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ABSTRACT This paper presents nonlinear mathematical models of one- and two-track multitrailer vehi-
cles. We derive nonlinear equations of motion in the form of a system of implicit ordinary differential
equations (ODEs) by using Lagrangian mechanics. The system of ODEs has the minimum number of
states and equations that enables efficient computations yet maintains the most important nonlinear vehicle
dynamic behavior and allows actuator coordination and energy consumption evaluation. As examples,
we build different models of a 4-unit long combination vehicle, i.e., two-track 11-axle and single-track 6-axle
nonlinear models as well as a linear single-track 6-axle model. We compare the performance of these models
to experimental data of different driving maneuvers. The nonlinear single-track model demonstrates close
dynamic behavior to the experiment, which makes it an efficient alternative to the two-track model. The
vehicle equations can be generated automatically by using the code provided in this paper and subsequently
used for conducting frequency analysis, evaluating energy consumption, deriving performance measures
from simulations, and facilitating optimal control applications that involve combined steering, braking and
propulsion control.

INDEX TERMS Articulated vehicles, long combination vehicles, multitrailer vehicles, single-track nonlin-
ear model, single-track linear, two-track nonlinear model, vehicle dynamics.

I. INTRODUCTION
Approximately 1.35 million road traffic fatalities world-
wide were reported in 2016 [1], and the trend continues to
increase. In Europe, heavy vehicles were associated with
approximately 10% of road accident fatalities in 2016 [2],
[3]. In recent years, advances in vehicle safety, including
antilock braking systems (ABS), electronic braking systems
(EBS), automatic traction control systems (TCS), and elec-
tronic stability control (ESC), have been used in commer-
cial vehicles and have contributed to a reduction in fatali-
ties related to these vehicles of approximately 40% between
2007 and 2016 in Europe [3]. Moreover, driving automation
systems [4] show potential to further increase road safety
[5]–[8], e.g., by providing adaptive cruise control, collision
avoidance, automatic lane centering, and/or by performing a
complete dynamic driving task. However, compared to those
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regarding passenger cars, there are few publications related
to active safety and driving automation of heavy vehicles,
despite differences in their dynamic behavior due to differ-
ences in dimension, height of center of gravity (COG), and
articulation [9].

In addition, growing demands of road freight transport [10]
entail deployment of longer and heavier vehicles, i.e., long
combination vehicles (LCVs) on roads [11]. Compared to
tractors and semitrailers, LCVs occupy less space on roads for
the same amount of transported freight and exhibit reduced
fuel consumption and total cost of ownership on average of
approximately 17% and 30%, respectively [12], [13]. How-
ever, there are only a few countries in the world that allow
LCVs on public roads, as the dynamic behavior of LCVs
must be better controlled and investigated to ensure safe
performance on roads [14]–[16].

One reason why LCVs and articulated vehicles have drawn
less attention in the literature than passenger cars is the
difficulty in the derivation of dynamic equations of motion.
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The motion of a vehicle in a specific maneuver, driving sce-
nario, and road condition can be described by a mathematical
model of vehicle dynamics, as an alternative to performing
real-world experiments [17]–[23]. The fidelity and complex-
ity of mathematical models vary depending on the vehicle
model application and the trade-offs between model accuracy
and computational efficiency. For example, with the objective
of driving automation, including combined steering, brak-
ing and propulsion control [24]–[26], certain assumptions
about system degrees of freedom (DOFs) and linearization
are needed to address the most important vehicle behavior
within the available computation time. Vehicle models are
usually built from scratch, requiring much time and effort,
and depending on the model complexity, in the case of artic-
ulated vehicles, the use of advanced simulation tools might
be inevitable. Advanced simulation tools, however, require
expert knowledge and detailed parameterization and incur a
high computational burden. Moreover, these tools do not pro-
videmathematical models in the form of differential algebraic
equations (DAE) or ordinary differential equations (ODE)
that are transferable between different solvers, e.g., with the
purpose of active safety and closed-loop vehicle motion con-
trol, unless by requiring a commercial license. An example is
the functional mock-up interface (FMI) toolbox [27].

Depending on the required dynamic responses of interest
and with the purpose of state prediction, researchers derive
their own mathematical models with the necessary level of
complexity. For control design and optimization, it is often
important to make the models as simple as possible, often in
terms of linearity [28]–[39]. The problem then is that models
in vehicle dynamics are often linearized too early, already in
symbolic form, by assuming a linear tire model, as well as
small articulation, steering and slip angles, and by decoupling
longitudinal and lateral equations. In that case, nonlinear
terms that describe essential dynamic behavior might be
neglected, and the boundaries of model validity become too
narrow, e.g., enforcing overly short prediction horizons in
model predictive control applications. Examples of dynamic
behaviors that can be lost during such a linearization are the
relation between longitudinal and lateral dynamics, the phe-
nomena from non-Ackermann geometry (between the left and
right wheels or between axles), the accuracy in the lateral
acceleration and articulation angle estimation during driving
on a curved road and the accuracy in open-loop simulations
given the input trajectories.

For vehicle on-road applications, where the vehicle body
motion in the yaw plane is of interest, e.g., vehicle motion
optimal control [24], [26], [40], [40], [41], and evaluations
of the performance measures [42], [43], we provide non-
linear DAE and/or ODE of the dynamical system in the
form of symbolic equations that can be directly used in
any solver/integrator and in any programming language, e.g.,
in ACADO [44] and the CasADi [45] toolkit. The sys-
tem dynamic equations can, therefore, be linearized either
around the operating point [24]–[26], [40] with the purpose of
closed-loop control or around a reference trajectory [46] with

the purpose of model predictive control in long prediction
horizons and real-time iteration.

An example of a real-world application, where our
approach of vehicle modeling is essential, is an LCV with
an electric dolly converter [47], where the optimal control of
the electric propulsion by using a long prediction horizon is
necessary for energy minimization purposes. In that problem,
the coupling between lateral and longitudinal dynamics is
necessary, together with the knowledge of actuation limits
of the electric propulsion in the whole prediction horizon;
i.e., electric actuator action must be planed optimally over
the horizon, considering the battery state of charge and the
tire and lateral stability limits. Our model has enough fidelity
to evaluate the electric dolly for different operating cycles and
includes dynamical limits of the dolly propulsion. Moreover,
the tire forces generated by our model can act as inputs to a
powertrain model for evaluating the energy consumption.

In the literature, the widely used linearized models for
articulated vehicles are single-track linear (STL) mod-
els. Usually, the derived models are not compared with
high-fidelity models or experimental data. Recent publica-
tions [48], [49] compared a couple of different STL models
with high-fidelity models, and in [50], a nonlinear vehicle
model of constant speed was compared with test data. In this
paper, however, we compared the derived nonlinear equations
of two-track and single-track models with experimental data
including constant and varying speed maneuvers, whereas
longitudinal and lateral dynamics were coupled. Moreover,
according to [49], the STL model derived in [31] was one
of the models that demonstrated the least error compared to a
high-fidelity vehicle model. Therefore, we also compared our
model with a similar STL model. The experimental data con-
sisted of different maneuvers, including multiple single-lane-
change, multiple double-lane-change, steady-state cornering,
brake-in-curve, random steering, and step-steering.

Vehicle models in this paper include single- and two-track
multiunit vehicles, e.g., a passenger car, a multiaxle bus
or a truck, and vehicles with several multiaxle units, for
example, a tractor-semitrailer and an A-double, i.e., a tractor-
semitrailer-dolly-semitrailer. We did not model roll, suspen-
sion dynamics or body frame flexibility in this paper, thereby
reducing the system dynamics to the two-dimensional yaw
plane, which is mostly suitable for studying the motion of
articulated vehicles in the normal driving condition and low
lateral acceleration and/or for vehicles with a low COG
height. However, we considered the effect of load transfer of
vertical loads between vehicle sides and between fore and aft
due to lateral and longitudinal accelerations.

We used Lagrangian mechanics to describe the system
equations of motion. The benefit of using the Lagrange equa-
tions rather than Newton equations is that the constraint equa-
tions are not needed and that the systemODEs can be directly
obtained in the minimum order, which can then be integrated
efficiently. This means that the number of obtained equations
equals the number of DOFs of the system for the fewest num-
ber of chosen independent generalized coordinates. In this

VOLUME 8, 2020 203855



T. Ghandriz et al.: Computationally Efficient Nonlinear One- and Two-Track Models for Multitrailer Road Vehicles

case, inclusion of a vehicle unit adds only a single DOF to
the system. A nonlinear multiunit vehicle model based on
Newton’s equations that has four DOFs for each vehicle unit,
i.e., three DOFs in the yaw plane and one roll angle, can
be found in [51], [52]. Generalized coordinates are any set
of variables that describes the system position in the space
that is consistent with constraint relations. This property of
the Lagrange equations is particularly useful for modeling
multibody systems comprising many bodies and force ele-
ments. The drawbacks are, however, that finding the best set
of generalized coordinates is not straightforward and that the
reaction forces cannot be directly calculated in the case of
a minimum-order system and the absence of the Lagrange
multipliers. Therefore, their calculation must be performed
separately by postprocessing the ODE solution, if needed,
for example, to constrain their value in an optimal control
problem, which we provided in this paper as an Appendix.

