n, C(z*')) such that
W C AL 'sl(n, Clz])Ay,

1 = +15( [[ ]])1 + (427)

mW C A” sl(n, Cllz” " A_.
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By Sauvage Lemma 4.9 we can find matrices
P+ € GL(n, C[[z="]),
d+ € GL(n, Clz,z7']), (4.28)
Qs € GL(n, C[z71)),
where d.. are diagonal, such that
mW € Q[ 'd P} si(n, Cllz])P4d4 Q. (4.29)
W € Q=P si(n, Cllz ' )P_d_Q_.

Taking the product and using the fact that Py 'si(n, C[z='])P+ = si(n, C[z*']) we obtain the inclusion

W < (Q['d;'sl(n, Cllz])d+Q4) x (Q-'dZ'sl(n, Cllz~'])d-Q-) . (4.30)
Note that the componentwise conjugation by Q, or d, is a regular equivalence. Applying these conjugations we get
W = d,Q.WQ;'d;" C si(n, Cllz])) x (d+Q+Q"d="si(n, Cllz"'[)d-Q_Q; 'd;")
C sl(n, C[lz])) x sl(n, C(z™"))

By Theorem 3.3 the classification problem of classical twists of the standard Lie bialgebra structure §y is equivalent
to the classification problem of id-trigonometric r-matrices. The following lemma reduces the question even further to
quasi-trigonometric r-matrices.

(431)

Lemma 4.10. Any id-trigonometric r-matrix is regularly equivalent to a quasi-trigonometric one.

Proof. Let r; = ry + t be an id-trigonometric r-matrix, where t is a classical twist of 83, and W; be the corresponding
Lagrangian subalgebra of g(z) x g(z~'). By the argument preceding the lemma there is a regular equivalence ¢ €
Autcp, 1) ieag(012, z~11) such that

Ws := (¢ x ¢)W; C sl(n, Cllz])) x sl(n, C(z~ ). (4.32)

for some classical twist s of §;. We now show that r; is quasi-trigonometric, or equivalently, that s € g[z]®? = g®?[x, y].
Let {I,}_, be an orthonormal basis for si(n, C). Then we can write

s=s1x @ gy, (4.33)

Assume that st # 0 for some o', 8’ € {1,...,n} and k, £ € Z such that at least one of the indices k or ¢ is strictly
negative, i.e. the tensor s contains a negative power of z in one of its components. Since s is skew-symmetric we may
assume without loss of generality that k < 0. Then

T (sgﬁB (7, 17), Upz™", 0)) (1,7, Iazi)) = sff/lazi (4.34)

where the sum on the right-hand side contains z¥, k < 0. However, by (4.32) the projection 7z1(W;) is contained in
sl(n, C[[z]]) and hence cannot contain negative powers of z. This contradiction shows that both components of s are
polynomials inz. ®

Quasi-trigonometric r-matrices over sl(n, C) were classified (up to regular equivalence) in [26] using BD quadruples
we introduced at the beginning of this section. One can show that if we lift the Lagrangian subalgebra W C g x g(z 1)),
constructed from a BD quadruple Q in [26], to g((z)) x g(z~') we get precisely the Lagrangian subalgebra WQ determined
by the relation

(& x &) NWy = Wy, (4.35)

where W, is given by (4.5). By Lemma 4.7 the Lagrangian subalgebra WQ uniquely determines the classical twist ty. This
gives the classification of classical twists and proves the first part of Theorem 4.1 in the special case g = sl(n, C).

