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Abstract: Aerosol optics models are an integral part of of climate models and of retrieval
methods for global remote sensing observations. Such large-scale environmental applications
place tight constraints on the affordable model complexity, which are difficult to reconcile with
the considerable level of detail that is needed to capture the sensitivity of optical properties to
morphological aerosol characteristics. Here, we develop a novel core-grey-shell dimer model and
demonstrate its potential for reproducing radiometric and polarimetric properties of black carbon
aerosols. The depolarisation is mainly sensitive to the relative size of the monomers, while
the optical cross sections depend on the core-shell partitioning of black carbon. The optimum
choice of these parameters is fairly stable across particle sizes and soot volume fraction, as is
demonstrated by comparison with a more realistic coated aggregate model.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Black carbon (BC) aerosols are among the primary anthropogenic air pollutants that contribute
to radiative heating of the climate system by absorption of visible solar radiation [1–3]. Also,
BC is a public health issue, as elevated concentrations of this aerosol in ambient air can cause
pulmonary and cardiovascular diseases [4]. Thus, measures to reduce BC emissions improve air
quality, while simultaneously helping to slow down global warming on a short time-scale.

Understanding the light-scattering properties of BC aggregates serves three important purposes.
(i) It lays the foundation for quantifying the radiative impact of atmospheric BC aerosols on
the climate system [5–8]. (ii) It provides the scientific basis for interpreting remote sensing
observations of BC, which allows us to monitor the global distribution, transport pathways, and
long-term trends of aerosol emissions. (iii) Related to this, it allows us to construct aerosol-optics
observation operators for chemical data assimilation, which is the prerequisite for constraining
air-quality forecasting models with remote-sensing data.

Efforts to model the optical properties from first principles are encumbered by the high
morphological complexity of these types of aerosols [9–13]. The particles are typically composed
of BC monomers that form irregular fractal aggregates, which are subsequently coated by more
volatile material, such as sulphate [14–17], organic substances [16–19], salt [15], and water
[20–23]. The challenge in optical modelling is to disentangle the impacts of these various features
on the optical properties. Substantial efforts have been invested into studying the significance of
the BC aggregates’ monomer size [24], monomer polydispersity [25–29], monomer shape [30],
overlapping and necking of monomers [29,31–36], fractal dimension [7,26], and internal mixing
with volatile material [16,37–44].

For uncoated BC particles, our understanding of the relation between morphological subtleties
and optical properties has reached a high degree of maturity. In a recent article, substantial
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progress has been made toward discerning some general patterns from a mass of detail reported
in earlier studies [36]. The authors investigated monomer polydispersity, irregular shapes, thin
coatings, as well as necking and overlapping; they showed that much of the effect of these minor
morphological features on optical cross sections derives from their effect on the particle volume.
After applying an appropriate scaling transformation based on particle volume, the remaining
effect of these morphological features is remarkably small — on the order of 5 % — which can
be accounted for by an appropriate bias correction. The conclusion is that optical properties of
uncoated BC aerosols can be well described, with appropriate corrections, by a model of fractal
aggregates composed of monodisperse spherical monomers in point-contact with each other.
Such a model is relatively efficient, and it is feasible to apply it to large-scale applications [6,45],
such as chemical data assimilation, climate modelling, and remote sensing.

Coating of BC aggregates by volatile substances adds substantial complexity to the problem.
Models with various assumptions about the composition and shape of the coating have been
devised [28,30,38–40,43,46–54]. The most important insights that have emerged from recent
studies can be summarized as follows [9].

• The absorption cross section Cabs of coated BC aggregates is strongly impacted by
how much the monomers in the aggregate shield one another from interacting with the
electromagnetic field [7]. The stronger this shielding effect, the less BC mass contributes
to absorption, the lower Cabs. The conventional concentric core-shell model overestimates
the shielding effect, because it tightly packs the entire BC mass in a massive spherical
core, while in a realistic aggregate the BC mass is distributed in a more lacy structure
[38,55]. By contrast, in the homogeneous grey-sphere model the entire BC mass is
homogeneously mixed with the coating material, resulting in an underestimation of the
shielding effect, which causes an overestimation of Cabs. Based on this understanding, a
simple core-grey-shell (CGS) model has been devised [39], in which only part of the BC
mass is concentrated in a spherical core, while the rest of the BC mass is homogeneously
mixed with the weakly absorbing coating material in a concentric spherical shell. The
partitioning of the BC mass between the core and the shell is a free tuning parameter of
the model that allows us to tune the degree of shielding, thus the absorption cross section
(as well as other optical properties) over a considerable range. The CGS model includes
the conventional core-shell and the homogeneous grey-sphere models as limiting cases.

• The linear backscatter depolarisation ratio δl of coated BC aggregates requires the use of
nonspherical model geometries, since spherically symmetric particles yield δl = 0 owing
to symmetry. The main morphological property that determines δl is the shape of the
coating material [40,41]. The morphology of the aggregate has, at least for thick coatings,
a minor impact. Based on this notion, a model has been developed that allows us to tune
how quickly the coating shell reaches spherical shape as more coating material is being
added to the aggregate [41,42]. This model makes use of a single tuning parameter, while
covering a considerable range of depolarisation ratios [9].

These two models have very different computational requirements. The CGS model is highly
symmetric and can be run with extended Mie programs for concentric core-mantel spheres. The
computations are very fast, which makes this model suitable for building extensive look-up tables
for large-scale applications. It has recently been used for setting up the aerosol-optics observation
operator in a chemical data assimilation system [56,57]. By contrast, the tunable coating model
describes a morphologically realistic irregular geometry that can only be used in conjunction with
very general and computationally demanding numerical methods for solving the light-scattering
problem. Thus we currently lack a computationally inexpensive model for simulating differential
polarimetric properties of coated BC aggregates. This is a considerable gap in our modelling
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capabilities that impedes our capacity to exploit polarimetric data, such as lidar observations of
the depolarisation ratio. The goal of this study is to develop a model that can fill this gap.