In short, our main contributions comprise the following:
providing system of nonlinear DAEs and/or ODEs of the
dynamical system of one- and two-track multitrailer vehicles
in the form of symbolic equations that can be directly used
in any solver/integrator and in any programming language,
whereas the derived nonlinear system of ODEs has the min-
imum number of states and equations that enables efficient
computations yet maintains the most important nonlinear
vehicle dynamic behavior; comparison of the derived nonlin-
ear vehicle models with experimental data including constant
and varying speed maneuvers, whereas longitudinal and lat-
eral dynamics were coupled; performance comparison of an
STL model with the nonlinear model and experimental data
and providing a generic code that constructs the equations
based on the user preferences.

The provided vehicle models can be used in various
applications related to vehicles with human drivers, driving
automation systems, and automated guided vehicles includ-
ing evaluation of the energy consumption, efficient evalua-
tion of performance-based characteristics, e.g., off-tracking
and rearward amplification in driving cycles with different
topographies and curvatures as well as motion planning and
control involving combined steering, braking and propulsion
control, including optimal path following at low and high
speeds, trajectory planning, control allocations for maintain-
ing stability, reverse-motion planning, steering by braking,
off-tracking minimization in LCVs, and frequency analy-
sis. We appended a MATLAB code to build the nonlinear
equations of this paper as supplementary material; however,
simulation examples can be found in [53].

This paper is organized as follows: Section II presents a
summary of the vehicle model and its definition. Section III
provides the steps of vehicle modeling. Section IV out-
lines the tire models and forces acting on the vehicle body.
Section V describes the experimental setup, driving maneu-
vers, and parameter tuning. Section VI presents the approach
for model linearization. Section VII provides the simulation
results and compares the performance of different models
with the experimental data, followed by the discussion and

conclusion. Finally, the Appendix provides models for longi-
tudinal and lateral load transfer, together with the test-vehicle
data.

II. SUMMARY OF THE VEHICLE MODELING
Based on Lagrangian dynamics and the user-defined vehicle
types and parameters, we create a mathematical symbolic
model in the form of a nonlinear system of DAE (or implicit
ODE) in the time domain:

F(x(t),
dx(t)
dt

, u(t), y(t)) = 0, (1)

or, in space domain

F(x(s),
dx(s)
ds

, u(s), y(s)) = 0, (2)

where x, u, and y denote the states, inputs, and variables
used in algebraic equations, respectively; t denotes the time;
and s denotes the space, or the distance traveled. Algebraic
equations appear if, for example, longitudinal load transfer is
included in the model.

In this paper, similar to [31], [39], [54], the set of general-
ized coordinates q that describes a single-unit vehicle position
in the yaw plane includes the global coordinates of the unit
COG, X1 and Y1, and its yaw angle φ1 in an inertia global
frame; i.e.,

q = [X1,Y1, φ1]. (3)

The inclusion of the second unit, e.g., a trailer, adds a
single new generalized coordinate sufficient for describing
the system position in the space, that is, the articulation angle
θ1, as shown in Fig. 1. For a vehicle consisting of four units,
the set of generalized coordinates becomes

q = [X1,Y1, φ1, θ1, θ2, θ3], (4)

where θi denotes the angle between units i and i + 1 relative
to unit i+1, i.e., θi = φi−φi+1, according to ISO-8855 [55],
where φi is the yaw angle of the ith unit in the inertia global
frame.

The system states comprise the generalized coordinates
and their first derivatives; e.g., in the time domain x = [q, q̇],
the terms up to the second derivative of the generalized
coordinates appear in the equations. The input variables are
the longitudinal wheel forces, i.e., braking and propulsion
forces, and the wheel steering angles. A single axle or all
axles can be selected to be steerable, where, for a two-track
vehicle model, each axle has two steering angles for left and
right wheels. An axle-end can have more than one tire that
helps the vehicle carry heavier loads. Dual tires, however,
receive only one longitudinal force as an input, and if they are
selected to be steerable, which is not common, they receive a
single steering angle input. For example, for the single-track
A-double shown in Fig. 2, the input vector u is

u= [Fxw11,Fxw12,Fxw21,Fxw31,Fxw32,Fxw41, δ11, δ31] (5)

where Fxwij denotes the longitudinal force on the jth lumped
axle of the ith unit, caused by braking or propulsion in the
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FIGURE 1. Two-track representation of an A-double. The forces acting on the vehicle include tire forces Fxw caused
by propulsion/braking actuation, tire rolling resistance FwRR, air resistance Fair, and body forces acting on COG of
vehicle units caused by gravity and road grades.

FIGURE 2. One-track representation of an A-double together with dimensions and forces
acting on the vehicle (coupling forces and moments are excluded). The forces acting on the
vehicle include axle forces Fxw caused by propulsion/braking actuation, axle rolling
resistance FwRR, air resistance Fair, and body forces acting on COG of vehicle units caused
by gravity and road grades.

wheel hub coordinate system, and δij denotes the steering
angle of the jth lumped axle of the ith unit.
The tire model can be selected to be either linear or

nonlinear, either with or without a friction ellipse com-
bined slip model [56], [57]. The nonlinear tire model used
in this paper is based on the Pacejka tire model [57].
We tuned both the linear and nonlinear tire models to fit
the real-world experimental data by solving optimization

problems. The simulation results of the vehicle model by
using the tuned tire models are in a very good agreement
with the experimental results we evaluated in terms of the
root mean squared error (RMSE) and correlation coefficient
[58] of yaw rates and lateral accelerations of different units
in different maneuvers. The test vehicle was an A-double
heavy vehicle combination consisting of four units shown
in Fig. 1.
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To reduce the computational demand for evaluating the
performancemeasures or for an optimal motion control appli-
cation, e.g., generating a reference for control allocation,
a single-trackmodel can be used instead of a two-trackmodel,
maintaining most of the dynamic behavior of the original
model. The model and code provided in this paper build
the equation of motion of a single-track articulated vehicle.
An example of a single-track A-double heavy vehicle combi-
nation is depicted in Fig. 2, where an axle group is replaced
with a single lumped axle. The single-track vehicle model
also exhibits very similar dynamic behavior to the tested
real-world vehicle.

Force elements that act on the vehicle units comprise the
wheel local longitudinal force caused by actuation, the wheel
local lateral force, the air resistance opposite to the local
x-direction of the first unit, the rolling resistance on each
wheel in the local wheel longitudinal direction, and the body
forces on the COG of each unit as the result of road pitch and
banking. The force elements are shown in Figs. 1 and 2.
The vehicle operational design domain can be any navi-

gable hilly path with curvature. Even though the generated
nonlinear symbolic equations are long, the simulation time
is approximately 100-500 times faster than real-time driving,
i.e., less than 1 s on a 5 km hilly curved road for a four-unit
vehicle simulated on a laptop with an Intel Core i7 2.3 GHz
processor in MATLAB. The simulation time varies depend-
ing on the driving cycle and maneuvers.

A. MODEL LIMITATIONS
The limitations of the vehicle model comprise the following:

– The model is limited to yaw-plane motion since roll,
wheel lift, and chassis frame flexibility are not modeled,
which makes the model invalid for roll-over accident
analysis.

– Articulation joints are assumed to be moment-free in the
Z-direction and to have no friction.

– The powertrain is not modeled, and the inputs are wheel
or axle forces on the ground plane rather than engine or
electric motor torques.

– Kinetic energy in wheel rotation is not considered;
i.e., wheel rotational inertia is assumed to be zero.

– It is assumed that there exists a longitudinal wheel slip
controller that provides the requested longitudinal force
by choosing a proper longitudinal slip, up to the grip
limit of the road, i.e., up to the maximum available
longitudinal force. Hence, the longitudinal slip does not
appear as a variable in the model.

– Air resistance force acts only on the first unit at ground
height in the local x-direction. No side or lift air forces
were considered.

– Actuator dynamics, e.g., actuator delays, are not
modeled.

– Vehicle longitudinal speed cannot be zero.

To overcome the limitations above, the corresponding differ-
ential and algebraic equations must be added to the system,

which in turn increase the computational demand for solving
the system of equations.

Moreover, the experiment used for validating the mathe-
matical model in this paper included normal driving maneu-
vers with a lateral acceleration mostly less than 2.5 m/s2.
The lateral load transfer, therefore, was not considerable,
and it was not included in the vehicle model that was com-
pared to the experimental data. However, we implemented a
steady-state lateral load transfer model to capture the pos-
sible effects in scenarios different from those provided by
the experimental data. The steady-state lateral load transfer
model with the assumption of roll-free couplings and a longi-
tudinal load transfer model can be found in Appendix A. The
code gives users an option to include the lateral load transfer.
The longitudinal load transfer, however, is not coded.

B. VEHICLE DEFINITION AND PARAMETERS
1) VEHICLE PARAMETERS
First, the number of units and axles must be defined, which
is accomplished by defining a binary matrix ua. For the
A-double shown in Fig. 1,

ua = [1, 1, 1;
1, 1, 1;
1, 1, 0;
1, 1, 1].

(6)

Each row of the matrix represents a unit, and each column
represents the existence of an axle. If uaij = 0, then the jth

axle in the ith unit does not exist. The number of columns of
matrix ua corresponds to the maximum number of axles in a
unit. Similarly, matrix sa defines the steerable axles. For the
A-double shown in Fig. 1,

sa = [1, 0, 0;
0, 0, 0;
1, 0, 0;
0, 0, 0].