Remark 4.11. The statement of Lemma 4.10 is not surprising. Its general version can be deduced from Theorems 4.1 and
4.4. Precisely, for any finite-dimensional simple Lie algebra g an id-trigonometric solution rq = ro + tg, given by a BD
quadruple Q = (I, I}, y. ty), is regularly equivalent to a quasi-trigonometric one if and only if there is an automorphism
¢ of the Dynkin diagram of £ such that ag € ©(I7). It is easy to check that this condition is always satisfied for Dynkin
diagrams of types A(n”, C,(,l), B(;_)4 and DE:_)m. Therefore, in these cases any id-trigonometric solution is regularly equivalent
to a quasi-trigonometric one. In other cases it is always possible to find a BD quadruple Q, such that rq is not equivalent
to a quasi-trigonometric r-matrix (see Fig. 2). ©
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Fig. 2. Examples of I} and I3 giving rise to id-trigonometric solutions not equivalent to quasi-trigonometric ones. The dashed lines mean any
number m > 1 of vertices.

5. Algebro-geometric proof of the main classification theorem

In this section we give a brief summary of the results in [7], prove the extension property for formal equivalences
between geometric r-matrices (see Theorem 5.5) and, finally, combining this property with the results in [1] on
geometrization of o-trigonometric r-matrices we verify Theorem 4.1.

5.1. Survey on the geometric theory of the CYBE

Let E be an irreducible projective curve of arithmetic genus 1. Then E is a Weierstrajg cubic, i.e. there are parameters
g5, 83 € C such that E is the projective closure of E, = V(y?> — 4x> + gox +g3) C IP’(wa) by a smooth point p at infinity. E
is singular if and only if g2 = 27g3 and an elliptic curve otherwise. In the singular case it has a unique singular point s,
which is a simple cusp if g2 = 0 = g3 and a simple node otherwise. Let E be the set of smooth points of E. Fix a non-zero
section w € I'(E, £2¢) = C, where 2 is the dualizing sheaf. We view w as a global regular 1-form in the Rosenlicht sense
(see e.g. [2, Section I1.6]).

We consider now a coherent sheaf A of Lie algebras on E such that

(i) H(E, A) = 0 = H'(E, A) and
(i) A = Al is weakly g-locally free, i.e. A|,= g as Lie algebras for all p € E.

Property (i) gives that A is torsion free and property (ii) ensures that the rational envelope A of the sheaf A is a simple Lie
algebra over the field K of rational functlons on E. Together these propertles glve the existence of a distinguished section,
called geometric r-matrix, p € F(E X E AR A(D)), where D = {(x, x) € ExExe E} is the diagonal divisor. This section
satisfies a geometric version of a generalized CYBE, although, if E is singular, it lacks skew-symmetry in general, which
prevents it to solve the CYBE. Thus we demand one more property of A in this case, which ensures skew-symmetry.

If E is singular with a singularity s, we can consider the invariant non-degenerate C-bilinear form

resy

B AK XAK—)K—)(C (51)
where the first map is the Killing form of Ax over K and res(f) = ress(fw) is the residue taken in the Rosenlicht sense.
(iii) As C Ak is isotropic, i.e. BY(As, As) = 0.

Now the main statement of the geometric approach to the CYBE is the following.

Theorem 5.1 ([7, Theorem 4.3]). The geometric r-matrix p is a non-degenerate and skew symmetric (both meant in an
appropriate geometric manner) solution of a geometric version of the CYBE.
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We want to describe p as a series, which can be thought of as a Taylor expansion in the second coordinate at the smooth
point p at infinity. To do so, let us switch from the sheaf theoretic setting to one localized at the formal neighbourhood
ofp There is a unique element u inside the m,-adic completion QE of the local ring (Og p, mp), such that u(p) = 0 and
@p = du. We can identify Op with Cl[u]]. 1 Thus the field of fractions Q, can be identified with C((u)). Consequently, we may
view O = I'(E,, Of) as a subalgebra of Qp (u)).