More specifically, the aim is to find a model with which we can simultaneously simulate the
optical cross sections and the linear depolarisation ratio. The idea is to construct a geometrically
simple model that incorporates the main physical insights on which the CGS model [39] and the
irregular coated aggregate model [41] are based. Thus the main hypothesis is that the essential
model capabilities are to account for the shielding effect as well as for the geometry’s impact
on depolarization. The main result of our investigation is that this can be accomplished with a
simple CGS dimer.

There are other efforts to model optical properties with simple model geometries. For instance,
in [58] both spheroids and Chebyshev particles were employed for constructing look-up tables
of the lidar ratio and the linear backscatter depolarization ratio. The refractive index is often
a free parameter in such look-up tables. Here, we specifically aim at developing a simple
model that is not limited to lidar retrievals, but comprises a broader range of applications.
This is particularly important for chemical transport models (CTMs) for the following reasons.
(i) Chemical data assimilation makes use of different types of measurements from different
instruments, such as backscattering coefficient, depolarisation ratio, and aerosol optical depth. (ii)
CTMs can be coupled to general circulation models (e.g. [59]), which requires the computation
of climate-relevant aerosol optical properties, such as extinction coefficient and single scattering
albedo. (iii) The refractive index is directly related to the chemical composition of the aerosols,
which is one of the main prognostic variables of the CTM. Thus, we do not have the liberty of
treating this quantity as a free parameter, as is often done in retrieval look-up tables. Rather,
we need an optics model for coated soot particles in which the refractive index is related in a
consistent way to the chemical composition of the particles. Based on these requirements, we are
looking for a model that allows us to simultaneously simulate depolarization as well as extinction,
absorption, and backscattering cross sections, with the constraint that the refractive index needs
to be consistent with the chemical composition of the particles.

The model particles as well as the computational methodology will be explained in Sec. 2.
The main results are presented and discussed in Secs. 3 and 4, respectively. Concluding remarks
are found in Sec. 5.

2. Methods

2.1. Model particles

All computations are performed for a wavelength of λ=532nm, which is frequently employed in
lidar instruments. For BC we assume a refractive index of mBC=1.763+0.632i, which is based
on measurements reported in [60]. The coating is assumed to be sulfate with a refractive index
mSO4=1.43+10−8i [61].

2.1.1. Reference model

We employ the tunable coated aggregate model introduced in [41] as a reference model. This
model is capable of systematically producing a wide variety of realistic aerosol morphologies.
The particles are constructed according to the following steps.

• First, we prescribe the number Ns of BC monomers, the monomer radius a, the aggregate’s
fractal dimension Df and fractal prefactor k0, as well as the total volume-equivalent radius
Rv of the coated aggregate. This fixes the volume fraction fBC of BC in the particle.

• Next, a bare BC aggregate is formed by use of the cluster aggregation algorithm developed
in [62]. In each step of the pseudo-random aggregation process, the aggregate satisfies the
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scaling relation

Ns = k0

(︃Rg

a

)︃Df

, (1)

where the radius of gyration is defined by

Rg =

⌜⃓⎷
1
Ns

Ns∑︂
i=1

(ri − rc)2, (2)

ri denotes the position of the center of mass of the ith monomer, and rc is the position of
the center of mass of the aggregate.

• Let the smallest circumscribing sphere that encloses the aggregate have diameter D0, and
let the center of that sphere be positioned at rs. We imagine that we scale that sphere
by a factor fc. We call the diameter Dc = fcD0 the critical diameter. Next, we apply the
coating material to the aggregate layer by layer with a coating thickness d, starting from
those monomers that are closest to the center rs of the circumscribing sphere. However,
we constrain the application of the coating material to lie inside the critical sphere. This
process is continued until the required amount of coating material is applied, i.e., until the
coated aggregate has reached the prescribed size Rv or, equivalently, until the BC volume
fraction has reached the prescribed value fBC.

• If all empty space inside the critical sphere is completely filled up, but the required coating
amount has not yet been applied, then from this point on the remaining coating material is
added concentrically in spherical layers of thickness d onto the critical sphere.

The scaling factor fc is the free tuning parameter in this model. The smaller the size of the
critical sphere, the faster the coating process results in a spherical mantel. The idea is to adjust
the shape of the coating in order to tune the depolarisation ratio, which is highly sensitive to
exactly this morphological property.The model is well adapted to be used in the discrete dipole
approximation (DDA, see Sec. 2.2), where the coating thickness d in the model is set equal to
the dipole spacing in the DDA.

Reference computations have been performed for the particles illustrated in Fig. 1. We
considered two particle sizes, Rv=542nm (rows 1-2) and 280nm (rows 3-4). For each size, we
considered two BC volume fractions, fBC=0.07 (rows 1 and 3) and 0.20 (rows 2 and 4). The
lower value is more typical for aged, long-range transported BC aerosols (e.g. [17]), while the
higher value is closer to what one would find in BC aerosols in proximity to the emission sources
(e.g. [16]). As aged BC aggregates tend to be more compact than freshly emitted aggregates, we
assumed a fractal dimension Df=2.6 for the particles with fBC=0.07 (rows 1 and 3), and Df=2.4
for fBC=0.20 (rows 2 and 4). In either case we used a fractal prefactor k0=0.7.

For each of the four instances of (Rv, fBC), we constructed model particle with four different
values of the model’s tuning parameter, namely fc=0.5, 0.7, 0.8, and 0.95, as labeled in the
figure. The effect of fc on the shape of the coating depends on the volume fraction. For low
BC volume fractions (rows 1 and 3), a large amount of coating material is applied, which is
likely to completely fill up the critical sphere unless a fairly high value of the critical radius is
chosen. Thus we obtain coatings that significantly deviate from spherical shape only for fc=0.95.
By contrast, for higher BC volume fractions (rows 2 and 4), the correspondingly small amount
of coating material is hardly enough to fill up the critical sphere. Thus, only for fc=0.5 the
coating approaches spherical shape. For fc>0.7 the coating more or less follows the shape of the
aggregate.