(7)

If saij = 1, then the jth axle in the ith unit is steerable.
Other vehicle parameters related to the ith unit are the unit

mass mi, the unit yaw inertia around COG in the vertical
Z-direction Ji, the unit height of the COG hi, and the position
of the coupling points relative to the COG of the unit xci1
and xci2 for the front and rear coupling, respectively. The
parameters related to the jth axle of the ith unit are the axle
position relative to the unit’s COG xaij, the number of tires
per axle ntaij, and the axle track width twij. Furthermore,
if the lateral load transfer is included in the model, the related
parameters are the axle roll center height hrij and the axle roll
stiffness crij.

2) OPERATIONAL PARAMETERS
The other set of parameters relates to the environment and
driving cycle. These parameters might vary in time or dis-
tance traveled and thus can be different for different axles.
They include the road pitch angle λp(s), the road banking or
roll angle λb(s), and the road friction coefficient µ(s). Other
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physical parameters are g, Af, cd, ρa, and fr, which denote
the gravitational acceleration, the vehicle front area, the air
drag coefficient, the air density, and the rolling resistance
coefficient, respectively. The parameters related to the tire
model are explained in Section IV. Table 1 provides some
of the important notations used in this paper.

In the examples considered in this paper, a simple driver
model for steering, similar to pure-pursuit [41], [59], is used
to follow the road by looking ahead and steering toward
the aim point. For such a driver to work, the global road
coordinates X (s)-Y (s) should also be defined as a function
of the distance traveled. We also used a simple proportional
driver model for controlling the longitudinal speed. More
details are provided in Section VII.

III. VEHICLE BODY MOTION MODELING
According to [60], the Lagrange equation is given by

d
dt
∂T
∂ q̇l
−
∂T
∂ql
+
∂V
∂ql
= Ql, l = 1, . . . , nq, (8)

where T is the system kinetic energy, V denotes the system
potential energy, nq = 3 + nu − 1 is the total number of
generalized coordinates of the system comprising nu units,
and a dot (˙) above a variable represents the time derivative.
The generalized coordinates q are selected as

q = [X1,Y1, φ1, θi], i = 1, . . . , nu − 1, (9)

where X1 and Y1 denote the position of the COG of the
first unit in the global inertia coordinate system, φ1 denotes
the global yaw angle of the first unit, and θi denotes the
articulation angle between the ith and the (i + 1)th units.
Ql denotes the generalized force given by

Ql =
nf∑
k=1

(
FXk

∂PXk
∂ql
+ FYk

∂PYk
∂ql

)
, l = 1, . . . , nq, (10)

where nf denotes the total number of all force elements acting
on the system; FXk and FYk denote the X and Y compo-
nents of the kth force element expressed in the global inertia
coordinate system, respectively; and PXk and PYk are the X
and Y positions expressed in the global inertia coordinate
system where the kth force element acts, respectively. The
force elements include the longitudinal and lateral tire forces,
the rolling resistance forces, and the body and air resistance
forces, as shown in Figs. 1 and 2.

The potential energy is zero in our vehicle on-road system.
Instead, we consider the gravitational force as a force element
acting on the COG of each unit. The kinetic energy is given
by

T =
1
2

nu∑
i=1

(
mi(v2Xi + v

2
Yi)+ Jiφ̇

2
i
)

(11)

where i is the vehicle unit index, φi is the vehicle unit
angle in global coordinates, and vXi and vYi are the velocity
components of the COG of the ith unit. It does not matter
which coordinate system the velocity is expressed in since

TABLE 1. Notations.

its magnitude remains the same irrespective of the coordinate
system.

To be able to calculate (10) and (11), all force elements,
the positions at which they act, and the positions of the COGs
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TABLE 1. (Continued) Notations.

and their velocities must be determined in terms of gener-
alized coordinates, input variables and system parameters.
By using the system kinematics consistent with the coupling
positions, the position of the COGs of the vehicle units can
be found as[
Xi
Yi

]
=

[
Xi−1
Yi−1

]
+

[
xc(i−1)2 cos(φi−1)− xci1 cos(φi)
xc(i−1)2 sin(φi−1)− xci1 sin(φi)

]
,

i = 2, . . . , nu (12)

where

φi = φi−1 + θi−1, i = 2, . . . , nu (13)

The vehicle unit velocities in the global system of coordi-
nates can be calculated by taking the time derivative of the
COG positions according to

vXi =
dXi
dt
, vYi =

dYi
dt

(14)

The global positions of the wheels, i.e., the positions where
the wheel force elements act, is the main difference between
two-track and single-track vehicle models. First, letM be the
transformation matrix from vehicle local to global coordi-
nates defined by

Mi =

[
cos(φi) −sin(φi)
sin(φi) cos(φi)

]
. (15)

The global positions of the wheels for a single-track vehicle
can be calculated as[
Xwik
Ywik

]
=

[
Xi
Yi

]
+Mi

[
xaij
0

]
, i = 1, . . . , nu,

j = 1, . . . , na, uaij 6= 0, k = j, (16)

and in a two-track vehicle, the global position of the right
wheels can be calculated as[
Xwik
Ywik

]
=

[
Xi
Yi

]
+Mi

[
xaij

−
twij
2

]
, i = 1, . . . , nu,

j = 1, . . . , na, uaij 6= 0, k = j, (17)

where na is the number of axles of the unit with the most
axles in the vehicle. Similarly, the left-wheel global positions

are[
Xwik
Ywik

]
=

[
Xi
Yi

]
+Mi

[
xaij
twij
2

]
, i = 1, . . . , nu,

j = 1, . . . , na, uaij 6= 0, k = j+ na. (18)

Index k denotes the wheel index of each unit ordered
starting from the right wheels, from front to rear, and then
the left wheels, from front to rear, in the case of a two-track
vehicle.

In the same manner, the position of the air force in the both
single-track and two-track vehicles can be calculated as[

Xair
Yair

]
=

[
X1
Y1

]
+M1

[
xa11
0

]
. (19)

Having calculated all forces, their locations and the veloc-
ity of the COGs, the equation of motion (8) can be written in
the final form

F(x, ẋ, u) = 0, (20)

where state vector x is

x = [vX1, vY1, φ1, φ̇1, θi, θ̇i], i = 1, . . . , nu − 1. (21)

It should be noted that generalized coordinates X1 and Y1
do not appear in the final form of the equations of motion,
and to obtain them, vX1 and vY1 must be integrated.Moreover,
equation (20) is an implicit ODE or aDAE; i.e., it is not solved
for the state derivatives. The reason is that the explicit equa-
tions in the form ẋ = f (x, u) include a substantially greater
number of terms than the implicit formulation, which makes
the function evaluation more expensive. The equations have
algebraic parts if the longitudinal load transfer is included.

The input vector u includes the wheel forces in the
x-direction in the wheel frames Fxwik and the steering angle
of each wheel of the steerable axles δik .
The symbolic differentiation can be performed by using

the MATLAB symbolic toolbox, as performed in the code
provided with this paper, or any other toolbox, for example,
in Mathematica, Maple, or SymPy.

A. LAGRANGE EQUATIONS IN VEHICLE LOCAL
COORDINATE SYSTEM
In vehicle dynamic applications, it is more interesting to
express variables and equations in a coordinate system that
rotates with the first vehicle unit, i.e., in the vehicle local
coordinate system. The velocity expressed in such a system
is the same velocity that a driver observes. Moreover, such
a system makes derivation of tire forces easier, especially
in vehicles with a single unit, as tire slips depend on lateral
and longitudinal velocities expressed in the vehicle (or wheel)
local coordinate system.

The conversion from the global coordinate system to the
vehicle local coordinate system, known as quasi-coordinates,
can be accomplished by the change in variables from the
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global velocity of the first vehicle unit to the local velocity
according to [

vX1
vY1

]
= M1

[
vx1
vy1

]
, (22)

where M1 is given by (15), and vx1 and vy1 are the longitu-
dinal and lateral velocities in the first unit’s local system of
coordinates, respectively.

It should be noted that the change in the variable shown
in (22) makes the kinetic energy a function of the local
velocities. In contrast, the local velocities are functions of Ẋ1,
Ẏ1 and φ1, i.e.,[

vx1
vy1

]
= M−11

[
vX1
vY1

]
=

[
cos(φ1) sin(φ1)
−sin(φ1) cos(φ1)

] [
Ẋ1
Ẏ1

]
.

(23)

Therefore, chain rule differentiation must be performed to
differentiate the kinetic energy in (8). Hence,

∂T

∂Ẋ1
=

∂T
∂vx1

∂vx1
∂Ẋ1
+
∂T
∂vy1

∂vy1
∂Ẋ1

=
∂T
∂vx1

cos(φ1)−
∂T
∂vy1

sin(φ1) (24)

∂T

∂Ẏ1
=

∂T
∂vx1

∂vx1
∂Ẏ1
+
∂T
∂vy1

∂vy1
∂Ẏ1

=
∂T
∂vx1

sin(φ1)+
∂T
∂vy1

cos(φ1) (25)

∂T
∂φ1
=

∂T
∂vx1

∂vx1
∂φ1
+
∂T
∂vy1

∂vy1
∂φ1
+

∂T
∂ ḡ(φ1)

∂ ḡ(φ1)
∂φ1

=
∂T
∂vx1

vy1 −
∂T
∂vy1

vx1 (26)

where ḡ(φ1) is a part of the kinetic energy that is a function
of φ1 but not a function of vx1 and vy1. However, always
∂ ḡ(φ1)
∂φ1
= 0.