Since g is simple, Whitehead’s lemma 1mp11es that H%(g, g) = 0 and hence all formal deformations of g are trivial (see
e.g. [19, Section A.8]). Thus Ap, which can be understood as a formal deformatlon of g by Property (ii) of 4, is trivial as a
formal deformation, i.e. there exists an Op = C[u]-linear isomorphism &: Ap —> g[[ull, called formal trivialization, of Lie
algebras such that the induced isomorphism

0= Ay /mpd, —> A= g (5.2)

is the identity. We obtain an induced Lie algebra isomorphism Q(Ap) = Ap® Qp —> g((u)) via the C(u))-linear extension

of &, which we denote by the same symbol. We write the image of I'(E,, A) - Q(Ap) under & by g(p) < g((u).
Note that g((u)) is equipped with the invariant non-degenerate C-bilinear form

By(f,g) ==reso[k(f,g)du]  f,g € glu). (5.3)

Theorem 5.2 ([7, Proposition 6.1 & Theorem 6.4]). (g(u)), g(p), gllull) is a Manin triple and the Taylor expansion in the second
coordinate with respect to u in p gives an injection

I(E x E, AR A(D)) —> (5 ® g)(x)V] (5.4)

which maps p to Zﬁio Zgzlfke ® y*b,, where {b,} is a basis of g and {fi,} is the basis of g(p) € g(u), uniquely determined
by By(fee, u* byr) = kel

Remark 5.3. Let us clarify what we mean by Taylor expansion in the second coordinate. Let P, = Spec(/(')\,D /mgap) and
tx: P, —> E be the injection, mapping the closed point of P, to p. Then we can consider the pull-back with respect to
id,:_-\{p} X i to obtain the morphism

I'(E x E, AR AD)) — I'(E\ {p} x Pe. AR AD)) = I'(E \ {p}, 4) ® A,/ mEA,, (55)

where we have used that (E‘ \ {p} x P, N D) = ¢ and applied the Kiinneth isomorphism. Mapping F(E‘ \ {p}, A) via &
to g(u), using Ap/mSAp = glu]/u*g[u] and applying the projective limit with respect to k, yields the desired injection

I(E x E, AR ADD)) — (s ® g)(x)[Y]. ©

The theorem suggests, that the geometric r-matrix p actually determines A completely. Our next goal is to formalize
this idea. The construction we present is known in other situations, see e.g. [30]. The algebras O and g(p) inherit the

ascending filtrations from the natural filtrations of C(u)) and g(u), namely we have 0; := 0N u Cu], a(p) =
a(p) Nug[u]l and
.=0=01CC=0C0;C..., ..=0=g(p)o S alp)1 Salp < ..., (5.6)

such that 0;0x € Ok, Ojg(p)k € 9(p)i+k and [g(p);, ()] € g(p)i+k. Therefore, we can consider the associated graded
objects® gr(0) and gr(g(p)), given by

@OJ and gr(g @g (5.7)

Note that gr(g(p)) is a graded Lie algebra over the graded C-algebra gr(0). Let us denote by gr(g(p))” the associated
quasi-coherent sheaf of Lie algebras on Proj(gr(0)) (see e.g. [18, §IL5]).

Lemma 54. We have E = Proj(gr(0)) and the formal trivialization & induces an isomorphism A — gr(g(p))~ of sheaves
of Lie algebras, which we again denote by &.

Proof. We can view E, = Spec(0) as an affine open subscheme of Proj(gr(0)) by identifying any prime ideal p of O (which
inherits a natural filtration) with gr(p). Under this identification we have I'(E,, gr(g(p))~) = g(p), which is most easily
seen by using the definitions in [18, §IL.5]. In particular, &: I'(E,, A) —> g(p) = I'(E,, gr(g(p))”) is an isomorphism of Lie
algebras over O.

By [31, Proposition 3] for any coherent sheaf F on an open neighbourhood U of p the sequence

0— I'(U.F)— F'U\ {p}. )& F — 5 ® Q (5.8)

6 These should not be confused with the graded objects associated to modules with a descending filtration.
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is exact. This implies I'(U, F) = I'(U \ {p}, F) N Fp.