For each of the 16 types of particles shown in Fig. 1, five stochastic realisations of the aggregate
geometry were generated. Also, in the absence of a priori information about the shape of
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Fig. 1. Reference model of coated BC aggregates. The volume-equivalent sizes are
Rv=542nm (rows 1–2) and 280nm (rows 3–4), the BC volume fractions are fBC=0.07 (rows
1, 3) and 0.20 (rows 2, 4). The scaling factor fc of the critical radius in the model in columns
1–4 is 0.5, 0.7, 0.8, and 0.95, respectively. The figure shows only one out of five stochastic
realisations of each model geometry.

the coating, we do not know which value of fc is most realistic. Therefore, we averaged the
computational results over the four values of fc, as well as over the five pseudo-random geometries.
Thus, for each of the four instances of (Rv, fBC) we obtain mean optical properties averaged over
an ensemble consisting of 20 different geometries.

2.1.2. Aggregate partially embedded in spherical coating

The reference model can only be used in conjunction with computationally demanding numerical
light-scattering methods, such as the DDA [63]. One goal of this paper is to test models that
can be used in conjunction with the multiple sphere T matrix (MSTM) method [64], which is
generally faster. However, this method is limited to geometries consisting of spherical monomers
with non-overlapping surfaces.

Here we test a model geometry that was first proposed in [48]. In that model the soot aggregate
is semi-embedded in a spherical mantel, while making sure that none of the BC monomers
overlaps with the spherical shell. In [48] this model was studied by simulating optical cross
sections and the asymmetry parameter. Here, we want to investigate the model with an emphasis
on differential radiometric and polarimetric properties relevant to lidar remote sensing.

The construction of the particles proceeds as follows.

• First we prescribe the properties of the fractal aggregate (Ns, a, Df , k0), as well as the
total particle size Rv (or, equivalently, the BC volume fraction fBC). We further prescribe
the number Nsinside of BC monomers that are embedded in the coating material. This
determines the radius Rcoat of the coating sphere. More specifically, the total volume of
the particle is

4
3
πR3

v = (Ns − Nsinside)
4
3
πa3 +

4
3
πR3

coat, (3)

which can be solved for Rcoat.
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• The construction starts by placing two monomers on either side of the surface of the
coating sphere of radius Rcoat, such that all three spheres touch in a single point. Then
more monomers are added both inside and outside the coating, until a total of Nsinside

are embedded by the coating sphere, and (Ns − Nsinside) are attached outside that sphere.
The monomers both inside and outside are added at pseudo-random positions but under
the constraint that the fractal scaling relation given in Eq. (1) be satisfied in each step of
the process. The inside spheres have to fulfill the additional constraint that they be fully
embedded, i.e., they may share at most a single point with the surface of the coating sphere.
The diffusion-limited aggregation algorithm was used for assembling the aggregates [65].

Figure 2 illustrates three representative geometries with a variable number Nsinside. We
performed calculations for a particle with volume-equivalent radius Rv=542nm, BC volume
fraction fBC=0.07, and for aggregates with Ns=508, a=28nm, Df=2.6, and k0=0.7. Thus the
fractal characteristics are equivalent to those used in the corresponding reference model. The
free parameter, i.e., the number of monomers inside the coating, was varied by considering the
values Nsinside=1, 51, 101, 152, 203, 254, 304, 355, 406, 456, and 507. For each value of Nsinside,
five stochastic realizations of the geometry were generated.

Fig. 2. Model of partially embedded BC aggregates with non-overlapping monomers,
illustrated for a particle with a BC volume fraction of fBC=0.07. The aggregate contains
a total of Ns=508 monomers, and the number of monomers inside the spherical mantel,
Ninside

s , increases from left to right.

In this model the BC monomers and the coating are spherical, and none of the spherical
surfaces overlap. Thus, this class of geometry can be used in conjunction with the MSTM
method (see Sec. 2.2). However, we also suspect that the sphericity of the coating limits the
range of depolarisation ratios that can be simulated with this model. The main question is if the
non-sphericity owing to the protruding BC aggregate can make up for this. Thus, we hypothesize
that an increase in Nsinside, which makes the overall shape more spherical, should result in a
decrease in the depolarisation ratio. We want to find out within what range we can tune the
depolarisation ratio by varying the free parameter Nsinside of the model.

2.1.3. Core-grey-shell dimer (CGS2) model

The model presented in the previous section suffers from two main drawbacks. (i) The geometry
is still relatively complex, which may limit its applicability to large-scale applications. (ii) The
coating is spherical, which is likely to limit the range of depolarisation ratios that can be simulated
with this model. We now want to overcome these limitations. In particular, based on what we
learned in earlier studies [9,40,41], we expect that the nonsphericity of the coating is the decisive
morphological feature that impacts the depolarisation ratio. Thus we want to devise a simple
model with a non-spherical coating.
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We further know that the core-grey-shell (CGS) model allows us to tune the optical cross
sections over a considerable range. [9,39]. This model is based on a concentric spherical
core-shell geometry. However, unlike in the conventional core-shell model, only a fraction fcore of
the BC mass is concentrated in the core, while the remaining fraction (1− fcore) is homogeneously
mixed with the material of the shell. The effective refractive index of the shell is computed by use
of effective medium theory (e.g. [66]). The lower the core fraction fcore, the more "grey" the shell
becomes, i.e., the mantel becomes more absorbing owing to the higher BC content. The idea
behind this simple model is to mimic how the BC mass in a realistic aggregate can be distributed
in a more compact or a more lacy structure, depending on the fractal dimension. However, the
refractive indices of the core and the mantle are not free parameters of the model. Once the tuning
parameter fcore has been fixed, the refractive index of the mantle is unambiguously determined by
the chemical composition of the particle. This is an essential prerequisite for applying the model
to chemical data assimilation.