The new set of states in the first vehicle unit local coordi-
nate system is

x = [vx1, vy1, φ1, φ̇1, θi, θ̇i], i = 1, . . . , nu − 1 (27)

B. CONVERSION TO THE SPACE DOMAIN
In the case of performing the simulation of the vehicle model
on actual driving cycles with varying grades and curvatures
and/or for energy minimization purposes, it is more conve-
nient to use the distance traveled s as an independent variable
rather than the time since the position on the road and its grade
and curvature are better described as functions of the distance
traveled. The change in the independent variable is performed
according to

d(·)
dt
=
d(·)
ds

ds
dt
≈ vx1

d(·)
ds
, (28)

and

d2(·)
dt2
=

d
dt

(d(·)
ds

ds
dt

)
= v2x1

d2(·)
ds2
+ vx1

dvx1
ds

d(·)
ds
, (29)

where a dot (·) represents any variable.We assumed ds
dt ≈ vx1,

as the resulting error in the calculation of the distance traveled
by performing this assumption is negligible.

The resulting equation of motion in the space domain is in
the form

F(x,
dx
ds
, u) = 0, (30)

where the state vector x is

x = [vx1, vy1, φ1,
dφ1
ds
, θi,

dθi
ds

], i = 1, . . . , nu − 1 (31)

IV. FORCE ELEMENTS AND TIRE MODELS
There are different kinds of forces that act on the vehi-
cle units: the tire longitudinal force Fxw caused by propul-
sion/braking actuation in the ground plane, the tire lateral
force Fyw as a result of the lateral slip, the tire rolling resis-
tance FwRR, the air resistance Fair, and the gravitational body
forces acting on the COGs of the vehicle units caused by
gravity and road grades.

The longitudinal tire forces Fxw, caused by propulsion or
braking, are parts of the inputs u to the model. The tire lateral
forces, i.e., Fyw, are, however, caused by the tire lateral slip
and must be calculated by using a tire model.

A. SLIP
Tire longitudinal and lateral slips, i.e., sx and sy, are defined
as

sxik =
Rik ωik − vwxik
|Rik ωik |

, syik =
vwyik
|Rik ωik |

, (32)

where R denotes the tire radius, ω denotes the tire rotational
speed, vwyik and vwxik denote the wheel hub velocity com-
ponents in the wheel local coordinate system, and i and k
denote the unit and wheel indices (or axle, if single-track),
respectively. In addition, there exist other definitions of the
slips, but those shown in (32) are derived from the brush
model, which is a physically motivated derivation of a tire
model.

Generally, both sx and sy can be nonzero at the same time,
which is an operating condition called a ‘‘combined slip’’.
However, if sx = 0 and sy 6= 0, we call the operating
condition a ‘‘pure lateral slip’’ given by

syik =
vwyik
|vwxik |

. (33)

The wheel velocity local components can be calculated by
differentiating their global position with respect to time by
using (16)-(18) and then by transforming to the wheel local
coordinate system, as follows:[
vwxik
vwyik

]
=

[
cos(φi + δik ) sin(φi + δik )
−sin(φi + δik ) cos(φi + δik )

] [
dXwik/dt
dYwik/dt

]
,

δik = 0 if saij = 0. (34)

Two different tire models, with and without the combined
slip model, have been considered in this paper and in the
attached code. More details are provided in the following
sections.
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B. LATERAL TIRE MODELS WITH ZERO LONGITUDINAL
SLIP
1) LINEAR TIRE MODEL
The linear tire model, i.e., the linear relation between the
lateral force and the lateral slip, is given by

Fywik |(sx=0) = −Cyijsyik (35)

where Fywik |(sx=0) is the tire lateral force in the wheel coor-
dinate system at zero longitudinal slip sx, and Cyij is the tire
cornering stiffness. We can assume that Cyij is proportional
to the tire vertical force with the proportionality coefficient
Ccyij. We refer to (35) as a linear tire model regardless of
considering the combined slip, which makes the actual tire
model nonlinear.

2) NONLINEAR TIRE MODEL
The nonlinear tire model, i.e., the nonlinear relation between
the lateral force and the lateral slip, is inspired by the Pacejka
magic tire model [57] that also considers the vertical force
acting on the tire as a nonlinear function. The tire model
is developed in the project ‘‘Performance-based standards
II’’ [61], for the lateral motion simulation of heavy vehicle
combinations, initially reported by [62]. A modified version
of that model is presented here, where the tire lateral force
Fyw is given by

Fywik |(sx=0) = Fzik uyik sin(C arctan(
−Ccyik

C uyik
arctan(syik )),

(36)

where Fzik is the tire normal force, Ccyik is the cornering
coefficient, and C is defined as

C = 2(1+
arcsin(u2)

π
), (37)

where u2 = 0.8 is the ratio between the road friction coef-
ficient at a large slip and the road friction coefficient at zero
slip;

uyik = 0.8(1+ uyg
Fzik − Fz0ik

Fz0ik
), (38)

where uyg is the maximum lateral force gradient, which is a
tuning variable that ranges between−0.3 and−0.1, and Fz0ik
is the nominal tire normal force. The cornering coefficientCcy
is defined as

Ccyik = Ccy0
(
1− 0.1

Fzik − Fz0ik
Fz0ik

)
; (39)

whereCcy0 is the cornering coefficient at the nominal tire nor-
mal force. The cornering coefficient Ccy0 must be estimated
based on the experimental data. In this paper, its value was
tuned in the range between 1 and 20 for two different types
of tires, i.e., the tires of the steerable axles and the tires of the
unsteerable axles.

C. COMBINED SLIP
It is important to consider the tire combined slip model in
driving cycles with curvature and combined steering together
with braking and propulsion. For example, if both the lateral
and the longitudinal slip are approximately 0.1, then neglect-
ing the combined slip in the tire force calculations results in
overestimation of the total force by approximately 20% on a
high-friction road. This result was obtained by analyzing the
combined slip model of an anisotropic tire brush model with
a parabolic pressure and stick and slip friction, which is one
of the tire models that can be explained by a physics-based
model [56].

1) BRUSH MODEL
We provided here the combined slip brush tire model as
a reference for validating a simpler combined slip model,
i.e., the friction ellipse. The anisotropic tire brush model with
a parabolic pressure and stick and slip friction can be derived
as in [56] and reads

Fxw = Cxsx(
ξc

L
)2 + µslipFz

sx
s
(1− 3(

ξc

L
)2 + 2(

ξc

L
)3) (40)

Fyw = −
(
Cysy(

ξc

L
)2 + µslipFz

sy
s
(1− 3(

ξc

L
)2 + 2(

ξc

L
)3)
)
,

(41)

where

s =
√
s2x + s2y

sk =

√
(
Cx

Cy
sx)2 + s2y

ξc = (1−
Cy sk

3 µstick Fz
) L.

We removed the unit and axle indices for the sake of
brevity. In the above equations, Cx, Cy,µslip,µstick, L, and Fz
denote the longitudinal tire stiffness, the lateral tire stiffness,
the road friction at nonzero slip, the road friction at zero
slip, the road-tire contact length, and the tire vertical load,
respectively. Equations (40) and (41) are valid if the tire is
rotating and ωvx ≥ 0. Fig. 3 shows the tire forces resulting
from the combined slip based on the brush model. It should
be noted that the left-hand side of (40), i.e., Fxw, accounts
for the total tire longitudinal force, whereas we neglected the
rolling resistance.

2) FRICTION ELLIPSE MODEL
In this paper, the tire longitudinal forces serve as inputs,
and it is assumed that there is a longitudinal slip controller
on-board that regulates the longitudinal slip to deliver the
requested longitudinal force. Therefore, we did not calculate
the longitudinal slip. A model that accounts for the combined
slip effect in the lateral force by knowing the longitudinal
force instead of the longitudinal slip is the friction circle (or
ellipse) model [56], [57], based on the Pythagorean theorem,
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FIGURE 3. Tire longitudinal and lateral forces, Fxw and Fyw, resulting
from the combined slip based on the brush model, plotted for different
values of sy. The arrows show the direction of the increase in sy. The
curves for sy = 0.1 are thick. The plot was generated for Cx = 270 kN,
Cy = 180 kN, µslip = 0.9, µstick = 1.35, L = 0.1 m, and Fz = 18 kN.

i.e.,

Fywik =

√
1− (

Fxwik
e µik Fzik

)2 Fywik |(sx=0), (42)

where we neglected the rolling resistance, and e is a scaling
factor that defines the so-called conservativity or the shape
of the combined slip model; i.e., if e = 1, then the model
is a friction circle, and if e > 1, then the model is an
ellipse that represents the anisotropy, with more force avail-
able longitudinally than laterally. The lateral force at zero slip,
i.e., Fywik |(sx=0), is given by either (35) or (36).
The friction circle combined slip model is a conservative

model, for small values of sx, with respect to the reduction in
the lateral grip; i.e., the reduction in the lateral force is higher
for an increase in sx than a more advanced combined slip
model, such as the combined slip model of the anisotropic
tire brush model with a parabolic pressure and stick and
slip friction. The comparisons of the two models are shown
in Figs. 4 and 5. Fig. 4 compares the two models for different
values of e and illustrates the region where the friction ellipse
model is not conservative. Here, we calculated Fyw based on
the friction ellipse model by using (42), whereas Fxw is given
by (40). Fig. 5 shows the magnitude of the total force caused
by the longitudinal and lateral slips for the two combined slip
models.