Thus, for any a € 0; \ O0j—1 we have that D(a) U {p} is an affine (see [16, Proposition 5]) open neighbourhood of p in
E with the coordinate ring O[a~!] N C[[u]] = (gr(0)[a'])o, where a € gr(0) is taken to have degree j. Thus we have a
natural identification of affine schemes E 2 D(a) U {p} = D (a) < Proj(gr(0)) and we see that E C Proj(gr(0)). Since now
E is a projective curve identified with an open subset in the projective curve Proj(gr(0)), [ 16, Proposition 1] implies the
equality E = Proj(gr(0)).

Finally, by definition we have I"(D(a), gr(g(0))™) = I'(D(a) U {p}, gr(a(0))™) = (a(p)la” 1o = a(p)la~'1 N gllu] and
hence we obtain the isomorphism

£:I'(D(a) U {p}, A) = I'(D(a), A) N A, —> g(p)la” "1 N gllull = I'(D(a) U {p}, gr(a(p))").
This ends the proof, because E = Proj(gr(0)) = E,UD,(a). ®

5.2. Extension property of formal local equivalences

Now let us consider two coherent sheaves of Lie algebras .4; and A, on E satisfying the conditions (i) - (iii) of Section 5.1
and denote by p; and p, the corresponding geometric r-matrices. Fix formal trivializations f of Al at p and consider the

corresponding isomorphisms &;: 4; —> gr(g(p;))™ for i = 1,2, where g(p;) = Spanc({f, - ) is the image of
I'(E,, A;) and
ZZfM ®Yb; € (5@ a)(X)IY] (59)
=0 (=1

are the Taylor expansions of p; described in Theorem 5.2. We are now in a position to show that any formal equivalence
of p; and p, at p extends to a global isomorphism of the corresponding sheaves.

Theorem 5.5. Let ¢: g[[u] —> gl[ull be a C[[u]l-linear automorphism of Lie algebras such that

ZZ¢ ®¢>(y"bz)—zz & ® y*be, (5.10)

k=0 (=1 k=0 €=1
where we consider the C((u))-linear expansion of ¢ in the first tensor factor. Then there is an isomorphism : Ay — A; of

coherent sheaves of Lie algebras such that Ezfﬁpél‘ V= ¢ and ( R )p; = pa where we consider the linear extension with
respect to the rational functions on E x E.
Proof. Write ¢ = ) ) /¢ € End(g)[[u]. Then

n

YD e )®¢(y’<b)—ZZZ¢(f(k_, ) ® y*ey(be)
k=0

=0 (=1 k=0 (=1 j=0

oo n n k
= Z Z Z Z alé/z‘p(f((l:jj)e) ® y*by,
k=0

=1 \ =1 j=0

(5.11)

where ¢;(b;) = Zz/ 1 be" This shows that g(p2) € ¢(g(p1)) by comparing coefficients in (5.10). Since gf[ull + g(p2) =

gllull + ¢(a(p1)), we see that g(p2) = ¢(g(p1))-
Clearly the C((u)-linear extension of ¢ preserves the filtration of g(u) and hence induces a graded isomorphism

of Lie algebras ¢:gr(g(p1)) —> gr(g(p2)). Since the procedure ()~ of associating a quasi-coherent sheaf to a graded
module on E = Proj(gr(0)) is functorial, we get an isomorphism ¢~: gr(g(p01))” —> gr(g(p2))”. Thus we can define
Y= ?,—‘2_1¢”$1: A1 —> Aj,. Applying [15, Lemma 1.10] we see that (¥ Ry )p; = p,. R

Remark 5.6. Since the induced isomorphisms in (5.2) of the formal trivializations &; (i = 1, 2) give the identity, we have

$o=Ylp. ©
5.3. Proof of the main classification theorem

Fix an automorphism o € Autc_rieaig(g) of finite order m and an outer automorphism v from the coset o Innc_pjeaig(g).
We want to apply Theorem 5.5 to reduce the statement of Theorem 4.1 to holomorphic equivalences. Therefore, we need
sheaves which give rise to o-trigonometric r-matrices. These were constructed in [1].