The CGS model is spherical, hence unsuitable for modeling depolarisation. Our objective
is to devise a nonspherical version of the CGS model that will allow us to tune both the cross
sections (by modifying fcore) and the depolarisation ratio (by varying the degree of nonsphericity).
An obvious way to do that would be to distort the spherical CGS geometry into a spheroidal
geometry. The main obstacle is that we currently lack a fast numerical method, especially a
T-matrix based method, for computing core-shell spheroids with an absorbing mantel. Note that
in [67] a fast T-matrix method for core-mantel axially symmetric particles was presented, but
only for non-absorbing coatings.

Based on these considerations, we propose the following model. Rather than putting the entire
particle mass into a single CGS particle, we divide up the mass into two, in general unequal
parts and form two core-grey-shell particles, which we assemble into a dimer. More specifically,
let Rv be the volume-equivalent radius of the entire particle consisting of BC and the coating
material. We denote the BC volume fraction by fBC = VBC/Vtot, where VBC is the BC volume in
the particle, and Vtot = 4πR3

v/3 is the total particle volume. We form a CGS sphere with the same
volume fraction fBC, but with a volume-equivalent radius R1 ≤ Rv, and a second CGS sphere
with radius R2 such that R3

1 + R3
2 = R3

v, i.e., V1 + V2 = V , where V1 and V2 are the volumes of the
first and second CGS particle, respectively. Finally, the two CGS monomers are assembled into a
dimer. The model has two free parameters, as illustrated in Fig. 3.

The first parameter is the relative size of the CGS constituents, which we express by R1/Rv.
For R1/Rv=0.794, we have (R1/Rv)

3=0.5, i.e., the two CGS spheres in the dimer have equal
volume (left column). For R1/Rv=1, the first CGS sphere contains all of the particle volume,
i.e., the second CGS sphere has vanished, and we recover the conventional CGS model (right
column). By adjusting R1/Rv between 0.794 and 1 we can vary the nonspherical geometry of the
model. We hypothesize that this will allow us to simulate a wide range of depolarisation ratios.
For brevity, we will refer to this CGS dimer as the CGS2 model.

The second parameter is the core fraction fcore. For fcore = 1, all of the BC mass is concentrated
in the cores of each of the two CGS monomers (top row). For fcore = 0, the core has vanished
and all of the BC mass is homogeneously mixed with the coating material. By adjusting fcore we
can make the shell more or less absorbing, which is represented in the figure by varying color
shades. We hypothesize that this will allow us to adjust the optical cross sections in a similar way
as in the conventional spherical CGS model.

Microphysically, the core fraction fcore allows us so mimic the fractal dimension, thus the
lacyness of the BC aggregate, and its impact on the absorption and scattering cross section.
The parameter R1/Rv is meant to simulate the non-sphericity of the coating and its impact on
polarimetric optical properties, especially depolarization.

We note that a much more complex dimer model was considered in [54] (see model 11 in that
paper). The dimers in that model were composed of two encapsulated aggregates, each composed
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Fig. 3. Illustration of the CGS2 model and its two free parameters for a particle with a BC
volume fraction of fBC=0.07. The relative monomer size R1/Rv varies among the columns,
the BC core fraction fcore varies among rows. As the core fraction decreases, more BC is
homogeneously mixed with the mantel. The corresponding change in the mantel’s dielectric
properties is represented by a change in color.
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of a large number of monomers. However, neither the relative size of the dimers nor the fractal
dimension of the aggregates were varied in [54]. Here, we will specifically study how the cross
sections and depolarisation in our CGS2 model change in response to varying R1/Rv and fcore.

2.2. Computational methods

We compute optical properties of randomly oriented particles. We are interested in the total
extinction cross section, Cext, the absorption cross section, Cabs, and the scattering cross section
Csca = Cext − Cabs. In particular, the aerosol optical depth (AOD) depends on the aerosol number
density, on Cext, as well as on the vertical profiles of these two quantities. Further, we are
interested in optical properties relevant to lidar remote sensing, i.e., in the backscattering cross
section, Cbak, and the linear backscattering depolarization ratio, δl. The former is defined by

Cbak =
1

4π
CscaF11(180◦), (4)

where the phase function F11 is the first element of the Stokes scattering matrix Fij(Θ), where
i, j = 1, . . . , 4. This matrix relates the four elements of the Stokes vector of the scattered field to
those of the incident field in the scattering plane, and Θ denotes the scattering angle. The linear
backscattering depolarisation ratio is defined by

δl =
F11 − F22

F11 + 2F12 + F22

|︁|︁|︁|︁
Θ=180◦

. (5)

We will consider ensembles of randomly oriented particles. In some cases, we will also
consider ensembles of particles with different shapes. If we have an ensemble of particles of
different types m = 1, 2, . . . with extinction cross sections Cext(m) and number density nm, one
computes ensemble-averages by taking the arithmetic mean of optical cross sections, e.g.

C̄ext =
1
N

∑︂
m

nm Cext(m), (6)

where N =
∑︁

m nm is the total particle number density. Analogous expressions hold for Cabs and
Csca. The ensemble-averaged scattering matrix elements are computed according to

F̄ij(Θ) =
1

C̄sca

∑︂
m

nm Csca(m)Fij,m(Θ), (7)

where Fij,m is the (ij)-element of the scattering matrix of particle type m. The ensemble-averaged
backscattering cross section and depolarisation ratio are computed by replacing Csca and Fij in
Eqs. (4) and (5) with the corresponding ensemble-averages.

A variety of numerical methods can be used to compute optical properties of complex particles,
such as coated aggregates (e.g. [63,64,68–70]). Here we briefly introduce the two codes that
were employed in our study.