Finally, the tire forces in the global coordinate system are[
FXik
FYik

]
=

[
cos(φi + δik ) −sin(φi + δik )
sin(φi + δik ) cos(φi + δik )

] [
Fxwik
Fywik

]
,

δik = 0 if saij = 0 (43)

D. GRAVITATIONAL FORCE, AIR AND ROLLING
RESISTANCE FORCES
If the differences for the road pitch and banking angles
between the two successive axles are negligible, which is
the case in the code provided with this paper, then the
effect of the gravitational force can be simplified consid-
ering two forces that act on the COG of the vehicle units

FIGURE 4. Comparison of the combined slip model by using the friction
ellipse and the combined slip model of the anisotropic tire brush model
with a parabolic pressure and stick and slip friction for the different
values of scaling factor e and for the different values of the lateral slip sy.
The arrows are in the direction of the increase in sy. The gray area
illustrates a region where the friction ellipse model gives a higher lateral
force Fy than that obtained by the brush model, i.e., a region where the
friction ellipse model is not conservative.

FIGURE 5. The magnitude of the total force caused by the longitudinal
and lateral slips for the combined slip model by using the friction ellipse
(e = 1), and the combined slip model of an anisotropic tire brush model
with a parabolic pressure and stick and slip friction.

given by

Fgxi = mi g sin(λpi), (44)

Fgyi = mi g sin(λbi), (45)

where the road pitch angle λpi is positive downhill in front
of the vehicle unit, and the road roll (or banking) angle λbi is
positive downhill at the left side of the vehicle unit.

If the differences in the road angles between the two
successive axles are not negligible, then the effect of the
gravitational force should be considered through the vertical
forces acting on the axles rather than the COGs of the vehicle
units according to

Fgxik = FZik sin(λpij), (46)

Fgyik = FZik sin(λbij), (47)
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where λpij and λbij represent the road pitch and banking
angles in the global positions of the axles, respectively, and
FZik is the wheel vertical load in the global system of coordi-
nates. The calculation of FZik is explained in Appendix A-B.

The forces calculated above should be expressed in the
global system of coordinates, for example, for the forces
acting on the COGs, according to[

FgXi
FgYi

]
=

[
cos(φri) −sin(φri)
sin(φri) cos(φri)

] [
Fgxi
Fgyi

]
, (48)

where φri denotes the road yaw angle in the global system of
coordinates and at the global position of the COG of the ith

unit. If it is assumed that the vehicle units remain parallel to
the road, then φri = φi, which is the assumption made in the
code provided with this paper.

The air resistance force acting at the front of the first
vehicle unit in the vehicle local system of coordinates is given
by

Fxair = −0.5 Af cd ρa v2x1
vx1
|vx1|

, (49)

and in the global coordinates is[
FXair
FYair

]
=

[
cos(φ1) −sin(φ1)
sin(φ1) cos(φ1)

] [
Fxair
0

]
, (50)

where vx1 is either a state in the case of quasi-coordinates or
given by (22) if the quasi-coordinates are not used.

The rolling resistance forces FwRR are defined as

FwRRik = −fr Fzik
vx1
|vx1|

, (51)

and in the global coordinates as[
FXRRik
FYRRik

]
=

[
cos(φi + δik ) −sin(φi + δik )
sin(φi + δik ) cos(φi + δik )

] [
FwRRik

0

]
,

δik = 0 if saij = 0. (52)

Physically, the rolling resistance of a tire on a hard ground
is a torque on each wheel, counter-directed to the wheels’
rotational velocity. It appears very similar to a bearing toque
loss. Hence, it adds up to the wheel torque, which is the sum
of the propulsion torque, brake torque and rolling resistance.
In this paper, however, we modeled the propulsion and brake
torques as input forces. Therefore, the rolling resistance was
also modeled as a force.

V. EXPERIMENTAL DATA AND TUNING THE TIRE
MODELS
A. EXPERIMENTAL DATA
To validate the physics-based modeling and applicability of
the made assumptions, we compared the simulation result to
the real-world experiment for certain driving maneuvers. The
tested vehicles included an A-double as shown in Fig. 6. The
experiment was conducted as a part of the projects Optimal
Distributed Propulsion [63] and Performance-Based Stan-
dards II [61] in collaboration with Chalmers University of
Technology, REVERE lab, and Volvo Group Truck Technol-
ogy. The experimental tractor was a Volvo FH16, 6x4T. Both

semitrailers were equipped with the two inertial measurement
units at the front and rear of the unit. The localization was
performed by using an OxTS RT3000 GNSS inertial system
[64] positioned in the tractor cabin. The data were collected
at 100 Hz frequency on dry asphalt. The vehicle parameters
and load distribution can be found in Appendix B Table 7.
The maneuvers included
• a multiple single-lane-change at 80 km/h forward veloc-
ity, with the lateral acceleration of the first unit in the
range [−2.1, 1.9] m/s2;

• a multiple double-lane-change at 80 km/h forward
velocity, with the lateral acceleration of the first unit in
the range [−1.8, 2.2] m/s2;

• a low-speed steady-state cornering at 24 km/h for-
ward velocity and approximately 0.11 radians (rad) road
wheel angle, with the lateral acceleration of the first unit
in the range [−1.26, −0.7] m/s2;

• a random steering at 80 km/h forward speed and [−0.04,
0.04] rad road wheel angle, with the lateral acceleration
of the first unit in the range [−2.2, 3.1] m/s2;

• a multiple brake-in-curve at 16–60 km/h forward speed
and [−0.14, 0.06] rad road wheel angle, with the lateral
and longitudinal accelerations of the first unit in the
range [−2.7, 2.8] m/s2 and [−2.5, 1.0] m/s2, respec-
tively; and

• a multiple step-steering at 80 km/h forward speed
and [−0.04, 0.03] rad road wheel angle, with the
lateral acceleration of the first unit in the range
[−1.8, 2.0] m/s2.

B. TUNING THE TIRE PARAMETERS
The vehicle parameters in the vehicle model are the same
as the measured/estimated parameters of the experimental
vehicle. The tire model parameters, however, needed to be
tuned. The advantage of the nonlinear tire model presented
in section IV-B is that the number of parameters to tune
is low, i.e., four parameters in the case of a vehicle model
with the lateral load transfer, including Ccy0 and uyg for
two types of tires, i.e., the steering tires and the other tires,
and two parameters in the case of a vehicle model without
considering the lateral load transfer, i.e., Ccy0 for the steering
and other tires. The parameter e can also be tuned for a brake-
in-curve maneuver as the combined slip occurs during such a
maneuver. However, in this paper, e = 1.
We performed the tuning of the tire parameters by solving

optimization problems in the form

find Cs
cy0, u

s
yg, C

ns
cy0, u

ns
yg

to minimize
∑
i∈[2,4]

√
1

te−t0

∫ te

t0

(
(φ̇i(t))3−(φ̇measi(t))3

)2dt
subject to 1 ≤ Cs

cy0 ≤ 20, 1 ≤ Cns
cy0 ≤ 20

− 0.3 ≤ usyg ≤ −0.1, −0.3 ≤ u
ns
yg ≤ −0.1 (53)

where the superscripts ‘‘s’’ and ‘‘ns’’ represent the steering
and the other (non-steering) tires, respectively; φ̇measi is the
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FIGURE 6. A-double long combination vehicle used for collecting experimental data.

FIGURE 7. The road wheel steering input used in both the experiment
and the mathematical model. The longitudinal speed was maintained
approximately at 80 km/h by a closed-loop proportional controller. The
maneuver is the multiple single-lane-change.

yaw rate of the ith unit measured in the experiment; and t0
and te represent the start and end tuning time, respectively.
The cost function is the sum of the root mean squared of the
difference between the measured yaw rate and the modeled
value in the power of three. The power of three is used to give
a higher weight to larger values of the yaw rate. The tuning
was performed for the yaw rate of the fourth unit (i = 4) and
the second unit (i = 2) of the A-double vehicle.
The optimization problem (53) was solved by using parti-

cle swarm optimization [65], [66].
The reference experimental data used for tuning the tire

parameters included the multiple single-lane-change maneu-
ver of the vehicle shown in Fig. 6, at a speed of 80 km/h.
Figure 7 shows the reference steering angle inputs for the first
axle of the tractor, i.e., the steering wheel angle divided by
the steering wheel ratio (18.6), used during the experiment.
We assumed that the left and right road wheel steering angles
of the tested vehicle were equal, i.e., δ11ref = δ14ref . The
measured road wheel steering angle served as an input to the
open-loop simulation, whereas we used a simple proportional
closed-loop controller to control the vehicle speed, where the
brake and propulsion forces served as controlled inputs.