Theorem 5.7 ([1, Theorem 6.9]). Let t be a classical twist of §7, E be a nodal Weierstrafs cubic with global nonvanishing
1-form w = d(z™)/z™ under the identification E = Spec(C[z™, z~™]). Then there exists a coherent sheaf of Lie algebras A; on
E, satisfying properties (i)-(iii) of Section 5.1, such that
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1. I'(E, A)) = £° and
2. the isomorphism

1
(x/y)m =1
maps the geometric r-matrix p; of A; to r{.

INEQE, A ® A(D) = ( ) £ R e (5.12)

We can use this statement to apply the extension of equivalence scheme presented in the last subsection.

Theorem 5.8. Let r/ and r{ be o-trigonometric r-matrices. There exists an open neighbourhood U of 0 and a holomorphic
function ¢: U —> Autc_rienig(g) satisfying

(p(w) ® p(v)re(e"/™, e"/™) = ry(e"/™, e"/™) (5.13)

ifand only if r{ and r{ are regularly equivalent.

Proof. If r7 and r{ are regularly equivalent via ¢, we have (¢(x) ® ¢(y))r{ (x,y) = rl(x, y), therefore equation Eq. (5.13)
is satisfied for ¢(z) :== ¢(e*/™).

It remains to show the other direction. Let .A; and A;s be the sheaves on a nodal Weierstral$ cubic E provided by
Theorem 5.7 for the classical twists t and s of §7. We may identify the smooth point p at infinity with (z" — 1) € E =
Spec(C[z™, z~™]). The algebra homomorphism C[z™, z~™] — C[u] given by

o0
M=) —
n!

k=0

un

induces an identification (”)\E,p = C[[u]l in such a way that u(p) = 0 and ®, = e "d(e") = du. Thus u is the formal local
parameter used in the setting of Theorem 5.2 and onwards. Now the C[z™, z~™]-C[[u]]-equivariant Lie algebra morphism
£% — g[lull, given by f(z) —> f(e¥™), induces formal trivializations Ep —> gflu]] for A € {A;, As}. With this
choice, we can interpret the series expansion of p; and ps, described in Remark 5.3, as the Taylor series of r(e*/™, e/™)
and rZ(e*/™ e*/™) at v = 0. Therefore, we can apply Theorem 5.5 to the Taylor expansion of Eq. (5.15) at v = 0 by
understanding the Taylor series of ¢ in 0 as a C[[u]-linear automorphism of g[[u]] to obtain an isomorphism ¥ : A, —> As,
satisfying (¥ X ¥)p; = ps. . . .

We obtain a regular equivalence v: £° = I'(E, A;) — I'(E, As) = £° by applying I'(E, —). Using the commutative

diagram  (E x E, A, ® A,) \//W} I'(E x E, A, @ A;) Where the vertical isomorphisms are given by the Kinneth

LRL — L7 R L7

vy
theorem, we obtain the desired identity
Y@YW (xy)=rl(x,y). = (5.14)

Combining Theorem 5.8 with the results of Section 3.1 and [4], we get the following statement.

Corollary 5.9. Let t € £7 ® £° be a classical twist of the standard Lie bialgebra structure 5§ on £°. There exists a BD quadruple

Q such that ¢ is regularly equivalent to rg

Proof. By Theorem 5.8 it is sufficient to show that there exists a holomorphic function ¢: C — Autc_iearg(g) such that
(p(u) ® p(v)if (€™, /™) = rg(e"/™, e"/™). (5.15)

By Theorem 3.4 and its proof there exists a holomorphic function ¢: C — Autc_iieaig(g) and a trigonometric (in the
sense of the Belavin-Drinfeld classification) r-matrix X such that

$1(0) =id; and X(u — v) = (¢1(u) ® g1(v))r7 (€™, /™). (5.16)
Furthermore, it is shown in [4, Theorem 6.1] that there is a holomorphic function ¢,: C — Autc_yieaig(g) such that
$2(0) = id,; and (¢a(u) ® 2(v))X(u —v) = rg“““d(””(ewh, e’/M), (5.17)

where h := |0(1,0rd(v))|- Combining these results and applying the regrading scheme from Lemma Lemma 3.2 we get the
desired holomorphic function. ®

We finish the proof of the main theorem by explaining when two BD quadruples give rise to equivalent twisted
standard structures. By virtue of Theorem 5.8 we can formulate the result using holomorphic equivalences.