2.2.1. Amsterdam discrete dipole approximation (ADDA)

The reference calculations were performed using the DDA code ADDA (version 1.3b4) [71]. In
order to solve the volume integral equation of the scattering problem with the help of the DDA
the scatterer is divided into small, fully polarizable volume elements or dipoles. Dividing the
scatterer into small dipoles leads to a set of linear equations, which can be solved with the help of
numerical standard methods. Assuming the scatterer consisting of discrete dipoles allows the
DDA to treat arbitrarily shaped and inhomogeneous particles [63,71].

The accuracy of DDA computations depends on the dipole spacing d and on the number of
discrete angles employed in averaging over random orientations. There are extensive studies
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published in the literature on testing the accuracy of the DDA with regard to these parameters,
e.g. in [38,40,72]. Although even a fine dipole spacing can still yield DDA results that deviate
from MSTM reference computations, we note that in our model the main source of uncertainty is
the stochastic variation in the geometry. Thus the main requirement is that numerical errors in
the DDA must be significantly smaller than the variation of the optical properties among different
stochastic realisations of the aggregate geometry.

Here, we rely on uncertainty estimates for bare aggregates performed in [40], in which a dipole
spacing given by |m|kd = 0.43 was recommended (where k is the wavenumber of light, and
m is the complex refractive index of soot). This dipole spacing entails an uncertainty in the
depolarization ratio that is one order of magnitude smaller than the uncertainty associated with
stochastic variations of the fractal geometry. We use a dipole spacing |m|kd = 0.24, which is even
more accurate than that recommended in [40]. Since each scatterer is assumed to be randomly
orientated, ADDA’s internal numerical orientation averaging is used. The orientation averaging
is performed using discrete orientations. Following the calculations in [42] 1024 orientations are
used for the orientation averaging. Further, the quasi minimal residual iterative solver QMR2
was employed and the scattering matrix elements were calculated with a angular resolution of
0.5◦. Otherwise ADDA default settings were used.

2.2.2. Multiple sphere T matrix (MSTM)

The MSTM code [64] is based on iteratively solving an interaction equation for an arbitrary
system of spherical surfaces. Each sphere is homogeneous, but different spheres can have
different complex refractive indices. The only restriction is that the surfaces of the spheres
must not overlap; any two spheres may share, at most, a single point. We use version 3.0 of the
MSTM code, which has been adapted to parallel computing environments. The code computes
orientation-averaged optical properties from the T-matrix by use of analytical solutions to the
integration over Euler angles [73,74].

3. Results

3.1. Reference model

Table 1 presents optical properties computed with the reference model of coated BC aggregates.
The rows present results for the four different cases of volume-equivalent radius and BC volume
fraction (Rv, fBC). The columns show results for δ̄l, C̄bak, C̄ext, and C̄abs. Each optical property
has been averaged over an ensemble of randomly oriented particles, over four values of the free
parameter of the model, fc, and over five stochastic realisations of the geometry for each value of
fc. For each optical property Q the values in parentheses denote the standard deviation

σ =

⌜⃓⎷
1
M

M∑︂
m=1

(Q(m) − Q̄)2, (8)

where the sum extends over the ensemble of M = 20 different geometries, i.e., over four different
values of fc and five different pseudo-random realisations of the geometry.

It is evident that for a given size Rv, δ̄l grows markedly with increasing fBC. This can mainly
be attributed to the significant differences in geometry, as illustrated in Fig. 1. We also observe
that C̄abs roughly doubles as we increase fBC from 0.07 to 0.20, which is clearly caused by the
increasing amount of absorbing material in the particle. C̄ext also increases, but by an amount
that is much larger for Rv=542nm than for 280nm. The increase in C̄abs contributes to the growth
of C̄ext. However, there are, most likely, oscillations in the size dependence of C̄sca that enhance
the growth of C̄ext with increasing fBC at 542nm, but depress its growth at 280 nm. Finally, we
observe that C̄bak is lowered as we increase fBC from 0.07 to 0.20. All optical properties increase
as the size grows from 280nm to 542nm.



Research Article Vol. 29, No. 7 / 29 March 2021 / Optics Express 10649

Table 1. Reference results obtained with the irregular coated aggregate model. The entries show
the ensemble-mean values, while the figures given in parentheses represent the standard

deviations.

Rv fBC δ̄l C̄bak [µm2sr−1] C̄ext [µm2] C̄abs [µm2]

0.542 0.07 0.073 (0.134) 0.0429 (0.0036) 2.609 (0.043) 0.745 (0.014)

0.542 0.20 0.103 (0.031) 0.0181 (0.0029) 4.310 (0.316) 1.486 (0.059)

0.280 0.07 0.005 (0.008) 0.0078 (0.0004) 0.732 (0.001) 0.129 (0.001)

0.280 0.20 0.055 (0.018) 0.0039 (0.0003) 0.787 (0.021) 0.258 (0.008)

Another notable point is the behavior of the standard deviation. For the cross sections,
including C̄bak, σ is usually smaller than 10% of the mean value, in some cases even significantly
smaller. By contrast, the standard deviation of δ̄l is at least 30% of the mean for fBC=0.20, and
up to 180% of the mean for fBC=0.07. This is a result of the high sensitivity of the depolarisation
ratio to a variation in geometry, and particularly to a distortion of the coating material. Owing to
the large range of fc-values used in our study, we obtain a considerable variability in geometries.

Why is the standard deviation of δ̄l so much higher for fBC=0.07 than for 0.20? It is important
to note that depolarisation is not a monotonic function of nonsphericity. For instance, it is well
known that for weakly absorbing spheroids δl peaks for prolate spheroids that only deviate mildly
from spherical shape [75]. Analogously, it has been demonstrated for the coated aggregate
model that δl peaks if fc is chosen such that the coating is only mildly nonspherical — see Fig.
7 and the accompanying discussion in [9]. We observe in Fig. 1 that for fBC=0.07 our chosen
range of fc values is such that the coating is just in the vicinity of spherical shape, where δl can
change most rapidly. By contrast, for fBC=0.20 the coating is markedly nonspherical, yielding
nonzero δl-values that are not as sensitive to a variation in geometry as they are in the proximity
of spherical shape.