The four tire parameters were tuned for the two-track
A-double vehicle model shown in Fig. 1 with a nonlinear tire
model excluding the load transfer. We assumed that the road
friction coefficient is one, i.e., µ = 1, since the experiment

TABLE 2. The nonlinear tire-tuned dimensionless parameters.

TABLE 3. The axle-group-tuned cornering stiffness.

was performed on dry asphalt. The tuning parameters are
shown in Table 2.
We used a similar optimization problem as (53) to tune

the linear tire parameters, i.e., the six-axle-group cornering
stiffness, for both the vehicles shown in Figs. 1 and 2. The
optimization design variables were then changed to Cyg,
where g represented the axle-group index, g = 1, . . . , 6.
The wheel cornering stiffness Cyij could then be calculated
by dividing Cyg by the number of wheels per axle group.
The tuning was performed for the 11-axle two-track model.
Table 3 shows the tuned parameters.

VI. MODEL LINEARIZATION
In vehicle dynamics, it is common to simplify the models
by removing the insignificant terms, using engineering judg-
ments regarding the application of the vehicle model, and
with the purpose of model linearization. For example, model
linearization can be performed either by using a linear tire
model, assuming small angles and other simplifying physical
assumptions [31], [48], or by removing terms that include
the products of inputs and states and their derivatives [39].
The validity of such a linearization is limited to, for example,
applications where the lateral dynamics are exclusively stud-
ied neglecting the brake and propulsion forces and assuming
a small lateral acceleration, constant longitudinal high speed,
low curvature, etc. However, if the problem studied allows
such limitations, the models that are linearized by using the
physical assumptions can be solved efficiently.

The inclusion of the longitudinal forces in the equations
makes the model nonlinear since the products of input forces
and states appear in the equations. Moreover, the longitudinal
speed should not be a state or an input but a known constant
parameter (or a time-varying variable), since the products of
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FIGURE 8. The yaw rate of the 4th unit and the trajectory of a nonlinear
6-axle group and a single-track A-double vehicle, performing a sequence
of sine-steering, obtained by solving the equations derived using
Newtonian and Lagrangian mechanics. The solutions are the same
(within the tolerance of the integration solver).

the longitudinal speed and states appear in many terms that
cannot be assumed negligible.

In this paper, the single-track model shown in Fig. 2
was linearized by making the simplifying assumptions as
explained above. The equation concerning the longitudinal
dynamics was neglected, and instead, the longitudinal speed
was considered as a parameter. Moreover, all force elements
except the lateral tire forces, i.e., the gravitational, rolling
and air resistance forces, were set to zero. A straightfor-
ward approach for obtaining the linear model was to use the
first-order Taylor expansion around zero states and inputs,
except for vx , which was assumed to be a known parameter.
The obtained lateral linear vehicle equation of motion was
similar to the STL model presented in [31], and it reads

ẋ = A x + B u, (54)

where the states are x = [φ1, θ1, θ2, θ3, vy1, φ̇1, θ̇1, θ̇2, θ̇3],
and the inputs are u = [δ11, δ31].

VII. RESULTS AND COMPARISONS
We tested the correct implementation of the Lagrange equa-
tions against a similar A-double vehicle model derived based
on the Newtonian mechanics in Modelica. For the same
given parameters, the simulation of both models resulted in
the same solutions. Fig. 8 illustrates the trajectory and the
yaw rate of the 4th unit of a nonlinear 6-axle group and a
single-track A-double vehicle obtained by solving the New-
tonian and Lagrangian mechanics. It should be noted that we
did not present the Newton equations to limit the scope of this
paper.

Moreover, we compared the three basic vehicle models
with each other and with the experimental data for different
maneuvers. The three vehicle models were
• a nonlinear 11-axle and a two-track A-double, shown
in Fig. 1, with the nonlinear tire model including the
combined slip, without lateral load transfer;

• a nonlinear 6-axle group and a single-track A-double,
shown in Fig. 2, with the nonlinear tire model including
the combined slip, without lateral load transfer; and

• a linear 6-axle group and a single-track A-double with
the linear tire model without the combined slip and
lateral load transfer.

FIGURE 9. The yaw rate (YR) comparison between the experimental
measurement and the simulation of the mathematical models for the
different vehicle units. The maneuver is the multiple single-lane-change.

FIGURE 10. The lateral acceleration (LA) comparison between the
experimental measurement and the simulation of the mathematical
models for the different vehicle units. The maneuver is the multiple
single-lane-change.

We used the same nonlinear tire parameters as given
in Table 2 in both nonlinear vehicle models. The tire param-
eters, i.e., the axle-group cornering stiffness of the linear
vehicle model, were according to Table 3.
The yaw rate and lateral acceleration for different vehi-

cle models in the multiple single-lane-change maneuver are
illustrated in Figs. 9 and 10. We used the same maneuver for
tuning the tire parameters.

The RMSE of the yaw rate and lateral acceleration
obtained by simulating the mathematical models compared
with the experimental data are shown in Table 4 for different
maneuvers. We chose unit 4 to compare the signals because it
shows the highest yaw rate and lateral acceleration compared
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TABLE 4. The RMSE of the mathematical models compared to the
experimental data. The sensor is positioned in the middle rear edge of
unit 4.

TABLE 5. The correlation coefficient of the yaw rates and lateral
accelerations.

to those of the other units. In addition, we used the correlation
coefficient r (−1 ≤ r ≤ 1) as a dimensionless index to mea-
sure the correlation of the two signals [58]. The correlation
coefficient is given by

r =

∑
n(yn − ȳ)(fn − f̄ )(∑

n(yn − ȳ)2
∑

n(fn − f̄ )2
) 1
2

, (55)

where yn denotes the sampled experimental data, ȳ denotes
the mean of all the samples of the experimental data, fn
denotes the model output, and f̄ denotes the mean of all
samples of the model output. The correlation coefficients of
the yaw rate and lateral acceleration are shown in Table 5.

Furthermore, the steering and speed inputs together with
the yaw rate and the lateral acceleration of the brake-in-curve

FIGURE 11. The road wheel steering input in both the experiment and the
mathematical model. The longitudinal speed was followed by a
closed-loop proportional controller. The maneuver is the brake-in-curve.

FIGURE 12. The yaw rate (YR) comparison between the experimental
measurement and the simulation of the mathematical models for the
different vehicle units. The maneuver is the brake-in-curve.

maneuver are shown in Figs. 11-13 to demonstrate the per-
formance of the nonlinear vehicle models in a combined
steering, braking, and propulsion condition. In this maneuver,
for the linear model, we treated the forward velocity as a
known time-varying variable.

We also compared the vehicle models and the experimental
data in the frequency domain by using the random steering
maneuver. The input-output gain and phase difference are
illustrated in Fig. 14, where the input is the road wheel
steering angle, and the output is the yaw rate. The resonance
frequency of unit 4, according to the experimental data,
is approximately 0.5 Hz, excluding the noisy high-frequency
response. However, the simulation shows a resonance fre-
quency of approximately 0.42 Hz. The difference between
the simulated and measured resonance frequency is due to the
delay in the actual vehicle yaw rate response to the steering
input that was not modeled. The delay could be due to the tire
relaxation [48], [56]. The tire relaxation refers to a transient
process between two steady-state conditions of the tire. Tire
relaxation can be modeled by describing the rate of change
of the lateral slip sy using a first-order nonlinear differential
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FIGURE 13. The lateral acceleration (LA) comparison between the
experimental measurement and the simulation of the mathematical
models for the different vehicle units. The maneuver is the brake-in-curve.

FIGURE 14. The input-output gain and phase difference comparison
between the different vehicle models and measured experimental data.
The input is the road wheel steering angle, and the output is the yaw rate
of unit 4.

equation according to

ṡy =
vyw − |vxw|sy

lr
, (56)

where lr is the relaxation length, which is typically
0.25–0.5 of the tire circumference. Note that if ṡy = 0, then
sy is the same as in (33). Consideration of the tire relaxation
improved the yaw rate response in the frequency domain,
as shown in Fig. 15, for lr = 0.3. The effect of considering
the tire relaxation on the RMSE in the time domain is shown
in Table 6.

A. SIMULATION RESULTS OF A DRIVING CYCLE WITH
VARYING ROAD GRADE AND CURVATURE
All experimental maneuvers were performed on a flat road.
However, it is possible to use the nonlinear vehicle models to

FIGURE 15. The input-output gain and phase difference of the
single-track 6-axle vehicle model with/without modeling the tire
relaxation (TR). The input is the road wheel steering angle, and the output
is the yaw rate of unit 4. Consideration of the tire relaxation improved the
yaw rate response.

TABLE 6. The RMSE of the single-track 6-axle nonlinear vehicle model
compared to the experimental data considering the tire relaxation in the
model. The sensor positioned in the middle rear edge of unit 4.

predict the vehicle motion and behavior in long, curved and
hilly driving cycles. To be able to run closed-loop simulations
on curved and hilly roads, a driver model is required to control
the steering, propulsion and braking. For the propulsion and
braking, we used a simple proportional controller that gener-
ates positive and negative force inputs to follow the reference
speed. The positive traction force was distributed between
the driven axles, whereas the negative total brake force was
distributed between all axles. For the steering control, a sim-
ple driver model involves steering the wheels toward an aim
point on the road, i.e., similar to the pure-pursuit method [41],
[59]. The steering angle of the first unit front axle can be
calculated as

δ11(t)=arctan(
Yh(t)−Y1(t)
Xh(t)−X1(t)

)−φ1(t), |δ11(t)| ≤ 0.8, (57)

where Xh(t) and Xh(t) are the coordinates of the aim point on
the road. The absolute value of the steering angle cannot be
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FIGURE 16. A hilly and curved road used for simulating the vehicle model
and defining the driving cycle. In the figure, the elevation is scaled by a
factor of 5 for better visibility. The cycle starts from the marked starting
point counterclockwise.