23



R. Abedin and S. Maximov Journal of Geometry and Physics 164 (2021) 104149

Theorem 5.10. Let Q = (I, I3, ¥, ty) and Q' = (I, I}, v/, t[;) be two BD quadruples. Then there exists an open neighbour-
hood U of 0 and a holomorphic function ¢: U — Autc_ieag(g) satisfying rq(e¥/™, e/™) = (p(u) ® ¢(v))rg:(e¥/™, e¥/™) if and
only if there exists an automorphism © of the Dynkin diagram of £° such that 9(Q) = Q'.

Proof. To simplify the notations we assume o = os,,|) for s = (s, .. ., sp). The general result follows from Remark 2.7.
By Theorem 5.8, there exists an open neighbourhood U of 0 and a holomorphic function ¢: U — Autc_reaig(g) satisfying
ro(e¥/™, e¥/M) = (p(u) ® p(v))ro/(e“/™, e*/™) if and only if rq and ry: are regularly equivalent, say by a regular equivalence
0.

” = ”: The equation (3.23) implies ¢pRo¢p~! = Ry. If GE; and GE, are the generalized eigenspaces of Ry and Ry
respectively, corresponding to the common eigenvalue 0, then ¢(GEy) = GEj. Since both 9; and 6‘; are nilpotent, the
identity (4.2) implies the equality of normalizers Ngo(GEg) = Ngo(GE)) = B.. Therefore, ¢ is an automorphism of £°
fixing the Borel subalgebra 9. From the third part of Lemma 4.6, we see that ¢ induces an automorphism ¢ of the
Dynkin diagram of £°. The identity #(Q) = Q’ follows from Theorem 3.7 and formula (4.5).

" <= ": Let ¥ be a Dynkin diagram automorphism, such that #(Q) = Q’. We want to show that ¢ defines a regular
equivalence ¢ on £%, such that (L) = Lhwn for any root («, k) of £°. Let ¢’ be the automorphism defined by
qb/(zisixii(l)) = zisi’(ﬂxﬁi(i)(l). Then it maps the root spaces onto each other in the desired way. We now adjust ¢’ to be
C[z™, z~™]-linear. By [23, Lemma 8.6] we have the equality ¢’((z™ — 1)£°) = ((z/a)™ — 1)£° for some a € C*. Let u, be
the automorphism of £7 given by u.(f(z)) := f(az). Note that it preserves the root spaces of £°. Define ¢ := uq¢’, then
o((z™ — 1)£°) = (z™ — 1)£° and thus

P HTKE() = 2" P2 KE (1) (5.18)

implying the C[z™, z~™]-linearity. The defining relation (3.1) pushed forward to £° now implies that (¢ ® ¢)(Sg = 88,([),
hence by Theorem 3.7 we see that ry and ry’ are regularly equivalent. H
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Appendix. Application of geometry to rational r-matrices

Let g be a finite-dimensional simple Lie algebra over C. The Lie algebra g[z] has a natural Lie bialgebra structure
8:glz] — g[x] ® g[y] defined by the formula

X—y
where p € g[z] and C € g ® g is the quadratic Casimir element. Classical twists of this standard Lie bialgebra structure
are in bijection with rational r-matrices, i.e. r-matrices of the following form

c
S(p)x,y) = [p(X) ®1+1Qpy), —] , (A1)