To simplify our notation, we will from here on drop the overbar over the ensemble-averaged
optical properties.

3.2. Aggregate partially embedded in spherical coating

Figure 4 shows optical properties for the partially-embedded aggregate model as a function of
the number of monomers inside the coating. Cbak (top right) and Cext (bottom left) decrease
almost monotonically with increasing Ninside

s , which can be understood in terms of a decreasing
geometric cross section as more and more monomers of the aggregate are hidden inside the
compact sphere of the coating material. By contrast, Cabs (bottom right) increases monotonically
with growing Ninside

s , because the coating enhances the absorption by intercepting a larger amount
of electromagnetic radiation than the amount that would be intercepted by a bare aggregate. This
allows the embedded aggregate to absorb a larger amount of energy than it would absorb in its
bare state. This well-known phenomenon is often referred to as the lensing effect, which is,
arguably, a misinterpretative terminology, because it alludes to a geometric optics phenomenon,
which does not really apply to the size-parameter regime we are dealing with here. δl first
stagnates, then decreases with growing Ninside

s as the overall shape of the particle becomes more
and more spherical. The model covers a δl-range of roughly 0.03–0.09.

3.3. CGS2 model

Figure 5 presents optical properties computed with the CGS2 model as a function of the model’s
two free parameters. The top row shows results for a particle of total radius Rv=542nm with a
BC volume fraction fBC=0.07. The results are represented by color shades. The most striking
observation is that δl (top left) mainly depends on the nonsphericity parameter R1/Rv (x-direction),
while Cabs (top right) mainly depends on the BC core fraction fcore (y-direction). This is exactly
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as intended; it means that for this particle we can adjust R1/Rv and fcore independently to fit δl
and Cabs, respectively. However, we will see shortly that for other particle sizes and BC volume
fractions the situation may become more complex.

We want to adjust the free model parameters to simultaneously obtain a reasonable fit of not
only δl and Cabs, but also Cbak and Cext. To this end, we consider for each optical property Qi the
relative differences

∆Qi =
Qmodel

i − Qref
i

Qref
i

, (9)

where the superscripts refer to the CGS2 model and the reference model, respectively, and where
Q1 = δl, Q2 = Cbak, Q3 = Cext, Q4 = Cabs. We introduce the geometric mean error

∆ =

⌜⃓⎷
1
4

4∑︂
i=1

(∆Qi)2. (10)

This error metric is represented by the isolines in each panel of Fig. 5.

Fig. 4. δl (top left), Cbak (top right), Cext (bottom left), and Cabs (bottom right) at a
wavelength of 532 nm, computed with the partially-coated fractal aggregate model with
spherical coating. The total number of monomers in the aggregate is Ns =508, and the
x-axis shows the number of monomers inside the coating. The black curve shows the mean
taken over 5 stochastic realisations of the geometry, the shading indicates the maximum and
minimum values in the ensemble, and the dashed line represents the results obtained for the
reference model.

We obtain the best simultaneous fit of all four optical parameters for model parameters around
R1/Rv=0.97 and fcore=0.3. This corresponds to dimers with rather unevenly sized monomers,
i.e., not departing too much from a single monomer with R1/Rv=1, and for particles in which
70% of the BC mass is homogeneously mixed with the coating.

It is also interesting to note that δl is not a simple monotonic function of the shape of the dimer.
For spherically symmetric monomers (R1/Rv=1) the depolarization is identically zero. As R1/Rv
is lowered, δl increases sharply and reaches a peak around R1/Rv=0.92. Cbak has a minimum
right around that value. When R1/Rv is further reduced the depolarisation falls to about 0.2 and
plateaus at that value.

To see the dependence of backscattering and depolarisation on the shape of the dimer more
clearly, we show in Fig. 6 the scattering matrix elements F11 (left) and F22/F11 (right) as functions
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Fig. 5. δl (first column), Cbak (second column), Cext (third column), and Cabs (fourth
column) at a wavelength of 532 nm, as a function of the two free parameters in the CGS2
model. First row: Rv = 542 nm, fBC =0.07; second row: Rv = 542 nm, fBC = 0.20; third
row: Rv = 0.280 µm, fBC = 0.07; fourth row: Rv = 0.280 µm, fBC = 0.20 The colour
shadings represent the CGS2 model results, while the isolines indicate the deviation of the
model from the reference computations as explained in the text.

of the scattering angle for four values of the dimer parameter R1/Rv, as indicated in the legend. As
R1/Rv increases from 0.79 up to 0.92, F11 and F22/F11 decrease in the backscattering direction.
This trend in both F11 and F22/F11 is reversed as R1/Rv is increased from 0.92 to 0.97. This
closely reflects the corresponding behaviour of Cbak and δl in Fig. 5 (top row). (Note that a
decrease in F22/F11 entails an increase in δl and vice versa.)

Fig. 6. F11 (left) and F22/F11 for CGS2 particles with Rv=542nm, fBC=0.07, and fcore=0.5
for different values of R1/Rv as indicated in the legend.
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The second row in Fig. 5 shows analogous results for fBC=0.20. Here, the picture becomes
slightly more complex. δl still depends strongly on R1/Rv, but we also see a dependence on
fcore. Cabs is still mainly dependent on fcore, but it also displays a weak increase with decreasing
R1/Rv. However, as before the best fit of the reference results is achieved for relatively high
values of R1/Rv and low values of fcore. As in in the top row, the minimum of ∆ is fairly broad in
the y-direction, and much narrower in the x-direction. In the region of interest around the error
minimum δl displays a strong dependency on R1/Rv, and only a very weak dependency on fcore.
The third row shows similar results, but for Rv=280nm and fBC=0.07. The best fit is achieved for
R1/Rv around 0.98. Again, for R1/Rv>0.9 the depolarisation is essentially independent of fcore.
The minimum of ∆ is very broad in the y-direction. A comparison with Table 1 shows that at
R1/Rv around 0.98 Cbak is best represented by high values of fcore, Cext by intermediate values of
fcore, and Cabs by low values of fcore.