FIGURE 17. The road elevation together with the road wheel steering
angle (RWSA) and wheel force inputs.

FIGURE 18. The road elevation together with the longitudinal velocity,
articulation angles, and off-tracking. The off-tracking is the deviation of
the path of an axle from the path of the first axle.

larger than 0.8 rad. The first term in (57) must be modified to
give a correct angle in the case of a circular road with more
than 180 degrees of rotation. Themotion of the vehicle shown
in Fig. 2 is simulated on a hilly circular road shown in Fig. 16,
given the inputs shown in Fig. 17, and the simulation results
are shown in Fig. 18.

VIII. DISCUSSION
In the majority of maneuvers, the two-track 11-axle vehi-
cle performs better than the other vehicle models. However,

it does not perform as well as the other two models in the
steady-state cornering. The reasons might be non-Ackermann
steering geometry, disproportional steering ratio between the
steering wheel and the road wheel, side force steering, scrub-
bing wheels of distributed axles, etc.

The nonlinear single-track vehicle model, however, per-
forms well in all maneuvers, despite having fewer tuning
parameters compared to that of the linear vehicle.

The linear vehicle would behave poorly if we were to
reduce the number of tuning parameters, as it would have
fewer DOFs to match the experimental data. It should also
be noted that we tuned the tire model by using a single driv-
ing maneuver excluding the lateral load transfer. Potentially,
the inclusion of more maneuvers, a greater number of tire
model parameters to tune, and the inclusion of the lateral load
transfer in the tuning procedure could result in better vehicle
model performance.

Moreover, the correlation coefficients of all models and the
experimental data are low in the steady-state maneuver. The
reason is that the signals are ‘‘steady’’ with an offset from
each other.

The linear vehicle model performs better in estimating the
yaw rate than the lateral acceleration. Therefore, with the
purpose of evaluating the performance measures, such as
rearward amplification, we recommend using the yaw rate
instead of the lateral acceleration in the case of a linear
model. Moreover, there exists a high variation in the lateral
acceleration data that might be due to the sensor error and/or
the suspension compliance, as the IMU sensors weremounted
at a height of approximately 1.4 m.

The lateral and longitudinal load transfers used in this
paper are steady-state models. The reason for choosing a
steady-state load transfer was to avoid the additional states
in the equation of motion that have a minor influence on
the vehicle behavior under normal driving conditions but
demand a high computational cost. For the same reason,
the longitudinal load transfer was neglected in the code, as it
adds algebraic equations to the system, even in the case of
the steady-state model. However, for the sake of complete-
ness, we derived and included the longitudinal load transfer
equations in Appendix A. In addition, the steady-state lateral
load transfer can be disabled in the code because it has a
minor effect on the vehicle motion in the case of a low lateral
acceleration.

For some maneuvers, the steering input had a high rate
of change that caused the DAE solver to stop before reach-
ing the final simulation time. This issue can be avoided
by changing the solver’s settings, e.g., by changing the
absolute and relative tolerances. However, a large tolerance
reduces the accuracy of the solution and thus increases the
RMSE. An alternative approach is to smooth the steering
input data.

The behavior of the nonlinear single-track model with the
grouped and lumped axles is similar to that of the two-track
11-axle model, even though no additional parameter tuning
was performed for the single-track model. Moreover, it has
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considerably fewer terms in the equations, and it is approxi-
mately 3-5 times faster to simulate than the two-track model.
Therefore, the nonlinear single-track models can be used
instead of the two-track models in applications involving
combined steering, propulsion and braking, except in the
applications where there exists a different propulsion and/or
braking on the left and right wheels.

The linear model also performs well in maneuvers with
low lateral acceleration and small steering angle, and it is
computationally more efficient, approximately 5–8 times,
than the nonlinear single-track model. Moreover, a linear
vehicle model can be used to simulate the lateral vehicle
behavior in combined steering, braking, and propulsion con-
ditions, as we did for the brake-in-curve maneuver. How-
ever, the longitudinal and lateral dynamics are decoupled,
and the forward velocity is treated as a known parameter
in the lateral model. In this case, the effects of the forward
acceleration/deceleration, the nonlinear tire behavior and the
combined slip are lost in the lateral motion. These effects
are important in maneuvers with high acceleration and/or low
road friction.

The tire parameters were obtained under a specific fric-
tion coefficient, i.e., for µ = 1, since the experiment was
performed exclusively on dry asphalt. More experiments on
roads with different friction coefficients are needed to verify
if the tuned tire parameters are also suitable for those condi-
tions and, consequently, to improve them if needed. However,
since the road friction coefficient serves as a parameter in the
nonlinear tire model, we expect that the tire behavior can still
be predicted to an acceptable level using the already tuned
parameters.

The consideration of tire relaxation in the model improves
the yaw rate response to the steering input in the frequency
domain. In the time domain, however, it does not have a
considerable influence on the yaw rate and/or lateral accel-
eration responses unless there are high-transient changes of
the steering input, such as the case of the random steering
according to Table 6 compared to Table 4. In these tables,
it can be seen that the RMSE of the random steeringmaneuver
drops considerably after including the tire relaxation, whereas
there is a slight change in RMSE of the other maneuvers.
Moreover, the tire relaxation adds a new single state for each
of the wheels or each of the axle groups. Therefore, it adds to
the computation time, and it can be neglected in applications
where fewer states in the ODE are preferable.

The nonlinear vehicle models showed the ability to predict
the vehicle motion behavior in all tested maneuvers and
on a hilly curved road. In addition, the models can predict
vehicle motion at low speed, large steering and articulation
angles, and high propulsion and braking, up to the tire limits,
in the forward and rearward motions. However, since the
roll dynamics were not modeled, the validity of the vehicle
models is limited to the low lateral acceleration below 2m/s2.

By ‘‘computationally efficient models’’ we mean the fol-
lowing: 1) efficiency regarding the physics-based modeling,
compared to a high-fidelity model, whereas the proposed

models could be efficiently integrated, i.e., 100-500 times
faster than real-time driving, and yet they maintained the
most important vehicle behavior close to the experiment;
2) efficiency regarding the mathematical modeling, since the
proposed model derivation using the Lagrangian mechanics
‘‘directly’’ yielded the minimum number of equations and
states, compared to that of the Newtonian mechanics, where
the minimum number of equations and states could still be
obtained but ‘‘indirectly’’ by performing additional manip-
ulation of the equations and solving/removing the algebraic
equations.

Finally, the code provided with this paper generates the
nonlinear equations of motion for vehicles with an arbitrary
number of units based on the user-defined parameters. The
single-track and two-track vehicle models can be generated.
More examples together with the simulation code can be
found in [53].

IX. CONCLUSION
Based on Lagrangian mechanics, this paper presented com-
putationally efficient nonlinear one- and two-trackmodels for
multitrailer road vehicles. The generated models are systems
of implicit ODEs comprising the fewest states necessary to
predict the vehicle motion under different normal driving
conditions. We neglected the roll dynamics and made certain
assumptions about the lateral and longitudinal load transfer
to minimize the number of states and equations yet maintain
nonlinear vehicle behavior under combined steering, brak-
ing and propulsion operating conditions. We compared the
vehicle model results to the experimental data for different
maneuvers. The single-track nonlinear vehicle model demon-
strated similar dynamic behavior to the experiment, with low
RSMEs. The nonlinear equations can be used for vehicle
motion planning and control within the model predictive
control framework, for evaluating the performance measures,
and for the combined optimal control of the energy usage and
lateral dynamics. Furthermore, we provided the MATLAB
code for an automatic generation of the multitrailer vehicle
models.

The future work includes using the presented vehicle mod-
els in evaluating the performance measures, designing linear
and nonlinear model predictive controllers for vehicle motion
planning and trajectory tracking and predictive energy-usage
optimization.

APPENDIX A
CALCULATION OF THE VERTICAL FORCE AND LOAD
TRANSFER
A. LONGITUDINAL LOAD TRANSFER
In the provided code, the load transfers in the longitudinal and
lateral directions are neglected, and the static axle vertical
forces must be provided as input parameters by the user.
However, by using the Newtonian equations, we provided
a procedure for inclusion of the load transfer for specific
articulated vehicles with an arbitrary number of vehicle units,
where the axles of the articulated units have equal vertical
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forces. Moreover, the solution includes the reaction coupling
forces.

A more general vehicle model includes driving cycles
where the road grades have high variations along the road.
The high variation of the road grades is particularly impor-
tant for modeling of LCVs, where each axle experiences a
different road pitch and banking angle. Fig. 19 illustrates the
free-body diagram of a vehicle on such a road.