C
r(x,y) = —— +tx,y), (A2)
X—y
where t € g[x] ® g[y]. The corresponding Manin triple structure is described in the following theorem.
Theorem A.1 ([34, Theorem 1]). There is a one-to-one correspondence between rational solutions r. and Lagrangian Lie
subalgebras W C g(z~')) such that
1. glz] + W = g(z7') and
2. z7Ng[z71] C W for some N > 0.
Moreover, two rational solutions r, and rs are (polynomialy) equivalent, i.e.
15(x,¥) = (¢(x) @ d(y))re(x, y)
for some ¢ € Autcp-rieaig(glz]), if and only if Wy = ¢W;. O

In other words, rational solutions are in bijection with Manin triples of the form (g(z~ '), glz], W), where W is
commensurable with z~!g[[z]]. This theorem can also be considered as a special case of Theorem 2.4. The following result
was proven in [7].

Theorem A.2 ([1, Theorem 6.9]). Let r;_be a rational r-matrix, E be a cuspidal Weierstraf$ cubic with global nonvanishing
1-form @ = dz under the identification E = Spec(C[z]). Then there exists a coherent sheaf of Lie algebras A; on E, satisfying
properties (i)-(iii) of Section 5.1, such that
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1. F(E", A¢) = glz] and
2. the isomorphism

rE®E, A 0 AD) = (ﬁ) olx] ® gl (A3)

maps the geometric r-matrix p of A; tor,. 0O

We may identify the smooth point p at infinity with (z) € E= Spec(C[z]). Then the inclusion C[z] C C[[z] induces an
identification (’9\15,,J = C[[z] such that the formal local parameter u used in the setting of Theorem 5.5 can by identified
with z. Similarly, for every rational r-matrix r; the inclusion I"(E‘, A¢) = glz] C gllz] induces a formal trivialization
]ft,p —> g[lz]l, where A, is the sheaf described in Theorem A.2. Therefore, the same line of arguments as in the proof of
Theorem 5.8 yields the following result.

Theorem A.3. Let r. and rs be locally holomorphically equivalent rational r-matrices, i.e. there exists an open neighbourhood
U of 0 and a holomorphic function ¢: U — Autc_ijaaig(g) such that

15(x,¥) = (9(x) @ p(¥)re(x, ¥).
Then there exists { € Autc,—vieaig(glz]) such that

V=9 and r(x,y) = (Y(x) @ Y (¥)re(x, ),
where  is considered as regular function C —> Autc_ieaig(g).

This statement shows that two different notions of gauge equivalence for rational solutions in the works [33,34] by
Stolin and [4] by Belavin and Drinfeld actually coincide. More formally, we have the following corollary.

Corollary A.4. For any rational r-matrix r, there exists a function X: C —> g ® g of the form

C
X(z)=_ +p). p € (g®a)iz].
and an automorphism v € Autcp,—veaig(g[z]) such that

X(x—y)=(¥(x) Q@ y(y)re(x, y),
where  is considered as regular function C — Autc_pieaig(g)-

Proof. Let ri(x,y) = C/(x — y) + t(x,y). Following the argument in [3] we can find an open neighbourhood U C C of 0
and a holomorphic function ¢q: U —> Autc_iieaig(g) such that

(01(x) ® @1(Y)re(x, y) =: X(x — y).

Analyzing the construction of ¢; as in [26, Proof of Theorem 11.3] and using the fact that t(x, x) is defined on the whole
C we see that ¢, is defined on the whole C as well. This implies that X: C — g ® g has a unique pole at O with residue
C. Therefore, the Belavin-Drinfeld trichotomy result [4, Theorem 1.1] guarantees the existence of a holomorphic function
¢2: C —> Autc_ijeaig(g) such that

C
(02(x) @ p2(¥)X(x — y) = x—y +p(x —y) =:1p(x,y),
where p € g[x] ® gly]. Applying Theorem A.3 to r¢, 1, and ¢ = @,¢; we get the desired polynomial equivalence . ®
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