The fourth row shows results for Rv=280nm and fBC=0.20. The isolines indicate that ∆ has a
minimum around R1/Rv=0.96 which is, again, very broad in the y-direction.

By comparing the scale of Cext to Cabs in each of the four rows, we see that scattering always
makes the dominant contribution to the total extinction cross section. A curious observation is
that for Rv=542nm extinction is strongly dependent on R1/Rv, and only weakly dependent on
fcore (rows 1 and 2, third column). For Rv=280nm (rows 3 and 4, third column), this is reversed.
Since extinction is dominated by scattering, and since Cabs does not display such a reversal, we
conclude that for small particles scattering is strongly dependent on the dielectric properties of
the coating, while for large particles it becomes mostly dependent on the shape of the dimer.

4. Discussion

In Sec. 3.2, specifically in Fig. 3, we presented computations performed with the partially
embedded aggregate model with a spherical coating. The results reveal some of the main
weaknesses of the model.

• Range of δl-values. The range of depolarization ratios is limited to δl ≤0.09. In the
literature one finds reported values based on field observations in the range 0.015–0.23,
although the majority of reported values lie below 0.11 (see Table 11 in [41]). Note that
field measurements observe size-averaged values. The particles considered in Fig. 4 are
relatively large. For smaller particles, it is likely that the model will yield even lower
depolarization ratios. Therefore, for typical size distributions of coated BC aerosols this
model is expected to give δl-values that lie in the lower range of reported literature values.
This considerably narrows down the potential usefulness of the model.

• Model flexibility. The main idea of this model was to find a way to tune the depolarisation
ratio. However, we see in Fig. 3 that a variation of the model’s free parameter, Ninside

s ,
impacts not only δl, but also the optical cross sections. This makes it difficult to find a
setting of Ninside

s that works well for all optical properties. For δl, the agreement of the
model with the reference computations is best for Ninside

s ≤350, but for Cbak we obtain the
best agreement for Ninside

s ≈400.

• Scope of model application. The model seems to work for differential scattering
properties, but it fails to give a good representation of the integral optical properties.
The reference value of Cext is consistently overestimated, that of Cabs is systematically
underestimated. A possible cause may be the differences in the numerical construction
of the fractal aggregates. In the reference model, the fractal scaling law in Eq. (1) was
the only condition that constrained the geometry while assembling the aggregates. By
contrast, in the partially embedded aggregate model both the scaling law as well as the
condition that the embedded part of the aggregate be fully contained within the coating
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constrained the aggregate geometry. Further, the reference particles were constructed
by use of the cluster-cluster aggregation algorithm [62], in which smaller aggregates are
assembled into larger aggregates. This method mimics the aggregation process by which
real aggregates are formed in combustion processes. By contrast, the partially embedded
aggregates were assembled by use of the diffusion-limited aggregation algorithm [65],
in which one monomer at a time is added to the aggregate. In the latter algorithm it is
easier to comply with the rather strict constraint that the embedded portion of the aggregate
is fully encapsulated by the coating. It is likely that these differences in the aggregates’
construction method give rise to overall more compact fractal structures in the partially
embedded particles. More densely packed monomers will more strongly interact with each
other, which can enhance the scattering cross section. On the other hand, they will also
shield one another more efficiently, resulting in a reduction in the absorbed energy. This is
one plausible explanation for the underestimation of Cabs and the overestimation of Csca by
this model.

These findings are consistent with results reported in [10], in which an MSTM-based coated
aggregate model with partially embedded aggregates of non-overlapping spheres with spherical
coating was considered. Although depolarization is not specifically discussed there, inspection
of Figs. 4, 5, 8, and 9 in Ref. [10] reveals that the F22/F11 element of the scattering matrix varies
only within a fairly narrow range close to 1, which will translate into a limited range of low
depolarization ratios — see Eq. (5). Similar to our study, this can be attributed to the sphericity
of the coating.

The spherical coating model gives a lidar ratio (proportional to Cext/Cbak) that agrees with the
reference model at about Ns=280 (not shown). Inspection of Fig. 4 shows that at this point the
model overestimates Cext and Cbak by an equal amount. Thus, this model allows us to correctly
model the lidar ratio only at the expense of misrepresenting both the backscattering and the
extinction cross section.

Owing to the shortcomings of the spherical-coating assumption, we have to dismiss this
model for our purposes. The most important observation is that this model only covers a limited
range of depolarization ratios. This may be interpreted as an indirect corroboration of earlier
claims [9,40–42] according to which the nonsphericity of the coating is the most important
morphological property that determines the depolarisation ratio of coated BC aerosols.

However, even more convincing evidence for this hypothesis comes from the CGS2 model.
The tests of that model reveal the following properties.

• Range of δl-values. In the CGS2 model, thanks to the nonsphericity of the coating, the
depolarisation ratio varies over a considerable range. For Rv=280nm and fBC=0.07, the
model covers a range of δl=0–0.2. In all other cases that range is extended up to more than
0.40. This clearly braces, and even exceeds the range of typical values observed in field
observations.

• Model flexibility. The model possesses two free parameters. The depolarization ratio can
mainly be tuned by varying R1/Rv, while the absorption cross section strongly depends on
fcore.

• Scope of model application. The results in Fig. 5 show that it is possible to attain a
reasonably good fit of δl, Cbak, Cext, and Cabs by an appropriate choice of R1/Rv and
fcore. This makes this model particularly interesting in applications such as chemical data
assimilation of both lidar and AOD observations.

These observations are based on a comparison of the model to four references cases, charac-
terized by two different particle radii and two different BC volume fractions. In our attempt to
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simultaneously fit δl, Cbak, Cext, and Cabs we obtain rather concordant results. In all cases we
obtained the best agreement between the CGS2 model and the reference results for R1/Rv in the
range 0.94–0.98, i.e., for CGS dimers of rather unevenly sized monomers. The exact choice of
the BC core fraction is less critical; the minimum of the error is fairly broad in the fcore-direction.
In most cases values of fcore around 0.5 or less seem to give the best agreement with the reference
values.