The Newtonian force and moment dynamic equations are
used for calculating the global vertical forces FZij and the
coupling forces FcXi1, FcXi2, FcZi1, and FcZi2. We made the
following assumptions to model the longitudinal load transfer
of the articulated vehicles:

– The articulation angles are small, i.e., cos(θi) ≈ 1.
– The coupling moment at the articulation points is very

small, i.e.,Mci1 ≈ Mci2 ≈ 0.
– The pitch angular acceleration of each of the vehicle

units is very small.
– The global vertical forces of all axles in an articulated

vehicle unit are equal, e.g., for the second unit shown
in Fig. 19, FZ21 = FZ22 = FZ23.

– A single-track vehicle is used to calculate the longitudi-
nal load transfer. The distribution of the global vertical
force between the left and right wheels is considered in
the next section.

Following the above simplifications, by using the New-
tonian equations for the force equilibrium in the global X
and Z directions, including the action and reaction forces at
the coupling points, and considering the moment equilibrium
around the COGs, it can be shown that the vertical and
coupling forces can be found by solving an algebraic system
of equations in the form

A F = b, (58)

where the unknowns are

F = [FZ11,FZ12,FcXi1,FcZi1,FZi]T , i = 2, . . . , nu. (59)

and FZi represents the vertical force of the group axle belong-
ing to the ith unit.
Let αi be the pitch angle of the ith unit, hci1 be the height of

the front coupling point of unit i, hci2 be the height of the rear
coupling point of unit i, and nai be the number of the axles
of unit i. Matrix A can be derived by using the Newtonian
equations. For the sake of brevity, the derivation steps are
omitted here. Let B,Ci, andD denote the submatrices defined
(60) and (61), as shown at the bottom of the next page.
and,

D =

 1 0 0
0 0 0
0 0 0

 . (62)

If the vehicle consists of a single unit

A = B, (63)

and if there exist two vehicle units

A =
[
cB C2
03×2

]
,

and in the case of three units in the vehicle

A =
[

B C2 03×3
06×2 D C3

]
. (64)

The same pattern can be seen if the vehicle has four units.

A =

 B C2 03×3 03×3
06×2 D C3 03×3
03×2 03×3 D C4

 . (65)

The right-hand side of (58) is defined as

b =
[
b0
bi

]
, i = 2, . . . , nu, (66)

where

b0 =

[
h1(Fxw11 +

∑nai

j=2
Fxw1j)

m1g

]
, (67)

bi =


(miv̇x1 −

∑nai

j=1
Fxwij) cos(αi)∑nai

j=1
Fxw(i+1)jh(i+1)
m(i+1)g

 , i = 2, . . . , nu.

(68)

B. LATERAL LOAD TRANSFER
Themodel of the lateral load transfer used in this paper is very
similar to the model presented in [56] but is adopted for the
articulated vehicles. The intended applications of this paper,
however, are mainly normal driving scenarios with low lateral
acceleration (below 2 m/s2), so the lateral load transfer can
be neglected. The model assumptions include the following:
– The roll angular velocity and acceleration are assumed

to be small, so the load transfer becomes steady state.
– The coupling roll moments at articulation points are

very small, so the lateral load transfer does not transfer
between units. However, in truck-full trailer combina-
tions, this assumption is realistic [31].

– The axles of all articulated units are grouped to a single
axle.

Let lr = − 1
nai−1

∑nai
j=2 xa1j be the distance from the COG

to the rear axle group of the first unit, L = xa11 + lr the
wheelbase of the first vehicle unit, hrg1 = 1

na1−1

∑na1
j=2 hr1j

the roll center height of the rear axle group of the first unit,
crg1 =

∑na1
j=2 cr1j the rear axle-group roll stiffness, and Flfr,

Flfl, Flfl, and Flfl the lateral load transfers of the front-right,
front-left, rear-right, and rear-left wheels, respectively. Let us
also define dh = h1− (lr hr11−xa11 hrg1)/L. The steady-state
lateral load transfer of the first unit [56] can then be defined
as

Flfr = m1v̇y1(
hr11 lr
L wt11

+
dh
wt11

cr11
cr11 + crg1

)

Flfl = −Flfr (69)
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FIGURE 19. The free-body diagram of the different vehicle units for calculation of the longitudinal load transfer and the coupling forces. For
the sake of brevity, the moments, action and reaction forces are shown only for the first coupling point.

Flrr = m1v̇y1(
hrg1 xa11
L wt12

+
dh
wt11

crg1
cr11 + crg1

)

Flrl = −Flrr,

where v̇y1 is the unit COG’s local lateral acceleration, i.e., in
the unit’s local system of coordinates.

A similar approach should be applied for the other articu-
lated units if they are full trailers. Otherwise, all axles of the
articulated units should be grouped to a single axle. Let Flri
and Flli be the lateral load transfer of the right and left sides of
the axle group of unit i, respectively. The lateral load transfer
is then defined as

Flri =
miv̇yi hi

wti1(1−
mig
crgi

(hi − hrgi))
(70)

Flli = −Flri,

where hrgi = 1
nai

∑nai
j=1 hrij is the axle-group roll center height,

and crgi =
∑nai

j=1 crij is the axle-group roll stiffness. In the
above equations, the track width of the grouped axles is
assumed to be equal.

In addition to the load transfer caused by the lateral acceler-
ation, the lateral load transfer due to the road banking should
be calculated; see Fig. 20. It is assumed that the road banking
angle is the same for the left and right wheels of the same
axle. Therefore, by using (69) and (70) and the solution of

(58) for the total axle-group forces, i.e., FZ11 and FZ12 for
the first vehicle unit and FZi for the other units, the left- and
right-side global group-axle forces can be defined as

FZ11r =
FZ11wt11l

wt11
+ Flfr,

FZ11l =
FZ11wt11r

wt11
+ Flfl, (71)

FZ12r =
FZ12wt12l

wt12
+ Flrr,

FZ12l =
FZ12wt12r

wt12
+ Flrl, (72)

FZir =
FZiwtijl

wtij
+ Flri,

FZil =
FZiwtijr

wtij
+ Flli, i = 2, . . . , nu, j = 1, (73)

where the first term accounts for the load transfer due to the
road banking, and

wtijr =
wtijcos(λbij)

2
+ hiλbij, (74)

wtijl =
wtijcos(λbij)

2
− hiλbij. (75)

The calculated global vertical forces on right and left sides
of the group axles should be ungrouped, and their compo-

B =

−xa11cos(α1) −
1

na1 − 1

∑na1

j=2
xa1jcos(α1)

1 1

 , (60)

Ci =


hi−1 − hc(i−1)2 xc(i−1)2 cos(αi−1) 0

0 −1 0
−1 0 0

hci1 − hi −xci1 cos(αi) −
1
nai

∑nai

j=1
xaij cos(αi)

0 1 1

 , i = 2, . . . , nu, (61)
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FIGURE 20. Lateral load transfer due to road banking.

nents in the road local coordinate system should be found,
at the given road position. The z-direction of the road local
coordinate system is perpendicular to the road surface, and
its y-direction is perpendicular to the road longitudinal direc-
tion with an angle given by the banking angle in the global
system of coordinates. Following the wheel indexing used,
e.g., in (18), the ungrouping of the group-axle global vertical
forces to the tire forces FZik is performed as

FZ11 = FZ11r , (76)

FZ1k = FZ11l, k = 1+ na (77)

FZ1k =
FZ12r

(nai − 1) nta1j2

, j=2, . . . , na, naij 6= 0, k= j (78)

FZ1k =
FZ12l

(nai − 1) nta1j2

, j=2, . . . , na, naij 6= 0, k= j+ na,

(79)

and for the other vehicle units

FZik =
FZir
nai

ntaij
2

, i = 2, . . . , nu,

j = 1, . . . , na, naij 6= 0, k = j (80)

FZik =
FZil
nai

ntaij
2

, i = 2, . . . , nu,

j = 1, . . . , na, naij 6= 0, k = j+ na, (81)

where ntaij denotes the number of tires per axle.
The forces FZik are then used in (46) and (47) to find their

projections on the road surface in the road local x- and y-
directions.

Finally, the tire forces, normal to the road, are calculated
as

Fzik = FZikcos(λbij)cos(λpij),

i = 1, . . . , nu, j = 1, . . . , na, naij 6= 0. (82)

where k = j for the right-side wheels, and k = j+ na for the
left-side wheels.

APPENDIX B
VEHICLE PARAMETERS
The parameters of the tested vehicle are provided in
Tables 7 and 8.

TABLE 7. A-double axle-related parameters.

TABLE 8. Vehicle parameters.

APPENDIX C
SUMMARY OF THE PROVIDED CODE
We provided a MATLAB file as supplementary material with
this paper.

The file ‘‘generateEqs.m’’ generates the equations of
motion of the user-defined vehicle in the form of implicit
ODEs and stores them in ‘‘Equations.m,’’ which is created
automatically.

The equations can be integrated by using a DAE solver in
MATLAB. Alternatively, the ODEs can be used in a different
environment or programming language with the purpose of
simulation or optimal control.

The users have options to define a vehicle comprising
an arbitrary number of units and axles. The vehicle can
be either single-track or two-track. The tire model can be
either linear or nonlinear. Moreover, the users have options
to include the lateral load transfer and combined slip mod-
els. See [53] for simulation examples and vehicle defini-
tions with more user-defined options, as well as the model
linearization.
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