Incidentally, these results seem to be rather robust with regard to the choice of error metric.
We also tested a root mean square (rms) error metric, in which Eq. (9) is replaced by

∆Qi =
Qmodel

i − Qref
i

σi
, (11)

where σi denotes the standard deviations of the reference model results given in Table 1. Owing
to the high standard deviation of the δl reference values, this metric puts less emphasis on the
depolarisation ratio and more emphasis on the cross sections. Despite these differences, it turns
out (not shown) that this rms error metric has a minimum around R1/Rv=0.94–0.98, just like the
geometric mean error given in Eq. (10). The main difference is that the minimum is less broad in
the fcore-direction; it is more concentrated around fcore<0.5.

In Fig. 5 we tried to fit reference computations for a particle of definite size and BC volume
fraction. In more realistic applications we will need to fit optical properties of size distributions,
which is almost always easier than fitting optical properties of single particles. The fact that our
model consistently yielded the best agreement with the reference results for similar choices of
the model’s free parameters is very encouraging. There are good prospects that this model will
be able to represent the optical properties of size distributions of coated BC aerosols over a range
of relevant size distributions and BC volume fractions.

Finally, a remark on the CPU time requirements is in order. The simplicity of the CGS2 model
results in low computational demands, which makes this model suitable for building extensive
look-up tables for remote sensing retrieval algorithms, chemical data assimilation systems, or
radiation schemes in climate models. Note that the MSTM code employed here has been
developed for aggregates of arbitrary shape. Thus this code has no provisions to systematically
exploit the axial symmetry of the CGS2 dimers. The use of geometric symmetry can drastically
reduce computational requirements in T-matrix computations by orders of magnitude [76,77].
Thus, if required, the CPU time needed for the CGS2 model could even be further reduced
substantially.

5. Conclusions

We embarked on this work in search of a light scattering model of coated BC particles that could
be used in large-scale applications. Such applications set tight constraints on computational
speed, which often necessitates drastic simplifications. Such requirements are very difficult to
reconcile with the intricate morphological properties of real BC aerosols. This becomes even
more challenging for polarimetric optical properties, which can be highly sensitive to even minor
morphological subtleties. Thus an important question is how much morphological details we
can leave out in a model without sacrificing our ability to simulate radiometric and polarimetric
properties.

The partially embedded aggregate model in Fig. 2 is morphologically reasonably realistic.
It incorporates the fractal aggregate morphology of real BC aerosols, as well as their partial
embedding into liquid coating material. However, it only accounts for spherical coatings. This is
likely to be the main reason why this model is too restricted in the range of δl values that it can
reproduce. Owing to this limitation, we have to dismiss this model for the purpose of modelling
depolarisation by coated BC aerosols.
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We devised a new model, shown in Fig. 3, which we labeled the CGS2 model. This is a model
specifically intended for large-scale applications, in which the morphological features of BC
aerosols are trimmed down to the bare essentials. The main idea in the CGS2-model is to modify
the conventional CGS model [39] by making the shape nonspherical. The main hypothesis is
that the single most important morphological characteristic that determines δl is the shape of
the weakly absorbing coating. Clearly our reference model already possessed that capability.
However, that model is computationally very demanding. The proposed solution is to assemble
two CGS spheres into a dimer. The relative size of the two monomers, expressed by the parameter
R1/Rv, as well as the core fraction of BC, fcore, are the two free parameters of the model.

The results are consistent with our hypothesis. The CGS2 model does, indeed, cover a
considerable range of depolarization ratios that braces the range of typical values observed in
lidar field measurements. The depolarization ratio can mainly be tuned by varying R1/Rv, while
the absorption cross section strongly depends on fcore. We conclude that the CGS2 model, despite
being based on drastic morphological simplifications, can capture the main features of coated BC
particles and their impact on optical properties, namely, (i) the compactness of the distribution of
the BC mass within the inhomogeneous particle and its impact on cross sections; and (ii) the
deviation from spherical shape of the coating and its impact on depolarisation.

In our attempt to reproduce the reference results, a fairly consistent picture emerged. In all
four test cases, the CGS2 model yielded the best agreement with the reference results for R1/Rv
in the range 0.94–0.98, and for fcore ≤0.5. If these observations should hold over a broader range
of particle sizes and BC volume fractions, then it should be straightforward to generalize this
model to size distributions of aerosols. We conclude that the CGS2 model has the potential
of bringing us closer to a simple yet consistent description of aerosol optical properties for
large-scale environmental applications. Together with recent progress on mineral dust [78] and
sea salt [79,80] we may soon be in a position to compile an aerosol-optics data base of radiometric
and polarimetric properties that can be applied to general circulation models, remote sensing
retrieval methods, and chemical data assimilation.

A final point needs to be stressed to preclude any misunderstandings about our main conclusions.
The question whether a model particle is useful or not consists of two very distinct parts that must
not be confused with each other. The first part concerns a model class, the second one concerns a
class instance. In our case, the first part of the question is whether or not the CGS2 class of model
particles, illustrated in Fig. 3, is sufficiently flexible to simulate radiometric and polarimetric
observations of coated BC aerosols. The second part of the question is whether or not a specific
instance of this model class, characterized by R1/Rv in the range 0.94–0.98 and fcore around 0.5,
is likely to give the best representation of the optical properties. Our findings, so far, are very
promising with regard to the first part of the question. It remains to be seen if the usefulness
of the CGS2 class of model particles can be generalized from the visible to other wavelengths
in the UV and NIR. The conclusions pertaining to the second part of the question were based
on a comparison with a specific reference model. As more detailed reference information will
become available, preferably from measurements, the specific tuning of the model will need to
be revisited and refined. Thus, both parts of the question are open to further scrutiny.
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